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Abstract. In honor of Yvonne Choquet-Bruhat’s 100th birthday, we present this survey on the positive mass
theorem. Originating from a conjecture in general relativity regarding the ADM mass, the positive mass
theorem has significantly influenced geometry and analysis over the past four decades and continued to
inspire new connections. We review seminal contributions as well as recent advances, and then we focus our
discussions on the equality case and the counter-examples arising from pp-wave spacetimes.

Résumé. En 'honneur du 100e anniversaire d’'Yvonne Choquet-Bruhat, nous présentons cette étude sur le
théoréeme de la masse positive. Issu d'une conjecture en relativité générale concernant la masse de ’ADM,
le théoréme de la masse positive a influencé de maniére significative la géométrie et I'analyse au cours
des quatre dernieres décennies et continue d’inspirer de nouvelles connexions. Nous passons en revue les
contributions fondamentales ainsi que les avancées récentes, puis nous concentrons nos discussions sur le
cas de I'égalité et les contre-exemples provenant des espaces-temps d’ondes pp.
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1. Introduction

I am honored to contribute this survey on the positive mass theorem in celebration of Yvonne
Choquet-Bruhat’s 100th birthday. I had the chance to meet her in 2008 at the Mittag-Leffler
Institute while I was a PhD student participating in the Geometry, Analysis, and General Relativity
program. She visited briefly to meet her collaborators, including Piotr Chrusciel and Jim Isenberg
who were key participants of the program. During tea time, we gathered at a large oval table
in the sunroom. As I was just starting my research career, her warmth and friendliness left a
lasting impression. We are truly fortunate to have a pioneer like Choquet-Bruhat in the general
relativity community. Her groundbreaking work and kindness are an amazing example for us all
and continue to inspire us today.
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Choquet-Bruhat made a fundamental contribution to the Cauchy problem, ensuring that the
initial value problem in general relativity is well-posed. For more details, see her survey [1]. Her
research laid the groundwork for the 3 + 1 formulation of general relativity (ADM formalism),
which is crucial for understanding how spacetime evolves and is used in both theoretical and nu-
merical relativity. The ADM approach views spacetime as a series of evolving three-dimensional
slices from an initial data set. It simplifies Einstein’s field equations into constraint and evolution
equations. It also introduces ADM energy and linear momentum, which measure the total mass
of an asymptotically flat spacetime. These quantities, defined on the initial data set, are essential
for understanding isolated gravitational systems and allow working with just the initial data and
constraint equations. We refer the reader to her beautiful book [2].

The positive mass conjecture asserts that the ADM mass is non-negative (or, more precisely,
that the ADM energy-momentum is future causal) under suitable energy conditions. Choquet-
Bruhat and Marsden proved a very interesting case of the positive mass theorem, for metrics
close to the Euclidean metric [3], building on an idea outlined by Brill and Deser [4]. The
problem gained wider attention through questions posed by Geroch in his 1975 plenary address
at the Joint Mathematical Meeting [5]. This conjecture became one of the early topics in
mathematical general relativity and remains central to developments in geometric analysis and
general relativity. The search for and affirmation of positivity conditions under various settings
has had a significant impact on mathematics, influencing areas like the Yamabe problem in
conformal geometry [6].

While there were other partial results toward the positive mass conjecture, the first ground-
breaking result was obtained by Schoen and Yau in 1979 [7]. For an earlier history of this prob-
lem, we refer to the introduction of [7]. Not only did they completely settle the so-called Rie-
mannian case, but the minimal surface technique they introduced also revolutionized the field.
Since then, more general versions, higher-dimensional cases, and new alternative proofs have
emerged, making the topic even more dynamic in recent years. Researchers have continued to
develop innovative techniques and approaches, expanding the scope and relevance of the pos-
itive mass theorem. While the physically interesting case is three spatial dimensions, there are
various reasons and motivations for seeking a general statement in higher dimensions. We will
provide a more comprehensive list of progress below. For now, we present the statement.

Theorem 1 (Spacetime positive mass theorem). Let n =3 and (M, g, k) be an n-dimensional
asymptotically flat initial data set that satisfies the dominant energy condition. Suppose either
3<n<7orM isspin. Then

E=|P|,

where (E, P) is the ADM energy-momentum vector of (M, g, k).

The above theorem says that the ADM energy-momentum vector (E, P) is future-directed and
causal. Thus, one can define its Lorentzian norm as the ADM mass m = v/ E2 — |P|?, which is a
spacetime invariant.

The special case of Theorem 1 where k = 0 is known as the Riemannian case (or the time-
symmetric case). In this case, P = 0, and the dominant energy condition implies nonnegative
scalar curvature. It is also conventional to denote the ADM energy E by the ADM mass m.

Theorem 2 (Riemannian positive mass theorem). Let n = 3 and (M, g) be an n-dimensional
asymptotically flat manifold with nonnegative scalar curvature. Suppose either3<n <7 or M is
spin. Then m = 0. Furthermore, m =0 if and only if (M, g) is isometric to Euclidean space.

Schoen and Yau proved this case in dimension three in 1979 and 1981 [7, 8] by introducing
minimal surface techniques and extended it to dimensions less than eight [9, 10]. They argued
that if the ADM mass m < 0, then there exists a codimension 1 area-minimizing minimal
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surface with the induced metric being asymptotically flat with zero mass. The area-minimizing
property allows for a conformal factor that further transforms the induced metric to one with zero
scalar curvature and negative mass, contradicting the Riemannian positive mass theorem in one
dimension lower and ultimately conflicting with the Gauss—-Bonnet Theorem when n = 3. Since
the above argument does not address the case m = 0, Schoen and Yau gave a separate argument
to show that if m = 0, then the manifold is Ricci flat and thus isometric to Euclidean space.

