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Abstract. When two semi-infinite periodic media are joined together, a localized interface mode may exist,
whose frequency belongs to their common band gap. Moreover, if certain spatial symmetries are satisfied,
this mode is topologically protected and thus is robust to defects. A method has recently been proposed to
identify the existence and the frequency of this mode, based on the computation of surface impedances
at all the frequencies in the gap. In this work, we approximate the surface impedances thanks to high-
frequency effective models, and therefore get a prediction of topologically protected interface states while
only computing the solution of an eigenvalue problem at the edges of the bandgaps. We also show that
the nearby eigenvalues high-frequency effective models give rise to a better approximation of the surface
impedance.

Keywords. periodic media, high-frequency homogenization, topologically protected interface modes, sur-
face impedance, Floquet-Bloch theory.
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1. Introduction

It is well known that periodic media present some frequency band gaps, in which wave propa-
gation is forbidden. When two semi-infinite periodic media, named phononic or photonic crys-
tals, are joined together, an interface mode may exist in the band gap common to both media.
A central question is to study not only its existence but also its stability i.e. the robustness against
defects [1,2].

If certain spatial symmetries are satisfied, appropriate topological invariants can be obtained
from the bulk properties of the crystals [3,4]. The bulk-edge correspondence then allows one to
relate these invariants with the presence of interface localized modes, which are topologically
protected [5]. Despite the broad applicability of the bulk-edge correspondence, its application
requires case-by-case analyses. One approach to prove the correspondence can rely on calcu-
lations of the surface impedances of the crystals in contact [6]. This approach, which was orig-
inally limited to bilayered configurations, has been recently generalized to any class of centro-
symmetric crystals [7,8]. Applications to PCs with dispersion [9] or damping [10] have also
been investigated. In any case, the frequency of the topologically-protected mode can then be
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evaluated very accurately, at the price of force-brute calculations of the Bloch dispersion dia-
grams.

On the other hand, high-frequency homogenization has been developed to provide an effec-
tive model around a given point of the dispersion diagram [11]. The method relies on identify-
ing this point and its associated eigenfunction. This eigenfunction accounts for the fast-scale
variations which are predominant at high-frequencies, a particular case being standing waves
at the corners of the Brillouin zone. As one goes further away from this point, this eigenfunc-
tion is modulated by a long-scale modulation function. Through high-frequency homogeniza-
tion (HFH), based on two-scale asymptotic procedures, one gets an effective ordinary differ-
ential equation for this modulation function together with an approximation of the dispersion
relation as we go away from the known point. All the information is then encapsulated in an
effective parameter or tensor which appears in the ODE for the modulation function. The idea of
using Bloch expansion to analyze asymptotic behavior dates back to [12], and the HFH methodol-
ogy has been successfully applied in various contexts: discrete lattice media [13,14], frame struc-
tures [15], optics [16], elastic plates [17], full vector wave systems [18], elastic composites [19],
reticulated structures [20], imperfect interfaces [21,22], dispersive media [23]. Other works con-
cerned the derivation of the process in the time domain [24], higher-order asymptotic analysis
and consideration of branches close to one another [25], and inclusion of a source term [26].

The purpose of this work is to bridge the gap between the study of topologically protected
states with surface impedance on the one hand and high-frequency homogenization on the
other. More precisely, our aim is to use directly the effective models given by high-frequency
homogenization at the borders of the gap to approximate the surface impedance and therefore
the frequency at which a protected state would occur within a gap.

The paper is organized as follows. Firstly, in Section 2, we recall the setting: two-semi infinite
Phononic Crystal (PCs) in contact, and how the surface impedance is related to the existence
of an interface localized mode at their interface. Secondly, in Section 3 the classical results of
high-frequency homogenization around the edges of the dispersion diagram are recalled in the
simple case of non-dispersive bulk properties with perfect contact at the interfaces. However,
the methodology presented in this paper can easily be extended to more exotic configurations
where HFH has already been developed. The HFH effective model is then used to approximate
the surface impedance and therefore to predict a topologically-protected mode. A numerical
example is given to illustrate the accuracy of this approximation. Thirdly, in Section 4, we deal
with another sort of HFH effective model by considering the fact that the edges of the band gap
are nearby eigenvalues. Another approximation of the surface impedance is therefore derived
based on this second effective model which is compared to the previous one through a numerical
example, and is shown to be much more accurate. All technical details concerning HFH are
referred to in the Appendices.

2. Physical modeling and surface impedance
2.1. The periodic setting

We consider the 1D Helmholtz equation, which describes linear elastic wave propagation or
acoustics in mechanics, or TE or TM polarization in electromagnetism. We adopt here the
notations of 1D linear elasticity to follow [7]. The displacement field u;, at a given frequency w
therefore satisfies:

—(Eh(x)— +pp(X)w u, =0, 1)
dx

dx
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with x being the space coordinate and Ej and pj, the Young’s modulus and the mass density,
respectively. The physical parameters pj and Ej, are assumed to be real and h-periodic i.e.

P =p(>) and En0=E(7) @)

where p and E are 1-periodic functions. We choose the edges of the periodic cells to be located at
nh with n € Z and for any 1-periodic function g we introduce its mean value over a periodic cell

1
<9=Lgm&. @)

The first Brillouin zone is denoted by %8 = [_—,f, %]. Given a Bloch wavenumber k € 28, the squared
angular frequency A = w? is given by the eigenvalue problem:

d
%(E(%)%) +p(¥)w*up=0 on(0,h),
up(h*) = e uy(0%) and  u) (h*) = e*u) (0%).
This eigenvalue problem has an infinite set of possibly repeated real positive eigenvalues A, (k) =

w%l(k) ordered by increasing value. For each integer n, the n® branch k — An(k), is continuous
with respect to k € 98 and one notes

4)

A, = rlggrg}/ln(k) and A= I]gag%mn(k). 5)
Therefore the entire range of possible squared angular frequencies is given by
U 4 A5]- 6)
n=1
If A,,, > A}, there is a frequency gap (A}, 1, ,]. The eigenfunctions uy, in (4) are referred to as

Bloch modes.

