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Abstract. We propose an evolutionary algorithm that seeks to determine the optimal anisotropy of a deform-
ing body in response to a given applied mechanical load, under the constraint of assigned mass. The algo-
rithm is based for the first time upon a granular micromechanics approach to determine the effective ma-
terial behavior, making use of an orientation-dependent distribution of normal and tangential elastic grain-
grain interactions, whose associated stiffnesses are assumed to depend on an orientation-dependent angu-
lar mass density. This novel idea is intrinsically simple and takes advantage of both those penalization tech-
niques, that are generally used in topological optimization, and on those basic concepts of continuum gran-
ular micromechanics that are particularly prone to be used in this field. The algorithm is initialized with an
isotropic distribution of mass such that the total mass exceeds the desired one. Grain-grain interaction stiff-
nesses along orientations that are only lightly stressed by the applied load are penalized and the angular mass
density is accordingly reduced along these orientations. This yields a non-uniform orientation-dependent
mass density and, in turn, an anisotropic constitutive law. The proposed algorithm is numerically evaluated
for two load cases implying homogeneous deformations and the response to loading produced by the opti-
mal effective fourth-rank elasticity tensor is compared with that obtained by isotropic angular mass density
reduction. The proposed algorithm can be employed for engineering microstructures and as a building block
for topology optimization algorithms.
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1. Introduction

For many structural mechanics applications it is meaningful to utilize materials with specific
anisotropy. Indeed, many natural structural systems, such as bone tissue and wood, develop dur-
ing their growth a strong material anisotropy that allows them to resist applied loads optimally [1–
4]. Topology optimization approaches in the context of linear elasticity have been widely investi-
gated in the literature [5–7]. Nevertheless, research efforts in material property or so-called multi-
scale optimization are relatively rare, see the recent publication [8] and the seminal papers [9–11],
which pioneered the use of the homogenization method in topology and shape optimization, and
contributed to the development of level-set methods and shape derivative techniques, enabling
smooth handling of topological changes such as the creation or merging of holes and connections
during optimization. Indeed, topology optimization typically aims at finding the best geometry
at a single length scale that, for a given mass, is able to guarantee the optimal elastic behavior
for given loading/boundary conditions. Relevant applications include, as an instance, compos-
ite cable-stayed bridges design [12]. In this context, the problem is complexified by the fact that
the resulting mass distribution may result in the appearance of rotary and micro-inertia, see the
review paper [13], which require a refinement of the structural analyses for the accurate determi-
nation of the functional response within the optimization process. Similarly, refinement of struc-
tural analyses within topological optimization processes may be needed in cases in which, explic-
itly or tacitly, a relationship between Young’s modulus and mass density is assumed. This is par-
ticularly relevant to the cases of optimized porous materials, such as foams and bones [14,15],
for functionally graded plates [16,17], and when surface phenomena are significant [18]. Re-
fined modeling is also critical when dealing with bone remodeling [19–21]. It is worth noting
that optimization algorithms studied in the literature are typically of evolutionary type and are
bio-inspired, often mimicking bone tissue growth or other biological growth mechanisms [22].
Among these approaches we find the classical Solid Isotropic Material with Penalization (SIMP)
or Evolutionary Structural Optimization (ESO)-type approaches. We also note that optimization
methods are applied not only in purely mechanical context [23,24]. In addition to topology, the
anisotropy of the material’s mechanical response can be designed in an optimal way, too [25–
27]. This kind of optimization is particularly suitable for the design of optimal microstructures
in metamaterials [28–30] and composite materials [31–33], notwithstanding the need to properly
take into account size effects [34,35]. Metamaterials [36,37] are indeed typically designed with
an engineering purpose [38], to optimize one or more desired features [39,40]. The identification
of a continuum model for metamaterials [41,42] is generally convenient from a computational
point of view. However, this poses some peculiar challenges [43–45] and optimization concepts
need to be adapted to alternative computational strategies [46,47]. In the context of fibered meta-
materials the optimization of fiber reinforcement is also relevant [48]. For granular materials ex-
ternal loading and the features of grain-grain mechanical interactions lead to the emergence and
evolution of anisotropy [49–51].

