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Abstract. Solving poroelastic problems on a single grid is of paramount importance in the applications,
especially in geosciences. However, these applications sometimes require to work with meshes made of
distorted cells. With such grids, dedicated numerical schemes should be chosen to obtain consistent
approximations for the stresses and for the fluxes. In J. Coulet et al. (2020), a coupled scheme based on
the joint use of linear virtual elements and a two-point finite volume approximation on the same grid was
proposed for Biot’s poroelastic problem. This work has also provided an analytic and numerical convergence
study of the discrete coupled system. As a continuation, we here propose an extension of this study to more
general polyhedral meshes and to heterogeneous anisotropic mobility tensors for the flow equations. At this
occasion, a general finite-volume framework, which includes non-linear or sushi finite volume methods for
instance, is introduced to extend this analysis.

Résumé. La résolution des problémes de poroélasticité sur une grille unique est d’'une importance capitale
dans les applications, en particulier dans le domaine des géosciences. Cependant, ces applications néces-
sitent parfois de travailler avec des grilles composées de cellules déformées. Avec de telles grilles, des sché-
mas numériques spécifiques doivent étre choisis pour obtenir des approximations convergentes pour les
contraintes et les flux. Dans J. Coulet et al. (2020), un schéma couplé basé sur l'utilisation conjointe d’élé-
ments virtuels linéaires et d'une approximation de volume fini a deux points sur la méme grille a été pro-
posé pour le probleme poroélastique de Biot. Ce travail a également fourni une étude analytique et numé-
rique de la convergence du systéme couplé discret. Comme suite, nous proposons ici une extension de cette
étude a des maillages polyédriques plus généraux et a des tenseurs de mobilité anisotropes hétérogenes pour
les équations d’écoulement. A cette occasion, un cadre général de volumes finis, qui inclut par exemple les
méthodes de volumes finis non linéaires ou de sushi, est introduit pour étendre cette analyse.
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1. Introduction

The numerical resolution of poroelastic problems is often carried out on two different grids,
in particular in geosciences when simulating the flow through deformable porous media. For
this kind of application, a first grid is dedicated to mechanics and built in order to guarantee
its compatibility with the finite-element method which is often used to discretize that part
of the system. A second mesh is also designed in parallel to discretize the flow equations
with finite-volume methods. This second family of discretization schemes is very popular to
simulate porous-media flows since they provide conservative fluxes in a natural way. They are
based on piecewise-constant approximations of the solutions and the flow grid is therefore built
according to the shape of the geological layers which can have strongly varying flow properties
and complicated geometries due, for example, to the presence of faults or erosion events. A space
discretisation of these layers is therefore not an easy task since, in addition, some conditions
should be met in order to guarantee the consistency of the finite-volume fluxes.

Recent space discretization methods, such as hybrid finite-volumes [1], virtual elements [2],
now enable to solve the elastic problem on the flow grid. We do not claim to make an exhaustive
review of all the methods that have been proposed over the past years to discretize this system.
We here only mention the ones that will be used and analyzed in this work and invite the reader
to refer to the introduction of [3] to have a broader overview of the family of techniques which
can be used for this problem.

In this latter work, in particular, linear virtual elements and the two-point finite volume
approximation (TPFA) were used and analysed. However, a drawback of the TPFA scheme is
that, for practical applications, the TPFA scheme does not provide consistent fluxes on general
grids and/or with anisotropic mobility tensors. In the past years, several works have been done
to correct this shortcoming (see [4, 5] and the references therein for instance) leading to linear or
even non-linear approximations of the fluxes.

In this work, we show that the convergence and existence results established in [3] can be
extended to more general finite-volume schemes and in particular to non-linear ones.

This paper is thus organized as follows. The poroelastic problem is introduced in Section 2.
Then the coupled discretization scheme based on linear virtual elements and on a generic family
of finite volume methods is presented in Section 3. In particular, a reminder on the linear virtual
element method is made in Section 3.1 and the generic finite-volume scheme is presented in
Section 3.2 along with two examples of flux approximation. This coupled scheme is analysed in
Section 4 where the existence of discrete solutions (see Proposition 7) is shown as well as an a
priori error estimate (see Theorem 8). To illustrate this estimate, numerical results performed on
grids of the FVCA5 benchmark [6] are presented in Section 5.

