ACADEMIE
DES SCIENCES

INSTITUT DE FRANCE

Comptes Rendus

Meécanique

Mehdi Boudouh, Brahim Elkhalil Hachi, Boulanouar Azzouzi, Bassem Zouari
and Mohamed Haboussi

Crack propagation in concrete mortar under quasi-static tensile loading:
experimental insights and phase-field modeling

Volume 353 (2025), p. 1225-1260

Online since: 24 November 2025

https://doi.org/10.5802/crmeca.338

This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses/by/4.0/

<
"
MERSENNE

The Comptes Rendus. Mécanique are a member of the
Mersenne Center for open scientific publishing
www.centre-mersenne.org — e-ISSN : 1873-7234


https://doi.org/10.5802/crmeca.338
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

ACADEMIE Comptes Rendus. Mécanique
DES SCIENCES 2025, Vol. 353, p. 1225-1260
https://doi.org/10.5802/crmeca.338

INSTITUT DE FRANCE

Research article

Crack propagation in concrete mortar under
quasi-static tensile loading: experimental
insights and phase-field modeling

Mehdi Boudouh ® *'%, Brahim Elkhalil Hachi ® ¢, Boulanouar Azzouzi ®¢,

Bassem Zouari ®? and Mohamed Haboussi ® ¢

@ Laboratory of Development in Mechanics and Materials (LDMM), University of
Djelfa, PB 3117, Djelfa, Algeria

byaomp Laboratory, National Engineering School of Sfax, University of Sfax, Sfax
3029, Tunisia

¢ Laboratoire LSPM Université Sorbonne Paris Nord UPR 3407 CNRS, 93430,
Villetaneuse, France

E-mail: mehdi.boudouh@univ-djelfa.dz (M. Boudouh)

Abstract. This study investigates crack propagation in concrete mortar under quasi-static tensile loading
with imposed displacement. Several rectangular cubic concrete specimens containing a predefined crack
and hole were cast and tested. The load—-displacement curves and crack paths were obtained experimentally
and analyzed, enabling us to assess the influence of the specimen age parameter on fracture behavior. The
evolution of mechanical properties as a function of age, in particular the modulus of elasticity E and Poisson’s
ratio J (characterized by ultrasonic testing), was monitored. The fracture energy G, was determined by
direct tensile testing. These parameters were fed into a phase field model implemented by the finite element
method in a computational code developed in MATLAB®. The solution is based on a variational system that
treats the displacement and damage fields in an alternating minimization scheme. The numerical results
were compared in two distinct frameworks: one in a logical domain and the other in a physical domain.
Finally, the results obtained in each of these frameworks were compared with experimental results, revealing
relatively good agreement.

Keywords. Direct tensile tests, Material characterization, Phase field model, Crack propagation, Alternated
minimization, Finite element Methode.
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1. Introduction

Concrete plays a key role in engineering structures due to its exceptional compressive strength
and remarkable durability under various environmental conditions. Despite these advantages,
which make it a popular choice among engineers and architects, concrete has two notable
drawbacks that can impact its overall performance: its relatively low tensile strength and inherent
brittleness. These properties lead to cracking, which is one of the primary failure mechanisms
observed in nearly all brittle cementitious materials [1,2].

In 1961, Kaplan [3] conducted a series of experimental fracture tests on concrete beams,
applying Griffith’s theory [4] to better understand the complex behavior of cracks and fractures
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in solid materials. This work marked the systematic introduction and development of fracture
mechanics and damage mechanics, providing a rigorous framework for analyzing the non-linear
properties of concrete materials.

Bruhwiler et al. [5], performed a series of wedge-splitting tests on concrete specimens with
predefined cracks. They observed that fracture toughness values remained unaffected by crack
size, demonstrating that the fracture behavior of concrete remained consistent despite variations
in crack dimensions.

Zhang et al. [6] evaluated concrete toughness through wedge-splitting tests and applied sev-
eral analytical techniques, including the simplified Green’s function method, the simplified
equivalent cohesive force method, the four-term weighting function method, and the Gauss-
Chebyshev integral method. Their findings revealed a strong agreement between the results of
the wedge-splitting tests and those obtained from each of the four analytical approaches. Xu
etal. [7] developed a numerical method to derive the stress—strain curve of concrete, incorporat-
ing the fracture process zone observed during three-point bending tests.

Landis [8] investigated micro—macro fracture relationships in concrete using Accoustic Emis-
sion (AE) and found that AE activity increases sharply at the onset of microcracking, and that the
spatial distribution of AE sources predicts the eventual macrocrack trajectory. To get more infor-
mation about crack initiation and propagation, Dai et al. [9], Alam et al. [10], Rouchier et al. [11],
Verbruggen et al. [12], Sharma et al. [13] conducted an extensive study on the fracture process
zone (FPZ) in concrete employing both digital image correlation (DIC) and acoustic emission
(AE). They showed that AE could detect and localize the initiation of microcracks within the spec-
imen volume, while DIC provided full-field strain and displacement measurements on the sur-
face, enabling accurate tracking of FPZ development.

Zhang et al. [14] conducted an extensive study to capture crack initiation, using the acoustic
emission (AE) technique as a key analytical tool, particularly during three-point bending tests
on concrete specimens with predefined cracks. Fang et al. [15] evaluated the performance
characteristics related to the early crack resistance of concrete, focusing on mixtures containing
ternary mineral components, using a thermal stress testing machine.

Guan et al. [16] conducted a series of wedge splitting tests on solid concrete specimens
and found a significant correlation between the age of the concrete and its mechanical
properties, specifically noting that toughness and fracture energy increased as the concrete aged.
Refs. [17,18] conducted wedge splitting tests on solid concrete specimens with predefined cracks
and found that specimens cast during the summer months exhibited higher fracture energy val-
ues than those cast in the winter months. In addition, Xu et al. [19] conducted a detailed exam-
ination and found that toughness and fracture energy were largely unaffected by changes in the
predefined crack length. Meanwhile, Wittmann et al. [20] conducted rigorous evaluations to de-
termine the fracture parameters of concrete using the tensile test, Chen et al. [21] investigated
the tensile properties of concrete under high strain rates using the split Hopkinson pressure bar
technique.

Due to the challenges and complexities of conducting direct experimental tensile tests on con-
crete materials, researchers often turn to indirect methods as practical alternatives to effectively
study the tensile behavior of concrete Zheng et al., Mesbah et al. [22,23]. Among the various
indirect testing methods introduced in the field is the Brazilian disc test, developed by Rocco
et al. [24], four-point bending tests by Wu et al. [7], and the three-point bending test by Lok
et al. [25]. In addition, research conducted by Lok et al., Ruiz et al. [25,26] involved perform-
ing splitting tensile tests using the split Hopkinson pressure bar (SHPB).

A considerable body of research has focused on the tensile response of concrete using direct
tension tests, despite the inherent experimental difficulties associated with such methods. Van
Mier and Van Vliet [27] provided a comprehensive review of direct tension testing techniques,
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identifying critical issues such as eccentricity, secondary bending, and platen misalignment, and
demonstrated the necessity of servo-controlled systems to obtain reliable measurements of ten-
sile strength and fracture energy. Earlier, Reinhardt and Cornelissen [28] conducted deformation-
controlled uniaxial tension tests under both static and cyclic loading on lightweight and normal-
weight concretes. Their results emphasized the significance of post-peak softening behavior and
yielded essential data for constitutive model development under monotonic and cyclic load con-
ditions. More recently, Nouailletas et al. [29] performed cyclic tension-compression tests on
notched specimens, combining traditional displacement sensors with digital image correlation
(DIC). Their findings revealed that crack closure under compression partially restored stiffness,
while frictional interactions along crack faces substantially contributed to inelastic strain and en-
ergy dissipation.

To address persistent experimental limitations, several improved testing protocols have been
introduced. Alhussainy et al. [30] proposed an innovative specimen geometry incorporating a
reduced cross-section and universal grips, ensuring systematic midspan failure without slippage
and thereby enabling reproducible stress—strain characterization. In a related study, Alhussainy
et al. [31] examined the direct tensile behavior of self-consolidating concrete (SCC) using spe-
cially designed metallic grips. Their experiments confirmed consistent fracture initiation at the
specimen midsection and showed that direct tensile strength values were systematically lower
than those obtained from indirect methods such as Brazilian or flexural testing.

The mechanical response of concrete is governed not only by its inherent heterogeneity aris-
ing from aggregate distribution, cement matrix properties, and interfacial transition zones, but
also by its geometric configuration. The presence of initial defects (cracks, voids, notches) or geo-
metric discontinuities (section reductions, eccentricities) modifies stress distribution and appar-
ent stiffness, thereby influencing crack initiation, propagation, and overall resistance. Moreover,
the age of the material is a decisive parameter, as the progressive evolution of mechanical prop-
erties directly impacts structural performance under load. This complexity highlights the need
to accurately characterize the mechanical parameters governing the stiffness and deformation
capacity of concrete. The estimation of Young’s modulus and Poisson’s ratio has been the sub-
ject of numerous studies, using both destructive and non-destructive approaches. Compression
or bending tests remain the traditional method for determining the static modulus Es, but they
depend on experimental conditions and involve the destruction of test specimens [32-34]. To
overcome these limitations, non-destructive methods, particularly ultrasound, have been de-
veloped. As early as the 1990s, Boumiz et al. [35] and Martin et al. [36] demonstrated the rele-
vance of P and S wave velocities for characterizing hydration and elastic properties, while more
recent work [35,37] have confirmed their effectiveness in monitoring setting and correlation with
strength. Finally, several studies [33,34,38,39] have established relationships between static and
dynamic modules, confirming the complementary nature of the approaches: static tests provide
references, while ultrasound allows for continuous, non-destructive monitoring.