Microstructure optimization can be pursued through homogenization procedures [52,53] in
both static and dynamic cases. Wave propagation features [54] are notable dynamic features and
can be analyzed to create optimal waveguides. The micro-macro identification performed within
the granular micromechanics approach [55] and the application of the principle of virtual work
provide the framework for devising an optimization algorithm that can lead to the design of meta-
materials with pre-determined anisotropy [56]. Higher order gradient [57] or nonlocal [58,59] ef-
fects may also be considered, as these effects are significant whenever long range interactions
are relevant. While such higher-order effects are not addressed in this paper, the method that we
introduce can be generalized for these purposes; similarly, while this paper addresses only the
static case, the proposed method can also target dynamic features such as eigenmodes.
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In this paper we integrate the granular micromechanics approach (GMA) into an optimization
algorithm aiming at computing the fourth-rank elasticity tensor needed to support optimally
a given load with fixed mass. In GMA, a continuous orientation-dependent distribution of
elastic grain-grain interactions is utilized to determine material behavior, whose anisotropy can
be modulated by varying the stiffness of elastic interactions in the various orientations. The
proposed optimization algorithm exploits this aspect of GMA to weight the angular density of
elastic energy with an orientation-dependent existence index. The algorithm applies standard
techniques used in topological optimization field and reduces the angular mass density for
those orientations that do not contribute to the elastic strain energy significantly. Thus, the
proposed method essentially adapts the classical principle of penalizing underutilized materials,
common in Evolutionary Structural Optimization (ESO), to an orientation-dependent setting
within GMA. Such an adaptation is particularly advantageous because it drastically simplifies
existing anisotropy optimization frameworks achieving similar results.

In Section 2 we give a recap of granular micromechanics for the sake of self consistency. In this
section we also include the necessary relation between mass and stiffnesses. In Section 3 we lay
the foundation of an isotropic optimization algorithm based on an evolutionary scheme, which is
preliminary to the presentation of the anisotropic optimization algorithm presented in Section 4.
In Section 5 we give two simple numerical examples to prove the effectiveness of the anisotropic
algorithm. For the sake of simplicity we address only homogeneous deformations, since they do
not require to solve a boundary value problem. The presented cases include uniaxial and simple
shear loading. The results are given in terms of the newly introduced orientation-dependent
mass density. Further, the reaction forces produced by the evolved optimal anisotropic stiffness
tensor are compared with respect to those produced by isotropic mass reduction to show, in the
same way as established anisotropy optimization methods (e.g., SIMP with orientation variables,
homogenization-based microstructure optimization) do, the better performance of the former
in terms of lower stiffness reduction for the same mass reduction. In the two case studies
(uniaxial strain and simple shear), the optimal anisotropy directions are intuitive, meaning not
only that the algorithm confirms physical intuition but it demonstrates capability for realistic,
heterogeneous stress states.

2. Recap of the granular micromechanics approach

2.1. General case

In the GMA, the elastic internal energy per unit area (henceforth called elastic internal energy
density) U in the 2D case is given as,

U =
∫
S 1

U dS, (1)

where the integral in (1) is conceived over all the orientations ĉ belonging to the unit circle S1 and
dS is the angular element over S1. The elastic energy density per orientation, U , is expressed in
the following quadratic form:

U = 1

2
kηu2

η+
1

2
kτu2

τ, (2)

where kη is the normal stiffness related to the orientation characterized by the unit vector ĉ,

ĉ = cosθê1 + sinθê2,

or by the corresponding angle θ with respect to the horizontal orientation characterized by
the unit vector ê1 (ê2 is the vertical unit vector), kτ is the tangent stiffness related to the same
orientation ĉ. Further, uη is the normal displacement, which is a scalar, given as,

uη = 1

2
unp · ĉ = 1

2
unp

i ĉ i , (3)
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and uτ is the tangent displacement, which is a vector,

uτ = unp − (unp · ĉ)ĉ = unp −2uηĉ. (4)

In index notation, the tangent displacement reads as

uτi = unp
i −unp

j unp
j ĉ i ,

where a sum over repeated indices is considered. In (3)–(4) we use the following definition of
objective relative displacement:

unp = 2GĉL, unp
i = 2Gi j ĉ j L, (5)

where G is the Green–Saint-Venant strain tensor,

G = 1

2
(F T F − I ), Gi j = 1

2
(Fki Fk j −δi j ), (6)

and L is an average distance between neighbouring grain-pairs. In the last equation, the symbol F
denotes the deformation gradient,

F =∇χ, Fi j =χi , j , (7)

where χ is the placement function, ∇ is the gradient operator, and subscript commas stand for
differentiation with respect to the components of the position X (in the reference configuration)
indicated by the following index.

