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Abstract. Three Finite Volume schemes are proposed in this note to satisfy the maximum principle for the
mass fraction y , solution of an unsteady balance equation, including a relative velocity between phases and
a source term. The continuous maximum principle is examined first. Then, linear implicit discrete schemes
are detailed in a multi-dimensional and unstructured framework.

Résumé. Dans cette note, trois schémas Volumes Finis sont proposés pour respecter le principe du maximum
du titre massique, solution d’une équation de bilan instationnaire, incluant un déséquilibre en vitesse avec
une vitesse relative non nulle et un terme source. Le principe du maximum continu est d’abord étudié puis
les schémas discrets linéaires implicites sont détaillés dans un cadre multi-dimensionnel non structuré.
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1. Introduction

We consider in this note an unsteady mass balance equation for the mass fraction y in a two-
phase flow model, including a relative velocity between phases, such as the drift-flux model [1].
The maximum principle for the mass fraction has been widely investigated, either for diffusive
problems (see among others [2]) or in hybrid convection-diffusion problems (see among oth-
ers [3–7]). Most of the time, a null relative velocity is considered in the convective flux model. In
the sequel, we focus on a system involving two mass balance equations with a relative velocity
(see also [4, 5]) and a source term.
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Once the continuous maximum principle has been examined in Section 2, three distinct linear
Finite Volume schemes complying with the discrete maximum principle with no (or with a weak)
restriction on the time step are proposed in Section 3. Eventually, numerical simulations were
used to assess the accuracy of the schemes described in Section 4. The proposed schemes can be
used in a broader framework, such as two-phase flow models.

2. Governing equations for the model

2.1. System of equations

A flow characterized by a density ρ and a flow rate q is studied on a domainΩ, over a period [0,T ].
The boundary ofΩ is noted Γ. The outward unit normal is noted nΓ. Then

Γ= Γ+∪Γ−∪Γw , (1)

where :

Γ+ = {
x ∈ Γ,q(x, t ) ·nΓ < 0

}
,

Γ− = {
x ∈ Γ,q(x, t ) ·nΓ > 0

}
,

Γw = {
x ∈ Γ,q(x, t ) ·nΓ = 0

}
.

(2)

This study focuses on the evolution of the mass fraction y of a species in this flow. The species
evolves according to a flow rate qg = q+ (1− y)qr , where the relative velocity between phases
ur [1] is used in the relative flow rate qr = ρur . The mixture velocity is defined by u := q/ρ. The
mass fraction y tends to return to the equilibrium ȳ after a characteristic relaxation time τ. With
this modeling, the quantity ρy follows a conservation law that is associated with the total mass
conservation law. These equations are provided below (see also [5] for a similar system).

∂ρ

∂t
+∇·q = 0,

∂(ρy)

∂t
+∇· (yq

)+∇·
(

y
(
1− y

)
qr

)
= ρ ȳ − y

τ
.

(3)

Given the definition of the relative flow rate, the boundary Γ can also be split according to the
sign of the flow rate qξ = q+ (1−2y)qr :

Γ= Γξ+∪Γξ−∪Γξw , (4)

where :

Γ
ξ
+ = {

x ∈ Γ, qξ ·nΓ < 0
}

,

Γξ− = {
x ∈ Γ, qξ ·nΓ > 0

}
,

Γ
ξ
w = {

x ∈ Γ, qξ ·nΓ = 0
}

.

(5)

The four parameters q,qr , ȳ and τ are given functions:

• q(x, t ): the mixture flow rate, given by a momentum conservation equation or provided
as input data,

• qr (x, t ): the relative flow rate, provided as input data. It is often given with a drift-flux
closure law related to the other parameters,

• ȳ(x, t ) ∈ [0,1]: the equilibrium mass fraction, reached after a characteristic relaxation
time τ(x, t ) > 0. ȳ and τ are obtained through closure laws.

This system of equations must be completed by the initial conditions for the mass fraction and
density: y(x, t = 0) = y0(x), ρ(x, t = 0) = ρ0(x), and by suitable boundary conditions for the mass
fraction (and also for the density on Γ+).
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2.2. Continuous maximum principle

Property 1 (Continuous maximum principle): For the density ρ(x, t ) > 0, assume initial con-
dition such that y(x, t = 0) ∈ [0,1] and boundary conditions such that y(x ∈ Γξ+, t ) ∈ [0,1], with
Γ
ξ
+ = {x ∈ Γ, (q+(1−2y)qr )·nΓ < 0}. Consider closure laws for source terms such that ȳ(x, t ) ∈ [0,1]

and τ(x, t ) > 0. If the quantity ((1−2y)∇·qr +2qr ·∇y)/ρ is bounded onΩ× [0,T ], then the mass
fraction y(x, t ) solution of (3) lies in [0,1] onΩ× [0,T ].

Using the same methodology as [5] and [8], the proof of this property is given in Appendix A.
We recall that the positivity of the density is ensured as long as the divergence of the mixture
velocity u is bounded and the incoming flow has a positive density ρ(x ∈ Γ+, t ) > 0. In the
following, the focus shifts to the mass fraction governing equation with unknown y . A discrete
Finite Volume scheme for the density ρ will be assumed (see equation (9)).

