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Abstract. Bubbles drive gas and chemical transfers in various industrial and geophysical contexts, in which
flows are typically turbulent. As gas and chemical transfers are bubble size dependent, a robust quantification
requires a prediction of bubble breakup. The most common idea, introduced independently by Kolmogorov
in 1949 and Hinze in 1955, is to consider a sharp limit between breaking and non breaking bubbles, given by
Wec ≈ 1, where the Weber number We is the ratio between inertial and capillary forces at the bubble scale.
In the statistically stationary state, Wec sets the maximum bubble size. Yet, due to the inherent stochasticity
of the flow every bubble might in reality break. In this work, we use a stochastic linear model previously
developed to infer the breakup probability of bubbles in turbulence as function of both We and the residence
time. This allows us to introduce a definition of the critical Weber number accounting for the time spent
by bubbles within a turbulent region, extending the stationary description. We show that bubble breakup is
a memoryless process, whose breakup rate varies exponentially with We−1. The linear model successfully
reproduces experimental breakup rates from the literature. We show that the stochastic nature of bubble
breakup is central when the residence time of bubbles is smaller than ten correlation times of turbulence at
the bubble scale: the transition between breaking and non breaking bubbles is smooth and most bubbles can
break. For large residence times, the original vision of Kolmogorov and Hinze is recovered.
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1. Introduction

Bubbles play a crucial role in mass transport across interfaces. By increasing the surface of ex-
change they lead chemical and gas transfers in various industrial processes, as homogenizers [1],
bubble column reactors [2–4], and geophysical situations, such as rivers, waterfalls [5,6], and
oceans [7–9]. Since gas exchanges are bubble size dependent, predicting breakups in turbulent
flows is central to understand the bubble size distribution and then quantify the transfers in a
robust manner. In inertial flows, bubble fate is controlled by the ratio between inertial and cap-
illary forces, namely, the Weber number, We = ρU 2d/γ where ρ is the fluid density, d the bubble
equivalent diameter, U a typical velocity, and γ the surface tension. Low Weber number bubbles
are stable, while they break above a critical Weber number Wec which depends on the flow ge-
ometry [10–13]. It is worth mentioning that in the case of dense turbulent emulsions [14] defined
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the critical Weber number as the one for which the net energy flux from capillarity is zero. In tur-
bulence, according to the theory developed independently by Kolmogorov [15] and Hinze [16],
bubbles are mainly deformed by eddies of their size so that U can be estimated as the average ve-
locity increment at the bubble scale

〈
δu(d)2

〉
. In homogeneous and isotropic turbulence (HIT),

for size lying within the inertial range, the velocity increment relates to the energy dissipation
rate ϵ [17], which quantifies the energy transfers across scales, through

〈
δu(d)2

〉 = 2(ϵd)2/3. The
Weber number then reads We = 2ρϵ2/3d 5/3/γ. Note that this definition relies on average quan-
tities. It does not account for the inherent fluctuations of the flow. As a consequence, since any
bubble might encounter a large enough pressure fluctuation which breaks it, in turbulence Wec

is only defined in a statistical sense [18,19]. In addition, in practical situations, flows are inhomo-
geneous (bubble columns) or unsteady (breaking waves) or both, and the time spent by a bub-
ble within a homogeneous turbulent region, called the residence time, affects the critical Weber
number Wec . To the best of our knowledge, the residence time has not yet been taken into ac-
count in theoretical models.

In this article, we aim to quantify the bubble breakup probability as a function of both We and
the residence time in order to incorporate the effect of finite residence times in the definition
of Wec . To do so, we quantify the statistics of bubble lifetime using a linear stochastic model
for bubble deformations, whose parameters were inferred using direct numerical simulations
(DNS) [20]. Our approach is based on the reminiscent idea that non linear effects may be
negligible until the critical deformation for breakup is reached [21], as introduced by several
authors for bubbles [21–24] and drops [25]. Conversely to our approach, all previous studies used
models with parameters derived in the quiescent case, in particular for the damping rate [26,27],
which turns out to be significantly enhanced by the presence of turbulent fluctuations, as
observed experimentally by Ravelet et al. [28].