The normal displacement uη is therefore given by insertion of (5) into (3),

uη =Gi j ĉ i ĉ j L, (8)

and the squared tangent displacement by insertion of (5) into (4),

u2
τ = L2GabGi j

(
δi a ĉb ĉ j +δ j a ĉb ĉ i +δi b ĉa ĉ j +δ j b ĉa ĉ i −4ĉ i ĉ j ĉa ĉb

)
. (9)

Insertion of (8) and (9) into the elastic internal energy density (1) yields

U =
∫
S 1

{
1

2
kηL2Gi j Gab ĉ i ĉ j ĉa ĉb

1

2
kτL2GabGi j

(
δi a ĉb ĉ j +δ j a ĉb ĉ i +δi b ĉa ĉ j +δ j b ĉa ĉ i −4ĉ i ĉ j ĉa ĉb

)}
dS,

or, taking into account that strain G and the average distance between neighbouring grain-pairs L
do not depend upon the orientation ĉ,

U = 1

2
GabGi j L2

∫
S 1

{
(kη−4kτ)ĉ i ĉ j ĉa ĉbkτ

(
δi a ĉb ĉ j +δ j a ĉb ĉ i +δi b ĉa ĉ j +δ j b ĉa ĉ i

)}
dS.

The expression above can be written more concisely as,

U = 1

2
CabijGi j Gab , (10)

where the stiffness tensor C has been identified,

Cabij = L2
∫
S 1

{
(kη−4kτ)ĉ i ĉ j ĉa ĉbkτ

(
δi a ĉb ĉ j +δ j a ĉb ĉ i +δi b ĉa ĉ j +δ j b ĉa ĉ i

)}
dS. (11)

A more synthetic way for expressing the identification of the stiffness tensor is the following one:

Cabij = L2
∫
S 1

[
(kη−4kτ)ĉ i ĉ j ĉa ĉb +4kτδ(i (a ĉb)ĉ j )

]
dS, (12)

where subscript parentheses stand for the standard single symmetrization rule,

A(i j) =
1

2
(Ai j + A j i ).
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This notation is extended to nested parentheses,

A(a(bc)d) =
1

2

(
A(abcd) + A(acbd)

)= 1

4
(Aabcd + Aacbd + Adbca + Adcba).

2.2. Isotropic identification

In the general anisotropic case, the normal kη and tangential kτ stiffnesses are functions of the
orientation ĉ. In the isotropic case there is no such functional dependence. In the 2D case, where
the integration of (11) or (12) is performed over the unit circle S1, we have,

kη =
kη
2π

, kτ = kτ
2π

, (13)

where kη and kτ are the integrated stiffnesses over the set of orientations. An analytical evalua-
tion of (12) taking into account (13) yields the following identification of the non null components
of the fourth-rank stiffness tensor, see also [60]:

C1111 =C2222 = 1

8
L2(3kη+4kτ), (14)

C1122 =C2211 = 1

8
L2(kη−4kτ), (15)

C1212 =C1221 =C2112 =C2121 = 1

8
L2(kη+4kτ). (16)

The remaining components of the stiffness tensor are null in the isotropic case. Considering the
plain strain case, the identification of the 2D Lam parameters is given by

λ=C1122 = 1

8
L2(kη−4kτ), µ=C1212 = L2

8
(kη+4kτ) = 1

2
(C1111 −C1122).

The Young’s modulus Y2D and Poisson’s ratio ν2D can then be computed as (cf. [60, (A.12)]),

Y2D = 4µ
λ+µ
λ+2µ

= L2kη(kη+4kτ)

3kη+4kτ
, ν2D = λ

λ+2µ
= kη−4kτ

3kη+4kτ
. (17)

The inversion of (17) gives the normal and tangential integrated stiffnesses in terms of both the
Young’s modulus Y2D and the Poisson’s ratio ν2D ,

kη = Y2D
2

L2(1−ν2D )
, kτ = Y2D

(3ν2D −1)

2L2(ν2
2D −1)

. (18)

Finally, insertion of (18) into (14), (15) and (16) yields

C1111 = Y2D

(1−ν2
2D )

, C1122 = Y2Dν2D

(1−ν2
2D )

= ν2DC1111, C1212 = Y2D

2(1+ν2D )
. (19)

2.3. Mass density and stiffness

An important quantity in the optimization problem statement is the mass M of the domain B,
defined as

M =
∫
B
ρdA,

where ρ is the mass per unit area, also called the mass density. In the literature it is generally
assumed that the Young’s modulus [14,15,22] is related to the mass density in the following form:

Y2D = Aρn , (20)

where A and n are two constitutive parameters. While this assumption is meaningful for
the isotropic case, for the anisotropic case we need to extend it. Such a generalization is
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pursued assuming the following relationship linking the mass density ρ and the normal kη and
tangential kτ stiffnesses:

kη = Aηρ
m
c , kτ = Aτρ

m
c , ρ =

∫
S 1

ρc dS, (21)

where Aη, Aτ, and m are three constitutive parameters and an orientation-dependent mass
density ρc has been introduced, see also [61]. It is worth to note that, in the isotropic case of
an orientation-independent mass density, the angular density ρc is given as