2.2. Two semi-infinite PCs and surface impedance

We consider two semi-infinite PCs in contact at x = 0. The interface at x = 0 is at the boundary of
the unit cells for both crystals. Both the left crystal (x < 0) and right crystal (x > 0) present a band
structure as presented in the previous section.

Let us assume that there is a non-empty overlap .# of the gaps for the left and the right crystal.
For each crystal, and for a given frequency w in the common bandgap .#, two modes are solution
of (1): one increasing exponentially and one decreasing exponentially as x — +oco. We select
v(-,w) the unique solution decreasing when x — —oo (resp. x — +oo) for the left (resp. right)
crystal. An interface localized solution must be proportional with these decreasing evanescent
modes on both sides of x = 0. Existence of an interface mode is thus equivalent to the existence
of non-zero («, B) so that the solution uj, reads

@

) av(x,w) forx<O0
up(x) =
& Bv(x,w) forx>0.

Continuity of the displacement and stress leads to

v(0~,w) (0", w) a)_ (o ®
E07) V' (07 ,w) EOY) V' (0", w) -B —\o)

Non-trivial coefficients exist iff the determinant of the matrix is zero:

v(07,w) E0) v'(0",w) — v(0%,w) E(07) v'(07,w) =0. 9)
We introduce the surface impedances [27] for the left and right crystals:
07, 0%,

Zi@ =-—0  nd Zp() = + -2 (10)

E0)v'(0-,w) EONv' (0", w)’
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where L (resp. R index) denotes the left (resp. right) semi-infinite PC. From (9)-(10), one obtains
the necessary and sufficient condition

Z1(w) + Zp(w) =0 11)

for the existence of an interface localized mode at frequency w € .#. In [7], this notion of surface
impedance is used for PCs with mirror symmetry to prove the existence and uniqueness of
topologically protected interface modes if there is a symmetry inversion of the Bloch modes
at gap edges between the left and right crystal. More precisely the proof is based on the three
following lemmas:

Lemma 1. In a given gap, the surface impedance decreases with frequency.

From now on, we also assume that the PCs are mirror symmetric, or equivalently reflection
symmetric with respect to the centre of each cell: on [0, k], one has p(x) = p(h—x) and E(x) =
E(h-x).

Lemma2. For PCs with mirror symmetry, let us consider a Bloch mode u;l") associated to the non-
degenerated n'™ eigenvalue at an edge of the gap (k =0 or %) Then:

o either ugl") is symmetric and (u;:’))/ is antisymmetric, leading to (u;l’”)'(O) =0 fork=0and
u;l"] 0)=0fork=1,
e or uil”) is antisymmetric and (u;l"))/ is symmetric, leading to u;l”) (0) =0 for k =0 and

(u;l"))’(O) =0 fork=1%.

Moreover, the Bloch modes on each edge of a gap attain different symmetries. Therefore, for PCs
with mirror symmetry, the Bloch mode vanishes at one of the two edges of the band gap.

Lemma3. Thesymmetries of u;l”) are maintained by continuous deformations of the n™ band, as
long as it remains isolated.

Based on the three previous lemmas and on the definition of the surface impedance, one
deduces the following key result:

Theorem 4. The surface impedance for a given crystal with mirror symmetry either varies from
+00 to 0 or from 0 to —oo in a gap, depending on the symmetry of the Bloch modes. If the Bloch
modes of the left and right crystal at the edges of the gap have the same symmetry then Z; and
Zr have the same sign and Zy + Zr never cancels out: there is no solution to (11) and therefore no
interface mode in the common gap. On the contrary, if there is a symmetry inversion then Zy + Zp
changes sign in .%; by continuity and monotony, it therefore cancels out a unique time, proving
the existence and uniqueness of an interface mode in .¢. Moreover, Lemma 3 ensures that it is
topologically protected.

3. Approximating the surface impedance based on HFH with single eigenvalues

From now on, one considers continuity of the displacement u;, and of the stress E %, but all the
results can be easily extended to imperfect contact conditions [21,22]. We start by recalling the
effective model obtained by high-frequency homogenization, and then we use it to approximate
the surface impedance.
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3.1. High-frequency effective model

3.1.1. Two-scale expansion

To recall the results of high-frequency homogenization, we introduce the following non-
dimensionalized quantities and variables:
X h B wh up(x) 0

E
X:_’ 6:_) Q__; K:Lk! Uﬁ(X): ’ a=—, ﬁ:_, (12)
L L co L Po Eo

with pg, Ep and ¢y = ,/% some arbitrary reference physical parameters, and L a macroscopic
length much larger than h (typically the slow scale at which the modulation function evolves). In
non-dimensionalized coordinates, the eigenvalue problem (4) becomes

{52%(ﬁ(§)%)+a(§)92% =0 on(0,9), 13
Us(6*) = e*®Us(0%) and Uj(6™) = e UL(0").
High-frequency homogenization model relies on the assumption that § is a small parameter
dx1 (14)
and on the introduction of the associated fast spatial scale
e=% (15

which accounts for the fast small-scale variations of the physical parameters. We consider
approximations of Us and of Q around a non-dimensionalized point (x*, Q) of the dispersion
diagram such that Q3 is a single eigenvalue of (13). Following the two-scale expansion technique,
one then assumes the following ansatz for the non-dimensionalized field and frequency:

