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Abstract. In the wake of major breakthroughs in General Relativity during the 1960s, Roger Penrose intro-
duced Strong Cosmic Censorship, a profound conjecture regarding the deterministic nature of the theory.
Penrose’s proposal has since opened far-reaching new mathematical avenues, revealing connections to fun-
damental questions about black holes and the nature of gravitational singularities. We review recent ad-
vances arising from modern techniques in the theory of partial differential equations as applied to Strong
Cosmic Censorship, maintaining a focus on the context of gravitational collapse that gave birth to the con-
jecture.

Résumé. Dans le sillage des percées majeures de la relativité générale dans les années 1960, Roger Penrose a
introduit la censure cosmique forte, une conjecture profonde concernant la nature déterministe de la théorie.
La proposition de Penrose a depuis ouvert de nouvelles voies mathématiques d'une grande portée, révélant
des liens avec des questions fondamentales sur les trous noirs et la nature des singularités gravitationnelles.
Nous passons en revue les avancées récentes issues des techniques modernes de la théorie des équations
aux dérivées partielles appliquées a la censure cosmique forte, en nous concentrant sur le contexte de
I'effondrement gravitationnel qui a donné naissance a la conjecture.
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The proving (or disproving) of [...] Cosmic Censorship in classical general rela-
tivity is perhaps the most important unsolved problem in that theory.
Penrose (1982), [1]

1. Introduction
1.1. Cosmic Censorship: from the absence of naked singularities to determinism

Penrose held the Cosmic Censorship hypothesis in such high regard because, in his words,
“unlike many other problems”, it has “genuine astrophysical significance” [1]. Cosmic Censorship
is indeed inextricably tied to the very question of Laplacian determinism in the general theory of
relativity; namely, is “the present state of the universe the effect of its past and the cause of its
future” [2]? Originally, the idea of Cosmic Censorship broadly asserts that should singularities
exist within general relativity, they ought to be confined inside a black hole and, thus, do not
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affect the observable universe!. In other words, a cosmic censor conceals any naked (that is

to say, visible to infinitely far-away observers) singularity within a black hole [4]. Very early on,
however, Penrose motivated cosmic censorship as a way to avoid “the unpredictability entailed by
the presence of naked singularities” [5]. In modern terms, the occurrence of a naked singularity
is indeed responsible for the formation of a Cauchy horizon (see [6,7] for a precise definition)
emanating from it. Should this Cauchy horizon be a regular hypersurface, the trajectory of
observers crossing it is no longer determined by their initial state. In Penrose’s words: “there
being no theory governing what happens as the result of the appearance of such a singularity,
this particular observer would not be able to account, in scientific terms, for whatever physical
behaviour is seen” [8]. In this situation, the future of spacetime itself beyond the Cauchy horizon
cannot, in fact, be predicted from its initial state, in patent violation of the spirit of Laplacian
determinism; such considerations will be discussed with greater depth in Section 2.

1.2. Locally naked singularities and early formulations of Strong Cosmic Censorship

Penrose realized that a breakdown of Laplacian determinism would also occur if the naked
singularity was covered by a black hole, an instance he calls “a locally naked singularity”, namely
a singularity that is still visible to observers falling into the black hole [5]. In his words, “cosmic
censorship [...] should [..] preclude such locally naked singularities” [5], a realization which
prompted him to introduce two distinct notions of cosmic censorship [9]:

« the absence of naked singularities in the process of gravitational collapse (the original
cosmic censorship [4]), dubbed Weak Cosmic Censorship by subsequent authors [10,11].

» the absence of naked or locally naked singularities (possibly inside a black hole) in
generic gravitational collapse, called by Penrose “Strong Cosmic Censorship” [5,9].

The terminology is fully justified in these original forms because the Strong Cosmic Censorship
statement implies that of Weak Cosmic Censorship (see [12], section 5 for a historical perspective
on this, but already contrast with the modern formulation of Strong Cosmic Censorship in
our Section 1.4 below). While originally, Cosmic Censorship concerned the problem of naked
singularities globally affecting the universe (especially idealized observers located at infinity),
the change of paradigm in Penrose’s work [5,9] refocused Cosmic Censorship on a failure of
Laplacian determinism, which can occur locally, with no reference to the observable universe
in its globality.

1.3. The interior of the Kerr black hole and the issue of Cauchy horizons

The interior of the (sub-extremal) Kerr metric (representing, at the time of Penrose, the most
appropriate known model for an astrophysical black hole), which also features a Cauchy horizon,
provides a striking case study. Contrary to Cauchy horizons emanating from a naked singularity,
the Kerr Cauchy horizon exists’ despite the absence of any singularity in its past. In retrospect, this
fact demonstrates that the study of determinism (or its breakdown) is not directly tied to naked
singularities and falls under more general considerations. That said, the Kerr metric interior
(analytically extended to the future of its Cauchy horizon) also features a timelike singularity,
which is locally naked from the viewpoint of in-falling observers crossing the Cauchy horizon, see
Figure 1. Penrose found such timelike singularities to be the most physically problematic issue

1 Before the 1960's, relativistic singularities were viewed as absurdities that could, however, be ignored providing they
were located inside a black hole, which was not then considered as a physically realistic spacetime, see [3], Chapter 3.2.

2The Kerr Cauchy horizon coincides with its inner horizon, and emanates from timelike infinity. This is another
common mechanism for the appearance of Cauchy horizons, see [13,14].
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Figure 1. Future analytic extension of the Kerr metric. €7 is a (smoothly extendible)
Cauchy horizon emanating from timelike infinity i*, and g~ a timelike ring singularity.

with the Kerr metric (see [12], Section 6). In [15,16], he discovered that the Kerr Cauchy horizon
suffers from a blue-shift instability (we will return to this in Section 4). This instability mechanism
gave credence to his original formulation of Strong Cosmic Censorship, which precisely aimed
at avoiding locally naked singularities. It is also important to note that the very existence of
the Kerr metric already demonstrates that Cauchy horizons (and the breakdown of determinism
they cause) cannot be completely ruled out from General Relativity, which mandates a genericity
conditionin the statement of Strong Cosmic Censorship (see Section 3), excluding the Kerr metric
(see the related discussion on blue-shift instability in Section 4).

1.4. The modern formulation of Strong Cosmic Censorship in terms of global hyperbolicity

Fifty years after its inception by Penrose, the statement of Strong Cosmic Censorship remains
true to its original spirit, while benefiting from the modern developments in the theory of the
initial value problem for the Einstein equations. In 1974, Penrose already proposed a connection
between Strong Cosmic Censorship and “Leray’s condition of global hyperbolicity” [9]. This
insight later allowed for a clear formulation of Strong Cosmic Censorship in terms of the maximal
globally hyperbolic development (MGHD), a concept introduced in the work of Choquet-Bruhat
and Geroch [17]. Given a suitable?® initial hypersurface (viewed as a snapshot of spacetime at
time zero), its MGHD represents the maximal spacetime that can be predicted by means of the
Einstein equations from the data posed on this initial hypersurface (see Section 2.3). A failure of
determinism, however, arises if the MGHD is extendible as a solution to the Einstein equations,
for such an extension would be, by definition, not predicted by the initial conditions generating
the MGHD. In light of these connections, Geroch and Horowitz [10] introduced the first modern
formulation of Strong Cosmic Censorship as the impossibility of extending the MGHD for generic
asymptotically flat* initial data. Such an approach excludes de facto timelike singularities since
they are incompatible with global hyperbolicity. Cauchy horizons, should they exist, are part
of the future boundary of the MGHD and, as such, the sole threat to Laplacian determinism

3By suitable initial hypersurface, it is meant a triplet (M, go, Kg), where (M, gp) a complete three-dimensional
Riemannian manifold, and Kp a symmetric tensor such that (M, go, Kp) satisfy the Einstein constraint equations.

4Asymptotic flatness is a natural assumption when studying gravitational collapse, our main focus in this review. In
the context of Cosmology, it is also interesting to study Strong Cosmic Censorship for compact initial data, see Section 7.
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by potentially allowing for spacetime extendibility. The MGHD viewpoint leads to various
similar formulations of Strong Cosmic Censorship [11,18-21], summarized in the following
conjecture.

Conjecture 1.1 (Strong Cosmic Censorship, modern formulation). For generic, asymptotically
flat, complete, and regular initial data, the Maximal Globally Hyperbolic Development (MGHD) is
inextendible as a solution to the Einstein equations.

” o«

The precise definitions of “generic”, “regular”, and “solutions” are left intentionally vague to
allow flexibility in solving the conjecture. It turns out that the validity of the conjecture varies
according to the precise meaning of a “solution” to the Einstein equations (and its regularity):
physically, this is interpreted as the fact that determinism only holds for spacetime metrics
belonging to an adequate regularity class [22-24]; we will come back to this in Section 2.3.

1.5. The modern Weak and Strong Cosmic Censorship as two independent statements

While the statement of Weak Cosmic Censorship, i.e., the absence of naked singularities in
generic gravitational collapse (see [10,11]), has remained essentially unchanged since its 1969
inception [4], the Strong Cosmic Censorship statement from Conjecture 1.1 no longer explic-
itly refers to locally naked singularities contrary to Penrose’s original version [9]. As such, the
modern approach to both Weak and Strong Cosmic Censorship renders both statements logi-
cally independent; in other words, Weak Cosmic Censorship does not follow from the resolution
of Strong Cosmic Censorship®. We note, however, that the presence of locally naked singularities
inside black holes (irrelevant to Weak Cosmic Censorship in the form the conjecture is currently
stated [10,11]) remains an obstruction to Strong Cosmic Censorship, both in its original formu-
lation [5,9] and its modern form adopted in Conjecture 1.1 (we will discuss this in more depth in
Section 5).

1.6. Strong Cosmic Censorship as a mathematical problem

Beyond the fundamental issue of determinism posed by Strong Cosmic Censorship, Conjec-
ture 1.1 turns out to be a source of profound mathematical questions at the crossroads of PDEs
and Differential Geometry. A foundational problem in evolutionary PDEs is well-posedness: does
there exist a unique solution to the equations with prescribed initial data (existence/uniqueness)?
Of course, in the context of the Einstein equations, one could interpret the existence of a unique
MGHD as settling this question. However, it is desirable to instead interpret the extendibil-
ity of the MGHD as a failure of global uniqueness for the Einstein equations—an idea first for-
mulated by Dafermos [21,25,26]—for there is no relativistic principle providing a canonical ex-
tension of the MGHD—should the MGHD be extendible: therefore, all possible extensions are
arbitrary.

We remark that, as abstractly formulated in Conjecture 1.1, the ontology of Strong Cosmic
Censorship is unrelated, prima facie, to singularities and black holes. However, it turns out
that an important obstruction to Strong Cosmic Censorship precisely originates in the interior of
black holes, as shown by the example of the Kerr metric that we now reexamine under a modern
light. In PDE terminology, the MGHD of Kerr initial data terminates at a Cauchy horizon, which
is future-extendible and, thus, would represent a counter-example to Conjecture 1.1 had we not
included the word “generic” in its formulation (see Section 3.3). It is precisely because the MGHD

5In Christodoulou’s words “‘strong’ and ‘weak’ in reference to the two cosmic censorship conjectures is not a happy
one, for it seems to suggest that the ‘strong’ conjecture implies the ‘weak’ one, which is not the case” [11].
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of the Kerr metric is singularity-free (hence extendible) that, ironically, determinism now appears
in jeopardy. Therefore, a restorationist strategy for determinism should involve showing that for
generic perturbations of the Kerr black hole, the MGHD features a singular terminal boundary,
across which no (future) extension is possible: this is indeed the hope entertained in the early
works on blue-shift instability of Penrose [15] and Penrose-Simpson [16] that we discussed
above. More generally, a resolution of Conjecture 1.1 would require showing the presence of a
singularity in the interior of a generic black hole and thus answering the following fundamental
problem:

Problem 1.2. In the context of generic gravitational collapse, is the terminal boundary of a black
hole interior singular and, if so, how strong is the singularity?

The strength of the singularity is crucial, moreover, in that it precludes a failure of deter-
minism in its corresponding regularity class [23,27,28]. The theme of singularities in the con-
text of black holes (and more broadly within general relativity) is indeed intimately connected
to Cosmic Censorship; we will discuss this, together with the celebrated singularity theorems in
Section 2.

Taking a step back, we may also connect such a mathematical endeavor with the more general
theme of dynamical singularity formation in evolutionary PDEs, a class of differential equations
to which the Einstein equations belong. Finally, we emphasize that the connection between a
singularity within the system of PDEs and the geometric inextendibility of the MGHD is subtle
due to the covariant nature of the Einstein equations®, which gives rise to fascinating geometric
problems (see, in particular, Sections 3 and 4).

We conclude this section emphasizing that Strong Cosmic Censorship, despite its concise
statement in Conjecture 1.1, encompasses a web of mathematical problems and provides a test-
ing field to rigorously understand deep physical concepts such as singularities or determinism.
The conjecture has nowadays become a field of research on its own and the source of many
exciting mathematical developments. Progress toward its resolution is poised to have reper-
cussions that extend far beyond applications in General Relativity, particularly within the field
of PDEs.

2. Initial value problem and global hyperbolicity
2.1. Laplacian determinism from Newtonian mechanics to general relativity

Newtonian mechanics has long been employed in the well-known classical theory of gravitation,
the predecessor of General Relativity. In Newtonian mechanics, the motion of a point-particle of
mass m in a gravity field g is governed by Newton’s second law giving rise to the following ODE:
2=
X .
m—— =mg(x(1), y(1),z(1),1),

de? @.1)

. dx L.
X(t=0) = (xo0, Yo, 20), E(t: 0) = (X0, Yo, Z0).

