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Abstract. In this paper, we compare four algorithms solving the quasi-static contact between one elastic body
and one rigid obstacle in two dimensions. With the Coulomb’s law of friction, this example exhibits multiple
solutions if the friction coefficient is larger than 3. After describing the numerical methods tested in this
paper, we study the influence of the parameters of the algorithms on the nature of the obtained solution at
convergence. On this academic example, we also compute two existing criteria on the uniqueness of the
solution. Finally, for friction coefficient larger than 3, we compute a new sliding solution and observe that
not all approaches are able to find it.

Keywords. Quasi-static contact, Coulomb friction, algorithms.

Funding. The author is supported by Région Pays de la Loire through grant Étoiles montantes.

Manuscript received 18 December 2025, revised 6 March 2026, accepted 11 April 2026, online since 4 May 2026.

1. Introduction

In computational mechanics, the numerical simulation of structures involving frictional contact
is challenging. The contact problem is non-linear and requires dedicated numerical strategies.
Indeed, the non-interpenetration condition between solids introduces inequalities in the normal
direction. Moreover, the Coulomb’s law of friction is used to model the behaviour on the
tangential directions at the contact interface [1]. This law cannot be derived from a potential
but can be derived from a bi-potential [2]: the Coulomb’s law is not an associated friction law.
As a consequence, in the weak formulation, only a variational inequality can be written. Thus,
the mathematical results of existence and uniqueness are limited, which is not the case for the
Tresca’s law of friction. This lack or regularity may lead to the absence of solution, such as the
Painlevé problem, or the existence of multiple solutions (possibly infinite number of solutions).
Examples of such cases are available in the literature: one may cite [3] for dynamic frictional
contact with one degree of freedom or [4–7] for multiple solutions on problems with several
degrees of freedom. In the case of quasi-static frictional contact with Coulomb’s law, the existence
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of a solution to the continuous problem has been proven for small coefficients of friction [8].
The solution of the finite element discretized problem always exists but the uniqueness is
proven only for small coefficients of friction [9]. However, only few estimations of the critical
friction coefficient above which multiple solutions may exist are available [4,10]. Moreover, the
computational cost of the estimation increases exponentially with the number of nodes on the
potential contact interface. Amongst all numerical methods available to solve the quasi-static
contact problem with Coulomb’s law of friction, only few are dedicated to the computation of
all the solutions. Some approaches are based on continuation techniques. In [11], the authors
propose numerical continuation based on a predictor-corrector and a bifurcation criterion.
However, this criterion is based on probable branching scenarios and potential solutions may
thus be missed. In [12], the authors use a parametrization of the loading path or friction
coefficient and apply continuation techniques on examples with a small number of contact
nodes. In [13], this method is simplified and applied to more complex examples with finer mesh.
In [14], the authors propose to solve non linear eigenvalue problems to detect multiple solutions
but this method fails in finding isolated solutions. Finally, considering the discretized friction
contact problem as a linear complementarity problem with cone constraints, it is possible
to apply existing techniques to compute all the solutions [15,16] but the computational cost
increases rapidly with the number of nodes on the contact interface. Thus, they are not suitable
for large finite element computations on fine meshes.

In practice, more standard iterative numerical approaches are used. For a panorama of
existing methods to solve quasi-static friction contact problems, the reader can refer to [1,17].
Once the algorithm has converged, the solution is used for post-process analysis. Indeed, in
engineering problems, the quantities of interest such as maximum local stresses, Von Mises or
Tresca equivalent stress or stress intensity factors are computed from the nodal displacement
solution. Associated to criterion and material parameters such as yield limit, those numerical
results are exploited to validate the design. Yet, the quality of the numerical solution is rarely
assessed. More specifically, in case of large friction coefficients, the possibility of multiple
solutions is almost never studied.

In this article, we propose to study the behaviour of four iterative algorithms solving quasi-
static frictional contact on one academic example exhibiting multiple solutions [6]. The first
numerical method considered in this article is the formulation of contact based on augmented
Lagrangian presented in [18]. For given contact forces (Lagrange multipliers), a non-linear
problem is solved. From the obtained displacements, the contact forces are updated. These
two steps are repeated until convergence. This method is popular and widely implemented in
finite element codes. The second method considered in this article is the Nitsche method [19].
The main point of this method is that the contact forces are written in terms of displacement
thanks to the constitutive relation (elasticity in this specific case). It has the advantage of
introducing only one scalar parameter and to avoid the two iterative loops (non-linear problem
and update of the Lagrange multipliers) existing in the first method. The third method is the one
proposed in [20,21]. It is also based on the optimality of augmented Lagrangian but considers
both primal and dual variables at the same time. As a consequence, there is no update of the
contact forces and the problem can be written only in terms of the contact forces. This method
has shown to be effective for finite element computations [17]. Finally, the fourth method
considered in this article is the one proposed in [22]. It is based on the formulation of the
mechanical problem as a linear complementarity problem with cone constraints. This problem
is then solved with a primal-dual approach based on accelerated projection method coming from
convex optimization community. Indeed, recently, numerical methods traditionally dedicated to
optimization problems have been applied in the computational mechanics field. We can cite [23]
in which second-order cone programming is applied to a frictional contact problem with an
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associated version of Coulomb’s law (more regular and not exhibiting multiple solutions) or [3]
for dynamic Coulomb friction problem, [24] for multi-body systems made of rigid part or [25]
which requires a regularization of the Coulomb’s law.

