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Abstract. This work addresses the identification of nonhomogeneous constitutive parameters from full-field
measurements in both linear and nonlinear elasticity, considering incompressible as well as compressible
materials. The inverse identification procedure relies on the Virtual Fields Method (VFM), which is based on
the principle of virtual work with specifically chosen virtual fields. We propose an optimal class of virtual
fields, designed to optimize the reconstruction stability with respect to measurement noise. A series of
numerical experiments illustrate the effectiveness of the proposed approach. The method exhibits moderate
sensitivity to measurement noise and remains robust even when the boundary conditions are only partially
known.
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1. Introduction

Inverse problems are widely encountered in applied sciences and engineering, where they serve
notably to estimate unknown material parameters from indirect or incomplete observations. In
this context, full-field measurement techniques have led to major advances in the identification
of the mechanical behavior of solids [1-3].

In biomechanics and medical imaging, these approaches are particularly relevant for the study
of soft biological tissues, whose mechanical properties can provide valuable diagnostic informa-
tion [4,5]. Indeed, numerous studies over the past few decades have shown that these properties
vary significantly with age, pathology, and physiological conditions [6,7]. However, these tech-
niques are not limited to biomedical applications. They have also proven highly effective in solid
mechanics, where they are employed to identify elastic properties of composite materials, char-
acterize anisotropic behavior in wood, and analyze fracture mechanisms or damage evolution in
heterogeneous structures [8,9].

This framework involves two coupled inverse problems. The first concerns imaging and image
processing, which provides full-field measurements of displacement fields. The second uses
these displacement measurements to reconstruct the underlying mechanical properties of the
material.
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For the first inverse problem, advances in imaging and computational methods, such as ultra-
sound [10,11], Magnetic Resonance Imaging (MRI) [12,13], and Optical Coherence Tomography
(OCT) [14], followed by image processing techniques such as Digital Image Correlation (DIC) [15-
17], have enabled the acquisition and extraction of high-resolution full-field displacement data.

For the second inverse problem, state-of-the-art techniques provide a variety of approaches to

reconstruct mechanical properties from full-field data, which can generally be categorized into
iterative and direct methods. Notable iterative methods include the Finite Element Model Updat-
ing (FEMU) approach [18-20], which minimizes the difference between experimental and simu-
lated displacement, and the Constitutive Equation Gap Method (CEGM) [3,21-23], which identi-
fies elastic parameters by minimizing the constitutive relation error. While effective and highly
robust, these methods are computationally expensive.
On the other hand, direct inversion methods have been employed for identifying both homo-
geneous and heterogeneous elastic properties. The core idea is that elastic parameters can be
explicitly expressed in terms of measured displacement or strain fields, thus providing a direct
solution to the inverse problem. These methods are computationally efficient and well-suited
for the rapid estimation of material properties. Examples include the Equilibrium Gap Method
(EGM) [20,24], which minimizes the residuals in the equilibrium equations, and the Reciprocity
Gap Method (RGM) [25,26], which leverages reciprocal work theorems to solve inverse problems
in elasticity. Other approaches treat the problem as a partial differential equation (PDE) in the
material parameters, where the measurements act as coefficients or source terms in this equa-
tion [27-29]. While these methods allow for the reconstruction of spatially distributed parame-
ters, existing approaches generally exhibit a strong sensitivity to measurement noise. To address
the inherent ill-posedness of such inverse problems and to ensure stability, particularly when
reconstructing nonhomogeneous distributions of mechanical properties, regularization terms
are typically introduced to prevent overfitting [30,31]. However, even with regularization, these
methods often remain sensitive to measurement noise and depend on high-resolution, full-field
displacement data. To mitigate these issues and improve robustness, several strategies have been
proposed, such as the reconditioned EGM [32] and displacement filtering techniques [20].

Another widely used approach is the Virtual Fields Method (VFM), which was proposed several
decades ago [33] and has since been applied to a wide range of problems [34,35]. The method
relies on the principle of virtual work combined with a carefully chosen set of virtual fields,
leading to a system of equations for the identification of material parameters. A central aspect
of the VFM is therefore the choice of these virtual fields, as it strongly affects the accuracy and
robustness of the reconstruction.

Early implementations of the VFM mainly relied on manually defined virtual fields, designed
to satisfy kinematic admissibility and to simplify the extraction of constitutive parameters from
full-field measurements. Such fields typically included piecewise continuous fields defined over
subdomains [36] or low-order analytical functions, such as polynomials or simple basis functions
[34,37,38]. Other analytical choices, including plane-wave virtual fields, have been introduced to
improve sensitivity properties [20]. More recently, several works have addressed the inherent ill-
posedness of the VFM, especially when reconstructing nonhomogeneous elastic property distri-
butions, by introducing regularization strategies within the VFM framework [39]. In addition,
solution-driven virtual fields, constructed from an intermediate configuration obtained by solv-
ing the forward problem with parameters close to the deformed state, have been proposed to ad-
dress the reconstruction of the material distribution without the partition information [40]. Sev-
eral methods have proposed classes of virtual fields in order to address the sensitivity to noise,
both in linear and nonlinear elasticity, [37,41-43]. In this work, we propose an alternative strat-
egy for the construction of virtual fields, designed to ensure stable and accurate parameter recon-
struction by satisfying specific stability criteria. This method is formulated within a mathemat-
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ical framework at the continuous level, which makes it possible to distinguish between noise-
induced and discretization biases, and could be extended to the nonlinear case. We consider
nonhomogeneous elastic solids, both compressible and incompressible, in which the nonhomo-
geneous regions are assumed to be known a priori. The paper is organized as follows. In Section 2,
we first present the principle of virtual fields in the context of linear elasticity for compressible
materials. We then introduce the definition of the proposed optimal virtual fields, describe their
computation, and provide a stability analysis. In Section 3, the approach is extended to nearly
incompressible and incompressible materials, as well as to a finite strain setting. In Section 4, we
present two numerical applications to illustrate and validate the method. The first concerns the
reconstruction of the shear modulus in compressible linear elasticity, while the second addresses
the reconstruction of elastic parameters (Young’s modulus, shear modulus, and Poisson’s ratio)
in compressible transversely isotropic linear elasticity.

2. Proposed method for the linear compressible elasticity

In this section, we introduce the proposed virtual fields method in the setting of linear compress-
ible elasticity.

2.1. Problem setting: the virtual fields method

In the context of linear elasticity, we consider a solid body of arbitrary shape occupying a bounded
domain Q c R4, with d = 2 or 3. A prescribed displacement is imposed on a portion of the
boundary denoted by I'p, while a prescribed traction is applied on the complementary part I'y
(see Figure 1). The displacement field is denoted by u, and the associated strain tensor is given by

1 T
g(u) = E(Vu+ Vu').

The Virtual Fields Method (VFM) is based on the principle of virtual work, which corresponds
to the weak form of the equilibrium equations. For an elastic body subjected to body forces, the
virtual work principle can be expressed as

fa(u):e(v)dQ: t~vdF+ff~de. (@)
Q Q

I'n
Here, o (u) denotes the stress tensor associated with the displacement field u through the consti-
tutive relation, &(v) the virtual strain tensor associated with the virtual displacement field vand t
the traction vector prescribed on the Neumann boundary I' y.

Equation (1) must hold for any kinematically admissible virtual field v, that is, anyve H L
vanishing on the Dirichlet boundary I'p, where displacements are prescribed (see Figure 1). We

I'n
<
< ¢
k
N
I'p \‘\\

Figure 1. A solid of arbitrary geometry subjected to a prescribed displacement on I'p and a prescribed traction
on I'y.The green arrows indicate the nonzero traction.
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denote by V := H'(Q)? the space of admissible displacement fields, equipped with the scalar
product (-,-)y, and by

Vo= Hy p(@)? cV,
the subspace of kinematically admissible virtual fields, namely
Vo={ve H(@?|v=00nTp}.

In this linear context, the stress tensor o is related to the strain tensor € through the constitutive
relation o = C(x) : £, where C(x) denotes the spatially dependent fourth-order elasticity tensor.
The virtual work principle (1) can then be recast into a general variational form as

ac(u,v)=/4(v), YveV, 2)
where ac: V x Vg — R is the continuous bilinear form defined by
ac(u,v) = fQC re(w) : e(v)dQ, 3)
with an associated continuity constant C, satisfying
|ac(u,v)| < Cqllully vy 4)

The linear continuous functional ¢: Vy — R is defined by
ﬁ(v):f t-vdF+ff-de. 5)
Tn Q

Due to the linear dependence of the bilinear form ac on the elasticity tensor C, and assuming
that C itself depends linearly on a set of parameters, we can write

m
acw,v) = ) ag(@,u,v),
k=1

where {0};" , denotes the set of elastic parameters (e.g., the components of the elasticity ten-
sor C). Each parameter 6 belongs to a Banach space Xj (in this work, these spaces are consid-
ered to be finite-dimensional), and for each 1 < k < m, ai(-,-,-) is a trilinear form on X} x Vx Vj
representing the contribution of the parameter 0y to the internal virtual work.