Equation (2.1) is par excellence deterministic in the sense of Laplace: indeed, for prescribed
initial positions (xg, yo,20) and velocities (%o, yo,Z0), (2.1) has a unique (possibly blowing-up
in finite-time) solution. Hence, the initial state of the test particle fully determines its future
evolution” Analogously in General Relativity, the motion of a freely falling test-particle (also

6The diffeomorphism-invariance of the theory indeed requires demonstrating the presence of a singularity in a
coordinate-independent fashion, which is a challenging task in general.

"For N particles, however, (2.1) becomes a system of nonlinear ODEs and its solutions may blow-up in finite time (e.g.
if two particles collide), which can cause a breakdown of determinism for this model if N = 3, see [29], Chapter III.
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known as a freely-falling observer) on a Lorentzian manifold (.#, g) is governed by the timelike
geodesic equation

_dzia.,_ a ( )d_j’c‘fd_jéﬂ_a
dr? o84 ar
- dx s
x(T = 0) = (xO)yOV 20, tO)y _(T = 0) = (xO)yO) 20, tO)) (22)
dx

—(T 0), (T 0)

where 7 = 0 represents the observer’s proper time (note that ¥ is now a four-dimensional
spacetime vector) and I'J ﬂ(g) are the Christoffel symbols of the spacetime metric g (see e.g. [6,7]).

Remark. A timelike geodesic represents the wordline of a freely falling massive test-particle. The
analogue for a massless test-particle (e.g. a photon) is provided by the null geodesic equation

dz"“+ra ( )dx" dxt 5,
a2 oS T qr
. dx L
X(T = 0) = (x0, Yo, 20, o), —(T =0) = (%o, Yo, Zo, fo), 2.3
dx

—(T = 0), (T =0)|=
Together, (2.2) and (2.3) provide the equation of a so-called causal geodesic.

It is possible for a causal geodesic to exit the spacetime (., g) in finite proper time 7yj; (ge-
odesic incompleteness, see Section 2.4). In this situation, Laplacian determinism begs the ques-
tion: do the equations predict what happens to this observer? We distinguish two possibilities:

(A) The observer encounters a terminal singularity, in the sense that (2.2) cannot be contin-
ued beyond the exit proper time 7¢yi;. This situation occurs for instance at the {r = 0} sin-
gularity in the interior of the Schwarzschild black hole (see Section 3 for further details).

(B) The observer does not encounter a terminal singularity, in the sense that (., g) can be
(future) extended as a Lorentzian manifold in which (2.2) makes sense for T > Teyjt. This
situation occurs at the Cauchy horizon in the interior of the Kerr black hole, see Figure 1.

A modern interpretation of Scenario (A) is that Laplacian determinism is respected in this
case [3,22,23,30], highlighting the significance of singularities for Strong Cosmic Censorship. Sce-
nario (B), however, is not entirely conclusive; indeed, unveiling potential violations of determin-
ism in this situation additionally requires examining the predictability issues associated with
equations governing the spacetime metric (e.g., Einstein equations), see Section 2.3. We note
that the situation of Scenario (B) underscores the primacy of spacetime extendibility in resolving
Conjecture 1.1, suggesting it is a more fundamental concept than the continuation of individual
worldlines solutions of (2.2) or (2.3), as we discuss in Section 2.3.

2.2. Cauchy surfaces and global hyperbolicity

We now return to formulating the previously-described failure of determinism in terms of space-
time extendibility. We first describe general Lorentzian-geometric notions that do not require the
Einstein equations (2.4) to be satisfied, starting with the concept of a Cauchy surface.

Definition 2.1 (Cauchy surface). A hypersurface X is a Cauchy surface for the Lorentzian mani-
fold (M, g) if it is met exactly once by any inextendible timelike curve.
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The concept of a Cauchy surface is crucial in making sense of determinism within General
Relativity for it provides an initial time hypersurface on which to prescribe initial conditions for
the Einstein equations (2.4) (we will come back to this in Section 2.3). A spacetime in which any
event is causally connected to such a Cauchy surface is called globally hyperbolic.

Definition 2.2 (Globally hyperbolic spacetime). The Lorentzian manifold (4, g) is called glob-
ally hyperbolic if it admits a Cauchy surface .

Note the region {f = 0} on the maximal analytically-extended Schwarzschild spacetime (see
Section 3.2) is globally hyperbolic, while the region {# = 0} on the maximal analytically extended
Kerr spacetime is not [6,31]. Not every spacetime (., g) is globally hyperbolic, however, it is
always possible [7] to construct a globally hyperbolic subset of (.#, g) by considering the (interior
of the) domain of dependence 2(Z) of an achronal hypersurface X: in the case of = {# = 0} in
the Kerr spacetime, (%) is the subregion of {¢ = 0} below the Cauchy horizon, see Figure 1.

2.3. The Einstein equations of spacetime dynamics and their initial value problem

The Einstein field equations. Contrary to Newtonian mechanics, the ontology of General Rela-
tivity is not about the trajectory of particles per sé, but instead about the dynamics of spacetime,
modeled by a four-dimensional Lorentzian metric (.#, g) governed by the Einstein equations

Ricyy (g) — $Scal(g) guv = 87T 1y, (2.4)

where Ric,y(g) is the Ricci curvature tensor of the spacetime metric g and Scal(g) its scalar
curvature. Here, T, is the stress-energy tensor of the matter in presence, with T, = 0 for the
Einstein vacuum equations.

The Energy conditions. The positivity of energy is reflected by the so-called energy condi-
tions [6,31], the weakest of which being the null energy condition for solutions of (2.4):

T(v,v) =0 for any null spacetime vector v. (2.5

Note that (2.5) can equivalently be formulated purely in terms of the spacetime metric g as
Ric(v, v) = 0 for any null spacetime vector v, independently of (2.4). Analogously, one defines the
strong energy condition (which indeed implies the validity of the weak energy condition (2.5)):

Ric(T,T) =0 for any timelike spacetime vector T. (2.6)

Classical solutions versus weak solutions. A classical solution g of (2.4) must possess twice
differentiable components g;,, in some appropriate coordinate system (dubbed a C? solution).
Interestingly, however, it is possible to make sense of weak solutions of (2.4) for continuous
metrics g with locally square-integrable Christoffel symbols [24] (dubbed a Hﬁ)c solution). These
notions play an important role in the formulation of Strong Cosmic Censorship, see below.

Initial value problem and maximal globally hyperbolic development. We are now ready to view
the Einstein equations (2.4) as an initial value problem analogously to (2.1). We call the following
a suitable initial data set for the Einstein equations (2.4) (say in vacuum, i.e., with T = 0).

(1) A complete three-dimensional regular Riemmanian manifold (%, gy), which will later be
viewed as the first fundamental form of the spacetime metric g with respect to X.

(2) Asymmetric regular two-tensor Ky, which will later be viewed as the second fundamental
form of the spacetime metric g with respect to X.

(3) Assume (go, Kp) satisfy the Einstein constraints equations induced by (2.4) (see e.g. [32]).
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To solve the initial value problem, one needs to treat X as a Cauchy surface and construct a
globally hyperbolic spacetime solution of (2.4) consisting of the wordlines of timelike curves
starting at X: the resulting Lorentzian manifold (.#, g) is the Globally Hyperbolic Development
(GHD) of the initial data (Z, gy, Kp), more precisely:

Definition 2.3. A globally hyperbolic development (GHD) (., g) of suitable initial data (Z, g9, Ko)
is a globally hyperbolic Lorentzian manifold (., g) satisfying (2.4) as a classical solution together
with an embeddingi: X — M such thati*(g) = gy, i* (K) = Ky, where K is the second fundamental
form of i(X) in . with respect to the future normal and i(Z) is a Cauchy surface in (A, g).

The cornerstone of the initial value problem for the Einstein equations is given by the following
result of Choquet-Bruhat and Geroch [17] stating that there exists a unique maximal GHD of the
prescribed initial data set (X, go, Ko), considered to be the solution of (2.4) for such initial data.

Theorem 2.4 ([17,33]). Given a suitable initial data set (X, go, Ko), there exists a GHD (., g)
that is an extension of any other GHD of the same initial data. This GHD (., g) is unique up
to isometry and is called the maximal globally hyperbolic development (MGHD) of the initial data
set (z) gO) KO)

Remark. In the above Theorem 2.4, we assumed regular initial data; however, rougher solutions
of (2.4) are of considerable mathematical and physical interest. The state of the art is given by the
Klainerman-Rodnianski-Szeftel bounded-L? curvature theorem [34] proving the existence of a
weak solution of (2.4) in vacuum for initial data with two square-integrable derivatives (i.e., leo c
in some coordinates). It is possible, however, to solve (2.4) for even rougher initial data, provided

they possess a special structure, for instance in the case of impulsive gravitational waves [35-39].

Returning to Laplacian determinism: inextendibility of the MGHD. The MGHD (.4, g) con-
structed in Theorem 2.4 consists of worldlines of inextendible timelike curves (i.e., observers).
But what if the MGHD (., g) itself was extendible, i.e., there exists a Lorentzian manifold (M, 2)
solution of (2.4) and a proper embedding J : .4 — .#? Due to the hyperbolic nature of (2.4), one
cannot expect such an extension to be unique [22,26], which already demonstrates a failure of
global uniqueness for the initial value problem described above. This failure is also accompanied
by a breakdown of Laplacian determinism, in the sense that the timelike curves which were in-
extendible in (.#, g) become extendible within (M, 8): since the extension (M, g) is arbitrary, so
is the fate of these observers, which is not uniquely determined by their initial conditions at the
Cauchy surface Z. The validity of Laplacian determinism thus mandates the inextendibility of
the MGHD as a solution to the Einstein equations, which motivated our formulation of Strong
Cosmic Censorship as Conjecture 1.1 in Section 1.4. To conclude this section, we will formulate
three physically-relevant notions of MGHD inextendibility of decreasing stength:

(I) (C° Strong Cosmic Censorship) The MGHD is inextendible as a C° Lorentzian manifold.
This is the strongest possible inextendibility requirement at present, which is a pointwise
failure of continuity/boundedness of the metric coefficients in every coordinate system.

(an (H* Strong Cosmic Censorship) The MGHD is inextendible as a C° Lorentzian manifold
with square-integrable Christoffel symbols. Inextendibility at the H' regularity precludes
any extension of the MGHD even as a weak solution to the Einstein equations (2.4).
(I (Cc? Strong Cosmic Censorship) The MGHD is inextendible as a C? Lorentzian manifold
with square-integrable Christoffel symbols. Inextendibility at the C? regularity precludes
any extension of the MGHD as a classical solution to the Einstein equations (2.4).

Remark. It might be possible, in principle, to prove directly that the MGHD is inextendible as a
(weak) solution to (2.4). Instead, however, all known works on this question prove inextendibility
as a Lorentzian manifold within a given regularity class such as the ones of Statement (I), (II), or
(I1I).
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2.4. Singularity theorems and the problem of geodesic incompleteness

If the Strong Cosmic Censorship of Conjecture 1.1 is true, then what is the mechanism leading
to the inextendibility of the MGHD? In most cases, MGHD inextendibility is caused by the
presence® of a singularity on its the terminal boundary. The celebrated Penrose singularity
theorem [41] shows that the presence of a (closed) trapped surface, namely a topological sphere
whose outgoing null mean curvature is negative (see e.g. [42]), leads to geodesic incompleteness.

Theorem 2.5 ([41]). If (4, g) admits a non-compact Cauchy hypersurface, contains a closed
trapped surface and satisfies the energy condition (2.5), then it is future-causally geodesically
incomplete.

Note that the singularity inside Schwarzschild’s black hole (which, of course, contains a
trapped surface) is indeed associated to causal geodesic incompleteness (see Section 3.2). Be-
cause a surface being trapped is a stable condition with respect to small perturbations, Theo-
rem 2.5 shows that geodesic incompleteness (interpreted as a form of singularity) “is a robust pre-
diction of the general theory of relativity” [43]. However, it turns out that Theorem 2.5 merely as-
serts the existence of incomplete causal geodesics, which is not necessarily associated to a blow-
up of curvature (or other gauge-invariant metric quantities): this is indeed what happens for the
MGHD of the Kerr spacetime, when incomplete geodesics reach its Cauchy horizon as depicted in
Figure 1 despite the absence of any singularity at the Cauchy horizon (Scenario (B) in Section 2.1).
For this reason, Theorem 2.5 is sometimes called the Penrose incompleteness theorem [23,30].

As a conclusion to this section, we emphasize that Conjecture 1.1 requires to go beyond the
statement provided by Theorem 2.5 and specify the nature of the geodesic incompleteness, par-
ticularly whether it is associated to a metric singularity strong enough to preclude extendibility
in the sense of statements (I), (I) or (IIT) described in the previous Section 2.3. Because trapped
surfaces are the precursor of black holes, this mathematical endeavor is naturally connected to
the fundamental Open Problem 1.2, which will require addressing in any resolution of Conjec-
ture 1.1.

3. Extendibility and singularity structure of particular solutions

While the extendibility properties of specific spacetimes technically has no bearing on Conjec-
ture 1.1, since it only concerns generic solutions of the Einstein equations (2.4), it is instructive to
examine well-known examples in the light of the concepts developed in the earlier Section 2.

