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Abstract. The proposed formulation, based on the four-parameter fractional Zener model, provides a versa-
tile constitutive framework for describing the mechanical behavior of viscoelastic materials (VEMs). The cen-
tral objective of this work is to theoretically and practically demonstrate that viscoelastic models identified in
the time domain can be consistently transformed into their frequency-domain counterparts, and vice versa.
The principal contribution lies in the development of a new mathematical model for the time-dependent
Poisson’s ratio, formulated in the time domain and derived directly from the constitutive relations of the frac-
tional Zener model. Artificial experimental datasets are employed to validate the effectiveness and inter-
nal consistency of the proposed interconversion methodology. Once the fractional parameters are identified
through an optimization approach, the corresponding complex viscoelastic functions — namely, the com-
plex Young’s modulus, complex shear modulus, and complex Poisson’s ratio — are obtained through analyt-
ical interconversion into the frequency domain. Overall, the proposed framework reinforces the theoretical
foundation connecting time- and frequency-domain representations of viscoelastic behavior and advances
the modeling and characterization of viscoelastic materials.
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1. Introduction

In structural engineering applications, viscoelastic materials (VEMs) are widely employed both
as structural components and as integral elements of vibration and noise control systems [1—-
4]. In such contexts, two- and three-dimensional stress-strain analyses require a thorough
understanding of the characteristic viscoelastic functions that govern the mechanical behavior
of these materials, which may be defined either in the time or frequency domains.

In the time domain, the mechanical behavior of isotropic, linear, and thermorheologically
simple solid VEMs is typically described by the Young’s relaxation modulus, E(f), the shear
relaxation modulus, G(#), and the time-dependent Poisson’s ratio, v(¢). Analogous functions are
also commonly introduced based on creep tests.

Conversely, in the frequency domain, VEMs are usually characterized by their complex vis-
coelastic functions: the complex Young’s modulus, E*(Q), the complex shear modulus, G*(Q),
and the complex Poisson’s ratio, v* (QQ) [5-11].

In recent years, several studies [12-23] have addressed the identification of relaxation and
creep compliance (Young’s and shear). In contrast, only a limited number of works have focused
on the indirect identification of Poisson’s ratio [24-28].

For perfectly incompressible materials, the Poisson’s ratio takes the value of 0.5. Elastomers
are generally regarded as incompressible materials, and thus their Poisson’s ratio is often as-
sumed to be constant and equal to 0.5 [29-31]. Such assumptions, however, neglect the effects
of time and frequency. In practice, this parameter exhibits variability in both the frequency and
time domains [32-39].

One of the pioneering studies on the indirect identification of Poisson’s ratio was presented
by [24], which introduced a methodology to determine the time-dependent Poisson’s ratio from
the Young’s relaxation modulus, E(¢), and the shear creep compliance, J(f). In this framework,
the time-dependent Poisson’s ratio, v(t), is obtained through the following relation:

t

U(l‘)=l EoJ(6) -2+ @](l‘—f)df . 1)
2 0o d¢

Here, Ey denotes the instantaneous modulus, defined as the limit lim;_.q E(#), and ¢ represents
an auxiliary integration variable in the time domain. To evaluate the convolution integral, [24]
employed an approximate method. Subsequently, [25] determined Poisson’s ratio using an
indirect procedure based on the tensile relaxation modulus and the time-dependent bending
modulus. In that study, two materials were analyzed: polycarbonate and cellulose acetate. For
polycarbonate, Poisson’s ratio was found to remain constant, whereas for cellulose acetate, it
followed a parabolic function with a distinct maximum. The authors of [25] noted that these
results warrant further investigation, particularly since the experiments were conducted without
accounting for temperature effects.

Further, another methodology for determining Poisson’s ratio from tensile relaxation and
creep tests was presented by [26]. In this work, a model is proposed in which Poisson’s ratio
depends on a time-dependent bulk modulus and a time-dependent relaxation (or creep) mod-
ulus. To eliminate the convolution integral and reduce computational effort, the bulk modulus
is assumed constant, and a viscoelastic function for Poisson’s ratio is identified using a Prony se-
ries representation. Reference [26] concludes that there is essentially no significant difference
between Poisson’s ratio obtained indirectly from relaxation tests and that obtained from creep
tests.

Along the same research line, [27] investigated Poisson’s ratio in the time domain. Using a
one-term Prony series, the authors indirectly determined a function for Poisson’s ratio based on
the tensile relaxation modulus and the bulk modulus. Their results suggest that this coefficient
may exhibit either a monotonically increasing trend or a non-monotonic trend with a minimum
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point. However, the study [27] did not extend the analysis to a larger number of Prony terms,
which, according to [40], could lead to a more accurate identification of viscoelastic functions.

One of the most relevant and recent contributions to the determination of Poisson’s ratio in
the time domain was presented by [28], which introduced a methodology that first identifies
the Young’s and shear relaxation moduli in the time domain, expressed in terms of Prony
series. Subsequently, the study establishes relations among the relaxation and creep moduli and
Poisson’s ratio, thereby enabling the determination of the parameters associated with both the
creep modulus and Poisson’s ratio. In this approach, the properties related to Poisson’s ratio are
obtained under the assumption of a constant bulk modulus.