This article is organized as follows. We first introduce the stochastic linear model. Then, run-
ning our reduced dynamics, we measure the probability for a bubble to break as a function of We
and the residence time. We deduce the associated breakup rate and compare it to experimental
datasets. We eventually introduce a definition of the critical Weber number accounting for the
residence time and discuss practical applications in inhomogeneous and unsteady flows.

2. Linear stochastic oscillator

For small amplitude deformations, the bubble surface can be described by the local radius R(θ,φ)
with θ the colatitude and φ the longitude. This parametrization holds as long as the local radius
is mono-valued in (θ,φ), corresponding to limited bubble deformations, and it will fail close to
breakup. In a co-moving frame of reference, the local bubble radius R decomposed onto the real
spherical harmonics base Y m

ℓ
(θ,φ) reads

R(θ,φ) = R0

[
1+

∞∑
ℓ=2

ℓ∑
m=−ℓ

xℓ,m(t )Y m
ℓ (θ,φ)

]
(1)

where R0 is the volume-equivalent bubble radius. Since the frame of reference moves with the
bubble, the three harmonics (ℓ = 1), encoding bubble translation, are null at all time. Note
that the spherical harmonics decomposition is not invariant under frame rotation: rotating
the reference frame redistributes the weight associated to a mode (ℓ,m) on all the modes
(ℓ,m′)m′∈[−ℓ,ℓ]. In turbulence, bubble shape continuously reorients due to random fluctuations
and torques. Since we do not prescribe any special frame orientation relative to the bubble shape,
we cannot distinguish the dynamics of xℓ,m from the ones of xℓ,m′ with m′ ̸= m. Hence the 2ℓ+1
modes ℓ will have equivalent dynamics. Each mode amplitude xℓ,m evolves over time under the
stochastic forcing imposed by the surrounding turbulent flow. In turbulence, bubbles are known
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to mainly deform and break following oblate-prolate oscillations, which correspond to the five
modes (ℓ = 2) [21,29] illustrated on Figure 1a. In the following, we will therefore focus on the
dynamics of these five modes. We denote by x the amplitude of one of them. As an illustration,
we show on Figure 1b the temporal evolution of one mode ℓ= 2 at We = 0.71 measured in a DNS
following the procedure described in [20].
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Figure 1. (a) Shape of deformation of the five modes ℓ= 2. (b) Typical temporal evolution
of a mode ℓ= 2, at We = 0.71 measured in a DNS [20]. (c) Typical temporal evolution given
by the linear stochastic model defined by equation (2), at the same Weber number We =
0.71.

We recently showed [20] that each mode ℓ= 2 dynamics can be described in a statistical sense
by a linear oscillator randomly forced by the surrounding flow,

ẍ +Λẋ +Ω2x =T (t ), (2)

where lengths are normalized using the bubble equivalent radius R0, and times are normalized
using the eddy turnover time at the bubble scale tc = ϵ−1/3d 2/3, which encodes the correlation
time of turbulent structures of bubble’s size. The values of the damping coefficient Λ and
frequency Ω as well as the statistical properties of the effective turbulence forcing T were
previously inferred from a DNS [20]. We summarize here the main results and assumptions.
We found that the dimensionless damping coefficient Λ = 12 (in units of tc ) is independent of
the Weber number. At Re(d) = p

2ϵ1/3d 4/3/ν = 124, with ν the liquid kinematic viscosity, this
value is about 7 times higher than the viscous dissipation in a quiescent fluid. Indeed, turbulence
induces an effective turbulent damping, as observed for drop shape oscillations in the presence
of an internal turbulent flow [30,31]. As the bubble lies within the inertial range, where the flow
is scale invariant, we assume that Λ, given in units of tc , is also scale invariant. Note that, in
physical units, this implies that the effective damping only varies with the velocity increments
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at the bubble scale. Experimentally, in a fluid of fixed viscosity, changing the bubble Reynolds
number will change the eddy turnover time at the bubble scale and the damping parameter
in physical units. The scale invariance hypothesis implies that Λ is independent of the Taylor
Reynolds number. Although there is no proof for bubbles that deformations are independent
of Reλ, there are some hints that it is the case for drops, as long as the drop Re is large enough
and its size lies within the inertial range. For drop breakup Vela & Avila (2022) [18] varied the
Taylor Reynolds number by a factor 3 without seeing any effects on the drop breakup rate. The
natural frequency remains unchanged compared to the quiescent value [26,27] so that Ω2 =
192/We. The forcing term T models the erratic forcing from turbulence by a time-correlated
random variable independent of the bubble properties, and therefore of We. The statistically
stationary forcing T is fully characterized by its probability distribution function (pdf), and its
auto-correlation function. We found that the pdf of T can be modeled by a hyperbolic secant
distribution 1/(2σT )/cosh

(
πx/(2σT )

)
with a standard deviation σT = 20 independent of We.

