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Abstract. This paper proposes an original homogenization approach for materials characterized by a periodic
lacunar microstructure with fractal geometry. The geometrical complexity of these materials creates major
difficulties for the application of conventional homogenization methods to evaluate their effective proper-
ties. As the fractal level increases, the number of degrees of freedom in the numerical models grows sharply,
making the computations very expensive and, beyond a certain level, inaccessible. To address this challenge,
an indirect homogenization technique was developed on the basis of a classical direct homogenization tech-
nique (periodic homogenization by the average method), by embedding into this homogenization process
the iterative process of generating fractal geometries following the iterated function systems principle. The
two techniques were applied to two-dimensional extruded geometries and to a fully three-dimensional case.
For iteration levels where both techniques could be compared, their results were very close. In addition, the
indirect technique is substantially more efficient, requiring lower computational cost in terms of time and
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the iteration level tends to infinity the theoretical and numerical convergence values of the homogenized
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1. Introduction

Fractal geometry, synthesized and popularized by Mandelbrot in 1975 [1], is characterized by self-
similarity across scales. Only elementary aspects of this concept are required here. A self-similar
pattern is said to be of level-n when similarity is observed over n successive lower scales. Fractal
concepts have been used in diverse fields, including mass and heat transfer [2], architecture [3],
antennas [4,5], jewelry [6], and pharmaceuticals [7].

Regarding the mechanical properties of materials with a fractal lacunar microstructure, the
literature appears limited. Studies that are closest in spirit mostly investigate the structural
response of fractal structures [8–14]. The present study addresses this gap by investigating the
effective mechanical properties of materials with a fractal lacunar microstructure.

Homogenization is the most widely recognized approach for calculating the equivalent prop-
erties of a material with a heterogeneous microstructure. Its fundamental principles have been
firmly established for many years [15–21]. However, solving the equations induced by this tech-
nique generally requires a numerical procedure, particularly the finite element method, since
analytical solutions are unlikely to exist in most cases of practical interest.

When applied to fractal lacunar geometries, this numerical approach faces a specific chal-
lenge: the number of Degrees Of Freedom (DOFs) in the discretized problem grows rapidly with
the fractal iteration level. This sharp increase in problem size makes the computations very costly
in terms of time and computational resources. For illustration, consider the case of a Menger
sponge (Figure 3): a level-4 sponge contains 160 000 level-0 units. If each level-0 unit is discretized
with 100 hexahedral elements, the total reaches 16×106 elements, highlighting the rapid increase
in problem size as the iteration level rises.

Accordingly, the objective of this paper is to develop an Adapted Homogenization Technique
(AHT), based on a Usual Homogenization Technique (UHT), suitable for predicting the equiva-
lent elastic behavior, particularly the fourth-order elasticity tensor, denoted C≈

H
n , of a level-n Frac-

tal Microstructure Material (FMMn), while reducing computation time and the need for compu-
tational resources.

2. Choice of UHT used to build the AHT: periodic homogenization technique by the
average method

Among several established homogenization strategies based on the so-called averaging tech-
nique, two classical approaches are commonly distinguished: the Effective Moduli Homoge-
nization Technique (EMHT) and the Periodic Homogenization Technique by the Average Method
(PHT). Their main characteristics are:

• EMHT:
– applicable to materials whose microstructure is not necessarily periodic;
– primal (stress-based) and dual (strain-based) formulations are not equivalent;
– for periodic materials, the result depends on the geometric period selected.

• PHT:
– applicable to materials with a periodic microstructure;
– for linear elastic constituents, several theorems and properties guarantee existence

and uniqueness of solutions, as well as ellipticity of the calculated behavior [18–21];
– exact equivalence between stress-based and strain-based formulations;
– result is independent of the geometric period chosen.

In order to reach a conclusion regarding the choice of the UHT, two considerations should be
adopted. First, the quality of the AHT will be assessed by comparing its results with those of the
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UHT. Second, the AHT should not be influenced by intrinsic shortcomings of the UHT, so that
the assessment remains unbiased.