Another important study, [41], considers a composite material consisting of elastic inclusions
embedded in a Maxwell non-aging viscoelastic matrix. By incorporating the volume fraction and
applying the method proposed in [42], the authors derive Poisson’s ratio for the composite sys-
tem. The results demonstrate that viscoelastic Poisson’s ratios may exhibit monotonic behavior
(either increasing or decreasing) or nonmonotonic behavior.

From this overview, it becomes evident that a clear gap remains in the literature regarding
the analytical formulation of the viscoelastic Poisson’s ratio within a unified constitutive frame-
work. Most available methodologies determine this parameter indirectly through numerical pro-
cedures or rely on simplifying assumptions-most notably the hypothesis of a constant bulk mod-
ulus. Such assumptions may compromise physical consistency, since experimental and theoret-
ical studies [33,43,44] have demonstrated that the bulk modulus is, in general, time-dependent.
Moreover, certain reported results contradict fundamental thermodynamic and mechanical con-
straints. For instance, [35,43] showed that, for linear isotropic viscoelastic solids, Poisson’s ratio
must exhibit a monotonically increasing behavior in the time domain.

In addition, constitutive modeling of linear isotropic viscoelasticity is commonly formulated
in terms of shear and bulk moduli (or equivalently Lamé parameters), while Poisson’s ratio is
treated as a secondary quantity derived a posteriori. This practice does not explicitly ensure
analytical coherence between time- and frequency-domain representations, particularly when
fractional constitutive models are employed. Considering that viscoelastic materials exhibit
coupled volumetric and deviatoric responses that are inherently time- and frequency-dependent,
a consistent formulation of Poisson’s ratio as a primary viscoelastic function becomes essential
for reliable numerical modeling and structural analyses.

The present work is developed under the assumptions of isotropy, linear viscoelasticity, and
thermorheological simplicity, which define the scope of applicability of the proposed identifi-
cation procedure. Within this controlled constitutive framework, the main contribution of this
study consists in the analytical derivation of the time-dependent Poisson’s ratio based on the
four-parameter fractional Zener model, together with its explicit interconversion into the fre-
quency domain. Unlike previous approaches, the proposed formulation provides closed-form
expressions in both domains and enables the indirect identification of Poisson’s ratio directly
from experimentally accessible Young’s and shear relaxation moduli, without imposing a con-
stant bulk modulus.

It is important to acknowledge that, in practical experimental identification procedures, devi-
ations from linearity, isotropy, or thermorheological simplicity may introduce structural model
bias and additional metrological challenges. The present study intentionally isolates the ana-
lytical consistency and identifiability of the proposed formulation under controlled constitutive
assumptions. While this approach does not eliminate the potential influence of model bias in
real-material applications, it allows the intrinsic theoretical properties of the formulation to be
rigorously assessed. In practical implementations, systematic residual patterns or persistent dis-
crepancies in the identification process may indicate the need for model enrichment beyond the
assumptions adopted herein.
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Given the versatility of viscoelastic formulations in both time and frequency domains, this
work centers on the analysis and demonstration of viscoelastic models in the time domain,
followed by their interconversion into the frequency domain. This process emphasizes the
theoretical and practical coherence between the two representations of viscoelastic behavior.

2. Theoretical concepts
2.1. Introduction

In general, viscoelastic materials (VEMs) are characterized by exhibiting both elastic and viscous
behaviors simultaneously. Their mechanical response can be represented through rheological
models composed of springs and dampers, where the springs account for the elastic component
and the dampers for the viscous component. Several authors [14,16,45-48] employ these models
in various configurations, such as series, parallel, and series-parallel arrangements. According
to [43,49], several constitutive equations based on models with fractional-order derivatives arise
from these associations and can be expressed in the following generalized form:

n dﬁr n dﬁr
1+’;arm]0(t) = k+;brm
where n, k, a,, and b, are parameters associated with the adopted rheological model; o(¢) de-
notes the stress history; £(f) represents the strain history; and dﬂrﬂ(r') is a fractional differential op-
erator of order f,, defined as B, =r+ -1, with 0 < B < 1 [49]. In this work, the fractional deriv-
ative is defined according to the Riemann-Liouville formulation presented in [49], considering
only data for £ > 0.

According to [50], the presence of the integral operator in the viscoelastic constitutive equa-
tions, such as Eq. (1) or Eq. (7), implies that solutions to boundary-value problems derived for
linear elasticity cannot be directly applied to VEMs. As a consequence of the dependence of the
material response on the stress or strain history, the stress, strain, and compliance (or modulus)
functions cannot simply be obtained by substituting their elastic counterparts. In this context, a
method known as the Correspondence Principle, developed in [51], was introduced to enable the
use of elastic relationships in linear viscoelastic materials.

(1), 2

2.2. Correspondence principle

The Correspondence Principle for Elastic-Viscoelastic (CPEV) materials involves the application
of the Laplace transform (LT), which allows the elimination of the differential (or integral)
operators, thereby yielding a constitutive equation in an algebraic form analogous to those
of elastic materials. As a result, the transformed equations can be employed to model the
mechanical behavior of the material and to determine the stress-strain fields in VEMs.