2.2. Discretization of the parameter space

In this section, we aim to identify the set of parameters {0;};" |, either in a nonhomogeneous
solid (as illustrated in Figure 2), where the parameters are assumed to be piecewise constant over
subregions known a priori, or, more generally, belonging to a finite-dimensional function space
spanned by basis functions, i.e., each 8y € X with Xj = span{; ,...,¢n i} < L(Q), where,
without loss of generality, we assume that all spaces X; have the same dimension n. In both
cases, the goal is to determine, for each 1 < k < m, the coefficients {a x}1<j<n such that

n
0r(x) = Zaj,k(pj,k(x), ©6)
=1
Equation (2) can then be written as
m n
Z Z ajrax(Pjr,uv)=£(v). %

k=1j=1
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Figure 2. A nonhomogeneous domain where regions R;, Rz, and R3 represent inclusions with distinct material
parameters, and Ry denotes the background.

Single-parameter case. To simplify the development of our proposed method, we first consider
the reconstruction of a single parameter

n
0x) =) ajp;x), ®)
j=1
where the functions {¢; ]’.‘:1 are known. In this case, Eq. (7) reduces to

n
Y ajaldj,uv) =LV 9)
j=1

In practice, the load distribution t may be unknown and is generally much more difficult to
measure than displacements. To address this difficulty, we restrict the choice of virtual fields to
those that eliminate the traction term whenever the traction is unknown. More precisely, they are
chosen in

Ko={veVy|Tv=00nTy}, (10)
where the matrix field T € L®('y)%*4 is defined so that the virtual work associated with the
traction t vanishes whenever t is unknown. Typical examples include T = 0 when t is fully known,
T = I when all traction components are unknown, and, for instance, in the case d =2, T=e®e
when t(x) = #(x) e(x), with ¢ an unknown scalar and e a known vector field.

To avoid the system being under- or over-determined, we select exactly n kinematically
admissible virtual fields {v;}1<i<; < Ko. Therefore, the problem (9) can be expressed in matrix
form as

Aa =2, (11)

where A € R™" is defined by

Ajj=al$puvy), l=i,j=mn,
A € R" is the right-hand side vector with entries

Ai=f(v;), 1<i=n,

and a € R" contains the unknown coefficients «;.
Multi-parameter case. For the general case involving m parameters, we extend the approach by
selecting m x n virtual fields to match the m x n unknowns, in order to avoid the system being
over- or under-determined.

The kinematically admissible virtual fields {v;},<;<m» < Ko are chosen as before, and the global
system is constructed as follows: the matrix A € R""*"™" is partitioned into m submatrices:

A= [A(l) A(m)]’
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where A% € R""*" for 1 < k < m is given by

Ag.';) = ap(Pjrouvy), lsismn 1l<jsn.
More precisely, it takes the form

ak((pl,k)u)vl) e ak((pn,krurvl)
Ak = : :
ar (1, W Vmp) -+ Ar(Pp i, W, Vinp)
The right-hand side A € R"" remains
Ai=L(v;), 1<i<mn.

The unknown vector a € R"" groups the coefficients for all parameters, namely,

aW

a= ) where(a(k))j:ajyk,lsksm,lsjsn.

a™

The final system is compactly written as
Aa=A. (12)

Insight into the stability analysis. Our problem enters the following general class of inverse

problems. Let X and W be two normed vector spaces. For a given state variable u € X and a
sequence of virtual fields v= (vy,...,vy) € W, we define a matrix-valued mapping

A: X x W — RV,

and a vector-valued mapping

AW —RN,
Here, for simplicity, we assume that A is independent of u. For a fixed sequence of virtual fields v,
the unknown vector & € RY is obtained by solving

A, V) a = A(V). (13)

We assume that both A and A are linear with respect to v and, moreover, that the mapping A is
Lipschitz continuous with respect to u, i.e.

[[A@,v) - A@, V)|, < Callu—Tllx IVl w.

where |- ||2 denotes the Euclidean norm for vectors and the associated induced matrix norm,
and C, is a positive constant. Let u® denote the exact displacement field and u® a perturbed
measurement satisfying

e’ —u’lx <5,

where § > 0 represents the noise level. We define

A% = A(uo,v) and A% = A(u‘s,v).
The corresponding solutions a® and a? satisfy

A%a’=2, Aa’=A. (14)
Assuming that A° is invertible, we obtain
a’—a’ =(2%71(A° - A%a’.

Hence

la® - a®llo < | (A% 71|, 1 4% = A2 11 @®ll.
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Using the Lipschitz estimates above, we obtain

la® - alll, a® —u|lx

T < (Cal®lx) (A~ Ivliw) .

Therefore, if the virtual fields are chosen such that ||vllyy = 1 (indeed, due to the linearity of A
and A, the virtual fields are chosen up to a multiplicative constant), then for a given measure-
ment u‘s, the relative reconstruction error on @ can be minimized by minimizing ” (A‘s)‘1 ||2 =
| A@w?,v)~! |, with respect to v on the unit sphere. In what follows, since the dependence of
|| (A5)‘1 ”2 on v is intricate, the class of virtual fields we propose first makes the matrix A diag-
onal and then minimizes ||(4%)~! |, on the unit sphere. Note that this class of virtual fields de-
pends on the measured displacement field. More detailed stability estimates will be established
in the following sections.

2.3. The single-parameter case

2.3.1. Definition and computation of optimal virtual fields

In this section, we discuss the selection of virtual fields, which plays a crucial role in the
accuracy of the reconstruction, as discussed in the previous section. To clearly illustrate the
methodology, we restrict our discussion to the case of single-parameter reconstruction. The
extension to multiple-parameter reconstruction follows the same principles and is presented in
Section 2.4.

Therefore, we consider the problem of reconstructing the coefficients {a;}"_, defined in (8),
which, according to the previous section, correspond to the unknowns of system (11), from the
displacement field u.

Single-coefficient reconstruction. We assume n = 1, that is, we aim to identify a single parame-
ter 8, defined by a single coefficient a such that

O0=ad,

with ¢ known. We introduce this definition of virtual fields, which will be justified below in
Remark 2 and, more generally, in Section 2.3.4.

Definition 1 (Single-parameter/single-coefficient case). We define the virtual field v, as the
solution to the following maximization problem:
vy = argmax a(p,u,v).
veKo, Ivllvy <1
To compute vy, the results presented in the following paragraph apply. In particular, we show
that v; can be obtained by solving a linear variational problem.
Under the hypothesis that a(¢,u,vy) is nonzero, the coeflicient a to be reconstructed is then
given by
vy
- a(p,u,vy) '
Remark 2. Here, we can justify this choice by providing some insight into the stability analysis
with respect to noise. Indeed, if u® is the noisy data corresponding to the noiseless data u®,
solution to

(15)

a’a@pu’ v =0wv) VveVv, (16)
and if we reconstruct the parameter a® by
W)
o = 1

alpud, V)’
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with v‘f defined as in Definition 1 using u = u®, and ¢9 the counterpart of ¢ with noisy data, then
by applying (16) with v= v‘f , we obtain
a‘sa(</), u‘s,v‘f) - aoa(¢>, uo,v‘ls) = Za(v‘ls) - [(v‘ls).
Hence, it follows that
1
la° - a®| £ ———= (10~ £y + Cq llu’ — ),
|a(¢,ud, V)| “

where C, is defined in (4). Here, |||y denotes the dual norm on V', the space of continuous
linear forms on V, defined by
jew)|

141y = .
veV, v#0 Ivilv

The idea is therefore to minimize
1

la(g,u’,vd)]|
and this choice will be extended to the case of multiple parameters and multiple coefficients.
In the following, we address the case of multiple coefficient reconstruction. The objective is to

develop a method for computing the virtual fields and the reconstructed parameters, similar to
the approach used in the single-coeflicient case.

