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Abstract. In this work, we propose an incremental variational approach to study the coupling between gra-
dient damage, thermoelasticity and heat conduction phenomena. To this end, we first extend the thermo-
dynamics of linear thermoelasticity to incorporate gradient damage phenomena. After carefully introducing
the concept of kinetic entropy to describe the interaction between thermoelasticity and heat conduction, this
extension is implemented to establish a four-field incremental energy minimization procedure. By consider-
ing a suitable kinetic entropy approximation, the latter is then consistently reduced to a three-field (displace-
ment, damage, and absolute temperature) dependency, numerically implemented by means of a staggered
optimization algorithm. Applications consisting in a study of the cracking of a plate under thermal shocks
are considered. The approach is shown to deliver reliable predictions, based on comparison to available ex-
perimental observations which is also provided.

Résumé. Dans ce travail, nous proposons une approche variationnelle incrémentale pour étudier le cou-
plage entre les phénomènes d’endommagement non local, thermoélasticité et conduction thermique. À cette
fin, nous étendons d’abord le cadre thermodynamique de la thermoélasticité linéaire afin d’y intégrer les
phénomènes d’endommagement non local. Après avoir soigneusement introduit le concept d’entropie ciné-
tique pour décrire l’interaction entre thermoélasticité et conduction thermique, cette extension est mise en
œuvre pour établir une procédure de minimisation de l’énergie incrémentale à quatre champs. En considé-
rant une approximation adaptée de l’entropie cinétique, cette procédure est ensuite réduite de manière cohé-
rente à une dépendance en trois champs (déplacement, endommagement et température absolue), mise en
œuvre numériquement au moyen d’un algorithme d’optimisation alternée. Des applications sont proposées,
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consistant en l’étude de la fissuration d’une plaque soumise à des chocs thermiques. L’approche montre sa
capacité à fournir des prédictions fiables, une comparaison avec les observations expérimentales disponibles
étant également présentée.

Keywords. Gradient damage model, thermoelasticity, heat conduction, thermodynamics-based formulation,
incremental variational approach.

Mots-clés. Modèle à gradient d’endommagement, thermoélasticité, conduction thermique, formulation
fondée sur la thermodynamique, approche variationnelle incrémentale.
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1. Introduction

Thermoelasticity theory describes the interaction between deformations and temperature varia-
tions in materials and constitutes a fundamental framework in the physics of continuous media.
The first variational formulation of coupled linearized thermoelasticity can be traced back to the
pioneering work of [1] (see also [2]), which was based on the thermodynamics of irreversible pro-
cesses and employed Fourier’s law for heat conduction. This approach has been later followed
and extended by several works, such as [3–8]. These studies contributed to a systematic treat-
ment of the coupled equations governing mechanics and heat conduction. However, most of
these approaches do not provide a variational framework; that is, they do not allow for the con-
struction of an energy functional whose minimization allows to rigorously yield the field equa-
tions of linear thermoelasticity. As a result, and strictly speaking, models proposed in this frame-
work do not possess a fully variational structure; rather, they fall within the scope of so-called
quasi-variational formulations (see for instance [9,10]). An alternative formulation of thermoe-
lasticity has been proposed by [11] who distinguished three types of coupled thermoelasticity
models among which Type II which is of particular interest for variational formulation due to the
fact that its heat conduction law is dissipationless (at the difference of Fourier law). A system-
atic analysis of these three Green–Naghdi types of models has been done by [12]. These stud-
ies highlight the lack of a truly well-established variational formulation for coupled linear ther-
moelasticity with Fourier type heat conduction, and they also lack an explicit recognition of the
need for thermodynamics-based variational formulations capable of accounting for the coupling
between thermoelasticity, heat conduction, and dissipative phenomena.

To address the issue of establishing variational formulations in presence of thermomechanical
couplings, [13] proposed an incremental variational approach based on thermodynamics of
irreversible processes. Their approach consists in introducing an integration factor that is based
on a time rescaling of the dissipation potential (see also [14]). This factor, expressed as the
ratio of the external temperature to the equilibrium temperature, must remain equal to one
throughout the system at equilibrium. Essentially, the equality of these two temperatures acts
as an internal constraint in the variational analysis, which relaxes at equilibrium and enables
the incorporation of strong coupling between damage and thermal mechanisms during entropy
production. Independently, in the same year, [15] proposed a time-discretization scheme, in a
study on shape memory alloys, to obtain solutions to the incremental problem by optimizing the
corresponding functional F . Following these works, a series of studies have been proposed in the
incremental variational setting. Among them, particular attention can be paid to [14,16,17] and
more recently [18–20]. Note also the study by [12] who also attempted to provide an incremental
variational formulation for the three types of Green and Naghdi’s thermoelasticity models.

Despite their interest, these approaches still need to be extended in order to account for non-
local dissipative mechanisms such as in plasticity or damage processes. The present study aims
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to extend the incremental variational formulation to non local damage models for which there is
no equivalent publication, except for [20], in which a four-field mixed variational approach was
recently proposed without numerical implementation nor simulation.

Coming to the coupling between gradient damage with thermoelasticity, it has attracted
increasing attention, particularly for simulating thermomechanical degradation phenomena
such as thermal shock-induced cracking. This has led to a variety of modeling strategies, mainly
based on phase-field methods, where the temperature field is often assumed to be known,
typically obtained from an independent solution to the heat equation. This simplification
allows for a variational formulation restricted to the displacement and damage fields. In this
context, one may mention the works of [21–24], in which the evolution of the temperature
field is solved independently of the mechanical problem. The resulting thermal field is then
used as a prescribed input in the phase-field model. Another class of models, such as those
proposed in [25–28], lacks a variational structure and does not rigorously integrate damage within
a thermoelastic coupling framework.

In the present study, by taking advantage of thermodynamics of irreversible processes, we
aim at developing variational gradient damage models with coupled thermoelasticity. Moreover,
based on some experimental data (see for instance [29]) and following [15], the intrinsic contri-
bution of the damage in the heat production could be neglected. In this perspective, the above
mentioned integration factor will not be considered in the corresponding variational analysis.
Consequently, the variational structure which is preserved and addressed herein corresponds to
a so-called moderate coupling between the damage and thermoelasticity. This is of course an
approximation but will lead to easier calculations which are expected to yield sufficiently accu-
rate predictions. It is important to emphasize that this moderate coupling framework still ac-
counts for the influence of thermoelasticity on entropy evolution, which remains affected by the
presence of damage.

The paper is organized as follows. Based on the framework of thermodynamics of irreversible
processes, we develop in Section 2 an incremental variational principle for the coupled problem,
which involves four fields: displacement, damage, temperature, and the so-called kinetic entropy.