Accordingly, to ensure the most reliable comparison framework, the PHT is preferred to
the EMHT. This choice arises from the well-known limitations of the EMHT, which introduce
uncertainties in direct comparisons and may obscure the assessment of whether incorporating
the fractal geometric construction into the AHT is judicious.

Technique
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Periodic

Direct

Homogenization

Technique

DHT

level−n Periodic Fractal Microstructure Material (PFMMn)

derived from IFS

Iterative process+

+
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n
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Figure 1. Schematic representation of the acronyms and their relationships.

Finally (Figure 1):

• The evaluation of the equivalent properties of an FMMn requires first identifying the UHT.
Since the PHT is selected, the AHT will be defined on its basis. This choice implies that the
Representative Volume Element (RVE) of the studied material is assumed to be periodic, with
its geometry defined by the repetition of a fundamental pattern referred to as the periodic cell,
which in the present study has a fractal geometry.

• As will be shown later, the construction of a level-n fractal geometry is based on an iterative
process. The objective is to incorporate a similar process into the UHT, thereby defining the
AHT.

• The UHT corresponds to the homogenization technique that evaluates the properties of the
FMMn directly on its level-n fractal geometry. In the following, this approach will be referred
to as the Direct Homogenization Technique (DHT). The DHT thus constitutes the reference
method on which the AHT is built.

• The AHT can then be identified as the DHT enriched by the iterative process that generates
the fractal geometry. For this reason, it will be called the Indirect Homogenization Technique
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(IHT). The working assumption is that the IHT evaluates the properties of the FMMn by per-
forming calculations on a lower-level fractal geometry, while maintaining equivalent accuracy
to the DHT.

The main challenge of this study is to validate this hypothesis in the case of periodic FMMn
(PFMMn) by comparing the equivalent fourth-order elasticity tensors C≈

d
n and C≈

i
n , obtained

respectively using the DHT and the IHT (Figure 1).

3. A quick reminder about fractals

3.1. Scope of the present study

The purpose of this study is not to conduct an in-depth mathematical analysis of fractal theory,
which can be found in specialized works such as those of Gentil et al. [22] or Gouyet [23]. Instead,
the focus is on providing a clear understanding of how fractal geometries can be constructed
in a systematic and reproducible way. For this purpose, the Iterated Function Systems (IFS)
concept is adopted. Beyond serving as a tool for generating controlled fractal geometries, the
IFS also provides the framework that allows this construction process to be embedded into the
DHT, thereby defining the IHT.

3.2. IFS and self-similarity

In this study, the focus was exclusively on fractal geometries based on the exact self-similarity
property, as introduced by Hutchinson [24] in 1981 through the IFS formalism. Consequently, it is
essential to define this construction methodology and to establish a comprehensive vocabulary.

• The physical space ε3 is modeled as a Euclidean affine space. The reference frame is R =
(O, x⃗1, x⃗2, x⃗3) where b = (x⃗1, x⃗2, x⃗3) denotes an orthonormal basis, and O represents the origin.
The set of non-empty compacts of ε3 is denoted C (ε3).

• An IFS, denoted as I , is defined as a finite set of N contractive transformations, (Ti )i=0,...,N−1:

I = {
(Ti )i=0,...,N−1 / Ti : ε3 → ε3}, (1)

each transformation Ti acts on points. By extension, it can also be defined to act on objects as
follows: for an object K in C (ε3), its image K ′ under Ti is given by K ′ = Ti (K ), if and only if:

K ′ = Ti (K ) = {
Ti (M), ∀ M ∈ K

}
. (2)

• The Hutchinson operator, denotedT [25], and the attractor of the IFS, denoted as A, are defined
as follows:

T=
N−1⋃
i=0

Ti ,


A0 given

An =T(An−1) =Tn(A0)