Multiple-coefficient reconstruction. When n = 2, we choose the virtual fields such that the
matrix A is diagonal. More precisely, each virtual field v; is selected in the subspace
H;:={veKy | a(pj,u,v) =0forall j # i}.

This construction ensures the independent recoverability of each coefficient a, 1 < j < n, from
the system. We note that H; is a closed vector subspace of V, and hence a Hilbert space, endowed
with the same inner product as V.

Definition 3 (Single-parameter/multi-coefficient case). We define the virtual fields {v;}; by

v;= argmax f;(v), a7

veH;, [Ivilvy <1
where the continuous linear form f; is defined as
fi . V() —_— R,

v— a($p;,u,v). (18)
We now address the question of computing v;.
Theorem 4. The problem (17) admits at least one solution.
Proof. We aim to show that the maximum of f; over the closed unit ball of H; defined by
B={weH;|wly, =1}. (19)

is attained.
The functional f; is linear and continuous on H;, and since H; is a Hilbert space, by the Riesz
representation theorem, there exists h; € H; such that

fiw) = (h;,v)y,, VYveH,.
By the Cauchy-Schwarz inequality, we have
VveB, [fiv)=(h;v)y, <lhilv,lviv, < lhillv,,
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hence f; is bounded from above by |h;|ly, on B. Therefore, there exists a maximizing sequence
v, € B such that
fitvy,) — sup fi(v), asn—oo.
veEB

Since H; is a Hilbert space, it is reflexive, and hence the set B is weakly compact. Conse-
quently, every sequence in B admits a weakly convergent subsequence. As v, € B, there exists a
subsequence, still denoted v,,, that converges weakly to some v* € B, i.e., v, —v* in H; as n — oo.
By the weak continuity of f;, we have

fitvy) — fiv*) = (h;,v)y,, asn—oo.
Therefore, the supremum is attained at v*, which concludes the proof. U

Theorem 5. A solution to (17) is given by

b (20)
v, = ,
T
whereh; is the Riesz representative of the continuous linear functional f; on H;.
Proof. On the set B defined in (19), we have
fiw) = (h;, vy, < lhglly, Ivlly, < lhlly,.

Therefore,

sup f;(v)< max f;(v)<|h;ly,. 21

veH; veH;

Vv =1 IVllvg =<1
Moreover, by choosing v; = ﬁ, we get
illvp
Ih;lv, = (hy,vi)y, = sup fi(v). (22)
veV
Ivilvy =1

Combining (21) and (22), we obtain

fitvi)= sup fi(v)= max f;(v),

veH; veH;
Ivllvg =1 IVlivg =1

which allows us to conclude. O

As a consequence of this theorem, the proposed virtual fields satisfy, in practice, the following
formulation:

forl<i<n, v;= with (h;,w)y, = fi(w), VweH;.

1
Ihillv,
In practice, to compute h;, we first determine w;, the Riesz representative of the functional f;
on the Hilbert space Vy, satisfying

Wi, Vy, = fitv) VYV veV,
then, we project it onto H;. This two-step procedure is justified by the following theorem.

Theorem 6. Let P; denote the orthogonal projection from V onto the closed subspace H; c V.
Thenh; € H; satisfies

h; = P;w;.
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Proof. The orthogonal projection P;: Vo — H; is defined by the property
(a- Pi)v,w)vo =0, YweH;, VYveV,.
In particular, for w; € Vy, we have for all w e H; c Vj,
(Piwj, W)y, = (W;, Wy, = f;(w) = (h;, w)y,.
It follows that P;w; = h;. U

2.3.2. Link with the equilibrium gap method in a simple case

Some connections exist between the Equilibrium Gap Method (EGM) and the Virtual Fields
Method (VFM). In [41], it is shown that, at the discrete level, EGM and VFM are equivalent for a
specific choice of virtual fields.

In certain simple cases, a direct connection can also be established between EGM and the
VFM using the proposed virtual fields at the continuous level. Let us consider a very simple case
of a single parameter and a single coefficient. In this situation, no projection onto H; is needed.
For instance, consider the reconstruction of a € R in the problem

{—V.((1+a¢)£(u)) =f, inQ, 23
u=0, onI'p=0Q,
where ¢ is a given smooth, compactly supported scalar function. For the true parameter «, the
solution u is assumed to belong to Vy = Hé (©)%. Choosing the scalar product in V; as

V (qw) eV xVy, (qwWy, :f Vq:Vwdx,
Q
the proposed virtual field v € Vj, following Definition 1, satisfies the weak formulation
f Vv:Vwdx = f ¢pem):ew)dx, VYweV,.
Q Q

In strong form, v solves

Av=V-(pew), inQ,

v=0, onI'p=0Q,
which yields

v=-Ay'(-V- (pe)) € Vo = H} (), 24)

where Aj ! formally denotes the inverse of the Laplace operator with homogeneous Dirichlet
boundary conditions. In fact, v as defined in (24) is the Riesz representative in Vj of the linear
form — (V- (¢pe(w)) € (Vo). Importantly, it is well-defined without additional assumptions (even
if ¢ is discontinuous). It can be shown that the EGM is equivalent to the VFM when the virtual
field is chosen, assuming u is smooth, as

v=-V-(¢pe) eV, (25)

which is admissible since ¢ is smooth and compactly supported. Denoting L?(Q2) = L?(Q)¢, the
equivalence between EGM and VFM with this particular virtual field arises from the fact that, in
EGM, one solves

a=argmin |V ((1+@¢)em)) + f“f}(sz)'
aeR
Setting the gradient to zero leads to

(f+V-e),-V- (¢5(“)))L2(0)

V- (pew) ||i2(9)
which corresponds exactly to (15) with (25) after integration by parts. This demonstrates that,
in the simple case (23), under additional regularity assumptions, the virtual field proposed in
Definition 1 is indeed the Riesz representative of the virtual field that naturally arises in EGM.
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Overall, the method retains the same underlying idea of using equilibrium residuals, but it
allows for proper treatment of cases where the solution is not necessarily smooth, accommodates
various boundary conditions, and — since it is formulated at the continuous level — clearly
distinguishes discretization errors from measurement noise.

2.3.3. Parameter reconstruction from noisy data

We assume access to data u®, representing displacement measurements that may be cor-
rupted by noise. The parameter § = 0 quantifies the noise level in the data. Modeling errors
are incorporated as uncertainties related to this noise level, and #° denotes the counterpart of ¢
adapted to the noisy data. When 6 = 0, the data are assumed to be exact, and the corresponding
noiseless displacement field, denoted by u’, is the solution to (9) associated with the coefficient
0'x) = Z?:l a(]).qfw (). Our objective is to reconstruct an approximation 6% of the true parame-

ter 0° using the noisy data u®. The reconstruction is sought in the form
o - 9
6°x) = Zlaj¢j(x).
]:

We keep the same notations as in the previous section. The matrix A is now constructed using
the noisy displacement field u’ instead of u, and is denoted by A°. The virtual fields are defined
according to Definition 3 using u® rather than u. More precisely, we have the following.

Definition 7. We define the virtual fields {vf }i by

v? = argmax fi‘s(v), (26)

o
veHy, lIvivy <1

where the continuous linear form fl.‘S is defined as

5
21 Vg —R,
Ji+ Vo 5 27
v—al(gp;,u’,v),
O =
and the space H? is defined by
H = {veKo| a(g;,u’,v)=0forall j #i}. (28)

The coefficients {a‘?}l’.’zl are then determined independently from the decoupled equations
a?a((pi,u‘s,vf)zé‘s(v‘?), fori=1,...,n. (29)

Remark 8. Numerically, the actual computation of the virtual fields is performed using a penal-
ization method (see Section 4). An exact approach could be carried out using Lagrange multipli-
ers; however, we choose the penalization strategy for its simplicity in terms of implementation.
As a result, each virtual field is obtained by solving a linear variational problem (i.e., one PDE
per virtual field). These PDEs include additional constraints, in particular the one ensuring that
the matrix A° is diagonal in the case of multiple coefficients. More precisely, the i-th virtual field
satisfies, for f> 1,
Vi, Wy, + B ;fjfs(v,‘)f]‘?(w) = fow), YweVp.
J7l

Since f is large, for j # i we have ff (vj) =0, hence taking w = v; with j # i, we obtain

Wi, Vv +B Y 7 i) [ (v)) = 0.
j#i
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2.3.4. Stability analysis

We now discuss the stability of the reconstruction with respect to noise in the data. Specifically,
we aim to quantify the difference between the reconstructed parameters 0%, obtained from
noisy measurements following the procedure outlined in the previous section, and the true
parameter 6°, corresponding to the noiseless case. To analyze the stability, we focus on the gap

al-a j for each 1 = j < n which controls the difference 02 - 02. For this purpose, we define

