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Abstract. We describe the structure of an original application of the method of moments to the Vlasov—
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1. Introduction

We consider a plasma confined by a strong external magnetic field in which electrostatic forces
between ions and electrons tend to restore charge equilibrium. As usual in fusion plasma [1], we
consider that the time scale of collisions is so large that a collisionless Vlasov equation is enough
to describe the dynamics of the particles. For the simplicity of the presentation, we consider that a
population of ions moves above a bath of static ions. The population of ions is described with the
density function f(x,v, t) = 0 where x € Q c R% and v € R3. The model problem for the description
of our results is a Vlasov equation with non constant magnetic field

0if+Vv-Vyf+ E(x,t)+§v><B0(x) -V, f=0. (1)
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In this equation x € R® is the space variable, v € R® is the velocity variable, ¢ > 0 is the time
variable and f = f(x,v, f) is the unknown. The self-consistent electric field is E(x, #) and usually
is the solution of a Poisson equation which expresses the electrical balance of the plasma
ions+electrons. For the simplicity, the exterior magnetic field By (x) # 0 is constant in time. It is
written as

By () = w(x)By (x) )

where |By(x)| = 1 and the magnitude of the magnetic field is w(x) > 0 (also called the cyclotron
frequency). The regime of strong magnetic field in (1) corresponds to the limit ¢ — 0.

A direct numerical discretization of kinetic equations such as (1) in dimension 3+3 generates a
huge computational burden, that is why it is necessary to investigate reduced discrete models.
Large magnetic fields usually lead to the so-called drift-kinetic limit [2-4]. After the seminal
development [5] of a specific drift-kinetic model, various justifications have been obtained [6, 7]
essentially by considering simplified geometrical configurations. With this respect, the recent
reference [8] is a landmark since it considers a general 3-dimensional magnetic field with non
constant direction: the limit model is a gyrokinetic model in dimension 3+2 in the general case.
In the case where V-Bjy = 0, it can be written as a series of separate gyrokinetic models in
dimension 3+1. The gyrokinetic velocity variables of the 3+2 model are the scalar parallel velocity
v =v-By and the square of the modulus of the perpendicular velocity w = w = % There
is only one gyrokinetic variable v for the 3+1 model. In the physical community, gyrokinetic
models are usually considered as the main avenue for numerical simulations of such complex
flows [3,9-12]. In particular the recent work [13] advocates Hermite-Laguerre representation of
gyrokinetic modeling of the plasma periphery. Mathematically justified gyrokinetics models can
be found in (5, 14-16].

The aim of this work is to describe a new method which can be used to construct reduced
numerical models in the limit of non constant strong magnetic fields. It is based on the methods
of moments [11,17-21] which is currently investigated with original results in [22-24]. Usually the
method of moments is used in a fixed frame because it is amenable to the exact calculation of the
numerical coefficients of the method. A natural question is to extend the method of moments
to non constant frames which are characteristics of the geometry of fusion devices such as
Tokamaks [1, 3, 4, 10-12, 25]. To the best of our knowledge, it is the first time that the method
of moments is studied in dimension 3+3 with non constant magnetic field.

The mathematical form, see Theorem 2, of our moment model which approximates (1) writes
as

3 3
0 U+ ) 0y, (AixU)-B®U+ Y_E;i(x,N)D;x)U = éC(x)U 3)
i=1 i=1
where U(X, t) is a finite vector of moments f fx,v, H);(v)dv with respect to a certain orthonor-
mal family of basis functions in the velocity variable ¢;(v,x), the transport matrices A;(X)1<;<3
and B(x) represent the action of the operator v: Vy, the matrix Z?Zl E;(x, 1) D;(x) represents the
action of the operator E(x, t) - V,,. The last matrix C(x) is the numerical realization of the opera-
tor —v x By - V.. Note that this term is written for convenience on the right hand side in order to
make visible that it acts as a stiff term in the regime £ — 0*. In our case we use moments with re-
spect to the Hermite basis which is adapted to Maxwellian profiles [21]. All matrices are explicitly
computable and sparse. The numerical cost of a model (3) is proportional to the number of mo-
ments. If one desires to use all polynomials in v = (v1, v2, v3) up to a certain total degree N, then
the number of moments is size(U) = Card{¢;}. An elementary counting argument shows that

N+1)(N+2)(N+3
size(U):Card{(nl,ng,ng)€N3,n1+n2+n35N}:( N 5 ) ).
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Our original results are based on the fact that one can adapt the basis functions locally with
respect to the magnetic direction By. This is the reason why the basis functions ¢;(x,v) are
anisotropic. The main property is that the kernel of the matrix C is explicit and independent of x,
because the basis functions are in some sense aligned with the magnetic field. Then one can pass,
at least formally, to the limit € — 0*. One obtains, see Theorem 9 and Proposition 15, a simplified
Friedrichs system
3 3
0:U+) 0y, (AixU)-B®U+ ) Eix)D;x)U=0. )
i=1 i=1
The gains with respect to (3) are twofold. Firstly, the singular term O(e™!) is no more present.
Secondly, the size of the unknown vector is reduced since

(N+1)(N+3)
~ WY Nodd,

size(U) = Card{(my, s) € N2, mg +2s < N} = (N+ 1)4(N+3) +1 (5)
—4 , N even.

So obviously size(U) < size(U) for large value of N, which results in a reduction of the number of
unknowns in the limit of strong magnetic field.

The organization of the work is as follows. Section 2 deals with the presentation of the
method of moments adapted to anisotropic non constant magnetic field. For the simplicity
of the presentation this is explained with an electric field E = 0 but it is not a restriction. In
Section 3 we analyze the kernel of the matrix C and show the fundamental property which is
that is independent of the space variable. It allows to write the reduced moment model (4) which
is the main contribution of this work. Then, we show how to reintroduce a self consistent electric
field E # 0 in Section 4. The final Section 5 is dedicated to numerical illustrations with basic test
problems of the field.

2. Construction of the method of moments
We present the main idea of the method of moments applied to the simplified Vlasov equation
Oif +v-Vyif+ %v x Bo(x) -V, f = 0, where the electric field is discarded for the simplicity of the

presentation. We start from basic material about Hermite functions, then present the variational
form of the model and finally realize the moment model as a Friedrichs system.