Lohkamp [11] observed a cut-off technique to simplify the asymptotics of an asymptotically
flat manifold with negative ADM mass, showing that it can be compactified to a torus while
maintaining positive scalar curvature. Consequently, the Riemannian positive mass theorem is
equivalent to the torus rigidity theorem of Schoen and Yau [12]. In more recent years, there have
been rapid advances and alternative proofs of the Riemannian positive mass theorem for three
dimensions. Huisken and Ilmanen [13] used the inverse mean curvature flow, Li [14] employed
the Ricci flow, Bray, Kazaras, Khuri, and Stern [15] considered level sets of harmonic functions
and Bochner identity, and Agostiniani, Mazzieri, and Oronzio [16] used Green’s function.

For the general case k # 0 in dimension three, Schoen and Yau proved E = 0 by introducing
Jang’s equation [17] and reduce the case to the Riemannian positive mass theorem. Eichmair
generalized the Jang equation argument and proved the E = 0 theorem in dimensions less than
eight [18]. These results also show that if E = 0, then (M, g, k) can be isometrically embedded in
Minkowski spacetime with the second fundamental form k.

For the result E = |P| as stated in Theorem 1, Witten provided a novel proof in dimension
three [19, 20], which directly generalizes to higher dimensions for spin manifolds [21, 22]. Eich-
mair, Huang, Lee, and Schoen [23] extended the minimal surface approach in the Riemannian
case developed by Schoen and Yau by introducing marginally outer trapped surfaces (MOTS) to
prove Theorem 1. They addressed the challenges posed by MOTS, which, unlike minimal sur-
faces, do not arise from a variation principle of the initial data set. In the same paper, they also
provided an alternative approach, showing that the E = 0 theorem implies E = | P| by a new den-
sity theorem. Recently, Hirsch, Kazaras, and Khuri [24] provided an alternative proof for the 3-
dimensional case using level sets of spacetime harmonic functions. We will briefly review those
approaches in Section 3.

Challenges in higher dimensions 7 = 8 for the positive mass theorem arise because minimal
hypersurfaces and MOTS can have singularities in these dimensions, causing the dimensional
reduction argument to potentially break down. Lohkamp proposed a program to address these
issues in a series of papers [25-28]. For the Riemannian case, Schoen and Yau [29] introduced
a different approach using minimal slicings. Additionally, there are perturbation arguments to
avoid singularities of minimal hypersurfaces for dimensions n = 8 by Smale [30] and n = 9,10
by Chodosh, Mantoulidis, and Schulze [31]. Separately, while we shall only discuss 7 = 3 in this
survey, there is also a Riemannian positive mass theorem for n = 2; see [32].

Neither the spinor proof in [19, 20] nor the MOTS proof in [23] includes a complete proof
to characterize the equality case E = |P| of Theorem 1. The natural conjecture states that if
E =|P|, then E = |P| = 0, and thus by E = 0 rigidity, (M, g) can be isometrically embedded into
Minkowski space with induced second fundamental form k. This would signify that the ADM
mass m = \/ E2 — | P|2 = 0, uniquely characterizes Minkowski spacetime.

The conjecture is shown to be true in dimensions » = 3,4, but surprisingly, in dimensions n = 5
it has the subtlety depending on asymptotic flat decay rates, to be specified in Section 4 below.
For n =5, an initial data set with E = | P| that does not exhibit the optimal asymptotic decay rate
can have E = |P| # 0 and exists as a Cauchy hypersurface in a larger class of spacetimes known
as pp-waves (short for plane-fronted waves with parallel rays). Minkowski spacetime is a special
case of pp-waves. Those pp-wave examples also give counter-examples to the Bartnik stationary
conjecture, see [33, Section 2].
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We summarize the current state of the art below.

Theorem 3 (Equality in the spacetime positive mass theorem). Letn =3 and (M, g, k) bean n-
dimensional asymptotically flat initial data set that satisfies the dominant energy condition and
has E = |P|.

o Ifeither n=3,4 or (M, g, k) satisfies the optimal asymptotic decay rates', then E = |P| =0
and (M, g) is isometrically embedded into Minkowski spacetime with the induced second
fundamental form k.

e Ifn=5and M is spin, then (M, g, k) is isometrically embedded into a pp-wave spacetime
with the induced second fundamental form k.

We can break down the equality theorem into two separate statements: The first statement is
to show that E = |P| implies E = |P| = 0, which is the part that requires the optimal asymptotics
decay rate. The second statement is to use the fact that E = 0 to find an embedding of the initial
data set into Minkowski space.

Witten sketched an idea for proving E = |P| rigidity of spin manifolds in his 1981 article [19].
Ashtekar-Horowitz [34] and Yip [35] gave arguments for n = 3 under extra spacetime assump-
tions. A complete, rigorous proof was given in the work of Beig and Chrusciel for n = 3 by a
spinor argument [36] and by Chrusciel and Maerten [37] to higher-dimensional spin manifolds
under the optimal asymptotic decay rates for dimensions n = 5. For general initial data sets with-
out the spin assumption, Huang and Lee used the method of Lagrangian Multipliers introduced
by Bartnik [38] to prove the first statement (under similar optimal asymptotic decay rates if n = 5).
They also gave an alternative proof of E = 0 rigidity [39]. Unlike the other proofs, their proof is
self-contained in the sense that it does not depend on how one proves that E = | P| theorem or
E = 0 theorem. For n = 3, Hirsch and Zhang proved the equality theorem for n = 3 from the level
sets method [40].

On the other hand, Huang and Lee [33] discovered those pp-wave counterexamples in di-
mensions n > 8. Specifically, they found asymptotically flat spacelike slices in a large class of
(n + 1)-dimensional pp-wave spacetimes that are not isometric to Minkowski spacetime, and
those spacelike slices have E = |P| # 0. Hirsch and Zhang further improved these counterexam-
ples to dimensions n = 5 and showed that a spin asymptotically flat initial data set which satisfies
the dominant energy condition and E = | P| must be embeded into a pp-wave [41].

