ACADEMIE
DES SCIENCES

INSTITUT DE FRANCE

Comptes Rendus

Mécanique

Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre

Multi-scale modeling and simulation of high-contrast periodic composite
materials: second-order gradient theory

Volume 353 (2025), p. 815-862

Online since: 10 July 2025

https://doi.org/10.5802/crmeca.307

This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses/by/4.0/

<

MERSENNE

The Comptes Rendus. Mécanique are a member of the
Mersenne Center for open scientific publishing
www.centre-mersenne.org — e-ISSN : 1873-7234


https://doi.org/10.5802/crmeca.307
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

ACADEMIE Comptes Rendus. Mécanique
DES SCIENCES 2025, Vol. 353, p.815-862
https://doi.org/10.5802/crmeca.307

INSTITUT DE FRANCE

Research article / Article de recherche

Multi-scale modeling and simulation of
high-contrast periodic composite materials:
second-order gradient theory

Modélisation et simulation multi-échelle des matériaux
composites périodiques a fort contraste : théorie du
gradient d’ordre deux

0, x,a

Alioune Nacro 4, Philippe Karamian-Surville and Sophie Lemaitre ¢

% Normandy University, UNICAEN, UMR 6139, CNRS, Nicolas Oresme Mathematics Laboratory,
14000 Caen, France

E-mails: alioune.nacro@unicaen.fr, philippe.karamian@unicaen.fr, sophie.lemaitre@unicaen.fr

Abstract. Within the framework of second-order gradient theory and the multi-scale modeling approach for
periodic composite materials, a key challenge lies in determining the four tensors: AO’O, [EBO'l, CO'O, and IDO'O,
which appear in the asymptotic expansion of the energy. This paper presents the numerical evaluation and
simulation of these tensors across various geometric configurations, employing a modified Green’s kernel-
accelerated scheme to efficiently handle high-contrast cases. Extensive 3D simulations are conducted for
multiple distinct geometries, accompanied by a detailed analysis of tensor values, computational efficiency,
and classification. The results provide valuable insights into the behavior of these tensors across different
morphological structures, contributing to a deeper understanding of advanced composite material model-
ing.

Résumé. Dans le cadre de la théorie du gradient d’ordre deux et de I'approche de modélisation multi-échelle
des matériaux composites périodiques, un défi majeur réside dans la détermination des quatre tenseurs
: ALO g1 00 et p%0 qui apparaissent dans le développement asymptotique de I'énergie. Cet article
présente I'évaluation numeérique et la simulation de ces tenseurs pour différentes configurations géomé-
triques, en utilisant un schéma modifié accéléré par le noyau de Green pour traiter efficacement les cas a
fort contraste. De nombreuses simulations 3D sont menées pour plusieurs géomeétries distinctes, accom-
pagnées d'une analyse détaillée des valeurs des tenseurs, de I'efficacité numérique et d’'une classification.
Les résultats fournissent des informations précieuses sur le comportement de ces tenseurs selon différentes
structures morphologiques, contribuant ainsi a une meilleure compréhension de la modélisation avancée
des matériaux composites.
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1. Introduction

As is well established, composite materials are defined as materials composed of at least two dis-
tinct constituents. They are widely utilized across various industrial sectors, including automo-
tive, aerospace, construction, and sports. Over the past few decades, significant research has
been conducted within the framework of first-order gradient theory, which encompasses two
primary approaches. The first, the mean-field approach, has been extensively employed to esti-
mate the effective properties of composite materials [1-9], utilizing analytical models such as the
Mori-Tanaka method [10-12]. In contrast, the more accurate full-field approach relies on high-
resolution numerical simulations, including the finite element method (FEM) and fast Fourier
transform (FFT)-based methods. Both approaches aim to precisely characterize the effective
properties of composite materials within the framework of first-order gradient theory.

In this study, the full-field approach is adopted for evaluating the effective properties of com-
posite materials [13-16], employing the fast Fourier transform (FFT) method, with the finite ele-
ment method (FEM) used for validation. Among the available numerical techniques, FFT-based
methods have gained significant popularity over the past few decades due to their numerous ad-
vantages. Originally introduced by Moulinec and Suquet [16,17] in the context of computational
homogenization [18-20] in the 1990s, these methods offer a computationally efficient alternative
to traditional numerical approaches within a remarkably short computational time.

In particular, in this study, we re-examine the bibliographic foundations of the models pre-
sented to enhance the clarity of this paper. The original notations introduced by the respective
authors have been retained to prevent any confusion with those associated with the model de-
veloped in this work. Non-local models naturally extend from the pioneering contributions of
Kroner [21], Krumhansl [22], Eringen and Edelen [23], and Peerlings [24-27]. The theory of non-
locality postulates that the response of a point within a material depends not only on its own
deformation [28,29] but also on the deformation of neighboring points, potentially over long dis-
tances.

We classify non-local models into two main families: gradient-based models and those for-
mulated using integral approaches. These so-called enriched models provide a more compre-
hensive description of material behavior by incorporating higher-order constitutive equations
beyond those of the classical framework. However, the introduction of additional boundary con-
ditions presents substantial implementation challenges, increasing the complexity of their nu-
merical treatment.

In this paper, we focus on phenomenological approaches based on second-order gradient
models, originally developed in the 1960s. Specifically, we examine the second-gradient model
introduced by Toupin [30,31], Mindlin [32], and Green and Rivlin [28]. These authors demon-
strated that the third-order tensor exhibits symmetry with respect to its first two indices and that
the elastic energy is a quadratic function of £(u°) and 6°u°, expressed as:

W=1e@®: 1% e +e(e®): 10" :0°u°) + 2 (0% u: 1. 1 0%u0),

where € denotes the ratio between the characteristic length of the inclusion and that of the
material.

According to the literature, similar to the model proposed by Toupin, Mindlin, Green, and
Rivlin, we are interested in particular in the tensors [.°° and "' defined as follows using our
notations:

m(),() — AO'O +2¢ [EBO’I,
E()'l = + [D)O'O),

relationships examined in greater detail later in this article.
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This article focuses on the application of second-order gradient theory to composite and
periodic materials for the determination of these four key tensors: A00 BO1 , and D0
(refer to Appendix A for notation conventions) allowing a more precise and detailed analysis of
material properties. One of the motivations of this work is the role of these second-order tensors
in damage mechanics. Actually, several studies have proposed approaches for incorporating
second-order gradient terms into damage and fatigue models for composite materials, including
works by Pham [33,34], Marigo [35], and Benallal [36]. We will be explored damage and fatigue in
a forthcoming study. Firstly, the aim of this study is to be able to calculate tensors numerically.

A comprehensive review of the literature [32,37-43] on multiscale modeling and simulation
of high-contrast periodic composite materials, when integrated with second-order gradient the-
ory, provides an in-depth exploration of the topic. This article examines various methodologies
employed for tensor computation and discusses different tensor calculus techniques within the
framework of second-order gradient theory, highlighting the associated challenges and opportu-
nities.

Furthermore, it addresses the limitations of current research and proposes potential avenues
for applying these techniques to enhance the understanding of composite behavior, thereby
offering valuable insights for material design. The overarching objective is to model these
composites as equivalent homogeneous materials, facilitating more accurate simulations within
the framework of linear elasticity theory.

This article distinguishes itself through a multiscale approach that excludes energy the-
ory [32,37-41] in determining the tensors A%°, B!, °Y and D*° [42,44] within the framework of
second-order gradient theory for periodic composite materials. We demonstrate that the tensors
A%% and B*! are identical. Furthermore, we introduce a numerical tool specifically designed for
these computations, based on solving the Lippmann-Schwinger equation. The solution is ob-
tained using the fast Fourier transform (FFT) in conjunction with an accelerated scheme algo-
rithm and a modified Green’s kernel to effectively handle high-contrast cases [45,46]. Through-
out this paper, contrast refers to the ratio between the Young’s modulus and Poisson’s coefficient
of the inclusion and those of the matrix.

The article is structured as follows: the first section focuses on the theoretical aspects related
to the calculation of the tensors A%, B!, ,and D%0 (refer to Appendix A for the notation con-
ventions), while the second section is dedicated to numerical simulations. The theoretical sec-
tion is subdivided into two parts: the first part reviews the principles of homogenization and the
multiscale approach, and the second part details the process of calculating the aforementioned
tensors. The numerical section is divided into in two subsections. The first subsection presents a
comparison between two numerical methods, namely the finite element method (FEM) and the
fast Fourier transform (FFT), to validate the results. This comparison is based on different inclu-
sion shapes (spherical and cylindrical) with a resolution of 1283, Subsequently, the FFT method
is chosen for further simulations, 256°. In the next subsection, we presents the simulations for a
representative volume element (RVE) with a resolution of 2563, divided into two parts: the first
is devoted to inclusions immersed within the representative volume element (RVE), while the
second addresses elongated inclusions that touch the edges of the RVE. The simulation includes
various inclusion configurations: spherical, cylindrical, spherical/cylindrical, as well as sets com-
posed of three cylindrical inclusions. The results related to the tensor reveal a classification
of symmetry groups analogous to those of the tensors A%’ and B”' [47-49].

Finally, a synthesis of the numerical results is presented for the various geometries: spherical,
cylindrical, spherical/cylindrical, as well as sets composed of three cylindrical inclusions, fol-
lowed by a comparative analysis. The conclusion emphasizes the importance of second-order
gradient theory, particularly for high-contrast composites with long inclusions, such as long
fibers.
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2. Homogenization process and multiscale approach

The multi-scale method is founded on the asymptotic expansion techniques introduced by
Bensoussan et al. [50,51], Sanchez-Palencia [52,53], and Mindlin [32]. Within the framework
of the double-scale method, Sanchez-Palencia [54,55] delineates the periodic homogenization
process for elasticity problems, which enables the determination of the effective tensor C'°™
through asymptotic expansion. The following provides a brief overview of the fundamental
principles underlying this method.

2.1. Homogenization process

Let Q be a three-dimensional periodic domain with period P, comprising various hetero-

geneities, as depicted in Figure 1. In this framework, the parameter ¢ is defined as € = %, where

dl denotes the diameter of the inclusion, and L represents a characteristic length of the mate-

rial. Within this domain, the macroscopic coordinates of a point are given by x = (x1, x2, x3). The

corresponding coordinates at the microscopic scale, within the representative volume element
X

(RVE), are expressed as y = =

"

£= %, e(x),0(x),C(%) Homogenization & — 0 E, Chom
e o o
L e o o

e o e Tdl

(a) Material heterogeneous in a periodic medium (b) Homogeneous material

Figure 1. The principle of the homogenization technique.

Given the external forces acting on the representative volume element (RVE), the mechanical
equilibrium equations are expressed as follows:

div(e®)+ f=0 in Q,
of =Ct(y)grad(u®), (1)
u? =0,

D

where o denotes the stress tensor, C¢(y) represents the material stiffness tensor, and u® corre-
sponds to the displacement field within the domain Q. The boundary condition uﬁD =0 enforces
a prescribed displacement on the Dirichlet boundary I'p.

In the first gradient homogenization theory [1,54,56,57], the scaling parameter € is assumed
to approach zero, leading to the derivation of the first-order effective tensor A*’, commonly
denoted as C"°™. Consequently, the governing equations in (1) reduce to:

divie®) + f=0 inQ,
¥ =Cchomgrad(u?), )
ul =0.

Tp —
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The homogenized tensor C"*™ is well established in classical homogenization theory and
follows directly from the first-order gradient framework. Therefore, in this study, we extend
the analysis to the second gradient theory, focusing on the determination of the higher-order
effective tensors B!, C°", and D*°.

2.2. Asymptotic expansion

The asymptotic expansion method [32,50,52,54] follows a systematic sequence of steps. First, the
displacement field u¢ is determined, and its gradient is computed. Next, this gradient is utilized
to evaluate the associated stress field o¢. Finally, the divergence of ¢ is computed to obtain the
governing equilibrium equations.