Remark 1. To ensure the continuous maximum principle for the mass fraction y and positivity
of the density ρ, two different input boundaries Γ+ and Γξ+ are considered in the most general
case. For our numerical applications, we consider co-current flows entering the domain; hence,
the phase velocities have the same sign, such that

ug ·ul ≥ 0 with

{
ug = u+ (1− y)ur

ul = u− yur
. (6)

Hence, noting that

q = ρ(
yug + (1− y)ul

)
,

qξ = ρ
(
(1− y)ug + yul

)
,

(7)

we obtain at once qξ ·q = ρ2
(
y(1−y)(ug −ul )2+ug ·ul

)≥ 0 but also Γξw = Γw , Γξ+ = Γ+ and Γξ− = Γ−.

3. Numerical method

The domainΩ is discretised in N cells: Ω=∪i ∈�1,N�Ωi . The time interval [0,T ] is also discretised
in Nt intervals so that:

t 0 = 0 ; ∀ n ∈ [0, Nt ], t n+1 = t n +∆t n and T = ∑
i ∈ [0,Nt ]

∆t n . (8)

The continuous equations are integrated on each cell i between time t n (superscript n) and
time t n+1 (superscript n +1). We denote with a superscript ∗ data taken at an intermediate state
t∗, which is either t n or t n+1. The explicit or implicit choice is decided according to the desired
properties of the scheme. The following notations are used:

• θn
i the approximate value of θ on cell i at time step n,

• ωi the volume of cell i ,
• j ∈ v(i ) the neighbors of cell i ,
• Si j the surface of the intersection of cell i with its neighbor cell j ,
• ni j the normal unit vector of the surface Si j outward cell i ,
• q∗

i j = q∗
i j ·ni j the normal mixture flow rate between cells i and j ,

• (qr )∗i j = (qr )∗i j ·ni j the normal relative flow rate between cells i and j ,
• (qg )∗i j = q∗

i j + (1− yn
i j )(qr )∗i j the normal gas flow rate between cells i and j . The explicit

choice for yn
i j will result in a linear numerical scheme. The spatial discretisation for the

mass fraction yn
i j at interface ij is detailed in the sequel.

Here, q∗
i j (respectively (qr )∗i j ) is an estimation of the flow rate q (respectively qr ) at interface ij at

time t∗ ∈ [t n , t n+1].
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3.1. Finite Volume Discretisation

Finite Volume methods are well adapted to treat conservation issues and maintain physical
properties within valid bounds. Focusing on the system of mass balances (3), we recall that [5]
introduced a non linear implicit scheme (with respect to y), which guarantees the discrete
maximum principle with no restriction on the time step, even if some non-zero relative velocity is
accounted for. Here, we first propose a linear implicit scheme with some restrictions on the time
step to comply with the discrete maximum principle. Then, two other linear implicit schemes
satisfying the maximum principle without any condition on the time step are presented.

The Finite Volume scheme for total mass conservation is assumed to be

ωi
(
ρn+1

i −ρn
i

)+∆t n
∑

j ∈v(i )
Si j q∗

i j = 0. (9)

Turning to the mass fraction equation, the following choices were made :

• The unsteady term is decomposed into two parts:

∆t n
∫
ωi

∂ρy

∂t
dΩ=

((
ρy

)n+1
i − (

ρy
)n

i

)
ωi

= ρn
i

(
yn+1

i − yn
i

)
ωi + yn+1

i

(
ρn+1

i −ρn
i

)
ωi︸ ︷︷ ︸

=−∆t n
∑

j ∈v(i )
Si j q∗

i j

, using (9). (10)

• The mass fraction is implicit in the source term∫
ωi

ρ
ȳ − y

τ
dΩ≈ ρ#

i

ȳ#
i − yn+1

i

τ#
i

ωi (11)

where t # ∈ [t n , t n+1] such that 
ρ#

i > 0,

ȳ#
i ∈ [0,1],

τ#
i > 0.

(12)

In the sequel, we will use: ρ#
i = ρn

i , ȳ#
i = ȳn

i and τ#
i = τn

i .
• Turning to convection contributions, two different methods are used. The first method

simply considers the total convection: ∇· (yq
)+∇· (y(1− y)qr

) = ∇· (yqg
)
. The scheme

using this method is nicknamed QG and is detailed in the sequel. It introduces a
condition on the time step to preserve the maximum principle. The second method
treats mixture convection and relative convection separately. Two different schemes are
detailed: the QRd and QRq scheme. The latter two schemes approximate the non-linear
convection so that the problem is well posed and the discrete mass fraction remains
within physical bounds [0,1] regardless of the time step.

In the sequel, the following notation is used for the sign of

z : sg(z) =
{

1 if z ≥ 0
0 if z < 0

.

To simplify notations,

sgi j := sg
(
q∗

i j

)
, sgg

i j := sg
(
(qg )∗i j

)
and sgr

i j := sg
(
(qr )∗i j

)
are used.
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3.2. Global Scheme with QG Scheme

3.2.1. Definition of QG scheme

For gas flow rate convection, a standard implicit upwind scheme is used [9]. With QG scheme,
the global scheme is written with the sign convention for each cellΩi :

ρn
i ωi

(
yn+1

i − yn
i

)−∆t n
∑

j ∈v(i )
Si j q∗

i j yn+1
i

+∆t n
∑

j ∈v(i )
Si j (qg )∗i j

{
sgg

i j yn+1
i +

(
1− sgg

i j

)
yn+1

j

}
=∆t nρn

i ωi
ȳn

i − yn+1
i

τn
i

.
(13)

The mass fraction yn
i j at interface ij involved in the gas flow rate (qg )∗i j = q∗

i j + (1− yn
i j )(qr )∗i j is

approximated using an upwind scheme based on the mixture flow rate q∗
i j :

yn
i j ≈

{
yn

i if q∗
i j ≥ 0,

yn
j if q∗

i j < 0.
(14)

Other consistent choices can be made as long as yn
i j ∈ [0,1].