Given that multiple survey articles already exist on the Riemannian positive mass theorem
from different perspectives (e.g., [10,42,43]), along with a graduate textbook by Lee [44] on those
topics, this survey will primarily focus on the spacetime positive mass theorem, with particular
emphasis on the equality case. The outline of the survey paper is as follows: In Section 2, we set
the stage and include a variational aspect of the ADM energy-momentum.

In Section 3, we briefly review the different proofs of positivity E = | P|. In Section 4, we discuss
the pp-waves and the equality case E = |P|.

2. Definitions, notations, and basic facts

2.1. Initial data sets, the dominant energy condition, and asymptotic flatness

Let n = 3. An initial data set is an n-dimensional manifold U equipped with a Riemannian metric
g and a symmetric (0, 2)-tensor k. Loosely speaking, an initial data set consists the information
needed to determine the evolution of spacetime by viewing the triple (U, g, k) as a hypersurface

1\We say that (M, g, k) satisfies the optimal asymptotic decay rates if the asymptotics of (g, k) defined by (2) below hold
for some g > 0 and 0 < a < 1 satisfying g + @ > n—2. This is an additional assumption beyond the usual decay rate
condition g > n/2 when n = 5.
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Ric(g) — sR(g)g = Ag+ T

Figure 1. For an initial data set (U, g, k) embedded in a spacetime, the dominant energy
condition on (U, g, k) states that u = |J|g, where u = T'(n,n) and J; = T(e;,n), with n being
the future-pointing unit normal to U and e; tangent to U. This condition is equivalent to
requiring that T'(-,n) is future causal. Note that a spacetime satisfying the dominant energy
condition asserts that 7(X,Y) = 0 for all future causal vectors X and Y, which is a stronger
condition.

in spacetime (N, g) with the induced metric g and second fundamental form k. The Einstein
equation of spacetime is given by
Ricg— 3 Rgg = Ag+T,
where A € R is the cosmological constant and T is the stress-energy tensor describing a matter
field. In this article, we shall only discuss the case A = 0, but note that there are also many
progresses on the positive mass theorem for the case A < 0; see, for example, [45-50]. A spacetime
is called vacuum if T is identically zero. As an example of a non-vacuum matter field, the stress-
energy tensor of a perfect fluid is given by T = pg+ (p + p)vev, where p is the energy density,
p is the pressure, and v is the fluid velocity. We do not assume any specific matter fields here;
the results apply to any matter field, as long as an energy condition is satisfied, unless otherwise
specified.
On an initial data set, one can define the mass density p and the current density J by

u= % (Rg— 1K + (trgh?)
J = divgk — d(trgk).

The first equation is referred to as the Hamiltonian constraint and the second is the momentum
constraint. We denote the constraint map by ®(g, k) := (i, J).

We say that (U, g, k) satisfies the dominant energy conditionif u=|Jlg. If (U, g, k) is embedded
in a spacetime (N,g), meaning that (U, g) is isometrically embedded in to N with the induced
metric k, then the dominant energy condition is equivalent to requiring 7' (X,n) = 0 for all future
causal vectors X, where n is the future-directed normal to the hypersurface. The initial data set
(U, g, k) is said to be vacuum if u =0, J = 0. See Figure 1.

When considering the perturbation of the dominant energy condition, it turns out more effec-
tive to use the modified constraint map Qlg 1) at (g, k), introduced by Corvino and Huang [51].
The modified operator ®| (g.k) 18 defined on initial data (y, 7) as follows:

D1y, T) =@y, 1) + (0,37 J), 1)
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where J is the current density of g and (y-))? := g'/y ixJ k. A fundamental property of the modified
operator is that the dominant energy condition is preserved under perturbation. More precisely,
assume (g, k) satisfies the dominant energy condition u = |/|g in M. Suppose (y, 1) is an initial
data set with |y — glg <3 in M and

(g1 (7, 7) = Dlg 1) (g, ).

Then (y, 1) also satisfies the dominant energy condition.

The seminal work of Choquet-Bruhat says that if (U, g, k) is a vacuum initial data set, then
there exists a unique vacuum spacetime development (N, g) that evolves from (U, g, k). However,
note that in general an initial data set satisfying the dominant energy condition may not have a
spacetime development satisfying an energy condition, or if it does, the spacetime development
may not be unique.

For analysis on asymptotically flat manifolds, it is convenient to use the weighted Holder
spaces, defined below. Let B be a closed ball in R” centered at the origin, and consider the
exterior region R” \ B. Forany ¢ =0,1,2,..., a € (0,1), g € R, we define the weighted Hélder space
ct “([Ri” \ B) as the space of functions f on IR” \ B such that

It @ g = Y supllxl'“'“i@“f(x)l + Y [1x91*99% f ()], < o0
- lal<¢ la|=¢

Now suppose that M is a manifold such that there is a compact set K < M and a diffeomorphism
M\ K = R"\ B. Then one can define C* “(M) by choosing an atlas for M that consists of the
diffeomorphism M\ K = R" \ B together w1th finitely many precompact charts, and then using
the Cf’,? (R"\ B) norm on the noncompact chart while using the C** norm on the other ones.
The definition of Cf‘;(M) also extends to tensors simply by considering their components with
respect to these coordinate charts.

We say that an initial data set (M, g, k) is asymptotically flat with decay rate q if M is a complete
manifold and there is a compact set K ¢ M and a diffeomorphism M\ K = R"\ B for some closed
ball B < R” such that

(g-8,k) e C2F(M) x Ch (M) 2)
where § is a smooth symmetric (0,2)-tensor that coincides with the Euclidean inner product on
M\ K = R"\ B. In addition, we assume wJe LY (M), and sometimes it is convenient to make a
stronger assumption that y, J € che n-qo (M) for some gy > 0. Throughout the article, we assume
qg>n-2)/2.