While experimental testing provides invaluable insights, it is often time-consuming, costly,
and limited in scope. Consequently, numerical modeling has become a cornerstone of fracture
research. A predominant feature of most numerical models is their tendency to bypass the
singularities that appear in displacement fields as a result of crack formation in structures.
Various numerical methods for simulating crack initiation and propagation have been founded
and developed in recent years. These methods can be classified into two main types, called
discrete crack models and diffuse crack models. In discrete crack models, it is assumed that
damage within the material is concentrated on an exceptionally short length scale, allowing
localized analysis of crack behavior. Many researchers have used discrete crack models for crack
growth and propagation in solids. Examples include [40,41] in the case of the brutal fracture
and [42-46] in the case of fatigue.
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Diffuse crack models conceptualize the crack phenomenon as a zone of damage distributed
over a finite volume. These models are widely adopted due to their relatively simple implemen-
tation in a calculation code and their ability to handle complex crack configurations. Rather than
considering discrete cracks, these models are based on a diffuse approximation that incorpo-
rates the effects of crack formation. The phase field model belongs to this class of diffuse crack-
ing models; it extends Griffith’s theory by simultaneously determining the displacement field and
the crack trajectory by minimizing the total potential energy in a variational framework [47,48].
Bourdin et al. [49,50] have established the fundamental principles for the numerical implemen-
tation of this approach. A damage phase field is introduced to transform a clean crack into a
regularized damage band, whose width is controlled by a characteristic scaling parameter.

A central feature of phase-field fracture models is the introduction of an internal length scale ¢,
which governs the thickness of the diffused crack and ensures the well-posedness of the varia-
tional formulation. Several strategies have been proposed for its calibration. Early works [51,52]
suggested experimental identification or calibration through size-effect tests, though Iacono
et al. [53] showed that this procedure does not lead to a unique solution. Later studies [54-56] in-
terpreted ¢ as a material parameter, intrinsically linked to the tensile strength of a homogeneous
medium. More recently, Nguyen et al. [57], and Li et al. [58] emphasized the need to ensure con-
sistency between ¢ and the microstructural heterogeneity of cementitious composites. In par-
ticular, mesoscale analyses of concrete and mortar have shown that ¢ should be related to the
characteristic size of sand grains or aggregates in order to retain physical representativity [58,59].
At the same time, Miehe et al. [60], Farrell and Maurini [61] highlighted that ¢ also influences
numerical stability, conditioning, and convergence of the finite element solution. Therefore, the
choice of ¢ must balance physical consistency with computational robustness, a point that is es-
pecially critical when modelling granular quasi-brittle materials such as concrete.

In addition to the phase-field approach, several other continuous regularized methods have
been proposed in the literature to address the challenges related to crack initiation, propa-
gation, and localization in quasi-brittle materials. Nonlocal models, of gradient or integral
type [55,62,63], introduce an internal length scale that makes it possible to account for size ef-
fects observed in concrete structures. The Thick Level Set (TLS) method [64-66] combines a lo-
cal damage law with an imposed localization profile, enabling a natural representation of crack
initiation, coalescence, and branching. More recently, the Lip-field approach [67-69] has been
proposed as a mathematically rigorous regularization technique, ensuring boundedness of the
damage gradient through a Lipschitz continuity constraint. These phase field models share a
common point: the introduction of an internal length ¢ that regularizes the damage field and
provides a physically consistent description of fracture in quasi-brittle media. In comparison
with these methods, the phase field model also takes into account the size effect while offering
a numerically inexpensive formalism given its well-established variational form with remarkable
simplicity in the treatment of nucleation and crack branching. All of this led us to choose the
phase field approach as our modeling method.

The numerical implementation of phase field models is generally carried out within the
framework of the finite element method (FEM), due to the fact that the equations governing
these models are partial differential equations, which can be solved efficiently using this ap-
proach. The spatial discretization of the domain using finite elements can be implemented
relatively simply. Numerous studies have documented finite element implementations of phase
field models, including the work of Amor et al. [54], Bourdin et al. [70], Lee et al. [71], Miehe
et al. [72], Sargado et al. [73], Wu [74], Kriaa et al. [75], Piska et al. [76], Yuanfeng et al. [77],
Hachi et al. [78].

In this context, the present study adopts an integrated experimental framework combin-
ing destructive and non-destructive testing in order to better understand the evolution of the
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mechanical properties and tensile behavior of mortar with predefined geometric heterogeneities
(cracks and voids). The evolution of Young’s modulus and Poisson’s ratio was first monitored
by ultrasound at 7, 14, and 28 days, allowing repeated measurements on the same specimens
and reducing variability due to sample differences. In parallel, a calibration was performed us-
ing three-point bending tests to establish a link between dynamic and static properties, leading
to a linear empirical equation of the type Es = a x Eq + b adapted to the studied mortar. Quasi-
static direct tensile tests were then used to analyze the structural response and crack propaga-
tion. The experimental characterization results show a gradual but non-regular increase in stiff-
ness as the specimen ages, reflecting a continuous densification of the microstructure. The ten-
sile tests confirm this evolution, with a slight increase in the critical load between 7 and 14 days,
followed by a much more marked increase between 14 and 28 days. The experimental original-
ity of this work lies in combining the monitoring of changes in mechanical properties with the
age of mortar and the tensile response of mortars on test specimens with predefined geometric
heterogeneities (cracks and voids), thus giving a more representative and integrated view of the
tensile behavior of cementitious mortars at different ages.

Numerically, this study adopts a specific implementation of the phase field approach to
modeling the crack propagation in the mortar under study. The variational formulation has
been decomposed into two coupled equations, one for displacement and the other for dam-
age, solved by an explicit alternating minimization strategy implemented in a MATLAB® code
developed for this work. This methodology ensures enhanced numerical stability and repro-
ducibility of the protocol, consistent with the experimentally measured mechanical parame-
ters (E,9,G.). The choice of the regularization parameter ¢ was physically justified by the sand
grain size, establishing a direct correspondence between the microstructural scale and the nu-
merical model. Finally, an original double-domain strategy was introduced: in the logical do-
main, the complete experimental configuration is reproduced, while in the physical domain, the
mechanical effect of the tubes is replaced by a simplified condition (® = 0) at the edges. This dual
modeling approach allows for cross-validation and highlights the consistency between numeri-
cal and experimental results. The numerical originality of this work thus lies in the adaptation of
the phase field to the experimental conditions studied, paving the way for a better understanding
of cracking in cementitious mortars.

This article is structured as follows: Section 2 presents the experimental procedure and pro-
tocol adopted, including a granulometric analysis of the sand used, as well as a detailed descrip-
tion of the mixture prepared and the specimens produced. A characterization of the material pa-
rameters, notably the modulus of elasticity Es and the fracture energy of the material G, is then
carried out using a non-destructive characterization (NDT) technique via an ultrasonic device.
The direct tensile test adopted is then described in detail. Section 3 summarizes the experimen-
tal results obtained during the direct tensile tests, together with a comparative and explanatory
analysis. In Section 4, the theoretical aspects and numerical implementation of the phase-field
approach adopted are presented. Section 5 presents the numerical results, with comments and
comparisons with experimental observations. Finally, the most pertinent conclusions are drawn
in Section 6, bringing this paper to a close.

2. Experimental procedure and protocol

2.1. Granulometric analysis of sand

The test involves classifying the various grains in the specimen using a series of sieves, arranged
in a stack with progressively smaller mesh sizes from top to bottom.

The sand specimen is placed in the top sieve, and the grain classification is obtained by
vibrating the sieve stack.
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Figure 1. The granulometric curve of the sand.

Table 1. Mixture proportions use

Component Cement Sand Water
Percentage 22% 66% 12%
Dosage  459.53 Kg/m® 1378.59 Kg/m® 250.65 Kg/m?®

For this test, we use a series of sieves with square mesh by their aperture classified as follows:
0.08-0.125-0.315-0.5-0.63-0.8-1-2 (mm).

The granulometric curve of sand is shown in Figure 1 according to the standard NF P18-431
[Afn, P 18-431-1990].

The granulometric curve shows that our sand has a well-distributed particle size range, with
the majority of particles falling between 0.1 mm and 1 mm, classifying it as medium sand. The
grading curve is relatively smooth, indicating a uniform particle size distribution and confirming
that the sand is well-graded.

2.2. Preparation of the mixture

The material used was a standard mortar with the following proportions: 22% cement (Portland
cement PC40 mixed with high alumina cement in a 4:1 ratio, conforming to ASTM C595),
66% sand (particle size < 1 mm), and 12% water (clean, impurity-free water), resulting in a
water/cement ratio of 0.55.

The dosages of the constituents used in this study are presented in Table 1. These standard
specifications were selected to minimize uncertainties in the mix by excluding other influencing
factors, such as additives.