The asymptotic expansion of u® is traditionally formulated following the works of Bensoussan
et al. [50,51], Sanchez-Palencia [52], and Mindlin [32]. The displacement field u* is expressed as:

uf =1’ (x,y) +eu' (x, ) + €2t (x, y) + 313 (x, y) + - 3)

To introduce scale separation, we define the microscopic coordinate y as y = f, where ¢ is
a small parameter. The material stiffness matrix C(y) is assumed to be positive definite and
periodic.

To account for both macroscopic and microscopic scales, we introduce the “gradient” and “di-
vergence” operators, denoted respectively as “grad” and “div”. These operators are decomposed
as follows:

grad(e) =ey e +£’1ey-, @
div(e) = divy(e) + £ divy (o).
Thus, the gradient of the displacement field expands as:
grad(us) =¢7! (eyuo) + fso(e,cu0 + eyul) +¢! (exu1 + eyuz) + Ez(ex uz) +--- 5)
Accordingly, the stress field o is expressed as:
o = HCW) e, u)] + e [Cexu’ +eyul)]
+el [Cy)(exu’ +eyu?)] +2[C(y) (exu® +eyu)] +--- (6)

Next, by substituting the asymptotic expansion of ¢¢ into the equilibrium equation (1), the
balance equation transforms into:

divy(0®) + & divy(e°) + f = 0. (7)
By systematically considering the scaling order of the parameter €, we obtain:

e ?[divy(C(y)eyu’)]

+ e M divy (C(e,u®) +divy (C() (exu’ + eyuh))] ®
+

+ &' [dive(C(y) (exu' +eyu?)) +divy (C(y) (ext® +e,u’))| + Oe) = 0.

Each color represents a distinct order of magnitude with respect to the small parameter ¢,
which characterizes the scale of rapid variations in the displacement field u® [32,42,50,52,54].
The different powers of ¢ highlight the contributions of multiple scales to the overall governing
equation.
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3. Effective determination of the tensors A*?, B%!, "% and D*°

This section focuses on the effective determination of the tensors A%?, B!, , and D29,
transitioning from a theoretical framework to an algorithmic approach based on the analysis of
equation (8). This analysis results in four independent subproblems that highlight the role of the
tensors B, ,and D9,

In the following, the function space Héer(P) is the periodic Sobolev space. Additionally,
I denotes the identity tensor.

3.1. Problem at order e 2

By identifying terms of order £ 2, equation (8) simplifies to:
divy(C(»)eyu’) =0. 9)

The corresponding variational formulation requires finding u° € le,er(P) such that:

f Cyleyu)e,u)dP =0, Y u*eH (P) (10)

per .

Since C(y) is positive definite, the Lax—Milgram theorem ensures the existence of a unique

solution uY € H;er(P). Given that u? is independent of y, it follows that u® is solely a function
of x.

3.2. Problem at order e}

Identifying terms of order £ ™! in equation (8) leads to:

divy (C(y) (exu’ +eyuh)) =0, an
The corresponding variational formulation requires finding u'! € Héer(P) such that:
[ C(ecu’ +eyu')(eyu*)dP =0, ¥ u* € Hy, (P). 12)
p

Since C(y) is positive definite, equation (12) must hold for all u* € Héer(P), implying that
exu’+eyu' =0.
Owing to the separation of scales, the displacement field ! (x, %) can be expressed as:

ul(x,g) =U' 0+ ) rex (1), (13)

where U' (x) represents an integration constant.
The function y°(y) is the unknown corrector field, which satisfies the equation:

div, (C(») (1+e, (%)) =0. (14)

3.3. Problem at order €°

By identifying terms of order £°, equation (8) simplifies to:
divy(C(y)(exu’ +eyul)) +divy (C() (exu' +eyu®)) + f =0. (15)
In the following, we assume the volumetric forces are negligible.

The variational formulation of this problem requires finding u? € Héer(P) such that:

fC(y)(exu0+eyu1)~(exu*)dP+fC(y)(exul+eyu2).(eyu*)dP:0, Vu* € Hy(P). (16)
P P
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By exploiting periodicity, the equation simplifies to:

fC(y)(exu0+eyu1)-(exu*)dP:O, Y u* € HY .\ (P). 17)
P

per

Since C(y) is positive definite, equation (17) must hold for all u* € Héer(P), ensuring the
consistency of the formulation.

Within the framework of first-order gradient theory, the problem at order £° leads to the
determination of the effective homogenized elasticity tensor, denoted as C"™ or A*?, Its explicit
expression is given by:

A%0 = chom — fp(u +e,(x°(1)): € : (1+ey(x° (1)) dP (18)

The homogenized elasticity tensor C"°™, also denoted as A" (see Appendix A for exponent
notation), is well established in the literature [1,37,41,44,54]. Various computational techniques,
such as Fast Fourier Transform (FFT) and the Finite Element Method (FEM), have been developed
for its efficient numerical evaluation. The following section will focus on the detailed derivation
of the tensor A%?, along with its index notation.

3.3.1. Order of A0

To rigorously determine the order of the tensor A, we analyze the tensor products and
contractions involved in its definition:

A0 = chom — fp(ﬂ +ey(X°1)): € : (1+ey(x°(30))dP (19)

The order determination follows from the structural analysis of each term:

Component orders:
o [is the fourth-order identity tensor.
» y°(y) is a third-order corrector tensor.
o The gradient operation applied to y°(y), namely ey(xo( y)), increases its order by one,
resulting in a fourth-order tensor.
o C(y) is the fourth-order elasticity (rigidity) tensor.
Addition of land e, (y°(y)):
Since both tensors are of order 4, their sum remains a fourth-order tensor:

(1+e,(x°(»)) (order 4).

First contraction:
The first contraction is given by:

(1+e,(x° W) :C.

Contracting two fourth-order tensors along two indices reduces the total order by 2 x p,
where p = 2 for a standard two-index contraction. Thus, the resulting tensor remains of

order:
444-2x2=4.
Second contraction:
The second contraction follows the same principle, reducing the order in the same
manner:
44+4-2x2=4.

After performing all contractions, the integral expression for A%" results in a fourth-order
tensor. Since integration is applied element-wise and does not alter the tensor order, we conclude
that A%? is a fourth-order tensor.
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The subsequent section introduces the notation of A°° using index representation for further
clarity and mathematical precision.
3.3.2. Index notation of the tensor A*°

In this section, we express the tensor A%’ using its index notation to explicitly illustrate its
order and structure:

A?Y‘I(I)U)q = C%?r?;q = LCijIch(y) (6im5jn +eyij (X?nn (y))) (6/€P6hq +€ykn (X(;)m] (}/))) dp. (20)

By explicitly incorporating index notation, the integral expression for A?,;O,wq confirms that it
is a fourth-order tensor. Consequently, the order of A(,),‘qu is determined to be 4, with physical
units of (N/m?), consistent with elasticity tensors.

The Kronecker delta §;; is a fundamental mathematical function of two integer variables,

defined as:
1, ifi=j,
§5:i= 21
Y {O, otherwise. @D

The next step, which constitutes the novel contribution of this work, is to address the problem
at order £'. Within the framework of second-order gradient theory, this analysis leads to the
determination of the tensors B*!, , and DY, which will be systematically derived and
analyzed in the subsequent sections.

3.4. Problem at order ¢!

By identifying terms at order €', equation (8) takes the form:
divy (C(y)(exu' +eyu®)) +divy (C(y) (exu® +eyu®)) = 0. (22)

The variational formulation of this problem leads to finding ute H;er(P) such that:
f C(y)(exu' +eyu’): (exu™)dP+C(y)(exu® +eyu’): (eyu*)dP=0 Vu* € Hy (P).  (23)
P ’
Due to the periodicity conditions, this equation simplifies to:

fC(y)(exul+eyu2):(exu*)dP:0 Y u* € Hpo (P). 24)
p

per

Since C(y) is a positive-definite tensor, equation (24) must hold for all u* € ngr(P). This
directly implies that:
exu1 + eyu2 =0.

o1e . . 2 .
Due to the separability of the scaling, the displacement field u*(x, £) can be expressed as:

uz(x, S) =020+ ") E' ) + ¢ (1)t ex(ext®(x). (25)

where:

« U?(x) is an integration constant;
e El(x)= (ex(U1 (x)) represents the macroscopic strain field;
« ¥°(y) and y!(y) are the so-called corrector functions, determined as solutions to:

divy (C(y) (exu' +eyu?)) = 0.
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Substituting the expressions for (e u' + e, u*) and (e 1’ + e, u') into equation (24), we obtain:
j;)ex(u”) (0+ey(X°)) € (1+e,(x° W) E' () dP

+f e (1) cey(ec(u”))dP (26)
P

+j}; e (1) 0+ ey(xo(y))) :C(y): ey()(] ) e (e (u”))dP=0.

Within the framework of second-order gradient theory, the problem at order ¢! requires the de-
termination of three fundamental tensors: B%!, C"Y and D°°. These tensors characterize the ho-
mogenized response at this order and are derived through rigorous mathematical formulation.
Their explicit expressions are provided below (see Appendix A for details on the exponent nota-
tion):

B> = fp (1+ey(x°0)) : € : 1+ ey (x° (1)) dP 27)
= fp (+e,(x°W)):C: 1’y dP 28)
D% = fp (1+ey(x°W)) : € :ey(x' (1)) dP 29)

The multi-scale expansion framework employed in this study has facilitated the derivation of
tensor expressions analogous to those documented in the existing literature [37,40,44], obtained
via the energy method. This substantiates the validity of our methodological approach but also
underscores its originality. The results obtained reinforce the effectiveness of multi-scale tensor
analysis, corroborating previous findings while introducing novel insights into the field.

The subsequent section focuses on establishing the order of the tensors B!, ,and D9,
along with their index notation.

3.4.1. Order of the tensors B*', ", and D*°

If E and F are tensors of orders m and n, respectively, then the contraction of order p
between E and F (denoted as E : F, understood as a double contraction), where the contraction
is performed p times, results in a tensor of order m+n—2p. For this operation to be well-defined,
itis necessary that m = p and n = p.

To determine the order of B!, we analyze the tensor products and contractions in the
equation (27):

Component orders:
« [is the identity tensor of order 4.
 x°(y) is a corrector tensor of order 3.
« The gradient of a rank-3 tensor, ey, (x°(y)), increases the order by 1, making e, (x°(y)) a
tensor of order 4.
o C(y) is the fourth-order rigidity tensor.
Addition of  and e, (x°(y)):
Since the addition of tensors does not change the highest order present, [+ ey( x0( y))
remains a tensor of order 4.
First contraction operation:

(1+e,(x°)): )

Contracting a tensor of order 4 (1+ e, (x°()))) with another tensor of order 4 C(y) reduces
the total order according to the contraction rule: 4+4-2x2 = 4. Thus, (I+ e, (x°()) : C(»)
remains a tensor of order 4.
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Second contraction operation:
Contracting the resulting tensor of order 4 with another (I] + ey(xo( y))) (also of order 4)
reduces the order again: 4 +4 -2 x2 =4.

Considering the successive contractions, the integral expression for B*! results in a tensor of
order 4 before integration. Since integration is an element-wise operation, it does not alter the
tensor order. Consequently, B”! remains a tensor of order 4.

To determine the order of , we analyze the tensor products and contractions in the
equation (28):

Component orders:
¢ [is the identity tensor of order 4.
. is a corrector tensor of order 3.
¢ The gradient of a rank-3 tensor, , increases the order by 1, making a
tensor of order 4.
. is the rigidity tensor of order 4.
Addition of | and :
Since addition does not change the highest order term, remains a tensor of
order 4.
First contraction operation:

Contracting a tensor of order 4 with another tensor of order 4 reduces
the total order: 4 +4 —2 x 2 = 4. Thus, remains a tensor of order 4.
Second contraction operation:
Contracting the resulting tensor of order 4 with of order 3 reduces the order further:
443-2x2=3.
After successive contractions, the integral expression for results in a tensor of order 3
before integration. Since integration is an element-wise operation, it does not alter the tensor
order. Consequently, remains a tensor of order 3.