To illustrate the CPEV, the Laplace transform is first applied to Eq. (2), yielding

a(s)o(s)=b(s)e(s) 3)

where a(s) =1+ Z;’zl(sﬁ'ar) and b(s) = k+2f=1(sﬁ’br).
From Eq. (3), Hooke’s law in the Laplace domain can be expressed as

a(s)=E(s)e(s),  &(s)=D(s)a(s) (4)

in which E (s) = % and ﬁ(s) = % are referred to as the operational Young’s modulus and the

operational creep modulus in tension, respectively [40,44,52].
Observe that Eq. (4) is expressed for the case of uniaxial tension testing. An analogous
formulation can be established for pure shear testing, where the relationship involves stress, 7(-),



Tiago Lima de Sousa, Jucélio Tomds Pereira and Jéderson da Silva 401

and shear strain, y(-). Accordingly, in the Laplace domain, the constitutive equations can be
represented as

() =Gy, ¥ =TT (5)
where G(s) and J(s) denote the shear operational modulus and the shear creep operational
modulus, respectively.

From Egs. (4) and (5), two fundamental relationships in linear viscoelasticity can be derived,
namely

E()D(s)=1, GJ(s)=1. (6)

As stated in [43], Egs. (4), (5), and (6) share the same algebraic structure as the constitutive
equations for elastic materials. These relations establish the foundation of the theory of linear
viscoelastic behavior.

Retransforming Eqs. (4) and (5) into the time domain leads to Boltzmann’s superposition
principle, Eq. (7), where the dependence of stress (or strain) on the history of strain (or stress)
becomes evident. Accordingly, the general form of the constitutive equations for homogeneous,
isotropic, and linear VEMs can be expressed as

t
om=f E(r—f)dgf)dé,
e(t) = fD(t ) Zif) dé,
dy (&) D
() = G(t H——=— & d¢,
d
y(0) = f}(t &) T(‘f) dé.

In this case, E(¢) and D(t) represent the Young’s relaxatlon modulus and the creep compliance,
respectively, for a uniaxial tension test. In the Laplace domain, these moduli are related to their
corresponding Young’s and creep operational moduli as follows [40,43]:
E(s) = sE(s),
D(s) = sD(s).
Furthermore, G(t) and J(#) are the shear relaxation and the shear creep compliance, respectively,

defined in the time domain, and are related to their respective operational moduli, in Laplace
domain, in the following form [40,43]:

8

G(s) = sG(s),

~ 9)
J(s) = sJ(s).

2.3. Poisson'’s ratio in Laplace domain

References [1,43] show that, by relating E(s) and G(s), it is possible to define a function, referred
to here as the operational Poisson’s ratio, which is expressed as
E(s) _ . _E®I
——1 or v(s) = -
2G(s) 2
where U(s) = sv(s), with v(s) being the Laplace transform of the time-dependent Poisson’s ratio,
v(t). Accordingly, from Egs. (8), (9), and (10), one obtains
E 1
o = EWIO 1 an
2 N
Applying the inverse Laplace transform (ILT) to Eq. (11) yields the time-dependent Poisson’s
ratio, as expressed in Eq. (1). Nevertheless, when Eq. (1) is employed to indirectly determine

v(s) =

(10
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the Poisson’s ratio using complex constitutive models, numerical methods are required. This
approach can become computationally expensive and may lead to inaccurate results [28,35]. In
this context, the following section introduces a methodology to obtain the Poisson’s ratio in a
simpler and more efficient manner.

2.4. Fractional viscoelasticity

2.4.1. Young and shear constitutive models in time domain

According to [49,53,54], several constitutive models involving fractional derivatives have been
proposed, such as the Maxwell, Kelvin—Voigt, and Zener models. Among these, various au-
thors [10,22,55-57] have shown that the four-parameter fractional Zener model is effective in
predicting the behavior of VEMs in both time and frequency domains. The differential equation
of this rheological model, which relates the stress and strain histories, can be written as

o) +7hF d

oo£(t)+EorﬁEd—€(t), (12)
dePe

where 7 is the relaxation time of the Young’s relaxation modulus, E is the equilibrium modulus,
and Ej is the instantaneous modulus. In the International System of Units (SI), the variables E,
and E, have units Pa, 7g has unit seconds.

Eq. (12) is written in terms of uniaxial tension tests. This equation has a corresponding form
considering a pure shear test, which can be presented as

Be dbe
pe d _ Be
(D +7, dtﬁcr(t)—Gooy(t)+GOTG arbo —() (13)
where 7 denotes the relaxation time of the shear modulus, G, is the equilibrium modulus, and

Gy is the instantaneous modulus. Furthermore, in the SI system, G, and Gy are expressed in Pa,
while 7 is expressed in seconds.

2.4.2. Young's and shear operational moduli and operational Poisson’s ratio

Considering ¢ > 0, the application of the Laplace transform (LT) to Eq. (12) provides the steady-
state response, which can be expressed as

BE B
~ o(s EOO+E0TESE
E(s) = (s) —_—

2 (14)
£(s) 1+ TgEsﬁE

In this expression, E(s) denotes the Young’s operational modulus in tension [43,49]. Analogously,
the shear operational modulus, G(s), is obtained by applying the LT to Eq. (13), yielding

A T8 Goo+GOTﬁG po

= & (15)
RO 705G

Furthermore, the operational Poisson’s ratio can be obtained by combining Egs. (10), (14),
and (15), which results in
(rethF ooy sPE+Pe 4 (rphPysPe 4 (2P9)sPe 41

o(s) = — P 5 o -1 (16)
2Go (reTy Tg ) sPEYPG 4+ (1) sPE + (rgT°)sP6 + 1

where rp = 5—0 and rg = g—" With this last expression, it becomes possible to establish a

framework for 1 modeling the time-dependent Poisson’s ratio.
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2.4.3. Proposed model for the time-dependent Poisson’s ratio