3l yf

x°=u’—-u’.
From Eq. (9), for each 1 < i < n, we have

n
> a‘} ap;,u’v0) = ¢(v0).
=1

which implies, since v‘f € H‘l.s,

a) alp;,u’,v) = 0w - Y aYalgp;,u’v)
1<jsn
j#i
=0+ Y ala@)x’ V).
1<js<n
J#i
By subtracting equation (30) from equation (29), we obtain
a? a(@i,w’, V) - af alp;,w’, V) = O () - () - Y. aYalg;,x’v).
1=j=n

J#i

(30

Equivalently,
@ —aY) al@i,u’,v) =0 - L(W)) - 1 Y ajag; v
<jsn
We thus obtain the estimate
6 0
- S ———————
LT |atgi,ul, V)| (

where the constant C, is defined in (4). This in turn implies that we have, for g € [1, +o¢],

la 1€° = Clly + Call X0 liv),

n
5 _go - Iillzacy ) 5_ppe 5
10° =07l Lo = (I_Zi |a(gbi,u5,v‘l7)| (I1€° = ity + Callx° ).
This stability analysis shows that the reconstruction stability depends on the inverse of the
diagonal entries of the matrix A% which we have sought to minimize, as well as on the number
of basis functions n. As n — oo, the stability constant may become unbounded. Moreover, if
one of the virtual fields v; is such that the corresponding diagonal term a(¢;, u‘s,v‘iS ) vanishes, the
stability constant is also unbounded. Otherwise, it remains bounded, provided that the diagonal
terms stay uniformly away from zero. More precisely, we have shown the following theorem.

Theorem 9. Assume that, for some q € [1,00], there exists a constant C; > 0 such that, for
sufficiently small 5,

L N pilla
< C
i=1 |a(gi,ud V)|
Then the reconstructed parameter 6° satisfies
16° —6°1 Loy < Cq (1€ — Cllyr + Cq llu® —uly),

where C is defined in (4).
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2.4. The multi-parameter case

In this section, we consider the reconstruction of the mn coefficients {« kb as defined in (6),
which, according to Section 2.2, correspond to the solution of system (13).

2.4.1. Definition and computation of optimal virtual fields

We define the virtual fields such that the matrix A is diagonal. More precisely, for each
i €{l1,..., mn}, we associate a unique pair of indices (k;, j;), so that:

Aji = ag; (b j kW, V).
Each virtual field v; is thus selected in the subspace:
H; = {veKo | ar(¢;ru,v) =0forall (k, ) # (ki, j)}-

This construction ensures the independent recoverability of each coefficient a(.lfi) from the
system. We note that H; is a closed vector subspace of V, and hence a Hilbert space, endowed
with the same inner productas V.

Definition 10 (Multi-parameter/multi-coefficient case). We define the virtual fields {v;}; by

v; = argmax f;(v), (31
veH;, [vlly, <1
where the continuous linear form f; is defined as
fi . V() —_— R, 32)
v— a, (P}, kW, V).

We now address the computation of v;. The following theorem can be proved in the same way
as in Section 2.3.1.

Theorem 11. A solution to (31) is given by

Vi= ——, with (h;,wy, = f;(w), V we H;.
Ih; v,

2.4.2. Parameter reconstruction from noisy data

We assume access to data u’, representing displacement measurements possibly corrupted by
noise. The parameter 6 = 0 quantifies the noise level in the data. Modeling errors are taken into
account as uncertainties related to this noise level, and ¢° denotes the counterpart of ¢ adapted
to the noisy data. When 6 = 0, the data are assumed to be exact, and the corresponding noiseless
displacement field, denoted by u’, is the solution to (7) associated with 69 (x) = 0 oc‘;, Pk ),

0ym
k' k=1

. . . Sim
for 1 < k = m. Our goal is to reconstruct an approximation {63}/ |

using the noisy data u®. The reconstruction is sought in the form

of the true parameters {0

n
00 =) al pirx), forl<ks<m.
i=1

We retain the same notations as in the previous section. The matrix A is now constructed using
the noisy displacement field u’ instead of u, and is denoted by A°. The virtual fields are defined
according to Definition 10 using u’ rather than u. The coefficients a‘; . are then recovered
independently from the decoupled equations. ’

a‘;hki ay, (gbji,ki,u‘s,v‘?) = 45(v‘l-5), fori=1,...,mn. (33)
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2.4.3. Stability analysis

We now discuss the stability of the reconstruction with respect to noise in the data. Specifically,
we aim to quantify the difference between the reconstructed parameters {62 1L, obtained from
noisy measurements following the procedure outlined in the previous section, and the ideal
reconstruction {92}2”:1’ corresponding to the noiseless case. To analyze the stability, we focus on
the gap a:?k - a(]).,k foreach1 < k<mand1 < j < n, or equivalently a?iyki - a(}i,ki forl<i<mn.
Let us define )(5 :=u® —u’. From Eq. (7), for each 1 < i < mn, we have

m n
393 a?,k ar(¢j e’ v0) = £(v0),
k=1j=1

which implies, since v‘f € H‘l.s,

0 0 _ 0 0 X 0.0
ajivki aki((pji;k,'ru ’V?)_[(Vi)_ Z aj'k-ak((l)],kru yvl')
l<k=m
1<j<n
(J,R)#i,ki)
— o 0 0 0
—[(Vi)‘{' Z ajykak((ybj,kvx ,Vl-).

l<k=m
l<j=<n

U0 #3i ki)

(34)

By subtracting equation (34) from equation (33), we obtain

5 5 Oy _ 0 00
@, Qi Dk W, V) — @ Ak (B ey 0, V)

=W -0 - Y aSar¢inr’ V). 35
l<sk=m
l<js<n
(]vk)¢(]l’kl)
Equivalently,
(a?irki _a(]).i,ki)aki ((pji,kiyuéyv?) :Zé\(v(ls)_[(v?) - Z a?’k ak((,b],k;xa;vf)-

1<k<m
1<sj<n

We thus obtain the estimate
1
|aki (gbjiyki’ué’v?)i

a5 —al 1< (167 =l + Call 2 Iv),
where the constant C, is defined in (4).
This in turn implies that we have, for g € [1,+o0], and all k € {1,..., m},

n

5 p0
167 -0 Loy < | D 5
=1 |ak(@j ko ul, J(jyk))|

b klla

(1€° = €1y + Ca 2% Iv),

where i = .#(j, k) is the index such that j; = j and k; = k.

This stability analysis shows that the stability of the reconstruction depends on the inverse of
the diagonal terms of the matrix A%, which we have sought to minimize, as well as on the product
of the number of basis functions n and the number of parameters m. As mn tends to infinity,
the stability constant may become unbounded. Moreover, if one of the virtual fields v; is such
that the corresponding diagonal term ay (¢ j,k,u5,v;(j, k)) vanishes, the stability constant is also
unbounded. Otherwise, it remains bounded, provided the diagonal terms stay away from zero.
More precisely, we have shown the following theorem.
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Theorem 12. Assume that, for sufficiently small §, and for some q € [1,00], there exists a constant
Cq >0 such that forallk e {1,...,m},

n lpjilliza

j=1 |“k(¢jvk’“6'véy(j,k))|

<Cy.

Then each reconstructed parameter 6, for1 < k < m, satisfies
1608 =091 1oy = Cq(1€° = Ly + Ca lu® —uClly),

where C, is defined in (4).

3. Extensions

We now discuss several extensions of the proposed approach, including its adaptation to incom-
pressible or nearly incompressible materials, as well as its generalization to nonlinear hyperelas-
tic models such as neo-Hookean formulations.

3.1. Theincompressible and nearly-incompressible case

We now extend the formulation to the incompressible and nearly incompressible cases in linear
elasticity. The starting point remains the virtual work principle (1), but the kinematic constraint

V-u=0 (incompressible case)y or V-u=x0 (nearlyincompressible case)
requires the introduction of an additional unknown.
The Cauchy stress tensor is decomposed into deviatoric and volumetric contributions,
O =0dgevtpl, (36)
where the scalar field p denotes the hydrostatic pressure, defined by

p= % tr(o). (37

Mathematically, p can be interpreted as a Lagrange multiplier associated with the incompress-
ibility constraint. In the nearly incompressible case, p is not treated as an independent parameter
of interest; it is typically set as

p=Adiv(u), (38)
where A is the first Lamé constant, assumed to be very large and not a parameter to be recon-
structed.

