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Abstract. The Double Generator Boundary Augmented bracket structure is a double generator bracket for-
mulation, tailored to model continuum thermodynamics. Based on the idea of bracket generated formu-
lations, this framework encompasses balance principles and thermodynamics laws within a unique expres-
sion. The present paper develops the methodology to derive this structure from classical equations of contin-
uum thermodynamics for two examples. We consider first a unidimensional small strains generalized stan-
dard material, with a general quadratic dissipation potential. Then, we consider the example of large strain
thermo-visco-elastodynamics, within the multisymplectic framework. We derive, for the first time, a multi-
symplectic Poisson bracket for thermo- (visco)-elastodynamics. Eventually, both formulations are shown to
recover exactly balance principles and thermodynamics laws.

This paper sets grounds necessary to develop variational integrators from the Double Generator Bound-
ary Augmented bracket structure.
Keywords. Variational principle, generalized standard materials, thermo-visco-elastodynamics, large strains.
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1. Introduction

Variational approaches for the thermodynamics of irreversible processes are an increasingly
important area of research. Along with the development of variational and geometric integrators,
these approaches elucidate the underlying mathematical structure of the problem at hand, which
needs to be preserved by the integrator. The symplectic [1,2] or multisymplectic structure as
defined in [3,4] is acknowledged to be the underlying structure of reversible mechanics. However,
formulating a unified variational principle for dissipative phenomena, is a problem that has not
yet been solved [5].

In the context of continuum mechanics, dissipative phenomena are best described thanks
to the theory of thermodynamics of irreversible processes [6,7]. One main element of the
description of such processes is the definition of a dissipation potential, taking into account
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dissipative internal variables, as introduced by Biot [8]. Its mathematical characteristics are
directly deduced from the properties of the considered problem. In mechanics of continua, the
local state method, and the generalized standard materials framework [9-11] are used to define
precisely the dissipation potential. Nevertheless, state laws and the internal variables do not
provide a unified framework, as they are particular to each problem, and come as additional
information.

Variational principles for thermodynamics of irreversible processes have been introduced
in the literature since the work of Rayleigh [12], extended by the works of Biot [8,13-15],
Bateman [16]. Incremental variational principles have also been developed by Stainier, Ortiz
et al. [17,18]. In addition, the symplectic Brézis-Eckeland-Nayrolles principle [19,20] is a vari-
ational formulation of dissipative mechanics using both the formulation of a dissipation poten-
tial for generalized standard materials and the decomposition of the time rate of the evolution
curve of the problem into an irreversible and a reversible part. Gay-Balmaz et al. [21,22] ex-
tend Euler-Lagrange variational principle to dissipative phenomena, setting thermodynamics
into the Dirac structure [23]. Additionally, port-Hamiltonian theory is also based on the geom-
etry of Dirac structure to develop general, geometric models, for dissipative systems [24], where
the framework has been extended to nonlinear elastodynamics [25]. Along with these varia-
tional formulations, bracket formulations, extending the Poisson bracket (hence Hamiltonian
mechanics of continua) to dissipative processes, have been subsequently developed over the
past decades, with promising results. The idea of generalizing the Poisson bracket shall be ac-
knowledged to Dirac [23], which adapts the Poisson bracket to constrained problems. Three
major contributions introduce the idea of a dissipative additional bracket: Kaufman, Morrison
and Grmela [26-28], from which many bracket formulations have emerged. Furthermore, the
works of Vallis, Carnevale and Young develop a double bracket formulation as an extension of
the Poisson bracket, suited for fluid dynamics [29-32]. Consequently, two main categories of
bracket formulations are pointed out: single and double generator bracket formulations [33].
Single bracket formulations state that any functional is generated by the Hamiltonian function of
the system, with a split between reversible and irreversible contributions. This formulation has
been used in the context of fluid mechanics [34,35]. The double generator bracket formulation
is mainly known through the metriplectic [36] and the GENERIC (General Equation for the Non
Equilibrium Reversible-Irreversible Coupling) [37-39] frameworks. Romero [40] was the first one
to bring the GENERIC framework into the solid mechanics community, applying it to a thermo-
elastic continuum. One important contribution is from [41], which makes the link between the
GENERIC framework and standard generalized materials [9]. Furthermore, Grmela, Esen and co-
workers proposed a geometric interpretation of the GENERIC equations, expressing it by means
of a dissipation potential rather than a dissipative bracket [42,43]. GENERIC has also been de-
rived in the context of large strain thermo-visco-elasticity [44]. Considering the metriplectic
community, a recent study by Zaidni and Morrison has provided a methodology to construct
metriplectic brackets for materials that fulfill Onsager reciprocal relations [45]. Nonetheless, one
main difficulty lies in adapting these preexisting structures to specific problems.

The present work shows how to obtain, from the equations of continuum thermodynamics,
the general mathematical structure, called the “Double Generator Boundary Augmented bracket
structure” denoted as the DGBA bracket structure in the rest of the document, for the examples
of a unidimensional small strains generalized standard material, and for large strain thermo-
visco-elastodynamics. The proposed bracket structure is innovative for two reasons. First, its
methodology : it is built from the evolution equation from continuum thermodynamics, meaning
the fields are not adapted to a preexisting bracket formulation. Second, the presence of boundary
terms that emerge during the construction of the structure, essential to recover the balance
principles without additional hypotheses and to build variational integrators where boundary
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conditions must be taken into account. In both cases, the DGBA bracket structure emerges from
the Hamilton variational principle of elastodynamics for the reversible part of the structure, and
from the generalized standard materials framework for the dissipative part. The large strains
example has the originality of being built within the multisymplectic framework. Crucially, the
DGBA bracket structure is constructed such that the balance principles of linear momentum,
angular momentum (encoded within the variational principle), as well as the first and second
principle of thermodynamics, are exactly verified.

The paper is organized as follows. Section 2 introduces the main assumptions of the DGBA
bracket structure. Then, Section 3 presents the two applications of the DGBA bracket structure,
with the one-dimensional small strains generalized standard material in Section 3.1 and the
example of tridimensional large strain multisymplectic thermo-visco-elasticity in Section 3.2.

2. General formulation of the Double Generator Boundary Augmented bracket struc-
ture

The DGBA bracket structure is grounded in the assumptions of thermodynamics with internal
variables [6], where the global evolution of the system is assumed to be dependent on internal
variables, encompassed in a state vector z, supposed to be, without precision for the introduc-
tion, a set of M smooth functions, z € ((C°° (Qx x I))M, where Qy < R3 is a subset of the Euclidean
space, representing the Lagrangian configuration of the continuum, and I c R is a time interval.
Moreover, we consider that the evolution of z can be divided into a reversible and an irreversible
part, such that

Z = Zrev + Zirr- (1
We derive the DGBA bracket structure for continuum thermodynamics. In this setting, we define
the functional & as the integration of a density f over an open subset wx < Qx:

F:M—R, z—F(z]= f(@)dwy, 2)
wx

where f: RM — R is a smooth function, and dwy is the Lebesgue measure on wy.

Remark 1. The construction of the structure is on the subdomain wx, such that we can build the
most general model, i.e. without particular boundary forces.

The two studied problems in the applications are within the first-gradient theory, where the
state vector lies within the first dual jet bundle.

Remark 2. For instance, for discrete dynamics, one might have f: T*Q — R where Q is the
configuration manifold with T*Q its cotangent bundle, g € Q is a degree of freedom, p € T*Q
is the linear momentum [1].

The DGBA bracket structure is derived by taking the time derivative of the functional &

dg 0
4[] L2 (%) oo, o
dt wx\0z \0t),, 0z \0f/)y;
0 OE 0 0
Zf —f'L(Z)' % dwx + —f-M(z)~—deX+boundary terms 4)
wy O 0z wx 0% 0z
L 1L |
={F 1ot} =(F,F)
= (F, 80} + (F,.%) + boundary terms (5)

where &, is the total energy functional

gtot:f Etotde
wx
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with Eio;: RM — R a smooth function, representing the density of total energy, and . is the total
entropy functional
K= sdwyx
wx
with s: RM — R a smooth function, representing the density of total entropy. Eq. (4) defines the
skew-symmetric matrix
L(z) € Myu®), L2)=-L=)",
and the symmetric positive matrix
M(z) € My®), M(z)=Mz)', a Mza=0 VaeRY,

respectively representative of the reversible and the dissipative bracket.

The development of the framework involves the time derivatives of the state vector, decoupled
into its reversible and irreversible components. The state laws, in this proposed methodology,
are expressed thanks to the classical tools of continuum thermodynamics. As noted in the
introduction, properly selecting the state vector — which will lead to the expression of the
structure through the application of the state laws — is of paramount importance. Hence, the
choice of the state vector can only be rooted in a deep understanding of the physics at stake.