The four methods considered here lead to algorithms with one or two iterative loops. Many
parameters are to be chosen by the user. The influence of these parameters on the speed of
convergence is studied and well-known and some guidelines are provided to reduce the number
of iterations. However, the influence of the initialization of all the iterative processes is rarely
studied. The objective of this article is to study to which extent the values of the scalar parameters
and the initialization values affect the nature of the solution obtained at convergence on the
academic problem with multiple solutions.

In Section 2, we present the quasi-static contact problem with Coulomb’s law of friction
between one elastic body and one rigid obstacle. We give the governing equations in the
continuous framework and in the discretized framework. Then, in Section 3, we briefly introduce
the four methods and the associated algorithm that are compared in this paper. In Section 4,
we give two criteria that enable to compute an estimation of the coefficient of friction above
which multiple solutions may arise. Those two criteria come from the literature and we also
comment on a third criteria proposed in [4]. In Section 5, after defining the academic problem,
we study the influence of the algorithms’ parameters on the converged solutions. For this
problem, we compute the bounds on the coefficient of friction below which the solution is unique
and compare them to the exact value derived in [6]. We consider one or multiple nodes on the
potential contact boundary. We also vary the friction coefficient µ and exhibit a third solution
involving sliding for µ> 3. Finally, Section 6 concludes the paper.

2. Description of the mechanical problem

In this section, we introduce the quasi-static Coulomb friction contact problem. We choose to
consider the contact between one elastic domain and one rigid obstacle because this is the case
of the numerical example studied in Section 5. Of course, the methods considered in this paper
are not limited to one elastic body and are able to solve contact problems between two elastic
bodies. In Section 2.1 we give the continuous formulation of the problem. In Section 2.2 we
present the formulation obtained after discretization.

2.1. Continuous problem

We consider the elastic bodyΩ in frictional contact with one rigid obstacle. The linear behaviour
of Ω is characterized by the Hooke tensor H. We note σ the Cauchy stress tensor, u the
displacement field and ε(u) the symmetric part of the gradient of displacements. We do the small
strain and quasi-static hypotheses. On ∂dΩ, the displacement ud is imposed, which corresponds
to Dirichlet boundary condition. On ∂nΩ, the pressure F is imposed, which corresponds to
Neumann boundary condition. We note Γ the potential contact zone between the two solids.
Finally, f is the body force applied to Ω. Let nΓ be the outward normal to Γ. We also introduce
σN = (σnΓ)nΓ andσT =σnΓ−σNnΓ, as well as uN = u ·nΓ and uT = u−uNnΓ. The gap g is defined
as the initial distance betweenΩ and the obstacle. The Hertz–Moreau–Signorini conditions in the
normal direction read:

uN − g ≤ 0 on Γ,

σN ≤ 0 on Γ,

σN(uN − g ) = 0 on Γ.

(1)
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µ is the friction coefficient and the quasi-static Coulomb law at contact distinguishes two cases:
stick contact with no tangent displacement or slip contact with tangent displacement:

∥σT∥ ≤−µσN and ∥u̇T∥ = 0 on Γ : stick,

∥σT∥ =−µσN
u̇T

∥u̇T∥
and ∥u̇T∥ ̸= 0 on Γ : slip,

(2)

where u̇T is the tangential velocity. In the context of computational contact in dynamic, the
time interval is usually discretized and the velocities are approximated by ratios of increment
of displacements over time step u̇T ≃ ∆uT

∆t which leads to the friction law written in terms of
increments of displacement:

∥σT∥ ≤−µσN and ∥∆uT∥ = 0 on Γ : stick,

∥σT∥ =−µσN
∆uT

∥∆uT∥
and ∥∆uT∥ ̸= 0 on Γ : slip.

(3)

In the quasi-static framework and considering initial zero condition for load and displacements,
the friction law reads:

∥σT∥ ≤−µσN and ∥uT∥ = 0 on Γ : stick,

∥σT∥ =−µσN
uT

∥uT∥
and ∥uT∥ ̸= 0 on Γ : slip.

(4)

In addition to the equations of contact on Γ, the boundary conditions, the constitutive relation
and the equilibrium equations read:

u = ud on ∂dΩ,

σn = F on ∂nΩ,

σ=Hε(u) inΩ,

div(σ)+ f = 0 inΩ,

(5)

where ∥x∥ is the Euclidean norm of vector x. The problem (1)-(4)-(5) may be written as weak
inequality [26]. In computational mechanics, continuous problems are rarely solved directly and
discretization techniques are employed to obtain an approximation of the solution. In this article,
we consider the Finite Element Method (FEM) as the chosen discretization technique.