3.1. Minkowski spacetime and other geodesically complete spacetimes

R3+1

The Minkowski spacetime ( ,m) is the flat solution to (2.4) in a vacuum given by

m:—dt2+dx2+dy2+dz2. 3.1)

(R3*1,m) is well-known to be causally geodesically complete, and stable to small perturba-
tions from the celebrated work of Christodoulou-Klainerman [44] and Lindblad-Rodnianski [45].
Since both the Minkowski spacetime and its pertubations are singularity-free and causally
geodesically complete, how do they fit in within the inextendibility requirements of Conjec-
ture 1.12 As it turns out, any timelike geodesically complete spacetime (including (R3*!, m)) sat-
isfies the most demanding notion of Strong Cosmic Censorship, i.e., Statement (I) in Section 2.3.

8Except if the MGHD is timelike geodesically complete, e.g. for Minkoski spacetime, in which case it is C° inex-
tendible [40] despite the absence of singularities, see Section 3.1 for a detailed discussion.
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L ={r=0 .

Figure 2. Schwarzschild as the MGHD of a two-ended asymptotically flat hypersurface X.

Theorem 3.1 ([40]). A smooth (at least C?) time-oriented Lorentzian manifold that is time-like
geodesically complete and globally hyperbolic is C°-inextendible.

Therefore, Theorem 3.1 shows that in proving Conjecture 1.1, one can now restrict our atten-
tion to timelike geodesically incomplete spacetimes, a large class of which is provided by space-
times with a trapped surface (including any sub-extremal black holes), by Theorem 2.5.

3.2. The Schwarzschild black hole

The Schwarzshild spacetime (R3*!, g5) is a one-parameter family of black hole solutions to (2.4) in

avacuum indexed by their mass parameter M > 0, which takes for following form when r # 2M:
2M 2M\ ™!
gs=— (1 - —) dr® + (1 - —J dr? + r?(d6? + sin?(@)d¢?). 3.2)
r r

The spacetime geometry of the Schwarzshild spacetime (R3*1, g5) is depicted in Figure 2, with the
event? horizon #* = {r = 2M} and the spacelike singularity ¥ = {r = 0}. The {r = 0} singularity
is known to be terminal, in the sense that the Kretschmann scalar is infinite [46] (curvature
blow-up): it is thus well-known that the Schwarzschild spacetime is C?-inextendible [42] and,
therefore, satisfies Strong Cosmic Censorship in the sense of Statement (III) in Section 2.3.
Moreover, it is also classically known [31,46] that in-falling observers reach . = {r = 0} in finite
proper time and experience infinite tidal deformations, which correspond, at least heuristically,
to a metric blow-up on the C° level. These considerations beg the following question [42]:
is the Schwarzschild spacetime inextendible in a stronger sense, e.g. as in Statement (I) of
Section 2.3? The affirmative answer to this longstanding question was obtained by Sbierski [47]
in the following theorem:

Theorem 3.2 ([47]). The MGHD of the (two-ended asymptotically flat) hypersurface {t = 0} of the
Schwarzschild spacetime gs is C°-inextendible (to the future).

3.3. The Reissner-Nordstrom and Kerr black holes

The Schwarschild spacetime (3.2) represents the simplest black hole, uncharged and non-
rotating. Its charged analogue is the Reissner-Nordstrém spacetime (R3*!, ggn) of charge e for
0 < |e| = M, which takes the following form when r # r.. (M, e), where r+ (M, e) = M+V M? — 2 > 0:

2M e oM e\
gRN = — (1 -+ e—z) dr? + (1 -+ e—z) dr? + r?(d6? +sin?(©)d¢g?) (3.3)
r r r r

9The event horizon #7* = {r = 2M} is a regular hypersurface for gg under the appropriate choice of coordinates [6,31].
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and is a solution of the Einstein-Maxwell equations:

Ricyy (g) — 1Scal(g) gy = 8 (g“ﬁFavFﬁ“ —1pPp,, g,w), VHE,, =0, o

:TEM

Note that 7. (M, e) correspond to the roots of (1-(2M/r) + e2/r?), with #* = {r = r. (M, e)} be-

ing the event horizon and €#" = {r = r_(M, e)} the Cauchy horizon: the MGHD of the Cauchy

surface {t =0} is {t = 0,r < r_(M, e)} and the Penrose diagram of the Reissner-Nordstrém space-

time is the same as that of Figure 1. The extremal Reissner-Nordstrém spacetime corresponds to

the case |e| = M. The rotating analogue of the Schwarzschild spacetime is the celebrated Kerr [48]
black hole of angular momentum 0 < |a| < M of the following form when r # r, (M, a):

_2M @ 1+ﬂ2L;2(m
r T 2 2 T 2
gk = ~—————(dt—asin®(0)dp)* + ——_—-dr
1+ €l -2 4
. 2 6
+2+ a2 cos2@)1d0? + — O dr- (2 + ad dol?, 3.5)

r2 + a? cos?(0)
and is a solution of (2.4) in vacuum (T = 0). Analogously, #* = {r = r. (M, a)} is the event horizon
and €#4" = {r = r_(M, a)} the Cauchy horizon, where r. (M, a) = M + v M? — a?; the MGHD is
{t=0,r <r_(M,a)} and the Penrose diagram of the Kerr spacetime is given in Figure 1. Finally,
the extremal Kerr spacetime corresponds to |a| = M.

As already discussed in Section 1, the MGHD of the Reissner-Nordstrom and Kerr spacetimes
are smoothly and non-uniquely extendible across the Cauchy horizon €#* and, therefore, do
not even satisfy the least demanding inextendibility of Statement (III). This smooth extendibility
makes for a serious threat to Laplacian determinism, all the more that the Kerr black hole is often
considered to be a realistic model for astrophysical black holes. However, we emphasize that the
Reissner—Nordstrom/Kerr spacetimes are not counter-examples to Strong Cosmic Censorship as
formulated in Conjecture 1.1, precisely because they are not generic solutions of (2.4), in view of
their stationary character. To prove Conjecture 1.1, one needs in particular prove the following:

Problem 3.3. Show that for generic and smooth small perturbations of the Reissner—
Nordstrom/Kerr initial data, the MGHD solving (2.4) is inextendible as a suitably regular
Lorentzian manifold.

This genericity condition may appear as an all-too-convenient fiat in order to restore deter-
minism. However, we emphasize that, in the Penrose blue-shift scenario [4,15], the Reissner—
Nordstrém/Kerr interior region (i.e., the region {r < r;} beneath the event horizon) is conjec-
turally unstable to small perturbations. Since a physically realistic solutions must be stable to
small perturbations, the Reissner-Nordstrom/Kerr interior region and their smooth extendibility
can be deemed to be unphysical and therefore, it is legitimate to exclude them from the picture
of gravitational collapse. That said, it is yet unclear to which extent Penrose’s blue-shift instability
operates as a restorationist of determinism; we will discuss this in more detail in Section 4.

3.4. The Oppenheimer-Snyder spacetime

The first description of gravitational collapse came with the celebrated Oppenheimer-Snyder [49]

black hole solution of (2.4) with dust (a pressure-less perfect fluid with velocity u®, density p)
To" = pugug. (3.6)

It consists of a ball of homogeneous dust of finite radius, outside of which the spacetime coin-
cides with the Schwarzschild (3.2) metric, and terminates at a spacelike singularity . = {r = 0} as
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Figure 3. Penrose diagram of Oppenheimer-Snyder [49] spacetime (gravitational collapse).

depicted in Figure 3. In view of Theorem 3.2, we may conjecture that the Oppenheimer—-Snyder
spacetime is also C°-inextendible. However, we emphasize that the Oppenheimer-Snyder space-
time does not represent a generic'? instance of gravitational collapse, due to its high number of
symmetries and the homogeneity of the dust ball, see Section 5 for further discussions.

3.5. The naked and locally naked singularities

In the seminal work [51], Christodoulou constructed examples of naked singularities solutions of
the Einstein-scalar-field equations, i.e., (2.4) with the following scalar field stress-energy tensor

Toh = 0,00, — 18P0, pdp) gy, Tgp=0, 3.7)

and moreover arising as a model of gravitational collapse (see Section 5). The Penrose diagram
of Christodoulou’s spacetime is depicted on the left of Figure 4, and br is a naked singularity.
Analogously [51] also constructs a locally naked singularity br inside a black hole region, see the
right panel of Figure 4: in both cases, a Cauchy horizon € #r emanates from the singular point
br and across it, the spacetime is extendible!! as a solution to (2.4), (3.7). The Christodoulou
spacetimes do not have smooth initial data (see the footnote below) and therefore, do not, strictly
speaking, pose a threat to Conjecture 1.1, which is formulated for solutions of (2.4) with smooth
initial data. The same is true for the recently-constructed naked singularity solutions of the
vacuum (2.4) in the breakthrough of Shlapentokh-Rothman-Rodnianski [54]. Within spherically
symmetric matter models, naked singularities with smooth initial data, however, have been
observed numerically [55,56]. They pose a threat to Strong Cosmic Censorship, similarly to the
Cauchy horizons discussed in Section 3.3. In Section 5, we will discuss strategies to show that
such (locally) naked singularities are non-generic solutions, in order to prove Conjecture 1.1.

1011 fact, even within the spherically-symmetric solutions of the Einstein-dust equations, the Oppenheimer-Snyder
solution is non-generic, and some of its perturbations actually feature a naked singularity [50]! The standard interpreta-
tion is that dust is an unphysical matter model in these circumstances in which the fluid density becomes large [13,42].

135 a solution of the Einstein-scalar-field equations in the (rough) BV class defined by Christodoulou in [52]. In fact,
the extension is C 1'6, which has the same regularity as the initial data on a suitable Cauchy surface [53].
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Figure 4. Left: Penrose diagram of a naked singularity spacetime. Right: Penrose diagram
of a spacetime with a locally naked singularity inside a black hole.

4. Cauchy horizons in dynamical black holes and blue-shift instability
4.1. Blue-shift instability: heuristics and numerics

The celebrated blue-shift instability mechanism at the Reissner-Nordstrém/Kerr Cauchy horizon
is the cornerstone of Strong Cosmic Censorship as already envisioned by Penrose [4].

Consider two freely-falling observers: an in-falling timelike incomplete geodesic A entering
the black hole region, reaching the Cauchy horizon €7 in finite proper time, and a complete
timelike geodesic B with infinite proper time remaining outside of the black hole forever. The
geometry depicted in Figure 5 is such that a pulse sent by B towards A with constant frequency
becomes infinitely blue-shifted as A reaches €. 7. The numerical study of linear fields on a fixed
black hole (see Section 4.2) confirms the blue-shift instability scenario, see [15,57]. How this blue-
shift mechanism impacts the Cauchy horizon stability for solutions of the Einstein equations (2.4)
(so-called back-reaction problem), however, remains to be seen, and will be discussed below.

4.2. Blue-shift in linear test-field theories on a fixed stationary black hole

Before turning to the full nonlinear dynamics of the Einstein equations (2.4), it is useful to first
consider the behavior of linear test fields on a fixed sub-extremal Reissner—Nordstrom (i.e., (3.3)
with 0 < |e| < M) or Kerr (i.e., (3.5) with 0 < |a|] < M) black hole, starting with the wave equation'?

Lgp=0, with g=grn or g = gk. 4.1)

The first theoretical approach to establishing blow-up at the Cauchy horizon for solutions of
(4.1) (and their spin-weighted analogues, including electromagnetic and linearized gravitational
fields) is due to McNamara [59] using a scattering method. Initial data are posed to be trivial
at the past event horizon #~ and a fast-decaying radiation field at past null infinity .#~. The
key idea, clarified in [58], is to construct a transmission map taking the initial data on .#~ to the
Cauchy horizon €#*, and use the ¢-invariance of (3.3) (or (3.5)) to show that the local energy
of the transmitted solution ¢ blows up at the Cauchy horizon €.#7*; in other words, ¢ ¢ Hﬁ)c,
which is a linear analogue of the formulation (II) of Strong Cosmic Censorship from Section 2.3.
The rigorous construction of the transmission map and its non-trivial character were proved
in the work of Dafermos-Shlapentokh-Rothman [58] establishing the following linear instability
result!3:

12\e recall that (4.1) is often used as a linear toy model for the Einstein equations, due to their hyperbolic nature.
13 Anterior work of Sbierski [60] on Gaussian beams also provides solutions with arbitrarily large local energy at €. .
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Figure 5. Blue-shift effect at the Reissner-Nordstrom/Kerr Cauchy horizon, figure
from [58].

Theorem 4.1 ([58]). There exists a solution ¢ to (4.1) such that r¢| z- =0 and r¢,.»- decays at an
arbitrarily fast polynomial rate, yet the local energy of ¢ is infinite at the Cauchy horizon € #*.

How to reconcile the existence of merely one solution with infinite local energy at the Cauchy
horizon with the genericity requirement of Strong Cosmic Censorship? A well-known argument
(see e.g. [61]) shows that for (4.1), the existence of one blowing-up solution gives rise to blow-up
for all initial data (in the same regularity class) except a co-dimension one subset: blow-up is thus
generic in this sense. However, scattering-type blow-up arguments a la McNamara do not provide
a constructive condition to decide whether a given solution to (4.1) blows up at €. 7" or not. A
different approach to Cauchy horizon blow-up for (4.1), which relies on propagating inverse-
polynomial lower bounds in time, has been proposed by Luk-Oh [61] on the (sub-extremal)
Reissner—Nordstrom interior region (3.3), then by Luk-Sbierski [62] on the (sub-extremal) Kerr
interior (3.5), starting from characteristic initial data on the event horizon /7. See also the more
recent linear results for (4.1) by Ma—-Zheng [63] and Luk-Oh-Shlapentokh-Rothman [64].

