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1. Introduction

Understanding the dynamics of systems governed by nonlinear behaviors is essential in many
scientific and engineering fields, as it enables the prediction and control of complex processes [1].
Particularly, whether forecasting the weather, designing mechanical systems, or analyzing finan-
cial markets, accurately modeling and predicting systems characterized by multiple time scales
remains a significant challenge. These systems exhibit a rich interplay between slow, long-term
trends and fast, short-lived events, a phenomenon known as multi-scale dynamics [2]. Captur-
ing both fast and slow dynamics simultaneously is further complicated by the inherent nonlin-
earity of many systems [3,4]. For example, in climate modeling, long-term trends such as global
warming (coarse dynamics) interact with short-term fluctuations like weather changes (fine dy-
namics) [5]. These time scales are deeply intertwined, with short-term events influencing long-
term trends and vice versa, making it difficult to capture the full scope of the system’s behavior
in a single model or approximation. The complexity and interplay of fast and slow processes can
lead to chaotic patterns that are difficult to predict or understand without sophisticated tech-
niques. Similarly, in mechanical systems, the interaction between high-frequency oscillations
and low-frequency movements requires careful consideration of both fine and coarse dynamics.
Such systems can exhibit sudden, dramatic changes in behavior depending on initial conditions
or minor perturbations [6]. These challenges are amplified when the governing function x = f(x)
that describes the system’s dynamics is unknown.

When % = f(x) is known, traditional techniques such as numerical integration can be em-
ployed to solve the resulting differential equations and model the time evolution of the system’s
state x(t). However, in many practical applications, the exact form of f(x) is unknown, and only
discrete observations of the system’s state are available at different time points [7]. In such cases,
the challenge shifts to inferring, or learning, the unknown forcing function f(x) that drives the
system’s evolution. In machine learning, this is particularly challenging because the system is of-
ten observed as time-series data, and the goal is to discover the underlying dynamics that govern
its behavior.

Several data-driven black-box machine learning methods have been proposed for this pur-
pose [8,9]. However, model discovery is unstable, specially in multiscale scenarios, and can lead
to explosion or vanishing of gradients [10]. To regularize the process, some methods leverage
sparsity-promoting techniques to identify parsimonious models that accurately capture system
dynamics, even in the presence of noise or limited data. However, these models may struggle
when system dynamics involve multiple time scales or when the Fourier spectrum of f(x) con-
tains both low and high frequencies [11]. As stated in [12], physics-informed machine learning
increases stability effects by leading the learning of dynamical system approximations towards
local minima closer to the absolute minimum solution due to the imposition of physical restric-
tions, such as PDEs [7], thermodynamics [13-15], and other types of biases [16]. Moreover, struc-
tures such as Koopman operators [17-20], Sparse Identification of Nonlinear Dynamics (SINDy)
[21], and neural operators [22-24], with DeepONets [25-27] being a particularly appealing op-
tion, have demonstrated great efficiency in this task. Nonetheless, these methods are suscepti-
ble to overfitting to the dominant low-frequency scales, thereby neglecting the high-frequency
phenomena.

This is due to the fact that, in spite of the use of learning and physics biases, neural networks
learn inherently low frequencies, and learning the fast frequencies tends to be part of a overfitting
issue due to the optimization process. Authors in [28] showcase how deep neural networks suffer
from a strong bias to low frequencies, which are learned faster than the high frequencies. These
results are also supported by Zhi-Qin John Xu et al. [29].

Most solutions to this challenge propose learning in the frequency domain [29], where Fourier
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neural operators (FNO) is one of the main methods in this field [25,30]. However, it is not always
possible to learn efficiently in the frequency domain. In dynamical systems governed by % = f(x)
the evolution of the state may depend solely on its current value through the function f(x),
rather than explicitly on time. Consequently, learning this problem in the frequency domain is
challenging since the behavior is defined in the state space and not in the temporal domain.

Following this idea, and as a solution for the oversmoothing issues of machine learning, recent
advances in dynamical systems modeling have focused on separating the dynamics into distinct
levels: coarse (long-term) and fine (short-term) scales [31-33], proposing a sort of hierarchical
learning scheme[34]. By isolating these scales, each can be modeled independently, improving
both accuracy and interpretability [33]. This separation allows for a more precise understanding
of how different time scales interact, without the computational inefficiencies and inaccuracies
that arise from modeling them together [2].

