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Abstract. A p-Laplacian parabolic equation with a general nonlinear source term is considered. It is shown
that the solution may blow up in finite time at positive initial energy. Moreover, under some suitable
assumptions about the nonlinear source term, the solution is proved to blow up in finite time at arbitrarily
high initial energy. These results generalize the previous ones.

Résumé. Une équation parabolique p-laplacienne avec un terme source non linéaire général est considérée.
On montre que la solution peut exploser en temps fini pour une énergie initiale positive. De plus, sous
certaines hypothéses appropriées concernant le terme source non linéaire, il est prouvé que la solution
explose en temps fini pour une énergie initiale arbitrairement élevée. Ces résultats généralisent des résultats
antérieurs.
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1. Introduction and main results

We investigate the p-Laplacian parabolic equation:

u,—div(\VulP>Vu) = f(u), x€Q, t>0,
u(x,0) = up(x) =0, x€Q, 6))
u=0, x€eoQ, t=0,

where the domain Q < R” (n = 1) is bounded, the boundary 0Q is smooth, p = 2, and ug €
WO1 "P(Q) n L®°(Q) is non-trivial and non-negative. Moreover, the locally Lipschitz continuous
function f satisfies f(0) =0, f(s) >0 for s >0 and

aF(s)<sf(s)+BsP +y (s>0) 2)
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forsome a>p,y>0and 0< < (@ — p)A1/p, where

N
F(s)= f f@dr
0
and A, is the first eigenvalue of the p-Laplacian operator, namely,

Vol

in »
pewy vy 1Pl

M= 3)
In what follows, the inner product of L%(Q) is denoted by (-,-) and the norm of L? (Q) (1 < 0 < 0)
isdenoted by || - [I-

As is well-known, the p-Laplacian parabolic equation often appears in the theory of non-
Newtonian fluids, see [1]. Therefore, the model (1) has been widely studied by many researchers,
see [2-9]. For example, Fujii and Ohta [4] investigated the initial boundary value problem (IBVP)
of the equation

ut—div(IVul’%ZVu) =|uP2u, p>2

and established some blow-up results.
Li and Xie [7] considered IBVP of the equation

uy —div(IVulP~Vu) = Aul7 %y,

where p > 1, 1 > 0 and g > 2. Using the comparison principle and concavity argument, the
authors studied the blow-up properties of solutions.
Le et al. [5] dealt with IBVP of the equation

uy—div(\Vul”*Vu) = |ul’2uloglul, p>2.

Applying the potential well theory, the global existence and blow-up of solutions were analysed.

In particular, when f(u) satisfies the general assumption (2), Chung and Choi [3] proved the
nonnegative solution to (1) blows up in finite time with negative initial energy (i.e., J(ug) < 0),
where

1
J(u) := —||Vu||,€—f F(u)dx+7y|Ql. 4)
p Q

Considering the blow-up result obtained in [3], there are two natural questions:

(QS1): Whether the nonnegative solution to (1) can be proved to blow up in finite time at positive
initial energy?
(QS2): Isit possible for the nonnegative solution of (1) to blow up in finite time at arbitrarily high
initial energy?
The main purpose of the present paper is to answer the above questions.
The local existence of the weak solution to (1) can be found in [3]. Now, we give the blow-up
results of this paper.

Theorem 1. Assume the nonnegative function ug € WO1 P Q)N L®(Q) and (2) holds. If

J(up) < max{0, M(up)}, (5)
where
A -p)— -2)|1Q -1DIQ
M (up) :zl(a—mﬁp luoll? - (p=2100)  yla-1 |, (6)
2a p a

then the nonnegative weak solution u to (1) blows up at the time T < oo in the sense of

lim Jul = co.
t—T-
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Remark 2. Under some suitable assumptions about the nonlinear term f, we will prove that
there exists an initial value g such that

0 < J(uo) < M(up). @
Assume that
as®tsfO=c (s +1), s>0, (8)
where c;, ¢ > 0 are constants and c;a > ¢;. Let
Up := KD(X), 9)

where x > 0 is a constant to be specified later and @(x) is a function that satisfies 0 < @(x) €
W, P (@) n L®(Q).
By (4) and (8), we obtain

1 c
](uo)Z—IIVuollﬁ——zf u(‘i‘dx—sz updx+y|Q|
p a Jo 0

and

1 c
J(ug) < ;nwonﬁ - Elfﬂugdﬁﬂm.