Us(X)= Y 6/U;(X,&) and Q*=) 607, (16)
j=0 (=0

where we treat X and ¢ as two independent space variables. It implies that
d 0 190

d_X — 6_X + 5 & a7
Moreover, we assume that the Floquet-Bloch conditions are satisfied by the fast spatial scale:
Uj(X,&+1) =e™ °U;(X, 9. (18)
Remark 5. In (16), Q, (¢ = 1) is not necessarily real, allowing for negative values of Q%.
3.1.2. Leading-order effective equation
One can show that the leading-order field Uy reads:
Uo(X, ) = fo(X)%(S), 19)

with % the eigenfunction associated to Q for the following eigenvalue problem on a unit cell:

2(pO %) +a@32%© =0 on,), o0
Uo(1) = e 0%y (07) and U}(1%) = &0} (0),

and fj the envelop function, or modulation function to be found. At next order, the first-order
field can be written as

U1(X,$) = LX) () + fo(X)21(8), 21
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with fj the first-order envelop function and % solution of the following cell problem

0¢(BO B2 + BO%(©) + Qa2 ) = -BOFLE on (0,1),
(1) = e 09, (0%) and | (1%) = ¥ 0% (0), (22)
U, and BUu+ pU are continuous.

In practice we write
U\ (S) =N(S) = E%(S), (23)

so that the unknown 7] now solves the same ODE than % with different boundary conditions,
namely:

0:(BOF©) + Q3a® K () =0 on (0,1),
AN - %07 = €071 (07) and 71N -2%;(1") = ¥ 01 (0Y), 24)
¥ and BV are continuous.

In the case of an approximation around an edge of the dispersion diagram (x* = 0 or %), the
sought-after effective equation for fj reads:

Tf +Q5f =0, 25)

with fi’ standing for the second-order derivative of fy and Q; the quadratic term in (16) which is
still to be found. The effective parameter T is given by

BuG + puiu - ) BV U - BN (M)
- (af) - (af) (a})

(26)

where one introduces
W =V Uo - WU, @27

which is the wronskian associated to the second-order ODE (8g’)’ +Qg ag =0, satisfying therefore
(B#1)' = 0. Together with continuity conditions, it leads to f#; constant on (0,1) and to the
simplified expression for T

T= BOTI#1(07)

) 28
C (28)
where we have introduced
C={au?)>0. (29)
Regarding the dispersion relation, the linear term Q, vanishesi.e.
;=0 (30)
while the quadratic term at a point x around x* is given by:
Q3= T(k-«*)°. (31)

Using Floquet-Bloch conditions then gives the expression of the envelop function in terms of the
wavenumber

fox) = X, (32)
The computation of these approximations and of the expression of the effective parameter T can

be found out in various references [11,21,23,26]. It is recalled in Appendix A.1 for the sake of
completeness.
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3.1.3. First-order effective equation

A large part of the literature on HFH only considers the leading-order approximation. How-
ever, higher-order approximations have been investigated in [22,25,26]. In this work we will
use the first-order approximation in order to have a satisfying approximation of the surface
impedance. Indeed, in the case of centro-symmetric PC, the Bloch modes vanish at the begin-
ning or end of the gap; see Lemma 2. Using only the leading-order term Uy(X, ) would yield a
crude null approximation of the fields in the gap, and hence of the surface impedance.

The first-order envelop function f; introduced in (21) is solution of the same effective equation

as fo

Tf +Q3fi =0, (33)
leading consequently to the same envelop function as at the leading order (32):
foX) +8fi(X) = e X, (34)

Therefore, the first-order approximation of the field is given by
UD (X, = Up(X,) + U1 (X, &) = X apy@) + 8 ik~ x*) X ), (35)

with % the eigenfunction associated to Qg solution of (20) and % given by (23). Here again, the
details of the derivation of the first-order effective equation is recalled in Appendix A.2.

3.2. Approximation of the surface impedance

In order to predict the occurrence and frequency of a localized interface mode from (11), the
approach followed in [7] was to compute Z; and Zg in (10) for any frequency in the common
gap .#. The aim of this section is rather to use the HFH approximation described in the previous
section around an edge of the dispersion diagram, to get an approximation of these quantities
and therefore of the frequency at which an interface localized mode occurs. Once the edges of the
band gaps are identified, the impedances are evaluated through a single analytical calculation,
which is an appealing feature of HFH.

The couple (x*,Qq), with x* = {0, %}, will now stand for one of the four edges of the gaps
(beginning or end of the gap, for either the right or left crystal) for which there’s a non empty
overlap .#. One therefore needs to compute
. v(0%,0)
TEO0Hv'(0%,w)’
where v(-,w) is the unique (up to a multiplicative factor) solution decreasing when x — +oo.
Using (12), the impedances in non-dimensionalized coordinates read
WL V(0%,Q)

" Eo fOHV'(0%,0)’

where V(-,Q) = % the non-dimensionalized mode decreasing at X + co. We start by approxi-
mating the numerator, i.e. the field at 0, by UV (0,0) by U defined in (35). The only term which
depends on the frequency within the gap is x, which satisfies

ZRL= (36)

ZRL = (37

K =k*+ix;, with xjeR. (38)
From (34) together with the condition of decrease when x — +o0, one gets
UM (X, 8 = e XUy (&) - 51167 X, (6), (39)

where we choose x> 0 for the right crystal and « < 0 for the left crystal. Therefore, the field at
the interface is approximated by