One way to obtain the time-dependent Poisson’s ratio is by applying the ILT to Eq. (16).
However, obtaining the ILT of the term in brackets is not a trivial task. Therefore, such a term
is expanded into partial fractions as follows:

Eoo
2Go

BsPE CsPe DsPE+bBc

v(s) = -1 17)

TﬁESﬁE+1+r Bé g * BE B Be g
£ GTg S +1 (@g's +1)(rGrG sPG +1)

From Egs. (16) and (17), one can obtain A=1, B = TgE(rE -1, C= Tgc(l —rg), and D =

TgETgG (rg —1)(rg —1). Since U(s) = su(s), Eq. (17) can be rewritten as

0o 1 B sPe—1 C sPe-1
o ) ) Sl
26 S TgE (sﬁh‘+1/rg}3) rGrgG (sﬁG+1/(rGT'g°))
D SﬁE+ﬁG_1 1
e b ( B B ) "(")' (18)
TR 16T \($PE+1/T7)(sPo + 1/ (rg)) $

Following the theory presented by [58,59], and applying the ILT to Eq. (18), one obtains the
time-dependent Poisson’s ratio:

u(t)—Ei A+ 2 g (—ﬁ)Jr ¢ g (— the )+
2Gx TgE P T@E rGTgG e rGTgG
D t t—&)be Be
# i [ (B (-5 e (-2 )a¢ | -1 a9
LPE re PeJo 7PE rGTﬁG
E G E G

where Eg(.)(+) is the Mittag-Leffler function of order §(-). It is observed that Eq. (19) requires in-
tegrating the product of two Mittag-Lefller functions with different differentiation orders, whose
analytical solution is difficult to obtain. A possible approach is numerical integration, although
this is computationally costly. In practice, however, fractional-order viscoelastic functions, con-
sidering uniaxial and shear tests, often exhibit very close differentiation orders, i.e., f = fg =
Bc 132,37]. Thus, Eq. (16) can be rewritten as

Eoo (rETZTg)SZﬁ + (I’ETg + Tg) sP+1

2Gso

v(s) = (20)

(Tg sB+ l)(rcrgsﬁ +1)
Expanding Eq. (20) into partial fractions, one obtains

EOO Sﬁ Sﬁ
U(s)=—<1+4A 5 + B’ 5 -1, 21)
2Goo (tpsP+1) (reTesP +1)

where the coefficients A’ and B’ are given by

e (TngrE—TéﬁrE—Tng+T2Eﬁ)

(rgr(;—rg)
o (rgré - TgrErG - rng + TZTE)
—f _

(22)

B'=
(Tg rG— Tg)

As U(s) = sv(s), Eq. (21) can be rearranged and expressed as
Ev |1

v(s) = _2Goo §+(

Al ) sP1 ( B’ ) sP1
el + -1. (23)
(sP+ llrg) rcrg (sﬁ + #ﬁ)

gt
rGrG
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Following the approach presented in [58,59], and applying the ILT to Eq. (23), the time-dependent

Poisson’s ratio can be written as
A th B’ B
T M e )

TE TE rGTG rGrG

Ew
v(t) = ——

-1. 24
e (24)

Equation (24) represents the proposed model to describe the time-dependent Poisson’s ratio.
This viscoelastic function is identified and discussed in the results and discussion section. Using
the Mittag-Leffler relations [49], when ¢ — oo, the equilibrium Poisson’s ratio, v, is obtained as

. _ Ex
Uoo—}irgv(t) = E—l. (25)

On the other hand, for ¢ — 0, the limit of Eq. (24) becomes
Ey

limv(f) = — —1. 26
t—0 ( ) 2 Go ( )
This relation allows the definition of the instantaneous Poisson’s ratio, vg, as
Ey
vo=—-1, (27)
2Gy

where Ey and Gy are the instantaneous moduli values for ¢t — 0.
2.4.4. Complex Young’s and shear moduli and the complex Poisson’s ratio

According to [40,43], the complex viscoelastic functions in the frequency domain are related
to the operational functions as follows:

E*@Q=E®)|,_ ;0 G @Q=06O)|_;q VQ=009|,_;0 28)
where E*(Q), G*(Q), and v* (Q) are defined as the complex Young’s modulus, the complex shear
modulus, and the complex Poisson’s ratio, respectively. From Eq. (14), the complex Young’s
modulus can be written as _

Eo + Eoo(i Q7 p)P
1+ (iQ7p)P
in which Eg = E,, and Eo, = Ey. Analogously, the complex shear modulus is obtained from

Eq. (15) as

E*(Q) = ) (29)

60 + éoc(l QTG)ﬁ

G*(Q) =
() 1+ (iQrg)P

(30)

where Gg = G and Go, = Go.
These moduli have real and imaginary components that represent storage and loss of energy,
respectively, given by
E*Q=E@Q+iE"Q), G@Q=GCQ+iG"(Q, 31
where E'(Q), G'(Q), E"(Q), and G"(Q) are defined as the storage Young’s modulus, the storage
shear modulus, the loss Young’s modulus, and the loss shear modulus, respectively.
Furthermore, the complex Poisson’s ratio, following Eq. (20), can be expressed as
. By [ erhey %P + (rpth + Py ()P +1
v (Q)=— 5_p B B -1, 32)
2Go | (rerpr ) (PP + (reT g +TR) (Q)FP +1
where v* (Q) = v/ (Q) — iv” (Q), in which v (Q) represents the storage Poisson’s ratio and v (Q) the
loss component. Relating these components, one can define the Poisson’s loss factor, 17, (Q2), as
,UH (Q)
v(Q)
Graphical representations of these functions, namely the Poisson’s loss factor and the corre-
sponding storage modulus, are presented in the section of results and discussions.