3.2.2. Discrete maximum principle

We now examine whether if the discrete mass fraction remains within [0,1] on the N cells using
this scheme.

Property 2 (Maximum principle for the mass fraction with QG scheme): Assume that the phys-
ical parameters are such that τn

k > 0, ȳn
k ∈ [0,1],k ∈ �1, N�. If the initial conditions are that

∀ k ∈ �1, N�, yn
k ∈ [0,1], then the global scheme with QG ensures that yn+1

i remains in [0,1],
∀ i ∈ �1, N�, when the time step ∆t n verifies, ∀ i ∈ �1, N�:

(
1− yn

i

)+ (
1− ȳn

i

) ∆t n

τ
+ ∆t n

ρn
i ωi

∑
j ∈v(i )

Si j

(
1− yn

i j

)
(qr )∗i j ≥ 0. (15)

Remark 2. The condition on the time step is automatically verified when qr = 0.

Proof. Using equation (13) obtained for each cell i ∈ �1, N�, the system can be expressed in
matrix form.

A Yn+1 = B with ∀ (i , j ) ∈ �1, N�2,


A = (

ai j
)

,
B = (bi ) ,

Yn = (
yn

i

)
.

(16)

The discrete system for Ŷ = 1−Y can also be expressed as follows:

Â Ŷn+1 = B̂ = A×1−B with ∀ (i , j ) ∈ �1, N�2,


B̂ = (

b̂i
) = (∑

j ai j −bi
)

,
Â = (

âi j
) = (

ai j
)

,
Ŷn = (

ŷn
i

) = (
1− yn

i

)
.

(17)
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We also introduce the quantity Λi (A) on each cell by Λi (A) = |ai i | −∑
j ∈v(i ) |ai j |. Note that

Λi (A) =Λi (Â). The coefficients of the matrix system and the quantityΛi are

ai i = âi i = 1+ ∆t n

τn
i

+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

sgg
i j −

q∗
i j

ρn
i

)
,

ai j = âi j =∆t n Si j

ωi

(qg )∗i j

ρn
i

(
1− sgg

i j

)
,

bi = yn
i + ∆t n

τn
i

ȳn
i ,

b̂i =
(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

−
q∗

i j

ρn
i

)
.

Assuming that ai i > 0,

Λi (A) = 1+ ∆t n

τn
i

+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

−
q∗

i j

ρn
i

)
.

(18)

Remark 3. These two formulations are equivalent:∑
j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

−
q∗

i j

ρn
i

)
= ∑

j ∈v(i )

Si j

ωi

(
1− yn

i j

)
(qr )∗i j . (19)

The conditions ∀ (i , j ) ∈ �1, N�2, ai i > 0, ai j ≤ 0 and Λi > 0 ensure that matrix A is invertible
and its inverse has positive coefficients (see [10, 11]). To satisfy the maximum principle, vectors
B and B̂ also need to fulfill bi ≥ 0 and b̂i ≥ 0 with i ∈ �1, N�. To summarize, the conditions for the
scheme are

∀ i ∈ �1, N�,


ai i > 0 , ai j ≤ 0, j ∈ v(i ),
Λi (A) > 0,

bi ≥ 0 , b̂i ≥ 0.
(20)

For τn
k > 0, ȳn

k ∈ [0,1],k ∈ �1, N� and when yn
i ∈ [0,1], i ∈ �1, N�, the maximum principle for

the mass fraction with QG scheme is satisfied when properties (20) are fulfilled. Actually, the
condition on (b̂i ) is equivalent to (15). If condition (15) is verified, the coefficients (ai i ) and (Λi )
are positive as ai i ≥Λi ≥ b̂i . The other two conditions ai j ≤ 0 and bi ≥ 0 are always satisfied. □

3.3. Global Scheme with QRd scheme

3.3.1. Definition of QRd scheme

For the mixture flow rate contribution to the convection flux, a standard upwind scheme is
once again used as in equation (13).

The global scheme with QRd scheme is written:

ρn
i ωi

(
yn+1

i − yn
i

)+∆t n
∑

j ∈v(i )
Si j q∗

i j

{(
1− sgi j

)(
yn+1

j − yn+1
i

)}
+∆t n

∑
j ∈v(i )

Si j (qr )∗i j

{
sgr

i j yn+1
i

(
1− yn

j

)
+

(
1− sgr

i j

)
yn

j

(
1− yn+1

i

)}
=∆t nρn

i ωi
ȳn

i − yn+1
i

τn
i

.

(21)

3.3.2. Discrete maximum principle

Now we examine whether the discrete mass fraction remains within [0,1] on the N cells using
this scheme.
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Property 3 (Maximum principle for the mass fraction with QRd scheme): Assume that the
physical parameters are such that τn

k > 0, ȳn
k ∈ [0,1],∀ k ∈ �1, N�. If the initial conditions are such

that ∀ k ∈ �1, N�, yn
k ∈ [0,1], then the global scheme with QRd ensures that yn+1

i remains in [0,1],
∀ i ∈ �1, N�, whatever the time step ∆t n is.

