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Abstract. Complex periodic structures inherit spectral properties from the constituent parts of their unit cells,
chiefly their spectral band gaps. Exploiting this intuitive principle, which is made precise in this work, means
spectral features of periodic systems with very large unit cells can be predicted without numerical simulation.
We study a class of difference equations with periodic coefficients and show that they inherit spectral gaps
from their constituent elements. This result shows that if a frequency falls in a band gap for every constituent
element then it must be in a band gap for the combined complex periodic structure. This theory and its
instantaneous utility is demonstrated in a series of vibro-acoustic and mechanical examples.

Résumé. Les structures périodiques complexes héritent des propriétés spectrales des éléments constitutifs
de leurs cellules de base, principalement de leurs trous spectraux. L’exploitation de ce principe intuitif, qui
est précisé dans ce travail, permet de prédire les caractéristiques spectrales des systèmes périodiques avec
de très grandes cellules de base sans avoir recours aux simulations numériques. Nous étudions une classe
d’équations aux différences avec des coefficients périodiques et montrons qu’elles héritent des écarts spec-
traux de leurs éléments constitutifs. Ce résultat montre que si une fréquence tombe dans une bande inter-
dite pour chaque élément constitutif, elle doit se trouver dans une bande interdite pour la structure pério-
dique complexe combinée. Cette théorie et son utilité immédiate sont illustrées dans une série d’exemples
vibro-acoustiques et mécaniques.
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1. Introduction

A wealth of advanced technologies depend on the varied (and sometimes surprising) properties
exhibited by waves propagating through systems with periodically varied material parameters.
These technologies include photonic and phononic crystals capable of precise wave control [1]
and metamaterials that display exotic effective properties [2]. Such metamaterials have been
realised in almost every corner of wave physics and can perform impressive feats such as negative
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refraction and cloaking [3, 4]. Partly as a result of this ongoing technological revolution, there is a
wealth of literature devoted to studying the spectra of the associated operators (either differential
or discrete) with periodic coefficients.

As photonic crystals and metamaterials grow in complexity, there is a need to understand the
spectra of periodic systems with increasingly complex unit cells. There has even been some
interest in unit cells with fractal geometries [5, 6], which presents its own specific theoretical
challenges. Under reasonable assumptions (and excluding fractals), the complexity of the unit
cell typically does not cause any issues for the standard theoretical tools such as Floquet–Bloch
analysis [7] or two-scale homogenisation [8]. The challenge, however, when faced with a periodic
system with a highly complex unit cell, is to develop some intuition for the main features of its
spectrum.

The main spectral feature that it is useful to be able to predict is the occurrence of band gaps.
These are ranges of frequencies at which waves are unable to propagate through the periodic
system. Instead, the amplitude decays exponentially as a function of position and energy is
typically reflected back in the direction of incidence. There are a variety of approaches for
predicting if a system will support band gaps, without computing the spectrum in full. These
are typically based on examining the symmetries of the material and can be framed in terms of
either point symmetry groups [9], frieze groups [10] or topological invariants [11].

In this work, we characterise the spectra of complex periodic materials by decomposing the
unit cell into simpler component elements. Equivalently, we are interested in complex periodic
materials that are formed by combining the unit cells of simpler periodic materials. This is
depicted in Figure 1. The key question is whether the complex material inherits the band gaps
of the simpler materials that make up its unit cell. We consider systems with two degrees of
freedom, which could include a broad variety of mechanical, acoustic or suitably polarized
electromagnetic systems (such that the Helmholtz equation captures the wave dynamics). In
such systems, wave propagation can be described by a two-by-two transfer matrix [12] and band
gaps are precisely the values at which the trace of the transfer matrix is larger than 2 in absolute
value. As a result, the question at the heart of this study is whether the set

M := {
M ∈ SL2(R) : |tr(M)| > 2

}
, (1)

is closed under matrix multiplication. Here, SL2(R) is the special linear group of 2× 2 matrices
with real entries and determinant 1. It is clear that this is not true in general. To see this, take
two arbitrary matrices A,B ∈ M such that there exists constants α ̸= ±1, a,b,c,d ∈ R and some
P ∈ GL2(R) such that

A ∼ P−1 AP =
[
α 0
0 1

α

]
and B ∼ P−1BP =

[
a b
c d

]
, (2)

where ∼ is used to denote matrix similarity. Then, it holds that

tr(AB) = tr
(
P−1 ABP

)=αa + d

α
,

from which it is clear that there are uncountably many matrices B with |a + d | > 2 such that
|αa +d/α| ≥ 2. Therefore, we must constrain the problem and consider a subset of M .