2. Mathematical formulation of the poroelasticity problem

Let T > 0 and Q € RY be an open subset with a Lipschitz boundary. The coupled system
describing the interactions between mechanical deformations and flows in porous media have
been established in [7]. The expressions of rock mechanical equilibrium and fluid volume
conservation here assume quasistatic strains and a slightly compressible single-phase flow.
Under these assumptions, let u: Q x (0, T] — R4 be the rock displacementand p: Q x (0,T] — R
the pore pressure. In Q x (0, T], the pair (u, p) is solution to:

—div(ﬁe(u) - apfd) =f, )]
Ot(cop+adiv(u))—diV(K(Vp—pg)) =s. 2)
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In (1), I denotes the identity tensor, o°(u) — apl, corresponds to the total stress, o°(u) to
Terzaghi’s effective stress and a to Biot-Willis’ coefficient. The sign convention for the stresses
follows the one of classical continuum mechanics where compressive stresses are considered to
be negative. The effective stress is assumed to follow a linear elastic behaviour with respect to the

strain €(u) := % (Vu+Vu") and is thus given by 3¢ (u) := Cg(u) where C is the fourth-order stiffness
tensor. The stress tensor can be defined thanks to the Lamé constants (¢, A) € [y, u2] x (0,00),
0 < 1 < 2. In that case

0°(w) = 2ug(w) + Adiv(u) I 4. 3)
[ denotes a volumetric force. In equation (2), ¢y > 0 is the product of porosity by the fluid
compressibility, A the mobility tensor defined as the ratio between the rock permeability and the
fluid dynamic viscosity, pg is the volumetric weight and s a volumetric source or sink term. For A,
it is assumed that there exist (g, o) € (0,00) s.t. the spectrum of A is included in [ay, Bo]. Using
the index a € {d, p} to refer to the displacement or pressure variable, in both cases, the boundary
0Q) is divided into two complementary areas where either Dirichlet or Neumann conditions are
applied. Thus 0Q =Tp, UlN,, with I'p, NIy, = @ and mr,, > 0. On these boundaries, the
conditions are given by:

u=0onIlp, (4)
(Ee(u)—apfd)-n:t on I'y,, (5)
p=0onTp, (6)
A(Vp-pg)-n=¢ on Ty, (7)
where n stands for the unit normal oriented towards the outside of Q. At initial time, we have
p(%,0) = po(x) in Q 8

and uy = u(x,0) is solution to (1)-(4)-(5) with p = pp. Under assumptions of regularity on the
data, the existence and uniqueness of the continuous solution to (1)-(8) have been established
in [8].

3. Coupled discretization scheme

We now detail the discretization of the problem (1)-(8). From then on, for simplicity’s sake,
gravity effects are neglected in the following. For scalar functions defined on any domain w, we

use the norms:
1

1 1
2 2
2 2
||V||L2(w)=(f 14 ) ,||U||H1(w)=(||V||Lz(w)+fvv'vv)
Q w

1 1
2 2
lvl2) = ([ v.v) Mol g = (Ilvlliz(w) +f Vv:Vv)
w w

for the vector ones. The aim of this section is to define a coupled scheme to approximate a weak
solution to (1)-(8). Weak solutions (&, p) of the previous problem are sought in the spaces

vo={ve H'@?:vr,, =0},

QO:{qGHl(Q):qup =o}.

We assume that the time interval is discretized with a constant time step At such that

and

N N
0,71=J [t", "] = U [nAt,(n+ DA1].
n=0

n=0
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If fe HY(O,T) x L*()? and t € H'((0,T) x L*>(T'y,))%, an integration by part of (1) over Q x
(t", "), for all n € {0,... N} and the use of an Euler time-implicit scheme lead to a variational
form of the elasticity problem which reads, for any test function v € Vj:

a(u”“,v)—f ap”“div(v):ff”“.v+f t" 9
Q Q In,
with
a(u,v) :f o) g(v). (10)
Q

Since mr,, > 0, a corollary of Korn’s inequality used with (3) (see [9, Chapter 11]) gives the
coercivity of a, thatis, for all v € 1,

a(v,v) = aall vl - an
We also define the norm 3, of a by
Ba= sup a(v,v). (12)
ve H' Q4 1vl 1 ga=1

In the same way as for (1), assuming that s € L?(Qx (0, T)) and ¢ € L*(T' N, * (0, 7)), amutliplication
of (2) by any test function g € Qg followed by an integration over Q2 and the use of an Euler time-
implicit scheme give, for all n € {0,... N}:

f (D" (cop + adiv(m) q) — Atf div(KVp”“) q= Atf s"tlg (13)
Q Q Q

where D"""1q = q"*! — q". The next two subsections will detail the virtual-element and finite-
volume approximations but an admissible space discretization for both methods should be
first defined. Following assumptions HO in [2] and [5, Definition 1], we consider the following
definition.