ρc =
ρc

2π
=⇒ ρ = ρc , (22)

and, if m is set to be equal to n, equation (20) is retrieved. Indeed, when integrated over the set
of possible orientations, the integrated orientation-dependent mass density ρc is identified with
the mass density ρ. Insertion of (13) and (22) into (21) yields

kη =
kη
2π

= Aη

(
ρc

2π

)m

, kτ = kτ
2π

= Aτ

(
ρc

2π

)m

. (23)

This yields the following explicit expressions of the integrated stiffnesses:

kη = Aη(2π)1−mρm
c , kτ = Aτ(2π)1−mρm

c , (24)

allowing to write, by their insertion into (17), the Young’s modulus Y2D and the Poisson’s ratio
ν2D as

Y2D = Aη(2π)1−mL2 (Aη+4Aτ)

3Aη+4Aτ
ρm , ν2D = Aη−4Aτ

3Aη+4Aτ
, (25)

where (22) has been used. From the comparison of (20) and (25) we have the identification of the
two constitutive parameters in (20)

n = m, A = Aη(2π)1−mL2 (Aη+4Aτ)

3Aη+4Aτ
,

in terms of the three constitutive parameters in (21).

2.4. Stress-strain relationships

The second Piola stress tensor can be derived from the density of the strain energy defined in (10),

Si j = ∂U

∂Gi j
=CijabGab . (26)

As a consequence, in the isotropic case we have the standard representation,

Si j = 2µGi j +λδi j Gaa .

In particular, for the uniaxial strain case,

G11 = ϵ, G12 =G21 =G22 = 0, (27)

we have the following anisotropic stress response:

S11 =C1111ϵ, S12 = S21 =C1112ϵ, S22 =C1122ϵ, (28)

which simplifies in the isotropic case to

S11 = (2µ+λ)ϵ, S12 = S21 = 0, S22 =λϵ. (29)

In terms of Young’s modulus and Poisson’s ratio, from (19), the components of the second Piola
stress tensor read as

S11 = Y2D

(1−ν2
2D )

ϵ, S12 = S21 = 0, S22 = Y2Dν2D

(1−ν2
2D )

ϵ,
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and, in terms of mass density, from (20),

S11 = Aρn

(1−ν2
2D )

ϵ, S12 = S21 = 0, S22 = Aρnν2D

(1−ν2
2D )

ϵ. (30)

Finally, for the simple shear strain case,

G12 =G21 = ϵ, G11 =G22 = 0, (31)

we have the following anisotropic stress response:

S12 = S12 = 2C1212ϵ, S11 = 2C1112ϵ, S22 = 2C1222ϵ, (32)

which is simplified in the isotropic case to

S12 = S12 = 2µϵ, S11 = S22 = 0. (33)

In terms of Young’s modulus and Poisson’s ratio, from (19), we have

S12 = S12 = Y2D

1+ν2D
ϵ, S11 = S22 = 0,

and, in terms of mass density, from (20),

S12 = S12 = Aρn

1+ν2D
ϵ, S11 = S22 = 0. (34)

3. Isotropic optimization algorithm

In this section we introduce an isotropic optimization algorithm. The purpose is to better explain
the new anisotropic algorithm introduced in the next section.

We introduce, for every step h of the optimization algorithm, an existence index field sh such
that

ρh = shρ, sh ∈ [0,1], ∀ X ∈B, h = 0,1,2, . . . , N , (35)

where ρh is the density of the material of the h-th iteration of the algorithm and the condition

s0 = 1, ∀ X ∈B, (36)

guarantees that, at the beginning of the iterative scheme (h = 0), the material has initial mass
density ρ and, therefore, from (20), the initial Young’s modulus Y2D . It is worth to note that if,
for a given point of the domain B, the existence index field is null, then no material is there
and, therefore, the corresponding Young’s modulus is null from (20). The optimization algorithm
specifies the rules governing the evolution of the existing index field for each point of the domain.

From (10), for the h-th step of the optimization algorithm, the elastic energy density, per unit
area, reads as,

Uh = 1

2
Ch

abijGi j Gab , (37)

where, because of (12), (13), (18), (20) and (35), we have

Ch
abij =

A

π(1−ν2
2D )

ρn sn
h

∫
S 1

[
4ν2D ĉ i ĉ j ĉa ĉb + (1−3ν2D )δ(i (a ĉb)ĉ j )

]
dS. (38)

For each point, at the (h +1)-th step, the isotropic optimization algorithm assigns the following
value to the existence index,

sh+1 = sh −εUmax −Uh

Umax
, ∀ X ∈B, (39)

where ε is a small parameter and Umax > 0 is a strain energy density threshold to be chosen.
Herein, we choose Umax as the maximum value of the strain energy density that is attained at the
h-th step. The idea at the basis of (39) is that the mass density is decreased for those positions X
that have low strain energy per unit area. In other words, the lower the strain energy for that
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position at the h-th step, the lower the mass density (and hence stiffness) prescribed by the
algorithm for the same position at the (h + 1)-th step. Besides, when Uh equals Umax at the h-
step, then the mass density at the (h +1)-th step remains unchanged.