In this work, we prove a partial result about the closure of subsets of M that is sufficient for
yielding insight on applications. Our result concerns products of matrices belonging to the subset
T ⊂M , given by

T :=
{[

0 −1
1 t

]
: |t | > 2

}
. (3)

We show that any finite product of elements of T will be an element of M . This result can
be used to predict the spectra of a class of one-dimensional difference equations with on-site
modulation. In particular, it shows that if the intersection of the band gaps of the constituent
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Figure 1. This work develops a theory for hierarchical band gaps in complex periodic
systems. These are band gaps in complex periodic systems which are common with the
band gaps of all the constituent simple systems. For example, the spectra of three materials
A, B and C are shown here, with their common band gaps highlighted and inherited by the
combined periodic material with unit cell ABC. This presents a simple way to predict some,
but not all, of the band gaps in complex periodic systems.

simple (1-periodic) materials is non-empty, then that interval will be within a band gap of the
complex periodic material (as depicted in Figure 1). We will refer to this band gap that has been
inherited from the constituent elements as a hierarchical band gap.

This paper will begin by laying out the problem setting in Section 2, including specifying
how the set T is related to the Floquet–Bloch spectrum of a class of difference equations.
Section 3 contains the main theoretical results. Finally, in Section 4, we will consider some
specific examples of mechanical and acoustic systems to demonstrate the value of our theory
for predicting spectral features.

2. Problem setting

In this work, we consider a canonical problem given by the difference equation

g (i +1)+ g (i −1)+V (i )g (i ) = F (i ,ω)g (i ), (4)

where V : Z → R and F : Z×R → R are given functions and ω ∈ R is a scalar eigenvalue that
describes the frequency of waves propagating through the system. The spectral problem in
question is to find all the values ofω ∈R such that (4) has a non-zero solution g :Z→R. Difference
equations of this type arise naturally in many different settings, such as tight-binding models
for electron dynamics, one-dimensional wave transmission problems or in systems of coupled
mechanical oscillators [12]. We will explore some examples in more detail in Section 4. The
difference equation (4) is a typical example of a discrete Hamiltonian with nearest-neighbour
coupling and on-site modulation.

We are interested in the case where V : Z→ R is periodic and F : Z×R→ R is periodic in its
first variable. That is, there is some n > 0 such that V (i +n) = V (i ) and F (i +n, ·) = F (i , ·) for
all n ∈ Z. In this case, the spectrum is known to consist of a countable number of continuous
spectral bands. These bands can be resolved using so-called Floquet–Bloch analysis, of which we
now summarise the main ideas (for a more detailed overview, see e.g. [7, 13]).

The difference equation (4) can be rewritten as[
g (i )

g (i +1)

]
=−

[
0 −1
1 V (i )−F (i ,ω)

][
g (i −1)

g (i )

]
. (5)
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Letting ui = [g (i −1), g (i )]†, where † is used to denote the transpose, we can rewrite (5) as

ui+1 =−Ti ui where Ti =
[

0 −1
1 V (i )−F (i ,ω)

]
. (6)

Further, across the unit cell of length n it holds that

un+1 = (−1)n

(
n∏

i=1
Ti

)
u1. (7)

The key insight of Floquet–Bloch analysis is that the spectrum can be decomposed into modes
satisfying

un+1 = e ink u1 (8)

for some k ∈ R. For each k, there exists a discrete set of countably many eigenvalues and the
spectral bands of the periodic problem are recovered by taking the union over all possible k.
Clearly, it is sufficient to take this union over k ∈ [−π/n,π/n). Equating (7) with (8) and taking the
determinant gives

det

(
(−1)ntr

(
n∏

i=1
Ti

)
−e ink I

)
= 0.