2.2. ADM energy and linear momentum, Regge-Teitelboim Hamiltonian, and Killing
initial data

Assume (M, g, k) is asymptotically flat with decay rate g > (n —2)/2 in the above sense. We define
the ADM energy E and the ADM momentum P as
0gij 0gii

1 n
Ee b = oo e, ), 2 (ax’ ox7

)védoo
z(n_l)w}’l ) R [x|= rl] 1

Pi(g, k) = = —l)wn ) Hoofm rjzl(k” (trgk)gi)vidoy  i=1,2,...,n.
Here, the integrals are computed in the coordinate chart M\ K =, R\ B, V(j) = x/ /x|, gg is the
(n — 1)-dimensional Euclidean Hausdorff measure, and w;_; is the volume of the standard unit
sphere in R".

Notice that if the decay rate g > n — 2, then the integrand in the above expressions decays too
quickly, so E = 0 and P = 0 trivially. On the other hand, a decay rate g > (n—2)/2 is sufficient
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to ensure that the ADM energy-momentum is well-defined in the following sense. While the
ADM energy and linear momentum are defined using a specific asymptotically flat coordinate
chart, they can be shown to be coordinate invariant, depending only on the structure at infinity,
see [21]. Furthermore, although the ADM energy and linear momentum are defined entirely on
the initial data set, the Lorentzian norm —E? + |P|? is a spacetime invariant. It means that, while
the ADM energy-momentum vectors of two asymptotically flat initial data sets embedded in the
same spacetime may differ, they have the same Lorentzian norm, see [52].

To understand heuristically how the decay rate g > (n—2)/2 plays a role, we expand the
constraint equations in asymptotically flat coordinates:

1 1 0 (08ij 0gi o
= —(Ry — |k? + (trgk)?) = = —(—’——”) O(|x|™2%4
p= 5 Ry = kI (trgh)) 2%’6x1 3 5. | HOUA )
. 0 oo
Ji = (divgk)j — (trgk),; = Y = (kij — (trgk) g ;) + O(Ix|7*729).

~ Ox!

1

Observe that the ADM energy-momentum arises from the flux integrals of the divergence terms
on the right-hand sides. The decay rate g > (n — 2)/2 ensures that the exponent of the error terms,
—2—-2q < —n, decays rapidly enough to be integrable on the asymptotically flat end. Together
with the assumption that both p and J are integrable, the flux integrals over the coordinate sphere
have a limit as the radius of the sphere going to infinity.

The following density theorem states that initial data sets with the decay rate g = n —2
are dense among those with the weaker decay rates g > (n—2)/2, and that the ADM energy-
momentum varies continuously. This has several applications. For example, to prove the
positivity of the ADM mass as stated in Theorem 1, it suffices to verify the inequality for an
asymptotically flat initial data set with a decay rate g = n — 2. For more details about the density
theorem, see, for example, [23, Section 6].

Theorem 4 (Density theorem (loosely stated)). Let (M, g, k) be an n-dimensional asymptotically
flat initial data set at the decay rate q > (n—2)/2 satisfying the dominant energy condition. For
anye > 0, there exists an asymptotically flat initial data set (M, g, k) at the decay rate q = n—2 such
th_at _(g, k) satisfies the dominant energy condition, is e-close to (g, k) in CE’,’; (M) x Ci'f‘_ M), and
|(E,P)—(E,P)|<e.

Furthermore, we can arrange (M, g,k) to have either the strict dominant energy condition
> |]|g everywhere in M or to be vacuum fi = |]| = 0 outside a large compact subset of M.

The ADM energy-momentum has a variational characterization.

Definition 5 (Regge-Teitelboim Hamiltonian). Let M be an n-dimensional manifold that can
carry an asymptotically flat initial data set. Let (fy, Xo) be a pair of a function and a vector field
on M (which we will often call a lapse-shift pair) such that (fy, Xo) is smooth and is equal to a
constant (a, b) € R x R" in the exterior coordinate chart for M\ K. We define the Regge-Teitelboim
Hamiltonian /gt corresponding to (fo, Xo) by, for asymptotically flat initial data set (g, k)

Hor(g, k) = (n— 1wy [aE(g, k) +b-P(g, k)] - fM@(g, k), (fo, Xo)) g dptg- 3)

In the case of vacuum initial data sets, as originally considered by Regge and Teitelboim [53],
the Hamiltonian can recover the energy E and the linear momentum by choosing the lapse-
shift pair to be asymptotic to the translation vector fields of Minkowski spacetime. Specifically,
(f, X) — (1,0) yields the energy E, while (f, X) — (0,0/0x") yields P;, the i-th component of the
linear momentum. The task of “minimizing” the ADM energy-momentum (E, P) is transformed
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into minimizing the functional (3) as follows. Suppose the positivity of mass holds for vacuum
(g, k), i.e., E(g k) =|P(g, k)|. Then, for any future causal vector (a, b), we have

aE(g, k) +b-P(g, k) = aE(g, k) — |bl|P(g, k)| = (a—|b)IP(g, k) =0 @

with equality if and only if E(g, k) = |P(g, k)| and (a, b) is a constant multiple of (E(g, k), P(g, k)).
This is just a general fact that for non-zero future causal vectors X and Y, their Lorentzian inner
product —(X,Y) = 0 with equality if and only if X, Y are both null and X is a constant multiple of Y.

With the minimization task in mind, we compute the first variation of #%r: for vacuum (g, k),
we have

DA | g 1y (hy w) = = f (h,w) - DI, 1, (fo, Xo) dirg

for all compactly supported (h, w), where DCDI » denotes the L?-formal adjoint equation of the
linearization D®| k) at (g, k). The adjoint equatlon D®|* = has geometric significance in the
vacuum case, as discovered by Moncrief [54].

(8:k)

Theorem 6. Let (U, g, k) be a vacuum initial data set and suppose that there exists a nontrivial
lapse-shift pair (f, X) on U solving

DO,y (f,X) =0

Then the vacuum spacetime development of (U, g, k) admits a unique global Killing vector field Y
such thatY = fn+ X along U, wheren is the future unit normal to U.