A = lim
n→+∞T(An)

(3)

where A0 is designated as the primitive (initial object) and An is referred to as the level-n
geometry, which provides an approximation to the attractor A. It has been demonstrated that
the Hutchinson operator is contractive with respect to the Hausdorff distance [25], and that
there exists a unique object a such that a =T(a). This result, known as the fixed point theorem,
implies that the attractor is independent of the primitive A0. Consequently, a = A, and

T(A) = A (4)

defines the unique attractor of the IFS.
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• An object K possesses the self-similarity property with respect to an IFS if K = T(K ). This
property ensures the uniqueness of the object and identifies it as the attractor of the IFS.
Consequently, the object is composed of multiple smaller copies of itself. Each copy is obtained
through a transformation Ti , and each of these copies is itself composed of smaller copies,
continuing ad infinitum. This property implies that the object can only be accessed through
iterative processes (eq. 3) [22].

3.3. Fractal geometries studied and convergence at infinity

In this study, several fractal geometries based on the IFS principle were considered as the
periodic cell of the PFMMn. For all the geometries studied, the set of transformations in the
considered IFS consists of different affine transformations, but their linear part is the same.
The initial configurations investigated were two-dimensional (2D) and extruded in the direction
normal to their plane. The geometries examined (Figure 2) include the Sierpiński carpet, the
Sierpiński hexagon, the filled Sierpiński hexagon (also known as hexaflake fractal), the Vicsek
fractal in saltire form, and Vicsek fractal in cross form. The main motivation for selecting these
geometries was to accelerate the acquisition of results across different configurations and to
enable a more straightforward analysis compared with fully three-dimensional (3D) geometries.
This approach provides an initial methodological framework for validating the IHT. Considering
the high contrast between phases (voids and solid matter), another motivation for selecting
these geometries is that the rule of mixtures appears to provide a reasonable approximation
of the fourth-order elasticity tensor component representing the stiffness along the extrusion
direction. It therefore offers a simple model for comparison with the IHT results. Finally, the
identified concepts and techniques were extended to a 3D geometry, specifically the Menger
sponge (Figure 3), in order to address higher levels of complexity. This extension also increases
the size of the numerical problems to be solved and serves to further assess the relevance of the
IHT.

It should be noted that the volume of the solid phase of a fractal geometry tends to zero as the
iteration level-n tends to infinity. Consequently, the measure of the integration domain in the
integrals used to compute the homogenized fourth-order elasticity tensor C≈

H
n also tends to zero.

Therefore, theoretically, lim
n→∞C≈

H
n = C≈void, where C≈void denotes the fourth-order elasticity tensor

of the void if it is considered as a material. In most cases, C≈void = 0≈. However, in order to evaluate
the accuracy of the IHT, two cases must be distinguished:

• 2D extruded geometries: since these lead to smaller discretizations than fully 3D cases,
the void is meshed and assigned a nonzero elasticity tensor (C≈void ̸= 0≈). It is modeled as
an isotropic material with a Young’s modulus Ev = 185 MPa (one-twentieth of the Young’s
modulus of the solid phase constituent material) and a Poisson’s ratio ν= 0.3. In this case,
the expected convergence is lim

n→∞C≈
i
n =C≈void, and this should be observed;

• 3D geometries: the void is not meshed. Accordingly, the convergence to be observed is
lim

n→∞C≈
i
n = 0≈.

4. Implementation of the IHT

4.1. Study framework

The framework adopted for this study may appear restrictive. However, such restriction is
necessary given the exploratory nature of the work. It is also essential to focus on cases that allow
a clear assessment of the approach, both in terms of its soundness and its potential for further
development.
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Because the number of DOFs increases rapidly with the fractal iteration level, computing
the effective mechanical behavior of a PFMMn with the DHT quickly becomes impractical. By
contrast, the IHT can be applied to much higher iteration levels, and even considered in the limit
as n → ∞. Therefore, direct validation of the IHT against the DHT is only possible for the first
iteration levels, which remain computationally accessible.
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~x2
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z

(a) Sierpiński carpet

(b) Sierpiński hexagon

(c) Hexaflake fractal
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(e) Vicsek fractal in cross form

Figure 2. Five extruded 2D fractal geometries at different iteration levels.
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Figure 3. Menger sponge at iteration levels 0 to 4.

