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1. Introduction
1.1. State of the art

Computational homogenization provides the macroscopic constitutive response of a heteroge-
neous material from the resolution of a homogenization boundary value problem defined on a
Representative Volume Element (RVE) of its microstructure. Among numerical methods used
to solve the homogenization problem, methods based on the Green function and Fast Fourier
Transform (FFT), introduced 30 years ago by Moulinec & Suquet [1,2], have become popular (see
reviews [3,4]). The efficiency of these Green function based methods results from the combina-
tion of a matrix-free implementation made possible by the uniform discretization grid, the cheap
evaluation of the Green operator in the Fourier space using FFT, and the favorable spectrum of
the discretized system of equations.

The efficiency of Green function based methods has been improved by the introduction of
more efficient iterative solvers than the historical Picard iterations [5-9]. In the meantime, these
methods have been recast in a Galerkin approximation framework, either based on the Hashin-
Shtrikman variational formulation [6,10,11] or on the classical weak formulation which allows to
reuse all the FEM technology at no compromise on efficiency [12-15].

One of the drawbacks of the initial method of Moulinec & Suquet [1,2] is the presence of spuri-
ous oscillations, or ringing artifacts, in solution fields. These result from Gibbs phenomena due to
the trigonometric collocation method. Oscillations can be suppressed by resorting to alternative
discretization strategies leading to energetically consistent or filtered Green operators [6,10,16].
Unfortunately, these have a higher computational cost, introduce a dependence of the results on
the choice of a reference medium, and loose the rigorous status of projector at the heart of the
variational formulation of [12,14,15]. Another way to remedy oscillations is the reinterpretation
in the Fourier space of discrete differential operators used in finite difference methods [17,18]. A
suppression of oscillations by this strategy is not systematically achieved, but is possible at the
expense of the introduction of staggered grid [19], or of a numerical diffusion of the fields due to
the inconsistent treatment of first and second order derivatives [20-22].

More recently, a finite element method (FEM) discretization on a regular grid opened a new
way to remove ringing artifacts [23-25]. This strategy has been extended to voxel meshing by a
periodic pattern or higher order finite elements by Leute et al. [26]. Ladecky et al. [27] interpret
the use of a FEM based Green operator as a geometrically optimal preconditioner. Besides, they
show that bounds on the eigenvalues of the preconditioned system of equations are independent
on discretization, which partly explains the efficiency of the resolution by Green preconditioned
Krylov solvers.

Ayetlong-standing drawback of these methods is the need to use a regular discretization grid,
with no possibility to refine the grid in regions of high solution gradients. Further, the voxel struc-
ture does not allow for a boundary-conforming discretization. It introduces a loss of accuracy
and artifacts near boundaries between material phases, and compromises the potential accu-
racy gains of higher-order FEM discretizations. These limitations have been addressed recently
by the enrichment of the discretization space at boundaries using X-FEM [28]. We investigate a
different idea here, elaborating on the framework of grid transformation investigated by [29-32].

Zecevic et al. [29] and Bellis & Ferrier [30] independently suggested to transform the uniform
grid into an arbitrary periodic structured grid. For large strain computations, Zecevic et al. [29]
distinguish three grid configurations: a reference uniform grid, an initial structured grid and a
current structured grid. The motivation is to ensure a better discretization of curved boundaries.
The mechanical problem is solved in the current configuration, while the reference grid is used
only for the efficient application of the Green operator using FFT. To do so, a linearly viscous ref-
erence heterogeneous medium is defined in the current configuration, such that the reference
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problem becomes homogeneous once transformed to the reference configuration. Investigated
applications include a circular inclusion for which an algebraical conformal displacement field
is applied to the grid, and a Cu-Nb laminate composite with slightly curved interfaces repre-
sented by sinusoids, for which the conformal displacement at every voxel is obtained by linear
interpolation of the sinusoidal interface displacements. For the circular inclusion problem, spu-
rious stress concentrations are observed at the inclusion boundary due to the inaccuracy of the
discretization of the microstructure on a uniform grid. On a boundary-conforming transformed
grid, these artifacts disappear and the numerical solution is very close to the analytical solution.

Bellis & Ferrier [30] show that the homogenization problem defined in the structured physical
grid can be transported to a uniform computational grid where Green preconditioning is applied.
The transformed problem features transformed constitutive models and loading parameters, but
can be handled by Fourier-based methods with minor modifications. Bellis & Ferrier [30] investi-
gated optimal transport theory to control node density in regions of interest, generating a smooth
grid transformation, yet not boundary-conforming. Numerical solutions on adapted grids, as
compared to ones on uniform grids with the same number of degrees of freedom, reduce the
error on the effective properties. Further, solution fields are qualitatively more satisfying fields,
with less oscillations, and with discontinuities being better captured. However, since the grid
adaptation modifies the transformed constitutive models, the contrast in transported material
properties is usually higher than before transformation, which results in a less favorable eigen-
value spectrum and a greater number of iterations to convergence of the iterative solver. Fur-
ther, numerical experiments relied on the truncated Fourier series discretization, which prohibits
the use of non-smooth transforms generally required to conform to boundaries. Santos-Gliemes
et al. [31] investigated an analytical transformation of the uniform grid to increase node density
around non-singular dislocations. Increasing the number of nodes in the dislocation core region,
while keeping a constant total number of grid nodes, reduces fluctuations in the stress fields.

Very recently, Zecevic et al. [32] introduced a method for the generation of boundary-
conforming grids. The transformation of the grid is obtained by solving a discrete system of dif-
ferential equations [33]. Boundary nodes in the uniform grid are first projected on actual bound-
aries between material phases. The grid is then considered as a spring network, and the stiff-
ness of the springs parametrized as a function of the distance to boundary nodes. The boundary-
conforming grid adaptation is achieved by iterating on two steps: mechanical equilibrium of the
spring system and projection of boundary nodes on actual boundaries. The method was suc-
cessfully applied to a variety of microstructure morphologies. As the ratio of stiffness between
boundary or interior nodes increases, the density of nodes near boundary increases, and cells are
more distorted. As a result, mechanical fields are generally smoother and closer to the reference
high-resolution solutions. Numerical experiments indicate that the number of iterations of the
FFT-based solver is generally but not systematically increased with the amount of grid distortion,
which is quantified by the standard deviation of the Jacobian of the grid transformation.

1.2. Contributions

The present work focuses on the following objectives:

(1) introduce a transparent framework for grid adaptation using finite element discretization
with isoparametric transformation of elements;

(2) provide bounds on the effective spectrum of eigenvalues of the linear operator obtained
from the discretization of the problem on a transformed grid, with preconditioning by
the Green function;

(3) investigate the effect of boundary-conforming grid adaptation on the quality of the
numerical solution and on the number of iterations of the linear solver.
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We show how finite element discretization on regular grids [24-27] in combination with isopara-
metric element transformation provides a natural framework for formulating the grid adaptation
technique. Spatial convergence estimates of FEM elucidate the impact of boundary-conforming
grid adaptation. The rate of convergence of a FEM solution u;, to the exact weak solution u de-
pends on the smoothness of the latter [34,35]. In the case of a smooth stiffness field, the solu-
tion u is in H? on the whole domain and thus u;, converges to u in the energy norm with the
rate h. In the case of a discontinuous and piecewise constant stiffness field on subdomains with
C?-smooth boundaries, the solution u is not in H2, but the numerical solution u;, obtained from
boundary-conforming grid still converges to u with the same rate. Then, first order Lagrange
FEM with boundary-conforming elements yields /! convergence of uy, to u in H? norm, and h?
convergence of the homogenized stiffness. Although any C?-smooth boundary cannot be ap-
proximated by linear elements, this convergence rate is preserved for its piecewise linear approx-
imation (or perturbation boundary) [36]. If the mesh does not conform to the boundary, as for
uniform grids, the rate of convergence of uy, to u can drop to /2, and that of the homogenized
stiffness to k' [35,37]. Similarly, an h' spatial convergence of the homogenized properties has
been observed for different types of FFT-based methods on uniform grids, see e.g. [10,19,38,39].