2.1. Hermite functions

2
The Hermite functions are denoted as ¢, (v) = (Z”n!\/ﬁ)_% e 2 H,(v) for n € Nwhere (Hy) sen i
the family of Hermite polynomials [26]. A generating formula is

— n(on 1\/_ _% g d” -0
Pn(v)= (D" (2"nlVn) ez P (6)
The first terms in the series are
2 2 -1 2
(PO(U)ZTI7%€77, ¢1(U)=\/§ﬂ7%11877, (pz(v)z(\/zﬂ%) (2v2—1)e77. (7

The Hermite functions form an orthonormal family f[R OmW@,()dv = 6, which is complete
in the space of quadratically integrable functions L?(R). For all g such that [ g*(v)dv < 0o, one
has the identity in L2 (R)

gv) = Z gnpn()dv where gn:fR(pn(v)g(v)dv.

neN
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Two important formulas are

n+1 n
von(v) = T(Pn+l(y)+ qun—l(V), nen, (8)
(Pn(U) H (Pn+1(V)+\/>(Pn 1(v), neN, 9)

with the convention ¢_; =0. Asin [17, 18], it is convenient to define the asymmetric functions

and

Ya(v) = 3774)11(1/) = (2"11!\/5)72 eV Hy(v),
W) = €% @) = (2" nyE) " H, ).
Lemma 1. One has the identities () (v) = —v2(n + 1) Y1 (v) and (W™ (v) = V2n w1 (v) for
n=0.

Proof. The property is a rephrasing of the fact that Hermite polynomials form an Appell’s
sequence. From (8)-(9) one obtains

d 2 —v? —v?
- (eTgon(u)) = e (@) - vg) = (=V2(1+ D) Pui ()
which is the first part of the claim. The second part comes from

d V2 U2 V2
E(eT(pn(v)):e7 (@, () +vp () =eZ (\/ﬁwn_l(v)). O

2.2. Anisotropic basis functions

Multidimensional basis functions are obtained with anisotropic tensorization of the Hermite
functions. A generic notation for a multi-index with three components is

n = (ng, n1, n2) € N® with n| = ng + ny + no.

We complete By (x) as a local direct orthonormal basis (B (x), By (x), B2 (x)) that is B; (x)-B; (X) = §;;.
To be compatible with physical sound Maxwellian profiles [18], we rescale the directions

B;(x) .
dix)=— =12, (10)
i \/T

where By is defined in (2) and T > 0 is a given reference temperature, assumed to be constant in
space and time in this simple modeling. We define

PnX,V) = @py (V- do(X)) Py (v-d1 (X)) P, (v-d2(X)), (11

which is an orthogonal and complete family with respect to the velocity variable v, with contin-
uous dependance with respect to the space variable x. The corresponding asymmetric functions
are defined as

YLK V) =Yy (V- doX) Wy (V-di (X)) ¥y, (v-d2 (X)) (12)
and
Y" (x,v) =" (v-dox) " (v-d; (%) ¢ (v- d2 (%)) (13)
By construction
v,xVv)=e" lzT @, xv) and y" (x,v) = e‘zﬁ @,XV). (14)

For further technical convenience we define the matrix

M) = (m;; (), _; ;-5 = (Bo®) [B1 ()| B, ()
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which is orthonormal M* M = I. We will consider the local change of variablev— w = (v-dy(x),v-

d;x),v-dy(x)! = \/LTMt(x)v. One note that

v=T?Mxwand dv=T?dw. (15)

2.3. Weak form of the moment model

With the previous notations, the variational form of the method of moments is based on a finite
expansion formula which is then plugged in the weak form. It writes as
Nxvn= Y umx dyyxv),
Im[< N (16)
ng(x,v, Ny"x,v)dv=0 for|n|<N,

where 1
gN(x,V, 1) = Oth(x,v, 1) +V~foN(x,v, 1+ ;VX Bo(x)'vaN(x,v, 1).

The moments are the functions uy (X, £). Their number is w.

2.4. Matrix form of the moment model

The transport matrices allow to rewrite the equations (16) for the unknown vector U(x, ) =
(um (X, £))jm| < n The transport matrices in space are A; (X) = (@}, (X)) jm,jnj < ¥ With

aflm(x) = /vl[/m(x,v)y/n(x,v)vidv, i=1,2,3.

A related matrix is B(X) = (bnm (X)) |m|,jn|< N With

bnm () = f Y& VV- V' (x,v)do.

Note that if the bulk magnetic field By is constant in space, then the anisotropic basis functions
can naturally be taken independent of the space variable. Then B = 0 as well. The transport
matrice in velocity is C(X) = (cnm (X)) m|,jn| < ;v With

Cmn(X) = f Y& VVXByX) -V, p"x,v)dv.
v

Theorem 2. The equations (16) are equivalent to the system

3 3 1
T20;U(x, 1)+ Z 0y, (AiUX, 1)) -BXUX, 1) = EC(X)U(X, 1) 17)
-1

i=
where the matrices Ay, A2 and As are symmetric and the matrix C is antisymmetric. All matrices
are sparse. The matrices Ay, Az, As and B satisfy the identity Z‘?:l 6xl.Ai (x) = Bx) + B'(x). All co-
efficients of the matrices are calculated explicitly with formulas (22)-(23)-(24)-(25)-(30). Moreover
smooth solutions of (17) preserve the mass and the kinetic energy, and preserve the quadratic norm
under the form

T20,0UPx, 0+ Y. 0y, (A;U-U) (x, 1) =0.