By adopting a standardized mortar formulation, composed of well-graded sand (particle size
range between 0.1 and 1 mm) and free from admixtures, we deliberately minimized external
sources of variability in the mechanical behavior of the material. This methodological choice
ensures that the fracture response observed during the direct tensile tests (see Section 3) is mainly
governed by the predefined discontinuities introduced in the specimens and by the influence of
specimen age, which represent the central focus of the present study.
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Figure 2. Geometry of the test specimen used in this study.

2.3. Preparation of the test specimen

The test specimen used in this study is a rectangular parallelepiped with dimensions of W =
91 mm (width), H = 168 mm (height), and e = 40 mm (thickness). The specimen features several
geometric characteristics: a circular cutout with a diameter of 28 mm located near the center
of the plate (x = 51.1 mm, y = 71.4 mm), and two smaller cutouts with a diameter of 14 mm
near the top and bottom, positioned at (x = 28 mm, y = 28 mm) and (x = 28 mm, y = 140 mm),
respectively. Additionally, the plate has an initial crack of length ay = 14 mm on its left side,
located at y =91 mm (see Figure 2).
The steps for preparing the test specimen are detailed in Appendix A.

2.4. Material characterization of the test specimen

2.4.1. Estimation of Young's modulus and Poisson’s ratio using non-destructive tests (ultrasound)

The estimation of mechanical properties through destructive testing provides reliable results
but requires the use of different specimens for each measurement age. Even when mix propor-
tions and curing conditions are identical, slight variations related to particle size distribution
or microstructure may arise from one specimen to another, introducing variability that can ob-
scure the actual effect of age. To overcome this limitation, the ultrasonic method was adopted.
Its major advantage lies in allowing repeated measurements on the same specimen without al-
tering it, thereby providing a more representative and accurate monitoring of the evolution of
Young’s modulus and Poisson’s ratio as a function of age, while reducing experimental dispersion
between test series. In this study, this non-destructive ultrasonic approach was implemented to
characterize mortar at different curing stages, namely at 7, 14, and 28 days. The targeted elastic
properties, namely the dynamic Young’s modulus E4 and Poisson’s ratio , were determined using
this method. The selected propagation mode was direct transmission, as illustrated in Figure 3.

The ultrasonic technique enables the measurement of the propagation times of longitudinal
pulses (#p, P-waves) and shear pulses (%, S-waves) through the mortar. These propagation times
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are then used to calculate the corresponding wave velocities, V;, and Vs, which are required for
the determination of the dynamic Young’s modulus E4 and Poisson’s ratio 9, using the equations
presented in (2) and (3) [36,37].

The ultrasonic device consists of a generator connected to a transmitter and a receiver of
electrical pulses, as illustrated in Figure 3. Piezoelectric crystals excited by impact generate the
pulses, while similar crystals in the receiver detect them. The receiver, coupled with a timing
unit, records the propagation time between the emission and detection of the pulse. Based on
these measurements, the propagation velocities of longitudinal waves V}, and shear waves V; are

obtained as follows [36,37]:
L L

o= @xtp) Vo= (2% 1)
where L is the distance between the transducers, f, and f are the propagation times of the
longitudinal and shear pulses, respectively. These velocities are then used to determine the
dynamic Young’s modulus E4 and Poisson’s ratio J of the mortar, according to the following
relations [36,37]:

@

, 1+9)(1-29)

Ea=Voy— g 2)
_ 2% 3)
2(VE-VH

where v is the density of the specimen (kg/ md), Vp is the longitudinal wave velocity (m/s), Vs is
the shear wave velocity (m/s), Eq is the dynamic Young’s modulus (GPa), and 9 is Poisson’s ratio.

Equations (2) and (3) are valid under the assumption that the material behaves as an elastic,
homogeneous, and isotropic medium at the macroscopic scale, and that ultrasonic waves prop-
agate in the linear regime without significant attenuation. Although cementitious materials ex-
hibit a complex microstructure, these relations have been widely employed and validated in nu-
merous studies on pastes, mortars, and concretes for the evaluation of their mechanical proper-
ties [35-37,39,79]. The use of a standard mortar (sand, cement, water), as described in Section 2.2,
also helps to minimize the influence of heterogeneities associated with coarse aggregates and to
ensure a globally homogeneous and isotropic behavior at the considered scale. In this context,
the application of Equations (2) and (3) is justified and consistent with commonly accepted prac-
tices in the literature.

Table 2 summarizes the average values obtained from non-destructive tests performed on
nine specimens at 7, 14, and 28 days of curing. For detailed results corresponding to each
specimen, the reader is referred to Tables A1-A3 in Appendix A.
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Table 2. Results of non-destructive tests

Longitudinal Shear wave Vj Poison’s ratio Dynamic Young’s
wave V;, (m/s) (m/s) average 9 modulus average Eq (GPa)
7 days 4.8942 x 10° 2.9773 x10° 0.2062 44.6653
14days  5.3061 x 10° 3.2233 x 10° 0.2076 52.4081
28 days  6.2760 x 10° 3.8022 x 10° 0.2100 73.0781

Table 2 highlights a progressive and significant increase in the dynamic Young’s modulus
Eq with mortar age, while the Poisson’s ratio 9 remains relatively stable. This evolution is
directly related to the ultrasonic velocities V,, and V5, used in Equations (2) and (3). Indeed, the
gain in material stiffness is reflected by an increase in propagation velocities, particularly the
longitudinal wave velocity V},, which mechanically induces an elevation of Eg.

At 7 days, the dynamic Young’s modulus E4 reaches approximately 45 GPa, indicating a still
limited stiffness of the material, which can be explained by the relatively low measured wave
velocities V}, and Vs (see Tables A1-A3 in Appendix A). Between 7 and 14 days, the increase in
E4 remains moderate (=+15%), corresponding to a slight variation in ultrasonic velocities and
reflecting a gradual consolidation of the microstructure with a limited gain in compactness. In
contrast, between 14 and 28 days, the increase in Eq is much more pronounced (=+35-40%) and
is accompanied by a significant rise in both V}, and V; (see Tables A1-A3 in Appendix A). This
evolution indicates a substantial reduction in porosity and improved matrix continuity, directly
enhancing load transfer and thus the elastic properties.

Furthermore, the Poisson’s ratio, determined according to Equation (3), remains nearly con-
stant throughout the entire period studied, indicating that the increase in Young’s modulus
is mainly driven by the joint growth of V}, and Vs, without significant variation in their ratio.
For detailed information on the individual values of V},, Vs, E4, and 9 for each specimen, the
reader is referred to Tables A1-A3 in Appendix A.

Particular attention has been given to the comparison between static Young’s modulus Eg and
dynamic Young’s modulus Eq4 for different types of rocks, with numerous empirical formulas
reported in the literature [34,38]. These formulas are either linear, as shown in Equation (4), or
nonlinear, as shown in Equation (5).

Es=axEg+b 4)
Es=ax (Eq)°. (5)

The nonlinear relationship Equation (5) is generally considered more representative for materials
and rocks exhibiting significant microcracking or relatively high porosity, cases in which Eg
increases more slowly than Eg (b < 1). In contrast, the linear form Equation (4) remains
applicable to more compact and homogeneous materials. In the present study, and for a standard
mortar as described in Section 2.2, the linear form Equation (4) was adopted, as it is widely used
in the literature for both rocks and cementitious materials [80-83]. In all cases, the empirical
coefficients a and b must be experimentally determined for each mortar formulation to ensure
the reliability and relevance of the correlation.

The application of Equation (4) requires the definition of the empirical parameters a and b,
which are strongly dependent on the type of material investigated. To establish a representative
relation for the mortar under consideration, a specific experimental calibration was undertaken.
For this purpose, the static Young’s modulus Es was determined from three-point bending tests
performed on nine prismatic specimens with dimensions of 160 x 40 x 40 mm? at the age of
14 days, in accordance with the Russian State Standard GOST 310.4-81 [32,33]. The test was
conducted under a monotonically applied load of 2.5 kN, as illustrated in Figure 4.
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Figure 4. Experimental setup of the three-point bending test performed on prismatic
specimens with dimensions of 160 x 40 x 40 mm?® at the age of 14 days.

Table 3. Experimental results of the three-point bending test at 14 days: average values of
the applied load, the corresponding deflection, and the static Young’s modulus Eém

The load The deflection The slope The static Young’s

F (kN) & (mm) AF/AS (KN/mm) modulus E{'Y
0.229 0.03878

0.458 0.07756

0.687 0.11634

0.916 0.15512

1.145 0.19390 5.905105724600306 0.5764891
1.374 0.23268

1.603 0.27146

1.832 0.31024

2.060 0.34902

The choice of 14 days for this calibration is justified by its representativeness in the microstruc-
tural evolution of the mortar. Indeed, this intermediate age makes it possible, on the one hand, to
reduce the influence of the high mechanical variability generally observed at early ages (7 days),
and on the other hand, to avoid the quasi-complete stabilization effects of mechanical properties
typically observed at 28 days.

The static Young’s modulus was then calculated from the mean force-deflection curves, using
the classical relation [32,33]:

_ P AF

" 4bh® NS

where [ is the span between supports (100 mm), b and & are the dimensions of the cross-section
(40 mm x 40 mm), F is the applied load (kN), and 4 is the measured deflection (mm).

The average load and deflection results from nine specimens, taken at selected points within
the linear elastic range, are presented in Table 3.

