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Abstract. The EYcient Unsupervised Constitutive Law Identification and Discovery (EUCLID) framework al-
lows the non-supervised learning of constitutive laws from full-field displacement data and global reaction
forces. Nonetheless, its accuracy is adversely aVected by measurement noise, resulting in biased material
parameter identification due to uniform nodal weighting and mesh dependencies. To mitigate these issues,
covariance-based weighting and systematic bias compensation strategies are proposed, which account for
measurement uncertainties and counteract noise-induced errors. Additionally, Gaussian smoothing is in-
troduced as a low-cost alternative to reduce noise impact by averaging nodal force residuals. These methods
were evaluated using both a simplified toy model and a complex numerical test case with realistic noise levels.
Results demonstrate that the proposed compensation strategies significantly enhance EUCLID’s robustness
and accuracy, achieving up to 93% improvement in validation metrics under high-noise conditions. Further-
more, mesh dependency issues are addressed, enabling mesh-independent learning. These advancements
substantially improve the reliability of constitutive law identification in noisy experimental environments.
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1. Introduction

Artificial Intelligence (AI) holds the potential to transform mechanical science, particularly when
modeling constitutive laws [1]. By leveraging its flexibility and capacity to identify complex
patterns, AI has enabled the accurate representation of intricate material behaviors that has
the capacity to represent traditional physical methods. This shift in paradigm has accelerated
advancements in material science and empowered industries to achieve more ambitious goals in
eYciency and innovation [2–4].

Several strategies have been developed for integrating machine learning into material behav-
ior modeling:
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Data-driven techniques: These techniques rely almost exclusively on data interpolation to iden-
tify constitutive models [5–7]. They involve collecting large datasets of material responses
under various conditions and using AI to interpolate and predict the material response.
However, they often struggle with data quality and relevance issues, mainly when applied
to real-world scenarios.

Physics-informed methods: Physics-informed methods embed physical knowledge into the
machine learning training process [8–10]. This integration addresses common issues
such as physical inconsistency and limited generalization capabilities. By embedding
known physical laws into the learning algorithm, these methods enhance the robustness
and reliability of the resulting models.

Physics-Augmented Neural Networks (PANNs): PANNs take the integration of machine learn-
ing and physical knowledge one step further by embedding physical principles directly
into the model architecture [11–13]. These techniques generally use Input-Convex Neu-
ral Networks (ICNN) [14], which enforce the convexity of the free energy to obey ther-
modynamic principles. Other thermodynamically consistent architectures exist [15] in
which a network is constructed to preserve the metriplectic structure of dissipative sys-
tems. This approach ensures that the models adhere to fundamental physical laws
while leveraging the flexibility and learning capability of neural networks. PANNs have
shown promise in learning complex and subtle behaviors from measurable data, such as
anisotropic elasticity [16], viscoelasticity [17], or elastoplasticity [18].

On both numerical and theoretical fronts, research teams are continually enhancing AI consti-
tutive model architectures, comparing methods, and conducting benchmarks [19,20]. These AI-
based strategies have achieved remarkable quality and diversity, demonstrating their potential in
material science applications [1].

Measurement techniques like Digital Image Correlation (DIC) [21–23] and Digital Volume
Correlation (DVC) [24,25] measure displacement fields between a reference image, typically taken
at the beginning of a test, and an image in a deformed configuration. By using global DIC [26,27],
the displacement field is expressed through a finite element mesh, which not only regularizes the
problem but also facilitates a smooth integration with a finite-element software for identifying
mechanical properties, e.g. through Finite Element Model Updating [28,29]. The extensive data
obtained from these measurements provide the kinematic information essential for feeding data-
driven models. It should be noted that the characteristics of measurement noise when processing
through image correlation can be estimated [27].

A significant limitation of data-based methods is their dependence on extensive stress mea-
surements, which are inaccessible experimentally and must be estimated via ancillary measure-
ments like force sensors. Typically, experiments are equipped with limited and simple sensors
(uniaxial or biaxial). A supervised learning procedure cannot be employed. The EYcient Un-
supervised Constitutive Law Identification and Discovery (EUCLID) framework [30] addresses
these challenges by requiring only global reaction forces and full-field displacement data, which
are obtainable through modern measurement techniques [31–33]. EUCLID maps displacement
measurements to residual balanced forces using a local form of equilibrium (internal and bound-
ary conditions). The loss is written from the residual forces, enabling unsupervised identification
of internal stresses and learning of a constitutive law.

Current non-supervised learning methods like EUCLID are highly sensitive to measurement
noise, leading to significant biases in the identified material parameters [30,34,35]. This sensitiv-
ity arises because these frameworks typically assign equal weighting to all nodal contributions,
disregarding the levels of uncertainty inherent in diVerent measurement regions. In the same
order, the mesh dependency introduced by uniformly weighted loss functions can result in sub-
optimal performance, for example, in complex geometries, with non-uniform meshes or when
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dealing with multiple experiments meshed diVerently. In their paper, Flaschel et al. introduced
white Gaussian noise on the deformation fields, resulting in significant model errors [30]. Given
that measurement noise is unavoidable, it is crucial to control its impact through correction and
compensation methods. In addition, a correct weighting of the input data related to their signal
to noise ratio is important.