The Multi-scale Deep Neural Network (MscaleDNN), for instance, captures features at multi-
ple spatial scales [35]. In the field of physics-informed machine learning, we also find works ded-
icated to the treatment of different scales [36-38]. Such is the case of Wu et al. [39], which solves
time-dependent linear transport equations using the so-called Asymptotic-Preserving Convolu-
tional Deep Operator Networks (APCONSs). In this case, separation of scales is performed by us-
ing the Knudsen number. However, in many cases, the identification of scales is not apparent or
may remain undetermined in the absence of effective separation strategies. Often, only a bifur-
cation between two scales is performed, despite the fact that each scale may comprise multiple
principal modes.

One effective technique for this separation is the use of structure-preserving and partitioning
strategies that decompose the system’s dynamics into local approximations valid within specific
regions of the domain [40], such as in the case of the Partition of Unity (PU) [2]. By leveraging
these approaches, both coarse and fine dynamics can be represented separately, ensuring that
the model focuses on the relevant scales at each level and improving modeling accuracy and
efficiency.

Also, reduced-order models aim to address this issue from a multiscaling approach by em-
phasizing the emergence of the principal modes inherent in the problems by contributing to
the refinement of the learning process by unveiling the dynamic patterns inherent within its
modes [41,42].

In this paper, we showcase the use of three different approaches to model the macro- and
micro-scale dynamics of complex systems, improving both the accuracy and efficiency of pre-
dictions. These approaches are motivated by two key challenges: (i) the inherently multiscale
nature of the problems, and (ii) their highly nonlinear dynamics with strong sensitivity to initial
conditions. The first method employed is the Partition of Unity (PU), which is traditionally used
for function decomposition in order to study local effects. In this case, the decomposition itself
is learned from data to learn and reconstruct the original f(x) by capturing both local variability
and global structure [31]. The second approach tested in this work is the SVD-based approach
to extract both macro- and micro-scale dynamics through dominant modes. The third approach
proposed allows us to utilize a sparse high-order SVD, which allows learning multiscale modes
from sparse measurements and provides a foundation for extending these techniques to higher-
dimensional systems. Collectively, these contributions improve the accuracy and efficiency in
the learning process of f(x) without a priori knowledge of the separation of scales for complex
nonlinear systems with strong sensitivity to initial conditions.

Consequently, this work is structured as follows. Section 2 elaborates on the use of PU for
the approximation of multiscale dynamical systems. Section 3 presents the use of Singular Value
Decomposition (SVD) for multiscale function approximations. Finally, In Section 4 we introduce
the use of a spare-high order SVD learned with neural networks hierarchically to approximate the



206 Elias Al Ghazal et al.

different modes and scales of which the function is composed of, leading to a method to tackle
also multiscale learning in multidimensional problems from sparse measurements.

2. Partition of unity method

The Partition of Unity (PU) method [43], widely used in computational mechanics, offers an ef-
fective means of handling multiscale dynamics in dynamical systems. Traditional models often
struggle to capture the complex interactions between scales, and this limitation is further exacer-
bated in many machine learning approaches due to the well-known spectral bias issue [44]. The
problem is especially pronounced when the system exhibits nonlinear and high-frequency be-
havior. To address these challenges, we propose a framework that integrates the PU method with
machine learning. Specifically, we use a neural network to model the macro-scale dynamics and
a trainable vector to capture fine-scale enrichments (as shown in Figure 1).

2.1. Coarse (macro) approximation

We begin with a coarse approximation of the governing dynamics x = f(x), represented as:
N
fx) =) FiN;(x),
i=1

where Nj;(x) are piecewise linear shape functions that are equal to 1 at the macro node x; and
0 at the neighboring macro nodes. Here, F; is the nodal macro value corresponding to the
macro node x; (see the top of Figure 1(a)). This formulation provides a coarse-scale, macro-
level representation of the system dynamics. However, it has limited ability to capture fine-scale
transients.