Using the fact that detTi ≡ 1, this reduces to the well-known dispersion relation

2cos(nk) = (−1)ntr

(
n∏

i=1
Ti

)
. (9)

It is clear that (9) has a real solution for k if and only if the right-hand side falls in [−2,2]. Hence,
the condition for an eigenvalue ω to belong to a spectral band of the periodic system is that the
associated transfer matrix has trace smaller than 2 in absolute value (with the associated matrix
being defined by (7), where it should be noted that the matrices in the product depend on ω).

The intervals of frequencies between spectral bands are known as band gaps and are signifi-
cant as waves at these frequencies are unable to propagate through the material. The aim of this
work is to characterise how complex systems inherit band gaps from their constituent elements.
Hence, we will show that the product of matrices of the form (6) with |ti | = |V (i )−F (i ,ω)| > 2
must also have trace larger than 2. We will say that any ω which satisfies this condition belongs
to a hierarchical band gap of the complex periodic material.

Definition 1. Given n ∈N and functions ti : R→ R for 1 ≤ i ≤ n, a hierarchical band gap is some
interval (a,b) ⊂R such that for ω ∈ (a,b) it holds that both∣∣∣∣tr

[
0 −1
1 ti

]
(ω)

∣∣∣∣> 2 for all 1 ≤ i ≤ n (10)

and ∣∣∣∣∣tr

(
n∏

i=1

[
0 −1
1 ti (ω)

])∣∣∣∣∣> 2. (11)

The theory developed in Section 3 will show that, in fact, (10) implies (11) (i.e. the product
of n matrices belonging to T must belong to M ). This demonstrates how band gaps persist in
systems with increasingly complex arrangements. Some examples of such arrangements will be
explored in Section 4.
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3. Main results

To see why products of matrices belonging to T must themselves belong to M , we exploit the
patterns that occur when multiplying matrices of the form (6). Before stating any results we
introduce some notation to simplify statements:

Πl
k :=

l∏
i=k

Ti , (12)

where Ti is some arbitrary matrix of the form

Ti =
[

0 −1
1 ti

]
. (13)

We will use the notation e1 and e2 to denote the standard basis elements in R2:

e1 =
[

1
0

]
and e2 =

[
0
1

]
. (14)

It will be useful to begin by establishing that the result holds for edge cases (i.e. ti ≡ 2 and
ti ≡−2), before moving on to the general case.

Proposition 2. For any n ∈N, it holds that[
0 −1
1 2

]n

=
[

0 −1
1 2

]
+ (n −1)

[−1 −1
1 1

]
,

the trace of which is always equal to 2.

Proof. [
0 −1
1 2

]n

=
[

0 −1
1 2

]
·
{[

0 −1
1 2

]
+ (n −1)

[−1 −1
1 1

]}
=

[−1 −2
2 3

]
+ (n −1)

[−1 −1
1 1

]
=

[
0 −1
1 2

]
+n

[−1 −1
1 1

]
□

Proposition 3. For any n ∈N, it holds that[
0 −1
1 −2

]n

= (−1)n
{

(n −1)

[−1 1
−1 1

]
−

[
0 −1
1 −2

]}
,

the trace of which is always equal to ±2.

Proof. [
0 −1
1 −2

]n

= (−1)n
[

0 −1
1 −2

]{
(n −1)

[−1 1
−1 1

]
−

[
0 −1
1 −2

]}
= (−1)nn

[−1 1
−1 1

]
+ (−1)n+2

[
0 −1
1 −2

]
= (−1)n

{
n

[−1 1
−1 1

]
−

[
0 −1
1 −2

]}
□

We are now ready to handle the general case of |ti | ≥ 2.

Lemma 4. Let t1, . . . , tn ∈R be such that min1≤ i ≤n |ti | ≥ 2, then∣∣∣e†
2Π

n
1 e2

∣∣∣> ∣∣∣e†
1Π

n
1 e2

∣∣∣+1 and
∣∣∣e†

2Π
n
1 e2

∣∣∣> ∣∣∣e†
2Π

n
1 e1

∣∣∣+1.
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Proof. This follows by induction. For n = 1, it holds that

Π1
1 ≡

[
0 −1
1 t

]
for some t ∈ (−∞,−2]∪ [2,∞) (15)

so the result is trivially true.
To prove the first of the two statements, consider splitting the product as