Remark 4. The scheme is rigorously conservative in space only for the discrete steady states
(yn+1

i = yn
i , i ∈ �1, N�). This is not an issue in practice, when the method is applied to the

computations of steady states.

Proof. Using the same methodology as for QG scheme, a similar discrete system (noted d) is
written from (21) for QRd scheme:

Ad Yn+1 = Bd with ∀ (i , j ) ∈ �1, N�2,


Ad = (

(ad )i j
)
,

Bd = (
(bd )i

)
,

Yn = (
yn

i

)
.

(22)

For QRd scheme, the coefficients of the matrix system and the quantityΛi are

(ad )i i = (âd )i i = 1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

q∗
i j

ρn
i

(
sgi j −1

)
+ ∑

j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j − yn
j

))
,

(ad )i j = (âd )i j =∆t n Si j

ωi

q∗
i j

ρn
i

(
1− sgi j

)
,

(bd )i = yn
i + ∆t n

τn
i

ȳn
i +∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −1
)

yn
j

)
,

(
b̂d

)
i =

(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgr
i j

(
1− yn

j

))
,

Λi (Ad ) = 1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j − yn
j

))
.

(23)

For given values qn
kl and (qr )n

kl , (k, l ) ∈ �1, N�2, and for τn
k > 0, ȳn

k ∈ [0,1],k ∈ �1, N�, the following
conditions are fulfilled when yn

i ∈ [0,1], i ∈ �1, N�:

∀ i ∈ �1, N�,


(ad )i i > 0 , (ad )i j ≤ 0, j ∈ v(i ),
Λi (Ad ) > 0,
(bd )i ≥ 0 ,

(
b̂d

)
i ≥ 0,

(24)

whatever the time step ∆t n is.
Once again, using the results [10, 11], the matrix Ad is invertible, and its inverse has positive

coefficients. Hence the maximum principle for the mass fraction y is satisfied, using QRd scheme,
whatever the time step ∆t n is. □

3.4. Global Scheme with QRq scheme

3.4.1. Definition of QRq scheme

QRq scheme not only considers the sign of the relative flow rate but also the sign of the
mixture flow rate inside the relative flow rate contribution to the convection flux. The global
QRq scheme is
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ρn
i ωi

(
yn+1

i − yn
i

)+∆t n
∑

j ∈v(i )
Si j q∗

i j

{
(1− sgi j )

(
yn+1

j − yn+1
i

)}
+∆t n

∑
j ∈v(i )

Si j (qr )∗i j

[
sgi j

{
yn

i

(
1− yn+1

i

)(
1− sgr

i j

)
+ yn+1

i

(
1− yn

i

)
sgr

i j

}
+

(
1− sgi j

){
yn

j

(
1− yn+1

j

)(
1− sgr

i j

)
+ yn+1

j

(
1− yn

j

)
sgr

i j

}
]

=∆t nρn
i ωi

ȳn
i − yn+1

i

τn
i

.

(25)

3.4.2. Discrete maximum Principle

Property 4 (Maximum Principle for the mass fraction with QRq scheme): Assume that the
physical parameters are such that: τn

k > 0, ȳn
k ∈ [0,1],k ∈ �1, N�. If the initial conditions are

such that k ∈ �1, N�, yn
k ∈ [0,1], then QRq scheme ensures that yn+1

i remains in [0,1], i ∈ �1, N�,
whatever the time step ∆t n is, provided that the flow rates fulfill the following conditions, when
q∗

i j < 0:

• If (qr )∗i j ≥ 0

q∗
i j + (qr )∗i j

(
1− yn

j

)
≤ 0. (26)

• Otherwise, if (qr )∗i j < 0

q∗
i j − (qr )∗i j yn

j ≤ 0. (27)

No condition arises when q∗
i j ≥ 0.

For a co-current flow, these conditions are automatically verified.

Remark 5. Once again, the scheme is rigorously conservative in space only for steady states
(yn+1

i = yn
i , i ∈ �1, N�).

Proof. Using the same methodology as for QRd scheme, the discrete system from (25) is written
as

Aq Yn+1 = Bq with ∀ (i , j ) ∈ �1, N�2,


Aq = (

(aq )i j
)

,
Bq = (

(bq )i
)

,
Yn = (

yn
i

)
.

(28)

Using blue to denote the terms linked to QRq scheme, the coefficients of the matrix system
and the quantityΛi (Aq ) are

(aq )i i = 1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

q∗
i j

ρn
i

(
sgi j −1

)
+ ∑

j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgi j

(
sgr

i j − yn
i

))
,

(aq )i j =∆t n Si j

ωi

q∗
i j

ρn
i

(
1− sgi j

)
+∆t n Si j

ωi

(qr )∗i j

ρn
i

(
1− sgi j

)(
sgr

i j − yn
j

)
,

(bq )i = yn
i + ∆t n

τn
i

ȳn
i +∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −1
)(

sgi j yn
i +

(
1− sgi j

)
yn

j

))
,

(
b̂q

)
i =

(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgr
i j

(
1−

[
sgi j yn

i +
(
1− sgi j

)
yn

j )
]))

.

Assuming that ∀ j ∈ v(i ), (aq )i j < 0,

Λi
(
Aq

)= 1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −
[

sgi j yn
i +

(
1− sgi j

)
yn

j

]))
.