2.2. Fine-scale (micro) enrichment

To address this limitation, the coarse approximation is augmented with a fine-scale enrichment
that enhances the resolution of the system’s dynamics at selected locations [2]. The enriched
approximation can be written as:

N
f(x) =) FiNj(x)E;(x),
i=1
Gx—x;), ifxeQ
i) = (x—x;), ifxe l
0, otherwise.

and (; is a local micro-domain centered at macro node x;, defined to be twice the size of the
macro element (see the bottom of Figure 1(a)).

Although using a single enrichment function G(x) is computationally efficient, it may not
suffice to resolve the richness of the dynamics in complex systems. To overcome this limita-
tion, a parsimonious multi-enrichment approach can be adopted. This approach is inspired by
methods such as the Proper Generalized Decomposition (PGD) [45], which allow for the decom-
position of the system’s dynamics into multiple modes. The multi-enrichment formulation is

given by:
M N

f =3 Y F'"Ni(x)G™(x—x;). 1)

m=1i=1
In this formulation, M represents the number of enrichment functions, and Flm and G™(x — x;)
are the unknown coefficients and enrichment functions, respectively, for each enrichment lev-

el m. The multi-enrichment approach captures the different frequencies present in the system’s
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MACRO SCALE
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(a) Shape functions of a multiscale approach. Top: macro shape functions provide coarse-scale approximation.

Bottom: micro shape functions capture fine-scale details.

)

Macro-scale Micro-scale
ANN predicts F}" Trainable vector predicts EJ" (x)
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Predicted f(x) via Eq. (1)
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(b) Decomposition of f(x) into macro- and micro-scale components. Macro-scale dynamics are predicted by a
neural network (ANN), while micro-scale dynamics are captured by a trainable vector. The two components are

combined to reconstruct the enriched approximation of f(x).

Figure 1. Workflow for partition of unity.

dynamics by considering multiple levels of enrichment, with each level corresponding to a
different frequency band. The first mode (m = 1) captures the low-frequency dynamics, while
subsequent modes capture higher-frequency components. This hierarchical enrichment process
allows the model to efficiently resolve multi-scale dynamics in a manner that progressively

captures more detailed features of the system’s behavior.
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2.3. Learning procedure

To effectively learn the dynamics of the system from data, we parameterize the enrichment-based
formulation using machine learning models. Specifically, we decompose the representation into
two learnable components (see Figure 1(b)).

Macro-scale component: The macro coefficients F;" for each enrichment level m are modeled
as outputs of a neural network with the corresponding x;. The network captures the
coarse-scale, low-frequency behavior of the system and learns a smooth, global repre-
sentation across the domain.

Micro-scale component: In this framework, the micro-scale component E; is decoupled from
the global coordinate system by modeling it as a shared trainable vector rather than
a functional mapping of the spatial input x. Because the micro-scale features are
assumed to be spatially invariant relative to the macro-nodes, the enrichment does
not require pointwise evaluation; instead, a consistent discrete profile is mapped onto
every macro-element. By removing the dependence on a functional mapping f(x), the
micro-scale profile is treated directly as a set of optimization variables. These vector
entries are updated during the training phase to learn the optimal local representation
that minimizes the global residual, allowing the same micro-scale profile to be repeated
across the entire domain independently of any absolute coordinates.

The key idea is that the macro component provides a smooth global approximation, while the
micro component enhances local resolution using a compact, shared vector. This separation
ensures that high-resolution details do not overwhelm the neural network’s capacity, allowing it
to generalize better across the domain. During training, both the neural network parameters and
the enrichment vectors are jointly optimized by minimizing a loss function that compares the
predicted output with the actual data. This learning approach leverages the structure-preserving
properties of the partition of unity method while allowing for efficient, data-driven learning of
multiscale system dynamics. The result is a compact and interpretable model that captures both
global trends and localized transients with high fidelity.

2.4. Numerical results

In this section, we present some numerical results obtained by applying the Partition of Unity
(PU) method to model and predict the dynamics of several types of dynamical systems. For each
of these systems, data is generated by simulating their evolution under various initial conditions.
The conditions span a broad range of states, ensuring that the model is exposed to diverse
trajectories and system dynamics. Each data point consists of pairs (x, x), where x represents
the state of the system and X represents its time derivative.