2.2. Discretization with finite elements

We introduce a discretization of the domain Ω. We note ΩH the discretized body. Linear shape
functions and isoparametric elements are considered. Two functional spaces are defined:

VH = {
v ∈H 1(ΩH) and v = ud on ∂dΩH

}
(6)

and

V 0
H = {

v ∈H 1(ΩH) and v = 0 on ∂dΩH
}
. (7)

K is the stiffness matrix, f is the vector of generalized forces gathering the bodyforce and
Neumann condition contributions. The imposed nodal displacement is ud. We note rc the vector
of reaction due to contact at the potential contact nodes, that is to say on Γ. Note that rc = 0
corresponds to no contact. The nodal displacement at potential contact nodes is uc and ur is
the nodal displacement of nodes neither in Γ nor in ∂dΩ. We note nc the number of (potential
contact) nodes in Γ. Using block decomposition of the stiffness matrix, the equilibrium reads:

Id 0 0

0 Krr Krc

0 Kcr Kcc




ud

ur

uc

=


ud

fr −Krdud

fc −Kcdud

+


0

0

rc

. (8)
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We note uN the normal nodal displacement for potential contact nodes and uT the tangential
nodal displacement. We use the same notations to decompose the contact reaction rc into rN

and rT. The nodal discretization of the continuous contact law with friction presented in (1)
and (4) reads

0 ≥ (uN −g) ⊥ rN ≤ 0,

∀ nodes i such that uN,i − gi = 0, |rT,i | ≤ −µrN,i ,
(9)

where ⊥ is the orthogonality between two vectors which can be characterized by the scalar
product being null. Note that this nodal discretization is not the only possibility. One can perform
an integral approximation of the contact condition using some finite element spaces for the
approximation of contact forces. The choice of the discretization of the contact conditions is
given for the four compared methods in each dedicated section.

This first equality of (9) expresses the Hertz–Moreau–Signorini conditions in normal direction
written for each node of Γ. The use of linear elements ensures that the verification of the
conditions at the nodes leads to the verification of the conditions on Γ. The second equality
of (9) expresses the tangent behaviour without telling the stick case from the slip case. We clearly
see that the frictional contact brings inequality constraints to the classical FE linear system (8).

This problem can also be rewritten as a mixed linear complementarity problem [4], as follows.

Problem A. Find rN, rT, uN, uT such that


−Id 0 0 FNN −µFNT FNT 0 g−u∗

N

0 −Id 0 FTN −µFTT FTT Id −u∗
T

0 0 −Id 2µId −Id 0 0





g−uN

max(−uT;0)

rT −µrN

−rN

−rT −µrN

max(uT;0)

1


=


0

0

0

 (10)

and 
0

0

0

≤


g−uN

max(−uT;0)

rT −µrN

⊥


−rN

−rT −µrN

max(uT;0)

≥


0

0

0


where FNN, FNT, FTN, FTT are the submatrices of the Schur complement Fcc defined by

Fcc = (Kcc −KcrK−1
rr Krc)−1

and u∗
N and u∗

T are the subvectors corresponding respectively to normal and tangent directions
coming from the vector u∗

c defined by

u∗
c = Fcc(fc −Kcdud)−FccKcrK−1

rr (fr −Krdud)

Algorithms exist to compute all the solutions, see [15,16], but the computational cost becomes
prohibitive when the number of contact nodes increases since the complexity is exponential.

3. Presentation of considered algorithms

In this section, we introduce the four methods compared in Section 5. For each method, we
shortly present the principles before describing the formulation and the associated algorithms.
We insist on the parameters that are left to the user to define. In each subsection, we give
references for readers who would obtain more details on the methods.
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3.1. Augmented Lagrangian solved with Uzawa

The augmented Lagrangian enables to formulate one minimization problem with constraints
into a minimization problem with no constraint. In frictional contact mechanics, the optimality
of the augmented Lagrangian is equivalent to the solution of the initial problem for Tresca
modelization of friction but not for Coulomb’s law. This is due to the fact that Coulomb friction
cannot be derived from on potential but only from a bi-potential [2]. However, in practice, the
optimality is extended and used for Coulomb’s law. The Uzawa algorithm is popular and easy to
implement. It consists in defining Lagrange multipliers λN, λT interpreted as contact reactions.
Then, the following non-linear problem is solved.

Problem B. Find u ∈ VH such that ∀ v ∈ V 0
H∫

ΩH

ε(v) :H : ε(u)dΩH −
∫
ΩH

f · v dΩH −
∫
∂nΩ

F · v ds

=
∫
Γ

〈
λN +ηN(uN − g )

〉
vN ds +

∫
Γ

(
−σT +λT +ηT

(
uT −ξ s

∥s∥
))

vT ds (11)

with 〈x〉 = x+|x|
2 , s =−σT +λT +ηTuT and

ξ=
{

0 if ∥s∥−µ〈
λN +ηN(uN − g )

〉≤ 0,
∥s∥−µ〈λN+ηN(uN−g )〉

ηT
otherwise.