Theorem 4.2 ([61-64]). If ¢ is a solution of (4.1) is such that its energy of along the event horizon
F obeys some polynomial upper and lower bounds then its local energy is infinite at € 7+ .

We also mention the recent work of Sbierski [65] establishing an analogous result to Theo-
rem 4.2 for the equations of linearized gravity; such results are poised to be used in an even-
tual proof of Strong Cosmic Censorship for the full (nonlinear) Einstein equations. We finally
emphasize that the assumptions of Theorem 4.2 can be shown to be satisfied for generic (suffi-
ciently regular and localized) initial data at the Cauchy surface {¢ = 0} for (4.1), which becomes
an asymptotic-in-time problem in the black hole exterior; we will return to this in Section 6.

4.3. Nonlinear dynamics and spherically-symmetric matter models

It is natural to consider Strong Cosmic Censorship for solutions to the Einstein equations in
vacuum, as we will discuss below. In order to understand delicate nonlinear issues like the
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ones associated to Strong Cosmic Censorship, it is useful to first look at spherically symmetric
models, which are simpler to track. However, the well-known Birkhoff theorem (see e.g. [6,31])
shows that all spherically symmetric solutions of (2.4) in vacuum are trivial, in the sense that
they are isometric to the Schwarzchild (3.2) or Minkowski metric (3.1). In other words: the
spherically-symmetric Einstein equations do not have a dynamical nature in vacuum and are
merely constraints. Therefore, to study spherically symmetric dynamical problems in General
Relativity, one must consider (2.4) coupled to a non-trivial matter model T. Ideally, the matter
model should reintroduce the wave degrees of freedom lost by imposing spherical symmetry to
the Einstein equations [11], which is what inspired Christodoulou to study the Einstein-scalar-
field model (2.4), (3.7) in spherical symmetry in his series of works [51,53,66]. We will give a non-
exhaustive lists of such scalar-field matter models, in increasing order of sophistication.

« (Einstein-scalar-field) The model (2.4), (3.7) was studied by Christodoulou in [52,53,66]
in his work on gravitational collapse already mentioned in Section 3.5. Note that the
Schwarzschild metric (3.2) is a solution of (2.4), (3.7) with ¢ = 0. The Einstein-scalar-
field spherically symmetric model does not allow for the presence of Cauchy horizons
emanating from timelike infinity i*, because of the absence of angular momentum or
electric charge, so we will not discuss it further in this section (see, however, Section 5).

+ (Einstein-Maxwell-scalar-field) To study Cauchy horizons while remaining in spherical
symmetry, Dafermos [25,67] considered (2.4) coupled with the stress-energy tensor

T =T +To, Ogp=0, VFE,, =0 4.2)
(recall Tf}l\,/l is defined in (3.4)). The Reissner-Nordstrom metric (3.3) is a solution of (2.4),
(4.2) with ¢ = 0. Note that the uncharged scalar field ¢ is not directly coupled to the
Maxwell field Fjy. In the absence of charged matter, F,, is subjected to a spherically-
symmetric rigidity analogous to Birkhoff theorem [13,25,67] and takes the trivial form

F= %deu Adv, where g = —Q%dudv + r2d0§z, (4.3)
r

and e # 0 is a constant. Importantly, and contrary to Christodoulou’s electromagnetism-
free model, it is not possible to study gravitational collapse spacetimes within this model
because such a situation requires the presence of a center I' = {r = 0} (see Section 5)
where both the spacetime metric g and the electromagnetic field F are regular. The rigid
form (4.3) and the e # 0 are obviously incompatible with such a requirement at r = 0.
« (Einstein-Maxwell-charged-scalar-field) To remedy the Maxwell field rigidity of (4.3),
one can study a charged scalar field [13,68], namely the coupled stress-energy tensor:
Tuy =T+ TSF, TEF = RDpDP - § (8 DatpDpd) g s
g’”DuDv(p =0, V”FHV =igoS(PDy ), D, =V, +iqyA,, F=dA,

where V, is the Levi-Civita connection of the spacetime metric g, go # 0 is a coupling
constant, and A, is the electromagnetic potential. Because the electromagnetic form F is
now coupled to the charged scalar field ¢, it is no longer subjected to the rigidity of (4.3).
Therefore, (4.4) is suitable as a spherically-symmetric model of gravitational collapse.

All the above spherically-symmetric models are generally considered as toy models for the Ein-
stein vacuum equations (i.e., (2.4) with T = 0). We emphasize that, strictly speaking, spherically-
symmetric solutions of (2.4) are non-generic and thus have no bearing to Conjecture 1.1;
nonetheless, one can formulate an analogous simplified version of Conjecture 1.1 within the class
of spherically symmetric solution.
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Finally, to complicate matters further, note that it is possible to study the massive Klein—
Gordon variant of all these models (see already Section 6.3), replacing [1g¢ = 0 by

Og¢p = m*¢, (4.5)

where m? > 0. The Einstein-Klein-Gordon equation, in contrast, is often viewed as a matter
model in its own sake (as opposed to a toy model for vacuum dynamics) which features different
phenomena than the Einstein vacuum equations [28,69-72].

4.4. Einstein dynamics: nonlinear stability of the Cauchy horizon

One of the key issues in resolving Strong Cosmic Censorship is to understand the consequences
of the blue-shift instability for dynamical perturbations of the Reissner-Nordstrom and Kerr
spacetimes solving the Einstein equations (2.4) either in vacuum or for a reasonable matter
model. In view of the examples of Section 3 (among the only examples known at the time
of Penrose, see e.g. [6]), it might seem reasonable to speculate that the blue-shift instability
“destroys the Cauchy horizon”, and causes the dynamical appearance of a terminal singularity,
the only known example of which being . = {r = 0} in the Schwarzschild black hole (3.2). In
the context of the vacuum Einstein equations, Penrose [5] writes “there are some reasons for
believing that generic perturbations away from spherical symmetry will not change the spacelike
of the singularity”. Interpreting this scenario in the context of Conjecture 1.1, one is tempted
to speculate about the validity Strong Cosmic Censorship in the C? sense, i.e., Statement (I) from
Section 2.3 for small perturbations of the Kerr black hole, which leads to the following conjecture.

Conjecture 4.3 (Spacelike singularity conjecture). The MGHD of small perturbations of the Kerr
metric (3.5) solving the Einstein equations (2.4) in a vacuum terminates at a spacelike singularity
& and has the same Penrose diagram as Figure 2. Moreover, the MGHD is C° -future inextendible.

Dafermos studied this problem in spherical symmetry for solutions of the Einstein—-Maxwell-
scalar-field system (4.2) converging to a sub-extremal Reissner-Nordstrom black hole, and sur-
prisingly proved that the Cauchy horizon ends up being stable to perturbations [25,67], blue-shift
instability notwithstanding! As a consequence, he also showed that the spacetime metric is con-
tinuously extendible, thus falsifying the spherically-symmetric version of Conjecture 4.3 and the
CY version of Strong Cosmic Censorship given in Statement (I) in Section 2.3. The author later [68]
established the Cauchy horizon stability for the more general Einstein-Maxwell-charged-scalar-
field system (4.4) under which the convergence to a sub-extremal Reissner-Nordstrom black hole
is slower (see below), which necessitates the use of different methods from [25,67]. Below and in
the rest of this review, we use the word “Cauchy horizon” for a null component of the MGHD ter-
minal boundary foliated by topological spheres of non-zero volume (see [13,14,22]).

Theorem 4.4. Consider spherically symmetric characteristic initial dataon C;, U /" as depicted
in Figure 6, and under the assumption that (g, ) converge to a sub-extremal Reissner—-Nordstrom
black hole with inverse-polynomial upper bounds for ¢ on the event horizon A+ .
e [25,67,73] For the Einstein—-Maxwell-scalar-field system (4.2), the solution admits a non-
empty Cauchy horizon € 7" across which the metric g is continuously extendible.
e [68] For the Einstein-Maxwell-charged-scalar-field system (4.4), the solution admits a
non-empty Cauchy horizon € 76~ .

The question of continuous extendibility for the Einstein-Maxwell-charged-scalar-field sys-
tem (4.4) is left open in Theorem 4.4; it is directly related to the pointwise boundedness of the
scalar field at the Cauchy horizon, i.e., is it true that ¢ € L*°? Because the decay assumptions
on the event horizon /" are weaker than in the uncharged-scalar-field case, this issue becomes
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Figure 6. Characteristic initial data in the black hole interior and continuous extension
across the Cauchy horizon € #" for Theorems 4.4, 4.5 and 4.6.

delicate and depends on the exact profile of the characteristic initial data ¢ #+ (see already The-
orem 4.5 below). More precisely, the decay assumptions in Theorem 4.4 take the following form
in an Eddington-Finkelstein advanced-time coordinate v on #* as v — +oo, for some s > 3/4:

1+ |v|“]¢>| e+ (v) and its derivative are bounded in an unweighted-in-v norm. (4.6)

For the Einstein-Maxwell-scalar-field system (4.2), one can prove (4.6) for s = 3 for spherically-
symmetric solutions with regular and localized initial data [74], while for the Einstein—-Maxwell-
charged-scalar-field (4.4), the conjecture [28] is that for black holes of asymptotic charge e # 0

s(qoe) =1+1/1-4(qoe)? iflgoel <3, s(qoe) =1 otherwise. 4.7

(we will discuss these decay rates in Section 6). In Theorem 4.4, continuous extendibility can
be proven!* provided (4.6) with s > 1 is assumed, which only makes sense for (4.2) or (4.4) if
|goel < 1/2. However, under the assumptions of Theorem 4.4, some solutions are C’-extendible,
but others are not [28], depending on the scalar field oscillations on #*: the author proved with
Kehle that

Theorem 4.5 ([28]). Under the same assumptions as Theorem 4.4 for the Einstein-Maxwell-
charged-scalar-field (4.4), assume additionally that § z+ oscillates sufficiently. Then ¢ € L*° and
(g,¢) are continuously extendible across the Cauchy horizon € 7" .

The oscillation condition of Theorem 4.5 involves the finiteness of integrals of the form

(o8] .
f ‘PIJﬁ(v)e_‘[‘“‘es“’(m”dv < 00, (4.8)
1

where wyes = qoell/ry —1/r_] € R; (4.8) is a semi-integrability condition in particular satisfied if
(4.6) holds for s > 1, but not necessarily otherwise. The oscillation condition (4.8) is conjectured
to be satisfied [75,76] for generic solutions of (2.4), (4.4), see the discussion in Section 6.

We now return to the vacuum Einstein equations (2.4) and discuss the breakthrough of
Dafermos-Luk [22] proving that vacuum black holes converging to Kerr (3.5) also admit a C°-
extendible Cauchy horizon, and thus offering a definitive disproof of Conjecture 4.3.

14For s > 1, continuous extendibility is deduced from a stronger extendibility property of (g, ¢) in a W1 -type norm.
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Theorem 4.6 ([22]). Consider characteristic initial data on C;, U /" as depicted in Figure 6, and
under the assumption that g converge to a sub-extremal Kerr black hole with inverse-polynomial
upper bounds on the event horizon #€*. Then, the resulting solution (., g) of (2.4) in vacuum
admits a non-empty Cauchy horizon € 76" across which the metric g is continuously extendible.

Together with the stability of the Kerr black hole exterior proven in [77,78] (see Section 6), The-
orem 4.6 also falsifies the C°-version of Strong Cosmic Censorship (statement (I) in Section 2.3).
However, despite Conjecture 4.3 being false, it is still possible that during gravitational collapse,
part of the terminal boundary is spacelike; this will a major topic discussed in Section 5.

4.5. Einstein dynamics: nonlinear instability of the Cauchy horizon and mass inflation

We now return to Open Problem 3.3, which is an essential piece in a potential resolution of
Strong Cosmic Censorship. The Reissner-Nordstrém/Kerr Cauchy horizons dynamical stability
obtained in Section 4.4 begs the question: what are the consequences of the blue-shift instability
discussed in Section 4.2 in the nonlinear dynamics picture? The falsification of Conjecture 4.3
already shows that the blue-shift instability does not destroy the Cauchy horizon, which remains
continuously extendible. Could it then be that it is also smoothly extendible as in the Reissner—
Nordstrom/Kerr cases discussed in Section 3? The key insight comes from the mass inflation
scenario of Poisson-Israel [79,80] and Ori [81] (see also their precursor [82]). They study (2.4)
in spherical symmetry coupled to a rudimentary matter model in which two clouds of dust are
transported in the ingoing and outgoing null directions. Their analysis involves the Hawking
mass, defined in terms of the area-radius function r of the spherically-symmetric metric g as
_r[1-g(Vr,Vr)]

pi=—— (4.9)

They showed that, for non-trivial ingoing and outgoing event-horizon radiation falling-off at an
inverse polynomial rate as in the theorems of Section 4.4, the Hawking mass p and the Riemann
curvature blow up at the Cauchy horizon. In summary, Strong Cosmic Censorship, at least in
the weaker sense of Statement (II) and Statement (III) from Section 2.3, can still be valid despite
the existence of Cauchy horizon in dynamical spacetimes. For the Einstein-Maxwell-scalar-
field system (4.2), Dafermos established the blow-up of p under the inverse-polynomial decay
assumption (4.6) together with an associated pointwise lower bound assumption [25,67]. The
blow-up of curvature was established by Luk-Oh [73] under a more relaxed inverse-polynomial
lower bound assumption on the energy of ¢+, while the blow-up of p was obtained under
similar assumptions in [64]. Curvature blow-up for the charged scalar field case (4.4) was
obtained in the author’s work [68,83]. All these results are summarized in the following theorem.