This pdf coincides with the pdf of the pressure mode ℓ = 2 integrated over a sphere of radius R0

in the absence of bubble [20]. The important features of this pdf, visible on Figure 2b, are the
exponential tails: large amplitude fluctuations are frequent. We also found, by inverting the
forcing spectrum, that the auto-correlation function of T decreases on a characteristic timescale
given by the eddy-turnover time at the mode scale. More precisely, the auto-correlation function
writes exp(−2π.22/3t )(1+2π.22/3t ), where the 22/3 factor originates from the eddy turnover time
at the scale d/ℓ with ℓ= 2. Note that the typical correlation time of the effective forcing is 0.2tc ,
which is significantly shorter than the eddy turn-over time tc . Eventually, equation (2) models
adequately the dynamics of one mode ℓ= 2 of amplitude x.
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Figure 2. (a) Standard deviation of modes ℓ = 2 as a function of the Weber number
from the DNS [20] (black dots) and given by the model (2) (solid line). The dotted line
shows xc , the critical value used in Section 3 to model breakup. The standard deviation
crosses xc at We ≈ 18. (b) Normalized distributions of the mode amplitude obtained by
running the model (2) for various Weber numbers. The black dotted line is the hyperbolic
secant distribution, which is the probability distribution of the stochastic forcing T . For
comparison, the black solid line shows a Gaussian distribution.

In this paper, we use the linear model to generate a large sample of mode dynamics. We
first generate 5000 independent temporal sequences of T using the procedure described in
Appendix A. Each temporal sequence lasts 50tc and has a temporal resolution ∆t1 = 0.01tc . This
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choice ensures to have 10 points per correlation time of the forcing. Starting with an initial
condition

(
x(0), ẋ(0)

)
, we integrate over small time steps ∆t2/∆t1 = 0.1, the exact solution of

equation (2) for a T piecewise constant. The dynamics become independent of the initial
conditions on a timescale given by the maximum between the three following time scales: the
bubble period tγ = Ω/(2π), the eddy turnover time or correlation time of the forcing, and the
dissipation time tν. The ratio between the bubble period and the eddy turnover time is a function
of the Weber number: tγ/tc ∼ We2. The ratio between the effective dissipation time and tc is
a function of Λ: tν/tc ∼ 1/Λ = 0.08. Hence the dynamics become independent of the initial
conditions on a timescale given by max

(
1,
p

We,0.08
)
, in units of tc . In the following, we focus on

bubbles for which We ≤ 200. Hence, we use the algorithm to generate 5000 temporal evolutions
of x of length 50tc , with initial conditions x = 0, ẋ = 0, corresponding to an initially spherical
bubble at rest, but only analyze times such that t ≥ 10tc . The new initial conditions are then
the mode amplitude and velocity at ti = 10tc which are both randomly distributed. Doing so,
we directly access statistically stationary dynamics. A typical dynamics of the reduced model (2)
is illustrated on Figure 1c for We = 0.71. The evolution of the standard deviation σx with the
Weber number is captured by the linear model, as shown in Figure 2a, which compares the DNS
results from [20] with the linear model. The pdf of x is shown on Figure 2b for different values
of the Weber number. For small We, the pdf is close to the forcing pdf, the hyperbolic secant
distribution. However, when We increases, the pdf becomes more and more Gaussian. Indeed,
even if the dynamical equation is linear, it effectively acts as a filter in Fourier space of the forcing
signal. The pdf of x results from a convolution between the forcing statistics and the response
function of the system.