At each step of the algorithm the total mass is also calculated,

Mh =
∫
B
ρh dA.

This mass is, by the definition of the reduction of the existence index (39) and from (35), reduced.
The same occurs to the stiffness, because of (21). The end of the process is prescribed a priori.
Indeed, if we intend to reduce the initial mass M0 by a pre-assigned reduction coefficient α
belonging to the range [0,1], the algorithm ends at h = h when the following condition is reached:

Mh ≤αM0, α ∈ [0,1]. (40)

Besides, at each step the following conditions must be guaranteed for each point,

Uh ≤Umax, sh ≥ 0. (41)

If the first condition of (41) is not respected, then the algorithm has to be stopped even if the
target expressed in (40) has not yet been reached. The second condition of (41) can be kept true
through the following ad hoc assumption,

sh ≤ s =⇒ sh+1 = s

where s prescribes, because of (35), a minimum admissible mass density and, therefore, because
of (20), a minimum admissible value of the 2D Young’s modulus and for a given load, of the
deformation energy density, per unit area.

It is worth noting that the optimization algorithm reported in this section can be modified
taking into account specific further restrictions. For example, it is possible to specify a region for
which the reduction rule (39) is not employed and reduction does not take place. Besides, one
could initialize the algorithm from a configuration to be reinforced, where we seek to add mass
(and thus increase stiffness) in an optimal way. In that case, it suffices to change the sign in front
of ε in (39), ending the algorithm once the final mass is reached from below and not from above
like in (40).

4. Anisotropic optimization algorithm

In this section we propose a new anisotropic optimization algorithm.
Substitution of the normal and tangential stiffness representations in terms of the orientation-

dependent mass density (21)1,2 into the general anisotropic form of the stiffness tensor (12) yields

Cabij = L2
∫
S 1

ρm
c

[
(Aη−4Aτ)ĉ i ĉ j ĉa ĉb +4Aτδ(i (a ĉb)ĉ j )

]
dS. (42)

In the isotropic optimization algorithm, we introduced in (35) an existence index field sh , which
was initialized from unity in (36). The algorithm makes this index evolve in such a way that a
domain with non homogeneous mass density is produced. In the anisotropic optimization algo-
rithm we generalize this approach by introducing an orientation-dependent existence index sc

h
such that

ρc,h = sc
hρc , sc

h ∈ [0,1], ∀ X ∈B, ∀ ĉ ∈S 1, h = 0,1,2, . . . , N . (43)

The condition
sc

0 = 1, ∀ X ∈B, ∀ ĉ ∈S 1 (44)

guarantees that
ρc,0 = ρc
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and hence that, at the beginning of the iterative scheme, when h = 0, the material possesses an
initial mass density, according to (21)3, equal to

ρ =
∫
S 1

ρc dS = 2πρc,0. (45)

The anisotropic optimization algorithm prescribes an evolution of the orientation-dependent
existence index sc

h for each point of the domain and for each orientation. Therefore, for the
h-th step, the elastic energy density Uh can still be represented with (37), except that the
representation of the stiffness matrix in (38) is not valid anymore and we have from (42) and (43)

Ch
abij = L2

∫
S 1

(sc
hρc )m[

(Aη−4Aτ)ĉ i ĉ j ĉa ĉb +4Aτδ(i (a ĉb)ĉ j )
]

dS. (46)

A natural anisotropic generalization of the optimization algorithm in (39) assigns the new
orientation-dependent existence index for each point of the domain and for each orientation
as follows:

sc
h+1 = sc

h −εUmax −Uh

Umax
, ∀ X ∈B, ∀ ĉ ∈S 1, (47)

where ε is, again, a small parameter. The elastic internal energy per unit area and per unit
orientation U is defined in (2) and, for a given step of the optimization algorithm, is Uh .
From (8)–(9) and (21)1,2, we have

Uh = 1

2
L2(sc

hρc )m[
(Aη−4Aτ)ĉ i ĉ j ĉa ĉb +4Aτδ(i (a ĉb)ĉ j )

]
Gi j Gab .

The quantity Umax is a strain energy density per unit orientation threshold. The idea on
which (47) is based is the following. The orientation-dependent mass density of the next step
is prescribed in such a way that it is decreased for those positions X and orientations ĉ that have
low strain energy density per unit orientation. In other words, the lower the strain energy per
unit orientation for that position and for that orientation at the h-step, the lower the orientation-
dependent mass density for the same position and the same orientation at the (h + 1)-th step.
Besides, if the orientation-dependent density of the elastic strain energy Uh reaches the thresh-
old value Umax at the h-step, then the orientation-dependent mass density at the (h + 1)-step
remains unchanged with respect to the h-th step.