3
i=1

Proof. Below we only prove (17) and the other properties are proved in Lemmas 3 to 8. Let us
consider (16). Integrals below are written with respect to the velocity variable v while sums are
written with respect to m such that [m| < N. One has for all |[n| = N

[athwnz T%wamw"dw Oytm = T20, n. (18)
v m
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One also has

f(v-vfo) y" = Vx'fvaw“—fva'wa“

3 (19)
= ZaxiZf ViYmy" um_ZmeV‘van Um.
i=1 m m
One finally has that
f(VXBo(X)'Vqu)Wn=fV><Bo(X)‘Vu(fNWn)
—/vaxBo(x)-Vvu/“
(20)

= —fvax Bo(x) -V, y"

= —Z[l{lmvx Box) -V, 9" iy
m

The summation of (18)-(20) yields the line that corresponds to the index n in (17), with the
difference that the terms with a minus sign (19)-(20) correspond to the matrices B and C with
a plus sign in the right hand side of the claim. g

The transport matrices A;, A2 and A3 and the source matrices B and C satisfy some properties
which are explicitly given below.

Lemma3. The transport matrices Ay, A» and As are symmetric.
Proof. By definition of the asymmetric basis ™ and vy, one has
gy = fvtpm(x,V)tpn(x,V) vidv= qu)n(x,v)tpm(x,v) vidv=al, ,
which establishes the symmetry property of A’. U
Lemmad4. OnehasY>_ 0, A (x) = B(x)+B'(x).

Proof. On the one hand ¥.2_, 0x,a}, = [ V- Vi@, ™ + [ ,v- Vg™ On the other hand one
obtains

bnm + Pmn :/wmv-vxw“+fwnv-vxwm
Iv2
=fwmv-wa" +f1[/nv'Vx (e T Wm)
= f YV V" + f Vi,
3 .
= Zaxi anle
=1
which is the claim. 0
Lemma5. The matrix C is antisymmetric.

Proof. Indeed one has

cn,m+Cm,n:/V’mVXBo-V,,q/n+fV’nV><Bo-Vv1pm
Ivi?
ZIWmVXBo'vvwn+anva0'vU(eTWm)

=fwmvao-Vuw“+fv/“vxBo-vuwm
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v2
because v x By - V,,eT = 0. Therefore

Cn,m+cm,n:fmeXBO'vvwn+fwnvxBO'VUWm

= fvy . (V X Bowmwn) =
which is the claim. O

These properties already guarantee the quadratic stability of the moment model which has
the form of a Friedrichs system.

Lemma6. Onehas T20,JUP(x, 1)+ Y3_, 0y, (A;U-U) (x,1) =0

Proof. This is classical Friedrichs systems but we give the proof because it is an important
property of the Ignodel. Taking the scalar product of (17) against 2U and using the antisymmetry
of C, one gets T20,|U? +22?.’ 104, A;U)-U=2BU-U=(B +BHU - U. Thatis

72,101 +22 0y, Ai)U- U+22Al 0y, U) Z 0y, A
i=1 i=1 i=1

Simplification and the symmetry of the A; yields

3
T70,|U2 +Z 0y, Ai) U - U+ZA 05, U)-U+) AjU-(05,U)=0
i=1 i=1 i=1
Recombination yields the claim. O

Lemma 7. Assume N = 2. Solutions to (17) preserve mass and kinetic energy.

Proof. We use the formulation (16) which is equivalent to (17). Considering (7) and (14), (16)
yields

f(ath+v.vfo+vxBo-vny)wdu=o 1)
for all ¥ which can be obtained by linear combination of the ¥™ for [n| < N. For y = i =1,

one gets the equation of conservation of mass d; [ fNdv + V- [ fNvdv = 0. Now let us take
another test function

©0,00 _ 3 ( L oeon, 1 020, 1 002, 3 o)
=T |— +— +— + = ,
L4 V2 v V2 v V2 L4 > v
which, by using (7), is exactly the square of the velocity 1;/(0'0'0) = |v|2. One obtains d; flevlzdv +
Vi [ fNVIv2dv+ [vxBg -V, fN|v|?> = 0. The third integral vanishes identically since

fvao-VUfNIVIZ:fV,,-(vaofN)Ivlz:—f(vaofN)-v:().
It yields the claim. g

Lemma 8. The transport matrices Ay, A» and Az and the matrices B and C can be calculated
explicitly and are sparse.

Proof. We explain in detail the formulas firstly for the transport matrix A;. We consider a), (x) =
SUmE VY X, V)v1dv = [ @m X V)X, v)v;dv and make a local change of variable.
1
With the notation (15), one has v, = T2 (m;; (X) w; + my2 (X) w» + m3(X) ws), and therefore
A X) = T2 f Y imy (W)W iy (W)Y, (w3)

x " (W)™ (wa)y"™ (ws)
x (M1 X wy + my2(X) wo + my3(x) ws) dw.
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With separation of variables and the formula (8), one obtains

pm (X) =

TZ

V2
T2

+ Emlz (X)émg,no (V my + 16m1+1,n1 +v m16m1—1,n1) 6m2,n2 (22)

mll(x) ( V mo + 16m0+1,n0 + V moémofl,no) 6m1,n1 61’712,?12

T2
+ Eml3 (x)6mg,n06m1,n1 (\/ my + 16mz+1,n2 +v m26m2—1,n2) .

These formulas show that most of the coefficients vanish. This matrix is sparse. The same method

yields

Tpm ) =
and

Tpm ) =

T2
EMZI(X) ( V myg + 15m0+1,n0 + V moamo—l,no) 67}11,”1 6}712,}‘12

T2
+ %mzz (X)6m0,n0 (V my + 15m1+1,n1 + v m15m1—1,n1) 6m2,n2 (23)

TZ
+ Em23(x)6mo,n06m1,nl (\/ mp + 16m2+1,n2 tv m26m2—1,n2)

2

T
Em?,l(x) (\/ Mo + 18 mg+1,np + \/ﬁo5mo—l,no) 8 my,m O my,ny

T2
+ %m:iz (X)5m0,no (\/ my + 16m1+1,n1 +v m16m1—1,n1) 6m2,n2 (24)

T2
+ Em33 (X)amg,no6m1,n1 (\/ mp + 16m2+1,n2 tv m26m2—1,n2) .