3. A memoryless process

In order to model breakup, we introduce a critical linear deformation at which a bubble breaks.
We choose xc = 0.74 for consistency with our previous work [29]. Accordingly, we define the
breakup time of one oscillator x as the first time at which the amplitude reaches xc . The
cumulative probability, pb(t ), is the probability that one mode reaches xc before the observation
duration t . As shown in Figure 2a, for We ≤ 18, σx ≤ xc and stochasticity will matter while
for We ≥ 18, σx ≥ xc and the dynamics will be mostly controlled by initial conditions. In
particular, as shown in [29], at large We, breakup results from the advection of the two sides of
the interface toward one another, and happens in one eddy turnover time. We therefore focus
on We ≤ 18. Figure 3 shows the survival probability associated to one mode ℓ= 2, 1−pb(t ), as a
function of the observation duration, for increasing Weber numbers. The survival probability
decays exponentially in time, as expected for a memoryless process, with a breakup rate κ

independent of time, associated to each mode of deformation. For a breakup time much larger
than the correlation time of both the velocity fluctuations at the bubble scale and the bubble
deformations, the dynamics can indeed be modeled as a succession of independent events.
Eventually, the breakup probability associated to one mode ℓ= 2 reads pb(t ) = 1−exp

[−κ(We)t
]
.

Note that, thanks to our choice of initial time, ti ≥ 10tc , the initial conditions are randomly
sampled, and the time distributions are exponentially distributed from t = 0. There is no
equilibrium time in contrast to what has been observed in DNS of drops [18] for which initial
conditions are always a spherical drop at rest.

We now connect the breakup associated to one mode ℓ= 2 with bubble breakup. We assume
that a bubble breaks when one of the five modes ℓ = 2 reaches the critical deformation. These
modes, in the linear limit, are uncoupled and follow the dynamics given by equation (2). As a
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Figure 3. Survival probability associated to one mode, as a function of time for several We
(solid color lines) in the model (2). Black dotted lines are exponential fits for each Weber
number. Inset plot: associated breakup rate κ as a function of We. The black dotted line is
an exponential fit, see equation (4). The dashed vertical line shows the limit below which
σx ≥ xc , and the initial conditions control breakup.

consequence, the probability that a bubble breaks before t is given by Pb(t ) = 1−(
1−pb(t )

)5 and
can be written as

Pb(t ) = 1−exp
[−5κ(We)t

]
, (3)

which extends to all Weber numbers the previous experimental observation of memoryless
bubble breakups at large Weber number by Ravelet et al. [28] also observed numerically for drop
breakups [18]. Hence the bubble breakup rate κb is five times larger than that of one single
oscillator: κb = 5κ. A similar argument has been used by Brouzet et al. [32] to model fiber breakup
in turbulence. In their case, since a fiber is described as a collection of N elementary rigid
elements, the number of breakup modes can be approximated by the number N of elements.

The breakup rate associated with one mode ℓ= 2, κ, varies exponentially with We−1 (see inset
Figure 3). It follows that the bubble breakup rate κb reads

κb = 5κ= κ∞ exp

[
−Wet

We

]
(4)

with κ∞ = 1.57 and Wet = 7.20, two numerical factors obtained by a least-square fit. κ∞ is
the breakup rate in the limit of infinitely large We. Its inverse, 1/κ∞ = 0.64, of the order of
the eddy turnover time, represents the associated bubble lifetime in the absence of surface
tension and is controlled by the typical advection time of the two bubble sides toward each
other [29]. The transitional Weber number Wet sets the transition between fast breaking and
unlikely slow breakups. This law, which suggests a mechanism of random activation process,
was first proposed by Coulaloglou and Tavlarides (1977) [33] in the context of emulsions, based
on the idea of drop-eddy collisions. Note that when bubble size lies within the inertial range
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of the turbulent cascade, bubble dynamics are inertial and we expect equation (4) to hold for a
wide range of Reynolds number, as similarly shown recently for drops [18]. Figure 4a compares
κb with the breakup rates measured in various experimental conditions [34–36], κexp