The right-hand side of Eq. (5) consists of the sum of two brackets {-,-} and (-,-), and boundary
terms. The reversible evolution of the system lies in {-, -}, a bilinear skew-symmetric bracket

{-,}: C®®RM) x C*RM) — C®(RM).
It emerges from the Hamilton variational principle. Only skew-symmetry is required such that
the conservation principles are verified:

(skew-symmetry) {F,49}=-{¥%,F} VZF4Y. (6)

Remark 3. If the skew-symmetric bracket fulfills Jacobi identity, it could be seen as a Poisson
bracket [1,2]:

(Jacobiidentity)  {{F, 9}, #} + {19, 74}, F} + {4, F},9} =0 YV F,94, 7. @)

While the current manuscript only provides the verification of this identity (throughout a system-
atic application of the defined bracket), its precise geometrical structure description is left as a
perspective of our work.

The second bracket (-,-) is the dissipative bracket, describing the irreversible i.e. dissipative
evolution of the system
(-,): C®®RM) x C*®M) — C®®R™M).
It is a bilinear, symmetric positive operator:
(F,9=¢95 VFY, (8)
(F,%)=0 Y &F. 9)

This formulation is part of the “two generators structure” family, described in [33], as the func-
tional & is generated by the total energy and the total entropy. Finally, deriving the structure from
the state laws involves boundary terms that must be present so that the structure can recover the
balance principles (unlike GENERIC or metriplectic formulations). The question of taking into
account boundary terms for bracket formulation in fluid dynamics has for instance been tackled
by Eldred and co-authors [46], using the Lagrange—d’Alembert variational principle to take into
account boundary conditions. This methodology slightly differs from the one presented in the
following lines, as the boundary terms of the present bracket structure emerge from the building
of the structure.

Balance principles are obtained for different choices of f, the general function. For instance,
choosing f equal to the linear momentum leads to the conservation of linear momentum.
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Then, in the same way, when f is equal to the angular momentum, we obtain the conservation
of angular momentum. Additionally, choosing f to be equal respectively to the density of
energy and to the density of entropy helps us to recover the first and the second principles of
thermodynamics. We emphasize that the properties of the brackets, and the expressions of the
boundary terms will be crucial to enforce the balance principles.

Remark 4. Unlike GENERIC models, the DGBA bracket structure do not require prescribing
non-interaction conditions ({#, %} =0, and (§t0t, F) =0,V Z). These conditions are redundant
with the expressions of the boundary terms stated in the DGBA bracket structure. By nullifying
boundary integrals, we implicitly assume strong boundary conditions. Finally, boundary terms
are in fact important to derive balance principles from the structure.

3. Applications

3.1. Deriving the structure for small strains unidimensional generalized standard mate-
rial

The first example is a unidimensional continuum under the small strain assumption. The
dissipative behavior of the system is guided by the evolution of the temperature T: Qx x I — R™,
and of N internal variables a = (a1 aN)T, where a;: Qx x I — R for each i € {1,..., N}. This
formulation is fundamental to continuum thermodynamics, where the pair T and « is referred
to as the standard set of normal variables [10,11]. The objective of this example is to set the
DGBA bracket structure for this example which has a rather general behavior, while restraining
ourselves within the small strain example, and in the unidimensional framework, to make the
calculus more convenient.

The state vector describing the problem is composed of the displacement u: Qx x I — R, the
linear momentum p: Qx x I — R, the strain tensor €: Qy x I — R, the temperature T and internal
variables & = (a; --- ay)

z=(upeT a). (10)
Remark 5. The linearized strain tensor, in one dimension, is exactly the space derivative of the

displacement € = (0u/0X).

Remark 6. For instance, for thermo-visco-elasticity, we have the internal dissipative variables
that are @ = @ = €j, and the strain component is only the elastic part of the strain €. = € — €; and
z=(upeeT ).

Next, we derive the DGBA bracket structure for this problem, by expressing each state law for
the variables of the state vector, i.e. expressing their time derivatives within

dF ofdu dfdp Ofdc Of T (6f Taa)
b (O et Bt e e iy I il PO 11
dr fwx(auat+ap or "ocor " aT or \oa) ar)9YX b

3.1.1. Evolution laws

Evolution law of internal variables. First, we set the evolution law for the internal variables.
Consider a generalized standard material [9] with a quadratic dissipation potential

oa; OaN) (0a1 OaN)_lzaa,- aa,-_l(aa)T oa
or’"" ot at’" ot ) ar) = or’

‘RY —R,
¢ | -

— Vit ==
where V;; € R is a coefficient shown later to be positive and V € .#y(R) is the matrix composed
of the latter coefficients. The Onsager reciprocity relationships [47-49] yield the symmetry of the



338 Benjamin Georgette, David Dureisseix and Anthony Gravouil

operator V;; = V;; < VT = V. Furthermore, the Biot relationships give, for each of the dissipative
state variables, in the absence of thermodynamic forces

o P
oY (;p' 0 Viell,.., N}
Oai "~ o(%H)

where

w:RxR"xRY —R, (6, T,@)— w(e,T,a)
is the Helmholtz free energy, and p € R* is the density of the material. The second principle of
thermodynamics [11] yields

O0e (dw GT) 1 oT >0

ot Plar "ot T T9x 7
where 0: Qx x I — R is the unidimensional Cauchy stress tensor, and q: Qx x I — R is the heat
flux vector. The dissipation can be divided into mechanical and thermal contributions, each
of which must remain positive. Therefore, with further calculus on the mechanical part of the
dissipation, and taking into account the state laws [11] p(0w/d¢) = 0 and (Ow/dT) = —s, where
S:RxRY* xRN SR, (¢, T, @) — s(e, T, @) is the density of entropy, one obtains

ow aa:l 0 6al

— >0 >0
-~ da; ot = Z o(%1)
6a~
J
= ZEVM—!E
o v
ot ot

From this expression, it is clear that V is positive, semi-definite. Furthermore, in this context
V is definite, since a situation where the double product equals zero implies no evolution of the
dissipation, or (da/0t) = 0, which is not relevant here. Therefore, V is symmetric definite positive,
hence invertible. Its inverse matrix is also symmetric definite positive by definition. Then, the
Biot relationships yield

ow 0 — 6_a __y-1 0_w

- =0 VYi = .
oa; +6(%) ! ot oa

Finally, to align with the DGBA bracket structure, derivatives of the entropy with respect to
the state vector must be incorporated. Hence, we introduce the specific heat capacity ¢ € R*
and define the Helmholtz free energy w in terms of the internal energy &j,: R x Rt x RN - R,
(¢, T, @) — @ini (¢, T, @), entropy s, and temperature T

0s 0€int
[ g , 12
=TT or (12)
w(e, T, &) =éint(e, T, @) — Ts(e, T, ). (13)

Remark 7. Equation (12) is of paramount importance to derive the dissipative bracket as a linear
function of ds/dz, which can be a difficult computational point in such bracket formulations.

Remark 8. The Helmholtz free energy is defined as the Legendre transform of the internal
energy with respect to the entropy. Then, the “natural” variable for the internal energy is the
entropy. However, given the definition of the specific heat capacity, we can demonstrate that
the relationships between the entropy, internal energy, and temperature are all bijective, thus
invertible. Consequently, a transition from an entropy representation to a temperature, or an
internal energy representation [41,50] is possible. Finally, as we aim for the system to be governed
by the state vector defined in Eq. (10), the temperature representation is adopted.



Benjamin Georgette, David Dureisseix and Anthony Gravouil 339

Therefore, we obtain the evolution law of the internal dissipative variables:

ol 1 _1 08t Os _1 0s
— =Ty i == —. 14
ot c oa OT oa (14)

Evolution law of temperature. Second, we derive the evolution law of the temperature. By
considering the time derivative of Gibbs’ equation, one obtains (for details, see Section 1.1 of
the supplementary document)
dee dw 0T ow 4 dw 0T 1 8q 1(08&n) da 1_0soe
P —pT = = = —-=T——. (15
dr dr 0t 0T 0t oT ot pcdX c\da ) 0t c Oeot
I |
=0T /0)inr =0T /00)sey

The equation indicates that the evolution of temperature can be decomposed into irreversible
components, encompassing the first two terms that represent conduction and internal variables,
and a reversible component, which corresponds to the time derivative of the strain. This obser-
vation has already been noted by the community of GENERIC in the context of thermomechan-
ics [44,51]. Moreover, models of reversible evolution of temperature, which solve the paradox of
infinite velocity heat wave propagation within the Fourier law of conduction, have been exten-
sively proposed by Green and Naghdi [52], Cattaneo [53]. Additionally, Maugin developed a for-
mulation of the Hamilton variational principle that recovers the Green and Naghdi law [54]. Fi-
nally, this partition of the time derivative of the temperature motivates the partition of the time
derivative of the state vector, as defined in Eq. (1), into two distinct parts.
Therefore, the evolution of the irreversible part of the derivative of the temperature yields

(B_T) :Ei(ﬁi(ﬁ))_iT(aé\int)TV—laé\imﬁ_lT(a/e\int)Tv—lﬁ, (16)
0t )iy pcOX\ ¢ 0X\OT 2\ da da T ¢ |\ da o
where we used the Fourier law of conduction g = —K(dT/3X) (with K € R* the material’s

conductivity) along with the definition of the specific heat capacity (12) and the evolution of
internal dissipative variables (14).