ny(Q) =

(33)
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2.4.5. Temperature effects on viscoelastic behavior across time and frequency domains

Temperature is a factor that strongly influences polymer behavior. According to [60], the vis-
coelastic behavior can be predicted using the Time-Temperature Superposition Principle (TTSP),
which establishes that the viscoelastic response can be shifted along the time (or frequency) scale.
In practice, this means that each record of time ¢ or frequency Q at a given temperature T can be
shifted to a reference temperature Ty, as follows:

_ t

ar(T, To)
where ¢, is the reduced time (in seconds) and Q; is the reduced frequency (in Hertz) [1,60-62]. In
this formulation, a (T, Tp) is the temperature shift factor.

In their study, [63] proposed a mathematical model for this factor, classically known as the
Williams-Landel-Ferry (WLF) equation, expressed as

~C{ (T —-Ty)
cl+(r-T19)’

or Qr = aT(T) TO) Qr (34)

tr

logaT(T, T()) = (35)

where C] and C/ are material-dependent constants characteristic of each polymer.
2.4.6. Viscoelastic functions considering temperature effects

As discussed by [22,64], considering the fractional Zener model, Eq. (12), the time-dependent
Young’s relaxation modulus, accounting for temperature effects, can be expressed as

¢ B
HrEEﬁ(_(rEaT(T, To)) )

where Eg(+) is the Mittag-Leffler function of order .
Similarly, from Eq. (13), the time-dependent shear relaxation modulus, including temperature

effects, can be written as
¢ B
l1+rgEg|l—-| ——— . 37
o ﬁ( (rGaT(T,To))) 57

E(t;) = Ex ) (36)

G(tr) = Goo

Analogously, the proposed model for the time-dependent Poisson’s ratio, Eq. (24), considering
temperature effects, becomes

Eeo Al r h B 1 r p
v(ty) = —— |1+ |— |Ep| - + Egl-—— | ————— -1.  (38)
2Goo TZ tpar(T, Tp) rcr/é r\tgar(T, To)
Furthermore, the complex Young’s modulus, considering temperature effects, is
Eo+Ex(iQ,7p)P
E*(Q,) = 0 o'o(l rTE) 39)
1+(Q,7p)P
Similarly, the complex shear modulus is
Go+ Goo(i Qr16)P
G*(Qr) — 0 oo(l rTG) ] (40)
1+(Q,716)P

Analogously, the complex Poisson’s ratio, including temperature effects, can be expressed as

. B [ rethe) (1002 + reth + 1) (i1Q,)P +1
v Q) = — 5 F R -1. 41)

2Go | (reTyte) (Q)?P + (rT + 1) (1Q)P +1
The viscoelastic functions presented in this section form a basis for predicting the mechanical
behavior of isotropic, linear, and thermorheologically simple viscoelastic materials in both the
time and frequency domains. By interconversion, the corresponding viscoelastic functions can

be obtained for either domain.
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3. Materials and methods
3.1. Artificial experimental data in time domain

Figure 1 presents the time-dependent relaxation moduli for Young’s modulus and shear modulus
at different temperatures. The curves of E(7,t) and G(T, t) reveal the progressive reduction of
both moduli with time, characterizing the viscoelastic nature of the material and highlighting the
pronounced influence of temperature on its mechanical response.
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Figure 1. Time-dependent relaxation moduli of (a) Young’s modulus and (b) shear modulus at various tempera-
tures, illustrating the material’s viscoelastic response and its pronounced dependence on temperature.

Starting from the viscoelastic parameters reported by [37] for the EAR®-C1002 material, sets
of synthetic experiments were generated for the time-dependent Young’s and shear relaxation
moduli. Following the approach adopted by Saprunov, Gergesova, and Emri [65], artificial
datasets were created from analytical viscoelastic models and subsequently perturbed with
random noise to emulate experimental uncertainty.

To make the artificial experiments more realistic, uncorrelated multiplicative noise was intro-
duced at each time-temperature point. The noise was generated using MATLAB’s rand function,
which produces uniformly distributed random numbers in the interval (0,1). In order to obtain
a zero-mean symmetric perturbation, the transformation 2rand — 1 was applied, expanding the
interval to (0, 2) and subsequently shifting it to (—1,1). The resulting variable was then multiplied
by 10%, yielding a bounded uniform perturbation in the interval [-10%, +10%] of the computed
relaxation modulus value.

Thus, for each time and temperature point, the pseudo-experimental relaxation modulus was
defined as

Mhoisy (£, T) = Mmodel (¢, T) (1 + ), (42)

where € ~ % (—0.10, 0.10), and Myo4el(t, T) is the theoretical relaxation modulus without noise.

The injected noise is therefore uniformly distributed, multiplicative, statistically independent
between sampling points, and non-correlated (white noise), with no prescribed spectral band-
width.