At each step of the algorithm, the total mass is calculated as an integral of the orientation-
dependent mass density over the domain B and over the orientation space S 1,

Mh =
∫
B

[∫
S 1

ρc,h dS

]
dA.

Thus, at each step, by the definition of the reduction of the orientation-dependent existence
index defined by (47) and from (43), the total mass is reduced along with the stiffness of the body,
because of (21). The end of the process is prescribed a priori. If we intend to reduce the initial
mass M0 with a pre-assigned reduction coefficient α belonging to the range [0,1], the algorithm
ends at h = h when the following condition is reached:

Mh ≤αM0. (48)

At each step, the following further conditions must be guaranteed for each point and for each
orientation:

Uh ≤Umax, sc
h ≥ 0, ∀ X ∈B, ∀ ĉ ∈S 1. (49)

If the first condition in (49) is not respected, then the algorithm has to be stopped even if the
target expressed in (40) has not yet been reached. The second condition of (49) can be kept true
with the following ad hoc assumption,

sc
h ≤ sc =⇒ sc

h+1 = sc , (50)
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where sc prescribes with (35) an arbitrary minimum admissible value of the orientation-
dependent existence index, which guarantees, at each point and for each orientation, not only
its positive semi-definiteness but also, because of (21), the positive definiteness of the elastic en-
ergy density per unit area.

As for the isotropic algorithm, it is worth noting that the optimization algorithm reported in
this section can be modified taking into account specific further restrictions. For example, it is
possible to specify a region for which the reduction rule (47) is not employed and reduction does
not take place. Besides, one could initialize the algorithm from a configuration to be reinforced,
where we seek to add mass (and thus increase stiffness) in an optimal way. In that case, it suffices
to change the sign in front of ε in (47), ending the algorithm once the final mass is reached from
below and not from above like in (48). The anisotropic algorithm may be particularly suitable
for those applications where adding fibers in a given orientation is easier than adding fibers with
orientations distributed randomly. We finally mention that, as for the isotropic algorithm, if the
material behaves differently in tension and in compression, which is a quite standard case for
cementitious and fibered materials, then the proposed algorithm can be adapted without any
substantial changes of the main concepts.

5. Numerical examples

5.1. General setting

We take into account only study cases with homogeneously deforming body, so that the opti-
mization process acts only on the anisotropy evolution while keeping unchanged the topology
of the domain B. The employed material parameters are listed in Table 1. In the initial configu-
ration the material is isotropic (with Young’s modulus Y2D and Poisson’s ratio ν2D ) and the body
has a unit volume, so that the value of the initial mass M0 coincides with that of the initial mass
density ρ0. Because of (45), we have an initial orientation-independent mass density ρc,0. Once
fixed the value of the intergranular distance L, the initial normal and tangential stiffnesses are
deduced through equations (13) and (18). Further, owing to (22) and (23), once the value of the
exponent m is known, the values of the constitutive parameters Aη and Aτ can be determined.

Table 1. Material parameters of the initial isotropic configuration.

Y2D [N/m] ν2D [1] M0 [Kg] ρ0 [Kg/m2] L [m] m [1]

109 0.3 1 1 0.1 3

The algorithm further requires the specification of the applied strain and other parameters,
which are reported in Table 2. The strain ϵ is a datum needed in the definitions (27) and (31) of
the loading cases. This datum has to be integrated with the parameter ε introduced in (47), the
minimum admissible value sc of the orientation-dependent existence index introduced in (50),
and the mass fraction in (48) that we want to achieve at the end of the application of the
algorithm.

The results presented in the next sections will include firstly the orientation-dependent ex-
istence index against the orientation. The objective is to identify those orientations which un-
dergo a density reduction and, because of (21), also a stiffness reduction. The reduction of total
mass will be then shown against the algorithm step number. For a given final reduction of mass,
we then show the corresponding reduction in the stress response. Finally, such a reduction is
compared with that obtained through the isotropic algorithm. It will be proved that the isotropic
algorithm yields a higher stiffness reduction with respect to the anisotropic one.
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Table 2. Strain value considered for the problems explored in Sections 5.2 and 5.3 and values of further parame-
ters needed to run the presented algorithm.