Recent advancements have focused on designing loss functions that are less sensitive to
noise. A modified constitutive relation error framework for learning PANNs, more robust to noise
impact, has been developed [36,37]. This framework utilizes a global noise model but does not
account for uncertainty at each node. In addition to EUCLID, other frameworks also employ
the local form of equilibrium with internal and boundary force loss terms, such as Equilibrium-
based Convolution Neural Network (ECNN) methods [31]. Furthermore, some frameworks have
introduced virtual field losses to compensate for noise bias [38,39]. Nevertheless, the design of
those fields is generally not related to the noise information. These approaches aim to mitigate
the eVects of noise, enhancing the robustness and accuracy of constitutive law identification in
noisy environments.

Existing approaches often lack mechanisms to eVectively propagate and account for measure-
ment uncertainties through the non-linear transformations inherent in neural network models,
limiting their robustness and generalization capabilities. These challenges necessitate the devel-
opment of training specific noise management and uncertainty quantification strategies.

This work aims to evaluate the impact of measurement noise on models within the EUCLID
(or NN-EUCLID) framework and proposes eVective compensation strategies. By leveraging
knowledge of noise characteristics, its influence on the constitutive law identification process
can be compensated. A new functional is proposed, weighting all measurement contributions
with its uncertainty, leading to a mesh independent learning with drastically damped noise bias.

The paper is structured as follows: Section 2 details the EUCLID formalism and measurement
noise characteristics. Section 3 introduces a toy model of springs and a numerical test case
contaminated with realistic noise. Section 4 outlines various noise compensation methods.
Section 5 compares the performance of these methods using metrics on the energy density
function and predicted stress states. Finally, Section 6 discusses the advantages and limitations
of the proposed approaches.

2. Unsupervised constitutive learning

Consider a displacement field u(x) defined at spatial positions x . This displacement field,
obtained from Digital Image Correlation (DIC) measurement procedures, is assumed to be
known on the sample surface. From global DIC [26], the displacement field is decomposed over
a finite element mesh with Nn nodes, employing finite element shape functions 'i (x) such that:

u(x) ˘
NnX
i˘1

ui 'i (x), (1)

where ui are the nodal displacements. The deformation gradient field is approximated as follows:

F (x) ˘ I ¯
NnX
i˘1

ui rΦi (x), (2)

where I is the identity matrix and r is the gradient operator defined in Lagrangian coordinates.
A hyperelastic constitutive model M maps deformation tensors F onto the first Piola–

KirchhoV stresses P (F ) ˘ M [F ]. The sample is loaded with NR reaction forces, R i , for i 2 [1, NR ],
evaluated from external force sensors. The EUCLID framework involves minimizing a loss func-
tion based on the force balance residuals, consisting of two terms: Lint for internal nodes and
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LBC for controlled boundary conditions. The Nn degrees of freedom of the finite element mesh
are similarly partitioned into an internal part Nint (two times the number of internal nodes in 2D)
and a controlled (measured forces) scalar boundary condition part NBC, with Nn ˘ Nint ¯ NBC.

In the absence of body forces, the nodal residual is expressed by integrating the stress over the
reference domain › (in the following expression, implicit summation on repeated indices j has
been used):

fi ˘
Z

›
Pi j r j 'i dV ˘

Z
›

M [F ]i j r j 'i dV. (3)

Let us consider the vector forces f BC being the sum over the concerned nodes of each
nodal force balancing the imposed, f int being the internal nodal forces, and measured, reaction
forces R . The force residual can be written

{ f } ˘
‰

f int
f BC

¾
¡

‰
0
R

¾
(4)

The entire process, including the derivation of displacement, inference in the constitutive model,
and nodal force computation, is represented by ¡ such that: ¡[M ,u,R] ˘ { f }.

In the EUCLID framework, the loss minimizes the L2 norm of nodal force residuals, ensuring
equilibrium. A general form of the loss function with a metric matrix [A] is defined as:

L[A](t ) ˘ '
f (t )

“>[A]¡1'
f (t )

“
. (5)

Typically, all nodal contributions are weighted equally by choosing an identity metric, [A] ˘ [1],
or normalized by the number of degrees of freedom, [A] ˘ (1/N )[1], where N is the number of
degrees of freedom. Although this choice appears natural, it introduces mesh dependencies and
suboptimal weighting, which are addressed in subsequent sections. Note that a diagonal term !

as a weighting factor can also be added on the boundary condition terms, as proposed in [30].
For the later noise compensation, a separation of the internal and boundary condition contri-

bution is done. The framework can be split as a first loss term minimizing norm on the internal
nodal force residuals (ensuring a balanced state), with a metric matrix [A0]:

[bA] ˘
•

[A0] 0
0 [A00]

‚
, (6)

Lint[A0](t ) ˘ '
f int(t )

“>[A0]¡1'
f int(t )

“
, (7)

and a second term expects to balance the reaction forces with a metric matrix [A00]:

LBC[A00](t ) ˘ '
f BC(t ) ¡R

“>[A00]¡1£
f BC(t ) ¡R

⁄
. (8)

The total loss Ll is a sum of these two terms over all Nt time steps

Ll [A] ˘ 1

Nt

NtX
t˘1

L[A](t ). (9)

The EUCLID method has been extended to incorporate neural network-based constitutive mod-
els, referred to as NN-EUCLID [40], which utilize the same loss function.

3. Mechanical data

3.1. Acquisition noise

Image noise. Displacement field measurements obtained from Digital Image Correlation (DIC)
are subject to acquisition noise. Various noise models exist, adapted to diVerent types of images
(e.g. 2D visible images, X-ray projections, CT reconstruction, MEB). Noise aVecting pixel gray
level values can be characterized, for instance, by evaluating its characteristics on repeated
acquisitions.
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Displacement uncertainty. In DIC, not all degrees of freedom exhibit the same signal-to-noise
ratio. Nodes near high gray-level image gradients in the image can be tracked more accurately
than nodes in less contrasted areas. An extensive description of DIC noise can be found in [27].

Considering image noise in the form of a centered white Gaussian term, with a standard
deviation ¾Im , the nodal displacement noise is conveniently computed from the sensitivity �elds,
S(x), equal to the scalar product of the image gradient r Im( x) by the DIC �nite element shape
functions ©i (x):

Si (x) Æ rIm( x)©i (x). (10)

The covariance matrix of the nodal displacement [ Cu ] can be written as

[Cu ] Æ2¾2
Im

¡
[S]> [S]

¢¡ 1. (11)

Remark. A common procedure in full �eld measurement consists in performing DIC on multiple
images with known displacement �elds (typically with no motion) to empirically estimate the
nodal uncertainty. This method involves capturing a series of static images and analyzing the
variations in the measured displacements to estimate the noise.

Synthetic applications are used in the following. Noise is directly considered at the displace-
ment level, chosen to be white and Gaussian distributed with a standard deviation ¾u , denoted
N (0,¾2

u ), hence

[Cu ] Æ¾2
u [1]. (12)

This assumption can be seen as a mean-�eld approximation (i.e. considering a constant image
gradient), equally integrated across all nodal values, leading to [ S]> [S] / [1].

In this work, the covariance matrix [ Cu ] is used only to generate synthetic noisy displacement
�elds with prescribed statistical properties. The identity assumption corresponds to uncorrelated
and spatially uniform noise. Using a di Verent covariance would simply modify the structure of
the generated noise but would not a Vect the formulation of the proposed method. In experi-
mental conditions, a set of repeated acquisitions naturally provides realistic noise realizations,
making the explicit de�nition of [ Cu ] unnecessary.

For context, a standard deviation of 0.01 pixels corresponds to the uncertainty commonly
achieved by eY cient modern DIC techniques, generally considered very precise. In the appli-
cations, four noise amplitudes are considered in the x and y directions: null, low, medium, and
intense, corresponding respectively to standard deviations ¾u of 0, 0.01, 0.1, or 0.5 pixels.

Deformation uncertainty. The noise at the deformation level is obtained by derivation of the
noise at the displacement level [27]. Four components of the deformation tensor for each
triangular linear element of the �nite element mesh (subjected to 6 nodal displacement noise
components) are obtained.

Force uncertainty. The uncertainty associated with the force sensor can also be measured.
This additional uncertainty can be combined with the nodal force uncertainty of the boundary
condition. Standard force sensors typically have very low uncertainty [27]. The covariance [ CR]
of the reaction forces de�ned from the force sensor variance ¾2

R and assumed independent
measurements is written with I NBC the identity matrix of size NBC:

[Ck
R] Æ¾2

R

·
0 0
0 I NBC

¸
. (13)

Note that a speci�c variance associated to each sensor could be easily included, as well as extra
dependencies such as a varying noise variance with the magnitude of the measurand.
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3.2. The eVect of noise in EUCLID illustrated with a toy example

This toy model development gives an overview of the noise impact and compensation strat-
egy. Speci�cally, it demonstrates how measurement noise a Vects constitutive law identi�cation
within the EUCLID framework, and provides insight into how the proposed compensation strate-
gies address these issues. This simpli�ed setting clari�es the underlying mechanisms of noise-
induced biases and the e Vectiveness of the noise mitigation approaches introduced in this work.

