
Comptes Rendus

Mécanique

Luc Dormieux and Eric Lemarchand

Some remarks concerning the propagation of edge cracks in fluid-saturated
materials

Volume 354 (2026), p. 153-163

Online since: 10 March 2026

https://doi.org/10.5802/crmeca.351

This article is licensed under the
Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/

C EN T R E
MER S ENN E

The Comptes Rendus. Mécanique are a member of the
Mersenne Center for open scientific publishing

www.centre-mersenne.org — e-ISSN : 1873-7234

https://doi.org/10.5802/crmeca.351
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org


Comptes Rendus. Mécanique
2026, Vol. 354, p. 153-163

https://doi.org/10.5802/crmeca.351

Research article

Some remarks concerning the propagation of
edge cracks in fluid-saturated materials

Luc Dormieux a and Eric Lemarchand a

a ENPC/UGE/CNRS/IPP, Laboratoire Navier, UMR 8205, Marne-la-Vallée, France

E-mails: luc.dormieux@enpc.fr, eric.lemarchand@enpc.fr

Abstract. The present work falls within the framework of linear fracture mechanics extended to saturated
porous media. It aims at generalizing the classical crack propagation criteria by accounting for poromechan-
ical coupling. The main objective is to identify the driving force of propagation which now depends on the
pore pressure. The result is applied in particular to the two limit cases of drained and undrained regimes. It
is shown on the example of the 3-points bending test that significantly different propagation thresholds can
be obtained.
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1. Introduction

The classical theory of linear elastic fracture mechanics introduces the concepts of stress inten-
sity factor and energy release rate in order to formulate the criterion of crack propagation. The
present paper investigates some aspects of the extension of such a criterion in the case of a satu-
rated porous material.

Important efforts have been made in the past to describe the poromechanical coupling in a
saturated porous medium in the presence of cracks within the framework of poroelasticity (see
e.g. [1,2]). In the present paper, emphasis is placed on irreversible evolutions: the main issue
is the activation and the impact of the poromechanical coupling in the matter of loading-driven
crack propagation, which should not be confused with the issue of fluid-driven crack propagation
in a poroelastic medium (see e.g. [3]). Despite the interest of the issue of temperature change
(see e.g. [4,5]), the present paper will however focus on the poromechanical coupling only. In
other words, isothermal conditions are assumed, leaving the issue of temperature changes to a
forthcoming publication.

The first task is to identify the driving force of crack propagation, which is expected to depart
from its usual formulation in so far as it will depend on the pressure field. This first achievement
will make it possible to generalize the criterion of propagation. The presence of the pore pressure
in the expression of the driving force suggests to examine the two extreme cases on the scale
of intensity of poromechanical coupling, namely the drained and the undrained regimes. In
particular, we want to emphasize the fact that the thresholds that characterize the onset of
propagation in each case might be significantly different in practice. The 3-points bending test
performed on a saturated beam will be used as an example for illustrative purposes.
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2. Fundamentals of continuum poromechanics and notations

Following the classical poromechanics terminology, it is first recalled that a thorough distinction
has to be made between the terms solid and skeleton, each being associated to the same physical
phase but to different geometric scales of description. The term solid is used at a refined scale
at which solid and fluid phases occupy separate geometric domains (microscopic scale). In
contrast, the terms skeleton or solid skeleton refer to the continuous description of the solid
phase (macroscopic scale). At this latter scale, a fluid and a skeleton particles coexist at the same
location, each possessing a specific geometric transformation. On the other hand, the terms
porous material or porous medium refer to the superposition of the two particles or of the two
continuous media, namely the fluid and the skeleton (see [6]).