The numerical examples focus on a single grid adaptation strategy: only the nodes closest
to the boundaries are projected on the boundaries. This choice departs from transforming all
voxels [29,30], which can generate unfavorable eigenvalue spectrum when used together with
Green preconditioning. Alternative and promising grid adaptation strategies [32,40] can be de-
vised within the present framework, but fall outside scope of paper for the sake of conciseness.
The resulting grid transformation is localized and non-smooth. This prohibits the use of trun-
cated Fourier series discretizations or alternatives based on centered or staggered finite differ-
ences, but it is well-suited for finite element discretization. In particular, elements with sev-
eral nodes projected on a boundary may undergo a change of shape. For example, conform-
ing to boundary may require that some quadrangular elements have three nodes projected on
the same line, and are thus transformed to triangles. Similarly, hexahedral elements with seven
nodes projected on the same plane are transformed to tetrahedrons. This feature is shared with
the boundary-conforming grid transformation investigated in [32]. The discretization scheme
by [18], equivalent to hexahedral finite elements with reduced integration [24], is used in [32] to
capture this feature. On the contrary, the types of grid transformation investigated in [30,31] are
not exactly boundary-conforming: although large element transformation can arise due to node
densification near boundaries, the shape of voxels is not modified.

The article is organized as follows. Section 2 recalls the principles of the FEM discretization
of the homogenization problem on uniform grids, and introduces its straightforward extension
to transformed, structured grids. Section 3 presents the resolution of the discretized problem
using the preconditioned conjugate gradient, with the Green function on a uniform grid as
the preconditioner inverse. Bounds on the spectrum of eigenvalues of the preconditioned
system obtained with Green preconditioning and grid adaptation are provided to quantify the
effect of the localized node relocation. Section 4 details the implementation of the method.
Section 5 provides numerical investigations on the accuracy and efficiency of the numerical
scheme for both simple examples with analytical solutions and a more complex one with a
random microstructure.

Notations. Scalars are denoted a, first order tensors a, second-order tensors A and fourth order
tensors A (or I'). The double dot product of two second-order tensors Aand B is A: B = A;;Bj;.
In discretized systems of equations, a vector of variables is denoted a and a matrix A. A tuple of
d values is denoted a or A and a +b, a—Db, ab, a/b denote element-wise operations.
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2. Finite element discretization of homogenization problems on structured grids

A periodic unit-cell Q of the material occupies the d-dimensional real space R? (d = 2, 3). The
unit-cell is denoted by Q = [0,L;] x --- x [0,L4] where L; > 0 are the side lengths of Q. Let
V= {u e HY(Q) | Q-periodic, u = 0} stand for the set of periodic, first-order vector fields with null
average over the RVE Q belonging to the first order Sobolev space H' (Q2). The volume average of
afield f over Q is denoted:

— 1
fzﬁfﬂfdx. M

The set Lgym (Q2) denotes the space of symmetric second-order tensor fields, which are Q-periodic

and square integrable over Q.

2.1. Homogenization problem

The homogenization problem for small strain linear elasticity consists in finding a microscopic
fluctuation displacement field u € 7 and a Cauchy stress field o € Lgym(Q) such that

dive =0 in Q,

o=C:e in Q, 2

€e=E+V"u inQ,
where € € Lgym (Q) is the linearized strain, and E the macroscopic strain. The stiffness tensor
field C is heterogeneous. The homogenization problem (2) can be reformulated as: find u € 7
such that

Ku=fr where K=-divC:V¥™ and fg=divC:E. 3)

The weak formulation of problem (3) is

YveV, fvsymv:C:(E+Vsymu)dx=0. 4)
Q
Problem (3) will be compared to a reference problem: find # € 7 such that
Kou=f where Ky=-divCy: V™. (5)

In the above reference problem, Cy is a uniform reference stiffness and f an arbitrary body
force field satistfying f = 0. The solution to the reference problem (5) is formally expressed as
a convolution with the Green function G

u=Go*f where Go=K;'. (6)

After suitable discretization, the Green function can be represented by a matrix and will be used
as a preconditioner to solve the homogenization problem (2).

2.2. Finite element discretization on uniform grids

The finite element discretization is first presented on uniform grids, i.e. without grid adaptation.
The presentation is adapted from [24,26,27], with a focus on details suitable for an operator
based implementation and Green preconditioning. The modifications required to account for
grid adaptation are presented separately in Section 2.3.

To avoid proliferation of notations, the presentation is restricted to grids made up of periodic
patterns comprising either:

« a single first order tensor product Lagrange finite element Q; [41], i.e. a quadrangular
(d = 2) or hexahedral (d = 3) element;
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» several first order simplicial Lagrange finite elements P; [41], i.e. triangular (d = 2) or
tetrahedral (d = 3) elements.

For a generalization to periodic patterns made up of several elements of order k, the reader is
referred to [27].

Periodic pattern. The unit cell Q can be decomposed in periodic reproductions &, of a reference

pattern £, identified to Zg,.. ). The Cartesian indexp € #(N) = {0,...,N; — 1} x--- x{0,..., Ny —1}
denotes the pattern position in the grid. The grid consists in N = Ny x -+ x Ny patterns.

s=1(0,1) s=(1,1) s=(0,1) s=(1,1) s=(0,1) s=(1,1)

up Up+(1,0)
§=1(0,0) s=(1,0)

(a) 1 quadrangular Q; element with
4 quadrature points (N, =1, Ng=4)

Up+o)

up Up-+(1,0)
§=1(0,0) s=(1,0)

(b) 1 quadrangular Q; element with
1 quadrature point (N =1, Ng=1)

up+o,1) P

up Up+(1,0)
$=1(0,0) s=(1,0)

(c) 2 triangular P; elements and 2
quadrature points (N =2, Ng=2)

Figure 1. Finite element discretization: examples of pattern 2%, made up of one quadrangular Q; element with
(@ Ng =4 quadrature points, (b) Ng=1 quadrature point, or (c) two triangular P; elements and Ng=2 quadrature
points.

The reference pattern features N, reference elements &¢, where e € {1,..., N,} is the element
index in the pattern, see Figure 1. Nodes of the reference pattern are separated in two types.
There is a fundamental node at position y” = 0 € 22. There also are periodic reproductions of
the fundamental node y” by translations sh where shifts s € S = {0,1} and h is the stride of
the pattern (equivalent to pixel/voxel edge lengths). There are N; quadrature points at positions
y? €2 where g € {1,..., Ny} is the quadrature point index in the pattern.

The periodic reproduction in pattern &, of the reference node are x; = y" + ph and similarly
for quadrature points. There are N, nodes, N, N, elements and N, N, quadrature points in the
grid. Nodal values of the displacement are denoted u,, = u(x{}) and can be assembled in a vector
of degrees of freedom u = {up}pe s containing d Ny, scalars. Similarly, stress at quadrature points
are denoted O'Z = a(xg) and assembled in a vector o = {(rg}pey(m,qe{leq} containing d« Ny Ny
scalars where d.. = d(d +1)/2.

Periodic shifts. Periodic shifts s € Z¢ of Cartesian grid indices are introduced to refer to a pattern
Pp+s relatively to a pattern &,. The sum p + s must be understood in a periodic way, i.e. p+ s
is a shorthand notation for (p + s) %N, which belongs to .#(N), where % is the element-wise
modulo operator. In particular if s € {-1,0, 119\ {0,...,0, the pattern &5 or one of its periodic
reproduction is adjacent to 2%,. These shifts will be used to define discrete differential operators.