ϵ [1] ε [1] sc [1] α [1]

10−5 10−2 10−2 0.3

5.2. Uniaxial strain case

The first numerical experiment concerns the uniaxial strain problem expressed by (27) and
graphically represented on the left-hand side of Figure 1. The use of the anisotropic algorithm
yields the evolution of the orientation-dependent existence index sc

h shown in Figure 1 for some
representative steps. It can be seen that at the beginning of the algorithm, when h = 0, the index
is uniform and equal to unity because of condition (44). However, since the vertical orientations,
with θ = π/2 and with θ = 3π/2, do not contribute to the strain energy, the corresponding
orientation-dependent mass density (and hence existence index) are reduced. When, for a given
orientation, the existence index reaches the minimum threshold sc , then mass density reduction
is stopped according to (50). Besides, the horizontal orientations, with θ = 0, θ = π and θ = 2π,
give the maximum contribution to the strain energy density and, therefore, are not reduced by
the algorithm.

Figure 1. Evolution of the orientation-dependent existence index for selected iteration steps for the uniaxial
strain problem schematized on the left-hand side. At the top, the iteration numbers range from the initial isotropic
configuration (h = 0) with M0 = 1 Kg to an intermediate configuration (h = 110) with M110 ⋍ 0.5 Kg. At the
bottom, the iteration numbers range from an intermediate configuration (h = 120) with M120 ⋍ 0.5 Kg to the
final step (h = 240) with M240 ⋍ 0.3 Kg. At the bottom, we make explicit not only that the horizontal orientations
are so important that the algorithm maintains their associated density at the initial level, but also that the vertical
orientations are so unimportant that the optimization algorithm penalizes them so much that their associated
density vanishes.

The reduction of the mass is also shown in Figure 2, which shows a decreasing trend that stops,
according to (48), when the prescribed fraction α is reached. In Figure 2 we also plot the line
corresponding to 0.5 Kg, which delimits in terms of total mass the plots at the top and those at
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Figure 2. Mass evolution for the uniaxial strain problem. Two lines corresponding to M112 ⋍ 0.5 Kg and
M269 ⋍ 0.3 Kg are also shown.

the bottom of Figure 1. It is interesting to note that, after that value of the mass is reached, mass
reduction is slower with respect to the iteration number.

Another important index is related to the optimized fourth-order elasticity tensor C. In
particular a quantitative measure of the resulting macroscopic anisotropy is provided in Figure 3
by the ratio r ,

r = C1111

C2222
, (51)

between the horizontal C1111 and the vertical C2222 stiffness. It is worth to note that such a ratio
increases from the isotropic value at r = 1 to a very large value at r = rmax ≈ 35. However, after a
certain value, the occurrence of the threshold sc , defined in (50), induces an opposite effect. The
reason is that the deformed orientations continue to reduce their weight and the non-deformed
orientations are prescribed to be constant over the algorithm index.

Figure 3. Evolution of the anisotropic index defined in (51).

Finally, the evolution of the response S11 produced by the evolution of the fourth-rank stiffness
tensor, computed using (28)1, is given in Figure 4, where also the evolution of the same horizontal
reaction obtained with the isotropic algorithm (30)1 is plotted, evaluated at each step as follows:

S11h =Ch
1111ϵ.

We recall that the stiffness at the h-th step in the equation above is computed by means of (38).
From Figure 4 it is evident that the reduction of the stress reaction is higher for the isotropic
algorithm, indicating that the reduction of mass suggested by the anisotropic algorithm is more
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Figure 4. Evolution of the horizontal reaction for the uniaxial strain case according to the anisotropic and
isotropic algorithms.

efficient. In Figure 4 we also represent the line corresponding to total mass equal to 0.5 Kg. We
observe that, on the one hand, the isotropic algorithm attains a close-to-zero stiffness when total
mass reaches 0.5 Kg and that further mass reduction yields a limited stiffness reduction. On the
other hand, the stiffness prescribed by the anisotropic algorithm for the mass threshold at 0.5 Kg
is not negligible and further mass reduction yields non-negligible stiffness reduction.

Figure 5. Evolution of the orientation-dependent existence index for selected iteration steps for the simple shear
strain problem schematized on the left-hand side. At the top, the iteration numbers range from the initial isotropic
configuration (h = 0) with M0 = 1 Kg to an intermediate configuration (h = 140) with M140 ⋍ 0.5 Kg. At the
bottom, the iteration numbers range from an intermediate configuration (h = 150) with M150 ⋍ 0.5 Kg to the
final step (h = 330) with M330 ⋍ 0.3 Kg. At the bottom, we make explicit not only that the oblique orientations are
so important that the algorithm maintains their associated density at the initial level.