With this decomposition, Eq. (1) reads

fadev(u):s(v)d9+f ptr(s(v))dQ:f
Q Q

I'n
Due to the linearity of the constitutive law, we can assume that the following decomposition holds

t-vdl“+f f-vdQ, Vvev,. 39)
Q

m
fQ Odev(W) : €W AQ =) ai(Ok,u,v), (40)
k=1
where the trilinear form ay: Xi x VxVy — Ris defined by
ar@r,u,v) = f Ok (Ck: e)) : e(v) dQ. 41
Q

Here, 6y are the unknown elastic parameters to be identified (for instance, effective compo-
nents of the anisotropic elasticity tensor) and belong to the finite-dimensional Banach space
Xy = span{y g, ..., ¢k} < L2(Q), while Cy are known tensors representing the individual con-
tribution of each parameter to the constitutive law.



432 Nagham Chibli, Martin Genet and Sébastien Imperiale

Therefore, Eq. (39) can be rewritten in a compact operator form as

m
ar@r,u,v)+b(p,v) =€), VveV, (42)
k=1

where
b(p,v):f pV-vdQ, Z(v):f t‘vdl“+f f-vdQ.
Q Ty Q

In the inverse problem, we assume that the displacement field u is available from measure-
ments, whereas the pressure field p is not directly accessible. Since p cannot be measured or
independently reconstructed, it is convenient to eliminate its contribution from the variational
formulation. Moreover, the load distribution t may also be unknown and is generally much more
difficult to measure than displacements, as discussed in the previous section. To address these
difficulties, we restrict the choice of virtual fields to those that eliminate both the pressure term
and, when unknown, the traction term. More precisely, they are chosen in

Ko={veVy |V-v=0andTv=0o0nTy}, (43)

where the matrix field T € L® (T §)%*? is defined such that the virtual work associated with the
traction t vanishes whenever t is unknown, as in the previous section.
Therefore, we have
b(p,V)=0 Vpel?*Q), VveK,,

and Eq. (42) reads

m
Y ar@r,u,v) =0(v), YveK,. (44)
k=1
The space K is the main difference compared to the compressible case (it involves the
divergence-free constraint). All the results derived previously remain valid with this new choice
of K().

3.2. Nonlinear models

The method naturally extends to nonlinear mechanics, as long as the constitutive law is linear
with respect to the parameters to be identified. For more complex constitutive laws, the method
would need to be adapted. As an example, we consider nonlinear hyperelastic materials using
neo-Hookean models, which are widely employed to describe the large-deformation behavior of
soft tissues [44]. Although the mechanical response is nonlinear, the constitutive law retains a
linear dependence on the material parameter, which allows the proposed identification strategy
to be applied in this setting.

In the virtual work principle (1), the Cauchy stress tensor is decomposed according to the
“decoupled” form of the constitutive law as

0 =0 devt Oyol,
where the deviatoric part represents the shear response, while the volumetric part accounts for
changes in volume. For neo-Hookean material, these contributions are given by
'L[ —_
Udev=7deV(B)r Oyol =—pl
where
F=I+Vu, B=FF', B=J?°B, J=detP.

Here u represents the shear modulus. The definition of p depends upon whether the solid
material considered is compressible or incompressible.
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For the principle of virtual work to be well defined, we assume that u has sufficient regularity
and that J is bounded away from zero by a fixed constant ¢y. In particular, we introduce the
following assumption.

Assumptions 13. The displacement field satisfies
ue W, = {ue W Q)| det(+vu) = ¢y > 0},
for a fixed constant cy.

Under these conditions, we have F = I + Vu € L®(Q)9*4, J = det(F) € L®(Q), and B = FF! ¢
LOO(Q)dXd‘

3.2.1. Compressible case

When one allows compressibility, one prescribes the volumetric response through a stored-
energy function that depends on the Jacobian J, often choosing the volumetric energy for neo-
Hookean materials,

K
Wyo(J) = ZU -1-2In)),
where « is the bulk modulus. Then differentiating with respect to J gives
_anl B K( 1)

oJ 2

p= 7

so that

23
Oyol =—P —2 Ji .

The virtual work equation (1) then reads

1 1
LJS%(B—EU(B)I):e(v)dQ+ng(]—7)tr[s(v))dQ=ert~vdl“+fo-de, (45)

for all v e Vy with Vj defined as in the previous sections.

In this compressible setting, our objective is to reconstruct simultaneously the shear modu-
lus ¢ and the bulk-modulus parameter x from the measured displacement fields.

The parameters p and x are sought in two known finite-dimensional spaces,

Xy =span{p1 y,...,pmput < L™, Xic = span{i x,..., P} < LC Q)"
Accordingly, we introduce the expansions
m n
B =) pidip®, KX =) KX
i=1 i=1
With this decomposition, Eq. (45) becomes

m n
Y i (i w V) + YK ax (i, w, V) = £(v), ¥ ve V. (46)
i=1 i=1

The forms a, and ay are defined as

biu 1
ay: Xy xWey xVo — R, ay(d;y,u,v) = fQ E(B— Etr(B) I) (e(v)dQ,
and .
a: Xie xWey xVog — R,  ax((ix,u,v) =fQ %(1— }) tr(e(v)) dQ.

For fixed u € W, the mappings
au(-u,-): Xy xVo— R, ac (- u,0) Xy xVo — R,

are continuous bilinear forms.
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Choice of virtual fields. In what follows, we proceed similarly to the previous sections. We select
exactly m + n virtual fields, chosen in Ky defined in (10). With this choice, the global system is
constructed as follows. The matrix A € RU+* 0+ jg partitioned into two submatrices:

A= [A(l) A(Z)],
where AW € RUXM and A?) € RUFM*7 are given by
Af) = ay@jpuvi), 1<isminls<jsm,
and
AE’? =ac(Pjouvy), lsism+n l<js<n.
The right-hand side A € R™*" is defined as
Ai=f(v;), 1<i<m+n.

Rm+n

The unknown vector a € groups the coefficients for all parameters, namely

(€]
a ; ;
a:(a(z)), where (a(”)j:,uj, l<sj=m, (a(z))]‘:Kj, l<j<n.

The final system is compactly written as
Aa=A. 47)

In analogy with the linear elasticity case, the virtual fields are constructed so as to make the
matrix A diagonal and to maximize its diagonal entries over the unit ball of V. More precisely,
we have the following.

Definition 14. Foreach 1 < i < m, the virtual field v; is defined by
v; = argmax ay (¢ u,u,v),

ver
Iviiv=1

where

HY = {v € Ko

ay(@jwu,v)=0 V1<sjsm, j#i,
aPjouv)=0 Vi<js<n .
Similarly, for each m+1< i < m+ n, the virtual fieldv; is defined by

v; = argmax dy (Pi—mx, 0, V),

veH?
Ivilv=s1
where
ay,(pj,u,v)=0 VI1<j=m,
H? =lvek,| " " . . .
t ax(Pjou,v)=0 Visj=sn, j#i-m

Remark 15. Several alternative choices of virtual fields have been proposed in the nonlinear
setting; see, for instance, [42,43]. However, conducting a rigorous mathematical analysis of these
approaches is not straightforward. Nevertheless, notable similarities can be identified.

In the case of homogeneous parameters, the equilibrium equation can be written as
0o _ 0o
a, O = 6_1(
where o, and o now depend only on the deformation field F.

The proposed virtual fields v; and v, following Definition 14, are defined as the projections of
w; and w, onto

H;={veVy: (a'Kze(v))Lz(Q) =0}, Hy={veVy: (Uuif(V))L2(Q) =0},

—uvV-o,-xV-o,=1f, o,=
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where, assuming I'p = 0Q,
{Aw1=V-ap in Q, {AW2=V-0K inQ,
and

w; =0 OHFD, wy =0 onFD.

The fields w; and w» are closely related to the virtual fields proposed in [43]. In their work, the
authors introduce virtual fields v; and v in Vy belonging to the class

{V-(I]_:E(vl)):V-UM inQ, and {V~(I]_:e(v2)):V-UK inQ,

vi=0 onI'p, vo =0 onlp,

where L is a fourth-order tensor. The main differences lie, first, in the use of the operator -V - ([L :
€(-)) instead of the Laplacian —A, which, in our framework, corresponds to a different choice of
scalar product in Vy (provided that L satisfies the usual symmetry and positivity properties); and
second, in the fact that they do not aim to construct a diagonal matrix A°.