Consider a beam with a varying section S(x) and length L loaded with a force R, where the
displacement at position x is denoted by u(x), with u(0) Æ0. The constitutive law (stress ¾,
strain ² ) is expressed as:

" Æa¾Å b¾2, (14)

where a and b are material parameters. This constitutive law includes two parameters and a
non-linear behavior. The stress and tangent sti Vnessk Æd¾

d" can be extracted:

¾(" ,a,b) Æ

p
a2 Å 4b" ¡ a

2b
, k (" ,a,b) Æ

1
p

a2 Å 4b"
. (15)

Considering a slowly varying beam section ( dS
dx ¼0), the balance equation is

d
¡
¾S(x)

¢

dx
ÆS(x)

d¾

dx
Æ0. (16)

Let's consider noise in the displacement:

v(x) Æ´ (x) Å u(x), w (x) Æ
dv

dx
, (17)

with ´ (x) a white and Gaussian noise term, centered with a variance ° ´ . The balance equation
now is

S(x)
d¾

dx
ÆS(x)

d¾

d"

d"

dx
ÆS(x)k (w,a,b)

dw

dx
ÆS(x)k (w,a,b)

d2´

dx2 . (18)

Finally, the boundary condition loss and the expectation of the internal one is obtained from the
integration. The internal equilibrium involves the second derivative of the noisy displacement
(in a discrete noise formulation), d 2´ /d x2. When taking the expectation, the squared term
E

£
(d2´ /d x2)2

¤
yields a constant variance ° ´ , while the local section S(x) remains within the

integral:

L BC Æ
£
S(0)¾

¡
w (0),a,b

¢
¡ R

¤2 Å
£
S(L)¾

¡
w (L),a,b

¢
¡ R

¤2, (19)

E[L int ] Æ° ´

Z
S(x)2k(w,a,b)2 dx. (20)

At �rst order in the zero-mean noise on w , the expectation of the sti Vness k(w,a,b) remains
unchanged.

While the boundary condition term tends to be minimal when the correct solution is found
(e.g. equilibrated with the applied forces), L int shows a minimum when internal forces are
balanced. This highlights a degenerated solution when sti Vness is zero. This degenerate solution
seeks to reduce noise impact when mapped into noise-induced forces. Thus, the two losses do
not share a similar optimum, leading to a systematic bias.

Concerning the internal loss term, it is composed of three factors: the noise variance ° ´ shows
a dependency on the noise level, S(x)2 suggests a geometry impact, and k(w,a,b) highlights that
the optimal solution tends to lower the sti Vness. On the opposite, the boundary condition term
does not lead to a noise bias as the solution is driven towards the force measurement R.

For the numerical applications, default dimensionless parameters are chosen, the external
force is R Æ1, L Æ2000, the varying section is S(x) Æabs

£
4(2x/ L ¡ 1)

¤
Å 1, the noise standard

deviation is ° ´ Æ0.005. The ground truth (GT) material parameters are chosen to be a Æ1, and
b Æ0.75.
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As it stands, the (NN-)EUCLID loss presents several noise-related drawbacks:

² noise induces a bias in L int , resulting in an underestimation of the true sti Vness;
² the current procedure is mesh-dependent as it aggregates contributions from degrees

of freedom; �ner meshed areas will have a larger impact than coarse meshed areas;
combining di Verent training experiments with di Verent meshes will not result in a
consistent loss of weight;

² the current loss does not account for measurement noise characteristics and weights all
nodal contributions equally.

3.3. Test-cases: training and validation

The application of this paper is based on an isotropic hyperelastic behavior following a neo-
Hookean law. Considering the deformation invariants de�ned as I1 Ætr(C) and J Ædet(C)1/2 ,
with C ÆF> ¢F, the strain energy density function can be written as:

W Æ
¹

2
(I1 ¡ 3) ¡ ¹ log(J) Å

¸

2
log(J)2. (21)

The material parameters are chosen arbitrarily, E Æ100 MPa, and º Æ0.3 giving the Lamé
coeY cients ¹ ÆE/

¡
2(1Å º )

¢
and ¸ Æº E/

¡
(1Å º )(1 ¡ 2º )

¢
.

Two di Verent structures are used, one for the training and one for the validation/test. The
structures are shown in Figure 1. The training structure is a rectangular sample with an inner
hole loaded with an axial force. This simple test could be easily obtained experimentally with
a simple uni-axial testing machine. The validation structure is a V-shape with multiple holes
loaded with an oblique force. All simulations are performed in two dimensions under the plane-
stress assumption, consistent with surface DIC measurements where the out-of-plane strain
component cannot be directly measured.

Figure 1 illustrates the training and validation structures with the geometrical characteristics.
The thickness of the two samples is 10 mm. The mesh characteristics are presented in Table 1.
All simulations are based on FEniCS [41] software. The training structure is loaded continuously
up to a tensile force of Rt Æ(0,2000) N. 10 loading steps, regularly distributed from 0 up to the
maximum load, are acquired. The validation structure is loaded proportionally both in tension
and shear with a unique force: Rv Æ(500,1000) N.