Evolution law of displacement, linear momentum — the Hamilton variational principle. Fi-
nally, we describe the evolution of the displacement field, and of the linear momentum. These
fields are related to the reversible bracket, rooted in the Hamilton variational principle. We begin
by deriving the Hamilton equations for continuum mechanics. Consider the action integral over

a time interval w; c R
0
d[u]=ff l(u,—u,e,T,a)dedwt
wJwy ot

where [: RxRxRxR* xRN = R, (u,0u/dt, e, T, @) — L(u,0u/dt, e, T, @) is the Lagrangian density
function, taking for variables displacement and its derivatives, temperature and internal vari-
ables. Consider the Legendre transformation of the Lagrangian density to obtain the Hamilton-
ian density, defined as

. ou ou ol
l (u,p,e,T,a)=pE—l u,E,e,T,a, W=P
ot

defining the conjugate momentum p. Therefore, one can define the dual action for small strains
elastodynamics

0
af*[u,p]:ff (p—u—l*(u,p,g,T,a))dedw,
wrJwy 6t

on which we apply the Hamilton variational principle for variations with respect to the displace-
ment and the linear momentum only

6%*[u,p]+[ f béud@wx)dw,; =0, VYdéu(X,t)=00ndw;, Yop
w; (an)Neumann
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where b are boundary Neumann conditions on (0w x)Ne"™" < dwy, b: (0w x)NEW™a _ R, We
obtain the classical equations of elastodynamics:

du _ ok VXew a7
ot op ©
93——m*+f1fp) VXew (18)
ot ou  0X\oe X
ﬁz:b V X € (O x)Neumann, (19)

Remark 9. For a functional & = [u, p] = fwx f(u, p,e)dwx depending only on displacement u
and linear momentum p one obtains the following canonical Poisson bracket (here in small
strain, with links to the Poisson bracket developed by Simo et al. [55] in the context of nonlinear
elasticity):

4| (Lo o o),
dz wx\Ou 0t 0e 0t Odp ot

G axlGe)) 5 -5l x5
“Jox\\ou ox\oe))op op\ou x|\ oe
l = {Z, £*}: canonical Poisson bracket

. of ou
T }+fawx L2 dow),

of ou
dwx +wa E E d(Owyx)

where
£ = I* de.
wx
The additional boundary term, often considered as equal to zero [35,56-58], will be of high

importance when deriving the equations of the DGBA bracket structure, applied to recover
balance principles.

We express the latter equations in terms of the total energy Eior. The Hamilton density function
of continuum mechanics is considered as the sum of the kinetic energy and the density of
Helmholtz free energy, leading to

11 11
I"(u,p,e, T, @) = 5p—p+plﬂ(8, Ta)= 5p—p+pam(£, s,@)-pTs(e, T, @).
P P

L J
Eiot(u,p.e,T,a)

Remark 10. We notice that E is not a specific energy, unlike the internal energy and the
Helmholtz free energy, as its unit is Jm~3, whereas the entropy and internal energy are expressed
in Jkg™!. This distinction will be significant in subsequent calculations to ensure dimensional
homogeneity in the equations.

Furthermore, the temperature can be defined as the derivative of the total energy with respect
to the entropy

T 0Eot — T= l(aEtot)( 0s )_1'
0s o

oT J\aT

The definition of the temperature through the Legendre transformation from an entropy to a
temperature representation of the total energy can be related to the work of Gay-Balmaz and
co-authors, which adapted their dissipative Lagrangian formalism to a free-energy Lagrangian,

that is naturally dependent on the temperature [59]. Therefore, when deriving the Hamilton
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equations in terms of the total energy (giving the state laws required to obtain the reversible
bracket), we obtain

ou Gﬁmt

b , 20
ot op 0
a_pz_aﬁwt+i(aﬁm (aEwt)(as) @), o1
or ou  0X\ o¢ oT J\oT) ode

(a:r) (63) Yos o (aﬁmt)

= =- . (22)
0t ) ey 0T) 0e0X op

This completes the set of equations required to derive the DGBA bracket structure.

3.1.2. Expression of the DGBA bracket structure

In the preceding section we have shown how to obtain each of the evolution laws for the state
vector displayed in Eq. (10). Then, the DGBA bracket structure yields

dF [ (3f ou Of Op Of o f(( ) (6T) ) (af) )
dr ‘fwx(au at “op or ‘oear ar\\or),, \or).) \da o doox
1 ]

| I— I
Eq (20) Eq (21) Eq (22) Eq (16) Eq (14)
5 of ou af(as)‘lasaﬁmt
={Z,8 F,S 2% 40w =] = de@
{F, 8ot + ( Hfawxa 5, 400wx) — bor 3p\3T) 0 T (Owx)
10f T? 0 (0s
-| —=K= d@
j(;prGT c? OX(OT) (Owx)
where
7.8 }Zf ((g_i(af))aﬁwt_g(aﬁm 9 (aEmt))
ot | Wou " ax\oe)) op op\ou  ox\ oe
(as)—las(alimt a (6f) of o (aEtot)))
+ = i Ao da)X
oT) oe\ oT ax\op) oTax\ op
=f U L. 0L dwx
wy 02 0z

(23)

10 (0f\ T* 0 (0s af1T(aam)T 1 0@int Os
F,S Ko | o= | = ] v
(7.7 = fwx(an(aT) 2 6X(6T)+6ch oa da oT

Of T(0&n)' _,0s T(af)T | 08y Os (af)T _168)
-L- vi-—-— (L vIiZEE L v
OTC(aa) da c\la oa 6T+ oa oa dox
)
=f of M()—de
wy 02

with the following matrix representations of the reversible bracket L(z) and of the dissipative
bracket M(z):

0 1 0 0---0
1 0 (ﬁ)_lﬁaﬂleﬁ :
0T) 0e¢ 0X
L(z) = _(ﬁ)_l 0s OMrighe :
0T) 0e 0X
0 . 0---0
0 0---0
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000 0 o'
000 0 o'
000 0 o'
M(z) = 1 (08ine T _108in¢ 100eg (T 2aDright 1_(0en T |
000 = 174 += K|= - = v
2\ da oa p 0X c 0X c \ da
1 -1 a’e\int -1
000 ——ry 1222 TV
c o

Integration by parts has been applied to the conduction part of the dissipative bracket (see
Section 1.2 of the supplementary document).

Remark 11. The operators 00ef/0X and 000,41/ 0 X are defined as [60]

00t

(b 0a ob

X 1| _ 9% 71
(o az)(% 0 )(bz)_ X b2+ X’

Remark 12. For the coupled thermo-visco-elastodynamics problem, consider the strain tensor
to be split into a reversible (elastic) and an irreversible (anelastic) part [11]:

E=¢Ee tEj,

whereee: QxxI — Randeg;: Qx x I — R. We consider the viscoelastic part to answer the standard
linear solid model (which will be the basis on which the large strain viscoelastodynamics state law
will be built upon [61]), where E, € Ris the elasticity modulus of the elastic branch, and Ej, is the
elasticity modulus of the inelastic (viscous) branch. V~1 e Rwill be the inverse of the viscoelastic
modulus. The equations of motion for the thermo-visco-elastodynamics coupled problem can
then be obtained through the space Galerkin expansion of f with respect to its variables

F = (uXuX,0+6pX)pX, 1) +8e(X)eX, )+ T(X)T(X, 1) + §€an (X)€an (X, 1) dwx)
wx
and the definitions of the potentials of thermo-visco-elastodynamics at small strains (where the
viscous thermo-mechanical coupling is on the reversible part of the strain tensor)

T
ps(€, T, €an) = k(e —€an) + pc(— — 1),
To
= 1 1 1 1oc
Evor(u, p,€, T, €an) = 5pp + EEOOE2 + EEan(E _c‘:an)2 +kTo(e—€an) + 5%(72 - TOZ) +fdu.