Interpolation. At a point y of the reference element &€, displacements are interpolated from
nodal values by interpolation functions ¢¢ such that ¢<(y" + rh) = 1 if r = s else 0 for all shifts
r,s € S. At a point x of an element &¢, the displacements are interpolated as:

u(x)=) upsps(y) where y=x-phe&®, Q)

seS
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where &° is a reference element. The gradient of the displacement is defined in the interior of the
element &7 as:

Vu(x) =) up.s ® VPS (). ®)

s€eS
Discrete gradient. The gradient of displacement at quadrature points xg in &¢ is then

Vui =) upes®BJ where BJ=VoS(y)). ©)
s€eS

All gradients at quadrature points are gathered in a vector Vu = {Vug tpe.s ), gell,...Ny} of size

dszNq. The discrete gradient operator B of size dszNq x dNp, obtained by assembly of

the BY, is defined such that Vu = Bu. Similarly, the operator B of size d. NyNy x dN, of the

symmetric gradient is such that VY™ u = Bu.

Discrete divergence. The divergence is the negative value of the adjoint of the gradient operator,
by the application of the Gauss theorem:

Yuev, fVu:adxz—f udivo dx. (10)
Q Q
The discrete approximation by Gauss quadrature of the Lh.s. of (10) is for any test function u

interpolated from test nodal values u:
Ng
fVu:adxz Z quVug:O'g, (11)
Q pe.£(N) g=1
where w; are quadrature weights and Vug is defined in (9). Then Vug : O'g = Upys 0';’ -BJ by
symmetry of cg . Reorganization of the sum on p by the shifted Cartesian index p’ = p + s yields

Ng
YooY wg ) uy- Ugus Bl=- Y uy - divoy, 12)
pesM) =1  se8 pesM)

where one defines, by identification with the r.h.s. of (10):

Ng
divop =) wy diVO'g where diVO'g == O'g_s -BJ. (13)
q=1 s€es

The contribution of neighboring quadrature points ¢ to the divergence div oy, at the fundamental
node of pattern p is div 0';7 . Itis the counterpart of Vug defined in (9). Finally, gathering in a vector
divo = {divoplpe sy Of size d Ny, the discrete divergence operator (for symmetric second order
tensors) stemming from the finite element discretization is —-BTW such that dive = -B"Wo,
where W is a diagonal d. N, N4 x d« N, N; matrix built from the quadrature weights w;.

Discrete problem. The weak formulation (4) of the homogenization problem (2), combined with
the finite element discretization and Gauss quadrature approximation (11) leads to the discrete
version of (3):

Ku=fg where K=BTWCB and fg=-BTWCE, 14)
where C is the d. N, N, x d. N, Ny block-diagonal matrix containing the stiffness at quadrature

points, K is the d N, x dN, stiffness matrix, E is the d. N, N, vector built from the uniform the
macroscopic strain E and fg the vector of generalized forces.
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2.3. Finite element discretization on structured grids

Grid transformation. The geometrical transformation from the uniform grid to the structured
grid is performed by the mapping x = ®(%) from the computational domain Q to the physical
domain Q, see Figure 2. The mapping displacement is #g(X) = ®(X) — X. This displacement
belongs to H'(Q) and is Q-periodic. The fluctuation displacement u(x) in the physical domain is
mapped from #(x) = u(@(%)) in Q. The displacement # € 77, defined as 7 with the modification
Joudx=0. The gradient of the displacement Vu = 0u/0x in the physical domain € is related to
the gradient Vit = 01/0% in the computational domain Q by chain rule

~_ Ou -
V= Fr =Vu-F where F=V®; J=det(F). (15)

The weak formulation (4) of the homogenization problem in the physical domain Q is pulled
back to the reference domain Q:

Ve, f sym(V-F ) :C: (E+sym(Vai- F~1))Jdx = 0. (16)
Q
reference domain physical domain
o — e o0
x x

Figure 2. Transformation of a reference uniform grid to a boundary-conforming grid by a mapping x = ®(%).

Isoparametric transformation. We restrict the presentation to an isoparametric transformation
of the uniform grid [41]. Each node %" € Q of the uniform grid is transported at its physical
position x5 =X + 1’[&;(}3& The periodic nodal mapping displacements are stored in a vector uep.
A point ¥ in the element &7 is transported at x in the element &7 by interpolation as in (7)

x=%+UpE) =%+ ) (Up)p+spS(y) where y=X-pheé®. 17
ses

The transformation gradient at quadrature point is obtained from Vig = Bug following the
definition of the discrete gradient operator (9) on the uniform grid as

Fo =1+ (Vug). (18)
The fluctuation displacement u is interpolated from nodal values u in the computational grid by

u(x) =X =) Up+sp2(y) where y=X-pheé&®. (19)

s€S
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Eventually, at quadrature points xg = %g + ﬁ&;(ig ), the gradient of the displacement follows
from (15) as

(Vu)d =V - (F) ™, (20)

where Vii = Bui from 9).

Transformed discrete problem. The Gauss quadrature approximation (11) of the pulled-back
weak formulation (16) leads to the discrete version of (3) for a transformed grid

Kii=fg where K= B"WCB and fp= -BTWCE, (21)

where W is the dszNq x dZNqu diagonal matrix built from the same quadrature weights w,
as for a uniform grid. Note that a quadrature approximation which is exact on the uniform grid
(for example N4 =8 on a trilinear hexahedral element) can result in an inexact integration on the
transformed grid.

In (21), Cis the dsz Ny x d? Ny N4 block diagonal matrix built from the pulled-back stiffness
tensor C defined as [30]:

t]k! = ]F szkq qg ’ (22)
where F and J = det(F) are obtained at each Gauss integration point from (18). The fourth order
tensor C is positive definite, possesses the major symmetry but not the minor symmetries, and is
expressed in the Voigt notation as a d? x d? matrix.

The r.h.s. is formally constructed in (21) from the pulled-back stiffness and the pulled-back
macroscopic strain E defined at quadrature points as the second order tensor

E" E-F. (23)

The strain E is neither symmetric nor uniform. In practice, the explicit computation of C and E
can be avoided by using an operator based implementation as detailed in Section 4.

2.4. Differential operators and Green function in the Fourier space

Discrete Fourier Transform (DFT). The DFT of the array u at Fourier index k € .# (N) is defined
by:
. 1
Ux=— ) upexp(—i27k-p/N). (24)
Np vz
In practice, symmetry properties of the real-to-complex DFT allow restricting the set of Fourier
indices to S (N) ={0,..., Ny +2} x {0, ..., Ny — 1}[ x{0, ..., N3 — 1}] where + denotes integer division.

DFT of discrete gradient. From (9), the DFT of the array of discrete gradient {Vug tpesay is

consequently

—~ 1

Vuz Y ) upas ® B exp(—127k - p/N). (25)
N, P pe.# (N)s€8
Application of the DFT shift theorem on Cartesian index p for shift s leads to the expression of
the discrete gradient in the Fourier domain:

ﬁjfz =Ux® lfz and lEk Z Bq exp(12nks/N). (26)
s€S

By direct analogy with the continuous Fourier transform, the interpretation of ffz is the discrete

wave vector associated to the discrete gradient Vug defined in (9).

IDepending on the programming language, the convention for memory order of multi-dimensional arrays can
change, and division by 2 can be on the first or last dimension.



10 Frangois Bignonnet et al.

DFT of discrete divergence. Similarly, the DFT of the array divo defined in (13) is
— Nq —_— — —
divoy= Y wydivoy where divoy =67 - 1) 27
q=1
where Ez is the complex conjugate of the discrete wave vector EZ defined in (26).