(29)

Examining the sign of these coefficients raises two conditions for the flow rates.
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• When q∗
i j < 0 and (qr )∗i j ≥ 0

q∗
i j + (qr )∗i j

(
1− yn

j

)
≤ 0. (30)

• When q∗
i j < 0 and (qr )∗i j < 0

q∗
i j − (qr )∗i j yn

j ≤ 0. (31)

When qn
kl and (qr )n

kl , (k, l ) ∈ �1, N�2 satisfy the previous conditions (30)-(31), and if τn
k > 0,

ȳn
k ∈ [0,1],k ∈ �1, N�, the following properties are verified when yn

i ∈ [0,1], i ∈ �1, N�:

∀ i ∈ �1, N�,


(
aq

)
i i > 0 ,

(
aq

)
i j ≤ 0, j ∈ v(i ),

Λi
(
Aq

) > 0,(
bq

)
i ≥ 0 ,

(
b̂q

)
i ≥ 0,

(32)

whatever the time step ∆t n is.
Once more, using common results of [10, 11], the matrix Aq is invertible and its inverse has

positive coefficients. Hence, the maximum principle for the mass fraction with QRq scheme is
verified regardless of the time step ∆t n , as long as the conditions (30)-(31) on the flow rates are
respected. □

3.5. Boundary Conditions

These Finite Volume cell schemes presented above are only valid for cells that do not contain
faces on the boundary. The cells (noted i here) containing at least one face on the boundary are
presented in Appendix B. Boundary conditions are considered for three schemes with a given
valid mass fraction y∞ ∈ [0,1] outside. The inlet/outlet flow rates for the faces on the boundary
are noted qi∞ and (qr )i∞.

We summarise here the main conclusions of Appendix B. If a co-current flow is considered,
QRq scheme still satisfies the discrete maximum principle without any condition on the time
step. Turning to QG scheme, a slightly different condition on the time step arises on cell i
sharing a face with the boundary. This condition must be considered because it can be the
most constraining one. Eventually, QRd scheme still has no limit on the time step. However,
the boundary flux used in the QRd scheme must be handled carefully on the outlet face (with
respect to the mixture flow rate qi∞ > 0). When the mass fraction is unknown on this face, the
expression of the flux should be modified or another boundary flux should be preferred.

4. Numerical results

To be able to compare the numerical solution of the different schemes obtained using an ana-
lytical solution of (3), a steady one-dimensional test case is considered. The physical parame-
ters (ρ, q, qr ,τ, ȳ) are uniform and constant, and are noted with an exponent 0. The simplified
system is 

ρ = ρ0, q = q0,

∂

∂x

(
q0 y

)+ ∂

∂x

(
q0

r y
(
1− y

))= ρ0
(
ȳ0 − y

)
τ0 ,

(33)

with qr = q0
r ; τ= τ0; ȳ = ȳ0.

Setting q0
l i n = 2q0

r , q0
log = q0 +q0

r −q0
l i n ȳ0, γ0 = ρ0

τ0 , y∞ = ȳ0, this equation can be rewritten in
the following form: (

q0
log +q0

l i n

(
y∞− y

)) ∂y

∂x
= γ0 (

y∞− y
)

. (34)
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A domain Ω = [0,1] m is considered and a Dirichlet boundary condition is used on the left
boundary y(0, t ) = y0. The analytical solution y(x) reads

q0
l i n(y − y0)−q0

l og ln

(
y∞− y

y∞− y0

)
= γ0x. (35)

For numerical simulations, we use the parameters in Table 1.

Table 1. Parameters of the test case

Quantity Value Unit

y∞ 3.04×10−2 −
q0

l i n −6000 kg .m−2.s−1

q0
log 682.57 kg .m−2.s−1

γ0 7×104 kg .m−3.s−1

The stationary numerical solution ynum and the exact solution yex are computed, using a
mesh with ∆x = 10−3 m. Results are given in Figure 1 for QRd scheme. Similar solutions are
obtained using QG and QRq schemes.

0.0 0.2 0.4 0.6 0.8 1.0

x [m]

0.000

0.005

0.010

0.015

0.020

0.025

0.030

y

Numerical Mass Fraction ynum

Exact Solution yex

Figure 1. Mass fraction y as a function of x - QRd scheme (blue line) and exact (dotted
orange) solutions.

Figure 2 shows the convergence rate with the three schemes for this test case using different
mesh sizes: ∆x ∈ [10−5,10−1] m. The L2 norm of the error err2, computed for each mesh size, is

err2 =
∥∥ynum − yex

∥∥
2∥∥yex

∥∥
2

with ∥x∥2 =
√√√√ Nx∑

i=1
x2, Nx =

⌊
1

∆x

⌋
. (36)

As expected, the three different schemes comply with the convergence rate of first order in
space. For a given mesh size, QRq scheme is more accurate than QRd scheme. QG scheme and
QRq scheme have similar accuracy for this test case.
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10 5 10 4 10 3 10 2 10 1

x [m]

10 4

10 3

10 2

10 1

Er
ro

r 
||.

|| L
2

QRd Scheme: log(y) = 0.931× log(dx) + 1.223; r2 = 0.999
QRq Scheme: log(y) = 0.978× log(dx) + 0.332; r2 = 0.999
QG Scheme: log(y) = 0.978× log(dx) + 0.339; r2 = 0.999

Figure 2. L2 Norm of the error as a function of mesh size for QG (green), QRd (red), and
QRq (orange) schemes.