Figure 1. Application samples. Left: Training sample. Right: Validation sample.
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Table 1. Mesh characteristics of the two simulated structures.

Number of nodes NBC Number of elements l e [pixels]

Training 934 21 1708 25
Validation 1678 – 3050 25

Figure 2. Training data at maximum load: deformation components polluted by a ¾u Æ
0.5 pixel noise.

Realistic noise amplitude. Selecting an appropriate noise amplitude for displacement measure-
ments necessitates careful consideration of the speci�c application scenario. This involves
choosing a representative sample and loading condition that generates measurable displacement
amplitudes, as well as selecting a measurement setup with a resolution that mimics typical exper-
imental conditions. In the current application, it is considered that the imaged sample is imaged
with a length of 1000 pixels, a scale easily achievable with standard laboratory cameras.

In this study, synthetic noise is introduced into the displacement �eld of the training structure
to assess its impact on the learned behavior. Four distinct noise levels are evaluated: no
noise, low noise, medium noise, and intense noise [23], corresponding to uncertainties in the
nodal displacement �eld of ¾u Æ0, 0.01, 0.1, 0.5 pixels, respectively. While no additional force
uncertainty is incorporated in this example, it is important to recognize that the boundary
conditions are inherently in�uenced by the displacement uncertainty.

This approach ensures that the noise amplitudes considered are both realistic and relevant
to practical experimental setups, thereby providing meaningful insights into the robustness and
accuracy of the constitutive law identi�cation under varying noise conditions.

Figure 2 shows the four deformation components polluted by a 0.5 pixel displacement noise
on the training structure.

PANN architecture model

The neural network model used in this application is a PANN, M PANN, designed for isotropic
hyperelastic applications. The strain energy density is written as a function of the Green–
Lagrange strain tensor E Æ(C ¡ 1)/2, which represents a su Y cient condition for objectivity
(C ÆFT ¢F being the right Cauchy–Green deformation tensor). Following [11,42], the strain
energy density is written as:

W (F) ÆWICNN
¡
E(F)

¢
Å WFÆ1 Å H : E. (22)
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The �rst term corresponds to the energy output of an input convex neural network
WICNN

¡
E(F)

¢
) [14], and the last two terms correspond to energy and stress normalization.

Various physical constraints are implemented following reference papers in the literature [11,16].
We follow the architecture proposed in [42]:

² Manual de�nition of the deformation invariants before the �rst layer to enforce isotropy.
Note that the invariant I is convex in F, the invariant I2 Ætr

¡
cof(C)

¢
is convex in cof( F),

and the invariant I3 Ædet(F)2 is convex in det( F). The invariants layer receives the
deformation gradient F from the input layer and computes strain invariants.

² Thermodynamic consistency: the �rst Piola–Kirchho V stress is obtained by derivation of
the strain energy density function W : P(F) Æ@W (F)

@F . An intermediate output of the neural
networks is hence a scalar value W .

² Stability of the potential is obtained by the polyconvexity with respect to F, det(F) and
cof(F) by using the convex and non-decreasing softplus activation functions for the
hidden layers [14]: A (y) Ælog(1 Å ey) and positive model weights ! È 0. In order to
satisfy the polyconvexity constraints, all the invariants I , I2, and J are typically modeled
as convex and monotonically non-decreasing. However, due to this overconstraint (the
monotonically increasing constrain is not required in J), these models are unable to
represent negative stresses [11,16], which leads to the addition of an extra invariant ¡ J
to the input set. The relationship between two hidden layers, composed of Nn neurons
can hence be written, with ! i and b i the weights and bias of layer i , and z i ¡ 1 and z i the
neuron values of layers i ¡ 1 and i

z(i ) ÆA ±
· NnX

kÆ1
! (i )

j k z(i ¡ 1)
k Å b(i )

j

¸
. (23)

² Normalization of the energy and stresses: P(F Æ1) Æ0, and W (F Æ1) Æ0. This
normalization is obtained with the two last terms in the energy formulation, with

WFÆ1 Æ ¡WICNN
¡
E(1)

¢
, H Æ ¡

@WICNN

@F

¯
¯
¯
¯
FÆI

. (24)

Note that this stress normalization term does not guarantee polyconvexity as E is not
convex on every of its component. This normalization choice follow [42] and has been
enhanced in recent literature [11].

The core architecture is composed of 5 dense layers with 16 neurons, leading to 1,233 trainable
weights. The optimization is performed with an ADAM optimizer [43] with a learning rate
following a prede�ned schedule. Weights are initialized randomly. The training on each structure
takes approximately 10 minutes on a laptop with an 8Gb GPU unit (Nvidia RTX-A2000). The
neural network architecture is developed using the TensorFlow library in Python.