b in s−1,
made dimensionless by the eddy turnover time tc at the bubble scale, together with the DNS
data from Rivière et al. [37]. The experimental data points were originally gathered together in
Zhong et al. [38], and are reproduced here with courtesy of Pr. Rui Ni. Note that experimental
breakup rates are estimated using different expressions, which induces an additional scattering
of the data [39]. Even though the data sets were obtained in different experimental facilities with
various turbulence intensities corresponding to different bubble Reynolds number, our linear
model originally derived for small amplitude perturbations, and extrapolated to We ≥ 18, follows
the experimental points. This result confirms the intuition of Risso & Fabre [21] that bubble
lifetime distribution can be predicted using a linear model. Note that the present model only
describes independent break-up events. The lifetime distribution of rapid correlated events such
as filament breaking [40] do not fall under the scope of model (3).
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Figure 4. (a) Comparison between our predicted breakup rate and several experimental
datasets: MB99 = Martínez-Bazán et al. (1999) [34]; S&V15 = Solsvik (2015) [35]; V18 =
Vejravzka et al. (2018) [36]; R21 = Rivière et al. (2021) [37]. (b) Probability for a bubble to
break depending on its We and the residence time tR normalized by the eddy turnover time.
Black lines are isoprobabilities separated by 0.1. The red line corresponds to a breakup
probability of 1/2 and defines Wec (tR ).

4. Breakup probability and critical Weber number

In real flows, homogeneous turbulent regions have a finite extent in both space and time. As a
consequence, bubbles remain only a finite time, the residence time, tR in s, within the turbulent
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region with a probability to break before tR of

Pb(tR ,We) = 1−exp

[ −κ∞tR

ϵ−1/3d 2/3
exp

(
−Wet

We

)]
. (5)

This equation predicts that any bubble whose size lies within the inertial range can break,
provided the residence time is long enough. However, in practice, residence times are finite and
the breakup of bubbles at sufficiently small We is unlikely to occur. Indeed, one could expect that
the velocity fluctuations are in reality bounded. A feature which is not captured by the forcing
pdf used in the present model. In addition, other physical mechanisms such as dissolution might
dominate the dynamics of small bubbles. The curve Pb(tR ,Wec ) = 0.5 defines the critical Weber
number which now depends on the residence time. Figure 4b shows the probability to break
as a function of both We and the residence time in unit of the eddy turnover time. For short
residence times, Pb gently varies with We. As a consequence, there is a wide range of We for which
a bubble may break (0.1 < Pb < 0.9). The probabilistic nature of the breakup process smooths
the transition around Pb = 0.5. At long residence time compared to the eddy turnover time
(tR > 40tc ), the limit between breaking and non breaking bubbles sharpens. We conclude that the
probabilistic nature of bubble breakup in turbulence is essential at short resident times while the
deterministic vision of Kolmogorov and Hinze is recovered for large resident times (t >O(10tc )).

Even though other mechanisms might dominate over turbulent fluctuations in some practical
situations, such as shear and vorticity [10,11,13,41], it is tantalizing to compare the results from
our linear stochastic model to unsteady and inhomogeneous flows. In what follows, we discuss
three different situations — plunging jets, oceanic bubbles and industrial bubble columns —
which correspond to three different regions of the diagram of Figure 4b. For example, for a typical
plunging jet, with speed 5 ms−1 [42] at the interface, the bubble jet depth is about 50 mm, leading
to a residence time of 0.01 s. The energy dissipation rate can be estimated using the velocity
fluctuations u′, which is typically 0.1 % of the entrance velocity [42], and the integral lengthscale
which is the nozzle radius D ∼ 10mm, giving ϵ = (u′)3/D ∼ 10m2 s−3. As a consequence, the
residence time is of the order of two eddy turnover times. At this residence time merely all
bubbles can break (see Figure 4b). We expect the coexistence of large bubbles with much smaller
ones, leading to a broad bubble size distribution, which is indeed the case below plunging jets
and waterfalls.

In the oceans, underneath breaking waves, turbulence is sustained for approximately 1/3 of
the wave period, which is of the order of one to few seconds, with a turbulent intensity of 1 m2 s−3.
For centimetric to millimetric bubbles the residence time ranges from 6 to 30 eddy turnover time,
corresponding to a critical Weber number between 3 and 5, consistent with the experimental
measurements [43]. In industrial bubble columns, bubbles rise with a velocity of about 0.1 ms−1

on meter columns, inducing a weak turbulence of around 0.1 m2 s−3 [2]. The residence time for
millimetric bubbles is then of the order of 1000 eddy turnover time, where the breaking transition
is extremely sharp. In this regime, all bubbles will have We < Wec ≈ 1.