Discrete Green function. In the reference problem (5), the heterogeneous material properties C
are replaced by a homogeneous one Cy. The discretization leads to the reference stiffness matrix

Ko =BTWC,B. (28)
By construction, K is block-circulant, and its DFT is derived from the discrete wave vectors

defined in (26). The discrete Green operator G is the (pseudo-)inverse of K, see (6). The DFT of
the discrete Green function can then be computed as follows.

DFT of discrete Green function. Let the nodal force vector fy = Kqu. From the expression of
the DFT of the discrete differential operators (26) and (27), the DFT of K operates diagonally at
Fourier index k as

Ny _ e
f()k = K(]Uk = - Z Wgq (CO . (ak ® lfg)) : lfz = KOk 'ﬁk’ 29)
q=1

where I/(\Ok is the acoustic tensor defined by
o~ Nq —=q
Kok = Y wq(&x-Co-&). (30)
g=1
When Cy is isotropic with Lamé parameters (Ao, L),
49 49 49 49
& Co-&f = A& ®&] + 0y & T+8&] @ &y). 62
The DFT of the discrete Green function is then the real and symmetric second order tensor

Qk:ﬁ);l ifk # (0,...,0) else 0, 32)

such that iy = C\okaok.
When N; =1 (e.g., Q1 type finite elements with reduced integration [18,24]), the inverse of the
acoustic tensor Koy is known analytically from the discrete wave vector &, = 511< as

G, = 1 _ Ao+po &x®éx
BT ol &2 Ao+ 2u0 €12

and &, ® &, is real and symmetric. Otherwise, the inversion of a system of d linear equations must
be carried out numerically at each Fourier index k € . (N).

if &, #0else 0, (33)

3. Fast iterative solvers with Green preconditioning
3.1. Preconditioned conjugate gradient method

The homogenization problem discretized on either the uniform or transformed grid leads to
the stiffness matrices K (14) or K (21) which are symmetric and positive semi-definite. Modes
with eigenvalue zero correspond to rigid body translations, and are not present in the right-hand
side. The problems (14) or (21) can thus be solved using conjugate gradient (CG) [42-44], see
e.g. [5,8,19,45], or fast gradient solvers [9,46].

To simplify the discussion of this subsection, K denotes indifferently the stiffness matrix on
the uniform or transformed grid in what follows. The eigenvalue spectrum of K is spread, non
clustered, and the condition number increases quadratically with grid refinement [41], so that
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the preconditioned conjugate gradient (PCG) is recommended over CG [47]. The preconditioner
should be a matrix M sufficiently close to K to improve convergence, yet easily invertible in
the row space of K. Green preconditioning refers to the choice M = K, defined by (28), whose
pseudo-inverse in the row space of K is the discrete Green function G.

The convergence of PCG is governed by the eigenvalue spectrum of the preconditioned system
together with the distribution of the modal coordinates of the initial residual. Let A; and z;
be the i eigenvalue and eigenvector of the generalized eigenvalue problem for matrix K with
preconditioner K (restricted to the subspace orthogonal to the shared kernel of K and Kj), i.e.
Kz; = 1;Koz;. Eigenvectors are normalized such that zl.TKoz j = 6ij. The modal weight of the
initial residual r© = fg — Ku© is defined as

B (r(O) . zi)Z
w; = PP
The initial residual is equal to the r.h.s. fg for the initial guess u® = 0. At the k-th iteration of the
PCG, the error on the solution u of the iterate u'® is
dn,

p
u® —ulig = [¢® =Y wi [P(k)(/li)]Z’ (35)
i=1

(34)

where P (1) is the polynomial of degree k satisfying P*) (0) = 1 which has the least value of the
above error function [48-50]. Then convergence of PCG depends on the:

e condition number x = Aax/ Amin;
¢ clustering of eigenvalues with non negligible modal weights of the first residual.

Throughout the paper, the iterative solution is computed with the PCG and the first residual r®
is set equal to the r.h.s. vector. Iterations are run until the (too) stringent stopping criterion
Ir®lg, <10710r@| g, is met. The preconditioner norm of the residual |[r'®|g, is required by
the PCG algorithm to update the search direction, thus comes at no overhead. It is used as a
proxy for the inverse operator norm || ¢ k-1 appearing in (35).

3.2. Green preconditioning on uniform or structured computational grids

General results. FFT-based methods draw a large part of their efficiency from Green (or Lapla-
cian) preconditioning [27]. The principle of Green preconditioning is to use the solution to the
problem (5) defined with a uniform reference medium to precondition the homogenization prob-
lem (2). The eigenvalues of the Green preconditioned operator have been analyzed by [51-54] for
scalar elliptic problems of the type divcVu where c is a heterogeneous field of scalar material
properties. For a FEM discretization and preconditioning by the inverse of divcyV, with ¢; a field
of reference material properties, the preconditioned discrete operator eigenvalues are contained
in intervals built from the inf and sup of c(x)/cy(x) in the supports of the conforming finite ele-
ment basis functions. The approach was extended to elliptic problems with vector primal vari-
able u and tensor material properties C by [55,56]. In particular, for a conformal FEM or finite dif-
ference discretization, bounds on the individual eigenvalues of the Green preconditioned opera-
tor can be constructed from the inf and sup of the eigenvalues of C; 1. C in the support function
of the elements.

Uniform grid. For a discretization on a uniform grid as in (14), i.e. with no grid adaptation, the
Green preconditioner for K is M = K, defined in (28). The pseudo-inverse of K is the discrete
Green operator Gy. The latter can be applied in the Fourier space from (29), (30), (32) and
use of FFT. This is used e.g. in [24,26,27], and is equivalent to solving the strain based version
Iy#C:e=-Ty*C:E, whereTy = -BK;BTW, provided a Green operator norm of the residual is
adopted [24,25,27].
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Transformed grid. In turn for the problem (21) discretized on a structured grid and pulled back
on a uniform grid, the true Green preconditioner for K would be M = K, the stiffness matrix
obtained from the finite element discretization on the transformed structured grid with uniform
stiffness Cy. The latter can be constructed as KO = BTWCOB where Co is built from the pulled-
back reference stiffness tensor Cy defined by replacing C by Cg in (22). In that case, the bounds
on the spectrum of eigenvalues of the preconditioned problem would be determined from local
eigenvalues of C;' : C.

Unfortunately, the inverse of Kj is not known in general. Instead, the reference matrix Ko
defined on the uniform grid is here used as a preconditioner of K. The bounds on the spectrum of
eigenvalues of the preconditioned problem are then determined from local eigenvalues of C; 1.C,
which are usually less favorable than those of C; l.c.

3.3. Bounds on the eigenvalue spectrum of the preconditioned operator

Construction of bounds. Since FEM uses base functions with a local support, upper and lower
bounds on the individual eigenvalues of the Green preconditioned discrete problem can be
constructed a priori [55,56]. The bounds on the eigenvalues of GOR (or of the generalized
eigenvalue problem for K and Kg) can be computed as follows:

(1) forthereferencenode in pattern p of the structure, compute the largest ((7\+)P) and lowest
((A7)p) of all eigenvalues of C; 1 ﬁg_s among all quadrature points in the support of that
node, and store them in two vectors AT of size N PP

(2) sort A* by increasing values, with repetition of each value d times.

The above bounds hold for elements with exact integration, in the shared row space of K and Ko.
There are d zero eigenvalues of K and Ky, and thus GoK, corresponding to rigid body translations
(rigid body rotations are excluded due to periodicity). For underintegrated elements, additional
zero-energy hourglass modes arise [18,57].