Definition 1 (Admissible virtual-element/finite-volume discretization). An admissible dis-
cretization 9 is a triplet 2 = (7 ,8,2P), where

() I is a finite family of non-empty connected open disjoint subsets of Q (the cells) s.t. Q=
Ugeg K. Forall K € 9, we denote bymg > 0 its d-dimensional measure (the volume) and
set 0K R\ K;

(i) & is a subset of Q (the faces) s.t. , for all 0 € &, o is a non-empty closed subset of
a hyperplane of RY with (d — 1)-dimensional measure my >0 (the area), and s.t. the
intersection of two different faces has zero (d — 1)-dimensional measure. We assume
that there exist, for all K € 9, a subset &k of & such that 0K = Ugeg,0 and p1 < +oo
independent of n s.t.

&kl < 1. (14)

For a given o € &, either I, def {Ke T |o €&k} has exactly one element and then o c
0Q (boundary face) or 9, has exactly two elements (inner face); the sets of inner and
boundary faces are denoted by Eine and Eex; respectively; for all a € {d, p} and 0 € Eext, O
lies either completely inT'p, orinI'y,; for all K € 9, and o € 8k, nk,; denotes the unit
vector that is normal to o and outward to K;

(iii) & ={xxlkeg s.t. Xk is the barycenter of K. K is star-shaped with respect to a ball centered
on xx and with a radius r hx where r > 0 does not depend on K oron 2. r is smaller than
the ratio between the shortest edge of K and its diameter. For all K € 9 and for all o €
we denote by di o the Euclidean distance between xx and the hyperplane supporting o.
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When considering a sequence of admissible discretizations (2p) nen, we denote by hg, the size of

. o f . ;
the discretization defined by hg, de SUpge g, diam(K). In that case, we suppose that there exist
0 < P2, 03, 04, 05 < +o0 independent of n s.t.

. dk,o . min (dk g, dLv) . diam(K)
min —— =0y, min —————— = p3, min ——— = g4,
KeTy,0€8,x diam(K) 0 €Ep,int; Tn,o={K,L} maX(dK,U,dL'g) Keg, hg,
dg 1
05 < < Vo€ En,int, Such that 9, , ={K, L}.
dre 05

3.1. Virtual elements for the elasticity problem

In this work, the displacements are approximated using linear virtual elements. In that case, the
approximation space Vg is given by

Vo= Vk

Keg

where

d .

Vi={pe(H'K) lp-ei € Vicarx, ¥ i =1,..., df,

e; denoting one of the vectors of the canonical basis. The main idea of linear virtual elements
is to define the spaces Va1, x Without giving an explicit definition of its basis functions even if,
for simplicial cells, it reduces to P; polynomials. Functions of Vi, x are entirely defined by their
values on the cell vertices of K. However, the exact expression of the elements of Vicq x is not
known in the general case in K. But, for each face or cell element vy, a projection 7, on P; (y) can
however be evaluated setting

Ty (p(x) = (V(p>y (x—-X)+¢@

where (Vo)y = mLY fy Ve, it = m Yvevy Uxy), we {,x} and ¥ (y) is the set of all vertices of
Y. In two dimensions, V¢ x is defined by:

Vecalk = {¢p € H'(K) |V 0 € 0K, )5 € P1(0); @0k € €°(0K); Ap = 0in K}

In three dimensions, we first define the approximate spaces for all faces o € & by

Vscal,o

:{(pEHl((T) Vyeaa,(pweﬂl’l(y);(pmg€‘€0(60);A(p€ﬂ3’1(0);f ng((p)qu(pq,quﬂl’l(o)}
(o2 g

and then, for all K € 9, we take:
Vecalx = {p € H'(K) | Y 0 € 0K, 9| € Vscal,o; Ap = 0in K}

Let 7 denote the set of the cell vertices and 7p,, its subset containing the vertices that are included
inT'p,. We then define:

Vo = {(pe (Hl(Q))d’(pe Vo) =0ifwe 7/Dd}.