Parameter reconstruction from noisy data. We consider noisy displacement measurements
e W,,, where 6 = 0 denotes the noise level. The quantity % denotes the noisy counterpart
of the load functional ¢, incorporating both measurement and modeling uncertainties. When
6 =0, the data are assumed to be exact. The corresponding displacement field, denoted by u’, is
the solution of (45) associated with the exact material parameters (u°,x°).

In the presence of noise, all ingredients of the identification procedure are constructed
from u’. In particular, the matrix A% is built using the noisy displacement field, and the vir-
tual fields are those from Definition 14 with u replaced by u®. The coefficients {a‘? " are then
determined independently, thanks to the diagonal structure of A%, from the decoupled equations

{ 1 ay (i ® V) =0(W0),  1<ism,
K? aK((/),;K,u‘s,v‘lim) = 25(v‘i5+m), l<i<n.
Thus, the parameters are reconstructed as

W= eiu®, K=Y xpixx.
i=1 i=1

3.2.2. Incompressible case

At the incompressible limit (k — +oo, ] — 1), the volumetric stress cannot be defined through
a constitutive law. It is instead given by

Oyl =—pl, J=1,
where p is interpreted as a Lagrange multiplier associated with the incompressibility constraint
J = 1. The deviatoric part of the stress then simplifies to
O gev = 1 dev(B),

since B = B for incompressible motions. The principle of virtual work (1) then reads

f/,t(B—ltr(B)I):e(v)dQ—f ptr(s(v))szf
Q d Q r

In the incompressible case, the objective reduces to reconstructing the shear modulus ¢ only.
Using the same notation as in the compressible case, Eq. (48) becomes
m
Y piau(@inmuv) +b(p,v) =L(v), Y veV, (49)
i=1

where the bilinear form associated with the incompressibility constraint is

b(p,v) = —f pV-vdQ.
Q

t-vdl“+f f-vdQ. (48)
Q

N
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Similarly to what was done in Section 3.1, since the pressure p and the traction t are often not
accessible, we restrict the choice of virtual fields to those that eliminate both the pressure term
and, when unknown, the traction term. More precisely, the virtual fields are chosen in Ky, defined
in (43). The definition of the virtual fields and the construction of the decoupled identification
system follow the same strategy as in the compressible case, with the only modification occurring
in K().

4. Illustrative numerical examples

We now demonstrate the effectiveness and flexibility of the reconstruction method through two
applications and a series of numerical experiments. The first application concerns isotropic,
nearly incompressible linear elasticity, while the second focuses on compressible, transversely
isotropic linear elasticity.

4.1. Isotropic nearly-incompressible linear medium

In this section, we consider isotropic nearly-incompressible elasticity in the context of time-
harmonic elastography. At an angular frequency w, the displacement field u satisfies

V-og+f=0 inQ,
g=C:e(u) inQ,
u=0 onlp, 60
o-n=t onI'y.
The elasticity tensor C is defined as
C=AIeI+2yul,

where p and A denote the second (i.e., shear) and first Lamé coefficients, respectively. Here,
I and [ represent the second- and fourth-order identity tensors, with components I;; = §;; and
Uikt = 610 j1- The body force field f corresponds to the inertial term,

f=- pwzu,

where p denotes the mass density.
Substituting these expressions into the virtual work principle (1), we obtain

que(u):e(v)dx+f)LV-qudx:f t-vdr+f pwzu-de, (1)
Q Q T'n Q

for any virtual field v € Vj.
In the nearly-incompressible isotropic elasticity setting, the virtual work principle leads to a
Stokes-like formulation:

f2,u£(u):£(v)dQ+f pV-vdQ = t-vdF+f pwzu-vdﬂ, (52)
Q Q Q

I'n
for any virtual field v € Vy. Using (52), u satisfies a general variational form:

a(u,w,v) + b(p,v) =£4(v), foranyveV,,
where
a(y,u,v) =f 2ue(u):e(v)dQ, b(p,v) =f pV-vdQ,
Q Q

and
[(v):f t-vdl“+f pw?u-vdQ.
Ty Q
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We aim to reconstruct the shear modulus y, which is sought in the form
n
pX) =) aip;x),
i=1
where the functions ¢; are known.

Stability estimate. The choice of virtual fields follows the approach introduced in Sections 2
and 3.1. Let u® denote the noisy displacement data and u® the noise-free displacement field,
solution to (50) associated with the true shear modulus ,uo(x) =y 0(/) j(x). Let ,u denote
its reconstruction from u®, with corresponding coefficients {a‘?} 1 Therefore, we have the
following stability estimate (see Section 2.3.4).

Corollary 16. Assume that, for some q € [1,00], there exists a constant C; > 0 such that, for
sufficiently small 6,

lpillLa)

i=1 |api, w0, V)|

Then, the reconstructed parameter i satisfies

™=

11?10 ay < C(Cqy pr @, 11Nl o)) 10 =y

The proof follows directly from Theorem 9, noting that in this context, the functional #? is
given by

Z‘S(v) :f t‘vdl“+f pw2u5‘de,
Tn Q
and that the constant C, defined in (4) can be chosen as 2|| ,uo l zo()-

Numerical implementation. We consider a two-dimensional domain Q = [0, 1]? and investigate
several shear modulus distributions. For each case, the direct problem (50) is solved using the
boundary conditions described below, with a finite element discretization on a mesh of size h =
1/100. To simulate realistic measurement errors, deterministic noise is added to the computed
displacement field in a reproducible manner. The noisy displacement field is defined as

R

s 0 0 r

u’(x)=u (x)+0lullgnq cos(Zn—— el) cos(Zn eg)(el +e), (53)
@SR R 5 R 5

where R = 10 and u® denotes the exact displacement field and § controls the noise amplitude.

The relative noise level is quantified in the H'-norm as

||1-1O - u§||Hl ()

Relative noise level = x 100%.

Ol g1 (@)

For simplicity, we assume that the exact shear modulus p° can be written as
n
=1+ a¥¢;x),
i=1

where n denotes the number of inclusions. We then proceed to the reconstruction of the shear
modulus.

Algorithm 1 summarizes the main steps of the VFM-based reconstruction procedure. The
relative error of reconstruction is then computed as

0o_ 8
™ — p® 2y

T
L=(Q)

Relative error =

where (° denote reconstructed shear modulus field.
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Algorithm 1: VFM-Based Reconstruction of p® =1+ I a‘l?¢>,- (x) from u’

Input: noisy displacement field u?, affine space spanned by {¢ i}?=1

Output: reconstructed shear modulus u5
1 fori=1tondo
2 | Find (h;, p) € Vg x L2(Q) such that

n
thi:dex+ﬁZ(f ¢j£(u5):£(hi)dx)(f ¢j£(u5):s(w)dx)
Q i=ila Q

J#i

+f pV-wdx:f ¢i£(u5):£(w)dx,
Q Q

qu~hidx=0,
Q

for all (w, g) € V x L2(Q), with > 1.

3 Update row i of 49 € R"*7;
Af:f 2¢;e@®):ethy)dy, j=1,...,n.
)] Q

4 Update entry i of A € R™:

/1?:] pw2u5~hid§2—f 2£(u5):£(hi)dx.
Q Q

5 Solve the linear system
Al =29,
and compute the reconstructed shear modulus
n
=1+ a2¢;.
i=1

6 return p0

In the following, we present the reconstruction results to evaluate the performance of the
proposed approach. In the first case, we consider disjoint inclusions, while in the second case,
overlapping inclusions are studied.

4.1.1. Disjoint inclusions

Here, we consider phantoms with piecewise constant heterogeneous shear moduli, as illus-
trated in Figure 3, where the subregions are disjoint and known a priori.

A comparative study is conducted using three types of virtual fields to evaluate the perfor-
mance of the proposed approach.

Type 1: Optimal VE. The virtual field proposed in this work.
Type 2: Curl-based VE. A virtual field defined as the curl of a vector field,

v* =VxF, (54)
where F is a nonzero vector field and v* is required to be kinematically admissible.

Type 3: Solution-based VE A virtual field obtained by solving the forward incompressible
elasticity problem with a homogeneous modulus. More precisely, for a given source term f €
L2(Q)? we seek a pair (v*, p*) € Vg x L?(Q) satisfying

(55)

V-(e(v))+Vp*=f inQ,
V-vi=0 inQ,
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for different boundary conditions (see Figure 4). The latter two types were introduced in [45].
In both cases, the resulting displacement fields automatically satisfy the incompressibility con-
straint.