Consider a representative elementary volume dV of fluid saturated porous material located at
point x in the current configuration. Its initial configuration dV0 with respect to the geometric
transformation of the skeleton is located at point X . The displacement of the skeleton particle
is defined by the vector ξ = x − X . The linearized strain tensor ε in this transformation is the
symmetric part of ∇ξ. The Cauchy stress tensor, also called total stress tensor is σwhile the pore
pressure is denoted by p. In the current (resp. initial) configuration dV (resp. dV0) of the r.e.v.,
the fluid saturated pore volume is φdV0 (resp. φ0 dV0), where φ is referred to as the lagrangian
porosity. The pore volume change in the geometric transformation of the skeleton from dV0 to dV
is therefore (φ−φ0)dV0. Under isothermal conditions, the fundamental thermodynamic identity
of poroelasticity reads:

ψ̇=σ : ε̇+p φ̇ (1)

where ψ denotes the lagrangian volume density of free energy stored in the skeleton of the
saturated porous material. This means that the elastic energy stored in the solid phase of the r.e.v.
dV isψdV0. In order for the strain tensor and the pore pressure to play the role of thermodynamic
state variables, it is convenient to introduce the auxiliary potentialψ∗ =ψ−p(φ−φ0) with which
the thermodynamic identity (1) reads (see [7]):

ψ̇∗ =σ : ε̇− (φ−φ0)ṗ. (2)

The state equations of poroelasticity accordingly read:

σ= ∂ψ∗

∂ε
, φ−φ0 =− ∂ψ∗

∂p
. (3)

The linear poroelasticity framework is obtained when ψ∗(ε, p) is a quadratic potential:

ψ∗ =σ0 : ε+ 1

2
ε :Cd : ε− (p −p0)B : ε− (p −p0)2

2N
(4)

which yields the linear state equations:

σ=σ0 +Cd : ε− (p −p0)B , φ−φ0 = B : ε+ p −p0

N
, (5)

where Cd is the so-called drained stiffness tensor, B is the Biot tensor and N is the first Biot
modulus. The corresponding expression of the free energy reads:

ψ= (σ0 +B p0) : ε+ 1

2
ε :Cd : ε+ p2 −p2

0

2N
. (6)

While φ−φ0 quantifies the pore volume change, it is useful to introduce the corresponding
fluid mass change. It is usually quantified by the lagrangian mass density m, such that m dV0

represents the change in fluid mass contained in the pore space of the r.e.v. It follows that
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m = ρ f φ−ρ f
0φ0. Under isothermal conditions, the mass density of the fluid ρ f is in turn related

to the pore pressure change by means of the fluid compression modulus K f :

dp

K f
= dρ f

ρ
f
0

.

In the linearized framework of poroelasticity, the second state equation of (5) can therefore be
replaced by:

m

ρ
f
0

= B : ε+ p −p0

M
,

1

M
= 1

N
+ φ0

K f
, (7)

where M is the second Biot modulus. State equation (7) is particularly useful in the so-called
undrained case where fluid mass transfer is prevented. In this situation, the pore pressure and
the skeleton strain are related by p −p0 =−MB : ε. Use of this relation in the first state equation
of (5) yields:

σ=σ0 +Cu : ε, Cu =Cd +MB ⊗B . (8)

Hence, in undrained evolutions of the porous material, the latter behaves as a linear elastic
material with the stiffness tensor Cu which is therefore known as undrained stiffness tensor.

3. The driving force of crack propagation in saturated porous media

The derivation of the driving force of crack propagation is usually presented under the assump-
tion that the crack faces are free of stress. This however will hardly be a sufficiently general frame-
work in the case of saturated porous media. In order to illustrate this point, let us consider the
example of crack propagation in a 3-points bending experiment performed on a notched beam
in which the loading actuator applies a given displacement at the mid-span of the beam. In the
usual analysis, the pressure1 acting on the crack is neglected. In the case of a fluid-saturated
beam, the beam is immersed in a fluid reservoir at constant pressure p0. The same fluid satu-
rates the pore space. The initial pore pressure prior to bending is equal to the external reservoir
pressure p0. Therefore, unlike the dry case, the pressure p0 acting on the crack faces cannot be
neglected in the analysis. The theoretical framework that we look for must include this typical
kind of loading.