4. Noise compensation strategy

To address the previous limitations, several complementary strategies are introduced. First,
a reformulation of the loss is proposed to reduce its sensitivity to high-frequency noise, notably
by applying spatial �ltering to the residual force �elds. Second, a statistical characterization of
the measurement noise is leveraged to inform a covariance-based weighting of the residuals, en-
abling both noise-aware and mesh-independent learning. A systematic bias compensation term
is introduced to explicitly counteract the noise-induced distortion in the internal loss. Together,
these approaches provide a coherent framework for reducing noise e Vects while preserving the
physical interpretability and generalization capacity of the learned constitutive laws.
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The two complementary noise management strategies are hence presented:

reducing noise impact: reformulating a new internal loss norm with lower sensitivity to the
force noise, thereby reducing the bias term impact (Section 4.1);

compensating noise impact: tracing the noise throughout the computation, it is proposed ei-
ther to account carefully for the uncertainty or to compensate for the noise-induced bias
(Section 4.2):

² accounting for measurement uncertainty considering the uncertainty of the mea-
surement and an appropriate node weighting scheme (allowing mesh indepen-
dence and managing the weighting ratio between internal and boundary condition
terms); this requires propagating the measurement uncertainty into the non-linear
behavior model;

² removing the systematic noise bias: since the (internal) functional is a Vected by the
noise eVect, an opposite potential is built to mitigate the noise e Vect.

A simple representation of the second approach is proposed in Figure 3.

Figure 3. Representation of the noise compensation approach.

4.1. Reducing noise impact

The �rst solution involves focusing on low-frequency components to reduce noise impact.
In a similar spirit to the virtual �eld method [44], a low-frequency mechanically consistent
extractor could be used to compute the loss term. Emphasis is placed on low-frequency �ltering
(less aVected by high-frequency noise) by convolving the internal nodal forces residual with a
Gaussian kernel G¸ , characterized by a scale ¸ . This �ltering is applied to the residual �eld
and not to the original displacement quantity in order to play a role on the unbalanced nodal
forces. Note that only the internal nodes are �ltered in this process. This prevents the boundary
condition error from spreading on the sample. This �rst �ltering compensation is the only place
in this paper where an internal/boundary condition split is performed.

Note that even for a linear elastic model, the sti Vness operator and the Gaussian smoothing
operator do not commute, as they act on di Verent quantities (derivation versus spatial averag-
ing). For instance, an in�nite smoothing would yield a constant displacement �eld and thus no
internal forces after applying the tangent operator, while smoothing the resulting unbalanced
forces would not cancel them.

Let x i denote the location of node i in the mesh. The �ltered residual nodal forces bf i is
computed as

bf i Æ

P
j exp

¡
¡ (x i ¡ x j )2/ ¸ 2

¢
f j

P
k exp

¡
¡ (x i ¡ xk )2/ ¸ 2

¢ ´ [G¸ ]{ f }. (25)
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The modi�ed internal loss term is hence given by

cL int[ A]0(t ) Æ{f int }> [G¸ ]> [A0]¡ 1[G¸ ]{ f int }. (26)

Then, with

[ bA]¡ 1 Æ
·
[G¸ ]> [A0]¡ 1[G¸ ] 0

0 [A00]¡ 1

¸
, (27)

the whole loss can be written:
cL [ Â](t ) Æ{f }> [ bA]¡ 1{ f }. (28)

Using large Gaussian kernel scales allows unbalanced nodal forces to be evaluated over exten-
sive regions. In the following application, di Verent lengths for the Gaussian kernels, ¸ Æ®l e, are
considered, where l e represents the average element length (computed as the average distance
between nodes in an element), and ® is a dimensionless scalar value chosen in {0.5,1,2,3}.

It is noteworthy that pre-processing the input Digital Image Correlation (DIC) �elds to mitigate
noise eVects is a viable strategy, as discussed in Flaschel et al. (2021) [30]. However, this approach
was not adopted in the current study to preserve the integrity of the measured �eld information.

4.2. Correcting noise impact

Monte Carlo estimation of the force covariance

As the PANN model M accounts for a non-linear transformation, propagating image (or
displacement) noise to internal force uncertainty is not straightforward. To address this, the
covariance matrix is estimated using Monte Carlo (MC) simulations and updated every NMC

epochs.
To formalize the MC procedure with synthetic noise generation, we follow the following steps

at training epoch k . When computing the force covariance, that of the stroke sensor can also
be added. Note that the covariance now depends on the loading step as it is related to the
material states. For a complete experiment with multiple loading steps, the covariance should
be estimated at each step t . From the generation of synthetic noise on samples, that can be
obtained from a noise model (e.g. Gaussian), or repeated acquisitions:

bi » N (0,¾u ), i Æ1,2, . . . ,M . (29)

The inference of the noisy signal through the model at epoch k , M k gives:

zk (x,u ,b,M k ,R, t ) Æ¡
£
M k ,u (x, t ) Å b(x),R(t )

¤
¡ ¡

£
M k ,u (x, t ),R(t )

¤
, (30)

and allows to compute the �nal covariance matrix, averaged over noise realizations, considering
a centered force noise term:

£
Ck

f (t )
¤

Æ[Ck
R] Å

1

Nn

­
(zk

i )(zk
i )> ®

b . (31)

In summary, the process involves generating Gaussian noise samples, perturbing the initial
signal with each noise sample, passing the perturbed signals through the model, and calculating
the empirical covariance matrix of the model outputs. Note that this empirical procedure may
result in a covariance matrix that is di Y cult to invert (large matrix with 4 th order coupling),
necessitating the introduction of a Tikhonov regularization term.