This is the continuous formulation. In the FEM, the computation of the left-hand side of the
equality is classical. Regarding the right-hand side of the equality, in terms of finite element
discretization, we use the integral approximation of the contact condition and not the nodal
approximation. In the nodal approximation, the terms on the boundary Γ are computed as a
sum of nodal values:∫

Γ

〈
λN +ηN(uN − g )

〉
vN ds =

nc∑
i=1

〈
λN,i +ηN(uN,i − gi )

〉
vN,i . (12)

With the integral approximation, the contact forces are discretized using shape functions. We
actually choose the same shape functions as for the discretization of the displacement, which is
not the optimal choice but the most common one [27]. The non-linear problem is solved using
Newton–Raphson scheme which is usually called generalized Newton method as the function is
not continuously differentiable. This lack of regularity may lead to an arbitrary choice of sub-
gradient in case the tangent matrix has to be computed at one iteration with the iterate being
on the edge of the friction cone. In that case, the chosen sub-gradient is the adjacent value
corresponding to the outside of the cone.

Once equation (11) is solved, the Lagrange multipliers are updated. Those two steps are
repeated until convergence is reached. The resulting algorithm from [18] is Algorithm 1.

The two tolerances ρ1 and ρ2, the value of the coefficients ηN and ηT and the initialization of
λ0

N and λ0
T, as well as the initialization and the stopping criterion of the Newton–Raphson algo-

rithm are the parameters defined by the user. It is well-known that the penalty parameters influ-
ence the speed of convergence so the total number of iterations and thus the total computational
time. Large penalty parameters speed up the convergence but may lead to ill-conditioning.

3.2. Nitsche formulation solved with generalized Newton

The Nitsche method was originally created to take into account Dirichlet boundary conditions.
Later, it was extended to unilateral contact without or with friction, see [19] for a review. The
main difference with the augmented Lagrangian is that no multipliers are introduced: they are
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Algorithm 1: Augmented Lagrangian solved with Uzawa

Initialization of λ0
N, λ0

T and k = 0;

Find the solution uk of equation (11);

if uk
N − g ≤ ρ1 for all nodes of Γ and ∥uk

T∥ ≤ ρ2 for all nodes of Γ such that
∥σT∥ <µ

〈
λN +ηN(uN − g )

〉
then

convergence;

else
λk+1

N = 〈
λk

N +ηN(uk
N − g )

〉
;

λk+1
T =

λ
k
T +ηTuk

T if ∥−σT +λk
T +ηTuk

T∥ ≤µλk+1
N

−σT+λk
T+ηTuk

T

∥−σT+λk
T+ηTuk

T∥
µλk+1

N −σT otherwise
;

k ← k +1;

end

replaced by stress vectors that can be obtained from primal unknowns using the constitutive
behaviour. Symmetric and unsymmetric versions of the Nitsche’s method exist. In this paper,
the unsymmetric version was chosen as it was observed to behave better than the symmetric
one [26]. The unsymmetric version of the formulation of the problem reads as follows.

Problem C. Find u ∈ VH such that ∀ v ∈ V 0
H∫

ΩH

ε(v) :H : ε(u)dΩH −
∫
ΩH

f · v dΩH −
∫
∂nΩ

F · v ds

=−
∫
Γ

(
σN(u)−κ(uN − g )

)
−vN ds +

∫
Γ

J
(
σT(u)−κuT

) · vT ds

with

J
(
σT(u)−κuT

)
=

{
σT(u)−κuT if

∥∥σT(u)−κuT
∥∥≤µ(

σN(u)−κ(uN − g )
)
−,

µ
(
σN(u)−κ(uN − g )

)
−
σT(u)−κuH ,T
∥σT(u)−κuT∥ otherwise,

(13)

and (x)− = 0 if x > 0 and (x)− =−x if x ≤ 0.

Once again, the continuous problem is discretized. The left-hand side of the equation is
classical in elastic linear finite element analysis and we use the integral approximation of the
contact conditions (right-hand side of the equation).

This problem is solved using a generalized Newton–Raphson algorithm whose parameters
are the initialization and the stopping criterion. The function is not continuously differentiable
and the associated consequences are the one explained in the previous section. The main
parameter of this method is the value of the scalar κ > 0 whose positiveness ensures the non
interpenetration. Yet, in [26], the authors explain that κ has to be chosen sufficiently large in
order to keep the coercivity of the tangent matrix.