The plane strain assumption is adopted. At any stage of the crack propagation process, the
configuration of the porous structure is denoted by Ω(ℓ) where ℓ denotes the current crack
length. The boundary ∂Ω(ℓ) comprises a constant part ∂Ω0 and the crack F (ℓ). It is useful to
introduce the “upper” and “lower” crack lips F±(ℓ) and the unit normal N oriented from F+(ℓ)
towards F−(ℓ). Accordingly, we have:

∂Ω(ℓ) = ∂Ω0 ∪F+(ℓ)∪F−(ℓ).

The presence of a crack implies a possible discontinuity of the displacement field ξ. The
displacement field is ξ± on F±(ℓ) and the displacement jump is �ξ� = ξ+−ξ−. Hence, although
the surfaces F±(ℓ) are geometrically superposed, they are mechanically distinct (see Figure 1).
More precisely, we assume that each crack face is subjected to surface forces of the form Σ ·n,
whereΣ is a given symmetric tensor. The unit normal n to the crack face is +N on F+(ℓ), and −N
on F−(ℓ). The important case of a uniform pressure p0 acting on the crack faces, encountered
in the above example of the 3-points bending experiment in saturated conditions, corresponds
to Σ=−p0δ. Note that the model is relevant in the case of edge cracks where the pressure acting
on the crack faces is controlled. While this study focuses on edge cracks, a detailed analysis
dedicated to internal cracks can be found in [8].

1In the classical experimental setup, this is in general the air pressure.
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∂Ω0

F(ℓ)

(Ω)

F+(ℓ)

F−(ℓ)
N

Figure 1. DomainΩwith crack F . The principle of virtual work (25) includes a specific contribution of the crack.

In turn, the part ∂Ω0 of the boundary is split into two parts that are time independent:

∂Ω0 = ∂Ωξ∪∂ΩT .

Surface forces T 0(t ) are prescribed on ∂ΩT and displacements ξ0(t ) are prescribed on ∂Ωξ. Body
forces F (t ) may also be considered. Eventually, in the general case, the mechanical loading L

is defined by the tensor Σ, the prescribed surface forces, displacements and body forces. For
instance, in the 3-points bending experiment, the displacement is prescribed at the two supports
and at the midspan. The surface forces on ∂ΩT are constant and equal to −p0n. The crack faces
are subjected to ±p0N (Σ=−p0δ).

Let us denote by Ψ the (lagrangian) free energy of the skeleton of the porous medium. In
isothermal and quasistatic evolutions, the rate of dissipated energy D taking place in the skeleton,
that is in the solid phase, during crack propagation reads:

D =Pe − Ψ̇≥ 0.

In the above equation, Pe is the mechanical work provided to the skeleton. The expression of Pe

reads:

Pe =
∫
Ω(ℓ)

p φ̇dV +
∫
Ω(ℓ)

F · ξ̇dV +
∫
∂ΩT

T 0 · ξ̇dS +
∫
∂Ωξ

T · ξ̇0 dS +
∫
F (ℓ)

�
ξ̇
� ·Σ ·N dS. (9)

In the above expression, T denotes the surface force acting on ∂Ωξ. It is recalled that the first
term in (9) applies specifically to the saturated case. It is related to the work provided by the
pore pressure applying to the internal solid walls of the porous material (see e.g. [2]). On the
other hand, the last term is particular to the case of loaded crack faces. The rate φ̇ of porosity
change and the velocity ξ̇ are the sum of the contribution of the crack propagation (under steady
loading conditions and steady fluid mass density) and that of the loading and fluid mass density
increment (under constant crack length):

φ̇= ∂φ

∂ℓ |L
ℓ̇+ φ̇|ℓ, ξ̇= ∂ξ

∂ℓ |L
ℓ̇+ ξ̇|ℓ,

�
ξ̇
�= ∂�ξ�

∂ℓ |L
ℓ̇+�

ξ̇
�
|ℓ.