In the first step of the above procedure, for small strain linear elasticity, C and C, ! can be
expressed as d? x d? matrices (Voigt notations with no minor symmetries). Clearly, the matrix for
C has d(d —1)/2 zero eigenvalues, corresponding eigenvectors obtained from anti-symmetric
second order tensors. So does the matrix of C; 1. C: these zero eigenvalues must be discarded for
the construction of the bounds.

Eigenvalue clusters. In the particular case of piecewise constant material properties, eigenvalues
of the FEM-discretized preconditioned operator can be localized. In particular, consider the
case where there is a domain Q, in which the stiffness C is uniform and a scalar multiple of the
reference medium; i.e. C = aCy. Then, each of the N, basis functions with support in Q, yields
d eigenvectors of GoK with eigenvalue a [56]. Hence d N, eigenvalues cluster exactly at a. The
modal weight of the right-hand side defined by (34) for the corresponding modes is zero, because
divC : E = 0 at these nodes. These modes correspond to type I described in [58] in the case of
isotropic conductivity. This situation is extremely favorable for the convergence of the PCG, as
only the effective spectrum of eigenvalues with non-zero weight is involved in the resolution,
see (35). Since eigenvectors are K and Ky-orthogonal, the set of modes with non-zero weight
is included in the subspace generated by Gyf, where f are vectors of nodal forces supported in
regions where C is not a scalar multiple of Cy, including nodes at interfaces. Such eigenvalue
clusters have also been observed for a strain based method with discretization on trigonometric
polynomials and numerical integration [8], and in the case of isotropic conductivity [58].

Further, when the stiffness C is bounded by a~Cy < C < a*Cy (in the sense of positive definite
quadratic forms) in a domain Q, containing N, basis functions, then the bounds constructed
from the procedure in [53,55,56] guarantee the existence of a dN, of eigenvalues within the
interval [@~,a™], which is favorable when ¢~ and a* are close.
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Figure 3. Effect of grid adaptation on the spectrum and effective condition number «®ff of the Green precondi-
tioned operator. Left: no transform. Center: algebraic transform from a square to a circle. Right: boundary node
projection transform. Red and blue curves are lower and upper bounds [55,56], dots are computed eigenvalues,
colored by modal weight (34), gray vertical lines are weights.

Effect of grid adaptation. Let’s illustrate these properties of the spectrum on a simple example.
Figure 3 shows the effect of grid adaptation of the effective spectrum with Green preconditioning.
This example features a circular inclusion with radius 3/8 of the periodic unitlength. Both phases
have uniform isotropic stiffness. The matrix stiffness C,, has Lamé parameters 1,, = 1, p,, = 0.5.
Two cases are considered for the inclusion stiffness C;:

(@) C;=0.01C,, (2" row of Figure 3);

(b) A;=0.1A,, pi =0.01y, (3" row of Figure 3).
In both cases, the stiffness of the reference medium for the Green preconditioner is chosen as
Co = VC;:C,y,. Thus for a discretization on a uniform grid and plane strain conditions, the
eigenvalues of the preconditioned operator are bounded by 0.1 and 10 and the condition number
is 100 in the two cases. The main difference is that in case (a), C; and C,, are scalar multiples of Cy,
while they are not in case (b).



14

Francois Bignonnet et al.

Three types of grid transformation are investigated, from left to right in Figure 3:

(left)

(center)

(right)

No transform. Elements in the uniform grid are attributed to the inclusion or the

matrix based on the position of their center of mass.

Algebmzc transform. A square of edge length 2R = 5/8 L in the computational domain

Q [-L/2,L/2]% is transformed to a circle of radius R = 3/8 L in the physical domain
= [-L/2,L/2)%. Any point % € Q is radially transformed to x = pX with p = 1if ¥ =0

else

_J1+F@R-R)/IR? ifo<y<R,
" |[R+ (Rm—RYF—R)/(Rm—R)]/T else,

where 7 = | %/, y = max;—,_4|%;|, Rm = tL/2 and R; = tR with t = 7/7.

Boundary node projection transform. Nodes of the uniform grid found at the boundary
between elements attributed to matrix and inclusion in the no transform procedure are
projected on the actual boundary of the inclusion. Other nodes are not transformed.

Bi-linear elements with four quadrature points are used to discretize the problem on a 32x32
grid. In this example with 2048 degrees of freedom, no more than one fourth of the modes (so
here, 512) may have a non-zero weight, due to the symmetry of the problem, the transform, the
discretization and the load. For the three types of grid transformation investigated, from left to
right in Figure 3:

(left)

(center)

No transform. The eigenvalue spectrum is bounded by 0.1 and 10. In case (a), 2" row,
eigenvalues cluster exactly at these two values since C; = 0.1Cy and C,;, = 10Cy. The
corresponding eigenvectors are respectively supported by nodes exactly in the inclu-
sion or in the matrix, and the modal weights (34) are exactly zero (yellow). This situa-
tion, where the local stiffness is a scalar multiple of the reference stiffness, is thus sim-
ilar to the isotropic conductivity situation studied by [58]. Further, numerical investi-
gation of fields confirm that modes with non-zero weight belong to the subspace gen-
erated by Gof, where f is supported only by boundary nodes. Since there are 96 bound-
ary nodes and 2 degrees of freedom per node, the maximum number of modes with
non-zero weight is, accounting for symmetry, 192/4 = 48, which is confirmed by Fig-
ure 3(a). The effective spectrum of these 48 modes with non-zero modal weight, cor-
responding to dots colored in green, has a condition number x°f = A¢f_/ Afgn =94.

This value is roughly 10 times smaller than that of the full spectrum, which is equal to
& = 100. In case (b), these two clusters diffuse and continuously spread in the intervals
formed by the eigenvalues of C; 1. ¢C; and C, . C,», and some have non-zero modal
weight.? This situation thus differs from the isotropic conductivity situation studied
by [58]: since C is not a scalar multiple of Cy, there is no type I mode. The number of
eigenvalues with non-zero weight, 504, nearly attains the maximum limit of 512. The
effective condition number raises to 91.9. Accordingly, the number of PCG iterations
jumps from 27 in case (a) to 75 in case (b).

Algebraic transform. All elements are transformed. In both cases (a) and (b), eigenval-
ues are now continuously distributed, mostly in two diffuse clusters spread around 0.1
and 10. The number of modes with non-zero modal weight nearly attains the maxi-
mum limit of 512. The bounds on the largest and smallest non-zero eigenvalues are
tight in that case. The effective condition number is larger than 900. The number of
PCG iterations increases to 152 in case (a) and 202 in case (b).

2In Figure 3, dots with non-zero weight are displayed above nodes with zero weight. There is actually an important
portion of modes with exactly zero modal weight in all situations investigated in that figure, throughout the spectrum.
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(right)  Boundary node projection transform. Most elements are not transformed. In both
cases, the spectrum preserves some features of the spectrum of the operator on a uni-
form grid. In particular for case (a), nodes with support on undeformed elements con-
tribute to eigenvalues exactly 0.1 or 10 with zero modal weight. There are 288 nodes
belonging to transformed elements, times 2 degrees of freedom per node, hence, ac-
counting for symmetry, at most 288 x 2/4 = 144 modes with non-zero weight. This
limit is attained in the numerical experiment. Further, the bounds on the largest and
smallest non-zero eigenvalues are loose in that case, which means that the excessive
localized transformation of a few elements is not as problematic as what could be an-
ticipated. As a result, the effective condition number is lower than for the algebraic
transform. PCG converges in 70 iterations for case (a) and 95 for case (b).