The dataset is split into a training set (80% of the data) and a testing set (20% of the data).
The training set is used to train the model, while the testing set is used to evaluate the model’s
predictive performance. Prior to splitting, the data is shuffled randomly to avoid any bias due to
the ordering of the data.

We tested the partition of unity method using different numbers of modes, including setups
with 1, 2, or more macro and micro modes. These configurations allow us to assess the impact
of including different modes on the model’s ability to capture both the global and fine-scale
dynamics. By using a combination of both macro and micro modes, the model is able to capture
large-scale global trends as well as fine-scale local fluctuations.

To determine the appropriate number of modes in the partition of unity framework, we
adopt an adaptive enrichment strategy. Specifically, the model is trained incrementally by
adding one mode at a time. After each enrichment step, the model’s performance is evaluated
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using the mean squared error (MSE) computed on the validation set. If the MSE remains
above a predefined threshold of 1072, an additional mode is introduced to further enhance
the model’s representational capacity. This process continues until the MSE falls below the
threshold, indicating that the model has achieved a satisfactory level of accuracy. In this way,
the enrichment process is guided by a quantitative stopping criterion rather than a fixed number
of modes, ensuring an optimal balance between model accuracy and computational efficiency.

In our implementation, the macro components of the PU model are represented using feed-
forward neural networks. The macro neural network consists of three fully connected layers: the
first maps the input to 64 hidden units, followed by a ReLU activation; the second maps to 32 hid-
den units with another ReLU; and the final layer outputs a scalar value. The micro components
are modeled as trainable vectors that are directly optimized during training.

Training is performed over 300 epochs using the Adam optimizer with a learning rate of 10~3
and a weight decay of 10~*. The loss function used to train the model is a normalized relative
error defined as:

x_
Loss(x,y) = w % 100,

Iyl
where x is the model output and y is the ground truth, and || - ||» denotes the L2 norm.

After training, the model is first evaluated on the held-out testing set. To further assess
its generalization ability, we then test the model using only the initial condition xp. From
this starting point, the trained model predicts the system’s evolution over time via Runge-
Kutta integration. The resulting trajectories are compared with the corresponding ground-truth
dynamics.

We begin with a simple example and gradually move to more complex systems. The aim is
to evaluate the performance of the method in capturing both the macro and micro scales of the
system’s behavior while maintaining the computational efficiency. The macro and micro com-
ponents depicted in the figures are generated by evaluating the distinct factors defined in Eq. (1).
The macro-scale plots represent the function F(x), which is defined over the global domain and
evaluated as a function of the spatial input x. Conversely, the micro-scale plots visualize the
shared trainable vector, which remains independent of the global coordinate system. To repre-
sent the micro-scale component graphically, the entries of this shared vector are mapped to a
normalized local coordinate system within each macro-element. This formulation ensures that
while F(x) captures global variations, the micro-component provides a spatially invariant local
profile that is repeated identically across every macro-element, regardless of its absolute position
in the mesh.

2.4.1. Afirst example

We start with a simple example, given by the following function:
f(x) =sin(8x) +5exp(—0.2x) + 1. )

This system involves a combination of sinusoidal and exponential terms. For this simpler sys-
tem, it is sufficient to use only one mode to achieve accurate predictions, as the resulting mean
squared error (MSE) is 0.008, which lies below the predefined threshold of 1072. Specifically,
the domain is discretized using 5 macro-elements, where each macro-element contains a corre-
sponding micro-scale discretization defined by the shared trainable vector. By starting with such
a simple example, we can build an understanding of the method and the foundation for more
complex systems. The plots for the function, as well as the macro and micro components, are
illustrated in Figure 2.
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(a) Function plot for Eq. (2).
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(b) Macro component of Eq. (2). (c) Micro component of Eq. (2).

Figure 2. PU approximation for Eq. (2).

2.4.2. Asecond example
In this section, we consider a more complex example described by the following function:
sin(%x) + cos[%x) +exp(—x?) + const

fx)=A . —k-x. 3)

This example introduces more intricate dynamics, combining two sinusoidal functions at differ-
ent frequencies with exponential terms and a linear component. The system exhibits more com-
plex behavior, requiring the use of a multi-modes approximation to capture both the global and
fine-scale dynamics. To resolve these features, we employ a 4 macro-elements, with the underly-
ing local discretization remaining uniform across all elements to facilitate efficient learning.