5.3. Simple shear strain case

The second numerical experiment concerns the simple shear strain problem expressed by (31)
and graphically represented on the left-hand side of Figure 5. The use of the anisotropic
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Figure 6. Mass evolution for the simple shear strain problem. Two lines corresponding to M143 ⋍ 0.5 Kg and
M335 ⋍ 0.3 Kg are also shown.

algorithm yields the evolution of the orientation-dependent existence index sc
h shown in Figure 5

for some selected steps. Initial steps are accounted for in the plot at the top, while final ones are
accounted for at the bottom. We notice that, at the beginning, when h = 0, the index is uniformly
equal to unity by definition (44). However, both the vertical orientations, with θ = π/2 and
θ = 3π/2, and the horizontal ones, with θ = 0, θ = π, and θ = 2π, do not contribute to the strain
energy density and, therefore, the associated contributions to the mass density (and existence
index field) are reduced. It is seen that, in accordance with (50), when the existence index reaches
the minimum threshold sc , there is no further reduction. Besides, the oblique orientations, with
θ = π/4, θ = 3π/4, θ = 5π/4, and θ = 7π/4, give the maximum contribution to the strain energy
density and, therefore, the associated contributions to the mass density are not reduced by the
anisotropic algorithm.

The mass reduction is plotted in Figure 2 against the step number.
Finally, the evolution of the response S12 produced by the evolution of the fourth-rank stiffness

tensor, computed using (28)1, is given in Figure 7, where also the evolution of the same shear
reaction obtained with the isotropic algorithm (30)1 is plotted, evaluated at each step as follows,

S12h = 2Ch
1212ϵ.

From Figure 7 it is evident that the reduction of the stress reaction is higher for the isotropic
algorithm, indicating that the reduction of mass suggested by the anisotropic algorithm is more
efficient.

Figure 7. Evolution of the horizontal reaction for the simple shear strain case according to the anisotropic and
isotropic algorithms.



Luca Placidi et al. 179

6. Conclusions and outlooks

We have, for the first time, developed an optimization algorithm that exploits the micro-macro
identification provided by the Granular Micromechanics Approach (GMA) to optimize material
anisotropy under general loading conditions. The presented numerical examples demonstrate
that the granular micromechanics framework is ideally suited for anisotropy optimization. The
main advantage of GMA lies in its use of continuous distributions of elastic interactions over
the space of orientations to characterize material behavior. Accordingly, in our optimization
strategy, we introduce an orientation-dependent existence index governed by each direction’s
contribution to the strain energy density, thereby promoting material removal primarily along
directions that contribute minimally to load transfer. As shown by the numerical tests, this leads
to a smaller stiffness loss for a prescribed mass reduction when compared to isotropic mass-
reduction benchmarks. Practically, the algorithm naturally aligns material anisotropy with the
dominant kinematic and stress-resultant paths.

This work deliberately focuses on homogeneous strain states to clearly isolate the effects of
the anisotropic update rule. While this focus clarifies the underlying mechanism, it also repre-
sents a limitation: realistic boundary-value problems generally involve heterogeneous fields and
geometric constraints that can influence the optimal orientation distribution. For this reason,
a short-term outlook involves applying the same algorithm to problems combining anisotropic
and topological optimization, which require solving boundary-value problems. Moreover, man-
ufacturability constraints (e.g., admissible fiber angles or feasible print paths in additive man-
ufacturing) have not been enforced and should be incorporated in future engineering-oriented
applications.

From a methodological standpoint, several aspects merit further investigation, including:
(i) the sensitivity of results to the chosen stiffness-density relationship and to the discretization
of the orientation space; (ii) the use of regularization or filtering techniques to suppress spurious
oscillations in the orientation field; (iii) convergence and stopping criteria specifically tailored
to anisotropy-driven updates must still be implemented; and (iv) robustness with respect to
uncertainties in loading and material parameters must still be analyzed. Benchmarking against
established topology-optimization schemes (e.g., SIMP- or ESO-type baselines) would also help
quantify performance gains in stiffness retention relative to mass savings.

On the application side, the short-term path we envisage, coupling anisotropic and topolog-
ical optimization, can be pursued by embedding the current orientation-update rule within a
standard finite element loop, thereby addressing nonuniform strain fields and general boundary
conditions. Mid-term directions include: (i) extending the formulation to dynamic objectives
(e.g., wave steering, band-gap widening, or mode shaping); (ii) targeting stability-related metrics
(e.g., buckling load factors, imperfection sensitivity, or selected eigenmodes); and (iii) incorpo-
rating process-aware constraints such as curvilinear fiber placement and layer-wise printability.

Finally, further outlooks of the present work are experimental or high-fidelity numerical vali-
dation on representative metamaterial cells would strengthen the connection between the gran-
ular micromechanics rationale and continuum-level effective responses. Parallel implementa-
tions and GPU acceleration could make the approach competitive for large-scale problems, while
multi-objective formulations (e.g., stiffness-to-weight optimization combined with directional
compliance bounds) could improve the flexibility of the anisotropic update paradigm.
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