Then we deduce from (6) and (9) that

/11(06—19)—,5!9(

M(up) = 2a

KXl —

(19—2)|Q|)+ y(a—-1)|Q]
p a

xP p  C2k% «
J(up) 2 — Vo)l - —f (@(x)) dx—Csz o(x)dx+yIQl,
p a Jo Q
xP ax?
J(ug) = — Vo) - —— f (@(x)*dx +7YIQl.
p a Jo
Therefore, to prove (7), we only need to show that
p a
K—IIV(D(x)IIZ——CZK f((D(X))adx—CZKf @xX)dx+y|Q|>0 (10)
p a Jo Q

and

xP k%
—||Va>(x)||§,’—1—f (@(x)*dx +YIQ|
p a Jao

- M(a—p)—-Bp (Kzllw(X)Ilﬁ— (p—2)lﬂl)+y(a—1)|§2|. an
2a a
In fact, when
ﬁ —f(a)(x))“dx+ czkf a)(x)dx——IIV&)(x)Hp (12)
and
2
@q. P K (A1 (a—p)-Bp] 2
a f(w( )% dx _|Q| VoI, - lo0I2
_(p—2)[7h(a—p)—ﬁp], (13)

2p
it is easy to see that (10) and (11) hold.
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In order to show that there is a y that makes (12) and (13) hold, we only need to prove that

p
((D(x)) dx+cx f cD(x)dx—K—IIVtD(x)IIZ

2
~ p, Klhila-p)-pp] 2
o f(a)( Dedx _|Q| VoI, o lo(0)2
_(p—2)[?l1(06—P)—ﬁP], (14)
2p
ie.,
1Q(p—-2)[A1(a—p) - Bp] <K{K[/11(a—l))—ﬁp”m(x)”§
2p 2
a-p _ —
+1<”‘2(K (aa CZ)[((D(x))“dx—a—luv‘D(X)”Z)]_sz (D(x)dx}. (15)
a Q p Q

Obviously, if x > 0 is large enough, then (15) holds, i.e., (14) holds.

To prove the existence of the finite time blow-up solution at arbitrarily high initial energy by
using the fountain theorem (see [10]), we assume the nonlinear term f has a concrete expression.

Let
a1, Bp p-1
= + — R 0, 16
fl&=ys a—ps s> (16)

then it is obvious that

F(s) = Yoy b sP,
a a—
where
00, ifn<p;
p<a<i np ifn>p. 17

Clearly, the nonlinear term f given in (16) satisfies (2). Moreover, if (16) holds, then we obtain
from (4) that

1
J(u) = —IIVuIIZ - Zf u®dx - b uPdx+yIQl.
p aJao a—-pJa
Theorem 3. Assume uy € WO1 P(Q) N L®(Q) and (2) holds. If (16) and (17) hold, then for any
constant 9 = 0, there exists a nonnegative function
ug € WP Q)N I®(Q)

satisfying (5) and J(ug) = 9, and the nonnegative weak solution u to (1) with the initial value ug
blows up in finite time in the sense of

lim [ull =oo
t—T-
Remark 4. In Theorem 3, the choice of the nonlinear term f is not unique. For instance,

when f(s) = ys“‘l for s > 0 and «a satisfies (17), we can also obtain the same blow-up result as
Theorem 3.

Remark 5. When f is a general nonlinear term satisfying (2), we cannot find an effective method
to show the finite time blow-up result at arbitrarily high initial energy, thus we leave it as an open
question.

The rest of this paper is to prove Theorems 1 and 3.
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2. Proofs of the theorems

Proof of Theorem 1. Let u = u(t), ¢ € [0, T) be the nonnegative weak solution to (1) mentioned
in [3] with u satisfying (5), where T represents the maximum existence time. If M(ug) < 0, then
the blow-up result follows from [3, Theorems 1.1 and 1.2]. Hence, in what follows, we assume
M (up) > 0. Then from (5), we know J(ug) < M (up).

If there is a £y € [0, T) such that J(u(fy)) < 0, then we deduce from [3, Theorems 1.1 and 1.2]
that u blows up in finite time. Therefore, in the remaining proof, we assume J(u) = 0 for ¢ € [0, T).

By contradiction, we suppose u exists globally. Then we obtain from Hélder’s inequality, (3,
(11) and (18)] and J(u) = 0 for ¢ = 0 that

t
lulz = Hf urdt + g
0

2

1 ¢ 2 :
<r2 luzllzdz
0

3
+lluoll2
11
< (J(mo))ztz +llugllo.