Accordingly, the mechanical power is split into two terms Pe|L and Pe|ℓ . Under steady loading
conditions, the mechanical power is due to crack propagation only:

Pe|L =
(∫
Ω(ℓ)

p
∂φ

∂ℓ |L
dV + ∂Φ

∂ℓ |L

)
ℓ̇
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with

Φ=
∫
Ω(ℓ)

F ·ξdV +
∫
∂ΩT

T 0 ·ξdS +
∫
F (ℓ)

�ξ� ·Σ ·N dS, (10)

whereΦ is the potential of the given loads (see Appendix A for mathematical details).
In turn, at constant crack length, we have:

Pe|ℓ =
∫
Ω(ℓ)

p φ̇|ℓdV +
∫
Ω(ℓ)

F · ξ̇|ℓdV +
∫
∂ΩT

T 0 · ξ̇|ℓdS +
∫
∂Ωξ

T · ξ̇0 dS +
∫
F (ℓ)

�
ξ̇
�
|ℓ ·Σ ·N dS

and the principle of virtual work in its classical form readily yields:

Pe|ℓ =
∫
Ω(ℓ)

p φ̇|ℓdV +
∫
Ω(ℓ)

σ : ε̇|ℓdV.

Similarly, the free energy is the sum of two terms, namely (∂Ψ/∂ℓ)|L ℓ̇ and Ψ̇|ℓ, which correspond
to the contributions of crack propagation and loading increment respectively:

Ψ̇= ∂Ψ

∂ℓ |L
ℓ̇+ Ψ̇|ℓ. (11)

At constant crack length, no dissipation is produced. Therefore, we have:

Ψ̇|ℓ =Pe|ℓ =
∫
Ω(ℓ)

(
σ : ε̇|ℓ+p φ̇|ℓ

)
dV. (12)

The rate of dissipated energy eventually reads:

D =Pe|L − ∂Ψ

∂ℓ |L
ℓ̇=G(L ,ℓ)ℓ̇ with G(L ,ℓ) =

∫
Ω(ℓ)

p
∂φ

∂ℓ |L
dV − ∂(Ψ−Φ)

∂ℓ |L
. (13)

As opposed to the classical situation of a crack propagating in a non porous solid, the presence
of a pressurized fluid in the pore space is responsible for an additional term in the expression of
the driving force G(L ,ℓ) of crack propagation. However, since the dissipation takes place in the
solid phase of the porous material, it seems reasonable to resort to the same kind of criterion for
crack propagation as in the case of a non porous solid (see e.g. [7]). Thus, introducing the critical
energy Gc as a material constant of the porous material, such a criterion would take the form:

G(L ,ℓ) <Gc =⇒ ℓ̇= 0,

G(L ,ℓ) =Gc =⇒ ℓ̇≥ 0.
(14)

Since Gc represents a dissipated energy that takes place in the solid phase, it is expected to
depend on the skeleton only. This means that it should depend on the solid material together
with geometrical properties of the microstructure of the solid phase. This also means that this
material constant is believed to be affected neither by the poromechanical coupling nor by the
fluid at stake.

4. The role of the poromechanical coupling on crack propagation: the 3-points bend-
ing experiment

For illustrative purposes of the above criterion (14), let us again consider the example of crack
propagation in a 3-points bending experiment performed on a notched beam, in which the
experiment is driven by the vertical displacement δ(t ) of the point of force application. The initial
crack length is ℓ0.