V(0,Q) ~ UV (0,0) = % (0) — 6 x ;% (0). (40)
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Using (17), we then approximate the denominator, i.e. the stress at the interface, by writing
1
ﬁUé:5ﬁ65U0+/30XU0+ﬁ65U1+@(5) 41)

so that at the interface

p(0*)
5

We also deduce from (30) and (31) together with (38) inserted in the ansatz on Q? (16) that

P(0%)V'(0%, Q) = === (%(0%) - 61 (%0 (0%) + %1 (0%))). (42)

Q% =~ QF - 65T 43)
so that

QZ_QZ
5Ky~ + OT ) (44)

with the upper sign for the right crystal, and the lower sign for the left crystal. Finally, one gets

Zap=th %)(0) ~3x,21(0) ' s

E)(%(0) = 551 (%(0) + %, (07)))

In the above expression, given an edge of a band gap, %, %/1 and their derivatives are computed
once for all (computation is detailed in Appendix C). The only dependence on Q is then analytical
through d x; given by (44).

Remark 6. From (43), one deduces that T is negative near the entry of a gap (for which Q? > Qz)
and T is positive near the exit of the gap (for which Q? < Q3).

Remark 7. The expression of (45) allows to recover the result of Lemma 1. Indeed, one can

compute

dZR'L
dQ

~ 21 (0) Y552 (22 (0%) = 51 (%0 (0) + 2} (01) ) + U552 (0 0) + 2% 0)) (% (0) - 5,21 (0))

+h

E(0%) (@z{)(m) — 6 (U0 (0) + U] (0+)))2
d(6x ) 20(0)* + (0% (0) — U1 (0)2(07)

I
I+
Ny

9 p0n) (2407 - ox1 (%0 + ] (0+)))2
_,, d6xp BOMH4(0%)
= 2
do [3(0+)E(0+)(%(;(0+)—51<,(%(0)+%1’(0+)))
_ 46 TC
ET®)

BOMEOD)(23(0%) - 5x1(2%0) + 724 0%))

(46)
where we have used (28). Therefore dRL has the same sign as +T=;5%, where «; is defined
in (44). The sign of the quantities involved depend on the PC cons1dered (L or R) and on the point
where expansion is done (entry or exit of the %ap) ,leading to four cases. Table 1 sums up the signs
involved, using Remark 6, and yields to + 740%) KI ) < 0in all cases. We therefore recover that Zp1is
always decreasing in the gap, as stated in Lemma 1.

d(ﬁK])
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. s . dZp g
Table 1. Signs of the quantities involved in —5=.

(L, entry) (L, exit) (R, entry) (R, exit)
+ coefficient in (46) | - - + +
signof T - - ¥
sign of % - + + -
sign of ddZSL - - - i

(a) (b)

‘ . . . . ‘
(c) (d)

Figure 1. Mode % over a unit cell for the left crystal (left row) and right crystal (right row) at the entry of the gap
(top row) and the exit of the gap (bottom row) between bands 7 and 8, at x* = % The dotted vertical line denote

the different layers of the unit cell.

3.3. Numerical example

Let us consider the bilayered periodic structure described by the following centro-symmetric unit
cell on (0, h):

(pa, Ea) = (1000, E4) if 0<x< or n-a<x<i,
(o, B)(x) = 0 I (47)
(0, Ep) = (1000,1.6-10') if “A<x<h--4,
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with / = 10. The parameters on the left crystal (PC-L) and right crystal (PC-R) are

(4.21,4.21.10°) (PC-L),

48
(3.81,3.81.10°) (PC-R). 48

(ha, Ea) = {
This choice of parameter corresponds to [7, Section 4 (e)]. The gaps between bands 7 and 8 of
the left and right crystals are of particular interest. Firstly, they have a non-empty intersection .#.
Secondly, Figure 1 shows a symmetry inversion of the Bloch modes at the entry and at the exit of
these gaps. As stated in Section 2.2, it warrants the existence and uniqueness of a topologically
protected interface mode in .#.

18 T T T T T T 175

exact dispersion relation
= = HFH approximation (single) | {

exact dispersion relation
= = “HFH approximation (single) | |

1350 0,‘5 1‘ 1,‘5 é 2,‘5 :; 13.50 0,‘5 1‘ 1,‘5 é 2,‘5 f;
R(k0) R(k0)
(@) (b)

exact dispersion relation 15.9 exact dispersion relation |
15.9 - = = *HFH approximation (single) | | = = *HFH approximation (single)
15.85

15.8

15.75

~
S s S 57
15.65 15.65
156 156
1555 15851
155 L L L L L L L 1857 L L L L L L L
0.3 0.2 0.1 0 0.1 0.2 0.3 0.3 0.2 0.1 0 0.1 0.2 0.3
S(k9) S(K0)
(©) (d)

Figure 2. Dispersion diagrams of the left crystal (left column) and right crystal (right column). Real and
imaginary part of x § in bands 7 and 8 (top row) and imaginary part in the band gap between these bands (bottom
row). Physical parameters are given by (47)-(48). The red plain line denotes the exact dispersion diagram obtained
by solving the eigenvalue problem (13) at any frequency, while the dashed black line is the HFH approximation
around the edge given by (31).

Figures 2(a) and 2(b) shows bands 7 and 8 of the left and right crystal, respectively. The plain
red line denotes the exact bands obtained by solving (13) at any real x € (0, §). The dashed black

line denotes the approximations obtained by HFH around x*6 = 7, i.e. ,/Q(z) + 6295 with Q%
given by (31), which requires to solve the eigenvalue problem only at x*. Figures 2(c) and 2(d)
displays the dispersion diagrams for imaginary k¢ (within the gap). Here again, the plain red line
denotes the exact solution. HFH approximations are plotted in dashed black line for the part of
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the graph satisfying the right decreasing condition at x — +oo. For both the real part and the
imaginary part, the agreement is good near x*§ = 7 and deteriorates as we go further away.