Moreover, we deduce from [3, (14) and (21)], (2), (4), (3), [3, (11) and (18)], H6lder’s and Young’s
inequalities that

d(1 o, _\_ » f
dt(zllullz _)— fQIVuI dx+ Quf(u)dx

(18)

> a—pf IVuI’”dx—,Bf uPdx+y@-1DIQ|l-aj(u)
p Ja Q
A1 (a—p) —
> MTmﬁpf uPdx+y(a-1DIQ| - aj(up)
Q
19)
Ma—-p) - -2)[Ma—p)— Q
> M—ow - P=AM@=p) - fpli0l +y(a-1)IQ| - aJ(up)
2 Q 2p
1
= [Ai(a—p)-Bp] (Ellullﬁ —E),
where
- _ (p=2)[M(a=p)-Bp]IQI-2py (@=1) 10l +2pa] ()
2p[A1(a-p)-pp] '
Since
1
Ma-p-pp>0,  Zluglz;~=>0,
e —_— ——
by @ by J (1) < M(up)
we infer from (19) that
1
5||u(t)||§—:>o, t=0.
Integrating (19) from 0 to £, we arrive at
lull3 = (luol3 — 22) M (@=P)=Prlt oz, (20)
The combination of (18) and (20) yields
2
(o 3 —22) el (=P API 122 < ()2 12 + oo, 120, 1)
Clearly, (21) cannot hold for sufficiently large ¢, a contradiction. The proof is complete. 0

To prove Theorem 3, the following three lemmas are required.
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Lemma 6 ([10, Theorem 3.6] Fountain Theorem). Suppose # is a Banach space with the norm
I - Il and #; is a subspace of /€ with dim #; < oo for each j e N:={1,2,---}. Let /€ = EB]-E,\,ij be
the closure of the direct sum of all #€;. Let

k 0o
We=@;, V=@
j=1 Jj=k

Assume ¥ € CL(A,R) is an even functional. For each k € N, if there exist py > ry. > 0 such that

i) my:= max Y(y)=0;
YeWllyli=pk

(i) zx:= inf  WY(y)—ocoask—oo;
VeV llwl=ri

(iii) W satisfies the (PS). condition for every c >0,

then ¥ has an unbounded sequence of critical values.

Lemma?7. Let (16) and (17) hold. There exist functions {y}{_, < WO1 "P(Q) satisfying

7 1 p_Y a p p
o= 19wl - Ll - 22 ol +vi0l - coas koo @

Proof. To prove the lemma, it is sufficient to show J satisfies the assumptions of Lemma 6.
Because W, PQ)is separable, one can select {e; ;?21 as a base of Wol'p(Q) and {lj};?‘;l cw P Q)

suchthat |Ve;ll, =1, |]; [ Q= l,and [j(e;) =1ifi= jand lj(e;) = 0if i # j, where W—l,p’(Q)
represents the dual space of W, P Q). For j=1,2,---, we set
Hj:=spanie;j} ={cej: ceR}.

Then #; L A for i # j, ie., lj(ce;) = 0 and [j(ce;) = 0 for any ¢ € R. With this sense, for
k=1,2,---,weset

k oo
Zl/k::®j€j) 7/]6::@%]'.
j=1 j=k
Then
Ve =95 Wy @ =D Vew,

and #. c Wol’p(Q) with dim %} < oco.
Firstly, one can easily verify Jecl (WO1 'P(Q),R) is an even functional.
Secondly, we prove J satisfies Lemma 6 (ii). Let

O = sup lyle, (23)
VT IVYl,=1

then it holds 0 < ;1 < d. Thus, there is a 6 = 0 such that
O —0ask— oco.

For every k, there is v € 7 with [|[Vy |, = 1 such that

0
lilla > 3 =0.
It follows from the definition of 7} that
Wi — 0 weakly in Wol’p(Q) as k — oco.
Due to WO1 PQ)— LYQ) compactly (see (17)), we know

Wi — 0 strongly in L*(Q) as k — oo,



Hang Ding and Jun Zhou 77

which means limy_ ., 6 = 0. By (3) and (23), one has, for y € 7,

~ 1 04 B
J(w)z;uvwnﬁ—Euwng——a_puwnz
1 :6 ) P ,},51175 a
== - —L—|IVylh - —E vy 4.
>(p Ty TV

Take X
re= (’11 (a—p)—ﬁp)“"’
Ay (a—-p)
Ify € 7, and | Vyll, = rg, then we obtain
_r_
1(a=p)-Bp (/11 (a-p) —ﬁp)""’

~ A
J) =
v apl A1y (a-p)

which implies that 7 satisfies Lemma 6 (ii).
Thirdly, we prove J satisfies Lemma 6 (i). For any pj > 0 and i € #}. with ||V¥/|| p =1, one has

oo p(Ligap Y a-paga B -
T(ox) = b (5 1991~ Lo P Nl - -2 171+ vic. )
Additionally, we obtain from dim #}. < co and ||V/|| p = 1 that, for some ¢1,62 >0,
as=|#l,sc as|v],=c
which, along with (24), yields

1 ¥sY ap  Bsy
o P

E 2 Pk +7y]|Q| — —oco as py — oo.

T (o) SPZ(
Let y = p ¥, then
19wl = e 1991, = pi and we .