The equations of motion are then:

ou 1
ot pp'
O0e 10p
ot pox’
0 0
6_’: = a((Eoo + Ean)€ — Ean€an — k(T — TO));
oT 0 (1 0 T _
ch"'k 0& ;P)=&( ﬁ +(_Ean(£_5an)_kTO)V 1(_Ean(£_5an)+k(T_T0))r
0€an

To V7 Ean(e — €an) = V7 HK(T - Tp).

3.1.3. Properties of the brackets
Properties of the reversible bracket. First, we verify that the reversible bracket satisfies the skew-

symmetry property required in the preamble (6), confirmed in Section 1.3 of the supplementary
document.
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Remark 13. The reversible bracket can be considered as a Poisson bracket if the Jacobi identity
is verified. However, verifying this identity (7) is not obvious, as the representative matrix L(z)
of the reversible bracket explicitly depends on the state vector z. The calculus is developed in
Section 1.4 of the supplementary document, considering the dependence of the entropy and the
temperature on the fields of the problems as defined in equation (13). The method followed is
mainly computational, as we have straightforwardly applied the defined bracket two times, as
required by the identity. Furthermore, as noted in the supplementary document, the proof is
lead on the densities of the functions (it indeed implies the verification of the integrated Jacobi
identity). The Jacobi identity is verified provided the following conditions on the entropy hold:

s B 0 (625)_
0e20X 0Xx\oe2)

3s 0 ( 8°s (24)
aTagaxzﬁ(aTas)z

These conditions, involving third partial derivatives of the entropy, are physically reasonable.
Consider, for instance, the example of linear thermo-elasticity, where the entropy is a linear
function of strain and temperature, without coupling:
T-To

TO ’
Consequently, one should bear in mind that such hypothesis must be verified by the material at
stake before using the DGBA bracket structure as proposed in this communication.

k
s, T)=s9g+—€+c
p

Properties of the dissipative bracket. Moreover, both the symmetry and the positivity of the
dissipative bracket are verified respectively in Section 1.5 of the supplementary document and
Section A.1 of the present document. The proof of the positivity relies on the positivity of the
material’s conductivity K, and the matrix VL.

3.1.4. Conservation laws

As it is the main idea behind the DGBA bracket structure, we now prove how to derive the
classical conservation laws of continuum mechanics using the obtained structure.

Conservation of linear momentum. Consider f to be the linear momentum

f=p ZF-= pdwx.

wx
Therefore, setting this expression within the obtained structure yields (noting that only (6 f/dp)
is not equal to zero)

op 0B 0 aEmt) (as)‘lasaﬁwt)

—dwx = - — =] = d@
by 0f (X fwx(( ou Tox oe ) \ar) e ar )409%
OEmt 0 (Gﬁtot—st))
= j— —_ d
fwx( du ox\_ oe “x

0Bt 0 (al*))
= - — d
fa,x( ou ax\ae ) 4X

0p OB O ( aw))
o=[ (-2 —(p=—]|dox Vox.
— fwx( ar  ou ox\Pog )| Tex

Since this equality is defined for all subset wy < Qx, we obtain the conservation of linear
momentum (considering that p(0w/d¢) = 0):

0p 0L 0o

or  Oou  0X’
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Conservation of angular momentum. As we have chosen to present a one-dimensional problem
to simplify the notations and enhance understanding, the conservation of angular momentum is
not addressed here.

First law of thermodynamics. We consider f to be equal to the total energy, considered to be the
sum of the kinetic and the internal energy

~ ~ 1 1 .
[ =Etot gzgtot:f (‘P‘P"‘Peint(& T, @) |dwx
wx, 2 p

|

:Etot
and insert it within the DGBA bracket structure
d(_rf)atot f 1 6Et0t T 0 ( 0s
Eiot, S — K—
TR dwy p OT ¢ 0X\oT

OEtot ou f (?Etot ( 0s ) 1 os aEtot
—d(Ow — d(o 25
+fawx e o1 10N | op \ar) 8e ar 4000 @9

)d(awx)

giving

1 6]:7 a/e\int)
d
fwx(p Por TP 5 )9

10 aﬁmt) T2 6(65) f 10Ew: . T? 0 (as)
= K——|—|dox-| - K— d@
.[prOX( ar [N @ ax\ar )X ), o oT X & ax \ar ) 400“Y)

J

=0
. f aﬁm((aam)TV_laam 1T0s (aam)TV_l os T
wy OT oa da ccOoT o
=D
aEmt)T( 1085 T 0s . as)
+ [ (-v — 4TV =|d
f ( oa oa coOT o wx
=(III)
aEmt ou / aEmt ( os ) ! os Gﬁmt
+ —d - — dOwx).
fawx oe 0r 4000~ | 5y \oT) ae ar 40¥Y)
J
=(IV)
Each term on the right-hand side of the equal sign is analysed separately. First, the conduction
term (I) becomes

10 aﬁmt) T? 9 (as) f 10E  T? 0 (63)
K——|=|dox-| = K— d@
fwxan( ar [N @ ax\ar) X ), o or X & ax \ar ) 40“Y)

1 9 (dE 10T 10Eq 10T
o[ L () 1Oy [ L0 10Ty,
w 0

J

Xan orT coX wx p 0T  c0X
[ 110w o0,
“Joxpc oT ox\ ox) X
%1
—f 1 0Bkt la—Td(an)+f 1 9Bk la—Tcl(awx)
-0 :
= —( )dw
oy 0X q X

f aq de
wX
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Next, the second term (II) is

f aﬁm((aant)Tv_laam 17 0s _(aam)TV_lﬁf)de
wy 0T oa da ccO0T oa oa
OE o1 l(aam)T _l(aam 10
= - v d
fwx aT ¢\ da da  oa) X
0o 1 (aam)T 1 0(@inc— Ts)
= - v d
fwx oT ¢\ oa o X
f agtot 1 (aé\im) vl ow
= - = — dwy
wy 0T c\ da da
__[ 6Etotl(aéint) 0_adw
~ ), 0T c\oa | ar ¥
[
~ o Vo ) ar X
and the term (III) leads to
aﬁmt)T( 108 T 0s _la) aEmt o1 0w
el Y 7 i 4 d - —=d
f (aa da coT da) X wX; da °°%
_f Z(aEmt) oa dw
“Jox5\0a ) or X
= —(ID).

Hence the two terms (II) and (III) cancel each other: (II) + (IIT) = 0. Finally, the fourth term (IV)
yields

0B 0 oE Los oF 0(Ewi—pTs) OE
f tot_ud(a ) - f tot( ) N tot d(awx):f ( (Etot—pT5s) tm)d(awx)
dwx a orT dwx

e Ot wxy OP de oT Oe Op
ow aEtot
= d©
L ae ap 200x)

= (f—d(aw ).
fawx ot X

Therefore, we have

1 Op aelm) f f ou
+ —dw + oc—dOwyx).
Lx(p at p a)X X 0(1))( at X

Finally, we insert the definition of the linear momentum of Eq. (20) and the time derivative of the
linear momentum of Eq. (21), to obtain

=0

1 -~
L (G axleSe )+ o%5e Jaon == [ awn [, o5awon
I, (G 3% e %) o f—f—
= [ (%G Jawn=o
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thus giving the first law of thermodynamics

aé\int
ot

Second law of thermodynamics. Assume f to be equal to the total entropy & = .%

0 =0é—divg.

f=s <= sdwy.
wx
We consider the dependencies of the entropy as described in (13), such that (ds/dp) = 0 and
(0s/0u) = 0. Then, one has

‘L_‘g; ={F, B ot} + (L, F) + o g% d(@wx)
9 )
_fawx g_;(g_;) ga(f;?t d@wy) —fawx %%K%%(S—;)d(awﬂ
d% +fawx %(‘:—; f—;%(g—;)d(awx) — (P, L)+ 1S, B + » %:%d(awx)
where
(S, B + fa . g‘;—’: d@wy)

_f ( ) (as)aﬁtot (63)_163 ds 0 (aEwt))dw . asaud(aw )

~Jo\Tax\oe) op \oT) odeorox\ ap X7 Jowy 008 X

e o [ g
wx\0X\0e) Op 0edX\ Op dwy 0€ Ot

=—f 0 (ﬁaEtot)deJrf @a—ud(awx)
0

vy 0X \0e dp wy 0 Of
s 0E o ds ou
=| -= d@ ——d@
fawx 9 op G000 | 5 g 409X

=0.