Conversely, given a vacuum spacetime equipped with a global Killing vector field Y and a
spacelike hypersurface U with induced initial data (g, k), if we decomposeY = fn+ X along U,

then the lapse-shift pair (f, X) must lie in the kernel ofD<D|( e

In light of the above theorem, a solution (f, X) to D®|* @0 (f, X) = 0 is referred to as the Killing
initial data.

An analogous statement for a non-vacuum case was established by Huang and Lee [33,
Theorem 6] using the modified constraint operator. A spacetime (N, g) is said to be a null perfect
fluid with velocity v and pressure p if vis either future null or zero at each point and the Einstein
tensor takes the form:

Ricg - %Rggz pg+vav. (5)

Theorem 7. Let (U, g, k) be an initial data set satisfying the dominant energy condition. Assume
there exists a nontrivial lapse-shift pair (f, X) on U solving the system

DO, 1, (£, X)=0 and f]+|JlgX=0. (6)

and assume that f is nonvanishing in U. Then the following holds:

(1) The dominant energy scalar (g, k) := u—1J|g is constant on U.

(2) (U, g, k) is embedded inside a null perfect fluid spacetime (N, g) that satisfies the spacetime
dominant energy condition and admits a global Killing vector field Y equal to fn+ X
along U, wheren is the future unit normal toU.

There is also a converse statement.

We remark that the system (6) is closely related to the improvability of the dominant energy
condition. See [33].

We refer to a solution (f, X) to D@I?g, N f,X) = 0 as the modified Killing initial data. These
solutions play an important role in the equality theorem of the positive mass theorem; see
Section 4. An overall strategy for proving the equality theorem is to show that the initial data
set achieving equality has one or more modified Killing initial data.
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3. The proofs of positivity E = | P|

We outline the currently available proofs of the positivity theorem, Theorem 1.

3.1. Marginally outer trapped hypersurfaces

We briefly revisit the minimal hypersurface proof of the Riemannian positive mass theorem,
originally developed by Schoen and Yau. This proof uses induction on the dimension 3 <
n < 7 and proceeds by contradiction. Assume there exists an asymptotically flat Riemannian
manifold (M, g) with nonnegative scalar curvature and negative mass m < 0. A density argument
allows us to assume (M, g) has harmonic asymptotics and positive scalar curvature. These
conditions imply that the coordinate planes x" = +A act as barriers for minimal hypersurfaces
for sufficiently large A.

Consider an (n - 1)-dimensional vertical cylinder dC, with a large radius p. For each h €
[—A, A], there exists an area-minimizing hypersurface Z, , = C, whose boundary is the height
h sphere on 4C,. If n <7, this hypersurface is smooth. Each Z, ; lies between the hyperplanes
x" = +A. Theareaof X, j, is minimized by some h, € (- A, A). This “height-picking” step is crucial
in dimensions n = 4 because the corresponding surface Z, 5, satisfies

2

az area(CDt(Zp,hp)) >0
t=0

for any variation ®; that is a vertical translation along dC,. Without the height-picking step,
the above inequality only holds for compactly supported variations ®;, which is not sufficient.
(When n = 3, one can use the so-called logarithmic cut-off trick to approximate variations that
are vertical translations along 0C,, by compactly supported variations. However, this trick does
not work in higher dimensions.) A smooth subsequential limit 2o, of 2, ,, as p —ooisan (n—1)-
dimensional asymptotically flat manifold with zero energy and is a stable minimal hypersurface
of M.

For n = 3, the stability of Z,, and its asymptotics are incompatible with the Gauss—-Bonnet
theorem. In higher dimensions, one can construct a conformal factor that changes the metric on
Y to one that is asymptotically flat with zero scalar curvature and negative mass, thus violating
the Riemannian positive mass theorem in dimension n — 1.

Our approach to the spacetime positive mass theorem generalizes the minimal hypersurface
proof using marginally outer trapped hypersurfaces (MOTS). A hypersurface X is a MOTS if 6 = 0,
where 6 = Hs + trs k is the expansion scalar. In the Riemannian case, 0 reduces to the mean
curvature.

Let (M, g, k) be an n-dimensional asymptotically flat initial data set satisfying the dominant
energy condition p = |J| and E < |P|. By our density theorem, Theorem 4, we may assume
(M, g, k) has harmonic asymptotics and satisfies the strict dominant energy condition u > |J|.
Furthermore, we assume P points in the vertical direction —d,. The harmonic asymptotics and
E < |P| assumptions imply that the planes x" = + A act as barriers for MOTS for sufficiently large
A. Consider an (n — 1)-dimensional vertical cylinder 6C,. For each h € [-A, A], the existence
theorem of MOTS [55] guarantees the existence of a MOTS X, j, with boundary equal to the height
h sphere on C;. This MOTS is smooth if n < 8 and lies between the planes x” = + A, being stable
in the sense of MOTS with boundary. See Figure 2.

A major challenge, distinct from the minimal surface approach, is that MOTS do not arise
from a variational principle. Thus, there is no obvious alternative to the height-picking step of
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r, = —A is trapped, 6 < 0

Figure 2. Under the (contradictory) assumption E < | P|, two coordinate hyperplanes x" =
A and x" = — A, together with the lateral side of a cylinder of large radius, provide barriers
for the existence of a MOTS X, with prescribed boundary.

minimizing the area with respect to the height h. To overcome this, we introduce a new functional
& on hypersurfaces with boundary on 6C; such that for some ki, € (—A, A), we have
d

dhlp=n,
This inequality, along with the MOTS stability, parallels the area inequality in the Riemannian
case. Extracting a smooth subsequential limit X, of Z,. 5, as r — oo, we find that Z, is an (n—1)-
dimensional asymptotically flat manifold with zero energy and is a stable MOTS in M. We can
construct a conformal factor that changes the metric on X, to one with zero scalar curvature and
decreases the energy of X, thus violating the Riemannian positive mass theorem in dimension
n-1.

g(Zr,h) =0.