In parallel], the dynamic Young’s modulus E4 was measured on the same specimens using the
ultrasonic method, which provided a representative average value at this age. The combined
introduction of Eg and Eq4 values into the linear empirical equation (Equation (4)) then allowed
the determination of the parameters a and b. Considering the physical condition that E; = 0
when E4 = 0, it was deemed appropriate to set b = 0, thereby simplifying the relation to a direct
proportionality between the two moduli: Es = a x Ey.

(6)
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Evolution of Static Modulus of Elasticity as a function of age
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Figure 5. Evolution of the average static Young’s modulus with curing age (7, 14, and
28 days).

The proportionality coefficient a was experimentally determined to be 0.011 for the mortar
under investigation. Accordingly, the specific relation obtained is:

Es=0.011 x Eg. )

This calibrated empirical equation was subsequently employed to estimate the static Young’s
modulus Eg at other ages (7 and 28 days) from the available dynamic measurements. It thus
provides a reliable tool to non-destructively monitor the evolution of the mortar’s elastic modulus
as a function of age.

Figure 5 illustrates the evolution of the average static Young’s modulus Es with curing age. For
detailed E; values corresponding to each specimen, calculated from Equation (7), the reader is
referred to Tables A1-A3 in Appendix A.

The evolution of Young’s modulus with age, illustrated in Figure 5, highlights the progressive
increase in material stiffness during curing. The static modulus E; exhibits a trend similar
to Eq, since it is linearly proportional to it. More specifically, the value of Young’s modulus
increases from approximately 0.49 GPa at 7 days to 0.58 GPa at 14 days. Between 14 and 28 days,
this increase becomes more pronounced, reaching 0.80 GPa at 28 days. This evolution reflects
the progressive densification of the microstructure, with improved compactness and matrix
continuity, which directly enhances material stiffness. The histogram, complemented by the
trend curve, clearly illustrates this behavior and emphasizes that the development of mechanical
properties is not linear but intensifies after two weeks of curing.

2.4.2. Estimation of fracture energy

The fracture Energy G, (N/mm) is a crucial parameter in the phase field model. For nor-
mal concrete mortar, G, (N/mm) is determined from the fracture resistance Wg as follows
(see in [84-87]):

W+ Mxgxug

8



1236 Mehdi Boudouh et al.

In this equation, we define M as the weight of the specimen (kg); g as the acceleration due
to gravity 9.81 (m/ s%); ug as the critical imposed displacement (m); A as the cross-sectional
area at the initial crack (m?). The fracture resistance Wr represents the area under the load-
displacement curve at the maximum value of u.

The expression adopted for the estimation of the fracture energy G, (Equation (8)) is derived
from the work-of-fracture method in the framework of quasi-static tensile tests (direct tension,
three-point bending, or splitting test). Its validity relies on several assumptions that must be
specified. First, the loading must be monotonic and sufficiently slow so that dynamic and rate
effects are negligible. Second, crack propagation is assumed to occur in pure mode I (opening),
without significant contribution from shear or mixed-mode effects. The material is considered
homogeneous, well-compacted, and isotropic at the macroscopic scale, with a well-defined
notch or initial crack to ensure reproducible initiation. Finally, this formulation is restricted to
monotonic loading up to crack propagation and does not account for cyclic, viscoelastic, or size
effects. Under these conditions, the equation provides a consistent estimation of the fracture
energy of cement-based materials, as demonstrated in the seminal works of Hillerborg et al. and
RILEM TC 50-FMC [86,87].

For the mortar investigated in this study, the fracture energy calculated using Equation (8) is
given by:

_0.2+1.2x9.81x0.25x107°
c 40 x 70 x 1076

=72.48 (N/m). 9

2.5. The principle of the test adopted

Direct tensile tests were performed using an MTS hydraulic testing machine (capacity 100 kN), as
illustrated in Figure 6. The specimens were fixed by means of rods inserted into dedicated holes,
ensuring symmetric alignment between the upper and lower grips. Prior to each test, a slight
preload was applied to eliminate any residual play and to guarantee the absence of initial stresses.
The tensile test was then conducted under displacement control: a total displacement of 1.5 mm
was progressively applied over a duration of 3000 s (loading velocity 0.0005 mm/s), thereby
ensuring quasi-static conditions suitable for accurately capturing the brittle behavior of the
specimens up to failure. The testing machine was equipped with a load cell with a precision
of +0.5% and a displacement transducer with a resolution of 0.001 mm, ensuring sufficient
sensitivity to detect fine variations in load and displacement.

3. Experimental results

In this section, the experimental results obtained during the test adopted in Figure 6 are pre-
sented as follows.

Tables 4, 5, and 6 present the experimental results of the tensile tests conducted at 7, 14,
and 28 days, respectively. The load—displacement curves show that specimens of the same age
exhibit a consistent evolution, with only slight variations in the critical load and displacement
values, as detailed in Tables 4-6. Analysis of these results indicates that the differences observed,
although modest, exceed the limit of instrumental sensitivity and are likely related to the intrinsic
heterogeneity of the mortar (component distribution, initial microcracks, local porosity), as well
as slight variations in specimen positioning or alignment. Nevertheless, the overall consistency
of the values obtained confirms the good reproducibility of the experimental method.

The structure behaves linearly up to the maximum loading. After that, a brutal drop can be
identified when the crack begins to propagate.
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Figure 6. (a) The direct tensile test; (b) crack propagation in specimen.

Table 4. Experimental results obtained at 07 days of age (a) damage evolution in speci-
men 01; (b) damage evolution in specimen 02; (c) load-displacement curves

07 Days

Load [KN]
o
5

14
=

0.2

0 ~¥
0 0.1 0.2 0.3 ;ézlace(]’:em[?‘;;] 0.7 0.8 0.9 1
(b) (©
Specimen(01) F,=1.028 [KN] U,, = 0.2377 [mm|]
Specimen(02) F, = 0.9899 [KN] U, = 0.2213 [mm)]

Figure 7 compares the effort-displacement curve as a function of age factor. The evolution of
the maximum load F5« as a function of age exhibits two distinct phases. Between 7 and 14 days,
the increase remains limited (+12%), reflecting a progressive but still incomplete consolidation
of the microstructure. In contrast, between 14 and 28 days, the progression becomes much more
pronounced (+45%), indicating a significant reduction in porosity and an improved continuity of
the matrix, which directly enhances stress transmission.

This trend is consistent with the results obtained for the Young’s moduli (Section 2.4). In par-
ticular, the dynamic modulus E4 shows a moderate increase between 7 and 14 days (=+15%),
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Table 5. Experimental results obtained at 14 days of age (a) damage evolution in speci-
men 03; (b) damage evolution in specimen 04; (c) load—displacement curves

[~ Specnen]

Y

14 Days

0.8

Load [KN]
)
>

o
=

o
N

0 0.1 02 03 0.4 0.5 06 07 0.8 0.9 1
Displacement [mm]

(©)

Specimen(03)

F,=1.146 [KN]

U., = 0.2449 [mm]

Specimen(04)

F,=1.112 [KN]

U., = 0.2306 [mm]

Table 6. Experimental results obtained at 28 days of age (a) damage evolution in speci-
men 05; (b) damage evolution in specimen 06; (c) load-displacement curves

[ speamens)] | [

Specimen(06)

28 Days

Load [KN]

0 0.5

Displacement [mm)]

1 1.5

(@) (b) ©
Specimen(05) F,=1649[KN] | U.= 02246 [mm]
Specimen(06) Fg =1.621[KN] U.s = 0.2581 [mm]

followed by a marked acceleration between 14 and 28 days (=+35-40%), in line with the increase
in ultrasonic velocities. The static modulus Es evolves in the same manner. Thus, the correlation
between mechanical strength, static modulus, and dynamic modulus confirms that the signifi-
cant increase observed between 14 and 28 days does not result from an experimental artifact, but
rather reflects a genuine microstructural transformation.

4. Phase field modeling

The phase-field model has proved to be a reliable and practical approach for predicting crack
initiation and propagation. In this section, we present the main equations of the phase-field
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Figure 7. Comparison of the load-displacement curves at ages 7, 14, and 28 days.

approach to brittle fracture, as well as its implementation by the finite element method under
our calculation code developed on MATLAB®. The modeling strategy followed to reproduce the
experimental tensile tests is also detailed and validated.

4.1. Theoretical aspects

In the present study, we have chosen to adopt and use the theoretical framework defined by
Francfort and Marigo [47,88,89], with the aim of addressing and overcoming the shortcomings
of Griffith’s 1998 theory [4]. They express the phenomenon fracture for a linear elastic domain Q
that may contain a set of cracks I" as a competition between the surface energy required for crack
propagation Il and the elastic energy I, stored in the material in the form of a variational theory
as a function of the displacement field u.

The total potential energy of the QO domain can be written as:

Iy (u,T) = M (u, T) + Mg (u, T) = # " (w) (10)
e (u,T) = f Wo(e(w),T)dQ (11

Q
Hs(r)szcH"_l(F)dl“ (12)

r
7//e“(u)=ff-ud(2+f t-udl (13)

Q 00,
Hp(u,r)zf Wo(e(u),l“)dQ—/ f-udQ—f t-udF+fGCH"_1(F)dl“ (14)
Q Q 0Qy T

where £(u) = 1/2[V® u+ u® V] is the symmetrical tensor of small strains, t = 0-n, o and n
being respectively the stress tensor and the exterior normal to the boundary dQ,, H""! is the
(n—1) dimensional Hausdorff measure giving the surface associated with I', W (¢(u)) is the elastic
energy density.