At the beginning of the learning phase, the behavior model is unknown. Therefore, the model
covariance is initialized with the identity matrix: CkÆ0

f (t ) Æ[1], or by computing it without MC
sampling and updating it at selected epochs to reduce computation time per epoch.

It is now proposed to use the inverse covariance matrix as the metric [ A] in L int (see equa-
tion 5):

L [Ck
f ](t ) Æf (t )> [Ck

f ]¡ 1 f (t ). (32)
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This covariance term allows for the weighting of the nodes based on their uncertainty, derived
from measurements (gray level or displacement) to force. A node located in an area with low
image texture will exhibit high uncertainty in the DIC analysis. The resulting inverse covariance
adequately weights the kinematic measurements.

Remark. This remark addresses the coupling of an appropriate covariance weighting strategy
with the previously discussed �ltering approach. First, as highlighted in this section, weighting
nodal information by its associated uncertainty provides an optimal metric. Consequently,
any linear operation applied to the nodal quantity is directly transferred in the covariance
computation and, hence vanishes. Therefore, there is no need to use both techniques at the
same time. With { bz} being the �ltered force noise,

{bz} Æ[G¸ ] ¢{z}, (33)

the noise �ltered covariance reads
£ƒCk

f (t )
¤

Æ[G¸ ]
£
Ck

f (t )
¤
[G¸ ]> , hence:

cL
[ ƒCk

f (t )]
(t ) Æ{f }> [G¸ ]>

¡
[G¸ ]

£
Ck

f (t )
¤
[G¸ ]>

¢¡ 1[G¸ ]{ f },

Æ
©

f (t )
ª> [Ck

f ]¡ 1©
f (t )

ª
,

ÆL [Ck
f (t )] (t )

(34)

Bias correction due to noise

A noise bias compensation scheme is proposed to cancel the bias computed from a known
noise. The noise characteristics can be extracted experimentally (by performing multiple acqui-
sitions of a similar state) or from a general noise model. Since the mechanical model is non-
linear, the impact of noise depends on the material state. This bias can be isolated and written
considering noise terms, b, applied to the original displacement, and averaged over noise real-
ization

L bias
¡
¡ (M ,R)

¢
Æ

­
L

£
zk (x, t )

¤®
b . (35)

Additionally, if the chosen metric [ A] is the usual identity matrix, then

L [1]bias Ætrace
¡
[Ck

f ]( t )
¢
. (36)

In contrast, if it is chosen to be the inverse covariance of f , as above suggested, then the simple
following result is obtained

L [Ck
f ]bias Æ1, (37)

irrespective of the mesh and load history. Let us stress that the target is to reach unbalanced
forces such that their variance reaches precisely the value expected from noise.

The general corrected functional L corr is hence constructed with the bias compensation term,
and using a positive (L1) norm to ensure the stability, such that:

L [A]corr Æabs
¡
L [A]

£
¡ (M ,u ,R)

¤
¡ L [A]bias

£
¡ (M ,R)

¤¢
, (38)

or using the inverse covariance matrix metric

L [C f ]corr Æabs
¡
L [C f ]

£
¡ (M ,u ,R)

¤
¡ 1

¢
. (39)

With this corrected functional, the model is trained to ensure equilibrium (weak form) while the
noise bias is opposed by its evaluation performed using synthetic noise.

Remark. To ensure numerical stability and optimize computational resources, an approximated
version of the proposed loss is employed. It consists of approximating the covariance function by
the diagonal terms only:

L [diag C f ]corr Æabs
¡
{ f }> £

diag Ck
f (t )

¤¡ 1[ f } ¡ 1
¢
. (40)
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By considering only the diagonal elements of the covariance matrix, the computational com-
plexity is signi�cantly reduced, and complex matrix inversion is avoided. With noise information
derived from experimental procedures — such as extracting �elds from a hundred repeated im-
ages — this approach becomes feasible without necessitating thousands of computations. 200 or
50 repeated acquisitions, which are experimentally accessible, allow respectively estimating for
each node the expected value of a Gaussian noise distribution with a standard deviation error of
5% and 10%. Although this method disregards nodal coupling, it remains a fair approximation
under the assumption that the image speckle is homogeneous.

4.3. Proposed losses

The diVerent loss expressions are summarized in Table 2.

Table 2. Internal loss choices.