In Figure 3, comparisons are shown between the exact surface impedances computed at any
frequency within the common bandgap .#, and their approximate counterparts obtained from
the HFH effective model (45). For the latter, we use the approximation obtained around the entry
of the gap up to the middle, and then we use the approximation around the exit of the gap. Doing
so explains the discontinuity around the middle of .#. The HFH approximation recovers the
occurence of a topological protected mode around the middle of the gap since Zz + Z; cancels
out. For this critical frequency, the topological protected mode approximated by HFH is also
illustrated in Figure 4.

A good agreement of the impedances is obtained near the edges of .#, but discrepancies can
be quite important away from the edges. This makes sense when we look back at the poor quality
of the approximation around the middle of the gap in Figures 2(c) and 2(d). This is particularly
problematic given that, in the examples studied, the topological mode occurs precisely around
the middle of .#. This observation therefore motivates the use of longer-lived effective models,
as done in the next Section.

-10 -10
0 107 i . . ; 45210

Exact Exact
= = HFF (single) 4 = = 'HFF (single) |

05

S
N
151
2l
25 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
15.6 15.65 15.7 15.75 15.8 15.6 15.65 15.7 15.75 15.8
Q) in the gap ) in the gap
(a) (b)
x10™""
Exact 1 Exact
— = HFF (single) = = HFF (single)
1r 1 1
A J
1
1
i 8
~
N N 'I
+ o + 5 '
< & 1
N N
at 1
L
<
~ ~
2F ~a
n \ ]
15.6 15.65 1567 15.75 15.8 15.68 15.685 15.69 15.695 15.7 15.705 15.71 15.715 15.72 15.725
) in the gap ) in the gap
(© (d)

Figure 3. Top row: surface impedance for the left crystal (a) and right crystal (b). The red plain line denotes the
exact surface impedance computed at any frequency, while the dashed black line is the HFH approximation given
by (45). Bottom row: sum of the surface impedances (c) and zoom (d) around the zero i.e. the frequency of the
topologically protected mode and its approximation.
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Figure 4. Topologically protected mode obtained by HFH in the single eigenvalues case. The two semi-infinite
PCs are in contact at x = 0 and we represent in blue (resp. orange) the mode in the left (resp. right) crystal.
The dashed vertical lines represent the boundaries of the periodic cells.

4. Approximating the surface impedance based on HFH with nearby eigenvalues
4.1. High-frequency effective model

As seen previously, the approximation of the impedance is very precise near the edges but the
discrepancies become quite important around the middle of the band gap. This motivates the
use of nearby eigenvalues HFH approximations which are much longer-lived as we go further
away from the edges [25]. The idea is to consider that the two consecutive eigenvalues at x*
that define the beginning and the end of the band gap are single eigenvalues but close one to
another. More precisely the distance between them is of order of the small parameter . These
two eigenvalues are denoted by QE)D and Q(()z) and their proximity is defined by writing

(QP) - (") =ys, with y>o. (49)
The ansatz is considered around the first eigenvalue Qf)l):
. 2
Us(X) = Y 67U;%,8) and Q=[]+ 502, (50)
j=0 r=1

To take into account the coupling between both eigenvalues, the leading-order wavefield reads
Uo(X,9) = P 0% &) + fE X2 (), (51)
where %él) and %éZ) are the eigenvectors associated to Q((]l) and QE)Z) , respectively. This expression
is consistent with the decomposition onto the basis of two independent eigenfunctions in the
case Y = 0 where we get a Dirac point. In the literature, a similar but not identical approach has
been followed [28], in the sense that the size of the gap is of order 6. However, the meaning of
the small parameter differs: in [28], the authors start from a configuration with a Dirac point, and
add a perturbation of order &, while here we work with a fixed configuration without Dirac point

(y #0).
High-frequency homogenization comes with an effective equation for the vector

T
Fy() = (£ 00 £ (0) (52)
containing the two modulation functions. It is also useful to introduce the following coefficients

C;= <a(92/(§i))2> fori=1,2 and # = <,B(%O(1)6502/(§2) —65%(51)%62)» = (Bw). (53)
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Contrary to the single (not close) eigenvalues case, the linear term Q% in the expansion

02 = (")* +602 +6(5?) (54)
does not cancel out and is involved in the effective equation for Fy, which is given by
Q2 -X
F)(X) = —2NFy(X), with N= 0 (1 Q%)Cz . (55)
v G, 0
1
By developing the above system, one gets for j = 1,2
T ( o(j))"+9?(1—§) o) =0, (56)
1
where the effective parameter in the nearby case is defined by
T, = 4 (57)
VGG

Regarding the dispersion relation, the linear term at a point x around x* is given by the following
expression

)
6Q§=z(y: \/4T,%(1<*—1<)2+y2 : (58)

where the upper (resp. lower) sign designs the branch emerging from (Q(()D (resp. (Q(()z)). Here
again, these results can be found in [21,23,25] and are rederived in Appendix B for the sake of
completeness.