We first show the results obtained using a single mode, which clearly illustrates that the model
does not exhibit a good fitting. The mean squared error (MSE) in this case is 0.276, which is above
the predefined threshold value, confirming that a single mode is insufficient to capture the full
behavior of the system. Figure 3 shows the overall function along with its corresponding macro
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—— True Solution

(a) Function plot using one mode for Eq. (3).
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(b) Macro component using one mode for Eq. (3). (c) Micro component using one mode for Eq. (3).

Figure 3. PU approximation for Eq. (3) using one mode.

and micro components. These results highlight that the model does not fit well with only one
mode, which is expected since the signal contains two distinct frequencies.

However, in this two-mode setup, the models are trained sequentially, in a parsimonious man-
ner. The sequential training is handled using a wrapper module that allows multiple PU models
to be combined and executed in sequence, ensuring that each mode is trained independently
before composing the final model.

By using two modes, the results improve significantly, providing a much better fit to both the
global and fine-scale dynamics. The model achieves an MSE of 0.04, confirming the accuracy and
adequacy of the two-mode configuration. Figure 4 presents the improved function along with its
corresponding macro and micro components. The addition of the second mode significantly
enhances the fit, capturing both the large-scale and fine-scale dynamics more accurately.
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(b) Macro component using two modes for Eq. (3). (c) Micro component using two modes for Eq. (3).

Figure 4. PU approximation for Eq. (3) using two modes.

2.4.3. Coupled systems
Duffing system. The Duffing system is governed by the following differential equations:

4
dr

X0
X1

X1
X0 — X,

. 4)

3

Both variables xp and x; interact nonlinearly. To simplify learning, we assume %; depends on xg
and Xy depends on x;, allowing the system to be split into two separate 1D problems. Two
Partition of Unity (PU) models were trained: one predicts X; from xj, and the other predicts %
from x;. For this dynamical system, the input space is partitioned into 4 macro-elements, with
their micro-elements.

The results demonstrate that the PU method effectively captures the dynamics of the Duffing
system, achieving a mean squared error of 0.001. Figure 5 shows the function and its correspond-
ing macro and micro components, providing accurate predictions of the system behavior.
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Figure 5. PU approximation for Eq. (4).

Harmonic oscillator system. The harmonic oscillator system is described by:

d
dt

X0
X1

X1
—sin(xp)

. ®)

Similarly, we train two PU models for the oscillator: one predicting %; from x; and the other
predicting Xy from x;, yielding two macro and micro components. The computational domain
is discretized using 4 macro-elements, integrated with a refined micro-scale discretization to
ensure high-fidelity capturing of the periodic oscillations.

The results show that the PU method successfully models the harmonic oscillator, achieving
a mean squared error (MSE) of 0.0006. Figure 6 shows the function and its corresponding macro



214 Elias Al Ghazal et al.

—— True Solution
—--- Model Prediction

15+

1.0+

0.5 +

0.0 4

X1

—05 4

~1.04

~154

T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0
x0

(a) Function plot for Eq. (5).

—— Macro Model 1 —— Macro Model 1

Macro function
Macro function

025

050

oo o0
Spatial Position (x) Spatial Position (x)

(b) Macro component 1 for Eq. (5). (c) Macro component 2 for Eq. (5).

14
—— Micro Model 1
102
13
101
12

Micro function
Micro function

—— Micro Model 1

125 —Lo0 075 050 025 000 025 050 ~150 125 100 075 050 025 0,00 025

X micro x_micro

(d) Micro component 1 for Eq. (5). (e) Micro component 2 for Eq. (5).

Figure 6. PU approximation for Eq. (5).

and micro components, capturing both coarse and fine-scale dynamics with high accuracy and
efficiency.

2.4.4. Summary of PU results

In summary, the numerical results for all the considered systems demonstrate that the PU
method is an effective tool for modeling and predicting complex, multi-scale dynamical systems.
By separating each system’s dynamics into coarse and fine scales, the method efficiently captures
both global trends and detailed fluctuations. This provides a comprehensive view of the system’s
behavior with high accuracy and computational efficiency, as illustrated by the results for the
Duffing and harmonic oscillator systems.
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3. Singular Value Decomposition (SVD) for multi-scale function extraction

The Partition of Unity (PU) method constructs local approximations of the system’s dynamics,
capturing both macro- and micro-scale behaviors. Another method for analyzing the system is
the singular value decomposition (SVD). By applying SVD to the data, the extracted modes can
similarly be interpreted in terms of macro- and micro-scale components, providing a connection

to the scale separation achieved by the PU method.