The latter is then carefully approximated in each increment that allows to reduce and express
the incremental variational principle as based on functional of the three former fields. This
formulation is further applied in Section 3 to obtain a variational model for the concerned
coupled system.

Finally, by making use of a staggered optimization algorithm, we apply the proposed model
to simulate cracking of a plate under thermal shocks loadings. A comparison to available
experimental observations of [30] is also provided.

2. General formulation of incremental variational principle for the coupled problem

This section deals with a thermodynamics based formulation of an incremental variational
framework for gradient damage process coupled with thermoelasticity as well as heat conduc-
tion. We assume that the material is subject to infinitesimal strains and small temperature varia-
tions.

2.1. Thermodynamics of the coupling between linearized thermoelasticity and gradient
damage

Let us consider a continuum medium, denoted by Ω, for which the global form of the first and
second principles of thermodynamics are classically expressed as:

Ė =−P int +Pcal; Ṡ ≥
∫
Ω

r

T
dΩ−

∫
∂Ω

q ·n

T
dS (1)



1066 Banouho Kamagaté, Long Cheng, Radhi Abdelmoula, Emile Danho and Djimédo Kondo

where E is the global internal energy; P int accounts for the power of internal work including
that of possible microforces; Pcal symbolizes the calorific power received by the system, which
is furnished by the external heat supplies per unit volume, denoted by r , and per unit surface,
denoted by q ; S gives the global entropy; n is the unit outward normal on the boundary of ∂Ω
and T the local absolute temperature.

In order to incorporate the gradient damage mechanism, we mainly rely on the work of [31] by
introducing the internal variables such as the damage, denoted byα, and its gradient∇α, with the
latter characterizing the non-local effect of damage. In this context, the power of interior forces
not only requires the classical term σ : ε̇, where σ denotes the Cauchy stress tensor; ε̇ is the rate
of the linearized strain tensor ε = ∇s u (with u the displacement vector and ∇s the symmetric
gradient operator), but also incorporates the microscopic forces associated to damage α and its
gradient ∇α, which are respectively denoted by Yα and Y ∇α. One has then:

P int =−
∫
Ω
σ : ε̇dΩ−

∫
Ω

(
Yαα̇+Y ∇α ·∇α̇

)
dΩ. (2)

As classically, let us introduce the Helmholtz free energy per unit volume, denoted by w , a
function of the state variables, such that:

w := w(ε,T,α,∇α). (3)

Note that w is separately convex with respect to ε, α and ∇α, but concave with respect to T .
The state laws which furnish the reversible forces are then derived as (see Appendix A):

σnd = ∂w

∂ε
; s =−∂w

∂T
; Y nd

α = ∂w

∂α
; Y nd

∇α = ∂w

∂∇α (4)

with s the entropy per unit volume of the solid. The superscripts “nd” denotes the non-dissipative
part of the related thermodynamic forces.

Also, the Clausius–Duhem inequality (positivity of the dissipation) can be derived as:

D =σ : ε̇− ẇ − sṪ +Yαα̇+Y ∇α ·∇α̇︸ ︷︷ ︸
Dint

−∇T

T
·q︸ ︷︷ ︸

Dth

≥ 0. (5)

This local dissipation D can be classically decomposed into two parts: the intrinsic dissipation
Dint and the thermal dissipation due to heat conduction Dth.

Since the strain field ε is non-dissipative in thermoelasticity, it follows that the dissipative
component of the associated thermodynamic force vanish, i.e. σd =σ−σnd = 0. Consequently,
eq. (5) reduces then to:

D = Y d
αα̇+Y d

∇α ·∇α̇︸ ︷︷ ︸
Dint

−∇T

T
·q︸ ︷︷ ︸

Dth

≥ 0 (6)

where Y d
α and Y d

∇α are the dissipative thermodynamic forces of α and ∇α, satisfying Y d
α =

Yα−Y nd
α and Y d

∇α = Y ∇α−Y nd
∇α, respectively.

To characterize the evolution of dissipative systems in the context of Generalized Standard
Materials (GSM) framework [32], one can resort to the dissipation potential, denoted by ϕ.
Following [13], and in the case of a coupling between thermoelasticity and gradient damage, a
joint form can be adopted:

ϕ

(
α̇,∇α̇,−∇T

T
;α,∇α,T

)
=ϕM (α̇,∇α̇;α,∇α)−ϕT

(
−∇T

T
;T

)
(7)

whereϕM andϕT respectively correspond to the damage dissipation and that of heat conduction.
The latter owns the positiveness of the dissipation associated with heat conduction. Note that
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both ϕM and ϕT are convex with respect to their respective arguments. It follows from eq. (7)
that ϕ is convex with respect to α̇ and ∇α̇, but concave with respect to −∇T /T . One has:1

Y d
α = ∂ϕ

∂α̇
; Y d

∇α = ∂ϕ

∂∇α̇ ; q = ∂ϕT

∂
(−∇T

T

) (8)

Concerning the dissipative processes, we recall that the corresponding dissipation potential is
assumed to take a joint form (see eq. (7)), wherein the damage dissipation potential ϕM and
that of the thermal conduction ϕT are combined but remain decoupled. Since this study aims
to provide a first attempt at formulating an incremental variational framework for modeling
gradient damage mechanisms coupled with thermoelasticity and heat conduction, a moderate
coupling framework, as mentioned in Section 1, is adopted, in which the damage process affects
the entropy evolution only through the thermoelastic potential.

For more details on the thermodynamic formulations presented above, readers are referred to
Appendix A. In the following part of this section, inspired by [13] (see also [14]), a rate form of the
total energy functional which involves the two above potentials will be proposed. Its integral over
the time increment will allow to construct an incremental energy functional. Stationarity of the
latter will allow to establish the solution of the concerned coupled problem.