Referring to Remark 4, we obtain, without any assumption, a non-interaction condition that is
necessary to preserve the second principle of thermodynamics. The second term of the left-hand
side of the equation is equal to

10s T> 0 (0 10
L e o [ 33
owy POT ¢ 0X\0T owy POX\T
while the right-hand side of the equation leads to
11 K(a:r)2 (aw)TV11 ow]
p T2 \0Xx oa Toa| ©

Then, as we have shown that the dissipative bracket is positive for any functional & (see
Section A.1), we obtain the second principle of thermodynamics, and its expression as the
Clausius-Duhem identity

ds 0 (q 1 1 4T ow\" oa
Lx(pa-f'ﬁ(?))dwxzo — Lxﬁ[—?qﬁ—;(a) E d(,UXZO

or, in local form

(P, ) = f

wx

0s q
Zidiv[d]s0 = -2g—-Y[2Z] ZZso.
Pt N(T)> 95% " L\3a) o

i

1 T (Ow)Taa
>
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3.2. Deriving the DGBA bracket structure for tridimensional large strain thermo-visco-
elastodynamics

We consider a tridimensional thermo-visco-elastodynamics problem at large strains. The ref-
erence (Lagrangian, or material) configuration is denoted by Qx c R3, while the deformed
(Eulerian, or spatial) configuration is denoted by Q, c R3, linked through the smooth mapping
x: Qx x I — Q. The basis vectors of the Lagrangian configuration will have uppercase indexes,
such as e, while basis vectors of the Eulerian configuration will have lowercase indexes e, (this
notation will also be followed by the components of vectors, tensors, when expressed in index
notation). In the same manner, the position in the Lagrangian configuration is denoted by X,
and x = y(X, t) in the Eulerian configuration. The state vector is built upon the learnings of the
small strain example. First, we consider the configuration mapping y, and the linear momen-
tum p: Qx — Q. as components of the state vector. Additionally, we introduce the first Piola-
Kirchhoff stress tensor II a two-point material-spatial tensor, such that [I=1I e, ® ¢, where
IIy4: Qx x I — R. Indeed, as we are in field theories, the multisymplectic framework arising from
the Hamilton variational principle is more suitable [3,4,62]. This introduces a major distinction
from the small strain example: the state vector does not include the derivative of the configura-
tion F: TQx — TQ, where

Nay e, o
00X, —A 0X4
(which, in the small strain one-dimensional setting, would be equivalent to using the small
strain tensor ¢ = (0u/dX)). Finally, the temperature T: Qx x I — R* is considered, and the
inverse inelastic Cauchy-Green purely Lagrangian second order tensor C;° 1= (Cl.‘l) 15€4® €
(Ci‘l) A" Qyx x I — Ris used, as it is an objective tensor that describes finite viscoelasticity [44].
The state vector is then defined as

=Faa, Fan: QxxI—R

I

z= (1 p I T Co l)
and the density of the functional & will be a smooth function of these variables

f: Qe x Qe x TQY x RT x TOx — R, (l,B,Q, Trgi_l) _’f(l’ﬂ’g’ T’gi_l)‘

The total energy density Eyo(, the Hamiltonian density [*, the Lagrangian density [ will be defined
as such. As in the small strain setting, we will demonstrate how to express the physics of both the
reversible and irreversible parts of the problem.

Remark 14. One could notice that the first Piola—Kirchhoff stress tensor is not a Lagrangian
tensor. Hence, the chain rule on the time derivative that applies to the other Lagrangian
quantities will not apply to this tensor. Therefore, the development is not as straightforward as
before, and we will need to express carefully our time derivatives using the Lie derivative, which
is an objective time rate [63]. The objective will finally be to have an expression of the DGBA
bracket structure for large strain thermo-visco-elastodynamics where the potentials (the total
and internal energy, the entropy) will depend on the state vector.

3.2.1. Evolution laws

Evolution law of the inverse inelastic Cauchy-Green tensor. First, we start with the description
of the evolution law for the inverse of the inelastic part of the Cauchy-Green tensor, derived from
finite viscoelasticity models. A key assumption of finite viscoelasticity is the decomposition of
the gradient of transformations into an elastic and an inelastic part, due to [64]:

E=FEe L
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where we define the elastic part of the gradient of transformation a two-point material-spatial
second order tensor Fe: TQx — TQy, and the inelastic part of the gradient of transformation,
a fully material second order tensor Fij: TQx — TQy [65]. From this partition, we define the
following expressions of the Cauchy-Green tensor:
C=F'F, Ce=FlFe C'=E'F.

To establish the constitutive equation of viscoelasticity, we refer to the fundamental work of
Reese and Govindjee [61]. They introduced the splitting of the Helmholtz free energy into an
equilibrium and an out-of-equilibrium part

w:RxTQxxTAx — R, w(T,F,Ce) = wpq(T, F) + wNeq(T, Ce)

using the Helmholtz free energy to build their behavior law, a standard process for phenomeno-
logical continuum thermodynamics [11].

Remark 15. Examples of detailed expressions of these free energies can be found in [44].

Other models of finite linear viscoelasticity exist: Kaliske [66] presents simple examples
of viscoelastic stress-strain laws for unidimensional examples, in small strains, and for the
generalized Maxwell model; Simo [67] presents a model of finite viscoelasticity which does not
satisfy the second law of thermodynamics, as pointed out by Reese and Govindjee [68]. The
developments of Reese and Govindjee yield the following viscoelastic evolution law:

-1

0
Zy(bo) =2 sIngQ) b = - =—4E! E-C

GLUNEQ
vl (F‘T —=.Cc! -FT)
= = -1 =i =
oc;t =

where V™! is a fourth-order Eulerian tensor of inelastic flow, V™! = (V1) gpc0e, ® €, ® e, ® €,

(V™Y abea € R, be is the Finger deformation tensor, a second order Eulerian second order tensor
be = Fe - E;r, and Tngq is the out-of-equilibrium Piola stress tensor (the Piola stress tensor
is split into an equilibrium and an out-of-equilibrium part, as for the Helmholtz free energy
T=TgQ +INEQ, T = TABE, X €, TAR: Qx x I — R, with the same definitions for the equilibrium
and the out-of-equilibrium parts), and £, is the Lie derivative. The precise expression of this
tensor can be found in [61]. Details of calculus to obtain the viscoelastic law are in Section 2.1 of

the supplementary document. Furthermore, we set

=

=" @E& "y -BTF]

as the fourth order Lagrangian tensor of inelastic flow [44], such that

1=

= QT, Nqacr = Nagrc ER

as shown in Section 2.2 of the supplementary document, for which we have

of .c!
oc;t =

of oc _
ac;t ot

_ of
1. .
=G ]Tg[ c-1

=i =i

+4

0€int ‘7;1] ‘N
0£;1 = =

: gl]. (26)

Remark 16. One could be surprised that, unlike the first example, there is no dissipation
potential that is presented. Nonetheless, the evolution law given for the inelastic part of the
Cauchy-Green tensor comes from the application of the Clausius—-Duhem identity, implying
the existence of a dissipation potential. Its developed expression is not required to derive the
evolution law.
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Evolution law of temperature. Second, we derive the evolution law of the temperature, with
the particularity that potentials (as the total energy, the entropy, or the Helmholtz free energy)
must be defined in terms of the first Piola—Kirchhoff stress tensor. Consider as a starting point
the Legendre transformation of the Helmholtz free energy with respect to the transformation
gradient to obtain

°
S*

=

=
2
I

O:F-pw(T,EC)

1
=I:F+pTs(T,F,C;")—péind(T,F,C 1) 27)
L J

pTs* (TILCTH

where we define the density of entropy s: Rt x TQ, x TQx — R, (T, F, g;l) — s(T,F, g;l) and the
internal energy €int: R* x TQ, x TQx — R, (T, F, g;l) — @ine(T,F, g;l). We define the Legendre
transformation of the entropy with respect to the gradient of transformation as follows

S*:[R+XTQXXTQX—’[R; (T;g»gfl)'_’S*(T»g’gfl)

where

(o))
*

s
0

pTs (LI, C7H) =1: E+pTs(T,F,CiV), =F.

=

Remark 17. We observe in Eq. (27) that the Legendre transformation from the gradient of
transformations to the first Piola-Kirchhoff stress tensor can be applied to either the entropy
or the internal energy. Calculus displayed in the appendix (see Section B.3) show that we need
to apply the Legendre transformation on the entropy. Then, the internal energy, through a
change of variables (that does not take into account a Legendre transformation) is represented in
terms of the first Piola—Kirchhoff stress tensor, defining ’e\l.*m: RY* x TQyx x TQx — R, (T, 11, Cr b

e (TILCT.