Πn
1 =

[
0 −1
1 t1

]
·Πn

2 , (16)

from which it is clear that

e†
1Π

n
1 e2 =−e†

2Π
n
2 e2, (17)

e†
2Π

n
1 e2 = e†

1Π
n
2 e2 + t1e†

2Π
n
2 e2. (18)

Where † denotes transpose. Taking absolute values gives∣∣∣e†
2Π

n
1 e2

∣∣∣≥ ∣∣∣{∣∣∣t1e†
2Π

n
2 e2

∣∣∣− ∣∣∣e†
1Π

n
2 e2

∣∣∣}∣∣∣ , (19)

which can be simplified to see that∣∣∣e†
2Π

n
1 e2

∣∣∣≥ ∣∣∣t1e†
2Π

n
2 e2

∣∣∣− ∣∣∣e†
1Π

n
2 e2

∣∣∣
= (|t1|−1)

∣∣∣e†
2Π

n
2 e2

∣∣∣+ ∣∣e2Π
n
2 e2

∣∣− ∣∣∣e†
1Π

n
2 e2

∣∣∣
> (|t1|−1)

∣∣∣e†
2Π

n
2 e2

∣∣∣+1

>
∣∣∣e†

2Π
n
2 e2

∣∣∣+1,

where the penultimate inequality follows from the inductive hypothesis. Using (17), this becomes∣∣∣e†
2Π

n
1 e2

∣∣∣> ∣∣∣e†
1Π

n
1 e2

∣∣∣+1. (20)

The second statement can be shown using a similar approach. We use the formula

Πn
1 =Πn−1

1 ·
[

0 −1
1 tn

]
, (21)

to see that

e†
2Π

n
1 e1 = e†

2Π
n−1
1 e2, (22)

e†
2Π

n
1 e2 =−e†

2Π
n−1
1 e1 + tn e†

2Π
n−1
1 e2. (23)

Therefore, we have that∣∣∣e†
2Π

n
1 e2

∣∣∣≥ ∣∣∣{∣∣∣tn e†
2Π

n−1
1 e2

∣∣∣− ∣∣∣e†
2Π

n−1
1 e1

∣∣∣}∣∣∣
=

∣∣∣tn e†
2Π

n−1
1 e2

∣∣∣− ∣∣∣e†
2Π

n−1
1 e1

∣∣∣
= (|tn |−1)

∣∣∣e†
2Π

n−1
1 e2

∣∣∣+ ∣∣∣e†
2Π

n−1
1 e2

∣∣∣− ∣∣∣e†
2Π

n−1
1 e1

∣∣∣
>

∣∣∣e†
2Π

n−1
1 e2

∣∣∣+1

=
∣∣∣e†

2Π
n
1 e1

∣∣∣+1,

which proves the second condition. □

Theorem 5. If for some arbitrary n ∈N, for all i ≤ n, |ti | > 2, then∣∣∣∣tr

{ n∏
1

[
0 −1
1 ti

]}∣∣∣∣> 2.
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mimi−1 mi+1

κ κ

Figure 2. The canonical difference equation studied here can be used to model a system of
masses (with modulated masses mi ) coupled by identical springs (with spring constant κ).

Proof. Re-using the simple formula (16), we can see that

trΠn
1 = tr

{[
0 −1
1 t1

]
Πn

2

}
=−e†

2Π
n
2 e1 +e†

1Π
n
2 e2 + t1e†

2Π
n
2 e2. (24)

Taking absolute values and applying Lemma 4 gives that∣∣trΠn
1

∣∣≥ ∣∣∣{∣∣∣t1e†
2Π

n
2 e2

∣∣∣− ∣∣∣e†
1Π

n
2 e2

∣∣∣− ∣∣∣e†
2Π

n
2 e2

∣∣∣}∣∣∣
=

∣∣∣t1e†
2Π

n
2 e2

∣∣∣− ∣∣∣e†
1Π

n
2 e2

∣∣∣− ∣∣∣e†
2Π

n
2 e2

∣∣∣
> {|t1|−2}

∣∣∣e†
2Π

n
2 e2

∣∣∣+2

> 2. □

Theorem 5 is the main theoretical result of this work. It shows that the product of a finite
number of matrices in T will be an element of M . In other words, given a complex periodic
material that has a unit cell with length n, if there is an eigenvalue that is in the band gaps of all
of the n periodic materials associated to the n individual sites, then that eigenvalue must be in
a band gap of the complex periodic material. Since the intersection of a finite number of open
intervals is itself an open interval, any such eigenvalues must appear in continuous bands. These
are the sought hierarchical band gaps.