Assuming we have an approximation for the pressure in Qg = P°(9"), which is the space of
piecewise constant functions on each cell of the mesh, at a time-step n € {0... N + 1}, a discrete
approximation of (9) in Vg can be computed by solving, for any test function v4 in this latter
space, the following problem:

K(,.n n g; n n
ag(Uug, vy —f ap, dlv(v@)—f .v@—f ty.vg|=0 (15)
; ( @( P ) 7 f oK, N
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where

ag (wg, vg) = a¥ (n1x(wg), 1k (v9)) + sk (Wa, Vg)

— _ (16)
=fKae (mx(wg)) € (Mk (V9)) + sk (Wg, Vgy),
Sk is a stabilisation term taken, following [10], as:
sk Wa,v9) = hE 2 Clee Y. ((wg - 1k (We)) - (g — Tk (v9)) ) (x,) (17)

veV(K)

with [|Clles = max; j k1 Ci j k- The bilinear form ag being defined on each cell K by (16)-(17),
there exist two positive constants a4, a* s.t.

Oé*dK(v@,l’@)Sag(v@,V@)Sa*aK(v@,v@)- (18)

Property (18) is, for instance, established in [11] with the assumption made on r in Definition 1.

3.2. A generic finite-volume scheme for the flow problem
The discrete pressures are computed in the space Qg = P°(97). In the following, for all v € Qg
and K € 9, we use the notation v so that

vg=v(x),VxeK.

The space Qg is equipped with the scalar product defined, for all (v, w) € (Qg)?, by

wlg= ), Y

KeJ oeék

m,
Z (yov—-v&) (yow - wk) (19)

d.

You = LGULEIL if 5 € i with Ty = (K, L, o0
YoU=0if 0 € Eext.
The associated norm is ||v|lg = ([v, v]@)” 2 A finite-volume approximation of (9) consists in
choosing a test function g s.t., forall K € 9, g =1 on K and g = 0 elsewhere. Thus, using Stokes
formula and denoting by Fk 4 (u, v), a numerical conservative flux function with two entries that
is meant to approximate the diffusive flux, [ AVp - nk 4, flowing out of K through o € &k, we
have
mg D! (copK+af div(u@)) —-At Y Fre(p™,p"h) = Atf s 1)
K e K
Example 2 (The non-linear two-point flux approximation). As an example of flux Fx ,, we here
detail a non-linear two-point flux approximation (NLTPFA). This approximation is built to ensure
the positivity of the solutions in case of elliptic problems. It satisfies Hypotheses 4 (see below)
with exception of the coercivity property (36) which does not hold unconditionally. To obtain the
positivity property:
« for each interior face o € &y with 9, = {K, L}, the approximated flux Fx , is written
as a convex combination of two consistent linear fluxes F K0 (pg) and F Lo (p2) whose
coefficients depend on pg too. Thus, we set

Fx o (P,@, P@) = HK,o (P,@) ﬁK,O’ (P@) —HLo (P@) ﬁL,O’ (P@) ,
with pix.o (p2) 20, i (P2) 20 and  pke(p2)+pLe (p2) =1,

» for each outer face 0 € &ex; with I, = {K}, the approximated flux Fx  can be chosen to
coincide with Fk 5 (pg):

(22)

Fxo(p2,pa) = Fx o (p2). (23)
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The linear fluxes are defined by

ﬁ[(,g(u) =mg Z Xk o' (Igru— uK). (24)
U’Gy[('g
In (24), %k, denotes the stencil of the pair (K, o) which corresponds to a subset of faces included

in 0K where the coefficients «a, s are nonzero. These coefficients are computed in order to
verify the conormal decomposition:

Akngo= Y. Qg oo (X —Xk), (25)
a’eyK_g
where x s is a point depending on the face o and on the trace reconstruction operator that is
considered (see below). The coefficients of the conormal decomposition are non-negative if
the geometry of the cell and the mobility tensor enable it. References [5, 12] have proposed to
compute this decomposition by means of an optimization problem.
The trace reconstruction operator I € £ (Qg; PO(&)) is defined so that,

o for each face o € &iny,

Lu= Y wumeum, Y, 0Me=1, wme=0and V9eD,|l,pp-px,)|<Coh  (26)

Me %5 Me %5
where .%; is a cell subset of 97, ® is a dense subspace of H'(Q)st.Dc Co Q), ¥9 € Qg
with (pg)k = @(Xk) for all K € F7, and Cy is a real number only depending on the mesh
regularity parameters g2, 03,04 (more details on this operator are given in [5]),

o for each face 0 € Eeyt,
- ifacFDp then I,u=0
- ifo cI'y, then Iy u = ug, where u, is a face unknown added to ensure the Neumann
boundary condition.