An important difference between the two types of transforms is observed for the bounds on the
smallest and largest non-zero eigenvalues: they provide a good estimate of the effective condition
number for the algebraic transform, but overestimate it for the boundary node projection one. To
our current knowledge, these bounds cannot be improved. Yet a rationale is proposed to explain
the differences obtained for the two types of transforms. Modes have energy contributions from
all elements in the support of shape functions of activated nodes. In the boundary node projection
transform, as one node is projected on the boundary, some of its surrounding elements are
stretched and the others shrunk. This has adverse effects on the pulled-back stiffness of elements
in the support of its shape function, and thus on the eigenvalue. On the contrary, in the algebraic
transform, regions spanning over several elements are either stretched or shrunk, and effects add
up. Modes that activate nodes with shape functions entirely supported in these regions may thus
generate extreme eigenvalues. The same situation can be encountered for other types of grid
transformation where node density is locally modified, such as in [30,32].

4. Implementation

Iterative solver. The implementation relies on the standard PCG algorithm [42,44] with an op-
erator based, matrix free implementation. Main operations are: computation of the right-hand
side, application of the stiffness operator K or K, and application of the Green preconditioner Gy.
The first two require application of the discrete differential operators and of the local constitutive
model. The last one requires FFT and application of the Green function in the Fourier space. The
memory requirement of PCG is four displacement-like vectors, including the solution and the
r.hs.

Differential operators. The discrete gradient (9) and divergence (13) are short kernel convolu-
tions. These operations are performed in the space domain using stencils built from the B de-
fined in (9). The quadrature weights are fused in the divergence operation [27, Section 5.1].

Algorithm 1 f — Kii — Application of stiffness operator K (21) on a displacement-like vector .

1: f—0

2: forallgel...N, do > q™-quadrature point
3: F9— I+ (Vag)9 > g™ -transformation gradient
4 el —sym((V)9-(FH™1) > g"-transformed gradient
5: o9 —C9:¢€1 > constitutive model
6  f—F+w,div(det(F1)o?- (F)T) > transformed divergence
7: end for
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Transformed stiffness operator. The transformed stiffness operator K defined in (21) applies to
a displacement-like vector u as sketched in Algorithm 1. As compared to an implementation on a
uniform grid (see e.g. [24, Algorithm 2]), the only modification to account for grid transformation
is the presence of the transformation gradient F, computed in line 3. For reduced integration
with a single quadrature point (N, = 1), the inverse of the transformation gradient can be cached
to save one gradient computation and inversion at each iteration. For N, > 1, storing N, copies
of F~1 is in general prohibitive,® so it is recomputed at each iteration. The constitutive model is
applied locally at the current quadrature point g of each pattern in line 5. Vectors V9, € and o

can share the same memory. Hence two buffer Vu-like vectors are required to apply K.

Right-hand side. The r.h.s. is computed as in Algorithm 1, except line 4 which is replaced by
€ — E. Once the system is solved, the strain in the physical domain is obtained at quadrature
point g as €9 — sym((Vi)? - (F/)™!) + E.

Green preconditioner. The FFT operator and its inverse can operate in-place to apply the Green
function é\o in Fourier space. When N; = 1, the operation é\Ok Ty is directly applied using (33).
Otherwise, at each iteration and Fourier index, the matrix P/(Bk is assembled on-the-fly and the
small d x d system ?k = I/(\Okﬁk solved. Due to the symmetry of é\o, a viable alternative could be
to cache the real and symmetric matrices G\Ok forke {0...N; +2,...,0...Ng + 2}. The memory
overhead would be only 3/4 x N, floating-point scalars. This optimization is not done in the
current implementation, as the on-the-fly procedure did not reveal performance critical.

Memory requirement. To sum up, the memory requirement is five displacement-like vectors
(including grid nodal displacements ug), i.e. 5d N, floating-point scalars. In addition, at least
one integer scalar vector is required to encode microstructure phases. As a rule of thumb, for a
careful implementation with 64-bit floating point numbers, simulations on grids of more than
400® nodes can fit on a desktop computer with 16 GB RAM.

Computer programming. The algorithms have been implemented using the Julia programming
language [59] and libraries from the Julia ecosystem [60-62] with the FFTW backend [63]. All
simulations have been run on a 10-year old laptop with 16 GB RAM and a 2.80/3.80 GHz
processor with 6 MB cache. The source code for a minimal working example, consisting in a non-
optimized yet compact Python implementation for 2D problems, is provided in supplementary
materials [64].

5. Numerical investigations

Numerical experiments are carried out to investigate the influence of combined Green precon-
ditioning and grid adaptation on the accuracy of homogenized properties, the accuracy of lo-
cal fields and the number of iterations to convergence of PCG. We first investigate two test mi-
crostructures for which exact solutions are available, and then a more complex Boolean sphere
model.

5.1. Diamond inclusions

The first test microstructure is shown in Figure 4(a). Two diamond inclusions, actually squares
rotated by a 45 degree angle w.r.t. the periodic unit cell axes, are embedded in a matrix. The
diamonds are placed to form a periodic checkerboard along dashed lines. The boundary between
material phases is non-smooth due to right angles at the tips of diamonds.

3For the boundary node projection transform, ug and its gradient are sparse, so F~1 could be cached (not done in the
current implementation).
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(a) Diamond inclusions (b) Composite inclusion (c) Boolean model of spheres

Figure 4. Test microstructures: (a) diamond inclusions forming a checkerboard along dashed lines (d = 2);
(b) Hashin’s composite inclusion (d = 2 or 3); (c) Boolean model of spheres (d = 3).

The homogenization problem is formulated in terms of 2-dimensional thermal conductivity
with scalar conductivities (see Appendix A), to benefit from the analytical solution provided
in [65]. The inclusion conductivity is set to 0.01, the matrix one to 1, while the choice of the
reference conductivity has no influence. The analytical solution of the temperature gradient and
flux is not defined at the inclusion boundaries and on the dashed lines in Figure 4(a). Hence,
in practice the diamonds are shifted by half a pixel to the right w.r.t. to the configuration of
Figure 4(a) when Q; elements are used. This precaution is necessary in order to shift the centers
of the pixels of the uniform grid away from these lines where numerical issues can arise while
evaluating the analytical solution of [65].

Simulations are carried out with either bilinear rectangular Q; elements in the reference grid,
with either one or four quadrature points, or linear triangular P; elements (see Figure 1). Since
inclusions are rotated, rectangular elements on a uniform grid are not boundary-conforming.
Similarly, triangular elements following the pattern of Figure 1(c) on a uniform grid conform
to only half of the inclusion edges. The grid adaptation strategy used here corresponds to the
boundary node projection transform presented in Section 3.3. Simulations are carried out on
grids ranging from 202 to 25602 nodes to study h-convergence, with unit imposed macroscopic
temperature gradient E = e,. Additional simulations with bilinear rectangular Q; elements on a
regular grid are also carried out using the composite pixel technique [38]. The Voigt mixing rule is
used, since it has been shown to be the most appropriate when the conductivity of the inclusion
is much smaller than that of the matrix [38].

Figure 5 shows fields of temperature gradient €, and error ey = €xpum — €Exref ON €y, as
compared to the exact solution, for the grid with 40? elements. In the post-processing for Q;
elements, the gradient of u is evaluated at the (transformed position) of the center of each
element, for both the simulations with one or four quadrature points. The overall error on the
local fields is quantified in Figure 6(b) by the root mean square error (RMSE) over all element
centers \/(N,JNe)‘1 Ypesm Le=1..N, JpO€p - O€.