3.3. Alart–Curnier formulation solved with generalized Newton

This approach was originally proposed in [20,21]. It is also based on the augmented Lagrangian
whose optimality is solved using a Newton–Raphson scheme. The unsymmetric version of
optimality of the augmented Lagrangian writes as follows.
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Problem D. Find u ∈ VH such that ∀ v ∈ V 0
H

∫
ΩH

ε(v) :H : ε(u)dΩH =
∫
ΩH

f · v dΩH +
∫
∂nΩ

F · v ds +
∫
Γ
λNvN ds +

∫
Γ
λTvT ds,

1

η

∫
Γ

(
λN + (

λN −η(uN − g )
)
−
)
wN ds = 0 ∀ w ∈WH,

1

η

∫
Γ

(
λT −P (λT −ηuT)

)
wT ds = 0 ∀ w ∈WH,

(14)

with

P (λT −ηuT) =
{
λT −ηuT if ∥λT −ηuT∥ ≤µ

(
λN −η(uN − g )

)
−,

µ
(
λN −η(uN − g )

)
−

λT−ηuT
∥λT−ηuT∥ otherwise.

(15)

The test function wN and wT live in the functional space WH composed of usual finite element
shape functions. The definition of P is very close to the one of J defined in equation (13). They
both correspond to the projection on the ball of center 0 and radius µ multiplied by the normal
contact force. Contrary to the Uzawa algorithm presented in Section 3.1, the resolution does
not separate the primal variables (displacements) from the dual variables (contact forces) being
updated on a second step. Indeed, the system (14) is coupled. However, the first equation is
linear with respect to the displacement so that the problem can be written as a unique functional
of λ. As for Nitsche and Uzawa, this functional is not continuously differentiable and the same
treatment of the lack of regularity is done. The main parameter of this method is the value of the
scalar η > 0. One also needs to define the initialization of the Newton’s scheme and its stopping
criterion.

3.4. Primal dual accelerated gradient method from convex optimization

The last method has been proposed in [22]. It relies on the formulation of contact constraints
as cone constraints and on an iterative algorithm coming from convex optimization community.
As the Dirichlet boundary condition can be eliminated (see (8)), the problem can be written as
follows.

Problem E. Find ur, uc, rc, such that(
Krr Krc

Kcr Kcc

)(
ur

uc

)
=

(
fr −Krdud

fc −Kcdud

)
+

(
0

rc

)
,

F∗ ∋
(
−g j −µuT, j +uN, j

uT, j

)
⊥

(
rN, j

rT, j

)
∈F for j = 1, . . . ,nc.

(16)

The friction cone is defined by F = {
(rN,rT) ∈ R×R2, such that −µrN ≥ ∥rT∥

}
. The projector

on F is Π and the dual cone is F∗. Here, the nodal approximation of contact is used. This
is a non-linear complementarity problem with cone constraints. Once again, because of the
Coulomb model for friction, solving the optimality condition does not guarantee to obtain the
solution of Problem E. However, this is what is done in practice

The algorithm proposed in [22] is given in Algorithm 2. It consists in working with both primal
and dual variables and is based on primal-dual hybrid gradient from [28] with an acceleration
scheme. In Algorithm 2, γ is the largest singular value of the matrix of size (d ,3×nc) defined by

T =
(

T1n T2n · · · Tncn

T1t T2t · · · Tnct

)
(17)
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where ut , j = T t
j t u and un, j = T t

j n u. The matrix T is composed of 0 and 1. The smallest eigenvalue

of matrix
(

Krr Krc
Kcr Kcc

)
is noted ω. The computation of projection Π is easily done using spectral

factorization, see [22]. The parameters of this method are the step lengthα0 and the initialization
of u0 and rc and the stopping criterion ζ.

Note that a cheaper version of the algorithm, not requiring the resolution of one linear system
at each iteration, is available [29]. In this paper, we used Algorithm 2.

Algorithm 2: Primal dual accelerated gradient algorithm

Initialization of u0 =
(

u0
r

u0
c

)
, r0

c , α0 > 0;

û0 = u0;

β0 = 1
α0γ2 ;

while ∥uk+1 −uk∥ > ζ do
for j = 1, . . . ,nc do

g̃ k
j = g k

j +µ∥uk
t , j ∥;

sn, j = r k
n, j +αk (g̃ k

j −uk
t , j );

st , j = r k
t , j −αk (uk

t , j );

(r k+1
n, j ,r k+1

t , j ) =Π(sn, j , st , j );

end

Find uk+1 solution of

(
βk

(
Krr Krc

Kcr Kcc

)
+ Id

)(
uk+1

r

uk+1
c

)
=

(
uk

r

uk
c

)
+βk

(
fr −Krdud

fc −Kcdud

)
+

(
0

rc

)
;

θk = 1p
1+ωβk

;

αk+1 = αk
θk

;

βk+1 = θkβk ;

ûk+1 = uk+1 +θk (uk+1 −uk );

end

4. Two criteria for existence and multiplicity of solution

In [4], the authors review criteria to estimate the onset of multiplicity solutions. Indeed, these cri-
teria enable to determine a critical friction coefficient. If the friction coefficient is strictly smaller
than the critical friction coefficient, only one solution exists. Otherwise, multiple solutions may
exist. One criterion is based on the property of P-matrices [30] and states that the quasi-static
frictional contact problem has only one solution if the following interval matrix is a P-matrix:(

FNN FNT

FTN FTT

)(
Id 0

[−µ;µ] Id

)
. (18)

The verification of the property for the interval matrix requires the verification of the property
for 2nc matrices of size (2nc;2nc) in two dimensions (and (3nc;3nc) in three dimensions). A P-
matrix is characterized by the fact that all its real eigenvalues are strictly positive and all the real
eigenvalues of all its principal submatrices are also strictly positive [4,31].