5. Conclusion

Three different linear first-order schemes that approximate the nonlinear relative velocity term
have been presented. QG scheme (13) is always conservative in time and space, but a condition
appears on the time step to preserve the discrete maximum principle when a non-null velocity is
considered. Conversely, QRd and QRq schemes ((21),(25)) comply with the maximum principle
without any constraint on the time step. However, the latter two schemes are conservative in
space only once the steady-state solution is reached. This is obviously not an issue for many
practical computations that aim at approximating steady states. Eventually, QRq scheme seems
to be more accurate than QRd scheme.

5.1. Boundary condition for QG scheme

For Cell i from Figure 3, QG scheme is written

ρn
i ωi

(
yn+1

i − yn
i

)−∆t n
∑

j ∈v(i )
Si j q∗

i j yn+1
i −∆t nSi∞qi∞yn+1

i

+∆t n
∑

j ∈v(i )
Si j (qg )∗i j

{
sgg

i j yn+1
i +

(
1− sgg

i j

)
yn+1

j

}
+∆t nSi∞(qg )i∞

{
sgg

i∞yn+1
i + (

1− sgg
i∞

)
y∞

}
=∆t nρn

i ωi
ȳn

i − yn+1
i

τn
i

.

(37)
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Using this scheme, the coefficients arising from conditions (20) are

ai i =1+ ∆t n

τn
i

+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

sgg
i j −

q∗
i j

ρn
i

)

+∆t n Si∞
ωi

(
(qg )i∞
ρn

i

sgg
i∞− qi∞

ρn
i

)
,

ai j =∆t n Si j

ωi

(qg )∗i j

ρn
i

(
1− sgg

i j

)
,

bi =yn
i + ∆t n

τn
i

ȳn
i −∆t n Si∞

ωi

(qg )i∞
ρn

i

(
1− sgg

i∞
)

y∞,

b̂i =
(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

−
q∗

i j

ρn
i

)

+∆t n Si∞
ωi

(
(qg )i∞
ρn

i

(
y∞+ (

1− y∞
)

sgg
i∞

)− qi∞
ρn

i

)
.

Assuming that ai i > 0,

Λi (A) = 1+ ∆t n

τn
i

+∆t n
∑

j ∈v(i )

Si j

ωi

(
(qg )∗i j

ρn
i

−
q∗

i j

ρn
i

)

+∆t n Si∞
ωi

(
(qg )i∞
ρn

i

sgg
i∞− qi∞

ρn
i

)
.

(38)

The three conditions ai i > 0, Λi > 0 and b̂i ≥ 0 are not always fulfilled. Using the formula
(qg )i∞(y∞+ (1− y∞)sgg

i∞) ≤ sgg
i∞(qg )i∞, it can be stated that ai i ≥Λi ≥ b̂i . The only remaining

condition on the time step is again on b̂i . This condition, which is slightly different from (15),
should be monitored because it can become the most constraining one.

5.2. Boundary condition for QRd scheme

For Cell i from Figure 3, QRd scheme is written

ρn
i ωi

(
yn+1

i − yn
i

)+∆t n
∑

j ∈v(i )
Si j q∗

i j

{(
1− sgi j

)(
yn+1

j − yn+1
i

)}
+∆t nSi∞qi∞

(
1− sgi∞

)(
y∞− yn+1

i

)
+∆t n

∑
j ∈v(i )

Si j (qr )∗i j

{
sgr

i j yn+1
i

(
1− yn

j

)
+

(
1− sgr

i j

)
yn

j

(
1− yn+1

i

)}
+∆t nSi∞(qr )i∞

{
sgr

i∞yn+1
i

(
1− y∞

)+ (
1− sgr

i∞
)

y∞
(
1− yn+1

i

)}
=∆t nρn

i ωi
ȳn

i − yn+1
i

τn
i

.

(39)

Using this scheme, the coefficients arising from conditions (24) are
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(ad )i i = 1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

q∗
i j

ρn
i

(
sgi j −1

)
+ ∑

j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j − yn
j

))

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)+∆t n Si∞
ωi

(qr )i∞
ρn

i

(
sgr

i∞− y∞
)
,

(ad )i j =∆t n Si j

ωi

q∗
i j

ρn
i

(
1− sgi j

)
,

(bd )i =yn
i + ∆t n

τn
i

ȳn
i +∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −1
)

yn
j

)

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)
y∞+∆t n Si∞

ωi

(qr )i∞
ρn

i

(
sgr

i∞−1
)

y∞,

(b̂d )i =
(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgr
i j

(
1− yn

j

))

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)(
1− y∞

)+∆t n Si∞
ωi

(qr )i∞
ρn

i

sgr
i∞

(
1− y∞

)
,

Λi (Ad ) =1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j − yn
j

))

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)+∆t n Si∞
ωi

(qr )i∞
ρn

i

(
sgr

i∞− y∞
)
.

(40)

Once again, no condition on the time step arises for the QRd scheme. However, it should be
handled carefully for an outlet boundary (with respect to mixture flow rate qi∞ > 0). Indeed,
regardless of the sign of the relative flow rate (qr )i∞, the flux requires a given value of y∞. If the
value of the outlet mass fraction y∞ is unknown, a different consistent formula should be used to
approximate y∞ ∈ [0,1] (for instance y∞ = yn

i ). Otherwise, the flux should be modified.