2.2. Incremental variational principle

Let us consider a system subjected to some mechanical and/or external thermal actions. Specif-
ically, the mechanical loads could be composed of surface forces T applied on the Neumann
boundary ∂TΩ and an external displacement u on the Dirichlet part ∂uΩ, where ∂TΩ∪∂uΩ= ∂Ω
and ∂TΩ∩ ∂uΩ=;. Concerning the external thermal charge, the boundary of the medium could
be subjected to a heat supply Q on its Neumann surface ∂QΩ and prescribed temperature T on
the Dirichlet border ∂TΩ, for which we have ∂QΩ∪ ∂TΩ= ∂Ω and ∂QΩ∩ ∂TΩ=;. Furthermore,
a body force per unit volume, denoted by F , can be considered. It follows that the external power
functional reads (see also [13]):

Pext :=
∫
Ω

F · u̇ dΩ+
∫
∂TΩ

T · u̇ dS +
∫
∂QΩ

Q log
T

T0
dS. (9)

Since we consider the Helmholtz free energy, it may be more appropriate to consider the
temperature field to be in equilibrium at any given time t . Yet, due to thermal diffusion, heat
tends to enter the material point and alter its entropy, which corresponds to some kinetic
behaviors. To describe this process, we assume that the entropy change occurs at a non-
equilibrium state, denoted as time t−. In this perspective and inspired by recent work by [33]
on the coupling between gradient damage, poroelasticity, and fluid flow in porous media, we
distinguish between equilibrium entropy s and a so-called kinetic entropy, denoted by ŝ, which
must be equivalent at equilibrium states at time t . Furthermore, the reversible process of the
concerned open system is described by the power ẇ + ŝṪ . Following [13,14], and inspired by [34]
for elasto(visco)-plasticity, [35,36] for gradient plasticity, or [37], etc., let us introduce the rate
form of total energy functional for damage coupled with thermoelastic behavior:

Π(u̇, Ṫ , s, α̇;T ) =
∫
Ω

ẇ(ε̇, Ṫ , α̇,∇α̇)+ ŝṪ +ϕ
(
α̇,∇α̇,−∇T

T
;α,∇α,T

)
dΩ−Pext. (10)

Remark 1. Regarding the concept of kinetic entropy, note that the overall system is thermody-
namically open due to the presence of external heat sources and/or fluxes. At the local scale, each

1In the case where the potential ϕ is not differentiable, one should refer to the notion of subdifferential ∂ϕ, e.g. the
evolution law for α then taking the form: Aα ∈ ∂α̇ϕ. The irreversible force Aα is said to belong to the sub-gradient of ϕ
at the considered point.
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material point is assumed to be in a thermodynamically non-equilibrium state at time t− due to
the thermal diffusion, whereby heat tends to enter the point and modify its entropy. The same
material point is then considered to reach equilibrium at time t . The characterization of this ki-
netic entropy will be done in the following by considering eqs. (12) and (13) in the variational
point of view.

We now proceed to establish an incremental variational problem in order to reduce the time-
dependent nature such that the solution is expected to be given by the optimization of an
incremental total energy functional. Specifically, the total time path [t0, t f ] is discretized into
a sequence of time steps: t0 = 0, . . . , tn , tn+1, . . . , tN = t f . The state at each step is determined by
consistently optimizing within each time interval [tn , tn+1]. Given the known state (εn ,Tn , ŝn ,αn)
at time tn , we seek to find the corresponding unknown state (εn+1,Tn+1, ŝn+1,αn+1) at tn+1. In
this context, we define the following functional to characterize the incremental evolution:

In(εn+1,Tn+1, ŝn+1,αn+1) =
∫ tn+1

tn

Π(u̇, Ṫ , ŝ, α̇;T )dt . (11)

Taking variation of eq. (11) respectively respect to u, T and α, and enforcing the stationarities
tn+1 yield (see Appendix B for details):

divσn+1 +F n+1 = 0; ∀ x ∈Ω
σn+1 ·n = T n+1; ∀ x ∈ ∂TΩ

ŝn+1 = sn+1; ∀ x ∈Ω
Yα|n+1 −divY ∇α|n+1 = 0; ∀ x ∈Ω
Y ∇α|n+1 ·n = 0; ∀ x ∈ ∂Ω

(12)

and in the interval [tn , tn+1]:

˙̂s +div
q

T
= 0; ∀ x ∈Ω

q ·n =Q; ∀ x ∈ ∂QΩ[
∂ϕ

∂α
− d

dt

(
∂ϕ

∂α̇

)]
−div

[
∂ϕ

∂∇α − d

dt

(
∂ϕ

∂∇α̇
)]

= 0; ∀ x ∈Ω[
∂ϕ

∂∇α − d

dt

(
∂ϕ

∂∇α̇
)]

·n = 0; ∀ x ∈ ∂Ω
Ṫ = 0; ∀ x ∈Ω

(13)

eqs. (12) furnish the Euler–Lagrange equations of In and the Neumann boundary conditions at
tn+1, while eqs. (13) allow to determine the optimization path. Their derivation is presented
in detail in Appendix B. All of them are expressed thanks to the thermodynamics potentials
allowing to take into account the non-local damage effects. Essentially, these equations make In

to be stationary in [tn , tn+1]. Let us suppose the thermodynamics potentials as classically being
quadratic, and recall their convexity as discussed in Section 2.1. It follows that In must be convex
with respect to un+1 and αn+1 but concave with respect to Tn+1. We can hence establish the
following incremental variational principle:

(un+1,Tn+1, ŝn+1,αn+1) = Arg inf
u′

n+1,α′
n+1

statT ′
n+1, ŝ′n+1

{
In(u′

n+1,T ′
n+1, ŝ′n+1,α′

n+1)
}

(14)

with (un+1,Tn+1, ŝn+1,αn+1) henceforth the estimate of the expected solution and (u′
n+1,

T ′
n+1, ŝ′n+1, α′

n+1) denoting the admissible fields of the displacement, the absolute temperature,
the kinetic entropy as well as that of the damage, respectively.
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2.3. A reduced form of the variational scheme

As demonstrated above, the application of the incremental variational principle (14) necessitates
the calculation of the optimization path, whose numerical implementation might be performed
via a fully implicit algorithm. However, as discussed in [38] (see also [13,33]), this path calculation
could be treated as avoidable except for some particular case. Instead, a weak quantification of In

that aligns with the field equations at tn+1 could be sufficient. From this perspective, we employ
backward Euler approximations for the following rate fields:

u̇ ≃ un+1 −un

∆t
; α̇≃ αn+1 −αn

∆t
; Ṫ ≃ Tn+1 −Tn

∆t
; (15)

where ∆t = tn+1 − tn .
Recall that, as aforementioned, the entropy simultaneously presents some equilibrium and

kinetic behaviors at any given time.2 In this perspective and in the context of incremental
variational framework, we assume that the entropy is considered to be in a non-equilibrium (i.e.,
kinetic) state at time tn , and it relaxes to an equilibrium state at tn+1. The continuity of ŝ in time
dimension makes:

ŝ ≃ sn =−∂w

∂T
(un ,Tn ,αn ,∇αn). (16)