As already stated, the experimental setup differs from the usual one in so far as the beam is
immersed in a fluid reservoir at constant pressure p0 (see Figure 2, right-hand side). Therefore,
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L

h

ℓ

p0

p0

Figure 2. 3-points bend beam with edge crack subjected to concentrated load (left: dry experiment; right:
saturated experiment).

while the crack propagates, its faces become subjected to the pressure p0. As already stated, this
situation is accounted for by setting Σ=−p0δ. Accordingly, the functionΦ of (10) reads:

Φ=
∫
∂Ω0

−p0n ·ξdS +
∫
F (ℓ)

�ξ� ·Σ ·N dS

=
∫
∂Ω0

−p0n ·ξdS +
∫
F+(ℓ)

−p0N ·ξ+ dS +
∫
F−(ℓ)

+p0N ·ξ− dS

which means that:

Φ=
∫
∂Ω(ℓ)

−p0n ·ξdS (15)

where n is the unit normal vector to the external boundary. In particular, n = ±N on the crack
faces F±(ℓ).

By definition, the initial stress field σ0 is in equilibrium with the pressure p0 applied on the
initial boundary ∂Ω0 ∪F+(ℓ0)∪F−(ℓ0):(

∂Ω0 ∪F+(ℓ0)∪F−(ℓ0)
)
σ0 ·n =−p0n.

For further use, it will be convenient to note that (see (25)):∫
Ω(ℓ)

σ0 : εdV =
∫
∂Ω0

−p0n ·ξdS +
∫
F (ℓ0)

−p0N · �ξ�dS +
∫
F (ℓ)\F (ℓ0)

�ξ� ·σ0 ·N dS.

The existence of a non homogeneous initial stress field refers to the issue of the effect of residual
stresses on the crack propagation criterion. In order to focus on the role of poromechanical
coupling, we further assume that the initial stress field is uniform, thus being equal to −p0δ.
In this case, the above equation yields: ∫

Ω(ℓ)
σ0 : εdV =Φ.

This identity is in turn introduced into the expression (13) of the driving force, which now takes
the form:

G(L ,ℓ) =
∫
Ω(ℓ)

p
∂φ

∂ℓ |L
dV − ∂

∂ℓ

(∫
Ω(ℓ)

p0B : ε+ 1

2
ε :Cd : ε+ p2 −p2

0

2N
dV

)
|L

. (16)

In the above expression, it is recalled that the notation |L stands for steady loading and steady
fluid mass density conditions.

The analysis is conducted in the two extremal situations as regards the poromechanical
coupling. In the ideal fully drained, the loading rate is sufficiently slow to ensure that the pore
pressure does not change during bending. On the other hand, a fast loading rate prevents fluid
mass transfer within the pore space, which in turn induces an undrained pore pressure change.
Note that the expression (15) is valid under both drained and undrained conditions.
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In view of forthcoming comparisons, it will prove useful to introduce the standard test which is
performed on the same beam but in the absence of pore fluid and without any external pressure
on the boundary of the beam. The stress and strain tensors s and ϵ are related by s =Cd : ϵ. The
loading is defined by the same displacement function δ(t ). These loading conditions define the
so-called reference dry problem, in which the function Φ is equal to 0 and the criterion of crack
propagation involves the following driving force Gdry:

Gdry =− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
ϵ :Cd : ϵdV

)
|L

.

4.1. The drained analysis

Differentiating the state equations (5) with respect to ℓ at constant loading and fluid mass density,
and then using the drained condition p = p0, yields:

p
∂φ

∂ℓ |L
= p0B :

∂ε

∂ℓ |L
+ p0

N

∂p

∂ℓ |L
(17)

and further2 ∫
Ω(ℓ)

p
∂φ

∂ℓ |L
dV = ∂

∂ℓ

(∫
Ω(ℓ)

p0B : ε+ p2 −p2
0

2N
dV

)
|L

. (18)

Introducing (18) into (16) yields

G(L ,ℓ) =− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
ε :Cd : εdV

)
|L

(19)

The pore pressure being uniform and steady (p = p0), the first state equation (5) takes the form
σ = −p0δ+Cd : ε. Owing to the respective boundary conditions of the present fully drained
problem and of the reference dry problem (strain and stress fields ϵ and s), it is readily seen that
σ+p0δ= s and ε= ϵ. Eq. (19) can therefore be rewritten as:

G(L ,ℓ) =− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
ε :Cd : εdV

)
|L

=− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
ϵ :Cd : ϵdV

)
|L

=Gdry. (20)

Recalling the remark at the end of Section 3, this means that the crack propagation in fully drained
conditions should follow the same law as in the dry case. More precisely, the onset of propagation
is expected to occur at the same loading level.