In the present work, the formulation is restricted to the case of displacement-controlled
loading (Dirichlet conditions). In this configuration, the external work term # (1) vanishes,
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Figure 8. A solid body Q with a conventional sharp crackI" and diffuse crack band in phase-
field ®(x).

since at each loading step the displacement gradient is zero. Conversely, when force-controlled
loading (Neumann conditions) is considered, this term must be explicitly accounted for, which
may induce a loss of convexity of the functional and lead to numerical convergence difficulties
toward a global minimum in the alternate minimization scheme, as noted by Amor [90]. This
restriction therefore corresponds to an implementation choice motivated both by numerical
stability considerations and by the aim of faithfully reproducing the experimental conditions
described in Section 2.5, which were conducted under displacement-controlled loading.
The total energy function is expressed by:

I (u,T) =f Wo(e(u),I‘)dQ+fGCH"_I(F)dF. (15)
Q r

Considering all possible cracking states, the evolution of the crack set I' as well as the unknown
displacements u is determined by the global minimization of functional (15), under the irre-
versibility constraint, as follows:

Mp(u;, ') = min Iy (w,T). (16)

Tiine2T

In the case of brittle fracture, the fracture energy G, can be interpreted as Griffith’s critical energy
restitution rate. The challenge of solving the surface integral directly arises from the fact that the
new I'(#) surfaces are unfamiliar at first sight. Conversely, classical discretization methods fail to
produce a satisfactory resolution.

The main difficulty in minimizing the previous variational formulation, given by functional
(15), lies in the need to anticipate all possible cracking states. In other words, it is necessary to
construct discontinuous displacement fields on arbitrary discontinuity surfaces, which is beyond
the capabilities of conventional finite element methods. To make the problem tractable, Bourdin
et al. [48] adopted an alternative approach, where minimization is performed on a regularized
approximation of the Griffith functional. This regularization introduces smoothed displacement
discontinuities, ensuring the continuity of the displacement field u across the entire domain.
This approach is inspired by the work of Ambrosio and Tortorelli [91], who solved a similar
problem in the context of image segmentation, in connection with the function of Mumford and
Shah [92].

From the mechanical point of view, this regularization approach makes it possible to refor-
mulate fracture models using a phase field model, thus introducing a parameter ¢(x, t) € [0, 1]. Tt
is based on replacing the sharp discontinuity in the displacement field, representing the crack,
with a gradual transition within small zones where the displacement gradient is high (damaged
zones). The size of these zones is regulated by a parameter ¢, while their characteristics are de-
termined by the damage variable ¢(x, £) € [0, 1], as illustrated in Figure 8.
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Since the crack is represented as a damaged zone, an exponential decay function is used to
approximate its irregular topology. In one dimension, in order to represent a crack located at
x =0, a specific formulation of the second-order phase field is adopted [48,72]:

CD(x):exp(ﬂ). 17
20
In Equation (17), ¢(x,1) € [0,1], with 0 representing undamaged material and 1 indicating
complete material damage. This equation represents the solution of a homogeneous ordinary
differential equation [55,72,93]:

@ (x) - %wx) =0 inQ. (18)
The differential equation (18) is solved under Dirichlet-type boundary conditions:
0)=1, ¢'(0)=0
xEer¢(x) = xgglm¢(x) =0 and, (19)
Jim ¢'(x) = lim ¢'(x)=0.
The Equation (18) represents the strong formulation corresponding to the variational problem:
®(x) = Arg(infI(¢h)) (20)

were 1
1) =3 f (@* + (20°G.VPp*)dQ  were dQ =T, dx.
Q

Therefore, we introduce I'y(¢) to describe the second-order phase-field approach, defined as
follows:

1 1
L) = —I(p)=— f @ + (20)°Vp?) dQ. 1)
20 4¢ Jo
The choice of the coefficients of ¢p(x) and its derivatives in Equation (18) is selected so that:
+00
f GoT'y (¢ dx ~ f G =G (22)
—00 T
Thus, in the context of the second-order phase field, we obtain:
4
Is(¢p) = f Gedl'= = f % + (20)°Vp?) dQ. (23)
r 4¢ Jo
As proposed by Bourdin et al. [31,32], we approximate the surface energy as follows:
2
() = f Gc((p— +£v¢2) dQ (24)
Q 4¢

were the choice of the internal length ¢ in this study was guided by the need to ensure good
reproducibility of the experimental results. This parameter must remain consistent with the
microstructural heterogeneity of the mortar [58,59], while also complying with numerical dis-
cretization constraints. In particular, the condition he < ¢ must be satisfied in order to guaran-
tee an accurate resolution of the crack front and the stability of the simulations [60,94].

G, represents the fracture toughness, defined as the energy required to generate one unit of
cracked surface.

As a means of modeling the loss of material stiffness in the fracture zone, i.e. approximating
the phase field of the damaged zone, we adopt the approach of Bourdin et al. [48-50], who
proposed an isotropic formulation to model the progressive degradation of strain energy and
stiffness during crack propagation. Elastic energy is then defined by the following expression:

e (u,¢) =[Q[(D(¢>)+84)Wo(€[u])]d9 (25)

were
Wy (elu]) = %U re(u) = %6 :C:e= %/ltr2£+,utr(£2). (26)
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From the potential of the phase field model, the stress can be calculated by:
OWo(elul) _ (1-p)? W (elul)
Oe(u] O¢lu]
Wy (e[u]) represents the elastic energy density function, while C is the elasticity tensor, € and
o designate the strain and stress tensors respectively. The parameters A and y are the Lame
coefficients.
The initiation and propagation of cracks are fully described by a problem of minimizing a
regularized energy functional. The latter is parameterized by ¢ and expressed according to the
following equation:

1
Ht(u,gb)=fg E(A((P)+Eg)8[u] :C:z—:[u]dQ+fQ(

o(u,p) = D(¢) 27

wc(P)
¢

+G VPV | dQ (28)

where:

D(¢p) = (1 - ¢)?: represents the stiffness degradation function. It is a continuous, strictly
decreasing function, which reaches zero only for ¢ = 1, corresponding to cracking zones.

w(}) = (¢?/4)G, represents the dissipation function. It is a strictly increasing function that
takes a zero value when ¢ = 0.

A(¢p) = EyD(¢p) = Es(1 — ¢)? represents the elasticity tensor affected by damage.

€y is a numerical regularization parameter that must be significantly smaller than #.

The phase field model has received various interpretations. Different families of damage
models have been proposed, each based on specific choices for the stiffness degradation function
D(¢p) and the local dissipation function w.(¢). For further information, the interested reader may
refer to the work mentioned in [48,54,55,72,93].

4.2. The minimization variational framework for the phase field approach

The phase-field model presented above enables us to elucidate crack formation and its spatio-
temporal trajectories in the material, without the need for prior specification. This varia-
tional framework guarantees its applicability in an elastic medium subjected to displacement-
controlled loading, making the quasi-static evolution problem one that seeks to minimize the
total energy characterized by the following function:

minTl (4, ¢) = T =0 (29)
were
(@b = (_a(-) ) :
0adb

Due to the presence of the term ((1 - (/))2 + e¢) w(e), the functional I1; is not convex with respect
to the pair (u,¢). However, it is observed that, in general, II; is convex with respect to each
variable separately. In other words, when u is fixed, the functional becomes convex with respect
to ¢, and when ¢ is fixed, it is convex with respect to u. Consequently, by fixing one of the
variables, finding the minimum with respect to the other becomes relatively straightforward, as
each problem becomes linear after derivation with respect to the corresponding variable. To this
end, an alternative has been presented which consists in decomposing the functional (29) into
two variational problems which are equivalent to it. Indeed, the:

find u; ueAs such that, Vves :
H/(u,@ (x,0 30)
t f((1—¢)2+gg)g(u)g(u) dQ=0
Q
find ¢; pe H' (Q) such that, VOe H (Q) :
(31)

H/(u,</>)(0,®) G
! f (—(1 —$)Oe,[Cle, + 2—;¢>@) +2GAVPHVO | dQ =0.
Q
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The test functions y and © are defined to cancel on the boundaries of dQ2, where the Dirichlet
conditions are applied.

By solving Equation (30), we obtain the displacement field u that minimizes energy for a
fixed ¢. This solution is then inserted into Equation (31) to determine the damage ¢ that
minimizes energy for a fixed u. This process is iterated until the two variables u and ¢ converge.

4.3. Finite element method implementation

In this section, we will attempt to discretize the variational problems set out in Equations (30),
(31). We have chosen a triangular element with three nodes located at the vertices and adopted a
polynomial interpolation basis of degree 1, where N and NV; are respectively the number of nodes
and the number of triangles in the mesh.