Theorem 4.7. In the setting and under the same assumptions as Theorem 4.4, assume additionally
that (4.6) also holds as a lower bound on the event horizon #* in a suitable norm.

e [25,64,67,73] For the Einstein-Maxwell-scalar-field system (4.2), the Cauchy horizon
€A is weakly singular, in the sense that p and certain curvature components blow-up.

» [68,83] For the Einstein—-Maxwell-charged-scalar-field system (4.4), the Cauchy horizon
€A is weakly singular, in the sense that certain curvature components blow-up.

We emphasize that lower bounds on the scalar field are essential in Theorem 4.7, since when
¢ = 0 (Reissner-Nordstrém case), the Cauchy horizon € " is not singular (recalling Section 3).
In Section 6, we will see that these lower bounds on the event horizon " are satisfied for
spherically symmetric solutions of (4.2) with generic, localized and regular Cauchy data in the
black hole exterior [84], thus connecting with Conjecture 1.1 restricted to spherical symmetry.
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Figure 7. Left: two-ended black hole with a Cauchy horizon but no spacelike singularity.
Right: two-ended black hole with a spacelike singularity ¥ and a Cauchy horizon €.
In both cases, the spacetime can be continuously-extended through €. 7#*.

In terms of inextendibility, Theorem 4.7 leads to the proof that there does not exist any C?
extension of the metric [68,73,83] across €7, consistently with Statement (III) in Section 2.3.

Finally, we return to the Einstein vacuum equations ((2.4) with T = 0) for which the first
examples of a black hole with a weakly singular Cauchy horizons were constructed by Luk [85].

Theorem 4.8 ([85]). There exists a class of black hole interior solutions of the Einstein vacuum
equation without any symmetry assumptions featuring a weakly singular Cauchy horizon € #* .

The stability estimates in Theorem 4.6 are consistent with Theorem 4.8 and suggest that a
generic perturbation of the Kerr black hole features a weak singularity similar to the constructions
of [85]. The analogous result to Theorem 4.7 for (2.4) in vacuum, however, is still open at present.

4.6. Strong Cosmic Censorship for two-ended spacetimes

The results in Section 4.4 are stated in terms of local regions of spacetime as depicted in Figure 6;
however, Conjecture 1.1 is stated in terms of global inextendibility. In Penrose’s original formu-
lation [4], Strong Cosmic Censorship is in the context of gravitational collapse. As we will see in
Section 5 when discussing the global structure of collapse, this involves a one-ended spacetime
with a regular center I'. However, outside of the study of gravitational collapse, it is also possi-
ble to consider the global structure of two-ended spacetimes, which also corresponds to that of
the Reissner-Nordstrém (3.3) or Kerr (3.5) spacetime (see Figure 1). The first global spherically-
symmetric result for (4.2) is due to Dafermos [21] who proved that for small perturbations of
Reissner-Nordstrom metric, there is no spacelike singularity at all and only a null Cauchy hori-
zon €77 as depicted in the left panel of Figure 7. However, it follows from [86] that there exists
large perturbations of the Reissner-Nordstrom metric obeying the assumptions of Theorem 4.4
featuring a non-empty spacelike singularity . = {r = 0}, as depicted on the right panel of Figure 7
(see Section 4.7). For (2.4) in vacuum, Dafermos-Luk [22] considered small perturbations of the
Kerr metric and also showed the absence of spacelike singularities in this case. These results are
summarized in the following theorem.

Theorem 4.9. (Two-ended dynamical black holes with no spacelike singularity).
e [21,87] Consider a bifurcate two-ended event horizon #€* on which the decay assump-
tions of Theorem 4.4 are satisfied, and assume additionally that (the characteristic data
induced by) (g, ) on F* is a small perturbation of (grn,0) in an appropriate norm. Then
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the solution to (4.2) (or (4.4)) has no spacelike singularity and its terminal boundary only
consists of the (bifurcate) Cauchy horizon € ", as depicted in the left of Figure 7.

e [22] Consider a bifurcate two-ended event horizon €+ on which the decay assumptions
of Theorem 4.6 are satisfied, and assume additionally that (the characteristic data induced
by) g on #* is a small perturbation of gg in an appropriate norm. Then the solution to
(2.4) in a vacuum has no spacelike singularity and its terminal boundary only consists of
the (bifurcate) Cauchy horizon € 7%, as depicted in the left of Figure 7.

Returning to the issue of Strong Cosmic Censorship, we finally state the only known definitive
statement of inextendibility for generic spherically symmetric two-ended solutions of (4.2).

Theorem 4.10 (C? Strong Cosmic Censorship in spherical symmetry [73,84]). There exists an
open and dense subset (for the topology induced by a smooth norm) within the set of admissible
spherically-symmetric initial data such that their MGHD for (4.2) is C? (future) inextendible.

The above result by Luk-Oh [73,84] can be interpreted as a full resolution of a spherically-
symmetric version of Conjecture 1.1 at the C? level (Statement (III) of Section 2.3) for two-
ended initial data. We emphasize that their C? extendibility result applies to both cases in
Figure 7. Furthemore, we note that a recent result of Sbierski [88] showing that the spacetimes
of Theorem 4.9 are also C! inextendible (which is an intermediate version of Strong Cosmic
Censorship between Statement (II) and Statement (III) in Section 2.3). Finally, the Hawking mass
blow-up (conditionally) obtained in Theorem 4.7 leads to conjecture the validity of a H' version
Strong Cosmic Censorship [26], i.e., Statement (II) from Section 2.3, still open at this time.

4.7. Two-ended black holes with a spacelike singularity and a Cauchy horizon

Interior of charged hairy black holes. The author’s works [86] and [89] with Li considered the
interior of black holes with a scalar hair- namely a non-trivial stationary scalar field on the event
horizon. These spacetimes are spherically-symmetric solutions of the Einstein—-Maxwell-scalar-
field equations (4.2) in [86] and Einstein-Maxwell-charged-scalar-field (4.4) in [89] and their
terminal boundary is entirely-spacelike, thus they do not possess any Cauchy horizon (compare
with Theorem 4.4). They have a two-ended R x $? spatial topology, but are not associated to an
asymptotically flat'® black hole exterior, and thus do not play any direct role in Strong Cosmic
Censorship as formulated in Conjecture 1.1. They will be used, however, in the asymptotically
flat black hole constructions discussed in the paragraph below. For now, we state the results
of [86,89].

Theorem 4.11 ([86,89]). There exists spatially-homogeneous solutions of the Einstein—-Maxwell-
(un)charged-scalar-field equations (4.2) or (4.4) with a constant scalar field datap =€ #0 on a
two-ended event horizon 1 U #r, whose MGHD terminates at a spacelike boundary & = {r = 0}.
(1) (violent collapse, [86]) For the Einstein—-Maxwell-scalar-field equations (4.2), & = {r = 0}
is approximated by a Kasner metric of exponents (1 —2Ce?, Ce?, Ce?) for a constant C > 0.
(2) (fluctuating collapse, [89]) For the Einstein—-Maxwell-charged-scalar-field equations (4.4),
& ={r =0} is approximated by a Kasner metric of positive exponents (1-2p(e), p(€), p(€)),
where p(€) € (0,1/2) is an algebraic function of a highly-oscillating quantity a(e) of the
form
a(e) = Csin(woe 2 + O(loge™ ) ase—0

for C #0 and wg € R— {0}. Moreover, for some values of ¢, a Kasner bounce takes place.

15However, Zheng recently [90] constructed a class of asymptotically AdS (the analogue of asymptotic flatness in the
presence of a negative cosmological constant) black holes to which Theorem 4.11 applies, see the discussion in Section 7.
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To clarify the terminology, we recall the Kasner spacetime [91], a solution of the Einstein
vacuum equations. For (py, p2, p3) € R® such that p; + p, + p3 = 1 (the Kasner exponents), define:

gk = —di? + 2P dxd + t2P2dx + 2P d . (4.10)

If (p1, p2, p3) = (1,0,0) (or perturbations), gk is flat (i.e., locally isometric to the Minkowski metric
(3.1)) but otherwise, . = {t = 0} is a spacelike singularity. In Theorem 4.11, the Kasner exponents
p; are all positive (which is consistent with the known stability results in this case [92], see
Section 7). Note, however, that in the uncharged-scalar-field case (4.2), the Kasner exponents
degenerate to the Minkowskian endpoint (p, p2, p3) = (1,0,0) when € becomes arbitrarily small.

The terminology “Kasner bounce” originates from the foundational works of BKL [93,94] on
Kasner dynamics for the Einstein equations. These celebrated heuristics proposed an instability
mechanism for Kasner metrics (4.10) with one negative p; leading to the transition (“Kasner
epoch”) to a stable Kasner metric with all positive p;’s. Statement (2) of Theorem 4.11 provides
the first rigorous quantitative study of the long-hypothesized Kasner bounce phenomenon.

Construction of asymptotically flat two-ended black holes. A gluing argument'® allows to con-
struct two-ended asymptotically flat black holes satisfying the assumptions of Theorem 4.4, but
whose terminal boundary features a spacelike component %’ isometric to a subset of & = {r = 0}
in Theorem 4.11 (see [89][Section 1.2] for details). In particular, one can in principle con-
struct spherically-symmetric asymptotically flat solutions of Einstein—-Maxwell-charged-scalar-
field equations (4.4) exhibiting the Kasner bounce described in the previous paragraph.

In the case of the Einstein-Maxwell-charged-scalar-field equations (4.4), however, one would
additionally require decay estimates in the black hole exterior to finalize the construction (see
the discussion in Section 6). For the Einstein—-Maxwell-scalar-field equations (4.2) case, these
estimates have been obtained in [74,84] and thus the gluing argument provides a large class of
two-ended asymptotically flat black holes with the rightmost Penrose diagram of Figure 7, where
part of the singularity . = {r = 0} is spacelike and described by the Kasner-like asymptotics of
Theorem 4.11.

We note that for such constructions, Theorem 4.11 only provides estimates near .¥ away from
the intersection € #* n .. However, the results of [95] apply to this situation and provide a
quantitative description of the null-spacelike transition region near €. #* n.#, see Section 5.4.

5. Gravitational collapse and (locally) naked singularities
5.1. Mathematical setting of gravitational collapse

Gravitational collapse is the widely-accepted theory accounting for the existence of astrophysical
black holes, as pioneered in the celebrated work of Oppenheimer-Snyder [49] (recall the discus-
sion in Section 3.4). In this astrophysical process, a star whose initial state is free of any trapped
surface develops a trapped surface at a later time. The mathematical setting for gravitational col-
lapse imposes!” an initial surface X that is diffeomorphic to R® and free of any trapped surface,
with the origin of R? corresponding to the center of the star I'. Of course, not all such spacetimes
undergo a gravitational collapse process (e.g. recall from Section 3.1 that perturbations of the
Minkowski spacetime do not admit any trapped surface). Nonetheless, in Definition 5.1 below,
we introduce spacetimes that are initially free of any trapped surface: thus gravitational collapse

18Wwhile the gluing argument of [89] only provides two-ended asymptotically-flat black holes featuring a piece of hairy
black hole singularity ., we conjecture that one-ended versions of such construction are also possible. Unlike their two-
ended counterparts, one-ended black holes play a major role in gravitational collapse, see Section 5.

17Topological censorship considerations regarding an initial hypersurface £ indeed indicate that = must have a trivial
topology (like R® in Definition 5.1) if it is free of any trapped surface, see [96] for interesting results in this direction.
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may take place if the conditions leading to the formation of a trapped surface'® are satisfied at a
later time. For simplicity, we restrict ourselves to the vacuum case ((2.4) with T = 0), keeping in
mind that Definition 5.1 generalizes in the presence of a suitable matter model (see e.g. [13]).

Definition 5.1. We say a Lorentzian manifold (., g) solution of (2.4) is a spacetime suitable for
gravitational collapse if it is the MGHD of suitable initial data set (Z, go, Ko) such that

o X is diffeomorphic to R® and free of any trapped surface.
* (8o, Ko) are asymptotically flat, i.e., tends to the Minkowski solution (m,0) as r — +oo.

The central axis T is defined as the wordline of the timelike geodesic starting at the (diffeomorphic
image of the) origin inR3 in the future normal direction to X.

Note that a spacetime suitable for gravitational collapse possesses one asymptotically flat
end (“one-ended spacetime”), as opposed to the two-ended spacetimes (including the Reissner—
Nordstrom (3.3) and Kerr (3.5) MGHDs) discussed in Section 4.6 whose topology is that of R x $2,

5.2. From Weak Cosmic Censorship to Strong Cosmic Censorship

In the celebrated series [11,51-53,66], Christodoulou studied a model of spherical gravitational
collapse in considering spherically symmetric solutions of (3.7) satisfying the conditions of
Definition 5.1. As we discussed in Section 4.3, such spacetimes cannot feature a Cauchy horizon
emanating from i*, but Christodoulou constructed [51] examples of (locally) naked singularity
solutions with a Cauchy horizon €.#’r emanating from the center I', as depicted in Figure 4,
with initial data in a Holder class. Christodolou specifically studied a rougher class of spherically
symmetric solutions of (3.7) within the BV (bounded variation) class in the series [51-53,66]. He
proved that (locally) naked singularities satisfying the condition p/r / 0 (recall the definition
in (4.9)) on their past light cone are non-generic, in the sense they have finite co-dimension
within this class. Combining the results of [51-53,66] with a sharp extension criterion given
in [11,53] that implies any naked singularity satisfies the condition p/r /4 0, results in the
following theorem.