This expression actually corresponds to an optimization of the kinetic entropy over the previous
increment. Indeed, as shown for instance in [39], the kinetic entropy ŝ can be approximated at
any time within the interval [tn , tn+1), except at the final time tn+1, which is considered here
as the stationary state to be determined. In summary, this type of approximation, as will be
demonstrated in the following, ensures a consistent representation of the coupled constitutive
relations and guarantees satisfactory convergence as ∆t → 0. By considering eqs. (3), (7), (15)
and (16) and making use of the rectangular rule for the time integration of ϕ as well as the term
of thermal boundary condition, the incremental energy In can be calculated as:

In(un+1,Tn+1,αn+1) ≃
∫
Ω

(wn+1 −wn)+ sn(Tn+1 −Tn)dΩ+∆t
∫
Ω

(ϕM
n+1 −ϕT

n+1)dΩ

−
∫
Ω

F n+1 · (un+1 −un)dΩ−
∫
∂TΩ

T n+1 · (un+1 −un)dS −∆t
∫
∂QΩ

Qn+1 log
Tn+1

Tn
dS. (17)

Let us compute the variation of eq. (17) with respect to un+1,Tn+1,αn+1; the stationarity gives:

div
∂wn+1

∂εn+1
+F n+1 = 0; ∀ x ∈ ∂Ω

∂wn+1

∂εn+1
·n −T n+1 = 0; ∀ x ∈ ∂TΩ

Tn+1

− ∂wn+1
∂Tn+1

− sn

∆t
+div

∂ϕT
n+1

∂
(−∇Tn+1

Tn+1

) = 0; ∀ x ∈Ω

∂ϕT
n+1

∂
(−∇Tn+1

Tn+1

) ·n −Qn+1 = 0; ∀ x ∈ ∂QΩ

(
∂wn+1

∂αn+1
+ ∂ϕM

n+1

∂α̇n+1

)
−div

∂wn+1

∂∇αn+1
+ ∂ϕM

n+1

∂∇α̇n+1
=O (∆t ); ∀ x ∈Ω(

∂wn+1

∂∇αn+1
+ ∂ϕM

n+1

∂∇α̇n+1

)
·n =O (∆t ); ∀ x ∈ ∂Ω.

(18)

2Specifically, the entropy is kinetic at the non-equilibrium state t− and equilibrium at t .
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Furthermore, by considering eqs. (4) and (8), (18) can be readily recast into:

divσn+1 +F n+1 = 0; ∀ x ∈Ω
σn+1 ·n −T n+1 = 0; ∀ x ∈ ∂TΩ

Tn+1
sn+1 − sn

∆t
+div q n+1 = 0; ∀ x ∈Ω

q n+1 ·n −Qn+1 = 0; ∀ x ∈ ∂QΩ

Yα|n+1 −divY ∇α|n+1 =O (∆t ); ∀ x ∈Ω
Y ∇α|n+1 ·n =O (∆t ); ∀ x ∈ ∂Ω

(19)

which are the governing equations (equilibrium, heat equations, damage criterion) and Neu-
mann boundary conditions associated to un+1,Tn+1,αn+1, respectively.

Recalling the convexity of In(un+1,Tn+1,αn+1) with respect to un+1 and αn+1 and the concav-
ity with respect to Tn+1, the incremental variational principle of eq. (14) could be reduced into
the following form as three fields dependent, such that:

(un+1,Tn+1,αn+1) = Arg inf
un+1

′,αn+1
′ sup
Tn+1

′

{
In(u′

n+1,T ′
n+1,α′

n+1; ŝ)
}

(20)

ŝ being aforehand identified in the current increment.

3. A variational model for coupled thermoelasticity with gradient damage

This section aims to apply the established incremental variational principle to a gradient damage
model coupled with thermoelasticity and heat conduction. As mentioned before, we assume the
material undergoes infinitesimal deformations and small temperature variations. Accordingly,
the formulation of the variational model will rely on the choice of a suitable Helmholtz free
energy, a damage dissipation potential, and the Fourier potential for heat conduction.

3.1. Helmholtz free energy and dissipation potentials

We propose as:

Helmholtz free energy for linear thermoelasticity:

w(ε,T,α) = 1

2
ε :C(α) : ε− s0T − (T −T0)β(α) : ε− c(α)

2T0
(T −T0)2 (21)

where C(α), β(α), c(α) are respectively the stiffness tensor, the second order tensor of
linear thermal expansion and the heat capacity. A priori, all these material parameters
are affected by the damage.

Next, the reversible thermodynamic forces obtained from the state laws read:

σ=C(α) : ε− (T −T0)β(α);

s − s0 =β(α) : ε+ c(α)

T0
(T −T0);

Y nd
α = ∂w

∂α
;

Y nd
∇α = 0.

(22)

Dissipation potential: Let us recall that the dissipation potential is considered as in a joint form
of the damage dissipation potential ϕM and that for thermal conduction ϕT (see eq. (7)).
Following [33,40], the dissipation potential ϕM is chosen:

ϕM (α̇,∇α̇;α,∇α) = Yc (α)α̇+2l 2
0 w1∇α ·∇α̇ (23)
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where Yc (α) denotes the critical damage energy at current state, l0 is the material internal
length and w1 the first threshold in energy release rate that can be identified from
different damage descriptions (e.g. [41] for AT1 model and [42] for AT2 model).

In addition to satisfying the classical requirements (being a positive scalar-valued
function, convex with respect to its arguments, and minimal when the arguments van-
ish), ϕM is positively homogeneous of degree 1 and have the following remarkable prop-
erty. Indeed, it corresponds to the so-called simple dissipative systems,3 for which the to-
tal dissipated energy until the current time is function only of the current value of internal
variables.

Owing to this property, it readily follows that:∫ tn+1

tn

ϕM (α̇,∇α̇;α,∇α)dt = w1l0

[
ω(αn+1)−ω(αn)

l0
+ l0

(∥ ∇αn+1 ∥2 − ∥∇αn ∥2)]. (24)

It is worthy to note here that eq. (24) allows to obtain a closed-form expression of
the related incremental dissipation due to the simple dissipative process without the
approximation made in eq. (17). Nevertheless, the incremental variational method
proposed in Section 2 remains applicable to more general cases.