The development of Equation (30) by applying the finite element method (FEM) discretization
gives:

E’Zfr QBN T lx,dTe+Z 1B [Blm,%]dnf 1-¢?dT.=0.  32)

The application of Dirichlet-type boundary condltlons on the displacement field cancels out the
arbitrary auxiliary test nodal solution  ;, Equation (32) becomes:

Egz “1[C][B*] u,dTe+Z [BY][C1[BX] T; dTef (1-¢)*dTe=0. (33)
Te Te
The Equation (33) gives the following linear system:
(ec[RY1+ (R (T} =0 (34)
were
[R;‘j] = Z Tic1B*1dT,
(35)
” Z [B 1T[CI[B*1D(¢) d T,
e=1
with
Aire(Te) L sir=s
[Dy,s] = eZl . (1-¢)*dTe = oD r’szzi,j’l(l—@r(l—(l))s, suchas P = {2, Girss (36)

where i, j, [ are the indices corresponding to the node number per element.

Alre(Te
[Dys] = (1= D)+ (1= P2)*+ (L= p3)*+ (L —p1) (L — ) + (1 —p1) (1 — p3) + (1 — ) (1 — p3)]
(37)
were ) ) . . . . .
Aire(Te) = 3[(S,— S))x + (S = Shy + (L — 1) = (S5, — SHL.
Similarly, the development of Equation (31) gives:
N N N
Z —(1—¢)®e[€]£dTe+Z &¢®dTe+Z 2G VPVOdT, =0 (38)
e=1YTe 22 e=1YTe
GC Nt Nt
Z $Oe[ a:]sdTe+Z 2—(,bG)dTe+Z 2GVPVOdT. = | ) O¢[CledT. (39)
Te Te Te Te e=0
N¢ —
Y | IN?IIN®1¢;0;¢e[CledTe + Z —[N‘P [N®]$;©;dTe + Z 2G.¢[B?1[(B®)$;©;dTe.
e=1YTe e= 1 e=1YTe

N
= Zf [N®19¢e[CledT. (40)
I
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The application of Dirichlet-type boundary conditions on the damage field cancels out the
arbitrary auxiliary test nodal solution ©, Equation (40) becomes:

N _ M G _ N _
Y . [N?][N®]$;e[CledTe + Y 2—;[1\7‘/’] [IN®1$;dTe+ Y | 2Gcl[BY1[B1;dTe
e=1Y1e

e=1 e=1JTe
Ni
= Z/ [N®le[CledTe. 41)
e=1JTe
The Equation (41) gives the following linear system:
(G LIRS+ My )y} = {F)) (42)
were
(R = f [BO1[B?1dT,
Te
G
[M;)] = (s[@]e+—c f [N?]"[N?]d T, (43)
20 Te

{Fj}= s[q:]sf [N®]dTe.
Tk
The chronological sequence of computational steps associated with all these numerical devel-
opments can be summarized by following the framework of the alternating minimization sce-
nario detailed above in the context of the phase field model applied via the finite element method
(FEM) according to the following algorithmic structure:

Algorithm 1: Solution algorithm alternate minimization for phase field models

1: Set the parameters of this model: ¢, the internal length of the damage model; €, a rest of rigidity
(parameter that ensures the existence and uniqueness of the problem in motion); h, the size of the
mesh; §, the convergence tolerance of the damage model; du discretization of the imposed
displacement;

2: for the moment: ¢; : do

Let k=0and ¢°:= ¢r;_, (kis the discretization of the displacement).

3: Aslong as the convergence on d is not achieved do

Conditions at the limits of the Dirichlet type at the moment I applied for the displacement
for a damage field set in ([)k, by using (34) calculate the displacement uk+1
Conditions at the limits of the Dirichlet type at the moment j applied for the damage
for a displacement field set in uk+L, by using (42) calculate the damage cpk +1
under reserve of the irreversibility condition 0 < ¢p¢,_, < ¢k+1 =<1
k:=k+1
end as long as
up, = uk+1; bt :=¢k+1
4: Post-processing calculation: Evaluation of energies (Ilg;, Il5j), reactions Fyj Ryj,... etc. i:=i+1
end for
Uuj=uj_1+ dui

5. Numerical results

This section is devoted to validating the results obtained with our numerical contribution. To
do this, we will proceed in two main stages. Firstly, we will compare our results with analytical
solutions using a reference example in simple tension, which will enable us to assess the accuracy
and precision of the model employed. At the same time, we will carry out a convergence analysis
to ensure the stability and reliability of the calculation code we have developed.
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Figure 9. Problem of a rectangular plate under tension loading.

Secondly, we will implement numerical modeling of the experimental tensile tests described
in Section 2.5. The aim is to verify experimentally the ability of our calculation code to reproduce
the actual behavior of concrete mortar. To this end, we will consider two types of domains:
the logical domain, which represents the actual configuration of the problem, and the physical
domain, which includes a boundary condition on the damage field aimed at preventing excessive
localization of damage at imposed boundaries. A comparative analysis between these two
domains will be carried out in order to assess their respective impact on the quality and accuracy
of results, and to determine which one proves more appropriate on the basis of experimental
results.

5.1. Problem of a rectangular plate under simple tension loading

The case studied concerns a single-axis tensile test applied to a rectangular plate, illustrated in
Figure 9, corresponding to the domain Q = (0; L) * (0; H) with L = 91 mm and H = 168 mm.
In addition, a zero-displacement condition u(y = 0) = 0 is imposed at the lower end, while
a displacement-controlled imposed loading is applied at the upper end u(y = L). The other
parts of the domain are free. Furthermore, damage is assumed to be zero at the edges where
displacement-controlled loading is applied.

The material used is a concrete mortar with the same mechanical parameters found experi-
mentally; Young’s modulus Es = 0.8 GPa surface energy density G, = 72.48 N/m, Poisson’s ratio
v = 0.21. The numerical regularization parameter is £, = 107 and ¢ = 5 x 10~ m and a loading
controlled by imposed displacement u = N-1i = 4 x 10~% mm with iz = 4 x 1077 mm and N = 1000
imposed displacement steps.

The mesh consists of 32 122 triangular elements and 16 239 nodes, with elements of length
he =0.001.
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Figure 10. (a) Evolution of energies as a function of imposed displacement; (b) damage
distribution.

First, we discuss the analytical results of energy variations, such as the elastic energy, surface
energy and total energy, as a function of the loadings u. We then present the critical load that
causes damage initiation.

By using the analytical equations [94,95], the energies are presented by:

(1) Elastic energy before rupture:

L1  w? 1 Eyu?
e = fo EESFZ dxdy= 3 TCL =6.5884 Joule. (44)
(2) Surface energy:
H
Il = f G.dx = G.H =6.5884 Joule. (45)
0

We use energy balance to determine the critical load that causes the structure to fail. This is
expressed by the following relationship:

2HG
uzh = E—c 1.743 x 10~* mm. (46)
\' Eo

From Figure 10(a), we can see that as long as the loading remains below 1, the structure be-
haves in a purely elastic manner. However, as soon as this limit is exceeded, a progressive degra-
dation of the material begins, evolving in proportion to the increase in loading. This degradation
continues gradually until a critical value of 2.387 is reached, beyond which the damage becomes
significant and concentrates in the center of the structure (Figure 10(b)), leading to complete
fracture. The evolution of energies confirms this behavior. Elastic energy increases progressively
until it reaches a maximum of 0.8979. Once the critical loading value is reached, it decreases
sharply until it is cancelled out, and then remains stable at zero. On the other hand, surface
energy continues to rise, reaching a maximum of 1.132, where it stabilizes. This represents the
total rupture of the structure, confirming the complete separation of the material.

Table 7 compares the analytical solutions with the numerical solutions in terms of the
energies-imposed displacement response.

We find that the critical value of the imposed displacement, 2.407 x 10~* mm, has an estimated
error of 38% compared with the analytical value of 1.743 x 10~* mm. As for surface energy, with a
value of 7.379 Joule, the error is 11.99% compared with the analytical value of 6.5884 Joule. This
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Figure 11. (a) Relative error as a function of number of elements; (b) log(error) as a function
of number of elements.

Table 7. Comparison of the numerical results with the analytical results

Analytical results Numerical results

Critical displacement u, (mm) 1.743x 1074 2.407 x 1074
Surface energy Il (Joule) 6.5884 7.379
Elastic energy Il (Joule) 6.5884 6.043

Total energy II; (Joule) 6.5884 7.491

latter error is considerably smaller than that observed for critical loading. For the elastic energy,
whose value is 6.043 Joule, the error is 8.278% compared with the analytical value of 6.5884 Joule.
Finally, for the total energy, whose value is 7.491 Joule, the error is 13.699% compared with the
analytical value of 6.5884 Joule.

From the results obtained, we note a relative correspondence between analytical and numer-
ical values, confirming the consistency of the model used.

5.1.1. Convergence study

A convergence analysis is proposed on the basis of the analytical solution, in order to demon-
strate the accuracy and stability of the present approach, as well as the efficiency of our devel-
oped calculation code. To this end, the relative error in energy norms is evaluated, considering
the analytical solution as the exact solution:

h
e -

Er%
ITTEX |

(47

The numerical solution che is obtained by running a series of simulations on the current example
of arectangular plate under tension, by varying the mesh size k..

The evolution of the error (Er%) as a function of the number of mesh elements is shown in
Figure 11(a). It is observed that the error decreases significantly with mesh refinement up to a
certain threshold (3.95 x 104 elements), after which it stabilizes, confirming the stability of our
developed calculation code.