(@) (b)

Figure 3. Examples of shear modulus phantoms: (a) y; with a single inclusion, and (b) p» with two inclusions.

For all three types of virtual fields, n different virtual fields are required to identify the n
coefficients corresponding to the n inclusions. For the first type, all n virtual fields can be
constructed from a single displacement field. In contrast, for Types 2 and 3, by definition,
n distinct boundary conditions are needed to generate the n virtual fields. As an illustrative
example, we first consider the case with the bottom boundary clamped (zero displacement), as
shown in Figure 4, while treating the top-edge traction as unknown. To eliminate the virtual work
contribution from this unknown loading, we impose zero vertical components for the virtual
fields in Figures 4(a)—(b) and zero horizontal components for the virtual field in Figure 4(c) along
the top boundary. The space of virtual fields Vy accounts for these additional constraints.

LU WY

Figure 4. (a) One type of boundary condition used to generate a virtual field for the first model. (b)-(c) Two
different boundary conditions used to generate virtual fields of Types 2 and 3, respectively, for the second model.

One single inclusion. For the first test case (u;, Figure 3(a)), we consider the domain illustrated
in Figure 4(a) (see [45]).
The Type 1 virtual field, defined as in Section 3.1, is given by

v = arg max a(<,b1,u5,v),
veKy, IVl 1 gy =1

where ¢; denotes the inclusion function, and the set K is defined as

Ko={veVy|V-v=0and (v-ey)(-,1) =0},
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with
Vo = {ve H (Q)? | v(-,0) = 0}.
The Type 2 virtual field, defined by Eq. (54), also belongs to K. It is explicitly given by

-xy(3By-2)
vy = -1
0

Finally, the Type 3 virtual field, also belongs to Ky, denoted v\¥), is obtained by solving Eq. (55)
in {v eV | (v-e)(-,1)= 0} x [%2(Q) with an arbitrarily chosen source term; here,

xcos(10(x + y))
xsin(10(x + y))

f(x,y) = (

Figure 5(a) presents the relative error in the reconstructed shear modulus of the inclusion
versus noise level for all three virtual field types.

60 | [— optimal vF 1 [— optimal vF
— Curl-based VF s04|— Curl-based VF
s04l™ Solution-based VF = Solution-based VF

40 4

5 g
S 301 S
= E 30
w w
204 204
10 | 10 4
04 04
T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20
Noise level (%) Noise level (%)
(a) (b)

Figure 5. Relative error for two different target shear modulus distributions under varying noise levels, using the
three types of virtual fields: (a) first model, (b) second model.

Two disjoint inclusions. For the second test case (2, Figure 3(b)), we use the displacement field

corresponding to the boundary conditions shown in Figure 4(b) to compute the proposed virtual
fields.

The two virtual fields of Type 1 are given by
vgl) = argmax a((,bl,u5,v), vg) = argmax a(¢2,u5,v),
veHy, IVl 1 g <1 veHy, IVl 1 g s1
where ¢; and ¢, denote the two inclusion functions, and the sets H; and H> are defined as
Hl = {VE K() | a(¢2,u6;v) = 0})
and
Hy = {ve Ky | alg,u®,v) =0}
The two virtual fields of Type 2 are explicitly given by

-xyBy-2) xygy— lg_
Vo= yo-1u | vPoan=|-L+L
0 3 2
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The corresponding Type 3 virtual fields, denoted v(13) and v;s), are obtained by solving Eq. (55)

subject to the following boundary conditions respectively:

vW(,0=0, vi(,0=0,
e, D=0, | e, n=0.

Figure 5(b) shows the relative error in the reconstructed shear modulus within the inclusion,
as a function of the noise level, for each of the three types of virtual fields.

Discussion. The results in Figure 5 demonstrate that the proposed virtual fields (Optimal VF)
successfully recover the target shear modulus with high precision. This experimental validation
confirms the theoretical stability estimate with respect to noise, measured in the H'-norm
of the displacement fields. For the first configuration (Figure 5(a)), where a single inclusion
is considered, all three types of virtual fields yield relatively small errors at low noise levels.
However, as the noise increases, Type 1 clearly outperforms the other two: its reconstruction
error remains significantly lower, while errors from Type 2 (curl-based) and Type 3 (forward
solution-based) increase more rapidly. This trend becomes even more pronounced in the
second configuration (Figure 5(b)), involving two inclusions. Even under substantial noise, the
Type 1 virtual field consistently delivers more stable and accurate reconstructions. In contrast,
both Type 2 and Type 3 exhibit a sharp deterioration in performance as the noise level grows,
confirming the practical advantage of our proposed optimal virtual field approach.

4.1.2. Overlapping inclusions

The method also performs well in cases where the inclusions are not disjoint. To demonstrate
this, we present numerical results for such configurations. Specifically, we consider one example
with three overlapping circular inclusions (see Figure 6(a)), and another case where the geometry
is only partially known. In the latter, we assume the presence of two circular inclusions (see
Figure 6(b)), but their exact radii are unknown. Instead, we consider a set of candidate circular
inclusions with different radii (see Figure 6(c)).

e+00

= ———ORNRNNGOKK &
O Dok NRO® NBRO O

e+00 1.06+00

(a) (b) (©)

Figure 6. (a) Third model: three overlapping circular inclusions with the type of boundary condition used to
generate the displacement field. (b) Fourth model: two overlapping inclusions used as the true parameter, along
with the associated boundary condition. (c) Seven candidate circular inclusions used to reconstruct the parameter
shown in (b).

To further investigate the noise sensitivity of the proposed method, we add noise of the
form (7) to the displacement data and plot the relative reconstruction error in Figure 7 for both
test cases. In both cases, the results show that even with a 30% noise level in the displacements,
the relative error in the reconstructed shear modulus using the Type 1 virtual fields remains
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around 20%. These results confirm once again that the proposed virtual fields are optimal in
terms of robustness to noise.

25 - 25 -
= Optimal VF = Optimal VF
204 204
g g
§ 15 A § 15 A
£ £
w w
< <
= 10 1 2 10
[} [}
U U
o« o«
5 51
04 04
T T T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Relative noise level (%) Relative noise level (%)
(a) (b)

Figure 7. Relative error for two different target shear modulus distributions under varying noise levels, using the
proposed virtual fields: (a) third model, (b) fourth model.

4.2. Homogeneous transversely isotropic compressible linear medium

In this section, we consider two-dimensional transversely isotropic elasticity under the plane
stress assumption. We focus on materials that are isotropic in one plane while exhibiting distinct
mechanical properties along a perpendicular direction. Such behavior typically arises, for exam-
ple, in fiber-reinforced composites, where fibers are aligned along a preferred orientation. Here,
we assume that the axis of transverse isotropy is aligned with the x; -direction. The displacement
field u satisfies the following system of equations:

V-0=0 in Q,
o=C:e(u) inQ,

56
u=0 onlp, (56)

o-n=t onTy,

where o denotes the Cauchy stress tensor, €(u) the linearized strain tensor, and C the fourth-order
elasticity tensor. In two dimensions, the constitutive law o = C : € is often expressed in Kelvin—
Mandel notation, where both stresses and strains are represented as vectors, and the tensor C
reduces to a symmetric positive-definite 3 x 3 matrix [C]. The strain vector is written as

€11
eu)=| €2 |,

\/58 12

with €17 = 0uy/0x1, €22 = 0ux/0x2, and €12 = %(aulldxg +0uyp/0x1). The compliance matrix [S],
which relates strain to stress via € = [S]ag, is given by

1 v
— L
Er EL
[S]— v 1 0
| E EL ) '
0 0 —
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where Ef, is the Young’s modulus along the preferred (longitudinal) direction, E7 is the Young’s
modulus in the transverse direction, vy is the Poisson’s ratio that describes transverse strain in
response to longitudinal stress, and Gy, is the in-plane shear modulus. Inverting the compliance
matrix yields the elasticity matrix [C] = [S]~!, which takes the form

ELET ELETVL

0
EL—ETV% EL—ETV%
[Cl=| ELErvL E} 0
EL—ETV% EL—ETV%
0 0 2Gp,

Reconstruction of elastic parameters. We assume, for simplicity, that the material is homoge-
neous, and we aim to reconstruct the four elastic parameters: E;, E7, Gr, and v;. Denoting the
entries of the elasticity matrix by C;1, C12, Co2, and Cs3, we have:
E Er E Ervy E}
Ch=—""7"FT Co=7"7"F> Cop=—7"7FT—
EL_ETVL EL_ETVL EL_ETVL

Under these notations, the principle of virtual work (1) takes the form:

, C33=2G.