To determine the order of D*°, we analyze the tensor products and contractions in the
equation (29):
Component orders:
« [is the identity tensor of order 4.
 ¢"(y)is a corrector tensor of order 3.
o The gradient of a rank-3 tensor, ¢,y (y)), increases the order by 1, making e, (1"()) a
tensor of order 4.
 y'(y)is identified as a tensor of order 4.
« The gradient of a rank-4 tensor, ¢, (' ())), increases the order by 1, making e, (y'(y)) a
tensor of order 5.
e C(y) is therigidity tensor of order 4.
Addition of land ¢, (y°())):
Since addition does not change the highest order term, I+ ¢,(y°(y)) remains a tensor of
order 4.
First contraction operation:
(1+ey(x" ) : €
Contracting a tensor of order 4 (I + e, ( 1°(y))) with another tensor of order 4 C(y) reduces
the total order: 4+4 -2 x 2 =4. Thus, (I+¢,(3"()))) : C(y) remains a tensor of order 4.
Second contraction operation:
Contracting the resulting tensor of order 4 with e, ( x' (1) of order 5 reduces the order
further: 4+5-2x2=5.
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After successive contractions, the integral expression for D" results in a tensor of order 5
before integration. Since integration is an element-wise operation, it does not alter the tensor
order. Consequently, D*° remains a tensor of order 5.

The following section addresses the index notation for the tensors B!, ", and D*°.

3.4.2. Notation of B!, C"" and D"° tensors with indices

In this section, the tensor B! is represented with indices to explicitly illustrate its order, using
the Kronecker delta (21).

BYnpg = /PCijkh(y) (Gimb jn+ eyij(Xmn ) OkpOng + eyin(Xpg (1)) dP. (30)

0,1 :
mnpq tesults in a tensor of order 4.

is determined to be 4, with the units (N/m?).

Considering the index notation, the integral expression of B
Thus, the order of the tensor B,

In the next section, we represent the tensor with its indices to clearly define its order.
kh
= [, Com G+ ey (b1} ) o
P
Taking into account the index notation, the integral expression for results in a tensor of
order 3. Thus, the order of the tensor is determined to be 3, with the units (N/m).
In the existing literature, the tensor is typically expressed as a 5th-order tensor ( ),

which corresponds to augmenting the 3rd-order tensor ( ) by adding two indices (ij) that
represent stresses in different directions.

In the following section, the tensor D"’ is represented with its indices to clearly illustrate its
order, using the Kronecker delta (21).

D%z(l)’zpqr:LCijkh(y)(5im5jn+eyij(X(r)nn(y)))(eykh()(}?qr(y))) dp (32)

Considering the index notation, the integral expression for D(,);q(,)wq,. results in a tensor of order 5.

Thus, the order of the tensor D(,),’;,)wqr is determined to be 5, with the units (N/m).
The next section of this article delves into the demonstration of the symmetry properties of

the tensors A9, BY! and

4. Symmetry properties of tensors A*’, B%!, and

The work of Mindlin [32,57] and Toupin [30,31] demonstrated that the third-order tensor exhibits
symmetry with respect to its first two indices. Consequently, the tensor is symmetric with
respect to the indices i and j. The physical interpretation of this tensor was provided by
Mindlin [32,57] and Polizzotto [58], who described it as a double stress tensor, denoted ,
representing a double force oriented in the x; direction, applied to a plane with normal x;, and
possessing a lever arm in the x; direction.

This interpretation leads to an alternative rule—complementary to the aforementioned sym-
metry—whereby the first two indices of the tensor may be interchanged. In other words,
the second index j denotes the direction of the lever arm, while the first index i corresponds to
the normal of the loaded plane. This principle, commonly referred to as “Mindlin’s rule”, holds
within the framework of gradient distortion elasticity (GDE) theory, wherein the dual stresses ex-
hibit symmetry with respect to the first two indices—precisely the case in our study.

Mindlin’s findings [32,57] were subsequently extended by Exadaktylos and Vardoulakis [59],
as well as Lazar [60]. Consequently, the representation of the tensor is provided in Appen-
dix D, further justifying its symmetry. In the following section, we explore the symmetry group
configurations of the tensors A*?, B*!, and through a generalized approach.
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Group symmetry theory [47-49] has established that an isotropic tensor A%’ or B*! is charac-
terized by two independent coefficients, with the third coefficient being uniquely determined by
the first two. Similarly, the tensor is also defined by two independent coefficients.

Furthermore, group symmetry theory [47-49] has established that a tetragonal tensor A%’ or
B%! is characterized by six independent coefficients. Similarly, the tensor is defined by four
independent coefficients.

Finally, group symmetry theory [47-49] has established that an orthotropic tensor A or B!
is characterized by nine independent coefficients. In contrast, the tensor is defined by six
independent coefficients.

5. Connection and interpretation of higher-order stiffness tensors obtained with ex-
isting literature in gradient elasticity frameworks theory

To clarify the connection between the elastic energy expressed in terms of strain and its spatial
derivatives, and the emergence of higher-order stiffness tensors, we begin by recalling the as-
ymptotic expansion of the total elastic energy W*¢ in powers of the characteristic microstructural
length scale ¢:

Weé=w+ew! + 0(?). (33)

Following the asymptotic homogenization approach detailed in [44], the leading-order en-
ergy WO takes the standard form of classical elasticity:

1
wo = E[ ex(@®): ACY e (1% dP (34)
P

where e,(u°) is the symmetric strain tensor associated with the macroscopic displacement
field u°, and A©9 is the classical fourth-order stiffness tensor.

The first-order correction W! incorporates coupling between strain and its gradient, and is
expressed as:

w! =f ex(uo):[B(O'”:ex(uO)dP+f ex(u’): cex(ex(u®))dP
P P

+ f ex(u®): D% e\(ex(u”))dP  (35)
p

where BOV is a fourth-order tensor, and DY are fifth-order tensors to capture higher-
order effects.
Combining the expressions for W° and W, we obtain:

1
WEZ Ef ex(uo)(A(O»O)+2€|B(0,1))ex(u0)dp
p

+gf ex (W) (" + D) e (ex(m®))dP +O(?). (36)
P

This structure aligns with the second-order gradient elasticity models originally formulated by
Toupin [30,31], Mindlin [32], and Green and Rivlin [28], as well as with the modern reformulation
in [61], where the elastic energy is written as:
1
weé = 5ex(uo) 00 (1) +een ()10 ey (ex(u?))
+e?e(ex(w”): 1" rey(ex®) + 0@, (37)

where the tensorial moduli .%°,1.°", and generalize the material response to include gradient
effects.
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By identifying terms order-by-order in ¢, the following equivalences are established:
100 = 700 L 5 gOD 101 = + 0

Thus, the higher-order tensors and D% contribute additively to the effective second-
gradient tensor 191, which plays the same role as the so-called S tensor in [1, (22)], provided
that the minor symmetry Cjjxgm = Cikjem is enforced. This mapping is summarized in Table 1,
which provides a one-to-one correspondence between the present notation and that found in
the literature.

Table 1. Correspondence of tensor notations and their physical roles.

Tensor notation Tensor order and role

A0 Fourth-order classical stiffness tensor
B Fourth-order perturbation tensor (contribution to .°9)
Fifth-order tensor
D0 Fifth-order gradient tensor
Fourth-order stiffness tensor (sum of A% and 2eB©1)
LO! Effective “second-gradient” coupling tensor (sum of C*? and D©))

6. Numerical approach and simulations
6.1. Numerical approach

This section presents results from two in-house computational codes. The first, based on the
finite element method (FEM) [62], analyzes the mesh and computes the tensors A%?, B%!, %)
and D*°. Despite its computational cost, this approach serves as a benchmark for validation.
The second code, based on the fast Fourier transform (FFT) method, incorporates a modified
Green’s kernel to handle high-contrast cases [45,46,63]. This approach significantly enhances
computational efficiency, enabling faster evaluation of the tensors A0O BOL , and D%0,
Further details of the algorithms are provided in the subsequent section (see Appendix C).

In the next section, we present a graph depicting the logarithm of the ratio between the
coefficients of the tensor and their respective values when the contrast is set to 1. In
this graph, the logarithm of the contrast is plotted along the x-axis, while the logarithm of the
coefficient ratio is represented on the y-axis.

Additionally, we provide a graph illustrating the logarithm of the absolute value of the ratio
between the maximum coefficient of the tensor D" and its maximum value at a contrast of 1.
Here, the x-axis represents the logarithm of the contrast, while the y-axis displays the logarithm
of the absolute value of the coefficient ratio.

Furthermore, it is important to note that contrast is defined as the ratio between the properties
of the inclusion and those of the matrix. All graphical representations are generated for contrast
values ranging from 0.001 to 1000.

Finally, the occurrence of negative values in logarithmic calculations arises from the fact that
the initial values are very small.

6.1.1. Validation FEM vs FFT: spherical inclusion in resolution of 1283

In this section, we present the results by comparing the coefficient of the tensor
obtained using both the finite element method (FEM) and the fast Fourier transform (FFT)
method for a volume fraction of f;;, = 25%. The analysis considers a spherical inclusion inside
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a representative volume element (RVE) of unit cubic shape, defined over the domain [0,1]3. The
center of the spherical inclusion is located at coordinates (p, = 0.5, py = 0.5, p; = 0.5) in three-
dimensional space, with a radius of r = 0.39.

A resolution of 128% was employed exclusively for this section with contrast values ranging
from 0.001 to 1000, where contrast is defined as the ratio of the Young’s modulus and Poisson’s
coefficient of the inclusion’s properties to those of the matrix. The finite element method (FEM),
employing a discretization technique, was also used to compute the results. Initially, a pixelated
representation at a resolution of 128% was generated. These pixels were then used to construct a
tetrahedral mesh, which facilitated the computation of the tensors. For the representation of the
tensor , the coeflicient was selected, noting that in this specific case, = =

The results obtained using the finite element method (FEM) were compared with those
derived from the fast Fourier transform (FFT) method, and the relative error was computed,
using the FEM curve as the reference to quantify discrepancies between the two approaches.
Additionally, computation times were recorded to assess the performance of both methods.
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Figure 2. Logarithm of the ratio between the coefficients of the tensor and the coeffi-

cient for a contrast of 1, plotted as a function of the logarithm of contrast (FEM vs FFT) for a
single spherical inclusion in a representative volume element (RVE) at a resolution of 1283

Table 2. Simulation time FEM vs FFT with a single spherical inclusion, a resolution of 1283,

Contrast | Time with FEM (s) | Time with FFT (s)
0.001 80350 450
0.01 59822 359
0.1 57030 169
1 53040 141
10 56199 159
32 58300 200
100 60725 400
180 64820 405
320 80645 430
570 82340 470
1000 104747 500




Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre 829

To summarize, it has been observed that the finite element method (FEM) generally produces
more accurate results compared to those obtained using the fast Fourier transform (FFT) for
the A*? and B®! tensors. For the tensor (see Figure 2a), the FEM results yield a curve that
outperforms the one obtained with the FFT. However, the relative error between the two methods,
as shown in Figure 2b, remains below 3%, which is generally deemed acceptable. Despite this, the
FEM approach is computationally expensive (see Table 2), which has led us to prioritize the FFT
method for ongoing work, while intermittently using FEM for validation purposes.

6.1.2. Validation FEM vs FFT: cylindrical inclusion in resolution of 1283

In this section, we present the results of comparing specific coefficients of the tensor in the
case of a cylindrical inclusion with a volume fraction of f, = 5.71%, embedded within a cubic-
shaped representative volume element (RVE) with dimensions [0, 1]3. The center of the cylinder
is positioned at the coordinates (px = 0.5, py = 0.5, p; = 0.5) in three-dimensional space. The
cylinder has a radius of r = 0.135, and its axis, aligned along the y-axis, is characterized by the
directional vector (I =0, I, = 1, I, = 0). The height of the cylinderis k= 1.