4.2. The undrained analysis

The undrained analysis is a reasonable framework to provide a simplified physical analysis
when the loading rate is high, thus preventing fluid mass transfer to take place. As already
stated (see (8)), the porous material (as a whole) now behaves as a linear elastic material with
stiffness Cu . The pore pressure change is now directly related to the strain εu by (7):

p −p0 =−MB : εu . (21)

We then derive from (5) that:

p
∂φ

∂ℓ |L
= pB :

∂εu

∂ℓ |L
+ p

N

∂p

∂ℓ |L
and from (21):

p
∂φ

∂ℓ |L
= p0B :

∂εu

∂ℓ |L
− ∂

∂ℓ

(
1

2
εu : MB ⊗B : εu

)
|L

+ ∂

∂ℓ

(
p2

2N

)
|L

.

2Note that the order of implementation of the derivation operator ∂
∂ℓ |L and integration operator

∫
Ω(ℓ) can be

reversed. In contrast, as regards the integration operator
∫
∂Ω(ℓ), a more precise insight is due (see Appendix A).
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The above identity is finally introduced into (16):

Gu(L ,ℓ) =− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
εu :Cu : εu dV

)
|L

. (22)

As opposed to the dry case, or to the drained case, the expression of the driving force now involves
the undrained stiffness tensor defined at (8). Furthermore, the strain field εu is now equal to the
strain field ϵu that is encountered in dry conditions when the stiffness tensor is Cu :

Gu(L ,ℓ) =− ∂

∂ℓ

(∫
Ω(ℓ)

1

2
ϵu :Cu : ϵu dV

)
|L

. (23)

In other words, the undrained driving force is formally identical to the driving force in the dry
experiment, except for the fact that the undrained stiffness tensor replaces the drained stiffness
tensor.

5. Discussion and concluding remarks

As already stated, the main practical conclusion that can be drawn from (20) and (23) is that
the driving forces of propagation respectively in drained and undrained conditions, for the
same porous material and the same loading level (same value of the displacement δ) are in fact
different. In each case, the driving force corresponds to the energy release rate in a specific dry
experiment. In the drained case, the porous material should be replaced by a non porous material
with stiffness tensorCd . In turn, in undrained conditions, the porous material should be replaced
by a non porous material with stiffness tensor Cu .

Let us now focus on the onset of propagation which is reached when the driving force is equal
to the critical threshold Gc (see (14)). Let δd (resp. δu) denote the critical displacement that
induces the onset of crack propagation in drained (resp. undrained) conditions, the initial length
being ℓ0. Accordingly, let qα denote the corresponding line load thresholds (α = u,d). With the
notations and developments of Appendix B, it is found that:

− 1

2h
C ′
α(ℓ̃0)δ2

α =Gc (α= u,d).

From the proportionality rule (30), it can be concluded that

δα∝
(

Eα
1−ν2

α

)−1/2

, qα∝
(

Eα
1−ν2

α

)+1/2

,

or

δu

δd
= qd

qu
=

√√√√Ed

Eu

1−ν2
u

1−ν2
d

.

This result highlights the fact that propagation thresholds, either in terms of displacement or
forces, can be strongly dependent on the assumption concerning the fluid transfer that controls
the intensity of the poromechanical coupling.

It should be noticed that the previous developments in the undrained regime are based on the
assumption that the state equations (7) and (8) remain valid. In the case of a strong decrease of
the pore pressure, this however becomes questionable if it reaches the threshold of the saturated
vapour pressure. At this stage, a phase transition can take place and the fluid state equations
must be reconsidered [8]. Still, the validity of the above conclusions is preserved if a metastable
state takes place instead of a phase transition.
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Appendix A.