Name Expression

EUCLID [30] { f }> [1]¡ 1{ f }

Reducing noise impact { f }> [G¸ ]> [1]¡ 1[G¸ ]{ f }

Correcting noise impact abs
¡
{ f }>

£
[diag Ck

f (t )
¤¡ 1[ f } ¡ 1

¢

To prevent the boundary condition error from propagating through the sample and slowing
down convergence, it is decided to separate it from L int . The �ltering approach is thus only
applied to the internal nodes. Noise has a lower impact on the boundary condition as it is already
written as a sum of BC nodes.

4.4. Metrics

To compare the di Verent approaches, the model is trained �ve times for each con�guration. Since
it is a synthetic test case, the ground-truth free energy function is known, WGT, and can also be
estimated with the constitutive model: WPANN. To evaluate performance, an energy error metric
derived from the L2 norm is proposed, computed on the validation structure, u valid :

mvalid Æ
°
°WPANN(u valid ) ¡ WGT(u valid )

°
° 2. (41)

Note that the ground truth is the one obtained from the theoretical model. An un-noisy compu-
tation modeled with a PANN will also serve as a reference for the best achievable approximation
with the chosen machine learning architecture.

A key point to be highlighted is that the validation structure is not a Vected by noise. Con-
sequently, this metric provides a direct and unbiased measure of the model ability to replicate
the ground-truth behavior. A relative improvement quantity, in percent, is also computed from
the reference, non-noisy case, to appreciate the improvement. This metric captures two critical
aspects of model performance:

² accuracy of the learned behavior: to evaluate how well the model reproduces the ground-
truth free energy behavior, both for the training and the validation data;

² generalization capability: by assessing the model on a validation structure that di Vers
from the training structure, this metric highlights the model's ability to generalize to
unseen data.

Remark. For the simple toy model, a visual evaluation of the learned sti Vness over all the
loadings will be proposed to better appreciate the two parameters, a and b, impacts.
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5. Results

5.1. Toy model results

The toy model application is evaluated 50 times to appreciate the variability due to noise pollu-
tion and compensation. The scenario with the 1D Gaussian �lter is performed using a character-
istic length of 1 neighbor.

(a) EUCLID

(b) Filtered

(c) Corrected

Figure 4. Toy model: comparison of loss functions without noise and with Gaussian noise.
(a) Uncorrected loss functions show signi�cant bias with noise. (b) Filtered loss functions
eVectively reduce bias. (c) The proposed loss compensation model.

Figure 4 presents the internal (left), boundary condition (center) and total loss (right) for the
three approaches: EUCLID (a), Gaussian �ltering (b), and proposed loss (c). When noise is
introduced, the boundary condition loss exhibits minor variations but still maintains a minimum
close to the ground truth parameter values, only slightly in�uenced by measurement noise.
In contrast, the internal loss term L int displays an intense gradient that tends to increase
both a and b, thus a reduction in sti Vness. Applying Gaussian �ltering with a characteristic
scale set to the �rst neighbor mean distance, or ® Æ1 neighbor, signi�cantly improves the
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accuracy. With the proposed noised-compensated loss, the obtained model parameters are close
to the GT. In this toy model, the �ltering and the noise bias compensation appear to display
comparable improvements. Since the boundary condition loss term is less sensitive to noise,
increasing its weight in the computation could be a potential solution (as suggested in the
original EUCLID paper). However, this approach would lower the bene�t of the rich full-�eld
information measured within the specimen.

Because the proposed law couples a and b and it may be di Y cult to interpret them as
stiVnesses, all the learned constitutive laws are presented in Figure 5. As anticipated, the sti Vness
derived from the noise-polluted functional is signi�cantly lower than the ground truth (GT)
value. Both the �ltered and corrected approaches exhibit a marked improvement, closely aligning
with the GT behavior. Speci�cally, the �ltered approach e Vectively dampens the noise e Vects,
resulting in sti Vness measurements that are substantially closer to the GT, although a slight
reduction in sti Vness remains. In contrast, the corrected approach achieves results that are tightly
centered around the GT values, demonstrating a more accurate compensation of noise-induced
biases. This indicates that while Gaussian �ltering primarily attenuates the noise impact, the
corrected method not only reduces the noise in�uence but also e Vectively oVsets the resulting
bias, ensuring a more faithful reproduction of the true constitutive behavior.

Figure 5. Toy model: reconstruction of the identi�ed constitutive models. The black
dashed curve corresponds to the ground truth. The large drawn width represent one
standard deviation computed from the 50 runs.

5.2. Noise impact on the test case

Figure 6 shows the relative error (expressed in percent) between the computed and predicted
�elds of the Piola–Kirchho V stress. The noise directly in�uences the learned behavior, as the
predicted stress states show. The color dynamics is chosen at § 5% of the initial stress dynamics,
showing important stress errors with a noise of 0.1%, which is already considered an acceptable
correlation procedure.
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