3.2. Boost argument

The positive mass theorem E = |P| can also be derived from the positive energy theorem E = 0
using the following reduction argument. Assume that 0 < E < |P|. Fix 6 € (0,1) such that
E :=(E-0|P)/(1-6%) <0. Using the density theorem, Theorem 4, we may assume that (M, g, k)
satisfies © = 0 and J = 0 outside a large compact set. According to [56], there exists a vacuum
spacetime development of the asymptotically flat end of (M, g, k) in which the end of (M, g, k)
can be deformed to a boosted slice (of slope 0) that has energy E’. The deformed initial data
(M', g', k') satisfies the conditions of the E = 0 theorem, leading to a contradiction. This reduction
is well known in the mathematical relativity community when the initial data set is assumed to
be a spacelike slice of an asymptotically flat spacetime; see, e.g., [57].

3.3. Spinor proof

Witten'’s proof is notable for its use of spinors, offering a different perspective on the positive mass
theorem. A spinor field ¥ on a manifold is a section of a spinor bundle, which can be roughly
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thought of as a field of “spinor-valued” functions. For a 3-dimensional initial data set (M, g, k), M
can be given a spin structure. In higher dimensions, this method requires M has a spin structure,
which allows us to use spinor fields ¥ on M. For convenience, we consider (M, g, k) embedded in
aspacetime (N, g) and choose an orthonormal frame {ey, e, ..., e,,} where ¢y is the timelike vector.
One can also use a framework that is a purely initial data perspective. Define a new connection
Vi =V;+(1/2)k;jejey and the Dirac operator D = e; - V; = e; - V; + (1/2)k; je;ejey where V; is the
induced connection on M. The Witten equation states

Dy =V*Vy + L (u+ Jeo) .

For any v asymptotic to a constant spinor 1 at infinity, integrating the above Witten’s equation
and analyzing the boundary term

|| R =1y fw e+ ey du

= lim W, Yoy +v-Dy)do = 3(n— Dwu-i (Iwol*E+ (wo, Pjejeo-wo))  (7)

r=00J|x|=r

where v is the outward unit normal. By choosing v to solve Dy = 0 with ¢ asymptotic to a certain
constant spinor ¥ such that (yo, Pjejeq - yo) = —IwOIZIPI, one gets

%(n—l)wn_1|wo|2(E—|P|):fM|W|2+5<w, (u+Jeo) - y)dpu =0

where we use the dominant energy condition in the last inequality.

The argument also directly leads the E = 0 rigidity. Since E = 0 implies | P| = 0, for any constant
spinor 1 at infinity, one can let the harmonic spinor ¥ asymptotically approach ¢ in (7) to
obtain Vi = 0, meaning that v is, in fact, a parallel spinor. One then argue that the spacetime
metric is flat along M. See [20] for more details.

3.4. Level set method using spacetime harmonic functions

We provide an overview of the proof by Hirsch, Kazaras, and Khuri [24]. Additionally, a recent
survey by Bray, Hirsch, Kazaras, Khuri, and Zhang [58] discusses the level set method applied to
positive mass theorems and other applications.

Let (©, g, k) be a 3-dimensional compact initial data set. Consider a scalar-valued function u.
For simplicity, we assume that u has no critical points. Let X; = u~1(1) be a level set of u, and
denote the unit normal to X; by 1 = Vu/|Vu|. By applying the Gauss equation to the level set X,
and using A(eq, eg) = |Vul~' V2 u(eq, ep), we obtain

IVulRic(n,n) = §|Vul(Rg — Rs) + [Vul ™ (IVIVul® = 11V ul® + § (Aw)?® - Aw)(Vw@,m).  8)
We have the modified Bochner identity:
1
Vul
Equating the previous two identities gives

AlVu|= (IV2ul? + (Vu, VAw)) + |VulRic(n,n) — [Vul " [VIVul*.

1 1 V2ul? + (Auw)* = 2|Vul(Aw)VZu(n,
BIVUl = =—(Vu, VAu) + 51Vl Ry Ry ¢ T QU 2Vul@QuVTutnn | )

Vul |Vul?

So far, the identity holds for any function u. It was observed in [24] that this identity takes a

more convenient form when u satisfies the spacetime harmonic equation Au + (trgk)|Vu| = 0, as

motivated below. Suppose the initial data set (Q, g, k) is embedded in a spacetime (N, g) with the
unit normal n. Then the Hessian operator V2 of g restricted on Q is given by

Vzu(ei, e;) = Vzu(e,-, ej) + ki jn(u).
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Since n(u) involves the spacetime vector n and is not determined on the initial data set (M, g, k),
it turns out to be effective to require n(u) = |[Vu|; namely, the spacetime vector Vu is null. By
taking the trace, it gives the spacetime harmonic equation.

Substituting u, which solves the spacetime harmonic equation, into (9) yields

|V2u + k| Vul|?
[Vul?

Consider the identity on an asymptotically flat initial data set (M, g, k) and let Q be a large

coordinate sphere. Consider u with the asymptotics u(x) — a- x as |x| — co where a € R3 and

lal = 1. Integrating the previous identity over Q and applying the coarea formula gives the
following integral formula:

1
AlVul = 2|Vul | 21— Ry + —(Vu, V(trgk)) — (VZu, k).

|V2u+ kIVul|*
IVul?
where v is the outward unit normal to Q. By carefully analysis, one can show that the integral

fg fzt Rs, is asymptotically nonpositive, and the boundary term is asymptotic to 167t(E + a - P).
To summarize, one obtain

u
f v(Vul) + k(Vu,v)) do = lf f (2u+2](n)—th+ )dadt
o0 2Ju Js,

|V2u+ kIVul|*

Vul? )dadtzo.

1
E+a-P= EIM('LH]WH

This completes the proof.