The rate of convergence is shown in Figure 11(b), where the value of the convergence rate is
0.94 for all configurations, close to 1. This represents near-ideal convergence for a mesh using
linear elements, and testifies to the efficiency of our developed calculation code.
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Figure 12. The geometry of the specimen studied (a) logical domain; (b) physical domain.

5.2. Problem of a rectangular plate with a crack and a void

Through our calculation code, we aim to numerically reproduce the tensile test carried out
experimentally in (Section 3), using the phase field model implemented by the finite element
method (FEM) in (Section 4).

The material used is that experimentally employed in (Section 2), i.e. a concrete mortar with
the following mechanical characteristics: Young’s modulus Eg = 0.8 GPa, Poisson’s ratio v = 0.21,
fracture energy G, = 72.48 N/m.

The choice of the internal length £ = 0.5 x 10™3 m was guided by the granulometric analysis of
the sand (Section 2.1, Figure 1), which showed that most grains fall within the 0.1-1 mm range.
This value ensures consistency between the mortar’s microstructural scale and the regulariza-
tion parameter of the phase-field model, while guaranteeing both physical representativity and
satisfactory numerical stability.

The numerical regularization parameter £, = 107>, a loading u = N - & = 1.5 x 1073 mm with
N =1000 step displacement imposed.

To this end, two simulations have been carried out, one on the logical domain and the other
on the physical domain. The definition of each domain is described below.

5.2.1. Logical domain

Is the reference domain, the configuration is similar to the experimental test carried out in
(Section 2.5, see Figure 6), is a modification of the simple tensile test designed to ensure a
homogeneous deformation field in the concrete mortar. The idea is to glue copper tubes to the
holes where the displacement-controlled loading is applied. Due to copper’s sufficiently high
stiffness, this will prevent damage from localizing at the edges of the holes where the loading is
applied. The mechanical parameters of the copper used are: Young’s modulus Eg; = 128 GPa,
Poisson’s ratio v, = 0.33, fracture energy G¢» = 50.096 x 10® N/m (see Figure 12(a)).
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5.2.2. Physical domain

Instead of bonding copper tubes, we apply zero damage (¢ = 0) to the edges of the holes where
the loading is applied. This condition has the same effect as the previous one, since it avoids
localizing damage on these edges (see Figure 12(b)).

To ensure reliable numerical reproducibility of the experimental tests in both configurations
investigated (logical domain and physical domain), it is essential to first carry out a mesh
convergence study. This step makes it possible to determine the optimal number of elements that
guarantees numerical stability, accuracy of the results, and compliance with the regularization
conditions imposed by the phase-field model, while minimizing computational cost. To this
end, several discretizations of the physical domain were tested by varying the total number of
finite elements. The objective is to identify a mesh sufficiently refined to accurately capture crack
propagation, while avoiding an unnecessarily high computational cost.

Figure 13 illustrates, on the one hand, the discretized structures corresponding to the different
meshes considered, and on the other hand, the evolution of the associated damage field for each
mesh, shown in the upper right corner of each illustration. This dual representation enables
simultaneous visualization of the influence of mesh refinement on both element distribution
and the accuracy of damage modeling.

Figure 14 shows the load—displacement curves obtained for each of the considered meshes.
This comparison highlights the influence of mesh density on the simulated mechanical response,
particularly in terms of initial stiffness, peak load, and post-peak behavior.

The convergence study highlights the decisive influence of mesh refinement on the accuracy
of the numerical results. With coarse meshes, crack trajectories appear diffuse and may deviate
slightly from the expected path, while the load—displacement curves reveal an overestimation
of the initial stiffness and an inaccurate prediction of the peak load. Moreover, it should
be noted that coarse meshes do not satisfy the condition he <« ¢. Specifically, for 17 858
elements, the characteristic element size is ke = 1.49 x 1073 m > ¢; for 31 112 elements, it is
he =1.12x 1073 m > ¢; and for 47 917 elements, it remains /. = 0.9 x 1073 m > ¢.

From a sufficiently refined mesh (680 025 elements) and beyond, crack propagation becomes
stable and well-defined, with no significant variation across different refinement levels. The
load-displacement curves then overlap satisfactorily, indicating robust numerical convergence.
Accordingly, the adopted mesh (680 025 TRI3 elements) was identified as optimal, ensuring both
the reliability and reproducibility of the results.

This choice provides remarkable stability while satisfying the condition s = 0.22x 102 m < £.

Figure 15 presents a comparison between the load—displacement curve obtained numerically
using the phase-field model with the adopted mesh of 680 025 elements in both the physical and
logical domains, and that derived from the experimental results.

The load-displacement response illustrated in Figure 15 shows identical behavior across all
curves prior to fracture. The structure first exhibits a linear phase up to the first load drop. Nu-
merically, an elastic rebound corresponding to a load increase (zone A) is then observed, followed
by the re-initiation of the crack on the right side of the void and a subsequent abrupt drop. This
phenomenon, however, only appears in the numerical results. Experimentally, the load decreases
continuously as displacement increases until reaching zero, which corresponds to the complete
failure of the specimen.

The divergence observed in zone A can be explained by several mechanisms related to the
heterogeneous and relatively low-stiffness nature of mortar. On the one hand, the actual mate-
rial develops an extended fracture process zone (FPZ) ahead of the crack tip, characterized by
microcracking and paste-sand decohesion. Once the crack initiates, the stress field quickly inter-
acts with the large void due to the short distance separating them. A progressive decohesion of
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(d) (e) (f)

Figure 13. Mesh convergence study: (a) 17 858 elements (TRI3); (b) 31 112 elements (TRI3);
(c) 47 917 elements (TRI3); (d) 680 025 elements (TRI3); (e) 728 129 elements (TRI3);
(f) 764 438 elements (TRI3).

the interfaces surrounding the void occurs even before the main crack reaches it. Consequently,
a significant portion of the mechanical energy is dissipated, such that when the crack eventually
reaches the void, it is already “prepared” and can be crossed at a reduced energetic cost. The
global response thus manifests as a continuous softening, without the appearance of a distinct
second peak.

On the other hand, the numerical model assumes an ideal geometry and treats the mortar as
ahomogeneous and isotropic material, with dissipation concentrated essentially along the main
crack. It does not capture the diffuse decohesion around the void nor the local heterogeneities
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(porosity, weak paste-sand interfaces, notch irregularities). Moreover, the displacement is im-

posed ideally in the simulation, allowing the model to follow unstable branches of the energy
path. By contrast, even under quasi-static conditions, the specimen and testing setup dissipate
this instability, leading to a more gradual and continuous load decrease.

Finally, these results confirm that the phase-field model is capable of capturing highly brittle

The damage evolution in the structure is shown in Figure 16.

fracture phenomena, including elastic rebound behavior, even though certain features observed
experimentally remain attenuated in the simulation.



1252 Mehdi Boudouh et al.

A | = Specimen(05)

®

10.6

10.5

10.4

(@) (b) ©

Figure 16. The evolution of the damage field in the structure (a) logical domain; (b) physi-
cal domain; (c) experimental result.

We can see that the crack starts in a straight line from the notch. It then continues along a
curved path before joining the hole. At the imposed displacement u; = 0.73 mm, a secondary
crack is initiated from the hole and propagates in a straight line to the right-hand edge of the
structure (total fracture of the specimen). We can see that the results of the numerical simulations
in terms of cracking trajectories are in line with the results observed experimentally.

From a comparative point of view, there is a high degree of consistency between the results
obtained in the logical and physical domains.

In order to better understand the effect of reinforcement on the holes where the loading is
applied, whether in the logical domain through the bonding of copper tubes to these holes, or in
the physical domain through the application of zero damage (¢ = 0) to the edges of these holes,
a simulation was carried out where we added no reinforcement to these holes, and applied no
conditions on the damage field at the edge of the holes where the loading is applied, i.e. the
damage field is free throughout the structure.

The numerical and experimental results obtained are shown in Figure 17.

The results obtained in Figure 17(a) and (b) show qualitative agreement between numerical
and experimental results. The structure was damaged on the holes where the loading was
applied, confirming the validity and reliability of the experimental protocol adopted in the
previous experiments in (Section 2) on the one hand, and the effectiveness of the numerical
adaptation adopted to solve the problem of localizing damage at the edges of the loading zones
in concrete mortar on the other.

6. Conclusion

The present work presents an experimental study and numerical modeling by the phase field
model of the behavior of concrete mortar that contains predefined discontinuities, several points
on have been addressed:
« The material parameters associated with the studied mortar were characterized in an
integrated manner. The dynamic modulus of elasticity Eq and Poisson’s ratio 9 were
monitored using ultrasonic testing at the ages of 7, 14, and 28 days, allowing repeated
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Figure 17. The evolution of the damage field in the structure (a) numerical result; (b) ex-
perimental result.

measurements on the same specimens. A three-point bending calibration enabled the
establishment of a linear empirical relationship between the static and dynamic moduli
(Es = a x Eq + b), specifically adapted to the investigated mortar. The fracture energy
G, was estimated from the load-displacement curves obtained in direct tensile tests and
subsequently employed for numerical calibration.

¢ Quasi-static direct tensile tests were conducted on prismatic specimens containing a
predefined crack and hole, using a servo-hydraulic testing machine. Three categories
of specimens (7, 14, and 28 days) were tested to analyze the influence of age on the
structural response.