A resolution of 128 is also employed exclusively in this section, with contrast values ranging
from 0.001 to 1000. Calculations have been carried out in the same way as in the previous case.
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Figure 3. Logarithm of the ratio between the coeflicients of the tensor and the coef-

ficient for a contrast of 1, plotted as a function of the logarithm of contrast (FEM vs FFT)
for a single cylindrical inclusion in a representative volume element (RVE) at a resolution
of 128°.
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In the representation of the tensor , the coefficients and are selected, with =

. However, differs due to the directional orientation of the inclusion, which is aligned

along the y-axis. The finite element method (FEM) results are compared with those obtained

using the fast Fourier transform (FFT), and the relative error is calculated, with the FEM curve

serving as the reference for assessing the differences between the two methods. Additionally,
computation times are recorded to evaluate the performance of both approaches.

Negative values in logarithmic calculations arise from initially small values.

In conclusion, it is observed that the finite element method (FEM) tends to yield superior
results compared to those obtained from the fast Fourier transform (FFT) for the A% and B%!
tensors. For the tensor (see Figures 3a and 3c), the results from the finite element method
(FEM) exhibit a curve that is superior to that obtained using the fast Fourier transform (FFT).
However, the relative error between the two methods, as shown in Figures 3b and 3d, remains
below 7% for a resolution of 128%. While this error may be considered relatively high, it is deemed
acceptable, particularly since it decreases with increasing resolution. Consequently, we plan to
continue our work using a resolution of 2562,

Despite its advantages, the finite element method (FEM) is computationally intensive (see
Table 3), prompting us to prioritize the fast Fourier transform (FFT) for further analyses at the
2562 resolution, while intermittently employing the finite element method (FEM) to validate our
results.

In the following section, numerical simulations are performed using our in-house developed
code for spherical and cylindrical inclusions. These simulations enable the determination of the
homogenized stiffness tensor (C"™ or A*?) based on first-order gradient theory, as well as the
tensors B*!, C"’, and D"’ derived from second-order gradient theory. Several distinct cases are
examined to illustrate the numerical values of these tensors.

Table 3. Simulation time FEM vs FFT with a single cylindrical inclusion, resolution of 1283.

Contrast | Time with FEM (s) | Time with FFT (s)
0.001 51240 401
0.01 32020 350
0.1 29844 201
1 28120 130
10 29932 141
32 31825 191
100 34628 307
180 36514 321
320 44710 349
570 48840 379
1000 53676 400

6.2. Numerical simulations

Several simulations were conducted at a resolution of 256° voxels, on a representative volume
element (RVE) composed of inclusion(s) within a unit cubic domain [0, 113, with contrast levels
ranging from 0.001 to 1000, where contrast is defined as the ratio between the Young’s modulus
and Poisson’s ratio of the inclusion and those of the matrix. These simulations were categorized
into two groups: the first investigated inclusions embedded within a representative volume
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element (RVE), while the second focused on elongated inclusions in contact with the edges of
the RVE. This approach enables a comprehensive analysis of the effects of different inclusion
geometries.

Initially, our study focused on a spherical inclusion, which inherently exhibits no preferred
orientation. Subsequent simulations examined short and long cylindrical inclusions, analogous
to short and long fibers, respectively. Additionally, a combination of these various types of
inclusions was analyzed to assess their overall impact, culminating in a study of cylindrical
inclusions oriented along the three principal axes to investigate potential compensatory effects.

A volume fraction of 5.71% was deliberately chosen to facilitate the combination of different
cases. These simulations enabled the determination of the homogenized tensor A% or cP°™
using first-order gradient theory, as well as the tensors B*!, ", and D*° using second-order
gradient theory.

It is important to emphasize that, in all configurations analyzed, the tensor A*? is identical to
the tensor B*! with remarkable precision, exhibiting an accuracy of 10~ beyond the decimal
point. This demonstrates an exceptionally precise correspondence between the two tensors.
Although the computational approaches for A%’ and B”! differ, both yield identical results,
thereby confirming the robustness and reliability of our numerical framework.

In this study, the tensor is represented in matrix form as two distinct blocks (see Appen-
dix D): an upper block and a lower zero block. This representation facilitates the integration
of " into the symmetry group of the tensors A*? and B!,

Additionally, we analyze the logarithm of the ratio between the coeflicients of the tensor
and the corresponding coefficient value when the contrast is set to 1. In this representation, the
logarithm of the contrast is plotted along the x-axis, while the logarithm of the coefficient ratio is
displayed on the y-axis.

Furthermore, the tensor D?;ﬂl p»qr has been represented (see Appendix E) as a curve by plotting
the logarithm of the absolute value of the ratio between the maximum coefficient of D?;ﬂl pgr and
its maximum value at a contrast of 1, as a function of the logarithm of the contrast. This approach
enables the observation of the tensor’s variation with respect to contrast. In other wods, the Lo,
norm was chosen to characterize the I]])?,ﬁl pqr tensor, defined as: 1D oo = Max,,p, p,q,rlﬂ)(,),ﬁlpqu.

The next phase of our study explores an alternative geometric configuration, focusing on
inclusions embedded within a representative volume element (RVE). This approach facilitates a
detailed analysis of the influence of inclusion shape on the properties of the investigated tensors.
The primary objective is to gain a deeper understanding of the impact of geometry on the overall
mechanical behavior of the material.

6.2.1. Inclusions immersed in an representative volume element (RVE)

In this section, we have conducted simulations incorporating various types of inclusions
within a representative volume element (RVE). The studied inclusion shapes include spheres,
and cylinders, as well as combinations of spheres with cylinders. The analysis concludes with an
investigation of cylindrical inclusions oriented along three different directions.

The next phase of our study focuses on a distinct geometric configuration, specifically exam-
ining a spherical inclusion. This approach enables a detailed assessment of the influence of in-
clusion shape on the properties of the studied tensors. The primary objective is to gain a deeper
understanding of the impact of geometry on the overall behavior of the material.

Spherical inclusion. Two volume fractions were considered: fs, = 5.71% with a sphere radius
of r = 0.239, and f5, = 25% with a radius of r = 0.39. The sphere is centrally positioned at
coordinates (py = 0.5, py = 0.5, p = 0.5) within the three-dimensional space.

The two graphs presented in Figure 5 illustrate the variation of the tensor as a function of
the logarithm of contrast for different components. The analysis of the tensor coefficients
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Case of a single sphere:

¢ Contrast: 0.001 up to 1000.
« Resolution: 256°. 1

z

1
@) fsp =5.71% M) fsp = 25%

1

Figure 4. Illustration of a single sphere inside a 3D domain.

reveals intriguing behaviors, highlighting the significance of isotropic symmetry in spherical

inclusion materials. It is evident that the coefficients of the tensor increase as the volume
fraction increases, as shown in Figure 5.
For the coefficients = = (see Figure 5a), we observe that they vary from —0.2

to a maximum of 0.2 for f;, = 5.71% and from —0.6 to a maximum of 0.6 for f;, = 25% with
the logarithm of contrast. However, they remain identical, which confirms the absence of a
preferential direction, a characteristic feature of spherical inclusions and isotropic symmetry.
These variations, observed across all contrast levels, confirm the material’s isotropic nature and
the absence of directional bias.

Similarly, the other coefficients = = = = = (see Figure 5b) remain
constant across varying contrast levels, 1llustrat1ng the uniformity of the material’s properties.
These results are particularly significant for material design, as they demonstrate that the prop-
erties remain uniform despite variations in contrast—an essential aspect for applications requir-
ing directional consistency. Furthermore, since the coefficients have magnitudes on the order of
unity, this further substantiates the isotropic symmetry, as illustrated in Figure 6.
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(a) Coefficients , , and (b) Coefficients , s s s , and
Figure 5. Logarithm of the ratio between the coeflicients of the tensor and the coef-

ficient for a contrast of 1, plotted as a function of the logarithm of contrast with a single
sphere.



Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre 833

Figure 6 presents the configuration of the tensor , where elements of the same color (red
and blue) correspond to identical values. The red squares, positioned along the diagonal of the
upper block, have equal values due to the absence of a preferred direction. The blue squares,
which are also uniform, represent the other values in the upper block. At the bottom, the “0”
symbols indicate null values or inactive elements.

¢ A A
A @ A
AAO
© © ©
© © ©
© © ©

Figure 6. tensor configuration with a single sphere.

Figure 7 shows that variations in contrast induce only a slight variation in || D% . Addition-
ally, it is observed that the coefficients of the D”° tensor increase as the volume fraction increases.
This suggests that contrast does not significantly influence the behavior of this particular com-
ponent of the tensor when dealing with a spherical inclusion.
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0.6 e T
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Figure 7. Logarithm of the absolute value of the ratio between the maximum of the coeffi-
cients of the tensor D”° and the maximum of the coefficient for a contrast of 1, plotted as a
function of the logarithm of contrast with a single sphere.

Cylindrical inclusion with cylinder height of 0.5. In this section, the cylindrical inclusion,
with a volume fraction f;, = 5.71%, is centrally positioned at coordinates (py = 0.5, p, = 0.5,
pz = 0.5) in three-dimensional space. It has a radius of r = 0.165 and a height of & = 0.5. The
cylinder’s orientation along the y-axis is defined by the directional vector (I, =0, I, = 0.25, [, = 0).
Simulations are carried out at contrast levels ranging from 0.001 to 1000, where contrast is defined
as the ratio of inclusion to matrix, with a resolution of 256° voxels. This study focuses on the
analysis of the tensors A0 o chom RO1 ,and DY under varying contrast.
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Figure 8. Illustration of a single cylinder for a cylinder height of 0.5 inside a 3D domain.
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Figure 9. Logarithm of the ratio between the coefficients of the tensor and the coeffi-

cient at a contrast of 1, plotted as a function of the logarithm of contrast for a single cylin-
drical inclusion with a height of 0.5.

We present three curves in Figure 9 that represent the coefficients of the tensor as a
function of the logarithm of contrast for a material with a cylindrical inclusion of height 0.5.
These graphs highlight the distinct behaviors of the various coefficients of the tensor under

different contrast conditions.
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The first curve (see Figure 9a) represents the behavior of the coeflicients # ( = ),
showing a slight increase with increasing contrast. While increases and reaches values
higher than and , the other two coefficients show a more moderate increase. This
pronounced difference underscores the influence of the inclusion’s orientation along the y-axis,
corresponding to the coefficient, suggesting strong directional dependence in the material
under high-contrast conditions.

The second curve (see Figure 9b) highlights the behavior of the coefficients = , while
the third curve (shown in Figure 9c) depicts the evolution of the coefficients = = =

. These coefficients show a consistent trend, increasing with contrast, which reflects greater
anisotropy in the material at higher contrast levels.
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Figure 10. tensor configuration with a single cylinder with a cylinder height of 0.5.

Figure 10 illustrates the tensor, obtained from the results shown in Figure 9. In this
configuration, elements of the same color represent identical values, indicating symmetry within
the tensor. The upper block uses colors such as red, yellow, blue, and green to denote equal values
among corresponding tensor elements, while the yellow color represents a unique value due to
the orientation of the inclusion along the y-axis. The lower block of the tensor consists entirely
of zeros, signifying that all elements in this section are null. This configuration, with a non-zero

upper block and a lower block with zeros, highlights the structured symmetry of the tensor.
In summary, Figure 9 establishes a clear link between the length of inclusions in a composite
material and its mechanical properties, as illustrated by the coefficients of the tensor.

This tensor, which is essential for describing the elastic properties of the material, shows a
marked variation in its coefficients depending on the length of the inclusion. The elongation
of the inclusion significantly affects the mechanical properties along its main axis, enabling
the material to withstand increased stress or deformation. The coefficients of the tensor,
expressed in newtons per meter (N/m), quantify the force or tension per unit length, which is
typical for characterizing the elasticity of materials. Consequently, a proportional increase in the
length of the inclusion leads to an increase in these coefficients, indicating an enhanced ability
of the material to resist or transmit forces along the axis of the inclusion.

Finally, we turn our attention to the D?ﬁ%pqr tensor. As illustrated in Figure 11, the curve
reveals that, for a cylindrical inclusion with a height of 0.5, the variations in contrast significantly
influence |D"’||o,. The tensor’s behavior demonstrates a clear increasing trend with rising
contrast, suggesting that contrast is a pivotal factor in determining |D%°|,. Based on these
findings, it is evident that the second-order gradient theory must be considered when dealing
with high contrast in cylindrical inclusions.