Consider a stress field Σ meeting the momentum balance condition divΣ = 0. The purpose of
this section is to establish the identity:∫

∂Ω(ℓ)

∂

∂ℓ
(ξ) ·Σ ·n dS = ∂

∂ℓ

(∫
∂Ω(ℓ)

ξ ·Σ ·n dS

)
. (24)

This result is used in the paper in the particular case of a uniform stress field Σ.
To do so, let us first consider a domainΩwith external boundary ∂Ω0 (outwards oriented unit

normal n), comprising a crack F . It is useful to introduce the “upper” and “lower” crack lips F±

and the unit normal N oriented from F+ towards F−. Accordingly, we have ∂Ω= ∂Ω0∪F+∪F−.
Besides, the presence of a crack implies a possible discontinuity of the displacement field ξ

which must be accounted for when applying the principle of virtual work. The displacement
field is ξ± on F± and the displacement jump is �ξ� = ξ+−ξ−:∫

Ω
Σ : gradξdV =

∫
Ω
Σ : εdV =

∫
∂Ω0

ξ ·Σ ·n dS +
∫
F
�ξ� ·Σ ·N dS. (25)

The right-hand side in (24) is put in the incremental form:

∆= 1

dℓ

(∫
∂Ω(ℓ+dℓ)

ξ(ℓ+dℓ) ·Σ ·n dS −
∫
∂Ω(ℓ)

ξ(ℓ) ·Σ ·n dS

)
.

Owing to the incremental propagation, it is convenient to split F (ℓ+dℓ) in the form:

F (ℓ+dℓ) =F (ℓ)+Γ(dℓ)

where Γ(dℓ) represents the crack increment of length dℓ. Let us now use (25) twice. One obtains:∫
∂Ω(ℓ)

ξ(ℓ) ·Σ ·n dS =
∫
Ω(ℓ)

Σ : ε(ℓ)dV −
∫
F (ℓ)

�
ξ(ℓ)

� ·Σ ·N dS

as well as:∫
∂Ω(ℓ+dℓ)

ξ(ℓ+dℓ) ·Σ ·n dS =
∫
Ω(ℓ+dℓ)

Σ : ε(ℓ+dℓ)dV −
∫
F (ℓ+dℓ)

�
ξ(ℓ+dℓ)

� ·Σ ·N dS.

Let us now combine these two equations. First, we note that the volume integrals can be taken
either on Ω(ℓ) or on Ω(ℓ+ dℓ). Indeed, the crack being a two-dimensional geometric object,
its presence in the domains Ω(ℓ) or Ω(ℓ+dℓ) does not affect the result of a volume integral. It
follows, by difference, that:

∆=
∫
Ω(ℓ)

Σ :
1

dℓ

(
ε(ℓ+dℓ)−ε(ℓ)

)
dV −

∫
F (ℓ)

1

dℓ

(�
ξ(ℓ+dℓ)

�−�
ξ(ℓ)

�) ·Σ ·N dS

− 1

dℓ

∫
Γ(dℓ)

�
ξ(ℓ+dℓ)

� ·Σ ·N dS. (26)

It remains to take the limit dℓ→ 0 in the above equation. By definition of ∆, this yields:

∂

∂ℓ

(∫
∂Ω(ℓ)

ξ ·Σ ·n dS

)
=

∫
Ω(ℓ)

Σ :
∂ε

∂ℓ
dV −

∫
F (ℓ)

∂�ξ�
∂ℓ

·Σ ·N dS− lim
dℓ→0

(
1

dℓ

∫
Γ(dℓ)

�
ξ(ℓ+dℓ)

� ·Σ ·N dS

)
.