Furthermore, we need to be extremely cautious when deriving each term and applying the
chain rule to the potentials. The rule cannot be used straightforward with mixed (or Eulerian)
tensors as variables of the potentials. The key to solve the problem is to move from the repre-
sentation of the potentials in terms of the first Piola-Kirchhoff stress tensor II to a representation
in terms of the second Piola—Kirchhoff stress tensor S, and then applying the rules of derivation.
This change of representation lies in the invertible relationship

=
Iy

8. 28)

Each of these steps is clearly depicted in Section B.3. Therefore, we obtain the following evolution
law of temperature:

o __Lpw Q 1 98y  OCT + Tos” FF ' (29)
or  pc X="cacl ot com == &
\ =0T/00)irr ! =(0T/00)rev

where ¢ € R" is the thermal capacity, p € R* is the material density, and DIV () is the Lagrangian
divergence. As within the small strain setting, the temperature evolution can be split into a re-
versible and an irreversible part. We apply the Fourier law of conduction Q = —K-(0T/0X) (where
K is the second order tensor of conduction, purely Lagrangian K = K, AB_g 1®ep Kap: Qx — R,
symmetric (proved through Onsager reciprocity relationships), and becomes a constant for an
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isotropic material [11]) as well as the visco-elastic stress-strain law (26) to obtain the irreversible
evolution of temperature

2], (S ) {2
ot )iy pox \Sc2ox\or)) 2 \act =)

- 24(660 g;l) :TN: (—1{“ -gl). (30)

I=

. ( aé\i*nt -Q_l) os*
oct i

1%}

Evolution law of the configuration, linear momentum and first Piola—Kirchhoff stress tensor
— multisymplectic Poisson bracket. Third, we derive the evolution laws for the configuration,
the linear momentum, and the first Piola-Kirchhoff stress tensor, from the expression of the
Hamilton variational principle. First, we define the dual action

ox
" 8l —-O: == JLT,C ) |dwx d 31
x,p, 1 fwtfwx(g a1 X p )) wx dw; CLY

where we obtained the Hamiltonian density function by performing two partial Legendre trans-
formations on the derivatives of the configuration

ox ox ox oy ol ol
ner)

(up LT =p- 3 - 0X l(x’ar ox’

Then, Hamilton’s principle states that
5d*+f f b-6yd0wx)dw,;=0 Vby=0o0ndw,dép,6l
w; (an)Neumann = = —_ =

where b are prescribed forces on a part of the boundary (0w x)Ne"™3" ¢ dwy. Variations are
computed with respect to the configuration, the linear momentum, and the Piola—Kirchhoff
stress tensors, as it would have been outside the thermo-visco-elastodynamics context. Then,
after deriving each of the variations of the action in Section B.1, we obtain the following system
of equations (within the body)

op o
—-—=+DIVx([) - — =0, 82)
% _or =0 (33)
ot op
o _or =0 (34)
X o0 -
in which we recognize the multisymplectic formulation of linear elastodynamics [3,69]

ar*

oy 0-10 X 001 X

al* 0 0

o[ 000 o) \-100/%2 |1

Remark 18. The differential operator 6/6X in Eq. (35) is a simplified notation used for conve-
nience. It is equal to

001 5 (X DIV (ID)
000|—=|P|= 0
(—100) 0X\u| |-GraDx(p=-

where F is the deformation gradient.
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Remark 19. It is possible to obtain a reversible skew-symmetric bracket for large strain elasto-
dynamics, as depicted in Section B.2. The whole prooflies in the use of the Lie derivative to obtain
finally

f (g.%ﬁf op af.F)

wx\0y 0t Op Ot oF =
f (a_f'ai_a_f'al vy o of g al
wx

§)dwx+f a—f'(ﬂ'ﬂ)d(awx)
- owx 62 B

dy op dp dy *Gp' on ol —=adp
::{g,ff*}+f g (I N)d(Owx)
dwx ap
with
2* = l* de.
wx

This bracket is skew-symmetric provided that S = ST, which is a property of the second Piola—
Kirchhoff stress tensor encoding the conservation of angular momentum. Furthermore, for a test
function f =6p(X) - u(X, 1) +6x(X) - p(X, 1) + SII(X) : F(X, 1), one can recover the expression of
the equations in terms of the m_ultisyr_nplectic skew-symmetric matrix [69]. Finally, this bracket
differs from the one developed by Simo and co-authors, as the phase space of this bracket takes
into account the first Piola—Kirchhoff stress tensor instead of the Cauchy-Green tensor, making
the Legendre transformation one step further, as noted by Bridges [3].

As in the small strain setting, we extend the problem to reversible thermo- (visco)-elasticity by
taking into account the total energy into the definition of the Hamiltonian density function

(up,0,T,CN = Eg (o, p LT, G - pTs™ (I, .G

where the dual entropy is obtained through a Legendre transformation, while the total energy in
terms of the Piola-Kirchhoff stress tensor is obtained through a simple change of variable (with
the same method as for the internal energy).

3.2.2. Expression of the DGBA bracket structure

Using the previous developments, we have the expression of the DGBA bracket structure for
large strain thermo-visco-elastodynamics

LI e B ) )

dr oy 3t @'E‘@ ="or ot )y,) oc'’ ot

2 *
(T, Bl + (F, )+ f Z—f (I N) d@wy) - f L0f K( ) ‘i(as )-ﬂd(awx)
0

dwx OP wx p OT ox\or
where
{g,éamt}:f (g.ﬂ_g_ t0t+v 6]0‘ ot S— ﬁ:vx tot g
wx\0y Op 0p 0y —ap o = on Q

I op
GE;‘M( )1v af  os* S+g(a*
T \oT —ap ol = 0T\ aT

'os* 0E :ot )
'V S|dw
) on ~*op
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*y _ 10 (df 6f 4( 1nt —1)_ ,(a/e\i*nt —1)63*
7= fwx[pax(aT) K(c) ( ) aT ¢2\ac; &) T oc ! S )ar

of 4 1) ( 08, _1) 0s* 4( 08 _1) (af _1)
-—- . TN: - - . :TN: -C.
aTc(ac-l &) oc;! ' oT c\oac;! & ="loc/! &
0 0
+4( s_ -C; ) TN: ( { ~Qi_1)]da)x.
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Remark 20. As in the small strain setting, the equations of motion are obtained through the
Galerkin expansion of the function f, as

[=6pX)-x(X, 0)+6x(X) - pX, ) +SHX) : EX, ) + 6 T(X) T(X, 1) +6C:CrN (X, D)

which, after calculus, gives the following equations of motion:

ox aE;‘Ot

ot ap '

E: GE:Ot'

op _aE;‘m_i(al* )

or oy ox\om=/)

6_T=(68*)165* .V 6E:0t5+li,(K.6_T)+4(aw_ -C;l):N:(%.CTI),
or \oT) om == dp = poX \T oX) \oc;' T ) ="loct T
aC'—l *

=i =_4((0L.Qi 1):M),C—l

ot oc;t = )=

The equations are not expanded in terms of the expressions of the potentials, as the technicality
of these might infer with the understanding of the meaning of the equations. We can draw con-
clusions from the expressions obtained above. The first equation corresponds to the definition
of the first Legendre transformation on the Hamiltonian density function, while the second is ex-
actly the space derivative of the first one. The third equation is the conservation of linear momen-
tum, observing that (0/*/0II)S = —II. Then, the fourth equation is the evolution of temperature,
where the first term (right to the equal sign) corresponds to the thermo-mechanical coupling, the
second one to the conduction effects, and the third one to the thermal-viscous coupling. Finally,
the last equation is the evolution equation of the inverse of the inelastic Cauchy-Green tensor,
expressed in terms of the fourth order Lagrangian tensor of inelastic flow. It can be expressed
again in terms of the Eulerian fourth order tensor of inelastic flow, hence as in the first expression
of the evolution of the inelastic Cauchy-Green tensor using index calculus as follows. First, the
expression of the fourth order, Lagrangian tensor of inelastic flow is given, in index notation

Noacr=[E~"- (£~ V ol “Eloacr=F~ T]pQ[F N aal _l]aqu[F]bC[FT]Rq'

Then, the expression of the evolution law obtained through the Galerkin expansion of the DGBA
bracket structure becomes

GC._I ow*
=i _ _ . .—1 . . '—1
or 4((60‘1 G )g) L

S = I o P L P/ PR P g PR

S G P L O o ) B E R
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_ - _ OWNEQ _
=—4[F7'],,|¥ 1:(5 T-c aC 'ET) [FlyelG ' ek
= ab
Y _ OWNEQ _
=—4F1V1:( T.c. -FT) F-c!
A

Properties of the reversible bracket. The skew-symmetry is verified in Section 2.5 of the supple-
mentary document.