Thus, for sufficiently large p > ri, we know J satisfies Lemma 6 (i).
Finally, we prove J satisfies Lemma 6 (iii). For any ¢ > 0, we assume {y j}‘]?il c WO1 P (Q) satisfies

J(wj)—c and ||7/(‘//j)||wflvn’(ﬂ) —0 as j—oo.
Then there are %) > c and 6> > 0 independent of j such that
Jwj)se and |7 ()|y-pqs@ for j=12,-.

Thus, we infer from (3) that

G+ 2y, 2 Tw) - T ()

a-p p

= a 1vw; 7 - p lwil}+rial (25)
A — —

> Aila-p)-pp “ijl|Z+Y|Ql’ j=1,2,,

pai

where (:,-) denotes the duality bracket between w-Lp (Q) and WO1 'P(Q), which implies there
exists a 63 > 0 independent of j such that

IVl <€ j=12. (26)
Then thereisay € WOl P () and a subsequence of {y j}‘]?‘il (still denoted by {y j}‘;i 1) such that

wj—1vw weaklyin Wol’p(Q) as j—oo. 27
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From (26) and (27), we arrive at

[vel, sliminf[vy;], <€, 28)
For any ¢ € W,'”(Q), one can see
T o) = [ wur2vyvoas—y [ wietpgdr- L2 [ yir-ygax
Q Q a—pJa
Consequently, it holds
<7’(w;)—7’(wwj—w>=fQ(|ij|’”72ij—Ile”*ZVw)V(w;—w)dx

—YL(IWjI“_ij—IwI“‘Zw) (wj—v)dx
_ Bp
a—pJao

By (27), WO1 PQ)— LYQ) compactly, and WO1 PQ)— LP(Q) compactly, we deduce

(29)

(I 172w = w172y ) (v - w) dx.

(v -v)l = = v v,

fﬂ Vg |0V (v - ) dx
Bp -1 .
tap I g lvi-vl, —0asj~co. 30
Furthermore, it follows from (26) and (28) that

[T i) wi-w =267 W)lyrrg—0 as j—oo
which, along with (29) and (30), yields

22p ||vw,._vw||gsz(|ij|’”‘2vw,-—IWI”‘ZVw)V(wj—w)dx

<(T W) -Twrw-v)+r|lwil* v - w12y

o lwi-vl,

Bp p—2 p-2 .
top il w2y, vl —oas j—co
Thus, J satisfies Lemma 6 (iii).
According to the above analysis and Lemma 6, (22) holds. O

Lemma 8. Let (16) and (17) hold. For any constant 9 = 0, there is a nonnegative function
@ e W, Q)N L™(Q) such that ](p) = D.

Proof. Let
v =yl e Wy " (@),
where {y} is the sequence given in Lemma 7. From Lemma 7, we arrive at
J(vg) = oo as k — co.
Therefore, for any constant 2 = 0, there is a vy such that J(vg) = 292.
Choose a sequence of nonnegative functions {¢; 7‘11 < C3°(Q), then one can verify that
[J@)—Jw)| =0 as j—oo if ¢pj—vp in W,P(Q as j— oo

Thus, there exists a function ¢; € Cg"(Q) such that J(¢;) = 2.
Let

BsP
a-p

= : —ﬁ . P_ﬂ gy P -
8©=7(60)) =" Vo1 - Lo [ wrax- 2 [ @laxeviol vzt
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Clearly, the function g(¢) is continuous and lim_., g({) = —oco. Let R(g(¢)) denote the range of
g(&), then we know R(g(¢)) > (—oo, g(1)]. Owing to g(1) = J(¢;), we obtain from J(¢;) = 2 that
there is a & = 1 such that Q= E(,bj eCrQ)c WOI"’(Q) N L™ (Q) satisfies J(¢) = 2. g

Proof of Theorem 3. Assume Q; and Q, are two arbitrary disjoint open subsets of Q. Let
ve Wy @ nL®@)\ (0}
be an arbitrary nonnegative function satisfying
supp(v) = {x € Q: v(x) #0} € Q.

Then for any constant 98 = 0, one can choose € > 0 large enough such that

Ma-p)— -2)|Q a-1)|Q
1@-p)-Bp (Hevng_(p )| |)+Y( NQl
2a p a

For such ¢, from Lemma 8, one can select a nonnegative function

pe W, P(@QnI®Q)

J(ev) <0, AB. (31

such that
supp(u) € Qy and J(u) =yIQ|+ B - J(ev).
Then for ug = ev + u, we infer from (31) that

J(ug) =J(ev)+J (W —yIQl =24

and
Aile—p)-Bp 2 (p=2)Ql\ yl@-DIQI
—— |luazllz - +
2a p a
Ala—p) - (p—2)1Q] (@-1)]Q]
JMla-p)-pp leviz - p LY
2a p a
> B =] (ug).
Taking ug as the initial value, the blow-up result follows from Theorem 1. d
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