To derive a two-point approximation, the different terms in (22) are reordered so as to obtain

Fr o) = tr,o(Wur — tx,o W uk — (Hr,e (WALe (W) — pk,o WAk o (1) 27)

C R (w)
with the transmissibilities
IK,o (u)

=My (NK,U(U) Z Z UK o0 WMo + 11,0 (W) Z Z aL,O’O”wM,O") )

'€ Fx,o Me{F\{K}} o'eS,0 Me{Fn{K}}
(28)
tr,o(u)
=Mg (,UL,U(U) Z Z ALoo' WMo + 1Ko (W) Z Z aK,UU’wM,U’) ’
o'€ Ao Me{ I\ (L} o'eFko Me{F, n{L}}
and
AK,U(U) =my Z Z AK o0’ WM, o' VM)
0'€ Fg MeLINK,L}
{Is } 29)
AL,J(V) =My Z Z AL o0'WM,o' VM-

o'eSe Me{I\{K,L}}
The idea of the NLTPFA scheme is to choose the weights such that R s () = 0. From a numerical
point of view, it is sufficient that | Rk s (¢)| < €. Under the assumption that A sArs = 0, this can
be ensured, by taking
ML,g(u)|+e |/1K,U(u)|+e
y MLo(u)= .
[k +]|ALe )| +2¢ [Ako ()] +]|ALe (W) +2¢

Uk,o(U) = (30)
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With the weights (30), the residual term is given as
AL,U (u) = /1K,U (w)
[Ako@|+|ALe )] +2€’

Rio(u) =€

for which it holds that

|Rko ()] <e. 31)
Example 3 (The SUSHI flux approximation). As a second example of flux Fx , we here detail
the Scheme Using Stabilisation and Hybrid Interfaces (SUSHI) introduced in [13]. This approxi-

mation is built to satisfy Hypotheses 4, in particular the coercivity property (36) unconditionally
holds. In that case, for each face o € &, the approximated flux Fx s, we take

Froww)= Y ap . (Iyu-ux), (32)
0’ €8x
where I € £ (Qg; PO(&)) is a trace reconstruction operator. The coefficients « Koo are given by

g ool = Z y’ U-KK'UHYU ”/, and KK,U// =f Ax)dx (33)
, D

I
o €&k Ko

. . . "
where D, » is the cone with vertex xx and basis ¢ and

my \/E my e
, o ngg+—— 1——m ngg - Xg —Xg) |nio ifo=0,
yLTO' — K K,o K (34)
my/ A% d .
—Rg o — my R o - (Xg —Xg) BE,; Otherwise,

mg di,oc mg
where, for any o € &, X, is the barycenter of o. The trace reconstruction operator I is s.t.,
o for each face o € &, with 9, = {K, L}, I, u ensures the conservation of the fluxes, i.e.

Fr,o(u, u) + F o (1, u) =0, (35)

e for each face 0 € Eeyt,
- ifoc I'p, then I,u =0,
- ifo cI'y, then Iy u = ug, where u, is a face unknown added to ensure the Neumann
boundary condition.

4. Numerical analysis of the coupled scheme

The aim of this section is to prove the existence of discrete solutions to the coupled discrete
system (15)-(21) and to establish an a priori error estimate. These results are shown with the
following assumptions.