Now consider the coefficients of the matrix B(x) which are written as

One has

bmn (X) :f(pm(x,v)vvx(pn(x,v)dv.

bpm (%) = ftpm(x,V) (Vdp (x) :V®V)<,0'no(wl)tpn1 (w2)pp, (w3)dv

Defining M; (x) = M (x)

bnm (X)

+f<pm(x,V) (V1 (%) : VO V) @y (w1) @), (W2) P, (w3)dv
+f(pm(x,v) (V2 (X) : VO V) @y (W1) P, (Wa) ), (w3)dv.
'Vb; x) M(x) for i =0, 1,2, one can write
=T?My(x) :f(pm(x,v)w®wq)’no(w1)<pnl(wz)qonz(LUg)dw
+ T M (x) 1f¢m(X;V)W®W(PnO(w1)(P;11(WZ)(Png(wI%)dw (25)

+ T? My(x) :ftpm(x,V)W®W<pn0(wl)<pn1(wZ)qJ’,,z(w?,)dw.

Exact calculation of the integrals is now possible with the formulas (8)-(9) and the orthonormality
of the Hermite functions. Consider finally the coefficients of the matrix C written as

Com(X) = f P X VIV Bo(x) -V, (x,v)dv. (26)
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One has

Cnm (X) =f¢pm(x,V) (vxBo(X)-do(X))w’no(wl)wnl(Wz)wnz(W3)dv
+f<pm(x,V) (v x Bo() - d1 (X)) @y (W1) @}, (W) P, (w3)dv 27)

+f<pm(x,v) (v x Bo(X) - d2 (X)) @y (1) 9, (W2) ), (w3)dw.
Since d is aligned with the magnetic field, one has
vxByx)-do(x) =0,
vxBy(x)-d;(x) = wX) ws,
vxBox) -dy(X) = —wX) wy.

One gets
Cnm(X) = T%w(X)ftpm(x,V) WS(PnO(wl)(Plnl(WZ)(Png(w3)dw

—T%w(X)f(pm(x,V)wano(wn(pm(wZ)w’nz(%)dw. (28)

Once again, exact calculation of the integrals is possible with the formulas (8)-(9) and the
orthonormality of the Hermite functions. An additional interesting simplification shows up
because one has from (8)-(9)

W3<.0;11 (W2)n, (W3) — Wap, (w2)<,0’n2 (w3)

==V (i + D)o@ +1(W2)Qn,—1(w3) + v/ ny (2 + D@p, -1 (W2)@py+1(ws).  (29)

One gets

Cnm (X)
= T%w(x)amo,no (_ V (nl + 1) n26m1,n1+16m2,n2—1 +vn (nZ + 1)6m1,n1—16m2,n2+1) . (30)

3
It is worthwhile to notice that C is the product of a constant matrix times the coefficient T2 w(x).
The sparsity of all matrices is a consequence of the formulas. O

3. Reduced moment models

The reduced moment model naturally captures the formal limit of strong magnetic field € — 0*
of (3). To construct the reduced model (4), we firstly analyze the kernel of the matrix C. This
kernel is called the cyclotron kernel in the following. Then we use this information to reduce (in
a sense that will be made explicit) the Friedrichs system (17). The main result of this part can be
summarized as follows.

Theorem 9. The formal limit € — 0 of the singular Friedrichs system (17) is the non singular
Friedrichs system
3
0,UX 0+ 0y (AU D) =BXUX) (31
i=1

where A;(x) = P'A;(X)P for 1 < i <3 and B(x) = P'B(X)P have smaller size than A;(x) and B(X).
The projection matrix P is sparse, its coefficients are explicitly given in (37), and P' P is the identity
matrix in the projected space.

To obtain the proof, we firstly make a detailed calculation of the kernel of the matrix C, called
the cyclotron kernel in what follows, and secondly we use this information to project or reduce
the equations.
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3.1. The cyclotron kernel

The cyclotron kernel is defined as
H ={U|Cx)U =0}.

With the physical assumption that we made By (x) # 0, then w(x) # 0 in (28). Therefore the kernel
% is independent of the space variable x. The sparsity of the matrix C which is consequence of
the formula (30) is particularly useful to obtain simple characterizations. One has that Cx)U =0
is equivalent to |m| < N with:

if my, my =1 then

Y ml(mz + 1)um0,m1—1,m2+1 + vV (ml + 1) my umo,m1+1,m2—1 = O) (32)

if m; =1 and m, =0 then
—Umg,m-1,1 =0, (33)
if if m; = 0 and my =1 then
Umo 1mp—1 = O. (34)

Therefore one has the characterization of the kernel
H ={U = (um)m| < n|Im| = N with either (32),(33) or (34).}.

The structure of the recurrence relations defining the kernel is illustrated in Figure 1. Due
to (33)-(34), all coefficients vanish along the column m; = 1 and along the line m, = 1. Then
by (32), the nullity of the coefficients along the column m; = 1 and along the line m, = 1 is
propagated along diagonals, one coefficient among two neighboring ones. Therefore if a diagonal
has an even number of terms then all the terms vanish. The other case is when the diagonal has
an odd number of coefficients, call it p = m; + my +1 =2s+1. Then s coefficients vanish along the
diagonal, while the other s+1 coeflicients are linearly dependent through the linear relations (32).

Mo

®
]
> 7]
5

Figure 1. Plot of the coefficients (mj, my), my being given. The squares are vanishing
coefficients w;;y,m;,m, = 0. The bullets are coeflicients which might be non zero w,,m,,m,
# 0. The ellipses at 45 degrees indicate that m; + m; is constant along the diagonals.
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To make explicit the linear dependence between the remaining non trivial coefficients (the
bullets in Figure 1), we concentrate on one non trivial diagonal and set
m m nmy m:
o 27 (F)27 (72)!”
my,ny \/m_l' \/m—2| mo,my,nmy

my
my+1,my-1°

where m;, my are even.

mg —
Lemma 10. One has Vi —1,mp+1 = V
Proof. Indeed the kernel relation writes

—1)! !
VD S

5 (mlz—l)!272 (m22+1)| my—1,my+1

! —1)!
(T i e L AL L
2

L (m1+1)| 2m22—1 (mz—l)' my+1,mp—1
2 ) 2 )

which is equivalent to

V(m)! (mp +1)vmy! Lm0 _(my+D)vVm! Vmp! Lm0
mp—1 1 mop+1 1 mi=1,mp+1 "~ mp+1 1 mp—1 1 my+1,mp—1°
2 ) 2 2 ) 2 )
Since the coefficients are the same, it ends the proof. O