The next phase of our study shifts focus to a different geometry, specifically investigating a
mixture with the previous inclusions: single spherical and cylindrical inclusions. This approach
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Figure 11. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D” and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast with a single cylinder with a cylinder height of 0.5.

facilitates the analysis of how the shape of the inclusion influences the properties of the studied
tensors. The objective is to gain a deeper understanding of the impact of inclusion geometry on
the material’s behavior.

Spherical and cylindrical inclusions with cylinder height of 0.5. In this section, we perform a
numerical simulation of a representative volume element (RVE) comprising both spherical and
cylindrical inclusions (fsp = fcy = 5.71%), with a total volume fraction of 11.42%. The sphere is
centered at coordinates (px = 0.25, py = 0.5, p, = 0.5) with a radius of r = 0.239. The cylindrical
inclusion is positioned at (py = 0.75, py = 0.5, p, = 0.5) and has a radius of r = 0.165 and a height
of h = 0.5, oriented along the y-axis with a directional vector (I, =0, [, = 0. 25, [, = 0).

Case of a single sphere and cylinder following y:
 Total volume fraction: 11.42%.
— Witha f, 0of 5.71%.
— With a f¢, 0of 5.71%, the same as the case of a
single cylindrical inclusion with h = 0.5.
¢ Contrast: 0.001 up to 1000.

o Resolution: 256°.
z

y

Figure 12. Illustration of a single sphere and cylinder with a cylinder height of 0.5 inside a
3D domain.

Figure 13a demonstrates the behavior of the coefficients # # , showing that
does not effectively capture the directional properties of the cylinder due to the equal height
of both the cylinder and the sphere. This outcome aligns with expectations, as the side-by-
side arrangement of the sphere and cylinder leads to a directional dominance along the x-
axis. Furthermore, the coefficients vary between —0.5 and 0.5, indicating that they are of the
order of unity, which underscores the relevance of the tensor in characterizing the material
properties.
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Figure 13b illustrates the variation of coefficients = , while Figure 13c demonstrates
the variation of the coefficients = and = . These coefficients fluctuate between
—0.4 and 0.4, confirming that they are of the order of unity. This fluctuation highlights the
significant role of the tensor in revealing how material responses become increasingly
anisotropic under high contrast conditions.
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Figure 13. Logarithm of the ratio between the coefficients of the tensor and the

coefficient for a contrast of 1, plotted as a function of the logarithm of contrast for a single
sphere and cylinder, with the cylinder having a height of 0.5.

Figure 14 presents the configuration of the tensor derived from the results of Figure 13,
where elements of the same color correspond to identical values, indicating symmetry within the
tensor. The upper block is color-coded, with red, yellow, black, blue, green, and cyan representing
equal values among corresponding tensor elements. However, the red, yellow, and black colors
represent unique values that differ from the others. The lower block of the tensor is entirely
composed of zeros, indicating that all elements in this section are null. This configuration, with
anon-zero upper block and a lower block of zeros, highlights the structured symmetry of the
tensor.

In summary, as contrast increases, the coefficients of the tensor also increase. We
observe that the direction of the short cylinder, which has the same size as the sphere, becomes
indistinguishable, aligning with our expectations. Additionally, the side-by-side positioning of
the sphere and cylinder contributes to the directional predominance along the x-axis. Moreover,
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the cumulative effect of the tensor coefficients for the sphere and cylinder indicates synergistic
interactions within the composite. In this configuration, the tensor exhibits orthotropic
behavior. These results are pivotal for understanding the material’s behavior under varying
contrast conditions.

Figure 15 indicates that, in the case of single spherical and cylindrical inclusions with a
cylinder height of 0.5, variations in contrast significantly affect ID°9)|lo. The tensor behavior
shows an increasing trend with increasing contrast, suggesting that contrast plays a crucial role
in determining 1029 oo
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Figure 14. tensor configuration with a single sphere and cylinder with a cylinder height
of 0.5.
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Figure 15. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D° and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast with a single sphere and cylinder with a cylinder
height of 0.5.

The next phase of our study focuses on a particular geometry, involving the analysis of three
cylindrical inclusions with a height of 0.75.

Three cylindrical inclusions with cylinder height of 0.75. In this section, we perform a numer-
ical simulation of a representative volume element (RVE) within a cubic space [0, 1]3, containing
three cylindrical inclusions, each contributing to a total volume fraction of 12.94%. The centers
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of all three cylinders are positioned at the coordinates (py = 0.5, py = 0.5, p, = 0.5). Each cylinder
has a radius of r = 0.156 and a height of h = 0.75. The orientations of the cylinders are aligned
along the x, y, and z axes, respectively, with directional vectors (I = 0.375, I, = 0, [; = 0) for the
first, (Ix =0, 1, =0.375, I, = 0) for the second, and (I, =0, I, =0, I, = 0.375) for the third.

Case of three cylindrical inclusions positioned
along the three axes, each with a volume fraction of
5.71%:

« Total volume fraction: 12.94%.

¢ Contrast: 0.001 up to 1000.

« Resolution: 256°.
z

y

Figure 16. Illustration of three cylinder with cylinder height of 0.75 inside a 3D domain.
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Figure 17. Logarithm of the ratio between the coefficients of the tensor and the
coefficient for a contrast of 1, plotted as a function of the logarithm of contrast with a three
cylinder with cylinder height of 0.75.

The two graphs presented in Figure 17 illustrate the variation of the tensor . For the
coefficients = = (see Figure 17a), we observe that they vary from —0.6 to a

maximum of 0.6 with the logarithm of contrast, yet remain identical. This behavior indicates the
absence of a preferential direction, which is characteristic of configurations with three cylindrical
inclusions oriented along the x, y, and z axes, thereby demonstrating isotropic symmetry.

For the coefficients = = = = = , as shown in Figure 17b, we observe
an increase with increasing contrast, ranging from —0.8 to 0.2. These coefficients, being of the
order of unity, demonstrate a significant material response to variations in contrast.

In summary, the graphs presented in Figure 17 establish a clear relationship between the in-
clusion length in a composite material and its mechanical properties, as illustrated by the coeffi-
cients of the tensor . This tensor, crucial for describing the elastic properties of the material,
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shows marked variations in its coefficients as a function of inclusion length. Consequently, a pro-
portional increase in the inclusion length leads to a rise in these coefficients, indicating the mate-
rial’s improved ability to resist or transmit forces along the inclusion’s axis. Additionally, there is a
cumulative effect in the coefficients of the tensor for each cylinder, with the overall response
reflecting the combined influence of all three cylindrical inclusions.

Figure 18 displays the configuration of the tensor , where elements of the same color (red
and blue) are assigned identical values. The red squares, arranged along the diagonal of the
upper block, exhibit identical values, reflecting the absence of a preferred directional influence.
This uniformity results from the strategic placement of three cylindrical inclusions, each oriented
differently: the first along the x-axis, the second along the y-axis, and the third along the z-axis.
The blue squares, also identical to each other, represent the other values in the upper block. At the
bottom, the “0” symbols indicate null values or inactive elements, representing areas unaffected
by the inclusions.

Finally, in Figure 19, the curve indicates that, for the case of three cylindrical inclusions with a
cylinder height of 0.75, variations in contrast affect |D%°|»,. The behavior of the tensor shows
an upward trend with increasing contrast, highlighting the critical role of contrast in deter-
mining [|D*°| .
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Figure 18. tensor configuration with a three cylinder with cylinder height of 0.75.
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Figure 19. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D° and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast with three cylinders with a cylinder height of 0.75.



Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre 841

This analysis reveals interesting behaviors that underscore the importance of isotropic sym-
metry in materials with three cylindrical inclusions, each oriented differently: the first along the
x-axis, the second along the y-axis, and the third along the z-axis. These variations highlight how
orientation affects the tensor properties, contributing to a deeper understanding of isotropic re-
sponses in these materials.

Summary and comparison of first numerical results. The geometries of inclusions in com-
posites show varied responses under contrast-related variations. Spherical inclusions retain
isotropic properties, while cylindrical inclusions exhibit significant anisotropy. The coefficients
of the tensor are close to unity and increase with contrast, even at low volume fractions.
When combined, the anisotropy persists and the cumulative effect of the tensor coefficients
becomes more pronounced, particularly in scenarios where the volume fraction of the inclusion
is high. These results highlight the crucial role of inclusion geometry in the mechanical response
of materials, particularly in high-contrast composites.

In conclusion, second-order gradient theory is essential to accurately model these compos-
ites, particularly when the inclusions are submerged, resulting in a significant volume fraction.
A comparative analysis of the coefficient in the tensor is presented for detailed study, in
Figure 20, highlighting the importance of this advanced modelling approach.

The results presented in Figure 20 demonstrate that an increase in the volume fraction leads to
a corresponding rise in the coefficients of the tensor. This effect becomes more pronounced
at higher contrast levels, highlighting the substantial influence of contrast on the material’s be-
havior. Furthermore, when multiple inclusions are combined, a cumulative effect on the coeffi-
cients of the tensor is observed. These findings emphasize the critical importance of incor-
porating second-order gradient theory in the modeling of high-contrast composite materials.

Figure 20 establishes a clear correlation between the length of inclusions in a composite
material and its mechanical properties, as reflected by the variations in the coefficients of the

tensor. The elongation of the inclusions significantly influences the material’s mechanical
properties along the direction of extension, enhancing its capacity to endure greater stress or
strain along the major axis.

2 " Gyy1 of single sphere + cylinder with ., =11.42 % for h=0.5 —=—

Cy41 of three cylinder with ? y=12.94 % for h=0.75 —-o--

b111 of single cylinder with foy=5.71 % for h=0.5 ----x---
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Figure 20. Logarithm of the ratio between the coefficients of the tensor and the

coefficient for a contrast of 1, plotted as a function of the logarithm of the contrast.



842 Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre

The next phase of this study shifts focus to a new inclusion geometry, involving elongated in-
clusions that extend to the edges of the representative volume element (RVE). This configuration
facilitates the exploration of how the shape of inclusions influences the properties of the tensors
under investigation. The goal of this approach is to deepen our understanding of how geometric
configurations affect the material’s overall behavior.

6.2.2. Elongated inclusions touching the edges of the representative volume element (RVE)

In this section, we present simulations that incorporate various types of inclusions within a
representative volume element (RVE). The inclusion shapes analyzed include spheres, cylinders,
as well as combinations of spheres with cylinders. The study concludes with an investigation into
cylindrical inclusions oriented along three different directions.

The next phase of this study shifts focus to a different geometry, specifically involving cylin-
drical inclusions. The goal of this approach is to explore the influence of inclusion shape on the
properties of the tensors under investigation. Ultimately, this will deepen our understanding of
how geometry impacts the overall behavior of the material.

Cylindrical inclusion with cylinder height of 1. In this section, we perform a numerical sim-
ulation of a representative volume element (RVE) comprising a cylindrical inclusion embedded
within a cubic domain [0,1]3. The cylinder occupies a volume fraction of f;, = 5.71%, and is cen-
trally located at the coordinates (py = 0.5, py = 0.5, p, = 0.5) within the three-dimensional space.
The inclusion has a radius of r = 0.135 and is oriented along the y-axis, defined by the directional
vector (Iy =0,1,=0.5,1; = 0). Its heightis h = 1.

Case of a single cylinder following y:
o fey: 5.71%.
¢ Contrast: 0.001 up to 1000.

o Resolution: 256°.
z

Figure 21. Illustration of a single cylinder with a cylinder height of 1 inside a 3D domain.

We present three curves in Figure 22 that depict the coefficients of the tensor as a function
of the logarithm of contrast for a material containing a cylindrical inclusion.