4.2. Approximation of the surface impedance

The effective equation (55) combined with Floquet-Bloch conditions gives

_17’/(’(—"(*) . .
Fy(X) =( Ciof )e‘(“‘“ )X, (59)
1
as detailed in Appendix B. Therefore, in the bandgap, i.e. where (38) holds, the leading-order field
reads
W‘K[5

Up(X,§) = e—“f"(m%é”(a + U (6)), (60)
1035

where we choose again x; > 0 for the right crystal and x; < 0 for the left crystal to have

the decreasing condition at infinity. We therefore get the following approximations for the
impedance:

ko 1) 2)

Uy (0,0) oz %o (O +%” (0)

Zrr=+h =+h !
’ E(0%)0¢Uy(0,0%)

. 61)
E0") (_ngf% M 0+ + %(;2)'(0+))

This expression can be further simplified by taking the dominant term in #  defined by (53). The
first step is to notice, using (49), that

(Bw) (©) = -8ya @« ©OUL ). (62)
Therefore

¢
pEwE = pONHw(O") -5y f a(s)2%" (U (s)ds (63)
0
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leading to
W ={Bw)
1
=BOHw©O") -8y f 1 - 92 ()P (s)ds (64)
0
=p0ONHwO") +065).

Consequently, we will use the following final approximation for the impedance:

ot 0")x ;6
w0 o
1

ZRL= (65)

+ .
T E@%) BONwONXS 5, (1) 4+ @)+
CI5Q% %0 (O ) + %0 (0 )

Remark 8. Again, this approximation of the impedance allows to recover the result of monotony
of Lemma 1. Indeed, one can compute

dZr 1 - h pOHwWO?) d [x;6 w(0+)
dQ T E(0+) Cl dQ 60% ﬁ(0+)w(0+)K 6 (1)/ (2)/ 2
(CIT%I%O (0%) +%0 (0+))
d (k6 hw(0+)?
~Fdalsa? 2 ©0
1 BOH w00 5, (1)) @'
E CI(TS)%%O (0+)+%0 (0+))
By inverting (58) in the band gap, one can show that
(67)
Therefore, »
z
d 1
dQ
! (69%)/ ! (68)
2752z 15’
2
where (59?)’ = d(ggl) > 0. We also recall that ;0 is positive (resp. negative) for the right
(resp. left) crystal. Consequently, %(;—K’)‘Z) is negative (resp. positive) for the right (resp. left)
1

crystal, and by (66) Zg,;. is decreasing.

4.3. Numerical example

We deal with the same example as in Section 3.3 but we now use the nearby eigenvalues HFH
effective model instead of the classical one. The approximations of the dispersion diagrams
for the same branches as previously are plotted in Figure 5. We can see a much longer-lived
approximation on the range of wavenumber considered for both the real and imaginary part. We
especially get a much better fit within the all range of the band gap.

The approximation of the surface impedance for both the left and right crystal is represented
together with the exact one in Figure 6. Contrary to the approximation obtained with the classical
HFH model, the approximation of the surface impedance is now continuous and presents an
excellent agreement with the exact surface impedance even around the middle of the gap.
Both the approximations of Z;(Q) + Zr(Q2) and their exact values cancel out for Q = 15.708
showing a very precise prediction of the frequency at which the interface protected mode occurs.
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For this frequency, the topological protected mode obtained by the nearby HFH approximation
is plotted in Figure 7.

Lastly, we illustrate the scattering of waves by this finite-size network of cells [29]. For this
purpose, we use time-domain simulations. The integration methods are described, for example,
in [30]. Transparent boundary conditions are used on the left and right extremities, in order to
avoid spurious reflections by the edges of the computational domain. A monochromatic source
is placed on the left of the PC-L. In Figure 8(a), the frequency is Q = 13.461, which belongs to
the common gap between bands 6 and 7. In this gap, no topologically protected interface mode
exists. As a consequence, one observes the generation of an evanescent mode that decreases
exponentially from the left boundary of the PC-L. In Figure 8(b), one uses Q2 = 15.708, identified as
the frequency of the topological interface mode thanks to HFH. We then observe the generation
of an evanescent mode centred on the interface between PC-L and PC-R.

exact dispersion relation exact dispersion relation
= = *HFH approximation (nearby) | 1 = = *HFH approximation (nearby) | |

1350 0.5 1 15 2 25 f‘i 138 0.5 1 15 2 25 3
R(K0) R(kI)
@ (b)

exact dispersion relation 15.9 exact dispersion relation |
159 = = +HFH approximation (nearby) | ] = = *HFH approximation (nearby)

15.85
15.85 1

158

16.75 1
16.75 1

S il G 57

15.65 - 15.65

156 15.6

15.55 - 15.55

155E ‘ ‘ ‘ ‘ ‘ ‘ R ‘ ‘ ‘ ‘ ‘ ‘

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 -0.3 -0.2 -0.1 0 0.1 0.2 0.3

S(k0) S(K0)
(© (d)

Figure 5. Dispersion diagrams for the left crystal (left row) and right crystal (right row). Two real branches (first
row) and imaginary part in the band gap defined by these two branches (bottom row). Physical parameters are
given by (47) and (48). The red plain line denotes the exact dispersion diagram obtained by solving the eigenvalue
problem (13) at any frequency, while the dashed black line is the HFH approximation around the edge for nearby
eigenvalues given by (58).
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0 and we represent in blue (resp. orange) the mode in the left (resp. right) crystal. The

dashed vertical lines represent the boundaries of the periodic cells.

Topologically protected mode obtained by HFH in the nearby eigenvalues case. The two semi

PCs are in contact at x

Figure 7.
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Figure 8. Time-domain simulation of wave propagation across two finite networks of N = 10 cells (the vertical
lines denote the locations of the interfaces between the different cells) glued at the center of the domain. A source
emits a monochromatic wave impacting the left PC. In (a), the frequency is Q = 13.461, where no topological
interface mode exists. In (b), the frequency is Q = 15.708 where the total surface impedance vanishes. An interface
mode is generated at the interface between PC-L and PC-R denoted by the red plain vertical line.