Hypotheses 4. Let2 an admissible discretization in the sense of Definition 1,
e foranypeQg,KeJ ,0€8, p— Fk,o(p,-) is alinear form;
o foranyo € &int, o ={K, L}, Fx,o(p, q) + Fr6(p,q) =0 forall p,q € Qg x Qg;
e forallpe CF(Q),KeJ andoe&,o0cok,

Fro ( ) Do f AV

max , e ‘n

reds Ko \d, P2 me Jx $-RKo
where pg € Qg is defined, for allK € T, s.t. pg(x) := mLKfKtp(y)dy;

e there exists a real number Cg > 0 depending on g2, 03,04 S.t. for all p, g € Qg x Qg,

- Y Y Fxolp. @k zCalql,. (36)

KeJ oeéy

<Cmg hy
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Remark 5. The coercivity property (36) cannot be easily proved for non-linear fluxes. As men-
tioned before, it holds for the SUSHI scheme but also for the linear two-point flux approximation
that results from (25)—(30) when used on admissible meshes in the sense of [14, Definition 11.1]
with a harmonic average of both cell values for the trace reconstruction. In Section 5, the value
of Cy has been evaluated for different sequences of grids.

In order to prove the existence of solutions in Proposition 7, we first state and prove the
following a priori estimate.

Proposition 6 (A priori estimate). Let 2 be an admissible discretization of Q in the sense of
Definition 1. Under Hypotheses 4 and for the sequence of solutions (ug, pg) n=1,.., N+1 to (15)-(21),
there exists a constant B s.t.

5 , N+1 _
” ugﬂ ”Hl(Q) + ”pgﬂ HLZ(Q) + Zl At”pg ||2@ < Bexp(T). (37)
n=

Proof. Taking vy = D”+1(u9) in (15), multiplying (21) by pI’?l, summing over K € J and

n € [0, N], we obtain
N N
Y Y (rmdemrterit) s XY (rpd et i (38)
n=0KeJ n=0KeJ
with
T:,-il—(l — ag (ug+1,Dn+1 (u@))’
n+1

7% =mg coD"! (pi) pi,

Tl?,ltl = At Z FK,U (pn+1,pn+1) p[r?—lr
ogedK

Tfr‘HI—(lzf fn+1‘Dn+1(u@)’
’ K

+1 +1 +1
T :f 1. D" (ug),
OKNTw,
tn+1

n+l _ n+1
TS,K —f Spx -
th K

A reordering of the sums in time (see the fourth tool of [3, section A.1]) yields:

N N

Z Z T}’L)—;(l — Z (f fN+1-ug+l _f fl-up@_ Z Dn+1 (f)ug)r

n=0KeJ Keg \/K K n=1JK
N

N

DN e f tN+1.uN+1_f £ 0 _Zf D™ (p).u |
= 2 2 2

n=0KeJ Keg \JOKNIy, 0KNTn, n=1J0KNI'n,

Several applications of Cauchy-Schwartz and Young inequalities with parameters (¢;);=1..6 €
(0,1) thus lead to

4 +1
> ) Tfy

n=0KeJ

1 2 € 2 1 2 £ 2
52_51 “fNJrl ||L2(Q) + 31 I ”gﬂ I mo T 2, I “L2(Q) + 32 [ ”% ”HI(Q)

N 1 tn+1 ,
Lo Ir
r;l 2¢e3 ft”

N 1 2 €4 2 1 2 &5 2
r;OK;ﬁ‘ i <2 | ¢ lizfry,) 2 ug " li2(ry,) * 27 | t! ”Lz(rNd) + < | u°@||Lz(rNd)

12(Q) * 2 “ "-%”H‘ (Q)) (39)
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N 1 e+l 2 Ateg -

ﬂ;(aﬁ ”t LZ(FN,,,)+ 2 ”u@“LZ(I‘Nd) (40)

3 T < 1 2 &7 & Atlpt12 il
ngoKefj— §,K _2_87||S"L2(QX(O'T))+?I;O ”p@ ”LZ(Q)' ( )

(42)

Let us notice that, since Q has a Lipschitz boundary, according to [9, Theorem 1.6.6], for any time
step m, there exists a constant C s.t.

[ ug”;(rz\,d) =| ug”iZ(aQ) = Cllug | 20 145 | 10y =€ ug”iﬂ R (43)
Since
2[ ak (u, D" (ug))
K

= [l (D" g, D7 )+ [ (i) - [ o),

we have
1 N
(g (™ ) g () < Y Y T )
2 n=0Keg
In a similar way:
N
Co 2 2
> (”ng”LZ(m - ”po@”LZ(m) <2 Tc',l;(l- (45)
n=0Keg

From (36), we deduce that:
N , N
Y Cott|pg =Y X Tik- 46)
n=0 n=0Keg ’