5.3. Boundary condition for QRq scheme

For Cell i from Figure 3, QRq scheme is written

ρn
i ωi

(
yn+1

i − yn
i

)+∆t n
∑

j ∈v(i )
Si j q∗

i j

{(
1− sgi j

)(
yn+1

j − yn+1
i

)}
+∆t nSi∞qi∞

(
1− sgi∞

)(
y∞− yn+1

i

)
+∆t n

∑
j ∈v(i )

Si j (qr )∗i j

[
sgi j

{
yn

i

(
1− yn+1

i

)(
1− sgr

i j

)
+ yn+1

i

(
1− yn

i

)
sgr

i j

}
+

(
1− sgi j

){
yn

j

(
1− yn+1

j

)(
1− sgr

i j

)
+ yn+1

j

(
1− yn

j

)
sgr

i j

}
]

+∆t nSi∞(qr )i∞

[
sgi∞

{
yn

i

(
1− yn+1

i

)(
1− sgr

i∞
)
+ yn+1

i

(
1− yn

i

)
sgr

i∞
}

+(
1− sgi∞

){
y∞

(
1− y∞

)}
]

=∆t nρn
i ωi

ȳn
i − yn+1

i

τn
i

.

(41)
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Using this scheme, the coefficients arising from conditions (32) are

(aq )i i =1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

q∗
i j

ρn
i

(
sgi j −1

)
+ ∑

j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgi j

(
sgr

i j − yn
i

))

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)+∆t n Si∞
ωi

(qr )i∞
ρn

i

sgi∞
(
sgr

i∞− yn
i

)
,

(aq )i j =∆t n Si j

ωi

q∗
i j

ρn
i

(
1− sgi j

)
+∆t n Si j

ωi

(qr )∗i j

ρn
i

(
1− sgi j

)(
sgr

i j − yn
j

)
,

(bq )i =yn
i + ∆t n

τn
i

ȳn
i +∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −1
)(

sgi j yn
i +

(
1− sgi j

)
yn

j

))

+∆t n Si∞
ωi

(sgi∞−1)

(
qi∞+ (

1− y∞
)

(qr )i∞
ρn

i

)
y∞

+∆t n Si∞
ωi

(qr )i∞
ρn

i

sgi∞
(
sgr

i∞−1
)

yn
i ,

(b̂q )i =
(
1− yn

i

)+ ∆t n

τn
i

(
1− ȳn

i

)+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

sgr
i j

(
1−

[
sgi j yn

i +
(
1− sgi j

)
yn

j )
]))

+∆t n Si∞
ωi

(
sgi∞−1

) qi∞− y∞(qr )i∞
ρn

i

(
1− y∞

)
+∆t n Si∞

ωi

(qr )i∞
ρn

i

sgi∞sgr
i∞

(
1− yn

i

)
.

Assuming that ∀ j ∈ v(i ), (aq )i j ≤ 0,

Λi (Aq ) =1+ ∆t n

τn
i

+∆t n

( ∑
j ∈v(i )

Si j

ωi

(qr )∗i j

ρn
i

(
sgr

i j −
[

sgi j yn
i +

(
1− sgi j

)
yn

j

]))

+∆t n Si∞
ωi

qi∞
ρn

i

(
sgi∞−1

)+∆t n Si∞
ωi

(qr )i∞
ρn

i

sgi∞
(
sgr

i∞− yn
i

)
.

(42)

The same conditions as (30) and (31) on the flow rates for neighboring inner cells again arise
from condition aq

i j ≤ 0. Similar conditions appear for the boundary face from condition bq
i ≥ 0

and b̂q
i ≥ 0. When qi∞ < 0, the inlet boundary flow rates must be coherent with

qi∞+ (
1− y∞

)
(qr )i∞ ≤ 0,

qi∞− (qr )i∞y∞ ≤ 0.
(43)

When (43) is verified, no condition on the time step appears. Conditions (43) are automatically
verified when a co-current flow is considered, because in this case, the mixture flow rate qi∞, the
gas flow rate (qg )i∞ = qi∞+ (1− y∞)(qr )i∞ and the liquid flow rate (ql )i∞ = qi∞− y∞(qr )i∞ have
the same sign.

When (43) is not verified, a condition on the time step appears from condition bq
i ≥ 0 or from

condition b̂q
i ≥ 0.
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Appendix A. Continuous maximum principle

The study equations are

∂ρ

∂t
+∇·q = 0,

∂
(
ρy

)
∂t

+∇· (yq
)+∇·

(
y

(
1− y

)
qr

)
= ρ ȳ − y

τ
.

(A1)

The notation ξ= y(1− y) is used to study the maximum principle for y. Indeed, if ξ≥ 0 then

y(1− y) ≥ 0 ⇔ y ∈ [0,1]. (A2)

The governing equation for ξ can be obtained from the non-conservative equations of y and
1− y as follows: (

ρ∂t y +q ·∇y +∇ · (ξqr
)= ρ ȳ − y

τ

)
× (

1− y
)

+
(
ρ∂t (1− y)+q ·∇(

1− y
)−∇ · (ξqr

)= ρ (1− ȳ)− (1− y)

τ

)
× y.