The field on the uniform grid with rectangular Q; elements and one quadrature point presents
significant hourglassing, in particular close to diamond tips. Hourglassing is removed by using
four integration points, which ensures exact integration for the uniform grid, but significant
errors occur in elements at the boundary, and to a lesser extent inside the low-conductivity
inclusion. Boundary-conforming grid adaptation significantly reduces the error on the fields,
as well as hourglassing. The strain field for triangular P; elements is free of hourglassing, but the
error on the €, field presents a regular pattern. This pattern is associated to a mismatch between
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Figure 5. Diamond inclusions in 2D conduction with macroscopic temperature gradient E = ey.
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the exact solution, evaluated at element centers, and the derivatives of the numerical solution u
in the x direction, which are more accurate at the middle of horizontal edges on a regular grid.
As opposed to simulations on boundary-conforming grids, simulations on uniform grids with
composite pixels do not significantly improve the temperature gradient field in this case. For
all strategies, largest errors are located at the inclusion tips, where the exact solution presents a
singularity.

The error on the homogenized conductivity scales between h''! and h!®, see Figure 6(a).
The h? scaling expected for boundary-conforming P; or Q; elements is not achieved, because
the inclusion boundary is not smooth enough and the exact solution has a singularity at the
inclusion tips. Excessive transformation of elements (quadrangles transformed into triangles
are no longer shape-regular) could be also blamed; yet results for the 2-dimensional composite
circular inclusion in Appendix B are well behaved despite excessive element transformation.
For quadrangular Q; elements with one quadrature point, grid adaptation reduces this error by
roughly a factor 4 w.r.t. the uniform grid, and roughly 3040 (!) for four quadrature points. For
triangular P; elements, grid adaptation does not improve the error on C"™ for the diamond
inclusion case, while a significant improvement is observed for the composite circular inclusion
in Appendix B. The RMSE on the temperature gradient field € has a sublinear h-scaling, and is
best for transformed grids. Figure 7(a) shows that the number of iterations for PCG to converge
plateaus for grid sizes above 1002. Grid adaptation doubles to triples the number of iterations. In
turn, the use of composite pixels more than doubles the number of iterations, and here does not
improve the discretization errors.
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Figure 7. PCG iteration count. (a) Diamond inclusions in 2D conduction. (b) Hashin’s composite inclusion in
3D linear elasticity.

5.2. Hashin's composite inclusion

The second test microstructure has now smooth boundaries: it is Hashin’s composite inclu-
sion [66-68], see Figure 4(b). The inclusion core (i = 1), shell (i = 2) and the matrix (i = 3) have
uniform isotropic stiffness C; with Lamé parameters A;, u; and bulk modulus x; = A; +2u;/d.
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When an isotropic load E = I is applied,* the composite inclusion is neutral provided the matrix
bulk modulus x3 is set to the equivalent bulk modulus of the inclusion:

xhom — Kg(l _ ﬁa_qb) (36)
1+a¢
where (ks — 1) 2u
_ d _ 2—K1 _ B 2
¢=((R1/R)", a= —(d—1)2u2+d1<1' and B=1+(d 1)—dK2.

In that case, € = I in the matrix, is uniform in the core, and given in each phase i by
[(a;i + bilrHI-db;ire, ® e;|-E where r=|x|ande,=x/r, 37

withay =1/(1+a), ay =1+ a)ay, by = aRfag and b; = 0. As a result, provided k3 is set to kP°™,
the solution to Hashin’s composite inclusion is exact both on an infinite domain with uniform
remote strain, or on a finite domain with periodic boundary conditions.

In the simulations, the inclusion’s shell Lamé parameters are set to A, = 1, up = 0.5 and the
core ones to A; = 0.001, u; = 0.005. The reference stiffness is Cy = v/C; : C2. The matrix bulk
modulus 3 is set to kMM (36). Its shear modulus U3 is set such that Cs is a scalar multiple
of Cy. Figures 8 and 9 present results for 3-dimensional linear elasticity. Discretization grids
have from 20° to 320% nodes and hexahedral elements with either one, two or eight integration
points. In [69, Appendix A], simulations with two superposed integration points for hexahedral
elements have been shown to coincide with the finite difference scheme with double tetrahedral
stencil introduced by [70]. For these three types of integration, additional simulations on regular
grids with the composite voxel technique are provided for comparison, using the Voigt mixing
rule. In all cases, the strain and stress are evaluated only at the center of the elements during the
post-processing.

| ! # ‘elllllll - Fl\‘fH
0 02 04 06 08 I

(b) llenum — €retll

Figure 8. Hashin’s composite inclusion in 3D linear elasticity with € = I. (a) €xy. (b) Norm of absolute error one.
Tri-linear Q; elements with 1 (top) or 8 (bottom) quadrature points, without (left) or with (right) grid adaptation.

Figure 8 presents strain fields e, on the lowest resolution grid (20%). Without grid adaption,
large errors appear (locally exceeding 100% of || E|), in particular for elements at the boundary
which is poorly approximated by cubes. Again, the boundary node projection transform (see Sec-
tion 3.3) is applied. Errors on the strain field are drastically reduced after transformation. Using

4Plane strain and plane isotropic load is assumed for the cylindrical inclusion in dimension d = 2.
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eight quadrature points, the error drops below ||§€| < 10%| E| in all elements, while it can exceed
20% in elements at the highly contrasted core-shell boundary while using only one quadrature
point. However, boundary-conforming grid adaptation failed for hexahedral elements with two
integration points, because the boundary-conforming grid adaptation considered here modifies
the shape of elements. Indeed, hexahedral elements with three faces and seven nodes belonging
to the boundary are transformed into tetrahedrons (see e.g. [32, Figures 11 and 13] and Figure 8),
up to the curvature of the boundary. As a result, out of the two tetrahedrons defined in the sten-
cils by [70], one has its four nodes on the boundary. The Jacobian of the transformation for this
stencil is zero, so that the pulled-back stiffness defined in (22) is undefined.

Results of Figure 8 are confirmed upon grid refinement in Figure 9(b). The RMSE on the strain

field, computed as \/ N,; 1 Zpe 270) ]p6ep : 6ep, scales as h''2 on uniform grids, with or without

composite voxels, and 732 on boundary-conforming transformed grids. It roughly doubles if
only one quadrature point is used instead of eight. For uniform grids, using two or eight inte-
gration points, the RMSE on the strain field coincides and the strain field is free of hourglassing.
Meanwhile, the relative error on the homogenized bulk modulus (Figure 9(a)) reaches a quadratic
h-convergence on boundary-conforming grids, while it is only sublinear on uniform grids, with
or without composite voxels. Since the inclusion boundaries are smooth enough, the exact weak
solution is at least in H? in each phase. Spatial convergence estimates [35] indeed ensure a h?
rate of convergence of the homogenized stiffness on the boundary-conforming grid, instead of a
h! rate on the uniform grid. Similarly, for the local strain field, the spatial convergence rate is ex-
pected to at least 2! on the boundary-conforming grid, instead of #'/? on the uniform grid. Simi-
lar results are obtained in plane strain elasticity or 2-dimensional conductivity, see Figures 12-15
in Appendix B.
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Figure 9. Hashin's composite inclusion in 3D linear elasticity. (a) Relative error on homogenized bulk modulus.
(b) Absolute error on strain field € for € = I.

The number of iterations for PCG convergence stabilizes under grid refinement for uniform
grids, with or without composite voxels, (Figure 7(b)), as expected from the properties of the
spectrum of the Green preconditioned operator, see Section 3.3. The boundary node projection
transform grid adaptation more than doubles the number of iterations; yet no stabilization is
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observed under grid refinement. The increase of iterations is however largely balanced by the
considerable gain in accuracy.

5.3. Boolean model of spheres

The last investigated microstructure is a Boolean model of spheres, see Figure 4. The domain Q is
partitioned in two subsets: inside (phase 1) or outside (phase 2) the spheres. The periodic unit cell
comprises 1000 spheres of radius R = 0.08L. The spheres are thrown randomly and may overlap.
Both phases 1 and 2 are path connected domains. Simulations are carried on grids with 25% to
300% hexahedral elements. To avoid the presence of inconsistent meshes, the distance between
(any periodic reproduction of) two sphere centers cannot lie in the open interval ]2R,2R + ]
where § = v/3L/50. This implies that spheres either overlap, either are separated by at least one
voxel at low resolution (= 50%).