Another criterion is the one proposed in [10]. It requires to compute a parameter c as the
solution of an optimization problem. Then, the critical friction coefficient is defined by

µcrit = cp
1− c2

. (19)
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Finally, in [4], the authors propose to adapt the criterion proposed in [10] by adding the constraint
(Fccr)p

N = 0 to the optimization problem in order to reduce the computational costs. However, as
this constraint is already present in the article [10] (and Equation 58 in [4] is not correct), both
criteria should be identical. The definition of parameter c is:

c = inf
rc∥rc∥=1

max
p

rp ̸=0
(Fccr)

p
N=0

(Fccr)
p
T ̸=0

r p
T (Fccr)p

T

∥rp∥×∥∥(Fccr)p
T

∥∥ (20)

where p is the index for one contact node.
The computation of the critical friction coefficient, regardless the choice of the criterion, is

expensive and the cost increases exponentially with the number of potential contact nodes nc. In
Section 5.2, we compute these two critical coefficients of friction for the illustrative example.

5. Application on the academic example

5.1. Problem with two distinct solutions

This example comes from [6]. Let (ex ,e y ) be one orthonormal basis. We consider the triangle ABC
with A(0;0), B(1;0), C

( 3
4 ; 1

4

)
. This triangle may be in contact with the rigid obstacle located

in y ≤ 0. The Young modulus is E = 1 Pa and the Poisson ratio is ν = 1
5 . On [AC], the force

F Neumann = −35
48

p
10δe y is imposed with δ ∈ ]

0; 4
3

[
. On [BC], the imposed displacement is

uD = 6δ(x −1)ex + 3
4δ(x −1)e y . There is no bodyforce. The edge [AB] = Γ is the potential contact

zone. If µ≥ 3, then the following displacement fields are solutions:

• u1 = δ(7x + y −7)ex +δ
(
1−x − 7

4 y
)
e y , which corresponds to no contact;

• u2 = δ(−6y)ex +δ
(− 3

4 y
)
e y , which corresponds to stick contact.

If µ < 3, the no contact displacement is the only solution. We highlight that the two solutions
exist with δ arbitrarily small. Moreover, the two displacement solutions are linear with respect
to x and y which means that the discretization with one linear triangle is sufficient to describe
these solutions. As a consequence, the mesh does not introduce discretization error on these two
displacement fields. In the computations, we set δ= 1.

To begin with, we consider the mixed linear complementarity problem formulation (10) and
use the algorithm proposed in [16] to compute all the solutions. We do this for different dis-
cretizations (nc = 1, . . . ,7) and different friction coefficients (between 0 and 5 with 0.1 incre-
ments). For µ ∈ ]0;3[, in agreement with the derivations in [6], the only solution obtained is the
no-contact solution (free). For µ = 3 exactly, as expected, we always obtain only two solutions:
stick (stick) and no contact (free). For µ ∈ ]3;5], we obtain three solutions: the no-contact solu-
tion, the stick solution and also a third solution (slip) for which some nodes are in slip contact,
represented in Figure 1.

This solution was not mentioned in [6]. We observe that this solution is not linear with respect
to x and y so that the discretization chosen has an influence of the estimation of this solution.

5.2. Estimation of the critical friction coefficient

We compute the estimate of the two critical coefficients of friction, for several meshes, as
described in Section 4. We note µ̂P the value obtained with the criterion based on the P-matrices
property (18). We note µ̂c the value obtained after solving the optimization problem (26). To
compute µ̂P, we start fromµ= 0 and increase its value by 0.01 increments until the property is not
verified, which leads to the possible loss of uniqueness. To solve the optimization problem (26),
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Figure 1. Third solution with partial slip and stick contact obtained for µ= 3.5 and nc = 25.

we use JuMP (domain-specific modeling language for mathematical optimization embedded in
Julia [32]) with Gurobi optimizer [33] except for the case of one contact node (nc = 1) for which
the optimization problem can be solved analytically. Indeed, for nc = 1 in the problem defined in
Section 5.1 with δ= 1, we can write:

Fcc =
(

6.6 −3

−3 6.6

)
. (21)

Equation 58 in [4] reads:

c = inf
rc∥rc∥=1

max
p

rp ̸=0
(Fccr)

p
t ̸=0

r p
t (Fccr)p

t

∥rp∥×∥∥(Fccr)p
t

∥∥ . (22)

By writing rc =
(
cos(θ)sin(θ)

)T = (r p
n r p

t )T which is a unit vector, noticing that since nc = 1, then
rp = rc, then we have:

c = inf
θ∈[0;2π]

−3cos(θ)+6.6sin(θ)̸=0

sin(θ)sign
(−3cos(θ)+6.6sin(θ)