Theorem 5.2 ([11,51-53,66]). For spherically-symmetric initial data belonging to the BV class,
the MGHD solution of (3.7) satisfy one the following:

(a) are geodesically complete, with the same Penrose diagram as the Minkowski spacetime.

(b) or possess a black hole region with a spacelike terminal boundary & = {r = 0} with the
Penrose diagram of Figure 3. In this case, the MGHD is C? (future) inextendible.

(c) or feature a (locally) naked singularity br with the Penrose diagram of Figure 4.

Moreover, for generic initial data within the above class, only options (a) or (b) are possible.

As is clear from Theorem 5.2, the only obstruction to determinism for the above model are the
Cauchy horizons € #r emanating from the center I' which are, in principle, extendible. In view
of Theorem 5.2 showing that spacetimes with €. # ¢ are non-generic within the (spherically-
symmetric) BV class, one can also interpret Theorem 5.2 as validating a version of Strong Cosmic
Censorship at the C? level (Statement (III) from Section 2.3) for rough and spherically-symmetric
initial data. We emphasize that, as in Section 4, Cauchy horizons constitute the main obstruction
to Strong Cosmic Censorship. However, contrary to the Cauchy horizon €7 emanating of i*
discussed in Section 4 that is subjected to a blue-shift instability, there is no such mechanism for
Cauchy horizons € .#’r emanating of I' and therefore, no hope for € #r to be singular. That is
why, should Strong Cosmic Censorship be true, it must be that €.#r = @ for generic solutions.

18There is a rich mathematical theory for the formation of trapped surface, see e.g. [24,66,97-101].
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Remark. The strategy employed by Christodoulou [52,53] to obtain €.#r = @ for generic
solutions is to perturb an hypothetical solution with € #r # @ in order to obtain a sequence
of trapped surfaces converging to br: it is then easy to see that € # = ¢ for the perturbed
solution [13].

While Theorem 5.2 only provides C? inextendibility, the spacelike nature of the terminal
MGHD boundary . = {r = 0} (and Theorem 3.2) leads to conjecturing that a generic spherically-
symmetric solution is C° inextendible. This expectation is reinforced by the fact that % = {r = 0}
is asymptotically Schwarzschild towards i* as proven in [102] (see also [103,104]). For the more
sophisticated Einstein—-Maxwell-charged-scalar-field model (4.4) which additionally allows to
study Cauchy horizons emanating from i* (as we explained in Section 4.3), the global picture of
spherically-symmetric gravitational collapse is more subtle and several aspects will be discussed
in Sections 5.3 and 5.4. We emphasize, however, that the Christodoulou argument showing that
6 7¢r = ¢ generically is local near I', and thus, independent of the dynamics near i*. We may
thus speculate [13,87] that € .#r = @ for generic spherically-symmetric solutions of the Einstein—
Maxwell-charged-scalar-field model (4.4) (see [97,105] for recent results in this direction).

5.3. The breakdown of weak null singularities

As we saw in Section 4 (Theorem 4.4), the MGHD terminal boundary is not everywhere-spacelike
for spherically-symmetric solutions of the Einstein—-Maxwell-charged-scalar-field model (4.4) (at
least, under decay conditions of the form (4.6) on the event horizon that are conjectured to be
satisfied for regular localized solutions). The falsification of Conjecture 4.3 for this model ironi-
cally begs the question: does there exist a spacelike singularity at all? The two-ended spacetimes
of Section 4.6 provide examples in which .# = @ and the Cauchy horizon €. 7#* “closes-off” the
spacetime, as depicted in Figure 7, but, as explained in Section 5.1, such spacetimes are not mod-
els of gravitational collapse and do not satisfy the assumptions of Definition 5.1. For one-ended
spacetime suitable for gravitational collapse, it is possible, in principle, that €. #* the Cauchy
horizon emanating from i* is the only component of the MGHD terminal boundary and thus
meets the central axis I at its endpoint br as depicted in Figure 8. In fact, an example of a space-
time with the Penrose diagram of Figure 8 has been constructed in [106] using a gluing procedure.
However, the author proved that, providing the Cauchy horizon €.7* is weakly singular, it can-
not “close-off” the spacetime, and therefore, the Penrose diagram of Figure 8 is impossible [87].

Theorem 5.3 (Breakdown of weak null singularities[87]). Let a spacetime suitable for gravita-
tional collapse in the sense of Definition 5.1 with a future terminal boundary 98 including a Cauchy
horizon € 76+ c 9B emanating from i*. Assume that € 76+ is weakly singular, in the sense of The-
orem 4.7. Then € #~* g A, i.e., the Penrose diagram of the spacetime is not given by Figure 8.

It is important to point out that the examples of [106] with the Penrose diagram of Figure 8
have a non-singular Cauchy horizon €7 (consistently with Theorem 5.3), a situation which
is conjectured to be non-generic. Indeed, in Theorem 4.7, we recall that € 7#* was shown to be
weakly singular under decay assumptions on the event horizon that are conjectured to be generic.
The main mechanism in Theorem 5.3—the “breakdown of the weak null singularity” € 7+ —
is proved by a contradiction argument, using the focusing properties of the Einstein equations
(notably the null constraint, so-called Raychaudhuri, equations) and taking advantage of the
strength of the singularity at ‘€ #* combined with the spacetime geometry near the central axis
I'. In view of the breakdown of €#*, there must be another (presumably spacelike, see Figure 9)
component of the terminal boundary; we will discuss this aspect in Section 5.4 below.
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Figure 8. Impossible Penrose diagram if € #" is weakly singular by Theorem 5.3.

5.4. The spacelike portion of the terminal boundary

Theorem 5.3 is consistent with a spacetime geometry whose Penrose diagram is the rightmost
in Figure 4, i.e., with a Cauchy horizon € #r emanating from a locally naked singularity br.
Barring this possibility, however, Theorem 5.3 shows that 8 — € #* = & = {r = 0}, where &
is not entirely null and presumably spacelike [87]. The conjectured non-genericity of locally
naked singularities discussed in Section 5.2 together with Theorem 5.3 then imply that a generic
spherically-symmetric black hole solution of the Einstein-Maxwell-charged-scalar-field system
(4.4) has the Penrose diagram of Figure 9, as was originally conjectured by Dafermos [26]. Note
the presence of two co-existing singular components of the terminal boundary of different
strengths, namely €., which is a weak singularity (blow-up of curvature) and % = {r = 0},
which is a stronger singularity. The quantitative study of the transition region between €. #*
and % in Figure 9 was carried out in the author’s recent work [95], under the assumption
that the scalar field oscillates weakly'? towards the Cauchy horizon €.#*. The main result is
that . = {r = 0} is indeed spacelike?” in the vicinity of €.#" and described by a Kasner-type
metric with variable Kasner exponents (see [95,107] for a definition) that degenerate towards the
intersection € #* N.% < {v = oo}, where v is the same advanced-time coordinate as in (4.6).

Theorem 5.4 ([95]). Assume the spacetime in Theorem 5.3 does not possess a locally naked
singularity, i.e., € /r = @, and denote & its terminal boundary. Then % contains a spacelike
singularity & # @ intersecting € #*+ < {v = oo} and the metric near € 7+ N is approximated by

a Kasner metric of v-dependent Kasner exponents (1-2p(v), p(v), p(v)) with p(v) = v as v — co.

Remark. Strictly speaking, the analysis of Theorem 5.4 is unnecessary to prove a spherically-
symmetric version of Strong Cosmic Censorship for the charged collapse model, since [13] the
only possible boundary components in spherical symmetry are the Cauchy horizon €#" and
boundary components on which r = 0 (excluding the conjecturally non-generic locally naked
singularities €.#7). C? extensions through €.7* are impossible by Theorem 4.7, and through

19Note that this assumption is always satisfied in the uncharged scalar field model (4.2), since ¢ is real-valued.
201n particular, there is no null ingoing boundary component F;+ on which r =0 and connected to €.#7, see [95].
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Figure 9. Penrose diagram of the one-ended black holes of Theorem 5.3, with . = {r = 0}.

components on which r = 0, due to the blow-up of the Kretschmann scalar [13]. However, a com-
plete resolution of Strong Cosmic Censorship without spherical symmetry requires a comprehen-
sive quantitative understanding of the co-existence of weak and strong singularities depicted in
Figure 9.

Theorem 5.4 provides the first examples of a null-spacelike singularity transition?! in a black
hole, together with the first construction a Kasner-like singularity with degenerating exponents
(see [107] for a very general construction of Kasner-type spacetimes, which however assumes the
Kasner exponents to be non-degenerating and thus does not cover the situation of Theorem 5.4).
Lastly, one may speculate that the results of Theorem 5.4 can be suitably generalized*? to
non spherically-symmetric spacetimes solving the Einstein-scalar-field system (2.4), (3.7). In
summary, it is conjectured that the geometry of generic (non spherically-symmetric) Einstein-
scalar-field solutions is as in Figure 9. The situation for the Einstein vacuum equations, however,
is more uncertain in that Kasner-type singularities are not expected to be stable, see [107,108].

6. Late-time tails in the black hole exterior and connections to black hole stability

In this section, we discuss decay results on the event horizon #* of the form (4.6). We have
emphasized in Section 4 that decay assumptions are essential in the black interior dynamics
(recalling Theorems 4.4, 4.5, 4.6 and 4.7). In particular, upper bounds are used in stability
results of the Cauchy horizon €.#* and lower bounds to show its (weakly) singular character.
Proving Strong Cosmic Censorship starting from generic initial data in the black hole exterior, as
prescribed in Conjecture 1.1, requires proving that such upper and lower bounds are satisfied on
the event horizon #* for generic (smooth) initial data. We discuss results in this direction below,
starting from the toy problem provided by linear wave-type equations on a fixed black hole.

21Theorem 5.4 is, in fact, the corollary of a more general local result in [95]. In particular, the Kasner-like quantitative
estimates of Theorem 5.4 also apply to the two-ended black holes with . # @ as in the rightmost diagram of Figure 7.

22The landmark result of Fournodavlos-Rodninanski-Speck [92] indeed proves that Kasner metrics with constant
positive exponents are stable to small perturbations. The Kasner exponents in Theorem 5.4 are also positive, thus the
spacetime is expected to be stable against non-spherical perturbations. However, the Kasner exponents in Theorem 5.4
are non-constant and degenerate as v — +oo, and therefore the techniques of [92] do not apply.



440 Maxime Van de Moortel

6.1. Linear wave equations on a stationary black hole and Price’s law

Inverse-polynomial time decay for the wave equation
Ogp=0 6.1)

on a black hole spacetime has been conjectured since the numerics of Price [109] articulating
what is now known as Price’s law. Regarding mathematical works, boundedness and integrated
decay for (6.1) on a Schwarzschild g = gs or (sub-extremal) Reissner—Nordstréom g = grn black
hole were established in [110,111] and [27,42,111-114] on the (sub-extremal) Kerr black hole
g = gx. Decay upper bounds were proven on Schwarzschild/Reissner-Nordstrom [115,116]
and Kerr [113,117]. Precise asymptotic tails were subsequently obtained by Hintz [118] and
Angelopoulos-Aretakis—Gajic [119,120]. While these tails are valid throughout the black hole
exterior, we will only state them on the event horizon #* in the theorem below for simplicity,
using an Eddington—Finkelstein advanced-time coordinate v on #* as in Section 4.

Theorem 6.1 (Price’s law, [118-120]). Let g be either a Schwarzschild g = gs or (sub-extremal)
Reissner-Nordstrom black g = ggrn or (sub-extremal) Kerr g = gx black hole exterior and ¢ a
solution of (6.1) with smooth compactly supported initial data at {t = 0}. Then, there exists a
function Iy(0, ) on'S?, € > 0, such that ¢ obeys the following asymptotics as v — +oo:

P+ (0,0,9) = In(6,p)v > + O(w~>7). (6.2)
Moreover, 1y(0, @) # 0 for generic initial data.

The proof of (6.2) (and estimates for higher order derivatives) in Theorem 6.1 show that the
assumptions of Theorem 4.2 are satisfied for generic smooth and localized solutions of (6.1).

While (6.1) is often considered as a linear toy model for the Einstein equations (2.4) in a
vacuum, the equations oflinearized gravity around the Kerr metric (3.5) give rise to the celebrated
Teukolsky equations [121] which are spin-weighted analogues of (6.1) and have the following
form on (sub-extremal) Kerr spacetime (3.5), where the spin s takes the value {+2}.

2s ( a(r— M) v cos(0) )
r2+atcos?@) \(r—ry)(r—r_)  sin2@)) 7

Ugy + (r—M)o, +

r2 + a? cos2(0)
2s M(@?-a?)
+
r2+a2cos?2@\(r—r)(r—r2)

—r—iacos(@))6t+ (s—szcotz(e))] a;=0.

r2 + a2 cos2(0)
(6.3)

Boundedness and integrated decay for (6.3) have been established in [122-126], and late-time tail
results analogous to Theorem 6.1 were obtained in [127-129]; see [130-135] for analogous results
on Schwarzschild/Reissner-Nordstrom black holes (namely, the analogue of (6.3) with a = 0).