4.2. Exploration of IHT and DHT techniques: functionality and distinctions

As mentioned previously, the objective of this study is to evaluate the equivalent mechanical be-
havior of PFMMn, in particular the homogenized fourth-order elasticity tensor, denoted C≈

H
n . This

section presents the operating principles of the IHT and DHT, and highlights the methodological
differences between them.

The IHT begins by homogenizing the level-1 geometry, denoted A1, using the constituent
material behavior C≈0. This constituent is assumed to be isotropic, characterized by a Young’s
modulus of E = 3700 MPa and a Poisson’s ratio of ν= 0.3 (values typical of polymers, i.e., potential
candidates for fabricating such microstructures). The resulting homogenized elasticity tensor is
denoted C≈

i
1, where the superscript i refers to the “indirect” nature of the IHT. In the next step, the

same geometry A1 is re-homogenized, but using the effective behavior C≈
i
1. Repeating this process

iteratively yields the effective behavior at level-n, denoted C≈
i
n . This is obtained by successively

homogenizing the same geometry A1, while updating at each iteration the constitutive behavior
of its solid phase with the effective behavior obtained at the previous one. In other words, C≈

i
2 is

obtained by assigning C≈
i
1 as the constitutive behavior of A1, C≈

i
3 by assigning C≈

i
2, and so on, until

C≈
i
n is obtained from C≈

i
n−1. Thus, the geometry remains fixed, while the constitutive behavior of

its solid phase is progressively updated with the effective properties from the previous iteration.
By contrast, the DHT proceeds by iterating on the geometry itself. Once the fractal geome-

try An at iteration level-n is constructed, direct homogenization is performed on An using the
initial constituent behavior C≈0. The resulting effective behavior is denoted C≈

d
n , where the super-

script d indicates the “direct” nature of the DHT.
A comparison between C≈

i
n and C≈

d
n thus provides a measure of the IHT’s accuracy, in addition

to the convergence at infinity (see Section 3.3). As illustrated in Figure 4, the Menger sponge is
used to show the algorithmic flowcharts of both techniques, thereby clarifying the distinctions
between them.

4.3. Calculation methodology

The next step involves the execution of homogenization calculations employing both DHT and
IHT techniques. Calculations and meshes were performed using the Z-set software [26].

A mesh convergence study was performed on the level-1 cell, A1, in order to select a reliable
reference mesh. The convergence criterion was based on the homogenized elasticity tensor:
refinement was continued until the variation of its components fell below 1%. Quantitatively,
the relative error between two successive refinements was computed as follows:

er =
∣∣∣∣∣cd

j k,n,ri
− cd

j k,n,ri+1

cd
j k,n,ri+1

∣∣∣∣∣×100 (5)

where cd
j k,n,ri

are the homogenized elasticity tensor components, in the usual Voigt notation, of
cell An with ri mesh refinement, obtained by the DHT.
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Figure 4. Algorithmic flowcharts for the IHT and DHT techniques.

Once this reference mesh was validated, it was first used to carry out the IHT. The same mesh
was then used as the basis for generating higher-level meshes: the IFS was applied to the mesh
of A1 to construct the meshes of A2, A3, . . . , An , which were subsequently employed in the DHT.
This procedure guarantees mesh consistency across all iteration levels and eliminates any bias
from finite element discretization when comparing the effective properties obtained with the
DHT and those obtained with the IHT.

In practice, the generation of meshes could only be achieved up to a certain fractal iteration
level, with the limitation being more restrictive in 3D than in 2D due to the rapid growth in
complexity.