To perform the SVD, one could construct the data matrix by grouping overlapping macro-
elements, i.e., combining each macro-element with its neighboring ones, similar to the overlap-
ping approach used in the PU method. We instead use non-overlapping macro-elements. This
choice avoids introducing strong linear dependencies between blocks, ensuring that the SVD ex-
tracts independent modes that represent the macro- and micro-scale structure of the system.

fx

X11  X12 X1n Xml Xm2

X11 X12 ** Xin
X21 X22 :°+ Xon

Xml Xm2 *** Xmn

F=UuzvT

U: macro, >vT: micro

Figure 7. Illustration of the SVD workflow. The original function is divided into segments, transformed into a
matrix F, and then decomposed using SVD. The left singular vectors U capture the macro-scale structure, while

svT captures fine-scale variations (micro).

3.1. Domain discretization

In this section, we assume that the x-domain is equipped with a fine mesh that can capture all
the scales involved in the dynamics, consisting of C nodes. A coarse mesh is then constructed,
consisting of m macro-elements, each of which contains # micro-nodes, such that

C=mxn.
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Thus, each original node x;; can be indexed by a pair (i, j), where i = 1,..., m denotes the macro-
element index, and j = 1,..., n denotes the micro-node within the i-th macro-element.

The function nodal values f(x;;), for all i, j, can now be expressed as a matrix F, which has
m rows and n columns. This representation does not introduce any complexity reduction at this
stage, but it is well-known that matrices can be efficiently approximated in a hierarchical manner
using the Singular Value Decomposition (SVD) (see Figure 7).

3.2. SVD representation

Instead of learning the matrix F directly, it is more efficient to learn its SVD representation. The
SVD allows the matrix to be expressed as the sum of outer products of singular vectors:

T
Fx=) U;8V,
i=1
where U; and V; are the left and right singular vectors, respectively, and T is the number of modes
retained in the truncated approximation.

The truncated SVD representation enables a significant reduction in complexity, as it allows to
approximate F using only the most significant singular values and vectors. By truncating the SVD
to a limited number of modes T, we can achieve a compact representation of the matrix F that
still captures the essential information needed to describe the system’s dynamics. The matrix F
used to compute the SVD has the micro and macro scales represented in the construction of each
row and column. As a result, the left (truncated) singular vectors computed with the SVD will
represent the micro functions equivalently to the PU, and the right (truncated) singular vectors
computed with the SVD will represent the macro functions.

This approach allows for a more efficient representation of the system, as it significantly
reduces the number of parameters required to model the system’s evolution. The computational
benefits of using the SVD approximation are particularly evident when dealing with large-scale
systems or systems with many degrees of freedom.

In summary, the SVD method offers a powerful way to approximate the nodal values of the
system using a hierarchical decomposition that can be truncated to capture the essential features
of the dynamics with reduced computational cost. This makes it an attractive technique for
efficiently modeling complex systems with multi-scale behavior.

3.3. Numerical results

We now present the results obtained using the Singular Value Decomposition (SVD) method,
applied to the same examples as the Partition of Unity (PU) method.

For each system, the SVD method was applied to approximate the nodal values f(x;;) by
decomposing the matrix F. In the application of SVD, the selection of modes is typically
determined by the energy captured by the modes or by the reconstruction error, as this reflects
the decay behavior of the singular values in the analysis. In this work, we adopted an error-based
criterion, selecting the number of modes such that the mean squared error (MSE) remained
below 1072, consistent with the criterion established in the PU method.

As illustrated in Section 2.4.1, we start with Eq. (2). As shown in Figure 8, the function and
its corresponding macro and micro components are accurately represented when using three
modes. The reconstruction achieved a mean squared error (MSE) of 1.56 x 1074, which is below
the predefined threshold criterion of 1072, confirming the adequacy of the selected number of
modes.
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Figure 8. SVD approximation for Eq. (2) using three modes.