3.2. Reduction

The previous formulas have important applications to obtain reduced Friedrichs systems. Let us
consider U in the kernel of the matrix C, which is necessarily satisfied by the formal limit € — 0*
of the model (3). Discarding the time variable, we begin explaining the structure of the truncated
series
Nxv= Y uny, whereU = (un)nj<y€ X
In|=N
One has

_ﬁ N my
Nxv=e 2T Y wuw)|Y Y tmgmy,mWm (W2Wm, (ws) .
mo=0 q=0mi+my=q

If g is odd, then uy,1m;,m, = 0. If q is even, then uy 1m;,m, = 0 for m; and/or my odd. If g = 2s is
even, then one can write

ve2ni2s-2n! .,

—_—v

25rl(s—nr)! 1
where v;"" depends only on the index of the diagonal g = 2s = m; + my. For g = 25, one considers

Umg,2r,2s—-2r = (35)

m,
Y Umgm,my Wy (W)W m, (W3) = Fs(wo, w3) vy
m1+m2:q

where

s VE2HI2s—2r)!
Fs(w,, w3) = Z M

25 l(s— ) War (W2)Was—2r (w3) and v, € R.

One obtains

N-my
N —ﬁ N 2 J mgp
frxv)=e 21 Zowmo(wl) ZO Fs(wa, w3) vy .
mop= s=

Lemma 11 (Proof in the appendix). Let (Ly)scn be the family of Laguerre polynomials. One has
w2+w2
Fy(wy, ws) = (~1)°4°sle™ 7 Ly (w? + w?), seN. (36)
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Plugging this formula in the representation of £V, one obtains finally

N-mg

N |5
fN(x,v)ze_‘W'Z > Hpyw1) Y Lg(ws+ w) amys

mp=0 s=0

where the degrees of freedom are some coefficients a,,, s € R. One recovers an approximation
method based on Hermite-Laguerre polynomials, already known in plasma physics for gyroki-
netic model [11,12,27,28].

Next we define the rectangular matrix that corresponds to the transformation (35). We need a
generic notation for multi-index with two components

i = (7, 711) € N? with |f] = 7ig + 27 .

One can check that the number of moments such that 7y + 27; < N is given by formula (5). One
defines the rectangular matrix P = (pm,i)mJ,ja <N With

v (my)l(my)!
Pmn = 6mo,ﬁo 6m0d(ml,2),05m0d(m2,2),06m1+m2’2ﬁ1 my+my : @37
IR
22"
Lemma 12. |m|# [fi]| = ppmz = 0.
Proof. Indeed if |m| # [fi], then either 6 ., = 0 OF 8y 4 my 27, = 0. =

By definition of the matrix P, one has that
U= (Um)m<NEX = U= PU for some U = (Us) | <N -

Onehas CP=PC=0and P'P=1.

Final part of the proof of Theorem 9. The solution of the full system (17) is written as a Hilbert
expansion U, = Up + €U + O(e?). Necessarily Uy € £ so one can write Uy = PU. Then multipli-
cation all terms of the Friedrichs system by P’ on the left yields the claim. g

4. Models with electric field

We now reintroduce the electric field, so as to obtain a model formulation of the initial equa-
tion (1). The main result of the Section is formulated in Proposition 15 where we give the formu-
lation (41) for € > 0 and the limit reduced formulation in the regime £ — 0.

The electric field is self-consistent, that is it derives from the electric potential E = —V¢. Since
one also has the Gauss law V-E = p;(x, t) — p. where p, > 0 is the reference constant electronic
density (which is once again taken as constant in space for simplicity), one gets the Poisson
equation

A= f Fdv—p.. (38)
The initial data is taken globally neutral that is

pi_pezf(ff(x,V,O)dV—pe)dXZO.
X v

Then global neutrality is propagated by the transport equation, so one can write [ (f,
f&xv,)dv—pe)dx =0 for all £ = 0. To take into account the electric field in the moments mod-
els, one needs firstly to write the Poisson equation in function of the moments, and secondly to
introduce the electric field in the Friedrichs systems. The next Lemma is dedicated to the first
task.

Lemma 13. The ion densityis p; = fv fN(x,v, Hdv = 7'[% T% U0,0,0-
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Proof. With (7) and (14), one obtains

y 000y v) = e# a1 e VAol g o Vi P g oo g
The change of variable (15) yields [ fdv=n1T? [ fy®%9dw = 71T ug . O

The weak form of the moment model with an electric field writes as

f(@th+v'foN+(E+évao)'VUfN Yy dv =0.
v

To discretize the terms proportional to E, one defines three matrices D' (x) = (d.;, (X)) mj,in| < N
with
Ay X) :[ayiwm(x,v)u/“(x,v)dv, i=1,2,3. (39
A\
Lemma 14. The coefficients of the matrices D;(X) are given by
d,ilm(x) =—-TBy(x);v 2no5mo,n0—15m1,n15m2,n2

- TBl(x)i V znlémo,ngaml,nl—lémg,ng (40)

- TBZ (x)i V 2”25m(),n()6m1,n1 6}712,”2—1'
Proof. One starts the analysis of (39) with an integration by parts

Al ®) = —fy/m(x,v)@,,iw“(x,v)dv,
v

that is _
dimX) = —fwm(x,v)ayi (W™ w-do(x)y™ (v-d; ()™ (v-d2(x))) dv.
One gets

Al x) = — f W Vo (0); (") (v-do () Y™ (v-dy ()" (v- do (X)dv
- f W 6V d; (09" (V- do(x) (¥™) (v-dy ()™ (v-da (x)dv

- f Won (6 Vd2 () 9™ (V- do ()™ (v-dy (1)) (¥"™2) (v-da () dv.

With Lemma 1, one obtains

dl ) =—T f W (X, VIBo () /210w ™ (wo)y™ (w) ™ (wo) dw
- Tfvlm(x,V)Bl(x)i\/21111//”0(wO)w”I‘l(wl)w"Z(wZ)dw

- Tf W 5, VIB2 (1) v/ 2129 (wo)y™ (w) Y™~ (ws) dw.
v
The orthogonality of the Hermite functions yields the claim. g
Let us decompose E = (Ey, E», E3).