We have two things left to do. First, we have to notice that:

∂

∂ℓ
(gradξ) = grad

(
∂ξ

∂ℓ

)
,

∂�ξ�
∂ℓ

=
�
∂ξ

∂ℓ

�
.
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The second remark refers to the order of magnitude of the displacement jump on Γ(dℓ), and
namely that

∣∣�ξ(ℓ+dℓ)
�∣∣=p

dℓ. This allows to conclude that:

lim
dℓ→0

(
1

dℓ

∫
Γ(dℓ)

�
ξ(ℓ+dℓ)

� ·Σ ·N dS

)
= 0.

We have established that:
∂

∂ℓ

(∫
∂Ω(ℓ)

ξ ·Σ ·n dS

)
=

∫
Ω(ℓ)

Σ : grad
(
∂ξ

∂ℓ

)
dV −

∫
F (ℓ)

�
∂ξ

∂ℓ

�
·Σ ·N dS.

One last application of (25) with ∂ξ
∂ℓ instead of ξ in the right-hand side of the above equation

eventually proves the validity of (24).

Appendix B.

Consider an isotropic linear elastic material (Young’s modulus E , Poisson’s ratio ν). The stress
intensity factor in the dry 3-points bending experiment is given in [9] in the form (see Figure 2 for
notations):

K =σ
p
πℓg (ℓ/h), σ= 3L

2h2 q, (27)

where q denotes the line load applied at the midspan in order to achieve the prescribed displace-
ment δ. We introduce the dimensionless numbers e = L/h and ℓ̃= ℓ/h.

The ratio q/δ is a constant that can be interpreted as the effective stiffness coefficient of the
structure C (ℓ̃). In the dry experiment, the elastic energy W stored in the beam per unit length
of thickness is 1

2 qδ and accordingly, the potential energy is Wp = W = 1
2 C (ℓ̃)δ2. Eventually, the

energy release rate −∂Wp /∂ℓ is − 1
2h C ′(ℓ̃)δ2 and is related to the stress intensity factor by Irwin’s

formula (plane strain conditions):

−∂Wp

∂ℓ
=− 1

2h
C ′(ℓ̃)δ2 = 1−ν2

E
K 2

which can be put in the form:
d

dℓ̃

(
1

C

)
=λ1−ν2

E
γ(ℓ̃)

with λ= 9π
2 e2 and γ(ℓ̃) = ℓ̃g 2(ℓ̃). Then, by integration with respect to ℓ̃:

1

C (ℓ̃)
= 1

C (ℓ̃0)
+λ1−ν2

E

∫ ℓ̃

ℓ̃0

γ(α)dα (28)

where ℓ̃0 corresponds to any reference length. Interestingly, in the limit case ℓ̃0 → 0, the
elastic compliance 1/C (0) can be approximated by the one dimensional theory of elastic beams,
provided that the slenderness ratio e is high enough. Under plain strain conditions, it is found
that:

e ≫ 1 =⇒ lim
ℓ̃0→0

1/C (ℓ̃0) = 1/C1D = 1−ν2

E

e3

4
. (29)

In this framework, it can be concluded (from (29) together with (28)) that the effective stiffness
coefficients C (0) and C (ℓ̃) are proportional to E/(1−ν2). This conclusion also applies to the
energy release rate.

As expected, when the slenderness ratio decreases, the above approximation (29) of the elastic
compliance 1/C (0) becomes inaccurate. However, as shown in Figure 3, the ratio C1D /C (0)
proves to remain almost independent of the Poisson’s ratio. This implies that the proportionality
rule of C (0) and C (ℓ̃) with respect to E/(1−ν2) still remains essentially valid:

C (ℓ̃) ∝ E

1−ν2 . (30)
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Figure 3. 3-points bending test: comparison of the numerical estimate by FEM of the compliance C (0) with the
one-dimensional estimate as a function of the slenderness ratio e for two different values of the Poisson’s ratio
(ν= 0 and ν= 0.4).
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