5. Results and discussion

5.1. Volume and density of matter of the level-(n +1) geometry

Since the homogenization process relies on the concept of averaging over the entire cell (vol-
ume Vcell, including both void and solid matter), it has been verified that the volume of matter
V n+1

m in the level-(n +1) geometry obtained through the iterative process is exactly equal to the
theoretical value, assuming V 0

m = Vcell. This result confirms that no error is introduced by the
averaging operation in the IHT process. Accordingly, the matter density ρn+1

m = V n+1
m /Vcell and

the void density ρn+1
v = 1−ρn+1

m are correctly evaluated. It is important to note, however, that if
the level-0 geometry already contains voids (primary voids, as opposed to the conformation voids
induced by the IFS), i.e. V 0

m ̸= Vcell, the iterative process leads to an incorrect evaluation of V n+1
m

and ρn+1
m , and consequently to an incorrect evaluation of the homogenized tensor C≈

i
n+1.
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5.2. Extruded 2D fractal geometries

This section presents the homogenization results for extruded 2D fractal geometries. For detailed
analysis, the extruded Sierpiński carpet is chosen as a representative geometry.

Table 1 compares the components of the homogenized elasticity tensor for iteration levels 1
to 6, with level 0 (the constituent material) provided as a common reference. Since this is an ex-
truded 2D geometry, only the in-plane tensor components and the normal stiffness component
along the extrusion direction (c33) are considered. The latter is also compared with the rule of
mixtures estimate. The homogenized elasticity tensor belongs to the cubic symmetry class. For
levels 5 and 6, asterisks denote DHT values obtained from meshes that were not derived from the
same converged level-1 reference mesh as in lower levels, and may therefore include discretiza-
tion bias.

Table 1. Homogenized elasticity tensor components of the extruded Sierpiński carpet cell
for iteration levels 0 to 6, obtained by DHT, IHT, and the rule of mixtures identified by the
superscripts d , i , and m respectively. Asterisks denote DHT values obtained from meshes
that were not derived from the same converged level-1 reference mesh as in lower levels.
ρn

m and ρn
v denote, respectively, the matter and void densities at level n.

Constituent material (level-0) (ρ0
m = 1.00, ρ0

v = 0.00)
c0

11 = c0
22 = c0

33 (MPa) c0
12 (MPa) c0

66 (MPa)
4981 2135 1423

Iteration level-1 (ρ1
m = 0.89, ρ1

v = 0.11)
cd

11 c i
11 cd

12 c i
12 cd

66 c i
66 cd

33 c i
33 cm

33
3661 3661 1375 1375 969 969 4216 4216 4460

Iteration level-2 (ρ2
m = 0.79, ρ2

v = 0.21)
cd

11 c i
11 cd

12 c i
12 cd

66 c i
66 cd

33 c i
33 cm

33
2801 2765 947 932 677 687 3637 3628 3987

Iteration level-3 (ρ3
m = 0.70, ρ3

v = 0.30)
cd

11 c i
11 cd

12 c i
12 cd

66 c i
66 cd

33 c i
33 cm

33
2193 2137 683 665 498 507 3171 3158 3561

Iteration level-4 (ρ4
m = 0.62, ρ4

v = 0.38)
cd

11 c i
11 cd

12 c i
12 cd

66 c i
66 cd

33 c i
33 cm

33
1753 1689 516 499 383 389 2788 2773 3182

Iteration level-5 (ρ5
m = 0.55, ρ5

v = 0.45)
cd∗

11 c i
11 cd∗

12 c i
12 cd∗

66 c i
66 cd∗

33 c i
33 cm

33
1432 1363 409 391 308 309 2467 2451 2851

Iteration level-6 (ρ6
m = 0.49, ρ6

v = 0.51)
cd∗

11 c i
11 cd∗

12 c i
12 cd∗

66 c i
66 cd∗

33 c i
33 cm

33
1208 1123 340 320 260 254 2198 2179 2567

Two complementary analyses are considered to compare the results of IHT and DHT, while
also highlighting the advantages and capabilities of the IHT.