C11L€11€11(V)d9+szfgfzzfzz(v)d9+C12fQ(€11822(V)+622€11(V))dQ

+2C33f €12€12(WMdQ=| t-vdS,
Q Ty

where v € Vg denotes a kinematically admissible virtual displacement field, and ¢;;(v) are the
components of the corresponding virtual strain tensor.

To identify the four unknown parameters, we follow the approach described in Section 2.4.2.
By selecting four appropriately virtual displacement fields vy, v, v3, and vy, we derive a linear
system that allows the recovery of the material coefficients C;;, Ci2, Co2, and Cssz, and conse-
quently of the parameters E;, Et, v, and Gr. It should be noted that, in this case, the loading
traction t must be known.

The material parameters are obtained by solving the linear system A-C = A, where:

th‘?nEn(VﬂdQfQ€22822(V1)dQ fQ(EuEzz(Vl)+€22€11(V1))dQ 2/9812512(V1)d9
L€11511(V2)dﬂf0522822(vz) dQ fﬂ(&lb‘zz(vz)+€22811(V2))dQ 2[9512812@2)(19

fQEH€11(V3)dQ f(zf?zzfzz(vs)dQ fQ(EuEzz(Vs)+€22€11(V3))dQ 2[9512512(%)(19

L811£11(V4)d9fgfzzfzz(w)dﬂ fQ(Enfzz(VU+£22£11(V4))dQ 2fgr512«‘312(v4)dQ

[t-vldl"

I'n

C

1 t-vodI’

_ Co2 _|Jry
C= co | A= .
12 t-vgdl’

Cs3 Iy
t-vydS

'y

Once the components Cj;, Co2, Ci2, and Cs3 are identified, the material parameters Ej, ET,
v, and Gy are computed using the following relations:
C11Cp— C%, C11Ca2 - C3, Ci2 Css
= Er=——77—— VL= ——

=2 =2 g =22
Cn Coo Cn1 2

’
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Stability estimate. Let u® denote the noisy displacement measurements and u® the noise-free
displacement field, which is the solution to (56) associated with the true elastic coefficients C?l,
ng, C? , and Cg3. We denote by Cfl, ng, sz, and Cg3 their respective reconstructions obtained
from u®.

Let C, denote the continuity constant satisfying

‘C?ILEHEH(V)dQ+ngLegzgzg(V)dQ

+C?2f9(811€22(v)+822€11(V))dQ+2Cg3L812€12(V)dQ < Cqlullylvlly.

As established in Section 2.4.3, the following stability estimates hold:

T T e
O [y e
C
1CP, — Clal < ol e22v0) +132811(V§))d9| ||ll6—u0||H1(Q),
O oty e

Numerical implementation and results. In what follows, we present numerical results to assess
the effectiveness of the proposed approach for reconstructing homogeneous material properties
in transversely isotropic elasticity, where the parameter vector is defined as

P=(EL,Er,vL,GL).

Table 1. Reference material properties of a compressible transversely isotropic medium.

Material property Symbol Reference value Unit
Longitudinal Young’s modulus Er 10.5 MPa
Transverse Young’s modulus Er 6.5 MPa
Poisson’s ratio VL 0.45 -

In-plane shear modulus Gr 25 MPa

We consider a two-dimensional domain Q = [0, 1]2 and two distinct loading scenarios, in order
to investigate how the internal displacement field measurements — and consequently the entries
of the matrix A — influence the reconstruction stability.

The simulated displacement field u(P) is obtained by solving system (56), with C = C(P), using
the finite element method with a mesh size of h = 1/50. In both scenarios, the boundary I'p
denotes the bottom edge of the domain Q, while I'y represents the remaining part of the
boundary. In the first scenario (Figure 8(a)), the Neumann boundary condition is prescribed as:

- {(1,—1) ony=1,
(0,0) elsewhere on T'y.
In the second scenario (Figure 8(b)), the Neumann boundary condition is defined by:
t:{(1,—1) onx=0,
(0,0) elsewhere on T'y.
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Figure 8. Geometry of the 2D linear elasticity problem (domain size 1.7 x 1.7).

To simulate experimental measurement uncertainty, we introduce spatially correlated multi-
plicative noise:

W =u(l+ xs), where ys(x,y)= 5(x* + yz) (57)
where 6 controls the noise amplitude.

We evaluate the reconstruction accuracy through the relative errors in the elasticity tensor
coefficients:

5 0 5 0
o = ICY, = CTyl ., = 1C55 = Cool (58)
1 — 0 ’ 22 0 ’
ICL 1Caol
5 0 5 0
& = |C12_C12| _ |C33_C33| 59
Crp = C—OI’ Ca3 = W (59)
IC, 33
The relative noise level is quantified in the H'-norm as:
lu—u®||n
Relative noise level = —___H@ 100%,
lall g1 (o)

The relative errors in the reconstructed elasticity coefficients are plotted as functions of the noise
level, for both loading scenarios. The results are shown in Figure 9.

60|~ cu 60 - —
— C1 — (2
50 — sz 50 4 — C22
— Ca3 — C33
£ £
= 40 A = 40 A
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@ @
g 30 + g 30 +
=] =]
[ [
[ [
* 20 = 20
10 10 4 /
P
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0 5 10 15 20 25 o] 5 10 15 20 25
Relative noise level (%) Relative noise level (%)
(a) (b)

Figure 9. Relative errors in the components of the elasticity tensor as a function of noise level: (a) first loading
scenario, (b) second loading scenario.
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Discussion. By analyzing the results presented in Figure 9, we highlight the crucial role played
by the structure of the displacement field in the stability of the reconstruction. In both scenarios,
in the absence of noise, the reconstruction of all elasticity coefficients is highly accurate, with
negligible relative errors.

In the first scenario, however, the reconstruction of Cyy and Cs3 remains relatively stable,
and the reconstruction error is well controlled (even with 25% noise, the reconstruction error is
around 20%). In contrast, for the two coefficients C;; and C;2, the reconstruction is significantly
less stable. This reflects the influence of the diagonal terms of the matrix A° and, consequently,
of the displacement field. In the second scenario, Cj2, Cs2, and Cs3 remain remarkably well
reconstructed across all noise levels, whereas C;; is again the most sensitive coefficient, with
an error exceeding 30 % for a noise level of about 30%. These results clearly demonstrate that
the identifiability and robustness of each elasticity coefficient depend not only on the amount of
noise but also on the displacement field induced by the loading and boundary conditions.

Furthermore, since we are interested in the parameters E;, Er, vi, and G, we define the
relative errors for the effective elastic constants as follows:

o 0 1) 0
BB BByl 60)
LR TE
5 0 o 0
& — vy —vil _ 1G] -Gl
L ——" » G — 0 (61)
VY| IGY|

Figure 10 shows the evolution of é%,, &,, &y,, and &g, as functions of the noise level for both
loading configurations.

Although we do not derive a specific stability estimate for the effective parameters E;, Et, G,
and v, they inherently depend on the components of the elasticity tensor C. Consequently, their
sensitivity to noise reflects that of the underlying tensor. As shown in Figure 10, the first scenario
exhibits significantly higher reconstruction errors across all parameters compared to the second
scenario. This behavior is consistent with the overall improved stability observed in the second
configuration.
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Figure 10. Relative errors in the elastic parameters as a function of noise level: (a) first loading scenario,
(b) second loading scenario.

5. Conclusion

To conclude, we have proposed a method for constructing virtual fields that are optimal in
the sense of a precise stability estimate, in linear elasticity as well as in nonlinear elasticity,



Nagham Chibli, Martin Genet and Sébastien Imperiale 447

provided that the constitutive law is linear with respect to the parameters to be identified. This
ensures the stability of parameter reconstruction with respect to displacement measurement
errors in the H'-norm. The proposed method is rather general and applies to a wide range of
situations. In particular, it is valid in any spatial dimension. It enables the reconstruction of
homogeneous or heterogeneous material parameters when the structure is known a priori from
a single displacement field using a direct and computationally efficient approach. Moreover, the
method remains effective even in the presence of overlapping inclusions or when the material
parameters are represented in a prescribed basis. No particular regularity or structure is required
for the functions ¢;; they only need to be known and linearly independent. Finally, we note
that in the present study we used deterministic noise for reproducibility. We do not address the
important question of randomness in the noise and its impact on the solution. Such questions
are interesting and could be explored in future work.
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