)
(23)

which leads to
c = inf

θ∈[0;2π]
θ ̸=θ0

sin(θ)sign
(−3cos(θ)+6.6sin(θ)

)
(24)

with θ0 = arctan
( 1

2.2

)
. We obtain analytically c ≃ −0.4694 < 0. It shows that the constraint

(Fccr)p
n = 0 is necessary. If we apply this constraint, we solve:

c = inf
rc∥rc∥=1

max
p

rp ̸=0
(Fccr)

p
N=0

(Fccr)
p
T ̸=0

r p
T (Fccr)p

T

∥rp∥×∥∥(Fccr)p
T

∥∥ (25)

which writes
c = inf

θ∈[0;2π]
θ ̸=θ0
θ=θ∗

sin(θ)sign
(−3cos(θ)+6.6sin(θ)

)
(26)

with θ∗ = arctan(2.2). We finally obtain c ≃ 0.9103 > 0 and then µ̂c = 2.2 which is in agreement
with the other critical friction coefficient.
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Table 1. Critical friction coefficients obtained with two criteria and several mesh sizes.

nc

1 2 3 4 5 6 7

µ̂P 2.20 0.65 1.41 1.79 1.63 1.69 1.78

µ̂c 2.20 2.10 2.12 2.18 2.15 2.16 2.16

The results for different mesh sizes are gathered in Table 1. We observe that the critical
friction coefficient obtained with the P-matrices property strongly depends on the discretization.
Moreover, the value obtained is not close to the exact value which is µ = 3. Finally, larger mesh
sizes were not considered since the computational time was prohibitive.

5.3. Comparison of the three algorithms for µ= 3

In this section, we study the influence of the parameters of each algorithm on the result obtained
as convergence. Since the two identified solutions are linear, we first start with only one finite
element in the domain, that is to say nc = 1. It enables to do a parametric study of the
initialization. Then, we consider a finer mesh and focus on the scalar parameters of each method.

5.3.1. With one triangular element

We set the stopping criterion of all the Newton–Raphson algorithms to 10−10 and we also set
the stagnation stopping criterion to ζ = 10−10 in the primal-dual approach. Moreover, in the
Uzawa algorithm, the verification of the contact inequalities is done with the accuracy ρ1 = ρ2 =
10−10. The converged solution is compared with the two reference solutions (non contact u1 and
stick contact u2) given in Section 5.1. More precisely, the energetic norm of the error between the
converged solution and the exact solutions are computed. In the numerical results, if this error
norm between the converged solution and u1 is smaller than 10−10, then the converged solution
obtained is denoted by free. If this error norm between the converged solution and u2 is smaller
than 10−10, then the converged solution obtained is denoted by stick.

We first verified that all methods converge at the first iteration to the initial solution when the
initial solution is one of the exact solution (stick or free), whatever the parameters defined by the
user. The only exception is the Uzawa method with initialization with stick contact solution that
converges to stick contact for large values of η.

Then, we study the influence of the initialization by choosing different values. Note that
u0 = (0;0) (and/or λ = r0 = (0.42;1.25)) corresponds to the initialization with the stick solution
and that u0 = (−7δ,δ) (and/or λ = r0 = (0.;0)) corresponds to the initialization with the no-
contact solution. We also consider initializations that may not respect the contact inequality
(traction for dual variable or interpenetration) in order to test the robustness of the algorithms.
The number of total iterations is not limited. Finally, for the Uzawa algorithm, the penalty
parameters vary from 104 to 1013. For the Nitsche method, the scalar parameter κ varies from
1 to 107. For the Alart–Curnier method, the parameter η varies from 10−7 to 107. Finally, the step
length α0 in the primal-dual method varies from 10−5 to 2.

The results for Uzawa algorithm are available in Tables 2 and 3. They correspond to various
initializations of displacements in Table 2 and of nodal multipliers in Table 3. We first observe that
the algorithm always converges to one of the two exact solutions. The stick solution is obtained
only for large values of penalty parameters ηN and ηT if the initial multiplier is 0. It is not the case
for nonzero initializations of the Lagrange multipliers λ, see Table 3.
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Table 2. Uzawa, µ= 3.0: type of the converged solution with various initializations u0 and values of η= ηN = ηT
and zero initial Lagrange multipliers.

u0

η (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

104 free free free free free free free free free

105 free free free free free free free free free

106 free free free free free free free free free

107 free free free free free free free free free

109 free free free free free free free free free

1011 free free stick stick free free stick stick free

1013 free free stick stick free free stick stick free

Table 3. Uzawa, µ= 3.0: type of the converged solution with various initializations λ0 = (λN,∆λT) and values of
η= ηN = ηT and zero as initial displacement (u0 = (0;0)).