Remark 21. The verification of the Jacobi identity is proved for functionals which successive
partial derivatives are consistent with the particular expression of the total energy for large strain
thermo-visco-elastodynamics. It is carefully displayed within Section 2.8 of the supplementary
document. The proof develops the same methodology as for the small strain example, i.e.
consecutively applying the skew-symmetric operator to the quantities considered in the Jacobi
identity. The general proof without these assumptions is left out for future investigations.

Properties of the dissipative bracket. Second, the symmetry of the dissipative bracket is verified
in Section 2.6 of the supplementary document, relying on the symmetry of both the conduction
and Lagrangian viscous flow tensors (where the symmetry of the latter is proved in Section 2.3 of
the supplementary document). The positivity of the dissipative bracket is verified in Section 2.7
of the supplementary document, based on the positivity of these tensors.

3.2.3. Conservation laws
Finally, we verify that conservation laws are indeed ensured by the DGBA bracket structure.

Conservation of linear momentum. It is demonstrated by taking the general functional & to be
equal to the total linear momentum
F = pdwx.
wx
Therefore, the proof of conservation of linear momentum is

op Oy Op oEy,
—de:f ——de+f [I-NdOwyx) = (—+——DIVXH dox =0
wy 0t wx al aa)xi - wy at 0& -

which is true for all open subset wx < Qx. We obtain the Lagrangian expression of the conserva-
tion of linear momentum

6—E+%—DIV o=0
ar oy == =

Conservation of angular momentum. We set the test function to be equal to the angular mo-
mentum
f=xp), F=| (Gxpdox.
A7 oy =
This expression of f leads to the following expression of the DGBA bracket structure:

0y BF op HE
Ozf px(—_— mt)dwx—f XX(—_+ mt—DIVXQ)de
" ot w -

x— op x— \0t 0y
+f \Y (%XE) (al* S+1‘I)d
. . wy.
o\ op ) lom 2T EE

This equation can be solved for fields such that the first Legendre transformation (33), the conser-
vation of linear momentum (32), and eventually both the second Legendre transformation (34)
and the relationship between the first and second Piola—Kirchhoff stress tensors (28) hold true.

I=F-S whereS' =S (e O-F'=F-I").
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Therefore, as noticed in Remark 19, the conservation of angular momentum is already encoded
within the skew-symmetry of the reversible bracket.

First law of thermodynamics. It is derived taking the general functional to be equal to the total
energy, that is the sum of the kinetic energy and the internal energy.

% % 11 %
f=Eqo g:gmtzf (E_B'E"'peint)dwx-
ox \& P

*
_Etot

Its time derivative is given by

A&y, ., A _
o = {grot’grot} + (‘gﬁt*ot’y*)

dr
OE;, 10E;,, (T)2 0 (63 )
o — otk =~ -Nd(@ 36
+fawx o (0 N)d@wx) — fwxp or K\2) ax|\ar ) NdOwx) 68

where the skew-symmetric bracket vanishes by skew-symmetry. The symmetric bracket yields

@& y*)—f L 0 (aE?m) K(T)2 0 (as*)dw
tov oy p0X\ 0T ) =\¢) ‘ax\or) ¥

+[ 5Efot 14(6 int C—l): N (aai*m . _—1)65*
wx

aEtot 14( as” ~C~_1) TN (gé?nt 'CTI)

oT ceclocyt =
L

oT ¢ \oc;' ~ ="loct ~
L :_(b) J
_aié _aelil; -G 1 : Tg _aEEk_Olt g_l

oT c\oc aC

leaving only the conduction term which becomes, when summed with the boundary conduction

term,
- 12a{ ] ) o
c) ox\oT | Jsuyp oT =\¢) ax\or) = X

f 10 (aE;‘m)
prGX oT
10E*. 1 0 oT 105* 1 0T
= f — o — (K )dwx f —2. K~ —d(0wx)
wx p 0T ¢ 0X 0X dwy p 0T =c 0X

10E;, (T)2 0 (65)
—totg Nd(@
fawxp ot 5\2) ax\ar ) Nd0wx)

I

Zf —DIVXdex.
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Furthermore, the time derivative of the total energy becomes, when taking into account the
conservation of linear momentum, as well as the definition of the first Legendre transformation
(from velocity to the linear momentum)

déy,, =f (lp'a—g+paemt)dwx

dr p= ot ot
o0y ( OE* ae*
tot int
= DIV (I —ntg
f (dt ( oy TPV )) P or ) X
azx it d o - Nd(@d
‘fwx( axor 2P ) “’X“Lfawxa':'— (Owx)

where the boundary term vanishes thanks to the remaining boundary term within the structure
(first term of Eq. (36)). Therefore, we obtain the first law of thermodynamics for large strains, in
the Lagrangian framework

oe’ ‘_ oF
= = — :[I-DIVx Q.
P5r =5 ‘H-DIVxQ
Second law of thermodynamics. Consider
f=s" F=%"= s*dwy
wx

yielding, within the DGBA bracket structure expression

do* 10s* (T\*> o (0s* 5
2 k=l .= .Nd& =[F* & LS 37
dt +fawx,06T:(c) OX(GT) Ndw =1 tord + : o7
where
~ as* _ OE; ds (as*\'os* _ OE;
P EE 1= 0-0- Y LS+0 ( ) Vy—2t s-0|d
G fwx( om X ap 20T ar\ar) Bm ATy 270X

ds* OE! ds* OE!
:f (— l ZYX tot §+ S :ZX tot §) dwx
wx - L - OB

Again, as in the small strain setting, we refer to Remark 4: our development fulfills a posteriori
the non-interaction condition. The following developments demonstrate that the equation
aligns precisely with the classical Clausius—-Duhem identity [11]. First, we express the dissipative
bracket as

. e 10 2 9 (s
= [ gaslar) ) axlar)

0 X
20e, 5 ds* ) T
coC; 1 G oc1 =i

(65 2 8 om 0s” 'C'_l) dwyx

-2
aT coc;! =1 “oct H

+
&
and we have

0s* 2 08int .4 os* 42 3
oT coc;t =1 occt < T T ag.—l = T roct T rTocyt HU
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Then
as* 2 0e;, as* ds* 2 0¢;, as*
f ( s int. o1 s Qfl)iTﬂ ( § it o-1_p s 'Q{l)dwx
wx\ 0T cagi— = oc; '~ ='\or cag - ocyt =
2 aw 1. 2 aw -1
= [ e TN 1 C do
wx TOC;t =0 T ="Toct T

1( ow 0C*
:f —(——w: = )dwx.
wx T agl_l t

10771 T\?> oT!
de:f = c-K|—] - cdwy
wx P 0X

_f Lior or ..
“JoxpT20X = 0x T

Furthermore, we have

[, 53x(57)
wx POX\ 0T

I~

(Z)Z 3 (63
c 0X\o0

Then, we have

., 11067 _ oT 1( ow 0C;!
(F ,.5M=f - = Kt —|——: .
ox\p T20X = 0X T\ oc;'’ ot

Moreover, as in the small strain setting, one can show that

f laS*K(Z)Z 0 (ds ) Nd (0w )—f DIV (Q)dw
by p 0T =\ c) ox\oT) = "X ), p X X

Thus, Eq. (37) finally leads to

ds* Q 1 ow oc’l 1 0T\ oT
=1|d L= =[- —— +—|K- d 0
fa)x(p ot *(T)) ox = )= fwx T( ocT ot +T(: ax) ax) wx =

which is positive by the positivity of the dissipative bracket. Therefore, we recover both the
second principle of thermodynamics and Clausius-Duhem identity for the large strain problem
oT  ow agi—l
T= 90X ~oc' ot

*

u + DIV (Q)>0 —
ot T

=0.

0

3.2.4. Linearization of the dissipative bracket

The large strains dissipation bracket can be particularised to derive the unidimensional small
strain thermo-visco-elasticity bracket. One can show that the Sidoroff multiplicative decomposi-
tion leads to the partition of the strain tensor into an elastic and a viscoelastic part of small strain
visco-elasticity

ou
& <1, F=F¢-Fi > €=¢€c+¢&j
where €, = (0u/0X)e and ¢; = (0u/0X);. Then, the expression of the large strain dissipative
bracket yields
1 0 (0f 0s af 4 (aelm 1) _1(6€im _1) 0s
I, K C: |V | —C: | —
( )= fa,x an(aT) ( ) OX(OT) 0T 2\ac 1= oc;'=' JoTr

4 4
oT c\oC;' = agilf 0T c\oC;' = oc; =

Furthermore, a first order limited development of the Cauchy-Green tensor yields

. ou -2
cl= 6—Xi+1 ~1-2¢;.