Coming now to the dissipation potentialϕT corresponding to thermal dissipation, we
assume the validity of the Fourier potential to describe heat conduction:

ϕT
(
−∇T

T
;T

)
= T

2

(
−∇T

T

)
·k ·

(
−∇T

T

)
= ∇T ·k ·∇T

2T
(25)

where k is the isotropic thermal conductivity tensor that is assumed here as constant.
Since small temperature variations are considered, the force term in the Fourier

potential can be approximated as (see for instance [14]):

−∇T

T
≃−∇T

Tr
(26)

with Tr a reference temperature that is supposed to be the initial temperature T0. Ad-
ditionally, we consider that ϕT is parametrically affected by T0. Then, eq. (25) can be
readily reduced as:

ϕT
(
−∇T

T0
;T0

)
= T0

2

(
−∇T

T0

)
·k ·

(
−∇T

T0

)
= ∇T ·k ·∇T

2T0
. (27)

3.2. Derivation of the incremental functional In for the proposed variational model

As discussed in Section 2, the non-dissipative process of the concerned system is described by
ẇ + ŝṪ , in which the kinetic entropy was approximated as ŝ ≃ sn . From this assumption, one has:

ŝ ≃−∂w

∂T
(εn ,Tn ,αn) = s0 +β(αn) : εn + c(αn)

T0
(Tn −T0)

which can be reported as sn in the incremental energy functional (17).
As mentioned before, this choice ŝ ≃ sn is one of the possible approximations for describing

the kinetic entropy. In order to well incorporate the effect of damage on the thermoelastic
degradation during the variational calculation, we assume henceforward that the dependence
of β(α) and c(α) on the damage field α in the current increment is incorporated through a semi-
implicit scheme, such that:

ŝ ≃ s0 +β(αn+1) : εn + c(αn+1)

T0
(Tn −T0) (28)

3See [43] for an account of simple dissipative systems.



1072 Banouho Kamagaté, Long Cheng, Radhi Abdelmoula, Emile Danho and Djimédo Kondo

which also corresponds to

wn ≃ 1

2
εn :C(αn) : εn − s0Tn − (Tn −T0)β(αn+1) : εn − c(αn+1)

2T0
(Tn −T0)2. (29)

It is important to note here that this approximation is variationally consistent.
In the increment [tn , tn+1], these two equations lead to:

ŝṪ ≃ ŝ
Tn+1 −Tn

∆t
= Tn+1 −Tn

∆t

[
s0 +β(αn+1) : εn + c(αn+1)

T0
(Tn −T0)

]
(30)

and

wn+1 −wn ≃ 1

2
εn+1 :C(αn+1) : εn+1 − 1

2
εn :C(αn) : εn − (Tn+1 −Tn)s0

−β(αn+1) :
[
(Tn+1 −T0)εn+1 − (Tn −T0)εn

]− c(αn+1)

2T0
(Tn+1 −Tn)(Tn+1 +Tn −2T0) (31)

Still in the context of small temperature variations, the external power functional expressed in
eq. (9) can be reduced into:

Pext :=
∫
Ω

F · u̇ dΩ+
∫
∂TΩ

T · u̇ dS +
∫
∂QΩ

Q
T −T0

T0
dS. (32)

Gathering eqs. (23), (24), (27), (30), (31) and (32), the incremental energy functional given
by (17) can be recast in the form:

In(εn+1,αn+1,Tn+1) =
∫
Ω

[
1

2
εn+1 :C(αn+1) : εn+1 − (Tn+1 −T0)β(αn+1) : (εn+1 −εn)

− c(αn+1)

2T0
(Tn+1 −Tn)2

]
dΩ

+
∫
Ω

w1l0

[
ω(αn+1)−ω(αn)

l0
+ l0

(∥ ∇αn+1 ∥2 − ∥∇αn ∥2)]dΩ

−∆t
∫
Ω

∇Tn+1 ·k ·∇Tn+1

2T0
dΩ−

∫
Ω

F n+1 · (un+1 −un)dΩ

−
∫
∂TΩ

T n+1 · (un+1 −un)dS −∆t
∫
∂QΩ

Qn+1
Tn+1 −T0

T0
dS.

(33)

Note that in the context of variational optimization, the quantities that depend only on the state
at tn can be treated as constants in the above equation. Moreover, due to the form of the state
and dissipation potentials expressed by (21), (23) and (27), it can be readily understood that this
incremental energy functional is quadratic in each of its arguments and convex with respect to
un+1 andαn+1, but concave with respect to Tn+1. Hence, the resolution of the concerned problem
can be achieved by applying the incremental variational principle (20). We provide below the
governing equations and corresponding boundary conditions, which are obtained based on the
variational calculus of eq. (33) with respect to un+1, Tn+1 and αn+1:

div
[
C(αn+1) : εn+1 − (Tn+1 −T0)β(αn+1)

]+F n+1 = 0; ∀ x ∈Ω[
C(αn+1) : εn+1 − (Tn+1 −T0)β(αn+1)

] ·n −T n+1 = 0; ∀ x ∈ ∂TΩ

c(αn+1)
Tn+1 −Tn

∆t
+T0β(αn+1) :

εn+1 −εn

∆t
−divk ·∇Tn+1 = 0; ∀ x ∈Ω

(−k ·∇Tn+1) ·n +Qn+1 = 0; ∀ x ∈ ∂QΩ

∂wn+1

∂αn+1
+w1

∂ω(αn+1)

∂αn+1
−2w1l 2

0∇2αn+1 = 0; ∀ x ∈Ω
(2w1l 2

0∇αn+1) ·n = 0; ∀ x ∈ ∂Ω

(34)

with ∇2 the Laplacian operator.
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4. Numerical implementation and application

In this section, we deal with a numerical implementation procedure for the proposed variational
model coupling gradient damage, thermoelasticity and heat conduction. Since its total energy
functional (33) includes a quadratic term of the product between ∇u and α, In is hence sepa-
rately but not globally convex with respect to them. This makes the corresponding global mini-
mization unachievable. However, this issue does not arise between the displacement u and the
temperature field T . For this reason, the variational optimization is performed through a semi-
staggered algorithm, which is implemented in this work with the open-source computing plat-
form FEniCS [44]. This approach is then applied to the study of plate cracking under thermal
shocks in quasi-static conditions.

4.1. Numerical algorithm

In order to make the above mentioned semi-staggered optimization in the current increment
[tn , tn+1], we first switch off the damage variation, such that α := αn , and solving the following
stationary problem where the thermoelasticity and heat conduction process are coupled:

(un+1,Tn+1) = Argstatu′
n+1,T ′

n+1
{

I th
n (u′

n+1,T ′
n+1;αn)

}
. (35)

By considering eq. (33) and neglecting the constant terms, I th
n can be explicitly expressed as:

I th
n (εn+1,Tn+1;αn) =

∫
Ω

[
1

2
εn+1 :C(αn) : εn+1 − (Tn+1 −T0)β(αn) : (εn+1 −εn)

− c(αn)

2T0
(Tn+1 −Tn)2

]
dΩ−∆t

∫
Ω

∇Tn+1 ·k ·∇Tn+1

2T0
dΩ−

∫
Ω

F n+1 · (un+1 −un)dΩ

−
∫
∂TΩ

T n+1 · (un+1 −un)dS −∆t
∫
∂QΩ

Qn+1
Tn+1 −T0

T0
dS. (36)