5. Conclusion

In this article, we use a stochastic linear model for bubble deformations to quantify the bubble
breakup probability. We show that the breakup statistics can be adequately modeled by consid-
ering a critical deformation for breakup for any of the five modes of deformation. This result val-
idates the idea of Risso and Fabre [21] that bubble lifetime can be predicted from a linear defor-
mation model. We provide an explicit expression to compute the breakup probability as a func-
tion of the bubble Weber number and the resident time. We introduce a definition of the critical
Weber number which accounts for the resident time, unifying the probabilistic vision of bubble
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breakup with the sharp transition between breaking and non breaking bubbles from Kolmogorov
and Hinze which holds in statistically steady state. One limit of the current model is the behaviour
at a vanishing Weber number. As we did not introduce a cut-offmechanism to prevent a bubble
of arbitrary small size to break, our model does not exhibit statistically steady state: for an infi-
nite resident time, all bubbles will eventually break. One solution would be to introduce a cut-off
in the pdf of the forcing, which would imply a vanishing break-up rate at a finite Weber number.
Provided that turbulent fluctuations dominate over other breaking mechanisms, the model can
be applied to practical situations with finite resident time such as unsteady and inhomogeneous
flows.
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Appendix A. Generation of a sequence of random forcing using Gaussian copulas

In this section, we explain how to generate a realisation of T (t ), the effective forcing from
turbulence on bubble shape, using Gaussian copula.

A.1. Principle and notations

A.1.1. Constructing T from a vector of Gaussian variables

Let T be the forcing evolution that we want to evaluate and {Ti }i∈[1,N ] its discrete counterpart,
defined at times {ti }i∈[1,N ]. We assume the statistics of T to be stationary, so that all Ti share the
same distribution and the covariance matrix of {Ti }i∈[1,N ] is such that Cov(Ti ,T j ) only depends
on |ti − t j |. We introduce the following notations:

• ΦσT
: probability density function of T ;

• σT : standard deviation of T ;
• A(t ): autocorrelation function of T ;
• Yi =Ti /σT ;
• Σ: covariance matrix of {Yi }i∈[1,N ].

By definition of {Yi }i∈[1,N ], we have the following properties:

• Yi has distributionΦ1, denotedΦ in what follows;
• Σi , j = A

(|ti − t j |
)
;

• Σi i = 1, ie the standard deviation of Yi is 1 for all i.
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Finally, we introduce FΦ, the cumulative distribution ofΦ, and F−1
Φ its inverse.

There is no method to directly compute {Yi }i∈[1,N ]. Instead, we will construct {Yi }i∈[1,N ] using
a vector of centered Gaussian variables {Xi }i∈[1,N ]: this is a Gaussian copula method. Since we
aim at constructing a stationary process, all the Xi also share the same normal distribution N

with average 0 and standard deviation σ′. We introduce these additional notations:

• Σ′: covariance matrix of {Xi }i∈[1,N ];
• FN : cumulative distribution function of N ;
• F−1

N
: inverse cumulative distribution function of N .

We can easily generate a Gaussian random vector {Xi }i∈[1,N ] of any covariance matrixΣ′. The idea
is then to transform {Xi }i∈[1,N ] into {Yi }i∈[1,N ]. We know that we can construct Zi of distributionΦ
through

Zi = F−1
Φ

(
FN (Xi )

)
.

However, the covariant matrix of {Zi }i∈[1,N ] is not known a priori. As a consequence, the difficulty
is to find the right Σ′ so that after applying F−1

Φ

(
FN ( · )) to each Xi we get a vector with covariance

matrix Σ. In what follows we will determine Σ′ and then deduce Yi using

Yi = F−1
Φ

(
FN (Xi )

)
. (6)

The following expression will also be useful:

Xi = F−1
N

(
FΦ(Yi )

)
. (7)

A.1.2. Explicit expression of each function

The distributionΦ is the hyperbolic secant distribution with standard deviation 1:

Φ(x) = 1

2

1

cosh
(
πx
2

) .

Its associated cumulative distribution function is

FΦ = 2

π
arctan

(
exp

(
πx

2

))
,

whose inverse is

F−1
Φ = 2

π
log

(
tan

(
πx

2

))
.