Next, we consider the dynamical system described by (3). As illustrated in Figure 9, the pre-
diction obtained using three modes provides an accurate approximation of the system dynamics.
The function plot, together with its corresponding macro and micro components, demonstrates
that the SVD method effectively captures both the global and local features of the system. The
reconstruction achieved a mean squared error (MSE) of 7.33 x 10~%, which remains well below
the predefined threshold, confirming the suitability of the selected mode configuration.

Finally, we examine the two dynamical systems given by (4) and (5). For the system described
by (4), the SVD approximation is shown in Figure 10. The function plot, together with the
corresponding macro and micro components, demonstrates that the chosen number of modes
captures the system dynamics with good accuracy, yielding a mean squared error (MSE) of
approximately 4.14 x 10~%. Similarly, for the system described by (5), the results are presented
in Figure 11, where the SVD-based reconstruction provides an accurate representation of the
dynamics with a corresponding MSE of approximately 1.8 x 1072,

In summary, the numerical results demonstrate that the SVD method is a powerful approach
for modeling and predicting complex, multi-scale dynamical systems. By decomposing the sys-
tem into orthogonal modes and retaining only the most significant components, the method ef-
fectively reduces dimensionality while preserving essential dynamics. This enables accurate re-
construction of the system’s behavior, capturing both large-scale patterns and fine-scale varia-
tions with reduced computational cost.
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Figure 9. SVD approximation for Eq. (3) using three modes.

4. Sparse high-order SVD method

In practical situations, it is often not feasible to access the values of a target function f at all points
in the computational domain. The measurement budget may only allow a sparse sampling of the
domain, leading to an incomplete spatial dataset. This sparsity poses another challenge for data-
driven modeling.
A naive approach would involve approximating the function directly via a neural network:
f(x) =~ NN(x),
but such a general approximation involves two key limitations:

» high data requirements: training neural networks to approximate complex functions
accurately typically requires a substantial amount of data to determine the network
parameters;

o risk of overfitting: in multiscale problems, neural networks are prone to overfitting and
spectral bias due to insufficient data, which impairs their ability to generalize beyond the
training set, especially for high frequency data.

To address these challenges, we propose an approach that follows a sparse high-order SVD
methodology, inspired by the PINN-PGD approach presented in [46]. In this manner, the
algorithm is capable of learning from sparse data measurements. The scheme will follow an
enrichment approach, where neural networks will learn the micro and macro functions profiting
from their power to embed nonlinear correlations present in data. If the first micro and macro
approximations do not accurately represent the dynamics, more modes (more neural network
approximations of the functions) will progressively be added to the representation.
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Figure 10. SVD approximation for Eq. (4) using three modes.

4.1. Neural SVD representation of sparse observations

Following the spirit of SVD, we begin by organizing the observed values of f into a matrix F, where
each macro-cell corresponds to a single column of the matrix. However, due to the sparsity of
measurements, this matrix remains incomplete, which prevents the direct application of classical
SVD.

To approximate the low-rank structure of F despite its sparsity, we model its decomposition
using time multiscale dimensional decomposition [46]:

f(xi,xj) = NNy (x;) - NNy (x;).
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Figure 11. SVD approximation for Eq. (5) using three modes.
We further define:

e U; = NNy(x;), where x; denotes the spatial coordinates within the macro-cell (i.e., the
row index of the matrix);

e Vj=NNy(x;), where x; denotes the macro-cell identifier or coordinates (i.e., the column
index).

The training loss is defined as [46]:

Laaa= Y. (i, %))~ NNy(x;)- NNy (x))?,
(i,))eQ

where Q c {(i R j)} denotes the set of sparse observed data points.
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4.2. Residual correction

To enhance this data-driven model with physical consistency, we adopt a residual-based enrich-
ment strategy. After the first approximation is learned, we define a residual:

r®(x;,x) = fxi, xj) — NN (x;) - NN{ (x),
and fit a second neural network pair (V. Ng), N N‘(,Z)) to approximate this residual:
2P= Y (1P, x) - NN2 (x)- NN (x ).
(i,j)eQ

This process can be repeated iteratively, resulting in a parsimonious enrichment:
K
Fxixp) =Y (NNJ x), NNP (x))).
k=1

This approximation allows us to flexibly capture multiscale dynamics in a data-efficient and
physics-consistent manner by decomposing the solution into a sum of learned low-rank com-
ponents.