The synthetic experimental data were generated over a time interval consistent with typical
physical tests, ranging from 1 to 3600 seconds. Similarly, the artificial experimental temperatures
were selected within the elastic limits of the material (from —35°C to 60 °C), ensuring proper
coverage of the transition regions.
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The procedure of validating computational methods through artificial experimental data has
also been widely employed in the literature. For instance, Shanbhag [66] used synthetic data
generated from known Prony-series representations of creep compliance and stress relaxation
functions to test and verify the stability of the interconversion algorithm implemented in the
PSI (Prony Series Interconversion) program. In that study, artificial datasets spanning more
than 20 decades in time were generated, enabling quantitative comparison between the original
analytical model and the reconstructed viscoelastic functions. This approach ensured that
numerical accuracy, stability, and the sensitivity of the interconversion procedure could be
assessed independently of experimental uncertainties, following a methodology similar in spirit
to that of Saprunov, Gergesova, and Emri [65].

3.2. Methodology for material property identification

Each experimental point of the Young's relaxation modulus can be represented by E*P (t, T})
at the j-th temperature, where 1 < j < nr, and at the k-th time, with 1 < k < np(T}). Here,
np(T;) denotes the number of experimental time points at the j-th temperature, and nr is the
total number of temperatures. Given the constitutive material model E(f, T;), the kj-th error
component in the time domain, denoted as AE, i is defined as

E®® (1, Tj)) — E(ty, Tj) |2
E*P(ty, T;)

(AE;,,)* = : 43)
where the superscript “exp” indicates experimental data. The overall quadratic error for all curves
of the Young’s relaxation modulus, AEy,, is then given by

ny np(T})

Z Z (AEq ). (44)

Similarly, in shear relaxation tests, each experimental point is represented by G®*P(t, T}).
Given the constitutive model G(t, T}), the kj-th error component in the time domain, denoted
as AGtkj, is defined as

AEy,)" =
( tR) nT nP(T]

G™P(ty., Tj) — Gltx, T)) |2
G (1, Tj)

The resulting quadratic error for all shear relaxation curves in the time domain, AGy,, is then

(AGy,)* = 45)

IR, n}gﬂ(AG )? 46)
W Ty i o M

Consequently, the global quadratic error in the time domain, considering both Young’s and shear
relaxation tests, (AEGttm)z, is defined as
(AE)* +(AGy,)°

(AEGy,)? = — 47)

The viscoelastic parameters of Young’s and shear moduli are identified through a single inte-
grated hybrid optimization process, in which common parameters are obtained for both moduli.
Following [32,37,64,67,68], the influence of temperature and the fractional differentiation orders
are assumed to be the same for both Young’s and shear relaxation moduli. Moreover, as noted
by [33,43,68], the time-dependent Poisson’s ratio of a viscoelastic material is physically meaning-
ful only when it lies between 0 and 0.5 and increases monotonically over time.
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Accordingly, the standard constrained optimization problem, denoted as P;, for the four-
parameter fractional Zener model, is formulated as

minimize (AEGy,)?®): R —R,
where x = (Eoo, Eo, T8, Gooy Go, TG, B, C{ , CT),

p.. subject to: 18
L < xinfostup’ (48)

0<v(t) <0.5,

du(?)
dr

>0,
where x™ and x*'P denote the lower and upper bounds of the design variables, respectively. It
is assumed that the same fractional differentiation order, 8, applies to both moduli, and that
temperature effects influence Young’s and shear moduli equivalently.

In order to provide a quantitative measure of the agreement between the reference analytical
model and the identified curves, the relative root mean square error (RRMSE) is also evaluated.
This metric is defined as

N _ 2
RRMSE = l Z Ymodel (K) = Yref(k) )
N k=1 .Vref(k)

where ymodel and yrer denote the identified and reference responses, respectively, and N is
the number of discrete points. This dimensionless metric allows for a normalized comparison
independent of the magnitude of the analyzed quantity.

3.3. Computational structure

The VEM characterization process employs a hybrid optimization technique [37]. The pseu-
docode algorithm for identifying the viscoelastic material under study is presented in Algo-
rithm 1. The implementation is carried out in the Matlab computational environment.

Algorithm 1 Pseudocode algorithm for identifying the VEM

1. Acquire the experimental viscoelastic material data.
2. Define the lower and upper bounds of the design variables.
3. For each hybrid optimization procedure i (i = 1,...,NOP, where NOP is the number of
optimization runs):
3.1. Approximate the global minimum design vector using GA, Xga (i):
a) Define the GA parameters for Matlab®.
b) Perform optimization using the GA.
¢) Obtain a vector close to the global optimum, Xga.
3.2. Refine the global minimum design using NLP:
a) Define the NLP parameters for Matlab®.
b) Obtain the refined vector Xnpp (i) (starting from Xga (7).
4. Determine the “global optimal point” as the best vector among Xnrp results.

Initially, a global search of the admissible parameter space is performed using a Genetic
Algorithm (GA), aiming to mitigate the effects of multiple local minima typically associated with
fractional viscoelastic models. Due to the strong nonlinearity and parameter coupling inherent
to such formulations, purely gradient-based methods may exhibit sensitivity to the initial guess.

The parameter vector obtained from the GA stage is subsequently used as the initial point in a
Nonlinear Programming (NLP) procedure, which provides local refinement and high-accuracy
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convergence. In the NLP stage, a strict stopping criterion of 1 x 10~!! is adopted to ensure
numerical precision.