Proposition 15. The moment model (17) with electric field writes

3
T20,U(x 1)+ Y 0y, (Ai®U X, 1) - BRU(x, 1) @1
i=1
3 1
+ ) Eilx 0DixU = —COU(x, 1).
i=1
The reduced version of the system writes
; . 3 _ _ L 3 B B
T20,0+Y 0y, (Aix, 00X 1)) - BRUX O+ Y Eix )D;(x, N U X, ) = 0. (42)

i=1 i=1
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where the matrices are D;(x) = A;(xX) = P'D;(x)P. Both models must be coupled with the Poisson
equation and E= -V .

Proof. This is evident for (42) since the electric contribution is additive. The projection method
explained in the proof of Proposition 9 yields the reduced system (42). O

5. Numerical method

The numerical method that we use to solve either (41) or (42) consists in a splitting strategy which
follows the structure of this article. That is in a first step we solve (41) or (42), and in a second step
we solve the Poisson equation and reintroduce the electric contribution. We explain the methods
with the full system of moments (41). Mutatis mutandi, the same method is used for the reduced
system (42).

5.1. Resolution with a splitting algorithm

5.1.1. Firststep

The first step corresponds to solving the system
5 3
T20,UX 1)+ )
i=1
during one time step [f,, f,+1]. For all n = 0, we note U(x)" the numerical evaluation of the
unknown vector at time step ¢, = nAt and U(x)"*! denotes the prediction at the end of this phase.
For the time discretization we consider a Cranck-Nicolson scheme

T+l _ n 3
T2 w +Y 04 (A0UE™ ) - BooU ™2 - %C(")U(")m
i=1

0x; (AiUX, 1) - BXU X, 1) — EC(X)U(X’ =0

NI—=

=0

1 iT(x)+1
where Ux)"*2 = w For the space discretization we consider a Finite Element
method [29] with a Finite Element space Vj, ¢ H'(Q) which is very common in the discretiza-

tion of incompressible flow [29]. For the full system of moments (41) we take
(N+1)(N+2)(N+3)

Ux)"eXy:=V, 6 forall n=0. (43)
One obtains the variational formulation for all test vectorial functions V € X},

T% f ﬁ(x)n+l _ U(X)n

3 1
v V®)dx = Z[Ai(x)U(x)'”? -0y, V(®)dx
i=1

+/B(X)U(x)”+%-V(x)dx+%/C(X)U(x)'”% V®dx. (44)

To take into account the variation in space of the different matrices and vectors, the bilinear forms
are assembled with numerical integration.

5.1.2. Second step

We solve the remaining part during the same time step [?,, £;+1]

3
T20,Ux, 0+ Eix, D;(x)U =0. (45)
i=1
Firstly we solve the Poisson equation, with a Finite Element Poisson solver. Then we calculate the
electric field with E = —V¢. Finally we solve (45) with a Cranck-Nicolson method
U(X)n+1 _ﬁ(x)n+l 3 U(X)n+1 +ﬁ(x)n+l B

N + ;E;’(x, HD;(x) 5 =0. (46)

[NJEY

T
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Since the extra cost is marginal, we solve (46) in the variational sense, that is we assemble bilinear
formulation with numerical quadratures

1 = 1
Tng(Xj)n+ -Ox)"

-V
A x)dx

3

N AT

i=1

U(Xj)n+l + U(xj)n+l

- Vx)dx=0. 47)

5.2. Numerical implementation

To test the algorithmic structure of the anisotropic method of moments, we have developed a
dedicated research code! written in C. We employ the finite element (FE) method for discretiza-
tion in space, and finite differences for time discretization with an implicit procedure to reach un-
conditional numerical stability. At each time step the set of linear equations are solved with the
Krylov method (e.g. GMRES method [30]), with initial guess given by the solution at the previous
time step. In the following, we discuss the details of the numerical implementation.

5.2.1. Time discretization

We apply a finite difference (FD) method in time. First we need a mesh in time, here taken as
uniform with mesh points

tn,=nAt, n=0,1,..., Nenq.

5.2.2. Space discretization

We are particularly interested in an effective numerical solution, so we assume a regular
simplicial triangulation 973(€) of the domain €, and we assume Q = U;¢g; () T. We use standard
notations and definitions for the Finite Element Method (FEM). We shall denote V},(Q) ¢ H}(Q)
the space generated by conforming P;-Lagrange functions (k = 1) constructed on 9(Q),

Vi (Q) = {uh eC'Q): vy, ePLD),V T effh(ﬂ)}.

A Galerkin method is naturally formulated where all functions and test functions in (44) and (47)
are taken in Xj, defined in (43).

5.3. Numerical results

In this section, we test the discrete moment method by discussing standard test problems of
the literature. The first three tests are designed to validate the pure transport equation, and
the reduced gyro-kinetic model. Next, we consider cases with the Landau damping test and the
Bernstein-Landau paradox. The simulations presented in this work are carried on a Dell XPS with
processor i7-6700HQ. The open source Gmsh [31] has been used for mesh generation and post-
processing.

IRepository: https://gitlab.lpma.math.upmec.fr/muffin/muf.
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Figure 2. x—transport equation. (left) initial condition of 1 (0,x). (right) mesh.

5.3.1. The transport equation

Consider the Vlasov equation (1). If we suppose that the magnetic field vanishes (e.g. ¢ — +00)
at any time and any position, we obtain the x-transport equation

0f +v-Vif =0. (48)

The domain is an unit cube Q = Ly x Ly, x L, = [0, 1]% with spatial periodic boundary conditions.
We take € = 10'° so the magnetic field is eliminated. An initial condition is given as follows:

Um(t =0,X) =1+ cos(27m(x; + x2 +x3)), m=(0,0,0),
um(t=0,x)=0, m#(0,0,0).