Next, we estimate the damage solution αn+1 from the following minimizer:

αn+1 = Argminα′
n+1

{
I dam

n (α′
n+1)

}
(37)

where

I dam
n (αn+1) =

∫
Ω

[
1

2
εn+1 :C(αn+1) : εn+1 − (T n+1 −T0)β(αn+1) : (εn+1 −εn)

− c(αn+1)

2T0
(T n+1 −Tn)2 +w1l0

(
ω(αn+1)

l0
+ l0 ∥ ∇αn+1 ∥2

)]
dΩ (38)

where the bar superscript denotes the optimization of un+1 and Tn+1 computed from eq. (35).
Specifically, eq. (35) is solved by using the NonlinearVariationalSolver module in the open-

source DOLFIN [45], which allows an automatic iteration in each time increment with user-
defined tolerances of absolute and relative errors as well as the maximal number of iterations,
etc. Moreover, mixed finite elements of Lagrange type, i.e. CG1 and CG2 elements, are adopted
to discretize the corresponding mixed function space that includes the temperature and the
displacement fields. For the damage minimization problem (37), linear Lagrange finite elements
(i.e. CG1 elements) and the PETScTAOSolver of DOLFIN are utilized. Note that the latter allows to
numerically enforce the damage irreversibility condition, i.e. α̇≥ 0, by uploading its lower bound
at each endpoint of increment, such that α ∈ [αmin,1] with αmin ← αn+1. The whole numerical
procedure is shown in Algorithm 1.
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Algorithm 1: Semi-staggered algorithm proposed and implemented for the model in
[t0, t f ]

Input: {u0, α0, T0} at t0

Output: {un ,αn ,Tn} at t = t1, . . . , tn , tn+1, . . . , tN = t f

Set initial and boundary conditions;
Initialize t = t0; set final time t f , absolute tolerance errtol and calculate the constant time

increment ∆t = t f −t0

N ;
Initialize the increment counter with n = 0;
while t ≤ t f do

t = tn+1 = t0 + (n +1)∆t ;
Initialize an iteration counter with i = 0; set (u0

n+1,α0
n+1,T 0

n+1) := (un ,αn ,Tn);
repeat

Compute (ui+1
n+1, T i+1

n+1) with (ui
n+1, T i

n+1) by solving eq. (35)
Compute αi+1

n+1 with αi
n+1 from minimization of eq. (37)

i = i +1;
until ∥ui+1

n+1 −ui
n+1∥2 < errtol and ∥T i+1

n+1 −T i
n+1∥2 < errtol and ∥αi+1

n+1 −αi
n+1∥2 < errtol;

update (un ,αn ,Tn) ← (un+1,αn+1,Tn+1);
update the lower bound of phase field αmin =αn+1.

end

4.2. Application to plate cracking under thermal shocks

This section is devoted to the numerical simulation of plate cracking under thermal shock
conditions. For application purpose, we consider, as classically C(α) = g (α)C0 with g (α) the
degradation function that is taken as g (α) = (1 −α)2 and C0 the stiffness tensor of the sound
solid. Having in hand this expression, the dilatation tensor can be computed as β(α) = C(α) : a
with a the constant tensor of linear thermal expansion (thermal strain tensor). The heat capacity
c is also taken constant. As studied in [28] (see also Figure 1), we consider a rectangular plate with
a length L = 25mm and a height H = 9.8mm. The plate is initially at a temperature, denoted by
T0, whose value depends on the specific test conditions. The right edge of the plate is constrained
with zero horizontal displacement to account for the symmetry of the problem, while the other
boundaries remain free of stress. A temperature TB = 300K is applied to these free boundaries to
induce the thermal shock process with a temperature drop, such that ∆T = T0 −TB .

The material parameters are summarized in Table 1 which can also be found in [28].

Figure 1. Geometry and boundary conditions of the quenching test on ceramics [30].
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Table 1. Material parameters for numerical quenching test reported by [28].

Parameter Name Value Unit

E Young’s modulus 340 GPa
ν Poisson coefficient 0,22 –

Gc Critical fracture energy 42.47 J/m2

κ Thermal conductivity 300 W(mK)
c Specific heat capacity 0.775 J/(kgK)
a Thermal expansion coefficient 8 ·10−6 K−1

l0 Internal length of damage 0.092 mm

4.2.1. AT1-type gradient damage model applied to the quenching test

Numerical simulations are carried out by employing the AT1-type damage model. This model
is defined by a linear damage function ω(α) =α, and an elastic energy density given by w1 = 3Gc

8l0
.

To investigate the impact of thermal loading on crack nucleation and propagation, we perform
numerical simulations for two initial temperatures T0 = 550K and 880K, corresponding to ∆T =
250K and ∆T = 580K on the stress free boundaries, respectively.

Figure 2 shows the temperature field T as well as damage field α at times t = 1µs and t = 10µs
for∆T = 250K. It is observed that the temperature field evolves more rapidly near the boundaries
of the plate due to a high thermal gradient. This phenomenon leads to a progressive cooling of
the plate, starting at the thermal shock boundaries and propagating inward. Concerning cracking
(represented by strongly localized damage zone withα= 1), it occurs at the boundaries subjected
to thermal shock and logically propagates inward. Smaller cracks appear between larger ones,
and their propagation is hindered by the presence of the latter.

Figure 3 illustrates the different fields at t = 10µs for another temperature variation ∆T =
580K.

By comparing with Figure 2, the localized damage zone is shown to be more pronounced.
It is also observed that cracks, particularly smaller cracks, become more numerous when the
temperature variation ∆T = 580K. This is due to a more intense thermal effect at this time
t = 10µs in the plate (see Figure 3(a)). Moreover, we show in Figure 4 the contour of the horizontal
displacement, denoted by ux , at t = 10µs respectively for∆T = 250K and 580K. These horizontal
displacement fields show jump at the location of vertical cracks. Note that the amplitude of the
displacement is different for the two thermal shock conditions.

Finally, it is worth noting that at a sufficiently early time (e.g., t = 0.01µs), no crack appears
under the thermal shock load of ∆T = 250K. In contrast, at the same time, cracks are already
nucleated under the higher thermal load ∆T = 580K, which induce displacement discontinuities
on the two sides of them. Readers are referred to Appendix C for more details about this effect.

4.2.2. Comparison to experimental observations

In this section, for comparison purpose, we present numerical predictions by the developed
model to experimental data reported by [30]. To this end, we adopt the AT2 model (dissipation
function ω(α) = α2 and ω1 = Gc

2ℓ0
). This choice is justified only by the fact that the thermoelastic

parameters considered for the simulations are taken from [28], who also used an AT2-type model
to compare their numerical results with the same experimental observations.