Gathering inequalities (38)-(46) and reordering the terms lead to

2 N 2
ag (g™ g ™) + o [Py ™ 2y +2 X Codt PG g
n=

/12

1 N+112
12(Qx(0,T)) + £ | HLZ(Q)

f

2 1 2 1
< ag (u 1) + o [P oy o 1 e - |

1 112 1 12 1 N+1|2
+€—5||t ||L2(szd)+ Ht +a”t ’ ”LZ[rNd)

Ep

LZ(rNdx(o,T))
0 1|2 N+1)|2 N n|2 (47)
+(e2 +&50) || ug, ||H1(Q) +(e1+£40) |ug ||H1(Q) +(e3+6C) ) At “@”HI(Q)
n=1
1 2 N n+1 |2
+ 8_7”8"L2(Q><(O,T)) Té&7 Z At”p@ ”L2(Q)'
n=0
Let us notice that, thanks to (11), (12), (18), forall vy € Vy
W@ lVg )3 o) < a9 (9, V9) < fad* 09175 q)- 48)

On the other hand, using Lemma 9 given in appendix, we have

n+1 n+1

Ipg ||L2(Q)569 (P2 P (49)
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Thus, setting
B= (Baa™ +e2+65C) |ug, ”i]l(g) +¢o| pOE'Z“iZ(Q)

1 2 1 12 1 2
+gl|f1||L2(Q)+g”f +_||fN+1||L2(Q)

2@x(0,1) £
2 1 2 1
N+1 2
+— ||t s+ —lIs
12(rn,x©0.1) &4 | ”LZ(FNd) €7 15Tz @0,

b2
Lz(rNd) €6

LT
e
we deduce from (47)-(49)
(@aas —(e1+&40) | ”gﬂ ”i{l(ﬂ) +Co Hpg” “iz(n)

N N
+(2Co—€1Ca) Y. At||ps|)2 < (e3+£5C) Y At|[ul |3+ B (50)
n=0

n=0

Note that B depends on || uo9 ”iﬂ @ In fact, starting from (15) with vy, = u% and using Cauchy-

Schwartz and Young inequalities in the same way as before, we can also establish that there exists
a constant C% which only depends on «, @, and a, such that:

2 2 2 2
” u0@ ”Hl(ﬂ) = C% (”p% ||L2(Q) + ||f0||L2(Q) + ” t0||L2(FNd))'
In (50), by choosing &; and &, s.t. (€] +£4C) < 4=, g7 = %’ e3 and €5 s.t. €3 +¢66C = a, =

min(*4™, ¢y, Cp), setting B= 0%, we deduce from (50) that

) ) N+1 N N
I ug“HHl(ﬂ) + ||Pg+1”L2(Q) + Zl At pg “?2 = ZOAt(“ ”.%"?{1(9) +[lpg “22(9)) +B.
n= n=

This now allows us to apply the Lemma 4 given in [3] which is a discrete version of Gronwall’s
le.mma by setting a,, = || u% ||§{1(Q) + pg’g “iZ(Q) and b, =Y" _, At pgll2 , A =At,and C = B, which
yields (37). g
Proposition 7 (Existence of discrete solutions). Under assumptions of Proposition 6,

scheme (15)-(21) admits at each time t"™, ng € {0... N + 1}, a discrete solution (ugo, p;(’).

Proof. The proof of (37) remains valid by replacing N + 1 with rny. We thus have

ey “iﬂ @t Ilpg “iZ(m =C.

The fact that these solutions remain bounded allows us to use Brouwer’s topological degree and

to conclude to their existence. O

We conclude this section with the theorem below which states an a priori error estimate with
a convergence order equal to one in space and time for the proposed scheme.

Theorem 8 (Convergence and a priori error estimate). Under hypotheses of Proposition 6,
assuming the exact solution (u, p) to be sufficiently smooth and for At < %, we have

1
(” u-ug ”iOO(O,T;Hl(Q)) +[lp-pa ”iw(o,T;LZ(Q)) +[lp- p@||i2(o,T;Q9)) " <Ct+hy) 61

where C > 0 is a positive constant depending on the physical parameters of the problem, (p;)i=1..4
and the time derivatives of the true solution 8,,u and d.,p.