The first curve (see Figure 22a) shows the behavior of the coefficients compared to
and , emphasizing how each coefficient responds to increasing contrast. While
exhibits the steepest increase after a contrast value of 100, reaching significantly higher values
than and , the other two coefficients show more moderate increases. This pronounced
difference highlights the influence of the inclusion’s orientation along the y-axis (associated
with ), suggesting that the material exhibits a strong directional dependence under high-

contrast conditions. The rapid increase of implies a significant enhancement in stiffness in
the y-direction.
The second curve (see Figure 22b) illustrates the variation of the coeflicients = , while

the third curve (see Figure 22¢) depicts the behavior of the coefficients = = =

All of these coefficients display similar behavior: they remain nearly constant for contrast Values
below 100. However, beyond this threshold, a significant increase is observed, reflecting a greater
anisotropy of the material at higher contrast values. This suggests that while the material behaves
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isotropically at low contrast, it becomes progressively more anisotropic as the contrast increases.
The tensor thus plays a crucial role under high-contrast conditions.

Figure 23 shows the configuration of the tensor derived from the results in Figure 22,
where elements of the same color are associated with identical values, reflecting the symme-
try within the tensor. The upper block is color-coded: red, yellow, blue, and orange regions cor-
respond to equal values, illustrating the symmetry between the respective tensor elements. No-
tably, the yellow elements represent a distinct value, which differs from the others due to the ori-
entation of the inclusion along the y-axis. The lower block of the tensor is entirely composed
of zeros, signifying that all elements in this section are null. This configuration, with a non-zero
upper block and a lower block filled with zeros, emphasizes the structured symmetry of the
tensor.
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Figure 22. Logarithm of the ratio between the coefficients of the tensor and the coef-
ficient for a contrast of 1, plotted as a function of the logarithm of contrast with a single
cylinder with a cylinder height of 1.

In summary, the results shown in Figure 22 reveal that at low contrast, the material exhibits
relatively uniform properties in all directions, as indicated by the nearly constant behavior of the
tensor coefficients. However, as the contrast increases, a significant anisotropy emerges across
all coefficients, indicating that the material becomes increasingly directional. This highlights the
importance of the tensor under high contrast conditions.
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In the subsequent section, we turn our attention to the D?}"l?’l]’}qr tensor, a second-order ten-
sor. In Figure 24, the curve indicates that, for a cylindrical inclusion, variations in contrast sig-
nificantly affect || D% . The tensor behavior exhibits an upward trend with increasing contrast,
suggesting that contrast plays a critical role in determining |D”°| ... Based on these results, it
is evident that second-order gradient theory must be considered for high-contrast scenarios in-
volving cylindrical inclusions, as the values of the tensors become significantly large.
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Figure 23. tensor configuration with a single cylinder with a cylinder height of 1.
4
35
§25 !
o
72 2 ,
7 ,’
g15
8
S 1
i) o
505
S
0 .-
0'5-3 2 1 0 1 2 3
Log(contrast)

Figure 24. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D%° and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast with a single cylinder with a cylinder height of 1.

Spherical and cylindrical inclusions with cylinder height of 1. In this section, we perform a
numerical simulation of a representative volume element (RVE) with a unit cubic shape [0, 113,
incorporating both spherical and cylindrical inclusions. The total volume fraction of the inclu-
sions is fsp + fcy =5.71% +5.71% = 11.42%. The spherical inclusion is positioned at coordinates
(px = 0.25,p, = 0.5, p, = 0.5) with a radius of r = 0.239. The cylindrical inclusion is located at
(px =0.75,py = 0.5, p, = 0.5) with a radius of r = 0.135. Its axis is oriented along the y-axis, de-
fined by the directional vector (I, = 0,1, =0.5,1, = 0), and it has a height of h = 1.

Three curves (see Figure 26) represent the coefficients of the tensor as a function of the
logarithm of contrast for a material containing spherical and cylindrical inclusions.
Figure 26a illustrates the behavior of the coefficients # # , where exhibits

a particularly strong increase beyond a contrast of 100, reaching significantly higher values than



Alioune Nacro, Philippe Karamian-Surville and Sophie Lemaitre 845

Case of a single sphere and cylinder following y:
 Total volume fraction: 11.42%.
— Witha f;, 0of 5.71%.
— With a f;, of 5.71%, the same as the case of a
single cylindrical inclusion for h = 1.
¢ Contrast: 0.001 up to 1000.

« Resolution: 256°.
z

Figure 25. Illustration of a single sphere and cylinder with a cylinder height of 1 inside a 3D

domain.
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Figure 26. Logarithm of the ratio between the coefficients of the tensor and the coef-
ficient for a contrast of 1, plotted as a function of the logarithm of contrast with a single
sphere and cylinder with a cylinder height of 1.

and . This pronounced increase in indicates a strong directional dependence along
the y-axis, suggesting that the material exhibits enhanced stiffness or mechanical resistance in
this direction at high contrasts.
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Figure 26D illustrates the behavior of the coefficients = as a function of the logarithm
of contrast. Both coefficients follow an identical trend, remaining nearly constant up to a contrast
of 100, after which they increase sharply. This sharp increase, particularly after a contrast of
100, suggests that the material becomes highly sensitive to directional variations at high contrast.

The nearly identical behavior of = implies a symmetry in the material’s response along
different directions under these conditions.
Figure 26¢ shows the variation of the coefficients ( = ) # ( = ), which remain

relatively low up to a contrast of 100. Beyond this threshold, the coefficients increase significantly
by approximately a factor of 8, indicating that the material’s response becomes anisotropic under
high contrast conditions.
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Figure 27. tensor configuration with a single sphere and cylinder with a cylinder height
of 1.

Figure 27 presents the configuration of the tensor, obtained from the results of Figure 26,
where elements of the same color correspond to identical values, indicating symmetry within the
tensor. The upper block is color-coded: red, yellow, black, blue, green, and cyan areas represent
equal values, demonstrating symmetry between the corresponding tensor elements. The red,
yellow, and black colors, however, represent unique values that differ from the others. The lower
block of the tensor is entirely composed of zeros, indicating that all elements in this part are null.
This configuration, with a non-zero upper block and a lower block filled with zeros, highlights the
structured symmetry of the tensor.

In summary, at low contrast (contrast < 100), the coefficients of all figures remain relatively
stable and close to zero or unity, indicating isotropic behavior and minimal directional depen-
dence. At high contrast (contrast > 100), significant changes occur in the coeflicients, with some
showing sharp increases. These trends highlight the material’s transition to anisotropic behavior
at high contrast. These results are crucial for understanding material behavior under different
contrast conditions.

Finally, we examine the D(,,),';,)wqr tensor, a second-order tensor, using the Lo, norm to represent
HJ)(,;‘](;ZW,. as in the previous case. In Figure 28, the curve indicates that, in the case of a material
with both spherical and cylindrical inclusions and a cylindrical height of 1, variations in contrast
significantly affect |[D*°|| ... The behavior of the tensor shows an increasing trend as the contrast
increases, suggesting that contrast plays a crucial role in determining [0 s..

The next step of our study focuses on a different geometry, involving the study of three
cylindrical inclusions with a cylinder height of 1. This approach allows for the analysis of the
influence of the inclusion shape on the properties of the tensors studied. The objective is to
better understand the impact of geometry on the material’s behavior.
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Figure 28. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D%° and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast with a single sphere and cylinder with a cylinder
height of 1.

Three cylindrical inclusions with cylinder height of 1. In this section, we perform a numerical
simulation of a representative volume element (RVE) with cubic dimensions [0, 1]3, containing
three cylindrical inclusions that together account for a total volume fraction of 14.36%. The
centers of the cylinders are positioned at coordinates (py = 0.5, py = 0.5, p, = 0.5) in three-
dimensional space. Each inclusion has a radius of r = 0.135 and a height of h = 1. The first
cylinder is oriented along the x-axis, with the directional vector (Iy = 0.5, I, = 0, [, = 0), the
second along the y-axis (I =0, I, = 0.5, [; = 0), and the third along the z-axis (Iy =0, [, =0,
1, =0.5).

Figure 29. Illustration of three cylinder with a cylinder height of 1 inside a 3D domain

The two graphs presented (see Figure 30) illustrate the variation of the tensor as a function
of the logarithm of contrast for different components. The analysis of the tensor reveals
noteworthy behaviors that underscore the significance of isotropic symmetry in the material
consisting of three cylindrical inclusions, with the first oriented along the x-axis, the second along
the y-axis, and the third along the z-axis.

For the coefficients = = (see Figure 30a), it is observed that they range from
—0.5 to a maximum value of 8 with the logarithm of contrast, yet remain identical across all three
components. This indicates the absence of a preferential direction, characteristic of the isotropic
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symmetry of the three cylindrical inclusions arranged along the x, y, and z axes. The consistent
variation from —0.5 to 8 across both low and high contrast regimes further affirms this isotropic
behavior.

Similarly, the other coefficients = = = = = (see Figure 30b) remain
constant irrespective of the contrast, demonstrating the uniformity of the material’s properties.
These findings are of particular relevance to material design, as they show that the material
retains its uniform properties despite variations in contrast, which is essential for applications
requiring isotropy. Furthermore, a significant increase in the coefficient values of the
tensor is observed beyond a contrast of 100, indicating a marked directional and morphological
dependence under high-contrast conditions.

It appears that in the configuration comprising three cylindrical inclusions oriented along the
X, y, and z axes, the tensor maintains its isotropic nature but exhibits a substantial increase in
coefficient values with increasing contrast, particularly at higher contrast levels. Additionally, the
negative values observed in the logarithmic region can be attributed to the initially low values of
the coefficients; since the logarithm of a small number is negative, this results in negative values
in the graph.

Figure 31 illustrates the configuration of the tensor, where elements sharing the same
color (red and blue) are assigned identical values. The red circles, arranged along the diagonal
of the upper block, represent identical values due to the lack of a preferential direction, as
the cylinders are positioned along the x, y, and z axes. The blue circles, also identical to each
other, correspond to other values in the upper block. The lower block is filled with “0” symbols,
signifying null values or inactive elements.

In summary, Figures 30a and 30b confirm a clear relationship between the length of inclusions
in a composite material and its mechanical properties, as evidenced by the coefficients of the

tensor. This tensor, which plays a critical role in describing the material’s elastic properties,
demonstrates a pronounced variation in its coefficients as a function of inclusion length. The
elongation of the inclusion significantly influences the material’s mechanical properties in the
direction of extension, enabling the material to withstand greater stress or deformation along its
primary axis.
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Figure 30. Logarithm of the ratio between the coefficients of the tensor and the

coefficient for a contrast of 1, plotted as a function of the logarithm of contrast with a three
cylinder with a cylinder height of 1.
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Figure 31. tensor configuration with a three cylinder with a cylinder height of 1.
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Figure 32. Logarithm of the absolute value of the ratio between the maximum of the
coefficients of the tensor D° and the maximum of the coefficient for a contrast of 1, plotted
as a function of the logarithm of contrast for a system with three cylindrical inclusions, each
having a cylinder height of 1.

Finally, the norm of D?,!qur tensor provides a clear and effective method for quantifying
the magnitude of its components. In Figure 32, the curve illustrates that, in the case of three
cylindrical inclusions with a height of 1, variations in contrast have a significant impact on
ID%°||o. The tensor exhibits an increasing trend as the contrast rises, emphasizing the crucial
role of contrast in determining 1029 o

In the continuation of this study, a comprehensive analysis of the three previously investigated
cases is conducted to draw specific conclusions for each. This analysis is subsequently followed
by a general summary, which includes a graphical comparison of the coefficients of the tensor

, emphasizing the differences observed across the various cases examined.

Summary and comparison of last numerical results. The spherical inclusion is demonstrated
to preserve isotropic properties with minimal variations as a function of contrast. In contrast,
the cylindrical inclusion exhibits an increasing degree of anisotropy, particularly at high contrast
levels, even with a small volume fraction. When both inclusions are combined, the anisotropy
persists and is nearly identical to that observed for the cylindrical inclusion alone, with only
slight variations. This indicates that the presence of a spherical inclusion does not significantly
affect the material’s overall behavior when combined with a cylindrical inclusion. These findings
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underscore the critical role of inclusion geometry in influencing the mechanical response of
materials, especially in high-contrast composites. In conclusion, it is evident that second-order
gradient theory is essential for accurately modeling high-contrast composites with cylindrical
inclusions, such as long fibers. The remainder of the paper provides a comparative analysis of the

coefficient of the tensor, enabling a detailed comparison of the various cases studied.
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Figure 33. Logarithm of the ratio between the coefficients of the tensor C""and the coeffi-
cient for a contrast of 1, plotted as a function of the logarithm of contrast.