¢ The phase-field method was implemented numerically within the framework of brittle
fracture by the finite element method (FEM) through a MATLAB®-based computational
code. The variational formulation was decomposed into two coupled equations (dis-
placement and damage), solved using an explicit alternate minimization strategy. This
implementation ensured enhanced numerical stability and reproducibility. The regular-
ization parameter ¢ was physically justified by the sand granulometry, thereby establish-
ing a direct link between the microstructure and the numerical model.

* The computational code was validated on a reference uniaxial tensile case and then
applied to the experimental problem through the introduction of an original double-
domain strategy: the logical domain, in which the complete experimental configuration
was reproduced, and the physical domain, where the mechanical effect of the tubes was
replaced by a simplified boundary condition (¢ = 0). This approach allowed numerical
simplification while preserving physical representativeness. The phase-field method
thus enabled the prediction of both crack propagation paths and load-displacement
curves. A comparison was carried out between experimental and numerical results.

The following conclusions can be drawn from the results obtained:

e The mechanical properties of the mortar (elastic modulus, Poisson’s ratio, stiffness)
evolve with age, as evidenced by the characterization tests. This evolution is directly
reflected in the direct tensile tests, where both strength and stiffness increase consistently
with the characterization results.
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¢ The experimental results highlight a progressive but non-linear increase in stiffness with
age: a modest rise in the critical load between 7 and 14 days, followed by a pronounced
increase between 14 and 28 days. These observations reflect a progressive densification
of the microstructure.

« The phase-field damage model accurately reproduces the initiation and propagation of
cracks in cement-based mortar, in overall agreement with the experimental observa-
tions. The numerical load-displacement curve, however, exhibits a rebound associated
with the local resistance at the vicinity of the hole a phenomenon not observed experi-
mentally, which can be attributed to the quasi-heterogeneous and highly brittle behav-
ior of the mortar, characterized by paste-sand decohesion leading to a smoother global
response. Numerically, dissipation nevertheless remains concentrated along the main
crack.

o Instead of creating a logical domain, it would be sufficient to apply zero damage to
the edges of the structure where displacement loading applies. This condition has the
same effect as the previous one, since it avoids the localization (note that if the structure
wanted to damage itself on these edges, this condition would not prevent it, since it
would happen anyway) of the damage on these edges. The latter is easier to implement
and is equivalent to the logical domain, which can become a difficult task for structures
with more complex geometries.

« Due to the intrinsic nature of concrete as a heterogeneous composite material, character-
ized by its non-uniform distribution of various constituents and the complex interfaces
that exist between these components, it becomes clear that these aspects play a crucial
role in provoking not only the location of cracks, but also the subsequent paths through
which these cracks propagate, as well as the ultimate mode of failure that may ensue.

Finally, this work opens up several avenues for future research:

« From an experimental perspective, an interesting direction would be the integration of
local crack measurements (e.g., CMOD or DIC) in future experimental campaigns, in
order to complement the global load-displacement measurements and achieve a more
refined characterization of the direct tensile behavior.

+ From a numerical perspective, a promising extension would be the implementation of an
advanced arc-length type procedure, to better capture the snap-back phenomenon and
analyze the unstable response of the material beyond the limitations of displacement
control adopted in the present study.
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Appendix A. Specimen preparation and detailed characterization of properties by

ultrasonic tests

A.1. The steps for preparation of specimen

The specimens were prepared in the following steps:

We prepared a wooden mold with the dimensions of the test specimen mentioned above.
We ensured the proper clamping of the mold and eliminated any voids between the
formwork walls using silicone. Then, we oiled the mold to facilitate de-molding.

We mixed the sand and cement dry for 30 s, then added half of the water and mixed for
60 s. In the third step, we added the remaining water and mixed for another 90 s.

The initial notch (ay = 14 mm) was directly created during casting by inserting a metallic
plate of the corresponding dimensions into a dedicated slot in the mold. After filling the
mixture and the beginning of the setting, the plate was carefully removed, and the mortar
surface was leveled. This procedure ensured a clean and reproducible notch geometry,
while avoiding any post-hardening cutting operations that could induce undesirable
prestresses.

We placed copper tubes on the mold so that they would stick to the inside surface of
the small holes in the specimen after de-molding. The sufficiently high stiffness of
the copper prevents the specimen from fracturing in the holes where the displacement
loading is applied. This test is similar to the experimental PIED test proposed by Bazant
et al. [96] and taken up by Ramtani et al. [97].

We introduced the mixture into the formwork with vibration to distribute the grains
evenly and ensure a compact fill.

Once the mold has been filled, the surface is levelled using a ruler.

The de-molding is carried out after 24 h.

The test specimens were conserved at ambient temperature and relative moisture in the
Laboratory of development in mechanic and materials (LDMM).

A.2. Detailed results of ultrasonic tests

This section of Annex A compiles the complete set of results obtained from the ultrasonic
characterization of mortar specimens at the ages of 7, 14, and 28 days. The longitudinal wave

Table Al. Detailed results of ultrasonic velocities V},, Vs, Poisson’s ratio 9, and the moduli
Eq4 and E; for specimens at 7 days

Longitudinal ~ Shear Poison’s Average Dynamic Average Average Average
wave Vp wave Vg ratio Poison’s modulus dynamic static static
(m/s) x 103 (m/s)x 103 ratio 9 of modulus of modulus of modulus of
elasticity elasticity elasticity elasticity
Eq(GPa)  Es (GPa) Es (GPa) Es (GPa)
U-SP-07-D-01 4.9256 2.9851 0.2097 45.0308 0.4953388
U-SP-07-D-02 4.9057 2.9695 0.2108 44.6001 0.4906011
U-SP-07-D-03 4.8598 2.9617 0.2046 44.1372 0.4855092
U-SP-07-D-04 4.8925 2.9931 0.2010 44.9404 0.4943444
U-SP-07-D-05 48533 2.9773 0.1983 0.2062 44.3705 44.6653 0.4880755 0.4913188
U-SP-07-D-06 4.9389 3.0009 0.2074 45.4202 0.4996222
U-SP-07-D-07 4.8404 2.9539 0.2033 43.8596 0.4824556
U-SP-07-D-08 4.9189 2.9773 0.2109 44.8375 0.4932125

U-SP-07-D-09 4.9123 2.9773 0.2097 44.7918 0.4927098
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Table A2. Detailed results of ultrasonic velocities V},, Vs, Poisson’s ratio 9, and the moduli
Eq and E; for specimens at 14 days

Longitudinal ~ Shear Poison’s Average Dynamic Average Average Average
wave Vp wave Vg ratiod Poison’s modulus dynamic static static
(m/s)x 103 (m/s) x 103 ratio 9 of modulus of modulus of modulus of
elasticity elasticity elasticity elasticity
Eq4 (GPa) Eg (GPa) Es (GPa) Es (GPa)
U-SP-14-D-01 5.3139 3.2233 0.2089 52.4669 0.5771359
U-SP-14-D-02 5.2984 3.2325 0.2036 52.5324 0.5778564
U-SP-14-D-03 5.3216 3.2141 0.2129 52.3388 0.5757268
U-SP-14-D-04 5.2907 3.2051 0.2101 51.9258 0.5711838
U-SP-14-D-05 5.3061 3.2325 0.2049  0.2076 52.5922 52.4081 0.5785142  0.5706923
U-SP-14-D-06 5.3092 3.2233 0.2081 52.4319 0.5767509
U-SP-14-D-07 5.3031 3.2417 0.2017 52.7511 0.5802621
U-SP-14-D-08 5.2984 3.2141 0.2089 52.1665 0.5216650
U-SP-14-D-09 5.3139 3.2233 0.2089 52.4669 0.5771359

Table A3. Detailed results of ultrasonic velocities V},, Vs, Poisson’s ratio 9, and the moduli
Eq4 and E; for specimens at 28 days

Longitudinal =~ Shear Poison’s Average Dynamic Average Average Average
wave Vp wave Vg ratiod Poison’s modulus dynamic static static
(m/s)x 103  (m/s)x103 ratio 9 of modulus of modulus of modulus of

elasticity elasticity elasticity elasticity
Eq(GPa)  FEs (GPa) Es (GPa) Es (GPa)

U-SP-28-D-01 6.2867 3.7965 0.2129 73.0323 0.8033553
U-SP-28-D-02 6.2651 3.8093 0.2067 73.1464 0.8046104
U-SP-28-D-03 6.2543 3.7965 0.2083 72.7479 0.8002269
U-SP-28-D-04 6.2976 3.8093 0.2115 73.4352 0.8077872
U-SP-28-D-05 6.2436 3.7965 0.2067  0.2100 72.6521 73.0781 0.7991731 0.8038076
U-SP-28-D-06 6.2759 3.8093 0.2083 73.2432 0.8056752
U-SP-28-D-07 6.2651 3.7965 0.2098 72.8433 0.8012763
U-SP-28-D-08 6.2543 3.7965 0.2083 72.7479 0.8002269
U-SP-28-D-09 6.3415 3.8093 0.2177 73.8125 0.8119375

velocities V,, and shear wave velocities Vs, the Poisson’s ratio 9, as well as the dynamic modulus
Eq4 and the static modulus Es were determined for each specimen. Tables A1, A2, and A3 present
the results corresponding to 7, 14, and 28 days, respectively.
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