Proof. Replacing [3, Eq. 31] where the Two Point Flux approximation was used for the fluxes Fx 4,
by inequality (36), allows us to apply the same arguments as in [3, Proposition 3 and Theorem 5]
and to conclude to (51). O
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(a) mesh1_1 (b) mesh3_1
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Figure 1. Grids of the FVCA5 benchmark used for the numerical convergence study

5. Numerical results

We here illustrate the numerical convergence of the scheme using the academic test case used
in [3, Section 5.1]. The domain Q is the unit square and T = 1. This medium is assumed to be
homogeneous with respect to elastic and flow properties. Here the Young modulus E = 2.5, the
poisson ratio v = 0.25 and the mobility matrix A is the identity matrix, @ = 1 and ¢y = 0.5. The
displacements and pressures are given by the following analytical functions:

2
u(x, 1) :10—2e—r( X y2 ), (52)
p(x, 1) :e_tsin(%)sin(%). (53)

In this example I'p, =T D, = 0Q). f and s are chosen in order to make (52)-(53) solutions of (1)-(2)
for £ > 0 and of (1)-(4) for ¢ = 0. Here, unlike [3] which used a sequence of Voronoi meshes which
yield consistent TPFA flux approximations, we consider the grids mesh1, mesh3 et mesh4_1 of
the FVCA5 benchmark [6] which are represented on Figures l1a—1c at their coarsest resolution.
These last two sets of grids, in particular, are of practical interest since such grids may be used
when one either refines the mesh around the source term or wants to have piecewise-constant
material properties following the geometry of the geological heterogeneities for porous media
flows. The time steps At = 0.2,0.1,0.02,0.01 have been used for each grid of the data set. For
this experiment, the non-linear two-point flux approximation (27) has been used for the interior
fluxes and the linear flux (24) for the outer ones. The operator y defined in (20) was used as

discrete trace operator I. The approximation error
1

— 2 2 2 2
Ea= (” u-ug ”L°°(0,T;H1(Q)) +[|p - pa “Loo(o,T;LZ(Q)) +|lp-pa ”LZ(O,T;Q@)) )
defined in the left hand side of inequality (51), has been used to verify the convergence of the
proposed scheme in space. Figures 2 show the error evolution with respect to h for the three
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cases. As expected a slope of one is obtained for all of them and for sufficiently small values of the
time steps. Figure 3 displays the time convergence for the third case. We observe that reducing
the time step does not improve the accuracy when # is too large but a convergence order of one
can be retrieved at smaller space resolutions.

Although inequality (36) was assumed to be satisfied for the numerical analysis of the scheme,
we have numerically checked that it holds. With that purpose, we have evaluated the following

ratio
-3 Y Fxelp,ppx
KeJ oeéx

S T o

cg(p) =

for each tested grid and with At = 0.01. Results are shown in Figures 4.

meshl mesh3
g — s r i . 7
r 1 Hl—e— At=0.2 :
) | |—=— Ar=0.1 ]
[ i | |[—e—Ar=0.02 |
5 ——At=0.01

10 ; é 1073 - ;l : =
< [ ] =< F }
S [ 1= [ i

10741 -
[ B 1074 F B
L Lol I | 5 | | | ]

1072 107! 10715 107! 10705
h h
mesh4_1

10—2 L

Ex

10—245 -

| | | |
10-12 10-1 10708 10-0-6
h

Figure 2. Space convergences
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Figure 3. Time convergences for the mesh3 cases
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Figure 4. Values of (54) observed for the three cases
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Appendix A.

Lemma9 (A discrete Poincaré inequality). Let2 be an admissible discretization of Q) in the sense
of Definition 1 and u € Qg. Then there exists a real number Cy > 0 depending only on Q and ps
such that

lug 2 < Calluglle. (55)

Proof. The proof of (55) is in fact a consequence of results established in [13]. Indeed, let us first
notice that (see [13, equations (4.5)-(4.6)])

D,u
luglls = Y. Y mg dK,a( ;

KeTJ geék a

2
) <llugl? (56)

with dy = dg s +dLe, Dot = ux—uy. From [13, Lemma 5.4], we deduce that there exists C4 which
only depends on Q and g5 such that

Il u@||L4(Q) = Callugli22
ford=1ord=2and
luzlsq) = Callugli2.e
for d = 3. On the other hand, Hélder inequality, for an integer value g = 2ql >2,leads to
qrfl
lug Il 2 < llugllLao)|Ql 20

where |Q| denotes the measure of Q, which concludes the proof. |
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