5. Conclusion

We have showed that it is possible to use effective models got from high-frequency homogeniza-
tion in order to get an approximation of the surface impedance for a given phononic crystal. Con-
sequently, we can deduce, whether or not, and at which possible frequency, a topologically pro-
tected interface state would occur when putting two semi-infinite phononic crystals in contact.

We compared the quality of the approximation deduced from classical high-frequency effec-
tive models to the one deduced from nearby eigenvalues high-frequency effective models. We
showed that the latter gives a much better approximation of the surface impedance within a band
gap, and therefore a more precise prediction of the occurrence of a topologically protected state.

A natural extension of this work would be its generalization to higher dimensional systems,
such as analogues of the quantum spin Hall effect or the Valley Hall effect [31]. High frequency
homogenization would allow us not only to obtain approximate dispersion relation for topolog-
ical edge or interface waves, but also provide powerful approximation to study their transport
properties [32].
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Appendix A. Derivation of the effective model for single eigenvalues
A.1. Leading-order effective equation
We recall that in the present case we consider points at the edges of the Brillouin zone, that is at

k* =0 or x* = & which is associated to periodic and antiperiodic conditions, respectively, for the
fields. Using the ansatz (16) and (17), the governing equation in (13) becomes

. ou;\ ... 0%U; oU; 40 0°Uj
2512(ﬁ_1)+51+1(ﬁ 1+2( 6_}({))+51+25 L+ Y s702au;| =0.  (69)

20 &\ o0& 0Xo¢ o¢ 0X2 /50
Collecting the terms of order 5% we getin (0,1):
oU,
(ﬁ—o +Q2aly=0 (70)

together with continuity for Uy and ﬁUé at possible interfaces, and Uy (X, +1) = ko Uy(X,8) =
+Uy(X,¢). From this equation, one deduces the form of the leading-order field (19).
Going to next order and collecting the term of order 9, one gets on (0, 1):

d (. [0Uh 6UO)) Uy )

= + + +Qual; +Q{alUy=0 71

sl Paxag T Hetiriiath 7y
together with continuity for U; and ﬁ(aUl + %()j("), and periodicity/antiperiodicity conditions.

One then computes ((70) x U; — (71) x Up) and gets after integration by parts

oUy Uy 02 Uo 2 2>
—_—— -QfaU, 0. 72
<’B 0X o0& p 0X 66 (72)
After making use of (19), this reduces to
Q¥ aut)=0 (73)

leading therefore to Q; = 0. Together with (71), this gives the expression (21) for Uj.
Collecting terms of order 52, we geton (0,1):
o (. (06U, U 0’U *U,
)02 5
o0& & 0X 0Xoé 0X2
together with continuity for U, and ﬂ(atgz + %l)](l ), and periodicity/antiperiodicity for U,. One
then computes ((70) x U, — (74) x Up) and gets the final effective equation for f, (25) after

integration by parts and making use of (19) and (21). In this effective equation, T # 0 but it can
be either positive or negative. Therefore f; can be written

.93 .03
foX) = Ael\/;x + Be_l\/;x. (75)

Remark 9. Thevalueof T and the expression of fj is valid for both the real and imaginary bands.

+Q2al, + Q2aly =0, (74)

On a pass-band (real band), 2 will be positive so that f describes propagative waves, while in a
gap (imaginary band) w111 be negative describing therefore evanescent waves.
We now recall that ¢ = 3 and that the field has to satisfy the Floquet-Bloch conditions,

therefore leading to
Up(X+6,&+1) =™ Up(X, ). (76)

Using in the above equation (19) and the periodicity/antiperiodicity of % one gets

Fo(X +6)e™0,(&) = €0 fo(X)% (©). 77)
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We recall that x* = 0 or ¥ is an edge of the dispersion diagram, while « is a point around x* at
which we are using our effective model. Therefore

foX+8) =€ £,(x). (78)

Using (75) in the above equation yields

\/97 /B -
Ae' = 468 and Be IV 70 = gellk—x")8 (79)

and keeping in mind that 1s positive leads to

2
\/QT—(K x*) and B=0 forx*=0
(80)

2
\/Q—TZ:(K*—K) and A=0 forx*=%.

In any case, up to a constant (A or B) that we take equal to 1, f; satisfies (32).

A.2. First-order effective equation

Inserting (19) and (21) in (74), and using (25) one gets:

(ﬁ@) +Q%al, + (6%(,6%) + ﬁ%)f{ + (6%(,6%1) +BU+(B—-al)U|f).  (81)

Therefore U, can be written as

Uz(X,¢) = f2(X) (&) + f{ X)21(E) + fy (X)Ua(&), (82)

with %, solution of the following cell problem:

0: (B, (&) + B&) 21 (8)) + Qo (&)U ()

= =) () — (B — a(§) )% (&) on (0,1),
. - (83)
WU (17) =" 09, (0%) and %,(17) = e 2%}(0"),
U, and PU;+ B2U are continuous.
Collecting terms of order 53, we geton (0,1):
oU-
(ﬁ(é)( > (X, E)+ (X f)))
2 2
axaf ﬁ(f) 6X2 L0 0@ (U3 (X,8) +Qa(8) U1 (X, ) = (84)
together with continuity for Us and ﬁ(aUS + %1}1(2), and periodicity/antiperiodicity for Us. We

notice that there is no Q3 in the above expression. It is justified by the following remark.

Remark 10. For a given branch, the mapping that associates to a wavenumber the frequency
is holomorphic (except when eigenvalues are no longer single ones, which is excluded here).
Consequently, the function Q(x) can be represented by a Taylor series expansion. Combined
with reciprocity, i.e., Q(x) = Q(-x), this gives that all odd powers in the ansatz on Q vanish, as
proved previously for Q;.