The configuration chosen is the same as that previously considered with the AT1 model. The
temperature imposed on the edges is: TB = 300K. The initial temperatures are set to T0 = 550K,
680K and 880K. These values respectively correspond to temperature variations of ∆T = 250K,
380K and 580K on the hole boundary subjected to thermal shock.
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(a) T at t = 1µs (b) T at t = 10µs

(c) α at t = 1µs (d)α at t = 10µs

Figure 2. Contours of temperature T and damage fields α at t = 1µs and 10µs with
∆T = 250K.

(a) T at t = 10µs (b)α at t = 10µs

Figure 3. Contours of temperature T and damage fields α at 10µs with ∆T = 580K.

Figures 5, 6, and 7 illustrate the evolution of the damage pattern α at t = 10µs for different
thermal shock amplitudes, as well as the comparison with the experimental results reported
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(a) ux at t = 10µs with ∆T = 250K (b) ux at t = 10µs with ∆T = 580K

Figure 4. Contours of horizontal displacement (denoted by ux ) at 10µs with ∆T = 250K
and 580K, respectively.

by [30]. The contours of the predicted damage field show good qualitative agreement with
the experimental observations. This confirms the ability of the proposed model to realistically
reproduce the cracking phenomena induced by transient thermal stress. As previously observed
for the AT1 model, cracks develop nucleate from the boundary exposed to thermal shock and
propagate towards the interior of the plate. A gradual increase in crack density is also observed as
the amplitude of the thermal shock is high, which is in agreement with the experimental results.
During the propagation process, numerous short and parallel cracks appear, among which some
stop while others continue to propagate. Finally, it can be observed from Figure 8 that increasing
∆T results in a larger number of cracks.

(a)α at t = 10µs (b)α at t = 10µs (experimental result)

Figure 5. Predicted damage field α (a) and the corresponding experimental result (b) at
10µs with ∆T = 250K.

5. Conclusion

In this work, we developed an incremental variational approach for gradient damage coupled
with thermoelasticity and heat conduction. This was formulated by relying on the Generalized
Standard Materials framework with a particular account of the non local damage. The proposed
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(a)α at t = 10µs (b)α at t = 10µs (experimental result)

Figure 6. Predicted damage field α (a) and the corresponding experimental result (b) at
10µs with ∆T = 380K.

(a)α at t = 10µs (b)α at t = 10µs (experimental result)

Figure 7. Predicted damage field α (a) and the corresponding experimental result (b) at
10µs with ∆T = 580K.

(a)α at t = 1µs with ∆T = 250K (b)α at t = 1µs with ∆T = 580K

Figure 8. Predicted damage field α for AT2 at 1µs with ∆T = 250K and 580K, respectively.

incremental variational principle consists in the minimization of a four-fields incremental energy
functional, in which the consideration of a kinetic entropy is required for an appropriate descrip-
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tion of the coupling between the heat conduction and the thermoelastic deformations. More
specifically, the irreversible process is quantified via a dissipation potential that is expressed in
a joint form between the damage dissipation and the heat conduction. By simultaneously con-
sidering a suitable dissipation potential together with a Helmholtz free energy we succeed to es-
tablish a total energy functional. The incremental form of the latter is dependent on the dis-
placement, the damage, the absolute temperature fields as well as on the kinetic entropy. It was
then demonstrated that the corresponding weak forms lead to the appropriate Euler–Lagrange
equations and boundary conditions for the concerned coupled system. An incremental varia-
tional principle was hence proposed. With a suitable kinetic entropy approximation, the varia-
tional procedure is reduced to a three-field dependency: displacement, damage, and tempera-
ture fields.

This has led to the variational formulation of a complete thermoelastic-gradient damage
model, whose numerical implementation has been carried out through a semi-staggered algo-
rithm by using the open-source platform FEniCS. For illustration purpose, the model has been
applied to the simulate the fracturing process of a plate under thermal shocks. A comparison
with available experimental data of [30] has shown qualitatively good agreements.

Finally, it should be noted that some extensions/improvements of the proposed variational
approach are possible. We are particularly interested by:

• consideration of a strong coupling between the thermoelasticity and the gradient dam-
age: this could be achieved by introducing an integration factor (proposed by [13]) in the
dissipation potential of gradient damage in order to well incorporate its contribution to
entropy production;

• an extension of the present study to the context thermo-poroelastic couplings for which
a thermodynamic basis is already available (see for instance [46]): note that this type of
coupling has been recently investigated by [47] in the context of phase-fields methods.

Another interesting point could consist in comparing predictions of fracture nucleation under
thermal shocks to that which can be established by considering the coupled criterion proposed
by D. Leguillon and coauthors [48,49] (see several papers in the present issue).

Appendix A. Thermodynamics formulation for the coupling between gradient dam-
age and thermoelasticity

Thermodynamics provides a theoretical and essential framework allowing to rigorously describe
the evolution of a multiphysical system depending on all forms of energy. In this section,
we formulate a suitable thermodynamic description of thermoelasticity with heat conduction
coupled to gradient damage. Given the continuum medium Ω, the global internal energy E , the
global entropy S and the calorific power are classically expressed as:

E =
∫
Ω

e dΩ; S =
∫
Ω

s dΩ; Pcal =
∫
Ω

r dΩ−
∫
∂Ω

q ·n dS (39)

where e is the density of internal energy per unit volume.
Introducing eqs. (39) and (2) into (1) yields the following local energy balance equation and

the Clausius–Duhem inequality for a thermomechanical medium with gradient damage effects:

ė =σ : ε̇+ r −div q +Yαα̇+Y ∇α ·∇α̇,

D =σ : ε̇− ė +T ṡ +Yαα̇+Y ∇α ·∇α̇− ∇T

T
·q ≥ 0.

(40)

Yet, since the entropy s is less “controllable”, it would be more appropriate to adopt its conjugate
variable, i.e. the absolute temperature T , as an external state variable. In this context, it can be
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preferable to consider the Helmholtz free energy per unit volume w , which satisfies the following
partial Legendre transform:

−w = Ts −e. (41)

It is convenient to emphasize here that e is convex with respect to all of its arguments. It follows
by duality that w is a concave function of the temperature field T , while its convexity with respect
to other variables still holds. Substituting eq. (41) into (40) yields eq. (5), namely:

D =σ : ε̇− ẇ − sṪ +Yαα̇+Y ∇α ·∇α̇︸ ︷︷ ︸
Dint

−∇T

T
·q︸ ︷︷ ︸

Dth

≥ 0

where Dint is the intrinsic dissipation and Dth the dissipation of the heat conduction.
Moreover, through a straightforward rearrangement of the expression of Dint, the following

equality can be readily obtained:

ẇ = [
(σ : ε̇+Yαα̇+Y ∇α ·∇α̇)−Dint

]− sṪ . (42)

From a similar perspective as presented in [50] in the case without gradient damage, the above
equation reveals that the variation of w can be divided into two parts: the first one in the
bracket corresponds to the isothermal and non-dissipative mechanical work ; the other, i.e. −sṪ ,
accounts for variations of w when all other parameters hold constant and is obviously associated
with the temperature variation. Hence, one can define w as a function of ε, α, ∇α and T , which
has been given by eq. (3), namely:

w := w(ε,T,α,∇α).