The first (Figure 5) illustrates the evolution of the homogenized elasticity tensor components
obtained with both techniques across iteration levels. Normalization is carried out with respect
to the homogeneous level-0 cell components, which are those of the constituent material. The
plotted values confirm the overall consistency of the two methods, with only minor discrepan-
cies. They also emphasize a practical advantage of the IHT: the method remains applicable at
high iteration levels, whereas the DHT becomes increasingly limited beyond level 6.
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Figure 5. Sierpiński carpet. Comparative analysis of the normalized components of the
homogenized elasticity tensor: (a) c11/c0

11, (b) c12/c0
12, and (c) c66/c0

66. The IHT (dots) vs.
DHT (crosses) at different iteration levels. The results of the IHT converge towards the
components of the elasticity tensor of the meshed void.

Table 2. Quantitative analysis of the relative difference, measured in percentages, between
the IHT and DHT results of the homogenized elasticity tensor components for the initial
6 iteration levels. The considered periodic cell is the Sierpiński carpet. In addition, a
comparison of computational time requirements and DOFs between these techniques.

Error (%) DHT IHT

Iteration level c11 c12 c66 Computing time DOFs Computing time DOFs
1 0 0 0 few seconds ≈ 50 000 few seconds ≈ 50 000
2 1.3 1.6 1.5 ≈ 20 minutes ≈ 650 000 few seconds ≈ 50 000
3 2.6 2.6 1.8 ≈ 3 hours ≈ 2 600 000 few seconds ≈ 50 000
4 3.7 3.3 1.6 ≈ 6 hours ≈ 6 000 000 few seconds ≈ 50 000

5∗ 4.8 4.4 0.3 ≈ 1/2 day ≈ 13 300 000 few seconds ≈ 50 000
6∗ 7 5.9 2.3 > 1/2 day ≈ 20 000 000 few seconds ≈ 50 000

A clear asymptotic trend emerges from the IHT results. As the fractal iteration level increases,
each homogenized elasticity tensor component decreases monotonically toward the value of the
meshed void phase (dashed lines in the plots). This behavior is physically expected because
the solid volume fraction decreases monotonically with each iteration, while the void fraction
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increases, leading the effective response to be dominated by the void phase. Extending the
IHT to about 30 iterations clearly illustrates this asymptotic convergence. In this respect, the
IHT reproduces the DHT at moderate levels and, moreover, makes it possible to reach higher
iteration levels from which the asymptotic behavior can be reliably inferred, a regime that
remains inaccessible to DHT in practice.

The second comparison quantifies the relative error (Table 2) for each elasticity tensor com-

ponent, defined as: e =
∣∣∣∣ cd

j k−c i
j k

cd
j k

∣∣∣∣× 100. For iteration levels 1 to 4, the errors remain small, with

a maximum of 3.7%. At levels 5 and 6, the discrepancies are slightly larger, up to 7%, which is
explained by the fact that the corresponding DHT meshes could not be generated from the same
converged level-1 reference mesh. Overall, the agreement between the two techniques is very
good, confirming that IHT reproduces DHT within a narrow tolerance across all accessible levels.