4. pp-waves and the equality case E = | P|
4.1. pp-waves

A pp-wave spacetime (or just a pp-wave for short) is a Lorentzian metric g defined on R"*!
equipped with a global coordinate chart {u, z, x1..., x" 1} where

n-1
g=2dudz+S8dz*+ Y (dx"*. (10)
a=1
Here, the scalar-valued function S depends on z and x1,...,x™ ! but not on u. The vector
Y := 0/0u is a covariantly constant, nowhere vanishing null vector field. Note that a pp-wave
is a special case of a null perfect fluid described by (5) with pressure p = 0 and carries a global
null Killing vector field Y with v = Y for some scalar function 1. The term “pp-waves” stands
for plane-fronted waves (the wave fronts are constant z slices, whose induced metric is flat)
with parallel rays (Y is a parallel null vector). These waves can describe situations in which
gravitational waves are idealized as propagating along one direction, uniformly across flat wave
fronts perpendicular to this direction.

Example8. The Minkowski metric g= —dr? +Xr.d y4? is a special case of the pp-wave metric.
To see this, we can introduce the null coordinates U = y" —t and Z = %( ¥+ t) and re-express the
Minkowski metric as g = 2dUdZ + ZZ;% (dy*)%. Thus, we recover the pp-wave metric by setting
S=01n (10). Another choice of coordinates is to set

n—l)

U=zu—(x'+-+x"1), Z=2z, y'=x%+z

and express the Minkowski metric as

n-1
g=2dudz+dz*+ )_ (dx“)>. an

a=1
Then, we recover the pp-wave metric (10) by setting S = 1.
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The second expression (11) of the Minkowski metric is more relevant to what we will discuss
below. Notice that the induced metric from (11) on the constant u slices is the Euclidean metric
with the induced second fundamental form k = 0.

We consider the constant u-slices in (10), assuming that S > 0 everywhere. Additionally, we
use x" to denote the z coordinate in (10).

Lemma9. We assume S > 0. Let g and k be respectively the induced metric and second funda-
mental form on the constant u-slices in (10). Then (R", g, k) is an initial data set where g and k are
given by

n-1
g =S(dx™?*+ Y (dx?
a=1

kap =0 fora,b=1,....,n-1
kjnZ%S_%S,j forj=1,...,n.

We also have
p=-3s"A'S
1 3 0
=-S2(A'S)—,
J 2 ( )ax”
and in particular, p=1]|g.

Proof. Along a constant u-slice we have Y = 0/0u = S~2n+S716/3x" where n = Vu/|Vul. To
compute the second fundamental form, we use that £4,5,,8 = 0 because d/du is Killing and thus

kij = $£ng0:,0)) = 4 f 1 £ x8(01,0)) = ~1 5% Lx£(0,0))

1 1
= —38%(X;j + Xji — 2T} Xp) = S2 T},
Computing the Christoffel symbols gives the desired formula for k. The computations for y, J are

more involved, and we refer to Lemma C.2 of [33]. Il

It easily follows that the dominant energy condition holds if and only if A’S < 0. Note that
such a function S cannot exist for 7 = 3 because Liouville’s theorem says that any superharmonic
function on R? that is bounded below must be constant. In the next lemma, we summarize the
properties that S have such that (R", g, k) is asymptotically flat with the decay rate q.

Lemma 10. Let n > 3. There exist nonconstant smooth functions S on R" with the following
properties:
(1) A’S <0 everywhere, strictly negative somewhere, and A'S is integrable on R".
(2) S=1in{|x"| = C} for some constant C > 0.
3) limp—co fiv2p —-¥"2108/0x%x?/|x'|do exists and is positive.
(4) For each nonnegative integer ¢ and each « € (0,1), we have S—1 € Cf’,';([R”) with q =
n-3-{+a.

Proof. Let F be a smooth nonnegative function on R”~! with coordinates x’ = (x',..., x*"1), such
that F = O(|x'| %) for some s > n— 1. We can solve A'yy = —F on R”~! via convolution with the
fundamental solution of the Laplacian on Euclidean R""!. As long as F is not identically zero,
w(x") will be a positive, globally superharmonic function on R*~!. For n > 3, it must have the
expansion

w(x') = AlX'*~" + (lower order terms),
and since v is positive, the constant A must also be positive. Now define

S, x™) =1+ p(x)w(x'),
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where ¢ is chosen to be any nontrivial, compactly supported, smooth, nonnegative function on
R. Note that A'S = —¢(x"™)F(x') < 0 and is strictly negative somewhere. It is straightforward to
verify that S satisfies Items (1), (2), and (3). Since the derivatives of S in the x" direction do not
decay any faster than |x'|>~", we can only conclude that S—1 and its derivatives of any order
are O(|x|3>~™). Thus, S—1¢€ C{’;(R”) with g = n—3 — ¢ — a by the definition of weighted Holder
spaces. O

Theorem 11. For each n = 5, there exist complete, asymptotically flat initial data sets (R", g, k)
that satisfy = |J| and E = |P| > 0. These examples have asymptotic decay rate q > (n—2)/2.

Proof. We first describe the case n > 8 by Huang and Lee [33]. Choose any S as in Lemma 10 and
use this choice in Lemma 9 to construct initial data (R", g, k). We claim that for n > 8, this is the
desired example. By construction (g, k) is clearly complete. The main task is to show that (g, k) is
asymptotically flat at the decay rate g > (n—2)/2.

Recall that our asymptotic flatness condition requires g;; —6;; € C%’; (R") and k;; € Cl’,‘; (R™)
for some (n—2)/2 < g <n-2,and (u,J) € L' (R"). For our (g, k) from Lemma 9, this is equivalent
to requiring that S—1 € C%'g for some (n—2)/2 < g < n—2 and that A’S is integrable. By Item (4)
of Lemma 10, this imposes the condition on n:

n-—2
(n-3)-2+a)>

forsome a € (0,1), orequivalently, n>8.

To see that E = | P| > 0, we evaluate the ADM energy-momentum by integrating over large capped
cylinders. The caps do not contribute, and we can see that
n-1 S x%

=— |lim —du >0,
2(n—1wp_1 P~ )ix=p  4=1 0x% |X| #

E=-P,

andPl Z-"an_l =0.