Since the state variables are independent, eq. (42) can be reformulated as:

ẇ = ∂w

∂ε
: ε̇+ ∂w

∂α
α̇+ ∂w

∂∇α ·∇α̇+ ∂w

∂T
Ṫ = [

(σ : ε̇+Yαα̇+Y ∇α ·∇α̇)−Dint
]− sṪ (43)

which allows to identify the following non-dissipative thermodynamic forces (denoted with
superscript “nd”) as the state laws given by eq. (4). Inserting the latter into (5) yields the local
dissipation D described by eq. (6).

Finally, as mentioned in Section 2, the evolution laws are described through a joint dissipa-
tion potential ϕ, i.e. eq. (7). It is worthy to point out that the in the dissipation potential, ϕM is
supposed as a function of the rate of the internal state variables (i.e., α̇ and ∇α̇) and parametri-
cally depends on its current state variables. For ϕT , and in link to the definition of the thermal
dissipation Dth (see eq. (6)), the simplest form could be the Fourier potential, which is defined as
function of an additional variable −∇T /T and parametrically depends on T .

Appendix B. Variational analysis of the incremental total energy functional In

Having in hand eq. (11), along with the integral of the exact differential of ẇ and the substitution
eqs. (3), (7), and (9) into (11), we obtain:

In(un+1,Tn+1, ŝn+1,αn+1) =
∫
Ω

wn+1(un+1,Tn+1,αn+1,∇αn+1)−wn(un ,Tn ,αn ,∇αn)dΩ

+
∫ tn+1

tn

∫
Ω

ŝṪ +ϕ
(
α̇,∇α̇,−∇T

T
;α,∇α

)
dΩdt −

∫ tn+1

tn

∫
∂QΩ

Q log
T

T0
dS dt

−
∫
Ω

F n+1 · (un+1 −un)dΩ−
∫
∂TΩ

T n+1 · (un+1 −un)dS dt . (44)

Taking variation of eq. (44) with respect to T and simultaneously considering (4) and (8) gives the
related weak form:

−
∫
Ω

sn+1δTn+1dΩ+
∫ tn+1

tn

∫
Ω

(
ŝδṪ + q

T
·∇δT

)
dΩdt −

∫ tn+1

tn

∫
∂QΩ

Q
δT

T
dS dt = 0 (45)
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whose integration by parts with respect to time and space yields:∫
Ω

(−sn+1 + ŝn+1)δTn+1dΩ−
∫ tn+1

tn

∫
Ω

[
˙̂s +div

q

T

]
δT dΩdt

+
∫ tn+1

tn

∫
∂QΩ

(q ·n −Q)
δT

T
dS dt = 0. (46)

Ensuring stationarity yields at t = tn+1:

ŝn+1 = sn+1; ∀ x ∈Ω (47)

and in the time interval [tn , tn+1]

˙̂s +div
q

T
= 0; ∀ x ∈Ω, (48)

q ·n =Q; ∀ x ∈ ∂QΩ. (49)

It follows from eq. (47) that the kinetic entropy ŝn+1 is optimized at time tn+1 as equal to the
equilibrium entropy sn+1, which indicates that the material point reaches the local thermody-
namic equilibrium at tn+1. Also, eq. (48) reveals that the evolution of kinetic entropy satisfies the
heat equation in [tn , tn+1] with the corresponding Neumann boundary condition on ∂QΩ given
by (49).

Similarly, by taking variations of eq. (44) with respect to the other variables and considering (4)
and (8), the corresponding weak forms for u, α and ŝ can be derived as follows:

−
∫
Ω

[
divσn+1 +F n+1

] ·δun+1 dΩ+
∫
∂TΩ

(
σn+1 ·n −T n+1

) ·δun+1 dS = 0, (50)∫
Ω

[
Yα|n+1 −divY ∇α|n+1

]
δαn+1 dΩ+

∫
∂Ω

(
Y ∇α|n+1 ·n

)
δαn+1 dS

+
∫ tn+1

tn

∫
Ω

{[
∂ϕ

∂α
− d

dt

(
∂ϕ

∂α̇

)]
−div

[
∂ϕ

∂∇α − d

dt

(
∂ϕ

∂∇α̇
)]}

δαdΩdt

+
∫ tn+1

tn

∫
∂Ω

{[
∂ϕ

∂∇α − d

dt

(
∂ϕ

∂∇α̇
)]

·n
}
δαdS dt = 0,

(51)

∫ tn+1

tn

∫
Ω

Ṫ δŝ dΩdt = 0, (52)

where · |n+1 symbolizes the estimate of considered quantity at time tn+1.

Appendix C. Damage and displacement fields at t = 0.01µs and 0.1µs with∆T = 250K

In this section, we display the damage field (i.e. α) as well as the horizontal and vertical displace-
ments (i.e. ux and uy ) fields respectively at t = 0.01µs and 0.1µs under the thermal shock loads
∆T = 250K. The primary objective is to show the transition from damage processes at early stage
to occurence cracks. It can be observed in Figure 9(a) that at t = 0.01µs, damage starts on the
thermal loading boundaries without any strongly localized field (i.e. smeared cracks) such that
α< 1. While at t = 0.1µs (see Figure 9(b)), the damage has already been localized leading to the
propagation of the diffused cracks. In addition, it is very interesting to note that displacement
jumps are observed (in Figures 9(c)–(f)) at t = 0.1µs for horizontal (resp. vertical) displacements
on the top and bottom (resp. left) boundaries, which somehow represent the opening of these
smeared cracks during the damage evolution.
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(a) α at t = 0.01µs (b)α at t = 0.1µs

(c) ux at t = 0.01µs (d) ux at t = 0.1µs

(e) uy at t = 0.01µs (f ) uy at t = 01µs

Figure 9. Contours of damage α, horizontal displacement ux and vertical displacement uy

and at t = 0.011µs and 0.1µs with ∆T = 250K.
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