=i
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Then, one may obtain the following expressions for the partial derivatives with respect of the
inelastic Cauchy-Green inelastic tensor

of __1of
ac;t T 20g
giving the following linearized expression of the dissipative bracket
1 0 (of os\ of 1 (Oam ) _ ( Cint )6
F,L)= K —— 1-2¢)|V 1-2¢
(F A=) an(aT) ( ) 6X(6T)+6Tc2 og, L 2EV G, (2
0f 1(0s _1(08@int ) 0s 4(6w ) _ ( of )
————(=—=—00-2&)|TV ——=—0-2&)|TV 1-2¢j)||d
aTC(a 1( 1)) (681 (1-2¢) 3 1( 1) 681( &)||dwx
L[ GR) ) sr ()
wxLp0X\OT 0X\aT) T 2\ d¢; Ogi JOT

af 1(0s _l(aam) ds 4(6w) _l(af)
- == TV TV |=—]|d
6Tc(0£1) dei ) 0T ¢\de; de:) | “OX
0
f °L M@ dox
Ll)X 0z
where
0 0 O 0 0
0 0 O 0 0
0 0 O 0 0
M(z) = 00 0 1aDIeﬂK( )amnght_’_ia’e\imv_la’e\int _lTV_IO?mt
o 0X c 0X  c* 0g 0€; c 0¢;j
000 Ly 98 TV-1
c 0¢;

considering linear terms in ¢; and higher order terms to be neglected. This expression is exactly
the expression of the DGBA bracket structure formulation of a viscoelastic material, i.e. for V=V
a dissipation coefficient (23).

4. Conclusions and perspectives

The presented approach has successfully shown how to obtain the Double Generator Bound-
ary Augmented bracket structure from classical continuum thermodynamics equations. Unlike
other bracket structures, this methodology starts with the state laws. As a consequence, a key
contribution, distinguishing it from other bracket frameworks (such as GENERIC, metriplectic...)
is the inclusion of non-zero boundary operators, essential for ensuring conservation and ther-
modynamics laws.

The one-dimensional small strain example, with its simple scalar notation, familiarized us
with the structure and methodology, providing many important results. We derived, for the first
time, a bracket structure for a dissipative generalized standard material with a quadratic dissi-
pation potential, using the Biot relationships and the Onsager reciprocity relationships. Embed-
ding the physics within the reversible-irreversible structure clarifies the partition of the evolution
of the temperature into reversible and irreversible contributions. While the reversible bracket has
already been derived previously in the literature [60], the proof of the Jacobi identity reveals cru-
cial assumptions on third order derivatives of the entropy. Finally, the obtained structure accu-
rately recovers the principles of mechanics including conservation of linear momentum and the
first and second laws of thermodynamics.

Second, the large strain tridimensional thermo-visco-elasticity example sets itself in the mul-
tisymplectic framework, natural for field theories. A multisymplectic reversible skew-symmetric
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bracket has been developed, verifying skew symmetry and the Jacobi identity under assump-
tions, for both elastodynamics and thermo-(visco)-elastodynamics. Finally, as in the small strain
example, the structure recovers exactly the principles of mechanics: conservation of linear and
angular momentum, first and second laws of thermodynamics.

This paper sets the framework to build variational integrators that preserve the DGBA bracket
structure, i.e. that automatically enforce conservation and thermodynamic laws. Furthermore,
the precise geometrical nature of the reversible bracket as a Poisson bracket, as well as the
geometrical insight that is brought by the addition of the boundary terms are left out for future
investigations.
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Appendix A. Small strains unidimensional generalized standard material

A.1. Positivity of the dissipative bracket

We verify the positivity of the symmetric bracket in the following development

T2 9 (0f\ of 1T aam)T _108int 0s
F.F s v aT
(7.7 = fwx[an(ﬁT) 3 GX(OT) Tor’e c( da da oT

of T Oelm)T ,0s  TOfT 0@ 0s (af) _, 0s
L= vVIi=—p——= vIZEZ o7 | vI=d
6Tpc( o oa pcaa oa 6T+ o o “x
of 10f 08inc af)T _1(1afaaim af)]
= K+pT|-=—2_L| vy -=2_“L]ld
f [p(@X(@T) ) e (caT da  oa coT da oda)] X

=0

since K, the material’s conductivity, is positive, and V™! is a symmetric positive definite matrix.
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Appendix B. Large strain tridimensional thermo-visco-elastodynamics
B.1. The Hamilton principle

Considering the action defined in (31), its variation with respect to the configuration, the linear
momentum, and the first Piola—Kirchhoff stress tensor is given by

6&¢*:6X,Q¢* +6, d* +0pd”

ox a1 al* ox a1
5—— 5= — Sp-0l: —= — — : 611 | dwx d
fw,fwx ox oy X p P75 5x " on :] Gr o
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_[f [ % o w-2-
" Jo Jox | 01 X270y

f p- 5}(d(6wt)dwx+f f
wx Jow; — wrJwx

=0

~6)(dedwt—ff (I-N)-0ydOwx)dw;
A dwy A

07( al* ox a1*

:62] dwx dw;.

Thus, Hamilton’s principle becomes, V 6y = 0 on 0w, 6 p, 011

5&¢*+ff b-6yd@wx)dw; =0
w; (an)Neumann —

— ff ol )-5 (_ ol )-5 +( X 0l
wrJwy -

%5t " ap 39X ol

op
——=+DIVx (D) -
(6t+ x(

):62] doxdw;

+ff (b—II-N)-0ydBwx)dw; =0
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which gives the equations of elastodynamics

op or ..
T DIVx (1) - within wy, (38)
ox a1 .
vl ap within wy, (39)
oy oI s
X =— i within wy, (40)
O-N=b on (A x)Neumann, (41)

B.2. Skew-symmetric bracket for elastodynamics

This appendix describes how to derive the antisymmetric multisymplectic bracket from the
equations of the Hamilton variational principle. Consider a function f to be dependent on the
configuration, the linear momentum, and the second Piola—Kirchhoff stress tensor (which is a
Lagrangian stress tensor, thus its time derivative is objective by definition). Therefore, the time
derivative of such a function yields

ox op
U - [ (LKL, 0005,
wx

oy dt oy ot op ot as or) X
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Furthermore, the Lie derivative of the first and second Piola—Kirchhoff stress tensors are ex-
pressed as

d
Lyi=F—
=T =dr
where we used the identity F F~! = F F~1. Then, we insert the strong laws obtained through
the Hamilton variational principle within the time derivative of the function f, and we use the

expanded expression of the time derivative of S to obtain

af 9x op
f(_f._—+a_f._—+a_f:a_§)dwx
wx 61 ot 62 ot 0S ot
of olI* o0 * e .
B R IR T R
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af Ox op .
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of .

of o1* af ol* 0 . 0
[ (E - v Sk tnfaors [ 2L @ ndo.
wx\0y Op Op Oy ~“dp — o0 == = dox Op
Furthermore, we prove the equality between the derivatives with respect to the first and the
second Piola—Kirchhoff stress tensors, and their contraction with their objective time derivatives.

First we have the following identity

L =_ T2l
0S ol oS = ol
which leads to
0 of —— 0
O 5= Fny pr o gy
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where £, is the Lie derivative. Finally, we have
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therefore leading to

af ox op
[(LZ,22 0 0,
wx\0y 0t 0dp 0t OF —

=f (g'ai_g'az +Vx or .ol S— of yX—S)de+f g-(ﬂ-ﬂ)d(awx).
wx\0y d0p Op 0y *Gp ol ag —=op dwx Op =

B.3. Evolution of temperature

This section proves Eq. (29) of evolution of the temperature. The main difficulty lies in defining
the appropriate representations and transformations of the potentials so that the chain rule can
be applied. First, start from Eq. (27). Then, since I = F S, and E’l exists, potentials can be
represented in terms of the second Piola—Kirchhoff stress tensor (where the dagger represents the
representation in terms of the second Piola-Kirchhoff stress tensor - = -(...,)). Furthermore,
the internal energy is defined in terms of the first Piola—Kirchhoff stress tensor, not through a
Legendre transformation, but through a change of variables (thanks to the same arguments used
for moving from a first to a second Piola-Kirchhoff stress tensor representation). Therefore, we
have the following equation

pw'(1,8,C;7Y = pTs' (T8, 7Y - &, (T,ILCT Y.

We then take the time derivative of this equation, to obtain (replacing the expression of the time
derivative of the internal energy by the expression of the first law of thermodynamics)
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Hence the expression of the evolution of the temperature is
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