Finally, the relative error between the c33 component obtained with the IHT (c i
33) and the

estimate given by the rule of mixtures (cm
33) was evaluated as:

∣∣∣∣ cm
33−c i

33
cm

33

∣∣∣∣×100. The maximum error

is about 10%. This additional result reinforces the reliability of the IHT as a method for evaluating
the homogenized elasticity tensor of such materials.
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Figure 6. Comparative analysis of the normalized components of the homogenized elas-
ticity tensor: (a) c11/c0

11, (b) c12/c0
12, and (c) c66/c0

66, derived from the two techniques, IHT
and DHT, for each extruded 2D fractal geometry periodic cell, across various iteration lev-
els. The results of the IHT converge towards the components of the elasticity tensor of the
meshed void.
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The results for all extruded 2D fractal geometries (Figure 6) are reported, with all components
normalized by those of the homogeneous level-0 cell. DHT computations were performed up to
level 5 for the Sierpiński hexagon and the hexaflake, and up to level 6 for the other geometries.
As in the case of the Sierpiński carpet, at the first iteration levels, the IHT results coincide with
those of the DHT, confirming its accuracy where direct comparisons are feasible. Unlike the
DHT, however, the IHT can be extended to higher iteration levels, where it consistently converges
toward the void phase properties. This systematic convergence justifies extrapolating the results
to large iteration levels, and supports the interpretation that the IHT is exact in the limit n →∞.
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Figure 7. Menger sponge. Comparative analysis of the normalized components of the
homogenized elasticity tensor: (a) c11/c0

11, (b) c12/c0
12, and (c) c66/c0

66. The IHT (dots) vs.
DHT (crosses) at different iteration levels. In the absence of void meshing, the results of
the IHT converge towards zero values. The resulting homogenized material is cubic, so:
c11 = c22 = c33, c12 = c13 = c23, and c44 = c55 = c66. Asterisks denote DHT values obtained
from meshes that were not derived from the same converged level-1 reference mesh as in
lower levels.

5.3. 3D fractal geometry: Menger sponge

Homogenization calculations using both techniques were carried out for the 3D case of the
Menger sponge cell. All components of the homogenized elasticity tensor are normalized by
those of the homogeneous level-0 cell (Figure 7). The tensor exhibits cubic symmetry. As in the
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extruded 2D cases, the two techniques show close agreement at the first iteration levels where
direct comparisons are possible, thereby confirming the accuracy of the IHT.

A key difference from the 2D analyses is that, in 3D, the void is not meshed. Consequently,
as the iteration level increases, the components of the homogenized elasticity tensor decrease
monotonically and converge toward zero, i.e., C≈

H
n → 0≈ as n → ∞. This convergence can only

be revealed by the IHT, which enables computations beyond the range accessible by the DHT.
Hence, the IHT not only reproduces the expected trend but also justifies extrapolating it to
arbitrarily large iteration levels, and supports the interpretation that, in the 3D case as well, the
IHT is exact in the limit n →∞.

5.4. DHT versus IHT

Beyond the consistency of the effective properties, an important distinction between the two
homogenization strategies lies in their numerical requirements. The IHT relies on a single
converged mesh defined at the level-1 cell, which is reused at all iteration levels. In contrast, the
DHT requires explicit homogenization on each fractal geometry, with meshes that grow rapidly
in size as the iteration level increases.

The comparison reported in Table 2 highlights the strong numerical efficiency of the IHT.
Computation times remain nearly constant across iteration levels, since only the material be-
havior assigned to the level-1 cell is updated from one iteration to the next. By contrast, the DHT
exhibits a steep increase in cost, both in memory and time, which restricts its applicability to
relatively low fractal levels.

This cost-effectiveness is a key advantage of the IHT, since it makes the study of a PFMMn
feasible at iteration levels that remain inaccessible to the DHT.

5.5. Remarks on the periodicity conditions of level-n embedded in level-(n +1)

The level-(n + 1) cell is considered periodic, i.e., it is embedded within a periodic environment
for which it defines the representative period. However, the level-n geometry within the level-
(n + 1) cell is no longer in the same periodic environment as that used for the evaluation of its
own properties. This raises an important question: why do the periodic properties of the level-
n geometry, when used in the periodic homogenization of the level-(n + 1) cell, still yield good
results? At present, there is no definitive answer to this question, but two plausible explanations
can be proposed:

• The periodicity conditions of the level-n geometry within the level-(n +1) cell are quasi-
verified, as is the case for Menger sponges. The concept of quasi-periodicity in fractal
geometries [27,28], if it can be demonstrated, would support this explanation.