6.2. Charged scalar field equation

Motivated by the study of the Einstein—-Maxwell-charged-scalar-field equations discussed in
Sections 4 and 5, we introduce the charged scalar field equivalent of (6.1) on a fixed black hole
consisting of the following nonlinear Maxwell-charged-scalar-field system of equations:

g"'DuDyp=0, VFE,, =iqeS@Dyp), Dy=V,+igoA, F=dA. (6.4)

For spherically-symmetric solutions of (6.4) on a black hole metric g (like (3.2) or (3.3)), we define
the local charge Q (a function on spacetime) and the asymptotic charge e € R as follows:

e= UEer Q7+ (), whereF = %deu Advand g = -Q*dudv + r?(d6? +sin®(0) dg?). (6.5)
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One should expect e # 0 generically. As it turns out, for g = gs or g = grn (in the sub-
extremal case), gt'¥ D Dy ¢ = 0 asymptotically resembles a wave equation with an inverse-square
potential [136,137], where the potential is of the schematic form V(r) = igpe r~2. Heuristics in
the physics literature [75,76] have led to the following conjectured asymptotic tail for solutions of
(6.4)

¢+ (1,0,9) = Cpy - e V. 1mVIRA@e? | o m1e), (6.6)
where Cp # 0 for generic solutions and € > 0. Note that the decay condition of the second part of
Theorem 4.4 is satisfied by (6.6), as is the oscillation condition (4.8) required in Theorem 4.5.
While the proof of (6.6) is still open for spherically-symmetric solutions of (6.4), sharp upper
bounds corresponding to (6.6) have been established in the limit |gge| < 1 by the author [136].

Theorem 6.2 ([136]). Spherically-symmetric solutions of (6.4) on a sub-extremal Reissner—
Nordstrom metric g = ggn With smooth, localized and small initial data at {t = 0} obey decay upper
bounds of the form (4.6) for some s(qope) > 1, and s(qpe) — 2 as gpe — 0.

We also refer to [137] for the proof of late-time tails of the form (6.6) for a toy-model of (6.4).

6.3. The Klein—-Gordon equation for massive scalar fields

We now turn to the Klein-Gordon equation (4.5) (with m? > 0), which is the massive variant of
the wave equation (6.1) (noting that Theorems 4.4, 4.5 and 4.7 still apply to this case). We em-
phasize that the picture of Strong Cosmic Censorship for the Einstein—-Klein—-Gordon equations is
conjectured to be qualitatively different from the vacuum case. Some solutions of (4.5) on a (sub-
extremal) Kerr spacetime indeed do not decay, but instead grow exponentially in time (growing
mode solution), as proven by Shlapentokh-Rothman [69] (see also [138,139] for pioneering works
in the Physics literature, together with the review [140]).

Theorem 6.3 (Kerr superradiant instability, [69]). Fix a sub-extremal Kerr (3.5) metric. For an
open set of m? > 0, there exist growing mode solutions of (4.5) with smooth, localized initial data.

In view of the instability of the Kerr metric, one would need to identify an (hypothetical)
generic endstate®® of Klein-Gordon collapse and show its inextendibility as a first step to proving
Conjecture 1.1, a problem which is completely open at present. However, the Klein-Gordon
equation (4.5) on a Schwarzschild (3.2) or (sub-extremal) Reissner-Nordstrom (3.3) black hole,
in contrast to the Kerr case, decays on the event horizon #* at an inverse-polynomial rate of the
form (4.6) with s = 5/6 as proven by Pasqualotto, Shlapentokh-Rothman and the author [70,143].

Theorem 6.4 ([70,143]). Let ¢ be a solution of the Klein-Gordon equation (4.5) with m?> >0 on a
fixed Schwarzschild (3.2) or (sub-extremal) Reissner-Nordstrom (3.3) black hole with smooth and
compactly supported initial data at {t = 0}. Then for everye > 0, there exists D > 0 such that:

b+ |(0,0,) < D- V8.
Moreover, there exists C € R such that, if ¢ has spherically-symmetric initial data, for every § >0

|70+ (1,0,9) — F)v™8 | < D-v71%9,

Wi

mq’ vs +¢_(M,e,m?) + O(v™3),
(6.7)

F()=CEi%y1 g3 cos(Pq ), ¥q(v) = mv—3[2nM)
wherely|(M, e, m?) <1 and¢_(M,e, m?) € R. Moreover, C # 0 for generic initial data.

231t has been debated [138,139,141,142] whether the Schwarzschild black hole may be a possible endstate. Note
also that the non-trivial stationary black holes solutions of the Einstein—Klein-Gordon equations (so-called “hairy black
holes”) constructed by Chodosh-Shlapentokh-Rothman [71,72] are also hypothetical endstate candidates. Lastly, it is also
possible that some sub-extremal Kerr black hole are immune to the superradiant instability, and thus could be stable [69].
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In the spherically symmetric case, ¢ 7+ satisfies decay upper and lower bounds analogous to
the ones required in Theorem 4.4 and Theorem 4.7; moreover, the leading order term F(v) p~5/6
satisfies the oscillation condition (4.8) (with wes = 0, since g = 0 in Theorem 6.4) corresponding
to the one required in Theorem 4.5. In view of Theorem 6.4, we conjecture that (6.7) also holds for
spherically-symmetric solutions for the Einstein—Klein-Gordon model with regular and localized
initial data; proving such a statement is indeed key to a complete resolution of the spherically-
symmetric version of Strong Cosmic Censorship for the (massive) Einstein—-Klein-Gordon model.

6.4. Wave equations on dynamical black holes and black hole stability

An important pre-requisite to Strong Cosmic Censorship in the form of Conjecture 1.1 is the
proof of asymptotic stability of the black hole exterior region. In the simpler setting of spherical
symmetry, this was achieved by Dafermos—Rodnianski [74] for the Einstein-Maxwell-scalar-field
system (4.2), who also proved upper bounds (Price’s law) analogous to (6.2) on the event horizon
that are sufficient to satisfy the assumptions of Theorem 4.4. Luk-Oh [84] subsequently proved
that (L?-averaged) inverse-polynomial lower bounds hold on the event horizon, thus showing
that the assumptions of Theorem 4.7 are satisfied for spherically-symmetric solutions of (4.2)
with generic, smooth and localized initial data at {t = 0}. Recently Luk-Oh [144] obtained
asymptotic point-wise tails (hence point-wise lower bounds). We summarize these results below.

Theorem 6.5 ([74,84,144]). Given any asymptotically flat, spherically symmetric, admissible data
on R x S?, the MGHD (4, g,}) for (4.2) converges to a Reissner-Nordstrom black hole at the
following rate: there exists D€ R, € >0, C € R such that

|7+ (v,0,0) —D-v 3| <C- v, (6.8)
Moreover, D # 0 for generic initial data.

Remark. Note that no smallness assumption is imposed on the initial data in Theorem 6.5.
However, the admissibility condition requires the presence of a trapped surface at {r = 0},
therefore the dynamical solution cannot disperse to the Minkowski spacetime.

Returning to the vacuum Einstein equations without symmetry, the proof of stability of the
Kerr black hole exterior (3.5) was obtained in the case |a| < M in the work of Giorgi, Klainerman,
Shen and Szeftel [77,78,145-148]; see the closely related work of Dafermos-Holzegel-Rodnianski—
Taylor [149] on the stability of Schwarzschild, as well as [112,122-124,135,150-152] for related
linear and nonlinear black hole stability results. The decay upper bounds obtained on the
event horizon #* of the dynamical Kerr perturbations satisfy the assumptions of Theorem 4.6:
therefore, small perturbations of the Kerr exterior (3.5) (for |a|] < M) admit a CP-extendible
Cauchy horizon as depicted in Figure 6. Linearized results [122,123] on solutions of (6.3) indicate
that the assumptions of Theorem 4.6 are also satisfied for small perturbations of the Kerr exterior
(3.5) in the full sub-extremal range |a| < M. We emphasize, however, that a full resolution of
Conjecture 1.1 requires to understand the generic endstate of gravitational collapse, which may
involve several black holes. In that respect, we mention the celebrated final state conjecture [1],
postulating that a generic solution of (2.4) consists of finitely many Kerr black holes moving away
from each others. Understanding spacetimes with multiple black-hole exterior regions is thus a
necessary preliminary step prior to a full proof of Strong Cosmic Censorship.

We have already emphasized that decay lower bounds on a black hole’s event horizon are
necessary to prove the (weakly) singular character of Cauchy horizon € *: proving such lower
bounds naturally requires to understand the late-time tail of wave equations on a dynamical
black hole, an endeavor going beyond the problems of Section 6.1. For (6.1), it is known that the
Price’s law asymptotics of Theorem 6.1 also hold on a class of dynamical black holes [117,144].
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However, it turns out that for other wave equations, the late-time tails are in general different on
dynamical black holes (atleast in odd space-dimensions) as recently established by Luk-Oh [144].
While their result provides late-time asymptotics for a general class of wave equations in odd
space dimensions, for concreteness, we focus on the following example of (6.1) on a spherically-
symmetric dynamical black hole g converging (sufficiently fast) to the Schwarzschild exterior gs
(in (3+1) spacetime dimensions). Defining 1., as the projection on spherical harmonics of order
¢ and higher and assuming compactly supported initial data, the result of Luk—Oh [144] provides
the following dichotomy, under the assumption that the metric g is non-stationary and ¢ = 1:

e IfOg¢p =0, then Il o 7+ (1,0, ) ~ Cp (0, ) v=2-2¢ and Cy # 0 for generic initial data.
e If[gs¢p =0, then IIs p¢py 7o+ (1,8, ¢9) ~ Cp (0, ) v=3-2¢ and Cy # 0 for generic initial data.

The asymptotics of higher order spherical harmonics have no direct relevance to Strong Cosmic
Censorship. However, there is a strong resemblance between by I1-,¢, where ¢ solves (6.1) and
the Teukolsky equation (6.3) for s = +2. Motivated by this analogy, Luk-Oh conjectured [144] that
generic black hole solutions of the vacuum Einstein equations approaching a sub-extremal Kerr
metric decay at the rate v~ on the event horizon /", as opposed to the v™7 rate proven for
solutions of (6.3) on the exactly stationary Kerr exterior [129]. Proving such asymptotic tails on a
dynamical black hole will be a crucial step towards a proof of Conjecture 1.1.

7. Strong Cosmic Censorship conjecture beyond the context of gravitational collapse

We have focused so far on aspects of Strong Cosmic Censorship in generic (3 + 1)-dimensional
gravitational collapse (except in Sections 4.6 and 4.7), the context in which it was originally for-
mulated by Penrose [4]. In this section, we discuss Strong Cosmic Censorship in other contexts,
together with related questions that are in principle excluded by the genericity condition in Con-
jecture 1.1, but still relate to the dynamics of black holes and their interior singularities.

7.1. Exceptional dynamical black holes arising from finite co-dimension initial data

We start remarking that the one-parameter Schwarzschild family (3.2) is a co-dimension three
(respectively one) sub-family of the Kerr family (3.5) (respectively the Reissner-Nordstrom family
(3.3)) corresponding to a = 0 (respectively e = 0). Similarly, the extremal Reissner-Nordstrom
(lel = M) and Kerr (Jal = M) solutions have co-dimension one within their respective families. In
view of this, it is reasonable to conjecture that black holes converging to an extremal Reissner—
Nordstrom/Kerr solution (asymptotically extremal black holes) or Schwarzschild (asymptotically
Schwarzschildean black holes) have non-generic initial data within the moduli space of regular
solutions, which is why they should not play a major role in a proof of Conjecture 1.1.

Asymptotically extremal black holes. The recent constructions of Kehle-Unger [106,153] suggest
that asymptotically extremal black holes indeed arise for a finite codimensional subset of asymp-
totically flat initial data, at least within spherically symmetric models. Spherically-symmetric
asymptotically extremal black hole solutions of (4.4) (with a small charge) were studied by Gajic—
Luk [154] (see also previous linear results by Gajic [155,156]) showing that under a decay con-
dition like (4.6) on the event horizon, the spacetime admits a non-trivial Cauchy horizon € 7"
(like in Theorem 4.4) and the metric is C°n Hﬁ)c-extendible across the Cauchy horizon (in contrast
to Theorem 4.7). This shows that one can extend the metric as a weak solution to the Einstein—
Maxwell-charged-scalar-field system of equations (recall the discussion in Statement (II) of Sec-
tion 2.3). An analogous statement for asymptotically extremal solutions of the Einstein vacuum
equations (without any symmetry assumptions) remains open.
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Asymptotically Schwarzschildean black holes. Within spherical symmetry, black hole solutions
of (3.7) with localized initial data are all asymptotically Schwarzschildean (this follows from [74])
and the MGHD features a spacelike singularity . = {r = 0}, as discussed in Section 5.2. For
spherically-symmetric models with charge, in which asymptotically Schwarzschildean black
holes are non-generic, it is shown in the author’s [157] that asymptotically Schwarzschildean
spherically-symmetric solutions of (4.4) have no Cauchy horizon (€#* = @) and the MGHD
terminal boundary is foliated by spheres of area-radius r = 0. For the Einstein vacuum
equations, the result of Dafermos—Holzegel-Rodnianski-Taylor [149] shows that asymptotically
Schwarzschildean black holes arise from a co-dimension three subset of initial data close to
Schwarzschild. For these asymptotically Schwarzschildean black holes, the spacetime supre-
mum of Kretschmann curvature blows up [22,149] in the black hole interior, which suggests that
the MGHD is future-inextendible. However, the causal nature (null or spacelike) of the singular-
ity, and quantitative estimates in its vicinity, however, remain open, even within spherical sym-
metry.

7.2. Spatially-compact spacetimes and cosmological analogues of Cosmic Censorship

Hawking singularity theorem and timelike incompleteness. Spacetimes admitting a compact
Cauchy surface are particularly relevant to Cosmology as models of a finite universe and are
subjected to the celebrated Hawking singularity theorem [158] (compare to Theorem 2.5 which
is, in contrast, more suitable to the context of gravitational collapse).