An analytical solution of (48) is f(t,x,v) = ni exp”1"/2(1 + cos2n Y3, (x; = v;1)). One deduces a
reference/analytical solution for the first moment

ana

U2 (1 %) = 1+ cos(2(X] + X + x3)) exp ST
0,0,0(6X) = 1+ X2 + X3)) €Xp .

The numerical solution is computed using a standard first-order nodal FE method on a mesh
made of hexahedra and generated with Gmsh [31]. The following numerical setting has been
considered: P1 finite elements with 7 points of discretization in each spatial direction and a mesh
made of 343 nodes and 216 P1 hexahedra. The linear system resulting from the FE discretization
is solved using GMRES [30]. For the velocity space, we take N = 10 that is 286 moments.

First test case

It is the transport equation (48) with a constant basis By (x) = {1,0,0} ". The results are given on
Figure 3. We compare the numerical solution of the x-transport equation and the exact solution.
We observe that the numerical solution is a good approximation to the exact solution when
t < 0.5s. For later time there is a divergence which is classical for the discretization of such kinetic
equations. As explained in [32], the numerical scheme exhibits an artificial recurrence effect
because the model conserves the energy over a finite number of modes. The continuous model
also preserves a similar energy but over an infinite number of modes. It is visible on Figure 3
where the first moment starts to build up again for ¢ = 0.5s.
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IN|] = 10, time Step= 0.6 / 400 IN| = 10, time Step= 0.6 / 400

2 Analytical solution ——+-- 2 Analytical solution ——+--
Numerical solution —— Numerical solution —*—

(0,0,0)

15 1.5

U(0,0,0)(X,t) [-] with (x1, X2, x3) = (0, 0, 0)

U(0,0,0)(X,t) [-] with (xq, X2, X3)

0 0.2 0.4 0.6 0 0.2 0.4 0.6
Time [s] Time [s]

Figure 3. x—transport equation. (left) numerical solution of ug,o(¢,%) for the case with a
constant basis. (right) numerical solution of 1 (#,x) for the case with a non-constant
basis. x = (0,0,0).

Second test case
It is the transport equation (48) with a non-constant basis
By (x) = {0, cos(27x3), sin(2mx3)} " .

Figure 3 shows the analytical solution and numerical solution. It shows that the numerical
solution is a good approximation to the exact solution when ¢ < 0.4s, still before the time of the
artificial recurrence phenomenon.

Third test case with reduced gyro-kinetic model

Now the magnetic field is non zero By (x) = By (x){1,0, 0}" in the simplified equation
1
atfg+v~fog+gvao(x)-V,,fezo. (49)

One can find an equivalence principle where f(¢,x,v) = g(¢,x, vy, ) for all ¢, x, v; and p where
U=/ vg + vg. Provided that g is the solution to

0:8+110,,8=0, (50)

e - —1v? . .
with initial condition g(0,x, vy,) = exp™!”"2(1 + cos2mx1), then it can be shown that f is the
exact solution of the magnetized transport. It means that f is equal to its gyroaverage g. Since

—|u2|/2(

g(t,x,v1, 1) = exp 1+cos2mx; exp_nztz)

one easily calculates the moment u,9,0) (X, £).

For numerical simulation we use the reduce method where N = 36 is the reduced number of
moments. The other physical and numerical configurations are the same as in the previous cases.
Figure 4 compares the analytical solution and the numerical solution. Once again the numerical
solution is a good approximation to the exact solution before the time of the artificial numerical
recurrence ¢ = 0.8.

5.3.2. Linear Landau damping

We perform a convergence study on the Landau damping problem. Landau damping is a
standard test for collisionless plasmas, which is the effect of damping of longitudinal space
charge waves. It occurs because of the energy exchange between a wave initially excited in the
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IN| = 10, time Step= 0.6 / 400

> Analytical solution ——+--
Numerical solution —+—

1.59

U0,0,0)(%,t) [-1 with (x1, X2, Xx3) = (0, 0, 0)

o 0.2 0.4 0.6 0.8 1 1.2
Time [s]

Figure 4. Gyro model. Numerical solution of ug,,0(¢,X).

plasma and particles in the plasma that are resonant with it. We consider the non-linear Vlasov—
Poisson system:

th+v-fo+(E+EVXBO(X))'vaZO,

V-Eszdv—pe.

We keep periodic solutions in x; -direction, and consider the initial density function

3
fO,x,v) = (\/%) 1+ acos(kxl))exp_""zlz.

We seek a solution of the form,

1 2 1 5
(t,x,v) = fi(t,x1,v )(—ex —1}2/2) (—EX —1/3/2)’
! T | Wk

where f(t,x,v) satisfies the non-linear Vlasov equation and the initial condition if and only if
fi(t, x1,v1) is a solution of the follwing Vlasov-Poisson in one dimension in space x; and velocity
U1,

0:f + 110y, f+E10,, f =0,

axlEl :ffdv_pe.
initialized with .
f0,x,v) = ——=(1 + acos(kx1)) exp‘”f/z,

V2n

The approximate solution to the system above is given in page 58 of [25]. Moreover, we can
compute an approximate Ej (£, x;) using the moment method based on the splitting strategy in
this work and compare to the approximate solution

E1(x1, 1) = 4a x 0.424666 exp~ %617 sin (0.4x) cos(1.28507 — 0.1157725).

We choose the values a = 0.001 and k = 0.4 in the second line of the table in page 58 of [25]. This
is a good approximate solution of the exact solution for large times, which is also used as a test
casein [33,34].

We take the charge of the ions equal to one, and only consider uy, with respect to the velocity
variable v; and v,. The domain is a rectangular cuboid Q = Ly x Ly, x L, = [0,27/k] x [0, 1]2. We take
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IN| = 200, time Step= 100 / 1000

Electric energy
Analytical solution / 20

Electric energy
=
o
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Time [s]

1012

Figure 5. Landau damping. Damped electric field with k = 0.4, and € = 10%°.

£ = 10" so that the magnetic field vanishes. The numerical setting is considered as follows: P1
finite elements with 127 points of discretization in x; -direction, and 3 points of discretization in
xp-direction and x3-direction. The mesh of this setting is made of 1143 nodes, 504 P1 hexahedra.
For the velocity space, N = 100 that is 5151 moments.