To extend the example down to dimensions n = 5, Hirsch and Zhang observed that instead
of choosing the constant u-slices in (10) as above, one can choose other spacelike slices, such
as graphs over the u-slices. By choosing appropriate graphing functions, they can improve the
derivatives in the x" direction and thus construct examples for n = 5. See [41]. O

4.2. Proofthat E = |P| impliesE=|P|=0

We review the proof by Huang and Lee [59] for the first statement of the equality theorem.

Theorem 12. Let (M, g, k) be an n-dimensional asymptotically flat initial data set with decay
rate q and assume that the positive mass theorem is true near (g, k). Furthermore, we make the
stronger asymptotic assumption that with this decay rate q,

gt+ta>n-2,

where a is the Holder exponent in the definition of asymptotic flatness. If (g, k) satisfies the
dominant energy condition, then for each asymptotically flat end, E = |P| implies that E = |P| = 0.

We set up a variational setting to prove the above theorem. Let (M, g, k) be an asymptotically
flat initial data set satisfying the dominant energy condition, as well as the assumption E = |P]|.
Given a scalar function fy and a vector field Xy so that (fy, Xo) — (a, b), we introduce the modified
Regge-Teitelboim Hamiltonian /€ corresponding to (g, k) and (fy, Xo) by

FE(y,T) = (n—1)wp-1 [aE(y, 1)+ b-P(y,7)] - fM6|(g,k) (v, 7) - (fo, Xo) dpg

where the volume measure dug and the inner product in the integral are both with respect to g.
The functional is obtained from the classical Regge-Teitelboim Hamiltonian in Definition 5 by
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replacing the usual constraint operator with the modified constraint operator 6|(g, K- We also
choose the volume form with respect to g.

Define the constraint set €4 ) to be the set of asymptotically flat initial data sets (y,) such
that ®g 1) (y, k) = @l(gx) (g k). A key property of the modified constraint operator is that if
(g, k) satisfies the dominant energy condition, then the dominant energy condition holds for all
(Y, T) € G4,k close to (g, k). Choosing the pair (fp, Xo) asymptoting to (a, b) := (E,—P), we apply
the positive mass inequality to conclude that (g, k) locally minimizes the functional # on 6,
as below: For (y,7) € €(g 1), by the same computation as in (4), we have

H(y, 1) — H(g k) = (n—1D)wy_1 [aE(y,T)+b-P(y,T)] —(n—1Dw,-1[aE+Db-P] (12)
= (n—-1wy—1 [EE(y,7)—P-P(y,7)] 20, (13)

where the inequality E(y, 1) = |P(y, 7)| is used. The equality holds when (y, 1) = (g, k).
Using the method of Lagrange multipliers, there exists a Lagrange multiplier (fi, X;) asymp-
totic to zero such that

DA\ (g 1 (h, w) = fM(fl,Xu - D®| (g 1 (h, w) dpg = fM DOI?, 1, (f1, X1) - (h, w) dpg

Since the left hand side equals — [,,(h, w) - D5|(*g, p (fo, Xo) dpig, just as the first variation of the
classical Regge-Teitelboim Hamiltonian (3), we construct a pair (f, X) = (fo, Xo) + (f1,X1) that
solves DCDI* 5 (f,X) = 0 and is asymptotic to (E,—P). To summarize, the above construction
yields a rnodlﬁed Killing initial data (f, X) with the prescribed asymptotics (f, X) — (E,—P).

Note that in the non-vacuum case, there need not be a corresponding spacetime Killing vector
field. However, intriguingly, the spinor proof by Beig and Chrusciel uses the harmonic spinor to
construct (f, X) that satisfies a similar over-determined equation with the asymptotic to (E, —P).
Their key observation is that for asymptotically flat initial data sets with the optimal decay rate,
this implies E = |P| = 0. It completes the proof.

4.3. Proof'that E = |P| = 0 implies embedding in Minkowski spacetime

Suppose E = 0. We extend the above variational setting to show that the initial data set can be
embedded into Minkowski space [39]. Unlike other proofs [17-20,40], this proof does not rely on
the specific method used to establish the E = 0 theorem. Instead, it characterizes the minimizer
of the modified Regge-Teitelboim Hamiltonian by producing additional modified Killing initial
data, under the assumption that the positivity of mass holds.

Theorem 13. Let (M, g, k) be a asymptotically flat initial data set with decay rate q > (n—2)/2
and assume that the positive mass theorem is true near (g, k). If (g, k) satisfies the dominant energy
condition and E = 0, then (M, g, k) is embedded into the Minkowski spacetime.

As in the proof of Theorem 12, we use the fact that (g, k) minimizes a modified Regge-
Teitelboim Hamiltonian ./ on the constraint set 6/ k). Then we invoke the method of Lagrange
multiplier to construct a lapse-shift pair (f, X) that solves DqJIE“g’ N f,X) = 0 with the prescribed
asymptotics (f, X) — (a, b), where (a, b) = (E,—P).

When E = |P| =0, it turns out that (g, k) minimizes the modified Regge-Teitelboim Hamilton-
ian for many choices of (a, b), because the last term of (12) is alway zero. By similar computations
as in (13), we can choose any a and b with a = |b|. This allows us to construct an entire (n + 1)-
dimensional space of lapse-shift pairs that can be thought of as being asymptotic to the (n+1)-
dimensional space of translational Killing fields on Minkowski space as we approach spatial in-
finity. Moreover, having so many solutions implies that (g, k) is vacuum, by [33, Corollary 6.6].

Once we know that (g, k) is vacuum, it follows that each of these lapse-shift pairs is actually
vacuum Killing initial data for (g, k) by Moncrief’s theorem, and we can extend them to become
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actual Killing fields on the vacuum development of (g, k). The final step is to show that having
such a space of Killing fields on an asymptotically flat Lorentzian manifold that are asymptotic
to the (n + 1) translational directions implies that the Lorentzian manifold must be Minkowski
space.
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