The results obtained (see Figure 33) reveal that spherical inclusions, regardless of their volume
fraction, as well as short cylindrical inclusions (see Figure 20), exhibit negligible variations in their
coeflicients across all contrast levels. In contrast, long cylindrical inclusions display a significant
increase in the coefficients at high contrast levels, following the relatively low values observed at
lower contrasts. When a spherical inclusion is combined with a long cylindrical inclusion, the
variations in the coeflicients remain moderate. These findings suggest that spherical inclusions
have a minimal influence on the tensor variations, whereas the presence of long cylindrical
inclusions leads to a marked increase in the coefficients of the tensor. Consequently, this
confirms the importance of second-order gradient theory in accurately modeling high-contrast
composites, particularly those incorporating long cylindrical inclusions, such as long fibers.

Figure 33 clearly illustrates the relationship between the inclusion length in composite ma-
terials and their mechanical properties, as evidenced by the coefficients of the tensor. This
tensor, which is crucial for characterizing the elastic behavior of the material, shows substantial
variations in its coefficients as a function of the inclusion length. The elongation of the inclusion
significantly influences the mechanical properties along the direction of extension, thereby en-
hancing the material’s ability to withstand higher stress or deformation along its principal axis.
In the subsequent section, a table summarizing the simulation times for all cases is presented.

6.2.3. Simulation time

In this final subsection, we aim to highlight the efforts and advancements made in utilizing
the MPI and OpenMP libraries for parallel programming, along with the results obtained at a
contrast level of 1000. We successfully integrated the MPI/OpenMP libraries into our numerical
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simulation framework, achieving a notable performance improvement. Specifically, the time
reduction observed was a factor of 4, as summarized in Table 4.

The numerical simulation is executed on the Myria cluster, which is optimized for shared-
mode operation. Jobs are submitted in batch through the Slurm job scheduler. Comprehensive
details regarding the setup and usage can be found in the “User Guide” section, as cited in [64—
68].

Table 4. Simulation time.

RVE Time with MPI/OpenMP (s) | Time without MPI/OpenMP (s) | Time gain
Spherical inclusion
for fy = 5.71% 769.04 4228.67 5.49
Spherical inclusion
for fy, = 25% 904 4523 5
Cylindrical inclusion
forh=05 858 4547 5.30
Cylindrical inclusion 998.34 485735 5
forh=1
Spherical/cylindrical inclusions 312.23 1300.26 416
forh=05
Spherical/cylindrical inclusions 349.89 1400.87 4
forh=1
Three cylindrical inclusions
forh = 0.75 725.55 4152.85 5.72
Three cylindrical inclusions 887.16 4452.62 5.02
forh=1

In this section, we illustrate the homogenization approach based on higher-order gradient
theory through numerical results obtained for different three-dimensional cell configurations.

6.2.4. Numerical homogenization of periodic microstructures: impact of basic and unit cell con-
figuration on the computation of effective tensors

To illustrate the homogenization approach based on higher-order gradient theory, we present
numerical results obtained from several three-dimensional cells [69-72]: a basic unit cell (see
Figures 34a and 36a) and supercells with dimensions 2 x 2 x 2 (see Figures 34b and 36b), 3 x 3 x 3
(see Figures 34c and 36¢), and 4 x 4 x 4 (see Figures 34d and 36d). Two types of inclusions
are considered: spherical and cylindrical. We begin by analyzing the results corresponding to
spherical inclusions, followed by those associated with cylindrical inclusions. These simulations
allow us to study the mechanical effects induced by first- and second-order stiffness tensors, as
well as their influence. The analyses are performed for contrast ratios equal to 10 and 1000, with
a volume fraction of 16% for spherical inclusions and 3.84% for cylindrical inclusions.

Case of a spherical inclusion. To illustrate the effect of spherical inclusions on the effective
mechanical properties of a composite, various three-dimensional periodic representative volume
elements (RVEs) of increasing sizes—from the basic unit cell (SP1) to super-cells 2x2x2, 3x3x3,
and 4x4x4 (SP2 to SP4)—have been studied, as shown in Figure 34. The classical first-order
homogenized tensor A%’ and second-order tensor B”! have been computed for two contrast
ratios E;/Ey, = 10 and E;/Ey,, = 1000, with a volume fraction of 16% for the spherical inclusion,
as reported in Tables 5 and 6. It has been observed that the main components Aj111,A2222, A3333
and Bj111, B2222, B3333 have remained identical, indicating isotropic effective behavior, and have
been found to be nearly constant regardless of the cell size. This stability has suggested that
even the basic cell SP1 has been sufficient to represent the periodic microstructure in this case.
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However, a slight increase in the components of the tensors A”? and B*! have been observed with
high contrast (from 1.53533 to 1.54146), indicating a greater sensitivity to gradient effects in high-
contrast materials. Finally, in Figure 35, the evolution of the components C;;1; = Co222 = Cssss
of the tensor , obtained via second-gradient homogenization, has been plotted as a function
of the number of cells. The results have shown a rapid convergence, with constant values for all
cells. Moreover, a significant increase in effective stiffness has been highlighted at high contrast,
confirming that the gradient model has captured non-local mechanical effects induced by the
microstructure.

& L cre Lo
b .‘ | o o o® o"’.ﬂ'..c"..o

(a) SP1 (b) SP2 (c) SP3 (d) SP4

Figure 34. Basic cells and unit cell in periodic microstructures with a spherical inclusion in
3D.

Table 5. Components of tensor A%’ with a volume fraction of 16%.

E; _ E;i _
E_lo £~ =1000

i
m

A1 A2222 As333 Al212 A1 A2222 A3333 A1212
SP1 1.53533 1.53533 1.53533 0.38539 | SP1 1.54146 1.54146 1.54146 0.38787
SP2 1.53533 1.53533 1.53533 0.38539 | SP2 1.54146 1.54146 1.54146 0.38787
SP3 1.53533 1.53533 1.53533 0.38539 | SP3 1.54146 1.54146 1.54146 0.38787
SP4 153533 1.53533 1.53533 0.38539 | SP4 1.54146 1.54146 1.54146 0.38787

In the following section, we focus on the case of a cylindrical inclusion within a three-
dimensional framework. This configuration allows us to analyze how the geometric shape of
the inclusion influences the effective mechanical properties of the composite material. Using a
series of periodic cells similar to those employed in the spherical inclusion case, we evaluate both
the classical and higher-order homogenized tensors to compare the mechanical effects induced
by a more pronounced geometric anisotropy. This study also aims to highlight the sensitivity of
the gradient-based model to variations in the shape and orientation of the inclusion.

Case of a cylindrical inclusion. In this section, a microstructure containing a cylindrical inclu-
sion has been considered, modeled using three-dimensional periodic cells of increasing sizes
(CY1 to CY4), as illustrated in Figure 36. The classical homogenized tensor A0O, presented in Ta-
ble 7, has been computed, and it has revealed an effective anisotropy induced by the elongated
shape of the cylinder: the components A;11; and Az»22 have been found to be lower than Assss,
indicating greater stiffness along the cylinder’s axis. This trend has been further amplified under
high contrast conditions (E;/E,, = 1000), where the overall stiffness values have increased while
maintaining the anisotropic structure. The tensor B!, which accounts for gradient effects and
is presented in Table 8, has exhibited values very close to those of A, and has preserved the
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3.2

C111 = Copo = Cayg for a contrast of 10 ——
C111 = Cppp = C333 for a contrast of 1000 ——

3.18

w
o

Coefficients of tensor C*°
w
=

@
N

3.1

3'O1§<1 x1 2x2x2 3x3x3 4x4x4

Cells

Figure 35. Coefficients of the tensor as a function of the number of cells.

Table 6. Components of tensor B*! with a volume fraction of 16%.

E; _ E; _
= 10 B = 1000
By111 Ba222 B3333 By212 By111 Ba222 B3333 By212

SP1 1.53533 1.53533 1.53533 0.38539 | SP1 1.54146 1.54146 1.54146 0.38787
SP2 1.53533 1.53533 1.53533 0.38539 | SP2 1.54146 1.54146 1.54146 0.38787
SP3 1.53533 1.53533 1.53533 0.38539 | SP3 1.54146 1.54146 1.54146 0.38787
SP4 1.53533 1.53533 1.53533 0.38539 | SP4 1.54146 1.54146 1.54146 0.38787

same anisotropic pattern with strong stability across all cell sizes. This behavior has suggested
that even the basic unit cell CY1 has been sufficient to capture the primary effects of this geom-
etry. Finally, Figure 37 has shown the evolution of the components of the tensor , obtained
through second-gradient homogenization. It has been observed that Css3 has been significantly
higher than C;;; and C», confirming increased stiffness along the longitudinal axis of the cylin-
der. Moreover, the consistency of the results from CY2 onward has confirmed a rapid conver-
gence of the effective tensors. These observations have highlighted the strong influence of inclu-
sion geometry on the homogenized mechanical response and have demonstrated the ability of
the gradient-based model to capture non-local effects induced by microstructural anisotropy.

7. Conclusion

This paper investigates second-order gradient theories and multi-scale modeling of high-

contrast periodic composite materials. In this work, we have demonstrated the ability to effi-

ciently, reliably, and rapidly evaluate and classify these materials for various levels of contrast,

resolution, and geometric configurations. Although more complex geometries can be analyzed,
their exploration falls beyond the scope of this study.

This paper focuses on the numerical evaluation and simulation of the four tensors A*°, B*!,

, and D*° across different geometric configurations. The results obtained provide crucial
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Figure 36. Basic cells and unit cell in periodic microstructures with a cylindrical inclusion
in 3D.
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Figure 37. Coefficients of the C"" tensor as a function of the number of cells.

Table 7. Components of tensor A”? with a volume fraction of 3.84%.

axax4

5

£=10

E;

Ep

=1000

Arn

A2222

A3333

Ar212

Arn

A2222

A3333

Ar212

SP1
SpP2
SP3
SP4

1.58368
1.58368
1.58368
1.58368

1.58368
1.58368
1.58368
1.58368

1.62709
1.62709
1.62709
1.62709

0.39842
0.39842
0.39842
0.39842

SP1
Sp2
SP3
SP4

1.60240
1.60240
1.60240
1.60240

1.60240
1.60240
1.60240
1.60240

1.68561
1.68561
1.68561
1.68561

Table 8. Components of tensor B*! with a volume fraction of 3.84%.

0.40410
0.40410
0.40410
0.40410

L —q0

Em

L
Ep

=1000

Br111

B2222

B3333

By212

Br111

B2222

B3333

By212

SP1
SP2
SP3
SP4

1.58368
1.58368
1.58368
1.58368

1.58368
1.58368
1.58368
1.58368

1.62709
1.62709
1.62709
1.62709

0.39842
0.39842
0.39842
0.39842

SP1
SpP2
SP3
SP4

1.60240
1.60240
1.60240
1.60240

1.60240
1.60240
1.60240
1.60240

1.68561
1.68561
1.68561
1.68561

0.40410
0.40410
0.40410
0.40410
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insights into the behavior of these tensors across various shapes, offering a deeper understanding
of advanced composite materials.

Three-dimensional simulations utilizing the fast Fourier transform (FFT) and the finite ele-
ment method (FEM) demonstrate the computational efficiency and accuracy of the proposed
models in approximating the real properties of composites. The influence of inclusion geometry
on the mechanical response of the material is highlighted through numerical simulations. Specif-
ically, spherical inclusions, as well as sets of three cylindrical inclusions oriented along the three
principal directions (x, y, z), result in isotropic behavior, whereas cylindrical inclusions introduce
pronounced anisotropy and enhance directional stiffness under high-contrast conditions. The
geometry of the inclusions was analyzed using three-dimensional simulation software.