It should be emphasised that Theorem 5 describes a sufficient but not necessary condition for
the complex periodic material to have a band gap. Indeed, it is easy to construct examples where
the trace of the product has absolute value greater than two in spite of the fact that there is at
least one i for which |ti | ≤ 2 (typically, many of the other values would be |ti |≫ 2 to compensate).
Predicting the spectrum in full needs more knowledge of the specific configuration of the system
than is required for Theorem 5. Nevertheless, the simple condition derived in Theorem 5 is
sufficient for predicting the main band gaps in complex systems where there is some overlap
between the spectra of the individual constituent elements.

4. Examples

The difference equation (4) is a canonical model for wave propagation in one-dimensional
systems. Some specific examples of appropriate systems are coupled masses and springs,
coupled pendulums and locally resonant phononic crystals. These examples are surveyed below,
to demonstrate the utility of Theorem 5.

4.1. Masses and springs

The simplest canonical model for wave propagation in a lattice structure is that of an array of
masses coupled by springs, as depicted in Figure 2. These models have been studied as early as
the 17th century (such as by Newton in his Principia of 1686) and remain one of the primary toy
models for exploring wave dynamics in both quantum and classical settings [13].
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∏5
i=1 Ti

T5

T4

T3

T2

T1

4κ
mN

band gap

spectral band

hierarchical
band gap

Frequency squared ω2

0 1 2 3 4 5 6 7 8 9 10

Figure 3. Hierarchical band gaps of a system of coupled masses and springs, where the
complex system inherits the common high-frequency band gap of its constituent elements.
A simple periodic structure is considered, composed of five constituent elements.

We consider the propagation of time-harmonic waves with frequency ω through a chain of
masses with mass mi that are connected by identical springs with stiffness κ. Then, the dynamics
are described by the difference equation [14]

ui+1 +ui−1 −2ui =−ω
2mi

κ
ui . (25)

This is equivalent to (4) with V (i )−E =ω2mi /κ−2. This difference equation can be rewritten as[
ui

ui+1

]
=−

[
0 −1

1 ω2mi
κ −2

][
ui−1

ui

]
(26)

where the matrix is an element of T if and only if∣∣∣∣ω2mi

κ
−2

∣∣∣∣> 2. (27)

It is immediate that for any simple singly periodic system with this matrix there is one high-
frequency band gap that occurs when ω2 > 4κ

mi
. Therefore, it is expected that a complex periodic

arrangement of masses and springs will also inherit a high-frequency band gap.
An example is shown in Figure 3, where we study a system of 5 masses with masses m1 = 0.6,

m2 = 1, m3 = 0.8, m4 = 0.5 and m5 = 1, coupled with identical springs with spring constant
κ= 0.75. The top five rows show the pattern of pass and stop bands for each of the five periodic
systems corresponding to the single mass mi repeated periodically. The bottom row shows
the pass and stop bands for the complex system obtained by combining the five masses. The
hierarchical band gap, as predicted by our theory, is highlighted by the hatched region. The
bottom of the (high-frequency) hierarchical band gap is highlighted by the dashed line, which
occurs at 4κ/mN where N = arginfi ≤n mi .

The high-frequency band gap of a modulated system of masses and springs is widely observed
in the physical literature. Modifying the asymptotic arguments from [15, Theorem 4.1], for
example, it is easy to show that any periodic mass-spring system will exhibit a band gap at
sufficiently high frequencies. The theory developed in the present work extends this result by
giving a quantitative estimate for the minimum of this high-frequency band gap, showing that it
is at most the minimum of the intersection of band gaps of the constituent elements.

It is important to note that our theory for hierarchical band gaps does not contain any
information about the relative positioning of the masses within the unit cell of the complex
material. As a result, the hierarchical band gap will exist for any arrangement of the constituent
masses (including adding many repetitions of some of them). This is one reason why we cannot
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mimi−1 mi+1
κ κ

li−1 li li+1

Figure 4. A system of coupled pendulums (which are coupled by indentical springs) can be
described by difference equations of the form considered in this work.

expect, in general, the hierarchical band gap to provide tight bounds on the band gaps of the
complex periodic system.