Theorem 7.1 ([158]). If (#,g) admits a compact Cauchy hypersurface with positive mean-
curvature and satisfies the energy condition (2.6), then it is future-timelike geodesically incomplete.

Similarly to Theorem 2.5, however, Theorem 7.1 does not provide any information on the
cause of geodesic incompleteness or the singular nature of the MGHD terminal boundary.

The rigidity of compact Cauchy horizons. As in the gravitational collapse case, Cauchy hori-
zons?* can be a cause for MGHD extendibility, and thus constitute the main obstruction to Strong
Cosmic Censorship. A possible proof strategy of Strong Cosmic Censorship for spatially-compact
spacetimes is to show that for solutions to the Einstein vacuum equations, any compact Cauchy
horizon is a Killing horizon, as conjectured by Isenberg—-Moncrief [159]. Such ridigity results show
that Cauchy horizons only exist in spacetimes with an extra symmetry and thus are non-generic.
See [160,161] for a partial resolution of the Isenberg-Moncrief problem.

Strong Cosmic Censorship in vacuum under Gowdy-symmetry. Strong Cosmic Censorship was
studied for a class of spacetimes with a compact spatial topology T3, S° or S$? x S' admitting
a two-dimensional isometry group U(1) x U(1) with spacelike orbits, under an additional two-
surface orthogonality condition (Gowdy-symmetry, see [162-164]). The Gowdy polarized sub-
case is defined as the instance in which the two independent Killing vector fields generated
by the isometry group are orthogonal. In view of Theorem 7.1, one may expect these space-
times to feature a spacelike singularity at {¢ = 0}. A version of Strong Cosmic Censorship within
polarized-Gowdy solutions of the Einstein vacuum equations was proven by Chrusciel-Isenberg—
Moncrief [19] for any T3, S or $? x S! topology. Strong Cosmic Censorship within the more gen-
eral unpolarized-Gowdy class was subsequently proved by Ringstrém [165,166] in the T topol-
ogy. Both unpolarized and polarized results proceed proving the blow-up of the Kretschmann
scalar along incomplete geodesics, employing asymptotic expansions in the vicinity of the sin-
gularity at {t = 0}. The unpolarized case is significantly more involved on a technical level due

2475 an example, the Taub-NUT spacetime has both a compact Cauchy surface and an extendible Cauchy horizon [6].
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to the presence of so-called spikes [164,165] which occur when the limit of some renormalized
metric components (more precisely, their time-derivative) as ¢ — 0 is a discontinuous function
on {t = 0}. A key element of the proof in [165,166] is to construct a subset of regular initial data ¢
for which only finitely-many spikes occur in evolution and such that ¢ is both dense in a smooth
topology and open in a (possibly weaker) regular topology (this is the definition of ¢ being a
“generic set”).

Strong Cosmic Censorship with collisionless matter under surface symmetry. Dafermos—
Rendall [167-169] and Smulevici [170] considered solutions of the Einstein-Vlasov equations for
surface-symmetric spacetimes with topology S' x X, where X is a 2-dimensional compact surface
of constant curvature k € {—1,0, 1} (note that the Gowdy symmetry class with $2x sl topology is
a subclass of the k = 1 case). They established the C? inextendibility of the MGHD (both for van-
ishing A = 0 and positive A > 0 cosmological constant), thus proving a version of Strong Cosmic
Censorship for collisionless matter within the surface-symmetry class. It is remarkable that, con-
trary to Gowdy-symmetric vacuum spacetimes, precise asymptotics near the singularity are not
essential in the case of collisionless matter considered in [167-170] and inextendibility instead
follows from softer geometric arguments, in particular the extension principle of [168].

Strong Cosmic Censorship in the vicinity of Kasner spacetimes. Recall the Kasner metric (4.10)
from Section 4.7 is an anisotropic spatially-homogeneous spacetime with compact spatial topol-
ogy T° and a spacelike singularity at {f = 0}. Its perturbations for the Einstein vacuum equa-
tions may have very intricate dynamics (BKL heuristics [93,94,171]). However, in the presence of
a scalar field (i.e., for solutions of (2.4), (3.7)) or within U(1)-polarized solutions of the Einstein
vacuum equations, there exist Kasner metrics (4.10) with positive exponents (p1, p2, p3). The
work of Fournodavlos—Rodnianski-Speck [92] proves the stability of such solutions, and one can
thus infer a version of Strong Cosmic Censorship in a vicinity of these Kasner spacetimes for the
Einstein-scalar-field equations (or the vacuum Einstein equations in U(1)-polarized symmetry).
The results of [92] were recently generalized by Groeninger-Peterson-Ringstrém [172] proving
the stability of a larger class of so-called “quiescent singularities” that includes Kasner metrics
(4.10) with positive exponents p;. Thus, an analogous statement of Strong Cosmic Censorship
can be obtained in the vicinity of the larger class of initial data considered in [172].

7.3. Strong Cosmic Censorship in higher-dimensional gravity

Higher-dimensional black hole stability. There are higher-dimensional analogues of the
Schwarzschild (3.2) and Kerr (3.5) black holes, so-called Myers—Perry black holes [173]. The
techniques used for black hole exterior stability in (3 + 1)-dimensions discussed in Section 6 do
not apply to the higher-dimensional case; see, however, [174-178] for interesting recent progress.

Extra stationary black holes: black rings. The Schwarzschild and Myers-Perry solutions are not
the only stationary asymptotically-flat higher-dimensional black holes in view of the celebrated
black ring solutions [179], which possess an event horizon with $2xs! topology. However, the
black ring is subjected to the celebrated Gregory-Laflamme instability [180] taking the form of
exponentially growing modes for (6.1), see [181] for a proof of this instability in (4+1) dimensions.
Additionally, stable trapping takes place for (6.1) if g is a black ring, leading to a slow logarithmic
decay-in-time [182], a potential source of further (nonlinear) instabilities.

Open problem. To summarize, even the conjectured endstate of higher-dimensional gravita-
tional collapse appears to be more intricate than its (3+ 1)-dimensional counterpart; thus, an hy-
pothetical higher-dimensional analogue of Conjecture 1.1 remains completely open at present.
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7.4. Non-vanishing cosmological constant

Positive cosmological constant. The Schwarzschild-de-Sitter and Kerr-de-Sitter (respectively
Reissner—Nordstrom-de-Sitter) spacetimes are black hole solutions of the Einstein vacuum (re-
spectively Einstein-Maxwell) equations with a positive cosmological constant A > 0. Their
Cauchy surface (for a region inside the cosmological horizon, thus excluding the cosmological
region, see e.g. [42]) is compact with the topology of $2xS! thus the de-Sitter black holes are not
asymptotically flat (their interior region, however, is similar to their A = 0 counterparts).

Consequently, solutions of the wave equation (6.1) do not decay at an inverse-polynomial
rate (in the style of (4.6)) on the event horizon, but instead at an exponential rate [183-186], see
also [187-189] for such results on nonlinear wave equations. At the level of the Einstein-vacuum
equations, the stability of the Kerr-de-Sitter black holes (with |a| < M) at an exponential rate was
proven in the celebrated work of Hintz—Vasy [190], reproved in [191]. We note that Theorem 4.6
only requires decay upper bounds on the event horizon (compatible with an exponential rate)
and thus applies mutatis mutandis to small perturbations of Kerr-de-Sitter black holes with
|al < M, which therefore possess a CY-extendible Cauchy horizon.

However, due to the fast exponential decay in the A > 0 case, the singular character of
the Cauchy horizon, and thus the validity of the H' formulation of Strong Cosmic Censorship
appears in doubt (see [192] and the appendix of [21]). Heuristics and numerical works on the
wave equation (6.1) indeed indicate that solutions with smooth and localized initial data are
actually Hlloc-bounded at the Cauchy horizon of a Reissner-Nordstrom-de-Sitter hole [193] or
Kerr-Newman-de-Sitter [194] for sub-extremal parameters sufficiently close to extremality (in
contrast to the combined result of Theorem 6.1 and Theorem 4.2 in the A = 0 case); however, on a
Kerr-de-Sitter?® black hole, solutions to (6.1) seem to blow-up in H' norm at the Cauchy horizon
[195].

At the nonlinear level, spherically-symmetric Einstein—-Maxwell-(charged)-scalar-field solu-
tions of (4.4) approaching a (sub-extremal) Reissner-Nordstrém-de-Sitter black hole were stud-
ied in [196-198]. Under the assumption of exponential decay of the scalar field on the event hori-
zon, the stability of the Cauchy horizon was obtained analogously to Theorem 4.4. For a suffi-
ciently rapidly-decaying scalar field on the event horizon, however, the Cauchy horizon is not
weakly singular and the Hawking mass remains bounded in this case (in complete contrast to
Theorem 4.7 obtained in the A = 0 case). Whether or not generic spherically-symmetric solu-
tions decay sufficiently fast on the event horizon for this scenario to materialize remains open,
however.

Negative cosmological constant. On the Schwarzschild/Kerr-anti-de-Sitter black hole (solutions
of the vacuum Einstein equations with A < 0 analogous to (3.2) and (3.5)), solutions of the wave
equation (6.1) decay at a slow inverse-logarithmic rate [199,200]. On a Reissner—Nordstrom-
anti-de-Sitter black hole, a recent result of Zheng [201] shows the existence of non-trivial sta-
tionary solutions of (6.1) (see also previous heuristics works [202,203] in the context of AdS-
CFT) and exponentially-growing modes (the former also being associated to asymptotically-AdS
hairy black holes [90]). Excluding these, Kehle proved that solutions to (6.1) are (point-wise)
bounded at the Reissner—Nordstrom-anti-de-Sitter Cauchy horizon [204], although generically
their H' norm blows-up [205]. On a Kerr-anti-de-Sitter black hole, in contrast, Kehle surprisingly
showed [206] that solutions of (6.1) blow up point-wise at the Cauchy horizon, for black hole pa-
rameters (M, |al, A) belonging to a Baire-generic subset (of zero Lebesgue measure) of Ri. The
exact repercussions of these instabilities on the Einstein-vacuum dynamics, however, are unclear
in view of the conjectured nonlinear instability of the Kerr-anti-de-Sitter exterior spacetime [207].

25The numerics of [193-195] thus surprisingly suggest that Strong Cosmic Censorship (at the H! level, i.e., State-
ment (II) of Section 2.3) for A > 0 may be violated in the presence of charge (Maxwell field), but respected in its absence.
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8. Summary and future directions

This review explores the burgeoning field of Strong Cosmic Censorship research, which has
developed its own momentum within the mathematics landscape of General Relativity, while
remaining faithful to Penrose’s original spirit. The understanding of its key features were indeed
made possible thanks to advancements in the theory of quasilinear waves, started in the 1990s,
which drove immense progress in the study of spacetime dynamics in General Relativity.

We highlight a few of these essential realizations which are all connected to breakthroughs in
the understanding of black hole dynamics, towards a resolution of Problem 1.2:

o The Kerr Cauchy horizon is stable against dynamical perturbations, thus the singularity
inside a generic black hole arising in gravitational collapse is not entirely-spacelike.

¢ The blue-shift instability, a linear mechanism on a stationary black hole with a smooth
Cauchy horizon, does not destroy the Cauchy horizon when backreaction is included,
but instead makes it weakly singular (proven only in spherical symmetry at present).

¢ Ablack hole formed in gravitational collapse features a spacelike singularity . that dif-
fers significantly from the singularity inside Schwarzschild/Oppenheimer—Snyder space-
times and whose endpoint intersects the null Cauchy horizon € 7" (proven only in the
charged gravitational collapse of a spherically-symmetric scalar field at present).

We also emphasize the remarkable developments in the understanding of spacelike singulari-
ties dynamics. While the mathematical confirmation of the mixmaster/BKL heuristics for the
Einstein vacuum equations remains an open problem, the important progress positions us
well to tackle the challenges spacelike singularities pose within the resolution of Strong Cosmic
Censorship.

Moreover, and despite the independence of the Weak and Strong Cosmic Censorship conjec-
tures highlighted in Section 1.5, it is clear that a complete resolution of Conjecture 1.1 will re-
quire comprehensive knowledge of the dynamics of (locally) naked singularities in gravitational
collapse, most notably their non-generic character: in other words, it is likely that a proof of
Weak Cosmic Censorship will provide essential insights to the proof of Conjecture 1.1. Even a
complete understanding of all the above phenomena without any symmetry assumption, how-
ever, would still not be sufficient to prove Conjecture 1.1, because it is tied to the comprehen-
sion of every generic endstate of gravitational collapse, and therefore the final state conjecture
needs to be resolved first. Despite this obstacle, progress on the mathematical program and par-
tial steps towards Conjecture 1.1 outlined in this review would have significant ramifications for
understanding black hole dynamics and the field of General Relativity as a whole.

Among future directions, the study of multiple-black-holes dynamics, and whether they
respect Strong Cosmic Censorship will be essential. Beyond the Einstein equations in vacuum,
incorporating realistic astrophysical fluids, though presenting its own mathematical challenges,
holds immense potential for a more comprehensive physical understanding. As a steppingstone,
studying a massive (Klein-Gordon) scalar field will already reveal a drastically different picture of
Strong Cosmic Censorship compared to the simpler (electro)-vacuum case.

Strong Cosmic Censorship research stands as a vibrant frontier, pushing the boundaries of
both general relativity and mathematical analysis. Significant progress has been made, yet cap-
tivating challenges remain. As we delve deeper into this captivating domain, we stand to unlock
a wealth of knowledge about the nature of gravity and the enigmatic realm of black holes.
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