In Figure 5, we plot the electric energy, and we can see that the numerical solution is reason-
ably accurate.

5.3.3. The Bernstein—Landau paradox

The next test case that we study is the Bernstein—-Landau paradox in an electrostatic plasma,
whereby electric field and charge density fluctuations have time oscillatory behavior in the
presence of a magnetic field. Magnetized plasmas can prevent Landau damping, which was
demonstrated by Bernstein [35] that in the presence of a constant magnetic field, the electric
field does not decay for a long time, and in fact has a time-varying oscillatory behavior.

The physical and numerical configuration is the same with the Landau damping test, despite
that € = 10. It shows that the damping is replaced by a recurrence phenomenon of period T, = 2n¢
when there is a magnetic field. This recurrence is a consequence of the series based on the
eigenvectors expansion in the regime of non zero magnetic field [33, 34].

In Figure 6, we plot the electric energy for Bernstein—-Landau paradox test case, and we can
observe that recurrence is visible with the period 2me. In other words, the Bernstein—-Landau
paradox is an entirely “physical” phenomenon arising from the non-zero magnetic field [33, 34].

5.3.4. Diocotron

The physics of the Diocotron is presented in the classical textbook of [36]. Our initial data
come inspired by [37, 38]. It is a Maxwellian in velocity and a ring-shape distribution in space
with a perturbation in angle

n A 652 v _
—03(1+ncos(k6))exp =65 exp M2 pm<p <t

fox,v) =4 (V2n) (51)

0, otherwise,
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IN| = 200, time Step= 100/ 1000
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Figure 6. Bernstein-Landau paradox. Undamped electric field with k = 0.4, and € = 10.

where x = (X1, X2, Xx3), V= (V1,V2,0U3), I = 4 /xg + xg. Correspondingly, the initial moment is given
as follows:

(52)

2
{ (2732773 ny (1 +ncos(kB) ) exp 05" rm<r<rt,
U,0,0 =

0, otherwise.

General non-homogenous magnetic field is

1
By(%) = w.(x) (1,axy, —axs) .
2

1+ a?x3 +a?x3
The spatial domain is a cartesian geometry x = (x1, X2, x3) € Q = [0,1] x [-13,+13] x [-13,+13].
Here ng = 1,7 =0.01, k =4, r~ =5, r* = 8 and discretize the spatial domain Q with Ny, =2
and Ny, = Ny, = 64 points. As a diagnostic, we consider the density [ 10,0,0(£, X)W (X, V)dV =
2372 7131% 44 0,0 (£,%). The results are displayed in Figure 7.
One observes that the ring is transformed at a later in a square, as in [38]. The calculation
for later time is possible with our numerical tool, but so far the results are delicate to interpret
therefore we postpone the presentation of such more physical results.

5.4. Comments on the numerical cost of the simulations

Even with this important numerical cost, we foresee two situations where our discretization
strategy with anistropic moments is worth the game. The first is to use the reduced model as
away to drastically diminish the number of moments. The second one is to use our methodology
to discretize kinetic equations for electrons, where the small mass of the electron is known to
hamper the time step for explicit Euler discrete methods. Our implicit solver is indeed a natural
option to bypass the cost of explicit computations in such situations.

The dedicated research code? (written in C) uses state of the art compressing techniques
for manipulations of sparse matrices. However the numerical solver used to solve the implicit
Euler system has its own cost, which is multiplied by the number of time steps required to reach
the final time. We are currently working on the optimization of this numerical tool in order to

2Repository: https://gitlab.Ipma.math.upmec.fr/muffin/muf.
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Figure 7. The full 3D Vlasov—Poisson system. Numerical solution of w0 (f,x) with initial condi-
tion (52) with a = 0. The | N| for the moment method is equal to 70.

minimize the time of simulation. It will require to develop acceleration techniques and to use the
ressources of HPC (High Performing Computing).

Appendix A. Proof of formula (36)

The proof comes from (6). One has

I R L R I
Fo(wy, ws) = ————e 7 e W2 e W
s NERPYORN- ,;) ri(s=n!dws’ dwg(kr) (53)
1 wgeed ~(wh+w?
5 (6%”2 +6i,3)se (w2+w3)‘

=——e
225§/



22 Frédérique Charles, Bruno Després, Ruiyang Dai and Sever A. Hirstoaga

w2+w2
This formula shows by recurrence that Fs(w,,w3) = ps(w2 + ws)e_ b where p;g is
some real polynomial of degree less or equal to s. Integrations by parts show that
J [ Fs(wa, w3)Fy(wy, ws)dwadws = 0, where s # s'. It can be written in radial coordinates

(w= w2+w3)asf0 ps(w)py(w)e dw =0 s # s'. We note the Rodrigues type formula
N w? d? 1 d\ _,e
ps(w)—ew (W-‘_;E e W, (54)

This compact formula seems original with respect to the classical literature [26]. It is easy to
reduce it to the classical formula for Laguerre polynomials.

Let us make a change of variable x = w? e R*. One checks the identity -2 it E W = 4(x

E).So Ps+1(x) = 4e* (x >+ dx)”l = 4ex(x >+ dx)(ps(x)e‘x) One obtalns the 1terat10n

{ Po(x) =1,

Por1 (1) =4 (xp! (0 + (1 - 220 pl(x) + (= D ps (). (55)

Similar iteration formulas are known for Laguerre polynomials (L, (X)), ¢n, See [26]. In particular
it is known that
XL () + (1 =x)L),(x) +nL,(x) =0,
(m+1)Ly1(x)—-2n+1—-x)Ly(x)+nL,—1(x)=0
xL),(x) = nLp(x) + nLy—1(x) =0

Elimination of L,,_; (x) by subtraction of the last identity to the second one yields (1 +1)L;4+1 (x) —
xL),(x) + (x—n—1)L,(x) = 0/ Addition of the first identity yields (n + 1)L+ (x) + xL))(x) +
(1-2x)L},(x) + (x = 1)L, (x) = 0. Comparison with the iteration formula in (55) yields p,(x) =
(=1)"4"n!L,(x).
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