4.2. Coupled pendulums

The addition of local interactions is an immediate and important development of the mass-
spring model. This can be achieved, for example, by adding pendulums to the masses, as
depicted in Figure 4. This is a canonical model for wave propagation in locally resonant systems
and mimics the key properties of the tight-binding models used in quantum physics [16].

4.2.1. Homogeneous pendulums

Consider the system presented in Figure 4 with identical springs of stiffness κ and identical
pendulums of length l attached to masses, which are allowed to vary. We will address the case of
non-identical pendulums in Section 4.2.2.

Let un be the one-dimensional displacement of the sphere with mass mn , then resolving the
forces due to both the springs and the pendulum we arrive at the difference equation [12](

ω2
i +

1

mi

(
2κ−ω2))ui = 1

mi
(κui−1 +κui+1) . (28)

Here, κ is the spring constant, ω is the frequency of the wave in the system and ωi is the
eigenfrequency of the pendulum with index i . This eigenfrequency is given by ω2

i = g
l where l

is the length of the pendulum and g is the acceleration due to gravity. For simplicity, in the case
of identical pendulums we denote this as ω0 to remove dependence on i . We can rewrite (28) as
the linear system [

ui

ui+1

]
=

[
0 1

−1 2− ω2mi
κ + ω2

0mi

κ

][
ui−1

ui

]
(29)

This matrix has trace larger than 2 if ∣∣∣∣∣2− ω2mi

κ
+ ω2

0mi

κ

∣∣∣∣∣> 2,

which is equivalent to

ω2 <ω2
0 or ω2 > 4κ

mi
+ω2

0. (30)

We can see that the introduction of the pendulums has introduced a low-frequency band gap that
was not present in the mass-spring system considered in Section 4.1.

An example of the band gaps corresponding to a system of five masses and pendulums is
shown in Figure 5. The masses have been chosen to be such that m1 = 0.6, m2 = 0.4, m3 = 0.8,
m4 = 0.7 and m5 = 0, with κ = 0.5 and ω2

0 = 2. This gives a range of different band gaps (with
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Figure 5. Hierarchical band gaps of a system of coupled pendulums, with a simple periodic
unit cell consisting of five elements. The complex pendulum periodic structure inherits
both high- and low-frequency hierarchical band gaps from the constituent systems.

common lower limits due to the identical pendulums). The corresponding complex periodic
system has hierarchical band gaps at either ends of its spectrum, as the complex system inherits
both the low- and high-frequency band gaps from the constituent elements. Of course, the
behaviour of the spectrum in the frequency range ω2

0 < ω < w2
0 + 4mNκ is undetermined, a

reminder of the sufficient but not necessary nature of the hierarchical band gap condition.

4.2.2. Modulated pendulums

More intricate spectra can be obtained by varying the lengths of the pendulums. In which
case, the eigenfrequency ωi in (28) varies and we obtain the linear system[

ui

ui+1

]
=

[
0 1

−1 2− ω2mi
κ + ω2

n mi
κ

][
ui−1

ui

]
. (31)

Similar to (30), we find the condition for each individual mass-pendulum system to support a
band gap as

ω2 <ω2
i or ω2 > 4κ

mi
+ω2

i . (32)

Then, under the same assumptions as Figure 5, we build a system with varying lengths. In
particular, we suppose that the pendulums have one of two alternating lengths: l2n = 20 and
l2n+1 = 5. If, for simplicity, we take g = 10, then this leads to ω2

2n = 0.5 and ω2
2n+1 = 2. Choosing

the spring stiffness and masses as κ = 0.5, m1 = 1.2, m2 = 2, m3 = 1, m4 = 2.2 and m5 = 1.2, we
reach the pattern of spectral bands shown in Figure 6.