The combination of spherical/cylindrical inclusions induces anisotropy. The results reveal a
cumulative effect for inclusions embedded within a representative volume element (RVE). In the
case of elongated inclusions extending to the RVE boundaries, the mechanical response closely
resembles that of cylindrical inclusions alone, emphasizing the negligible influence of spherical
inclusions in this context. These findings confirm that inclusion geometry plays a pivotal role
in defining the mechanical properties of composite materials and that second-order gradient
theory is essential for accurately modeling fiber-reinforced composites, which are extensively
utilized in industry.

The in-house computational code developed in C++ for processing tensors associated with
this theory has demonstrated its efficiency in enabling parallelized simulations and facilitating
the investigation of various morphological and statistical aspects of composite materials. Future
enhancements will focus on adapting this code for GPU-based processing, enabling large-scale
simulations and the generation of extensive databases, ultimately contributing to the optimiza-
tion of composite materials for specific applications.

Appendix A. Representation of tensor exponents

The asymptotic expansion of the energy W takes the form of a series in powers of ¢, as follows:

WE=W2+ew! +0(e). (38)
The expression for the energy WP (see reference [44]) is given by:
1
wo = 5 f E%x): A E0(x)dP (39)
P

The first exponent of the tensor A represents the order of the term on the left-hand side.
Since the term is E°(x), we retain 0. Similarly, the second exponent represents the order of the
term on the right-hand side, which is also E%(x), so we retain 0. Hence, we obtain the tensor
A0

The expression for the energy W1 (see reference [44]) is as follows:

w!= f E%x) :BOV . El(x)dP + f EOx): :VE(x)dP + f E'%):DOY:vE'(x)dP  (40)
P P P

where:
o E°(x) = ex(u®) = ex(u);
o E'(0) = ey (U =&, (UY);
o VE'(x) = ex(ex(u®) = ex(ex ().
The first exponent of the tensor BV represents the order of the term on the left-hand side,
which is E%(x), so we retain 0. The second exponent indicates the order of the term on the right-
hand side, which is E! (x), so we retain 1. Therefore, we obtain the tensor B®V,
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The first exponent of the tensor represents the order of the term on the left-hand side,
which is E%(x), so we retain 0. The second exponent indicates the order of the term on the right-
hand side, which is VE?(x), so we retain 0. Therefore, we obtain the tensor

The first exponent of the tensor D*?) represents the order of the term on the left-hand side,
which is E%(x), so we retain 0. The second exponent indicates the order of the term on the right-
hand side, which is VE?(x), so we retain 0. Hence, we obtain the tensor D9,

Appendix B. Behavioral law

The expression for the energy W¥ is as follows:
1
We = 5g(uo) ALY @) +e(e (W) BV e () + e *u’ +e(@W”) DY 0%u%) + O(e). (41)

To obtain the stress, o represents the stress tensor (or internal stress tensor) in a material. Tt
describes the relationship between the deformation of the material and the deformation energy

density, as follows:
owe

o= . (42)
de(ub)
Thus, o measures the material’s response (the stress) as a function of its strain &(u?).
o =AY 1+ 2eBOV)e (%) +e( +D) 62U’ + O(e). (43)

Thus, 7 is obtained by differentiating the energy W¢ with respect to the second gradient of
displacement 0?u°. Physically, this means that 7 is associated with higher-order strain gradient
effects, often referred to as hyperstress:

_owE
T= 0’ (44)
T=¢( +DO) 4 O(e). (45)

With o representing the stress in the composite material and 7 denoting the double stresses, the
physical interpretation was provided by Polizzotto [58].

Appendix C. Algorithm

The algorithm used to compute the homogenized tensor A*? is based on the modified Green’s

accelerated kernel scheme, which is specifically designed to handle high-contrast cases [45,46].

The tensors B%!, , and D% are derived through the evaluation of both the displacement

gradient and the displacement. The expression for the modified Green’s operator is as follows:
The tensor I'0;j(r) is defined as follows:

. (A9 + Zpo)(rirl*éjk)sym + A% (ry 7/ Sjk)sym — Re(rir;.‘)Re(rkr;‘)] —uOr; rirgT)

I04a(r) =
Y HO[2(A0 + p0) — A%|r2 + 12 + 12

(46)

where: *
k. .
ri = —l, rl.* = !
[kl |k*|
with k and k* representing the “discrete” gradient and divergence operators, respectively. The

tensor s is defined as:

Sjj =4Im(rir;)2' Sjk = —4Im(rkr]’.‘)1m(rkrlf“), fori#j#k#1, (47)

where Im(—) denotes the imaginary part of the complex quantity.
Additionally, F; is defined as the inverse of the stiffness matrix.
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Algorithm 1 Elasticity Algorithm Based on an Accelerated Scheme

1: Initialize:®(x) — E

2: Set convergence criterion: acc — 1075,
3: while no convergence do

4 Convergence Test:

5:  Compute o (x) — C(x)e" (x)
6: (&) — FFT(0)
r ey, YET@OT)
' I Jo@]
8: ife.4 <acc then
9: Stop: Convergence achieved.

10:  endif

11:  Compute 7" (x) — (C(x) + C%)&"(x)
12: Th(&) — FFT(r”)

13: comp(‘f) ~T0@)7"(&) foré#0

14: Comp 0) —E

15 Efomp () — FFT ' (€lop)
V <”£n_£comp” >

16: €comp “— IEr

17 " (x) —e"(x) - 2(Cx) -C°) 'CO(e € omp (¥) — €7 (%))
18: Egﬁ(x‘)) —Fi-0qp(8)

19: el ()(0) —FFT! (éZﬁ(XO)) > Deformation
on Cas®

20: Xaﬁ %, )

2. x% ﬁ —FFT! ()22 ﬁ) > Displacement

22: %ankl(e}’n] (fllgrq) +8rTp) = ~Cojir (G npd jq + ey, X)) > Force ey (')

23: lElCn]kl(eyn] (qu)+6]r§(\%2) ankr(énpajq"‘ey,] (X\(F)”ZI))

~17

24: Cynj (qu) = m( ﬂ]kr(aﬂpajq ey (j(\(l)),cl])) + iflé]rqu)

250 ey, (Xpg) —FFT ey, (X py)
26: end while

At convergence, the average stress (a(x)> is calculated, and A%? or Ch°™ js obtained using the
following relation:

(0(x))=A"": {e(x))

The tensor B*! is determined from the deformation calculated using equation (30), considering
the specific indices. Each coefficient of the tensor B! is calculated individually, resulting in a
total of 36 coefficients. For example, the process of calculating the coefficient By, of the ten-
sor B”! is illustrated below.

Bi111 = Cinn1(1+ e (xd) + Crizzeaz (x9)

+ Ci133€33 (X(l)l) + C1123€23(X(1)1) + C1131€31()((1)1) + C1112€12()((1)1)

The tensor is determined from the deformation and displacement obtained using equa-
tion (31), taking into account the specific indices. Each coefficient of the tensor is calcu-
lated separately, resulting in a total of 18 coefficients. For example, the process of calculating the
coefficient of the tensor is illustrated below.
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The coefficient is calculated as follows:

011 022 033 023 031 012
=Cnnxy; +Cuzex; +Cussxy; +Criesx; +Cusixy +Crzxg
0 011 0 011 0 011 0 011
+Crnenn(x)xr +Crzzenn(xo2)x; +Criszenn (Xsz)x; + Crizzenn (Xa3) X
0 011 0 011 0 022 0 022
+Crsrenn(xz)x1 +Cuzenn(xi2)x; +Coonienn(x1)x; + Cozzzenn (X220 X
0 022 0 022 0 022 0 022
+Cozzzer1(Xz3)x1 +Cozozern (X301 +Coozien (Xz3p)x; +Co2izenn (X120
0 033 0 033 0 033 0 033
+Csznenn (X)X +Czzzzenn(X2)x7 +Csszzenn(¥az)x;  + Caszzenn (X301
0 033 0 033 0 023 0 023 (48)
+ Cs3zzrenn (Y31 +Cssizenn(X12)x7 +Cosnnenn(xi)x;  + Ceszzenn (X221
0 y,0% 0 y,0% 0 y,0% 0 y,0%
+Cazzze11(¥33)x1 +Coz2zenn(X3)x; +Cossienn(Xzpx; + Cosizenn(Xi2)x1
0 031 0 031 0 031 0 031
+GCamenn (X )y +GCzzenn(xo)x1 +Csizzenn(xss)x; +Caizzenn (X301
0 031 0 031 0 012 0 012
+Cszrenn(xz)x1 +Carzenn(xi2)x; +Crenien(xi)x; + Cizzzenn (X)X

0 012 0 012 0 012 0 012
+ Cizzzer1(¥zz3) X1 +Ciz2ze11(X3)x7 +Cizzienn(xzpx; +Cizizenn(x2)x1 -

The tensor D”? is determined from the deformation and volumetric forces, as obtained through
equation (32), while considering the specific indices. Each coefficient of the tensor D%0 is
calculated individually, resulting in a total of 243 coeflicients. As an example, the procedure for
calculating the coefficient Dy, of the tensor D”° is demonstrated below:

Dy =Cun(1+ 611(7((1)1))(611()5111)) + C2211(922()((1]1))(611()(}11)) + C3311(€33(X(1)1))(611(7(%11))
0 111 0 111 0 111
+Cozn1(e2s(x1p) (en(xy D)+ Canr(e22(x7)) (enn (xy ) + Crann (e (7)) (en1 (x1 ))-

Appendix D. tensor representation
"o 0 o
0O 0 O
0 0 0

Appendix E. D" tensor representation

The tensor I]])?,tgwq,. has been able to be represented in matrix form, where m has been assigned
the values 1, 2, and 3.

[D11111 P11211 D11311 D11112 P11212 D11312 Di1113 D11213 D11sis
D11121 P11221 D11321 D11122 D11222 D11322 D11123 D11223 11323
D11131 P11231 D11331 D11132 P11232 D113s2 Di11133 D11233 D113ss

D12111 D12211 D12311 D12112 D12212 D12312 D12113 D12213 12313
D?}?pq,; D12121 D12221 D12321 D12122 D12222 Di2322 Di12123 D12223 D12323
D12131 D12231 Di12331 Di12132 D12232 D12332 D12133 D12233 D12333
D13111 P13211 D13311 D13112 D13212 D13312 Di13113 D13213 D133is
D13121 D13221 D13321 Di1s122 D13222 D1332z Di13123 D13223 D133es
[ D13131 D13231 D13331 D13132 D13232 D13332 D13133 D13233 D13333
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[D21111 D21211 D21311 D21112 D21212 D21312 D21113 D21213 D21313
D21121 D21221 D21321 D21122 D21222 D21322 D21123 D21223 21323
D21131 D21231 D21331 D21132 D21232 D21332 D21133 D21233 D21333

D22111 D22211 D22311 D22112 D22212 D22312 D22113 D22213 D22313
DS’,?,,(,,.: D22121 D22221 D22321 D22122 D22222 Da2322 D22123 D22223 D22323
D22131 D22231 D22331 D22132 D22232 D22332 D22133 D22233 D22333
D23111 D23211 D23311 D23112 D23212 D23312 D23113 D23213 23313
D23121 D23221 D23321 D23122 D23222 D2332z D23123 Do3223 D23sos
| D23131 D23231 D23331 D23132 D23232 D23332 D23133 D23233 D23sss

[D31111 D31211 D31311 D31112 D31212 D31312 D31113 D31213 D31313
D31121 D31221 D31321 D31122 D31222 D31322 D31123 D31223 D31323
D31131 D31231 D31331 D31132 D31232 D31332 D31133 D31233 D333z

D32111 D32211 D32311 D32112 D32212 D32312 D32113 D32213 D32313
Dg;‘qu,.: Ds32121 D32021 D32321 D32122 D32202 D32322 D32123 D32223 D32323
D32131 D32231 D32331 D32132 D32232 D32332 D32133 D32233 D32333
D33111 D33211 D33311 D33112 P33212 D33312 D33113 D33213 D33313
D33121 D33221 D33321 D33122 D33222 D33322 D33123 D33223 D33323
| D33131 D33231 D33331 D33132 D33232 D33332 D33133 D33233 D33333
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