• The periodicity conditions have only a limited influence on the homogenized proper-
ties. This is particularly true for the extruded 2D geometries considered here: the sur-
face area of the level-(n + 1) periodic cell affected by the periodic boundary conditions
may represent only a small fraction of its total surface, and the geometric connections
between level-n geometries within the level-(n + 1) cell are very limited and essentially
non-surfacic.

5.6. On non-linear behavior and large-strain theory

At present, the IHT process only considers matter with linear elastic behavior under the assump-
tion of small perturbations. This represents the most favorable framework to avoid uncertainties
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related to the periodic homogenization process. But what happens outside this framework? If a
non-linear behavior such as linear viscoelasticity is considered for the solid phase, the Laplace
transformation leads, in the Laplace space, to equations that are similar to those of the linear
elastic case. Without returning to the real space, it can therefore be stated that if the IHT is well
suited and accurate for the linear elastic case under the small-perturbation hypothesis, it should
also be well suited and accurate for the linear viscoelastic case under the same assumption. For
other types of non-linear material behavior, the homogenization process generally captures the
response curve point by point rather than providing an identified effective property from a single
computation. It is therefore not clear what advantage the IHT would offer in such cases, or even
whether it would remain applicable. In any case, the IHT method should be used with caution
when the model is likely to induce local volume variations or significant local geometric changes
not included in the IFS construction (see Section 5.1). The assumption of small perturbations
naturally avoids such difficulties.

5.7. From a practical point of view

From a practical point of view, once a given weight reduction and an acceptable target prop-
erty are defined for a structure, the IHT process makes it possible to explore a wide range of mi-
crostructural geometries. For each geometry, both the weight gain and the corresponding loss in
mechanical property can be evaluated (Figure 8), allowing the most suitable configuration to be
selected. However, an important point should be noted: although the fraction of matter (or void)
in a fractal geometry can usually be evaluated analytically, the evolution of this fraction and that
of the corresponding effective property do not follow the same trend (Figure 8). The use of the
IHT process is therefore essential for an accurate assessment of the effective material properties.
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Figure 8. (a) Evolution of the matter volume fraction ρm and of a normalized component of
the homogenized elasticity tensor, c11/c0

11, with respect to the iteration level. (b) Evolution
of c11/c0

11 as a function of the void volume fraction, ρv = 1−ρm .

6. Conclusion

This study addressed the homogenization of PFMMn. The intrinsic complexity of their geome-
tries makes the use of conventional homogenization methods problematic, since the number of
DOFs grows rapidly with the iteration level, leading to numerical models of considerable size.
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To overcome this limitation, the IHT was developed on the basis of the DHT, by embedding the
iterative process that generates the fractal geometry into the homogenization procedure. Both
techniques were applied to 2D extruded geometries and to a 3D case. The comparison showed
that, for iteration levels where both techniques could be applied, the results of IHT and DHT were
in very close agreement. In addition, the IHT requires significantly lower computational cost, in
terms of both computation time and memory, and therefore remains applicable at iteration levels
that cannot be reached by the DHT.

Beyond this direct validation, the IHT also demonstrated an essential property: at higher
iteration levels, where the DHT could not be applied, the homogenized elasticity tensor obtained
by the IHT converges toward that of the void. This behavior is physically consistent with
the progressive reduction of solid volume fraction and provides an indirect but convincing
verification of the accuracy of the IHT at iteration levels inaccessible to the DHT.

The scope of this work was intentionally restricted to exact self-similarity and periodic geome-
tries, with the objective of establishing a solid methodological basis. The results obtained con-
firm both the accuracy and the efficiency of the IHT and provide a reliable foundation for future
extensions toward more complex cases, including approximate self-similarity and non-linear be-
havior.
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