In Figure 6, we can see that modulating the pendulum length causes the band gaps of the
individual systems to be shifted. As a result, there are overlapping band gaps in the centre of the
frequency range, meaning that the complex periodic system has a hierarchical band gap here, in
addition to those at low and high frequencies, that were observed in Figure 5. In particular, the
hierarchical band gaps occur at 0 <ω2 <Ω1,Ω2 <ω2 <Ω3 andΩ4 <ω2, where

Ω1 = min
1≤ i ≤n

ω2
i , Ω2 = min

1≤ i ≤n

4κ

mi
+ω2

i ,

Ω3 = max
1≤ i ≤n

ω2
i , Ω4 = max

1≤ i ≤n

4κ

mi
+ω2

i .
(33)

That Ω2 ≤ Ω3 in this example is the key property that leads to the hierarchical band gap in the
centre of the spectrum.
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Figure 6. Hierarchical band gaps of a modulated array of coupled pendulums, again with
a simple periodic unit cell consisting of five elements. Here, the modulation means that
there is a mid-frequency hierarchical band gap in addition to the high- and low-frequency
hierarchical band gaps (cf. Figure 5). The hierarchical band gaps are 0 <ω2 <Ω1,Ω2 <ω2 <
Ω3 andΩ4 <ω2, as specified in (33).

This model of coupled pendulums is significant due to its applications in understanding
electron dynamics, as outlined in [16]. The arrangement of alternating pendulums was chosen for
simplicity of the example and could easily be generalised to a finite number of different lengths
to accommodate the variety of problems arising from quantum physics.

4.3. Resonant phononic crystals

Lastly we consider periodic systems of coupled acoustic resonators. This could be either a one-
dimensional acoustic waveguide containing resonant material inclusions, as studied by e.g. [17,
18] and sketched in Figure 7a, or a coupled array of Helmholtz resonators, as studied by e.g. [19–
22] and sketched in Figure 7b. The local resonance in both systems can be modelled using a
frequency-dependent effective mass term that is singular at resonance.

The canonical model for wave propagation in locally resonant phononic systems is the differ-
ence equation (

2κ−M eff
i (ω)ω2

)
ui = (κui−1 +κui+1) , (34)

where the frequency-dependent effective mass M eff
i (ω) is given by

M eff
i (ω) = M + mω2

i

ω2
i −ω2

. (35)

Here, ωi is the resonant frequency of the locally resonant elements and m and M are constants.
This was derived in the appendices of [17], for example.

An example of the hierarchical band gaps that exist within the discrete system (34) is given
in Figure 8. In this example, the effective mass term M eff

i has been modulated by varying the
resonant frequency so that ω2

1 = 6, ω2
2 = 4, ω2

3 = 8, ω2
4 = 6 and ω2

5 = 10, with m = 0.5 and M = 2
fixed. In this case, all the unit cells have low frequency pass bands, so as a result there is no
low frequency band gap. However, the resonances create common band gaps at intermediate
frequencies, leading to a hierarchical band gap in the interval Ω1 < ω2 < Ω2, as highlighted
in Figure 8. The constituent resonant elements also have high-frequency band gaps, that are
similarly inherited by the complex structure and predicted by Theorem 5.



154 Lucas Dunckley and Bryn Davies

. . . . . .

(a) Phononic crystals composed of a soft material (such as air or rubber) surrounded by a much
less compressible material (such as water) experience subwavelength local resonances. The
resonant frequencies can be modulated by varying the size, shape or material parameters of the
inclusions.

. . . . . .

d d d d d d d

(b) Coupled Helmholtz resonators. The resonant frequencies can be modulated by
varying the size and shape of the Helmholtz resonators.

Figure 7. The propagation of acoustic waves in one-dimensional locally resonant
phononic crystals can be modelled by the difference equations considered in this work.
The local resonances could be due to, for example, Helmholtz resonators or high-contrast
material inclusions.
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Figure 8. The hierarchical band gaps of a locally resonant phononic crystal with a complex
unit cell inherits some of the band gaps from its constituent resonators, including a high-
frequency hierarchical band gap. The hierarchical band gaps areΩ1 <ω2 <Ω2 andΩ3 <ω2.

4.4. Fibonacci tilings

An example of periodic materials with complex unit cells that have been studied extensively are
those based on Fibonacci tilings. That is, given two simple materials A and B, a sequence of
materials can be formed through the substitution rule

A 7→ AB, B 7→ A. (36)

This leads to the sequence of materials A, AB, ABA, ABAAB, ABAABABA, and so on. This sequence
earns the name “Fibonacci” as each element can be obtained by combining the previous two and
the number of elements in each unit cell is given by the corresponding Fibonacci number.