4.3. Numerical results

To evaluate the sparse high-order SVD framework, we apply it to the same representative one-
dimensional function exhibiting multiscale characteristics defined in Eq. (3). We randomly mask
70% of the function values across the domain, producing a highly sparse observation matrix F,
with only 30% of its entries known. To ensure the variability of the sampled data is sufficient for
capturing both scales, Figure 12 illustrates the positions of these observed entries within the F
matrix. The goal is to reconstruct the full matrix, including the missing entries, using the sparse
high-order SVD framework.

Training Data Sparsity Pattern

——
——
——

——
——

——

——

0

304

0: Masked, 1: Training Point

40 4

50 1

Figure 12. Sparsity pattern of the F matrix.

Following the formulation, we employ two separate neural networks to learn a low-rank
approximation of the matrix:
 NNy(x;) predicts the latent representation of the micro-scale component (rows of F);

e NNy(x;) predicts the latent representation of the macro-scale component (columns
of F).
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Figure 13. Sparse high-order SVD with a single macro-micro decomposition (Stage 1).

Each neural network consists of three hidden layers with nonlinear activation functions. The
model is trained to minimize the reconstruction loss over the training observed entries.

In this example, we tested the sparse high-order SVD model with two configurations: Stage 1
(single macro-micro decomposition) and Stage 2 (residual enrichment with an additional de-
composition). In the Stage 1 setting, as shown in Figure 13, the model already provided a good-
quality reconstruction, demonstrating that the macro and micro components effectively capture
the coarse- and fine-scale dynamics of the signal, with a mean squared error of 0.08.

To refine the accuracy, Stage 2 introduces a residual enrichment process. To clearly analyze
the nature of these corrections, Figures 14(b) and 14(c) represent the components learned during
this enrichment. This enrichment process significantly improves the agreement with the ground
truth, as shown in Figure 14, reducing the final MSE to 0.0007.

This numerical example confirms the ability of the sparse high-order SVD method to perform
low-rank reconstruction of functions from sparse measurements in time.

5. Conclusion

In this work, we proposed several approaches for analyzing and predicting the behavior of
dynamical systems by decomposing their dynamics into micro (fine-scale) and macro (coarse-
scale) components. One approach leverages the Partition of Unity (PU) method combined with
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Figure 14. Sparse high-order SVD with residual enrichment (Stage 2).

neural networks to construct localized approximations, enabling the prediction of both macro-
and micro-scale behaviors. Another approach uses Singular Value Decomposition (SVD) to
extract dominant modes from the data, providing smooth global basis functions that capture
the principal features of the system’s dynamics across scales. To address scenarios with sparse
or incomplete measurements, we further employ a sparse high-order SVD, which enables the
reconstruction of multiscale dynamics directly from limited observations.

These approaches were applied to a variety of representative dynamical systems, including
polynomial, sinusoidal, and exponential models, demonstrating their generality and robustness.
The results confirmed that these methods effectively isolate and capture multi-scale features,
leading to improvements in prediction accuracy and computational efficiency. Incorporating
micro-macro decomposition with data-driven techniques provides a systematic way to model
complex dynamics while maintaining interpretability and scalability, which is essential for high-
dimensional and real-time applications.

Beyond predictive performance, these approaches contribute to a deeper understanding of
how multi-scale phenomena can be disentangled and represented systematically. They also
open avenues for integrating domain knowledge with data-driven techniques, enabling hybrid
modeling approaches that balance physical interpretability and flexibility.

Future work will focus on extending these methods to more complex and realistic systems —
such as turbulent flows, biological networks, or large-scale infrastructure systems — and improv-
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ing performance by integrating with advanced machine learning architectures, including neural
ODEs, physics-informed neural networks, or transformer-based sequence models. Additionally,
adaptive schemes that dynamically adjust the level of resolution or partitioning based on data
characteristics could further enhance model performance and generalizability. The integration
of PU and SVD into broader modeling pipelines offers a promising direction for building intel-
ligent, adaptive, and efficient models capable of addressing the challenges posed by real-world
dynamical systems.
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