In the simulations, Lamé parameters of the outside spheres phase are set to 1, = 1, uy = 0.5.
The stiffness of the inside spheres phase is C; = 0.01C,, and the reference one Cq = /C; : C,. The
applied macroscopic strain is E = e, ® ey.

Grid adaptation is done as follows. Each element of the uniform grid is first assigned to the
phase inside or outside spheres based on its center position. The signed distance of nodes to

_— H5fm1
1 2 .

(@) Uniform grid Ng = 1 (b) Uniform grid Ng=8 (c) Transformed grid Ny =1  (d) Transformed grid Ng=8

Figure 10. Strain field ey for E = ex ® e, for the 3D Boolean model of spheres (xy plane cut). Top row: grid 503,
Middle row: grid 2503, Bottom row: grid 250% (zoomed in).
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the spheres is computed, and the identification number of the sphere corresponding to this
smallest distance saved in a nodal vector. Then, nodes at the boundary between the two phases
are projected to the nearest sphere, according to the previously saved sphere identification
number. No specific treatment of the intersection of two or more spheres is done, so that the
elements are not conforming in these regions, see Figure 4. After that procedure, few elements
at complex sphere intersection have extremely low Jacobian. A simple mitigation rule is used: if
an element has a Jacobian below the tolerance 0.01 in any quadrature point, all corresponding
nodal displacements are reduced by 10%. This typically concerns a few tens of elements out of
several millions, and has a minor impact on the homogenized stiffness.

The effect of grid adaptation on the quality of the strain field is illustrated in Figure 10 for
two grid sizes, 50 and 2503, with one or eight quadrature points. At both resolutions, a close
inspection reveals that reduced integration produces hourglassing, which is stronger on the
uniform grid than on the transformed grid. Regardless of resolution and number of quadrature
points, fields on uniform grids oscillate in elements near boundaries. This is cured by the
boundary-conforming grid adaptation.
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Figure 11. Boolean model of spheres in 3D linear elasticity. (a) PCG iteration count. (b) Homogenized stiffness.

Figure 11(a) shows that the number of iterations to PCG convergence is stable with grid size for
uniform grids and increasing for transformed ones. Grid transformation can increase the number
of iterations by up to a factor 4 or 8 for eight or one quadrature points respectively. In turn,
Figure 11(b) shows that the homogenized stiffness C'°™ has a qualitatively better /-convergence
on transformed grids (near quadratic) than on uniform ones (linear). Using one quadrature point,
the same error is attained for a transformed grid with 1/R = 0.31 (40° nodes) or a uniform grid
with 1/R = 0.05 (250° nodes).

5.4. Discussion

Numerical experiments in this section focus on a simple boundary-conforming grid adaptation
strategy, the boundary node projection transform. This low-cost strategy proved sufficient to
reach h? spatial convergence of the homogenized properties and h convergence of the RMSE
on the strain field for problems with sufficiently smooth solution. This remarkably departs from
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the h spatial convergence of the homogenized properties observed for different types of FFT-
based methods on uniform grids, see e.g. [10,19,38,39]. In turn, this simple grid adaptation
preserves favorable features of the spectrum of eigenvalues and induces an acceptable increase
in the number of iterations of PCG.

Clearly, the present framework naturally applies to more involved types of grid transformation.
In future works, the present grid adaptation strategy can be improved in the light of recent
developments. The grid adaptation technique newly introduced in [32] is promising as it provides
more control on the transformation of elements, including the possibility to increase the node
density near the boundary. Since the obtained transformation is also boundary-conforming, h?
spatial convergence of the homogenized properties is expected. The spring stiffness parameters
controlling the grid transformation may provide better compromises on the spatial convergence
and number of iterations of the solver than the simple boundary node projection transform.

In turn, the grid adaptation strategy based on optimal transport theory introduced in [30] al-
lows to control node density in regions where the solution exhibits high strain gradients. Nu-
merical experiments in [30] indicate that the spatial convergence can be significantly improved
with this non boundary-conforming r-adaptation strategy. Yet, no h-convergence estimate of the
homogenized properties is currently available. Indeed, the transformed grid is not boundary-
conforming. Thus, a two-step grid adaptation may prove more beneficial to reach both h? con-
vergence and additional reduction of discretization errors by r-adaptivity: first transform using
optimal transport theory, then conform to boundary. This requires also to shift from a discretiza-
tion on a trigonometric basis to an FE one, to benefit from FEM spatial convergence estimates.

On the down side, local node densification allowed by transforms considered in [30,32] can
induce modes with extreme eigenvalues in the regions with highest or lowest mesh density, and
thus increase the number of iterations of the solver. Further, the computation of these transforms
requires solving non-linear problems on the grid, which introduces a non-negligible overhead.

6. Conclusion

Main findings.

(1) “FFT-based methods” with FEM discretization on structured grid can be efficiently for-
mulated with isoparametric grid transformation.

(2) The Green preconditioning is applied in the reference, or pulled-back, grid.

(3) The grid adaptation strategy has a critical impact on the spectrum of the Green precondi-
tioned operator and on convergence of PCG. Bounds on the individual eigenvalues of the
spectrum have been provided. Grid transformations for which most elements are kept
untransformed can preserve favorable features of the spectrum such as clustering. Such
grid transformation can however increase PCG iterations by a factor 2 to 8.

(4) Boundary-conforming (or nearly) grids drastically improve the h-convergence of the
homogenized property CP°™ w.r.t. uniform grids with or without composite voxels. For
problems with sufficiently smooth boundary, a quadratic h-convergence of C'™ is
achieved for bi- or tri-linear Q; elements.

(5) Boundary-conforming transforms significantly reduce errors on local strain fields. Hour-
glassing of bi- or tri-linear elements with reduced integration can be diminished.

Perspectives.

(1) Boundary-conforming grids benefit from /-convergence bounds, hence the use of higher
order (quadratic) elements could provide interesting computational cost vs. accuracy
compromises. Extension to isogeometric analysis is a promising prospect [71].
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(2) Efficient grid adaptation remains a bottleneck. The focus has here been on moving only
nodes near boundaries, which is simple yet not optimal. Alternative strategies borrowing
from e.g. elliptic grid generation techniques [32,40], or optimal transport theory [30]
with subsequent projection of nodes on boundaries, remain to be investigated. The
ideal transform should seek optimization of the accuracy while maintaining a favorable
eigenvalue spectrum of the Green preconditioned operator.
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Appendix A. Conductivity

For thermal conductivity, the homogenization problem (2) is modified as follows. The scalar u
denotes the periodic fluctuation temperature and the vector o the heat flux. The temperature
gradient € is split in € = E + Vu where E is the macroscopic temperature gradient. The local
conductivity is the second order tensor C, and o = —C - €. For grid transformation, the pulled-
back conductivity is C;j = JF;;! Cng;jT in place of (22).

For Hashin’s composite inclusion problem in Section 5.2 and Appendix B, the three phases
have isotropic conductivity C; = C;I. The equivalent conductivity of the inclusion is given by (36)
up to the replacement of x by C and modification a = (C, — C1)/((d —1)Cz + Cy), f = d. The
temperature gradient is still obtained by (37), where E is now a vector.
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Appendix B. Hashin’s composite inclusion in dimension 2
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Figure 12. Hashin's composite inclusion in 2D conductivity with E = ey, C; = 0.01 and C, = 1. Only one quarter
or one half of fields is shown by symmetry.
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