To enhance robustness and reduce the influence of the stochastic nature of GA, ten indepen-
dent optimization runs are performed. Each GA execution employs 500 individuals, a mutation
rate of 5%, and 1000 generations. All runs converge, after the NLP refinement stage, to the same
optimal solution within numerical tolerance, indicating stability and practical identifiability of
the identified parameters within the prescribed bounds.

It is worth emphasizing that, in contrast to analytical or asymptotic identification approaches
frequently adopted in the literature — such as methods based on closed-form L, norm mini-
mization or asymptotic analyses, which may provide theoretical guarantees of uniqueness under
restrictive assumptions — the present contribution focuses on a numerical identification frame-
work tailored to highly nonlinear fractional viscoelastic models.

Furthermore, the use of synthetic datasets is a deliberate methodological choice aimed at
isolating the intrinsic stability, robustness, and practical identifiability of the proposed algorithm
under controlled constitutive conditions. The objective of this study is therefore to assess the
computational performance and consistency of the identification strategy itself, rather than to
provide experimental validation.

Table 1 presents the ranges of design variables for the fractional Zener model, considering
temperature effects.

Table 1. Ranges of material property values employed in the optimization process.

Variable Nomenclature Interval Limits
WLF material constant 1 Cy [0,1000]
WLF material constant 2 C, [°C] [0,2000]
Equilibrium modulus E, G [Pa] (10',107]
Instantaneous modulus Ey, Go [Pa] [10',10'9]
Relaxation times TE, TG [S] [107%,109]
Fractional derivative order B 0,1)

4. Results and discussions

Based on the sets of artificial experimental data previously presented and by applying the pro-
posed methodology, the Young’s and shear relaxation moduli were identified. The numerical re-
sults are summarized in Table 2, under the column of identified properties.

A close inspection of Table 2 reveals a clear separation between the instantaneous (Ey, Gp) and
equilibrium moduli (Ew, Goo) elastic responses, which is characteristic of fractional Zener-type
viscoelastic behavior. The significant ratio between the instantaneous and equilibrium mod-
uli confirms the pronounced relaxation effect embedded in the artificial dataset. Moreover, the
equality of the characteristic relaxation times 7 and 7 demonstrates that the identification pro-
cedure consistently recovered the imposed constitutive structure, indicating internal coherence
of the proposed framework.

Regarding the time-dependent relaxation moduli (Young's and shear), the fitting results of the
theoretical model to the experimental data are shown in Figure 2(a). The identification results
reveal excellent agreement, with nearly perfect fits for both the Young’s and shear relaxation
moduli.
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Table 2. Identified numerical properties.

Constants Identified properties

E [Pa] 2.1286675E+06
Ey [Pa] 1.7237572E+09
TE [8] 1.7322984E-01
G [Pa] 7.1190339E+05
Gy [Pa] 6.2021921E+08
76 [S] 1.7322984E-01
B 4.5241761E-01
C 1.4331363E+01
C, [°C] 1.0311494E+02

NLP error 1.1500000E-02

o
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Figure 2. Artificial experimental data and corresponding fitted models for the relaxation moduli of Young’s
modulus and shear modulus (a), and for the time-dependent Poisson’s ratio (b).

It is important to clarify that the fitted curves presented in Figure 2 were obtained exclusively
using the identified parameters listed in Table 2, without any use of reference or input parameters
from the artificial dataset. The quantitative agreement between fitted and experimental curves is
measured through the nonlinear programming objective function (NLP error), whose final value
is reported in Table 2. The obtained value (1.15 x 1072) indicates a very low global fitting error,
confirming the accuracy of the identification procedure. No systematic deviation is observed
along the time axis, indicating that the fractional formulation adequately captures the memory
effects governing the relaxation process over the entire analyzed interval.

Furthermore, using the proposed model for the time-dependent Poisson’s ratio (Eq. (38)),
the corresponding viscoelastic function in the time domain was constructed, as illustrated in
Figure 2(b). The resulting curve exhibits a monotonically increasing behavior, in accordance with
the theoretical framework discussed by [35,43], representing a physically consistent response.

Figure 2(b) compares the reference Poisson’s ratio curve (Sousa et al. [37]), used for synthetic
data generation, with the curve obtained from the identification procedure considering 10%
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Figure 3. Poisson’s ratio in the frequency domain.

noise. The close agreement between both curves demonstrates the robustness of the proposed
identification strategy, indicating that the identified fractional parameters remain stable even
under perturbed data conditions.

For the time-domain Poisson’s ratio shown in Figure 2(b), the relative root mean square error
(RRMSE) between the reference model and the identified curve is 3.02 x 1072, indicating very
good agreement between the two responses, even in the presence of 10% noise.

It is worth emphasizing that the smooth transition between the instantaneous and equilib-
rium values of Poisson’s ratio is directly governed by the fractional exponent . The identified
value (B = 0.45) indicates an intermediate memory regime between purely elastic and classical
exponential relaxation, highlighting the ability of the fractional model to describe gradual and
non-exponential lateral deformation effects.

By applying interconversion to the frequency domain, the complex Poisson’s ratio was ob-
tained, as illustrated in Figure 3. The results show that the storage Poisson’s ratio follows a
monotonically decreasing trend, while its loss factor exhibits a distinct maximum along the
frequency axis. These outcomes are consistent with the classical theory of linear viscoelastic-
ity [1,33,35,43,69].