One then computes ((70) x U3 —(84) x Uyp) and gets, using integration by parts together with (19),
(21), (82) and (25) differentiated once:

TH'(X) + Q3 A (X) + ——(B(U %o — UU) + (B — aT)2 U) £ (X) = 0. (85)

1
<“%o>
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Moreover, {(83) x % — (22) x %>) leads to
(B(uy2 — U2y + (B— aT)2 %) = 0. (86)
We therefore get (33).

Appendix B. Derivation of the effective model for nearby eigenvalues

Because %éi) (i =1,2) are eigenfunctions associated to Q(()i), they satisfy:
P ; a%éi)
g\ o¢
We introduce the notation (87)(” for this equation at a given i, and we denote by U 0 - ()(i)%éi)

0
for i = 1,2. One can then check that

a (,0U
Ff(ﬁa_;) + (@M aUy = -5ayU?, (88)

) + (@) e = 0. 87)

where we recall that y defines the distance through the two eigenvalues through (49).
The right-hand side residual term will therefore modify the governing equation for U;, which,
collecting the terms of order 6, reads:

d (.0 auo)) PUs (2 2 @

— —+— ||+ +(Q Ui +Q5aUy—ayU,” =0 89

ae(ﬁ(ae ox )| Paxoe T (@0 ) ali+ alh - ayls o
together with continuity for U; and ﬁ(—aalé1 + —%l)](") and periodicity/antiperiodicity for U;. One then

considers ((87)® x U; — (89) x %é”) for i = 1,2 to obtain two equations that can be recast as the
first-order ODE (55). One notes that to get (55), we used (a%é“%(?)) = 0 since the eigenfunctions
are orthogonal. The two eigenvalues of N are given by

A= (1) (é—l)CICZ (90)
1
with 7 = 1,2 while the associated eigenvectors are
A \F
Fr.=l-—,1| . 91
A ( G ) 1)
Therefore, Fy can be written as

Fo(X) = oty F 5, e "MK & o, ) oXIWAX 92)

Moreover, applying the Floquet-Bloch conditions (76) yields
O X+ %P @ + [P X+ 2P ©) = (00w © + 1P 0P @) ©93)
Since %é” and %(52) are linearly independent, we get from the above equation
Fy(X +6) = el <Ry (X). (94)
Combining (94) and (92), we obtain
Ty, UM MS _ dlghei(K—K*)S and <), W A28 _ 'dzg/lzei(K—K*)é‘ (95)
Since 11 = —1,, we deduce
(Q2/# )M =i(x-x*) and o4 =0,
or (96)
(Q}/#)A2 =i(x-x*) and of =0.
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These two cases can be summarized, using (90) and (57), as
QZ
1Y
i— Yl 1=i(x—«x*),
whose roots are given by (58). Moreover, using (96) together with (92) and (91), we get the
expression of the envelop function in terms of the wavenumber given by (59).

97

Appendix C. Computing %, and %,

In this section, we detail the computation of % and %, for the centro-symmetric unit cell
described by (47). The strategy is exactly the same for any piecewise-constant unit cell.

C.1. Computation of %

We recall that % is solution of (20) where a and f are piecewise-constant. %/, can therefore be

written as
61 cos(?—jf) + 6> sin(?—jf) for0<¢é <

63 cos(%g(f) + 6y sin(?—;’cf) forp1 <é <o
65 cos(%‘;f) + %5 sin(?—jf) forps <é <1,

Up(&) = (98)

where @1 = hal/(2h), 92 = (h—h4)/(2h), and ¢j = /Bj/a; for j = A, B. Using the Floquet-Bloch
conditions %, (1%) = eiK*‘s%g(OJ’) and %)(1%) = ei"*‘s%é (0%) and the continuity conditions for %
and B% at 0, ¢, and ¢, the integration constants %; satisfy the following linear system

M(Qo,x*)C =0, (99)

with C the vector containing the integration constants, i.e. C[i] = 6; fori =1,...,6,and M(Qg,x*)
the 6 x 6 matrix encapsulating the continuity and Floquet-Bloch conditions which is given by:

eix"o 0 0 0 —cos(i‘;) sm(QO)
0 Zaeix0 0 0 ZAsin(?—A) —ZACOS(?—A)
cos( (pl) sm( <p1) —cos(?—;’wl) —sin(?—;’tpl) 0 0
—ZAsm( (pl) ZAcos(—q)l) ZBsin(?—;’wl) -75 cos(&qol) 0 0
0 0 cos(%’(pg) sm( (pg) —cos( <p2) —sm( <p2)
0 0 -Zp sin(%;’(pg) V4 COS(a(pz) ZAsm(Q (pg) —ZAcos( (pg)
where Z; = \/af; with j = A, B. The frequency Qy is then solution of det(M)(Q,x*) =0, and C

is given by the kernel of M(Qg, x*) for the value of Qg previously found.

C.2. Computation of %,

Since % reads % = W
compute 7. Similarly as for %, 7 can be written as

@1cos(@§)+@ sin( f) for0<¢ <
@3003( °<f)+@ sm(é 5) forp; <&< 2
Ds cos(c—of) + 9 sm(c—of) forp, <&<1,

n@ =

— &%, with 7] solution of (24) and % already known, we only have to

(100)
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where Qg is now known, and with some new unknown coefficients 2; which are gathered in D
solution of

with

MD =V (101)

— Qo) _ in| &
65 cos( EA) 65 s1n( EA)
= E 3
_ZAelK 5<€2

V= 0 ) (102)
0

0
0

One therefore only needs to invert numerically (101) to get 7; and therefore % .
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