Systems based on the Fibonacci tiling have exotic properties, particularly in the limit of
the sequence, which converges to a material that is non-periodic and quasicrystalline [23].
Interesting questions concern the system’s topological properties [24] and its ability to localise
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Figure 9. Coupled pendulums arranged in periodic unit cells based on Fibonacci tilings
exhibit intricate spectra, some features of which can be predicted using the theory of
hierarchical band gaps. The system inherits a high- and low-frequency band-gaps as well
as a mid-frequency band gap.

wave energy [25]. Materials based on Fibonacci tilings have been used to create waveguides [26]
and realise negative refraction [27].

An important question for wave systems based on Fibonacci tilings is how the Floquet–Bloch
spectrum behaves in the limit of the sequence. It is known that the limiting system typically has
a pattern of spectral bands that is a Cantor set [28, 29]. Further, it has been observed that the
sequence is such that there are band gaps which emerge early in the sequence and persist for all
subsequent iterations (sometimes known as super band gaps) [15, 30].

The stability of band gaps in the sequence of Fibonacci tilings can be partially but straightfor-
wardly explained using our theory of hierarchical band gaps. This is demonstrated in Figure 9,
where we consider the system of modulated coupled pendulums from Section 4.2.2. We take the
constituent materials A and B to be the materials with associated matrices T1 and T2 as in Fig-
ure 6. Then, we consider unit cells given by successive Fibonacci tilings:

F1 = T1, F2 = T2, F3 = T2T1, F4 = T2T1T2, F5 = T2T1T2T2T1, F6 = T2T1T2T2T1T2T1T2. (37)

It can be seen from Figure 9 that the hierarchical band gaps, predicted by Theorem 5, persist
throughout the sequence of Fibonacci tilings as the unit cell grows and the spectrum becomes
increasingly intricate. Clearly, however, Theorem 5 cannot hope to describe the exotic behaviour
of the intricate pattern of spectral bands and gaps that emerges outside of these intervals. This
behaviour is due to the geometric self similarity of the system (having arbitrarily large sections
that repeat infinitely often, even in the limiting non-periodic system) and requires approaches
similar to e.g. [15, 29] to handle. Nevertheless, particularly with wave control applications in
mind, being able to predict some of the main spectral gaps without needing to invoke such
sophisticated machinery is valuable.

5. Concluding remarks

This work provides a simple approach to predict band gaps of complex periodic systems by
decomposing them into simpler (singly periodic) systems, whose spectra can often be calculated
explicitly. This is achieved by re-framing the Floquet–Bloch spectral problem as a problem of
matrix algebra. We have proved that, although the set M ⊂ SL2(R) of real unimodular two-by-
two matrices with trace greater than two is not closed under matrix multiplication, it is possible
to write down a subset T of matrices whose products must be in M . This result, stated in
Theorem 5, exploits the symmetries of the subset T . This implies that, given a collection of
singly periodic systems (each described by a version of the difference equation (4)) that has a
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common band gap, any complex periodic system formed by combining their unit cells must have
a (hierarchical) band gap at that frequency range.

Some valuable generalisations of this result would be, firstly, to discrete systems with modu-
lated couplings in addition to the on-site modulation present in (4). We conjecture that it should
similarly be possible to formulate a subset of matrices in M whose elements correspond to these
systems and whose products are themselves in M . Further, generalisations to multi-dimensional
systems (either discrete or differential) would be valuable but would require a modification of the
two-by-two matrix framework used here (either to larger matrix systems or to continuous oper-
ators). Finally, it would be valuable to develop a theory capable of handling cases where one (or
more) of the matrices in a large product has trace less than two. As is clear from the examples pre-
sented in Section 4, Theorem 5 yields a sufficient but not necessary condition for a complex peri-
odic system to have a band gap. While more refined approaches exist for specific examples (e.g.
Fibonacci tilings [15, 29]), it would be useful to develop approaches in the spirit of the method
developed in this work, that reveal fundamental principles for guiding the design of complex pe-
riodic materials without the need for expensive computations.
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