In the frequency domain (Figure 3), the RRMSE associated with the storage Poisson’s ratio
is 3.01 x 102, demonstrating consistent agreement with the time-domain results. For the loss
factor, the root mean square error (RMS) was adopted due to near-zero values in the reference
data. The obtained value of 2.43 x 1072 indicates excellent agreement between the identified
and reference curves, confirming the accuracy of the proposed interconversion procedure in
capturing dissipative effects.

Figure 3 also presents a comparison between the reference frequency-domain response and
the response reconstructed from the parameters identified under noisy conditions. The small
deviation observed near the transition region confirms that the interconversion procedure pre-
serves the physical consistency of the viscoelastic response, even when the time-domain identi-
fication is performed with noisy input data.

The presence of a well-defined peak in the loss factor identifies the frequency band in which
volumetric-deviatoric coupling leads to maximum energy dissipation. This behavior further
confirms the thermodynamic admissibility and physical consistency of the identified parameter
set.

Furthermore, by performing the interconversion of the viscoelastic model from the time
domain to the frequency domain, the complex Young’s and shear moduli are obtained, as
presented in Figure 4. This procedure enables the evaluation of the material’s viscoelastic
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Figure 5. Wicket plot showing the relationship between storage modulus and loss factor for Young’s and shear
responses over the analyzed frequency range. The curve provides a compact representation of the stiffness-
damping interplay and highlights the frequency band associated with maximum energy dissipation.

behavior in terms of its frequency-dependent properties. The storage modulus E'(Q2) and the loss
factor 11(Q) were computed based on the parameters identified from the time-domain response,
thereby establishing a consistent link between the two representations of the viscoelastic material
model.

As expected for viscoelastic materials, the storage modulus increases progressively with fre-
quency, reflecting the stiffening effect observed at higher excitation rates [61]. Simultaneously,
the loss factor exhibits a characteristic maximum corresponding to the transition region between
predominantly elastic and predominantly viscous responses. The ability to reproduce both do-
mains from a single identified parameter set demonstrates the internal coherence and robust-
ness of the proposed interconversion framework.

In addition, the wicket plot shown in Figure 5 provides a compact and insightful representa-
tion of the relationship between stiffness and damping across the frequency spectrum. This plot
simultaneously displays the evolution of the storage modulus and the corresponding loss factor,
allowing for a clear visualization of how energy storage and energy dissipation mechanisms in-
teract. As observed, the storage modulus increases progressively with frequency, reflecting the
stiffening behavior typical of viscoelastic materials at higher excitation rates. In contrast, the loss
factor exhibits a pronounced peak that identifies the frequency range in which dissipative effects
are most significant. This characteristic behavior is consistent with fractional-order viscoelastic
models and further validates the physical consistency of the identified parameters. Overall, the
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wicket plot highlights the frequency band in which the material demonstrates optimal damping
performance, thereby complementing the traditional frequency-domain curves.

Therefore, it can be concluded that the proposed method for the interconversion of viscoelas-
tic models enables the determination of material properties according to the fractional Zener
constitutive model. This is achieved while simultaneously considering both tensile and shear
tests in the time domain and also employing a viscoelastic model for the time-dependent Pois-
son’s ratio, followed by the interconversion to obtain the complex Poisson’s modulus, the complex
Young’s modulus, and the complex shear modulus.

Additionally, repeated independent optimization runs converged to the same optimal solution
within numerical tolerance, providing evidence of practical identifiability and numerical stability
of the adopted hybrid strategy.

5. Conclusion

This study establishes an analytically consistent formulation for the viscoelastic Poisson’s ratio
within the framework of the four-parameter fractional Zener model. Rather than introducing
a new constitutive law, the main contribution lies in deriving an explicit representation of the
time-dependent Poisson’s ratio directly from the fractional relaxation moduli (Young’s and shear),
under the assumptions of isotropy, linear viscoelasticity, and thermorheological simplicity. By
treating Poisson’s ratio as a primary viscoelastic function, the proposed formulation ensures
theoretical coherence between constitutive parameters and avoids simplifying assumptions such
as a constant bulk modulus.

A unified interconversion strategy was further implemented, enabling consistent transitions
between time- and frequency-domain representations of the relaxation moduli and the Poisson’s
ratio. This unified treatment reinforces the analytical equivalence between domains and facili-
tates the incorporation of the proposed formulation into numerical simulations and structural
analyses involving viscoelastic materials.

The identification procedure was evaluated using synthetic experimental datasets for the
Young’s and shear relaxation moduli of the EAR®-C1002 material. A hybrid optimization strat-
egy combining a Genetic Algorithm and Nonlinear Programming was employed to ensure global
exploration and local refinement of the parameter space. The repeated convergence of indepen-
dent optimization runs to the same solution indicates numerical stability and practical identifia-
bility within the prescribed parameter bounds.

The obtained results demonstrate physically consistent behavior: in the time domain, the vis-
coelastic Poisson’s ratio exhibits a monotonically increasing trend, whereas in the frequency do-
main the storage Poisson’s ratio decreases monotonically and its associated loss factor presents a
distinct maximum. These characteristics are consistent with established theoretical expectations
for isotropic linear viscoelastic materials.

Overall, the proposed analytical framework contributes to the consistent modeling and indi-
rect identification of the viscoelastic Poisson’s ratio within a fractional constitutive setting, offer-
ing a coherent basis for future applications in parameter identification, numerical modeling, and
structural vibration analysis involving viscoelastic materials.
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