(A3)

Then

ρ∂tξ+q ·∇ξ+ (1−2y)∇ · (ξqr
)= ρ S −2ξ

τ
with S = y(1− ȳ)+ ȳ(1− y). (A4)

Using the standard notations ξ+ = max(ξ,0) and ξ− = −min(ξ,0), equation (A3) is multiplied
by (−ξ−): (

ρ∂t

(
ξ2−
2

)
+q ·∇

(
ξ2−
2

))
+ (1−2y)

(
ξ2
−∇·qr −ξ−qr ·∇ξ

)
= ρ−Sξ−−2ξ2−

τ(
∂t

(
ρ
ξ2−
2

)
+

(
q
ξ2−
2

))
+

((
1−2y

)
qr
ξ2−
2

)
+ξ2

−
{(

1−2y
)∇·qr − 1

2
∇·

((
1−2y

)
qr

)}
=−ρ(S +2ξ−)ξ−

τ
.

(A5)

Finally, the equation obtained is

∂t

(
ρ
ξ2−
2

)
+∇·

([
q+ (

1−2y
)

qr
] ξ2−

2

)
+ ξ2−

2

{(
1−2y

)∇·qr −qr ·∇
(
1−2y

)}=−ρ(S +2ξ−)

τ
ξ−. (A6)

We define the quantity E(t ) =
∫
Ω
ρ
ξ2−
2

dΩ and split the outside surface domain according to the

sign of qξ = q+ (1−2y)qr :

Γ
ξ
w = {

x ∈ Γ, qξ ·nΓ = 0
}

,

Γ
ξ
+ = {

x ∈ Γ, qξ ·nΓ < 0
}

,

Γξ− = {
x ∈ Γ, qξ ·nΓ > 0

}
.

(A7)
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Then, the quantity E(t ) verifies

dE(t )

d t
=−

∫
Γ

[
(q+ (

1−2y
)

qr )
ξ2−
2

]
·nΓdΓ−

∫
Ω

ξ2−
2

{(
1−2y

)∇·qr −qr ·∇
(
1−2y

)}
dΩ

−
∫
Ω

ρ(S +2ξ−)

τ
ξ−.

(A8)

Assumptions 6.

(1) Relevant mass fraction on the boundary conditions: ξ−(x ∈ Γξ+, t ) = 0.
(2) Mass fraction for the initial condition such that: ξ−(x ∈Ω, t = 0) = 0 and thus E(t = 0) = 0.
(3) 1

ρ [(1−2y)∇·qr −qr ·∇(1−2y)] ∈L∞(Ω, [0,T ]).
(4) Equilibrium mass fraction such that ȳ ∈ [0,1] implying, (S + 2ξ−) ≥ 0 (proof of lemma

below).
(5) Positive relaxation time scale τ> 0 and density ρ > 0.

Thus, we have

dE(t )

d t
≤−

∫
Ω
ρ
ξ2−
2

[
1

ρ

((
1−2y

)∇·qr −qr ·∇
(
1−2y

))]
dΩ. (A9)

Assuming the assumptions previously presented,

dE(t )

d t
≤

∥∥∥∥ 1

ρ

[(
1−2y

)∇·qr −qr ·∇
(
1−2y

)]∥∥∥∥
∞

E(t ). (A10)

Using the Grönwall’s inequality [12] and E(0) = 0, it enables to conclude that E(t ) = 0 on [0,T].

Lemma 7. If ȳ ∈ [0,1] then S +2ξ− ≥ 0 with S = ȳ(1− y)+ y(1− ȳ)

Proof. Let us assume that ȳ ∈ [0,1].
Case ξ− = 0

If ξ− = 0, then y ∈ [0,1], implying that S ≥ 0.
Consequently, we have S +2ξ− ≥ 0

Case ξ− ̸= 0

ξ=−ξ− = thus

{
y < 0

or y > 1.
(A11)

If y < 0, using S = ȳ + y(1−2ȳ), the following inequality is verified:

y ≤ S ≤ 1− y

⇒ Sy ≥ y(1− y) = ξ
and S(1− y) ≥ y(1− y) = ξ.

So S(y +1− y) = S ≥ 2ξ=−2ξ−.

(A12)

If y > 1, the same proof can be used in a symmetric manner. Finally, we have S + 2ξ− ≥ 0 for
y ∈R. □

Appendix B. Boundary conditions

As shown in Figure 3, we consider a cell i containing several faces shared with j ∈ v(i ) neighbor-
ing cells, a wall face (noted w), and an inlet/outlet face (noted with an index i∞). The inlet/outlet
face has a surface Si∞, a given valid mass fraction y∞ ∈ [0,1] outside and an outward unit normal
n∞. The flow rates on this face are noted

qi∞ = qi∞ ·n∞,

(qr )i∞ = (qr )i∞ ·n∞,

(qg )i∞ = qi∞+ (1− yi∞)(qr )i∞,

(B13)
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where

yi∞ =
{

yn
i si qi∞ ≥ 0,

y∞ si qi∞ < 0.
(B14)

Only one inlet/outlet face is considered here, but the discussion is valid for several other faces.
For quantities on the inlet/outlet boundary face, the instants considered are not specified here
for the sake of readability. These values are given as data; hence, any consistent formula can
be used, with y∞ ∈ [yn∞, yn+1∞ ]. Conditions (20),(24) and (32) are computed to verify the discrete
maximum principle for Cell i . Blue terms are terms added due to the inlet/outlet boundary face.

n∞

i

k
l

mw

y∞
qi∞ (qr )i∞

Si∞

Figure 3. Cell i with (k, l ,m) neighboring inner cells, a wall boundary face, and an in-
let/outlet boundary face.
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