The centered normal distribution N is

N (x) = 1

σ′p2π
exp

[
−1

2

(
x

σ′

)2]
.

Its cumulative distribution function is

FN (x) = 1

2

[
1+erf

(
− xp

2σ′

)]
whose inverse writes

F−1
N (x) =σ′p2erf−1[2x −1].

We also introduce the joint law of two centered Gaussian variables Xi , X j such that Var(Xi ) =
Var(X j ) =Σ′

i i = (σ′)2 and Cov(Xi , X j ) = Cov(X j , Xi ) =Σ′
i j :

fi j (x, y) = 1

2π
√
∆i j

exp

(
−
Σ′

i i (x2 + y2)−2Σ′
i j x y

2
√
∆i j

)
(8)

where ∆i j = (Σ′
i i )2 − (Σ′

i j )2.
Finally, the autocorrelation function of the forcing is,

A(t ) = exp(−2π ·22/3t )(1+2π ·22/3t ).
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A.2. Determination of the covariance matrix Σ′

A.2.1. Diagonal terms

We can explicitly compute Σ′
i i from Σi i using equation (7):

Σ′
i i = Var(Xi )

= (σ′)2

= Var
(
F−1

N

(
FΦ(Yi )

))
=

∫
R

F−1
N

(
FΦ(y)

)2
Φ(y)dy −

[∫
R

F−1
N

(
FΦ(y)

)
Φ(y)dy

]2

= I1(Σi i )− (
I2(Σi i )

)2.

We estimate numerically these two integrals and find I1 = 1 and I2 = 0 (indeed the integrand of I2

is odd). It follows that
Σ′

i i = (σ′)2 =Σi i = 1, ∀ i . (9)

A.2.2. Off-diagonal terms

This time, we want to evaluate Σ′
i j with i ̸= j . We do not know the joint law of (Yi ,Y j ), which is

too costly to be evaluated, but we have an expression for the joint law of two Gaussian variables
(equation (8)). We then use equation (6) to express Σi j as a function of Σ′

i j :

Σi , j = Cov(Yi ,Y j )

= Cov
[
F−1
Φ

(
FN (Xi )

)
,F−1
Φ

(
FN (X j )

)]
=

Ï
R2

F−1
Φ

(
FN (x1)

)
F−1
Φ

(
FN (x2)

)
fi j (x1, x2)dx1 dx2 −

[∫
R

F−1
Φ

(
FN (x)

)
N (x)dx

]2

= Ia(Σ′
i j )+ I 2

b .

Numerically, we find Ib = 0 (the integrand is odd).
We estimate Ia numerically (see Figure 5) and find that Ia(Σ′

i j ) = Σ′
i j is an excellent approxi-

mation. It follows that
Σi j =Σ′

i j , ∀ i ̸= j . (10)

1.0 0.5 0.0 0.5 1.0

Σ′
ij

1.0

0.5

0.0

0.5

1.0

Σ
ij

=
I a

(Σ
′ ij
)

Figure 5. Variation of Σi j with Σ′
i j . The blue line is Ia . The black dotted line follows

Σi j =Σ′
i j .
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A.2.3. Conclusion

Combining equations (9) and (10) we have

Σ=Σ′ (11)

making the evaluation of Σ′ in our case extremely fast and cheap.

A.3. Verification

To summarize, we first generate a Gaussian random vector {Xi }i∈[1,N ] with covariant matrix,

Σ′
i j = A

(|ti − t j |
)
. (12)

Then we use equation (6) to get {Yi }i∈[1,N ]. Finally, Ti is obtained using

Ti =σT Yi . (13)

Figures 6 and 7 compare the autocorrelation function and the distribution of Ti , respectively,
obtained with the above procedure, to their theoretical expressions. The agreement is excellent.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
t

0.0

0.2

0.4

0.6

0.8

1.0

A

Ath(t)

Figure 6. Autocorrelation of Ti , ie Σ′
i j as a function of time. The black dotted line is the

targeted function. The blue line corresponds to the generated forcing signal.

4 2 0 2 4
Yi

10 4

10 3

10 2

10 1

100

pd
f(
Y
i)

Φ

Figure 7. Comparison between the distribution of the generated noise (in blue) and the
theoretical target distribution (in black). The agreement is excellent.
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