λ0

η (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26µ;0.26)

104 stick stick stick free free free free free

105 stick stick stick free free free free free

106 stick stick stick free free free free free

107 stick stick stick free free free free free

109 stick stick stick free free free free free

1011 stick stick stick stick free free stick stick

1013 stick stick stick stick free free stick stick

The results for the Nitsche method are available in Table 4. We first observe that the algorithm
always converges to one of the two exact solutions. When interpenetration is forced at the
initialization, the obtained solution is stick. Whatever the value of κ, the initialization with
the exact free or stick solution converges to the same exact solution. Note that for some
initializations, the nature of the obtained solution depends on the parameter κ.

Table 4. Nitsche, µ= 3.0: type of the converged solution with various initializations u0 and values of κ.

u0

κ (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

1 stick stick stick stick free stick stick stick stick

2 stick stick stick stick free stick stick stick stick

5 stick free free stick free stick stick stick stick

10 stick free free stick free stick stick stick stick

50 stick free free stick free stick stick stick stick

100 stick free free stick free stick stick stick stick

500 stick free free stick free stick stick stick stick

103 stick free free stick free stick stick stick stick

105 stick free free stick free stick stick stick stick

106 stick free free stick free stick stick stick stick

107 stick free free stick free stick stick stick stick
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The results for the Alart–Curnier generalized Newton method are available in Table 5. Once
again, the algorithm always converges to one of the two exact solutions. The choice of the
parameter κ does have an influence on the solution except if the initialization corresponds to
one of the exact solutions ((0;0) for no contact or (0.42;1.25) for stick contact).

Table 5. Alart–Curnier, µ= 3.0: type of the converged solution with various initializationsλ0 and values of η.

λ0

η (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26µ;0.26)

10−7 free stick free free stick free stick stick

10−5 free stick free free stick free stick stick

10−3 free stick free free stick free stick stick

0.1 free stick free free stick free stick stick

1 free free stick free free free stick stick

10 free free stick free free stick stick stick

103 free free stick free free stick stick stick

105 free free stick free free stick stick stick

107 free free stick free free stick stick stick

The results for the primal-dual algorithm are available in Tables 6 and 7. We first observe that
the algorithm always converges to one of the two exact solutions. Most of the time, the no-contact
solution is obtained.

Table 6. Primal-dual, µ= 3.0: type of the converged solution with various initializations u0 and values of α0 for
r0 = (0;0).

u0

α0 (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

10−5 free free free free free free free free free

10−3 free free free free free free free free free

0.01 free free free free free free free free free

0.05 free free free free free free free free free

0.1 free free free free free free free free free

0.5 free free free free free free free free free

1 free free free free free free free free free

2 stick free free free free free stick stick free

Table 7. Primal-dual, µ = 3.0: type of the converged solution with various initializations r0 and values of α0 for
u0 = (0;0).

r0

α0 (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26;0.26µ)

10−5 free free free free free free stick free

10−3 free free free free free free stick free

0.01 free free free free free free stick free

0.05 free free free free free free stick free

0.1 free free free free free free stick free

0.5 free free free free free free stick free

1 free free free free free free stick free

2 free free free free free free stick free
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5.3.2. With several elements

In this section, we increase the number of degrees of freedom such that nc = 50. A parameter
study of the initialization is no longer possible. Thus, the initial fields are randomly generated.
Then, 100 computations are performed and the nature of the converged solution is studied. We
highlight that 100 computations may not be sufficient to obtain statistically converged results.
The objective of this section is to perform a first coarse analysis on the probability of obtaining
contact or no-contact solution.

For Uzawa algorithm, the initial multipliers are such that λN is generated using a uniform
law on the interval [0;0.5]. Then, λT and the initial displacement are generated using a uniform
law on the interval [−0.5;0.5]. The converged solution is always the no-contact solution, as
illustrated in Table 8. We consider ηN = ηT = η ≤ 100 otherwise the algorithm diverges. For the
primal-dual accelerated gradient approach, the initial displacements and reactions at contact
nodes are generated using a uniform law on [−0.5;0.5]. Only the no-contact solution is found
by the algorithm, as illustrated in Table 9. This may be explained by the fact that vanishing the
constraints is easier than enforcing them while verifying equilibrium.

Table 8. Uzawa, µ = 3.0: type of the converged solution for 100 random initializations and different values of

ηN = ηT.

ηN = ηT

Type of solution 10 50 100

free 100 100 100

stick 0 0 0

Table 9. Primal dual, µ = 3.0: type of the converged solution for 100 random initializations and different values

of α0.

α0

Type of solution 10−3 0.01 0.05 0.1 0.5 1 2

free 100 100 100 100 100 100 100

stick 0 0 0 0 0 0 0

For the Nitsche method, only the initial displacement is required and it follows a uniform law
on [−0.5;0.5]. The results obtained are given in Table 10. We observe that with small values
of κ, only the no-contact solution is found. When κ increases, the stick solution is more likely
to happen.

Table 10. Nitsche, µ= 3.0: type of the converged solution for 100 random initializations and different values of κ.

κ

Type of solution 50 100 500 103 105 106 107

free 100 100 100 100 19 0 24

stick 0 0 0 0 81 100 76
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For the Alart–Curnier method, only the initial contact forces are required and it follows a
uniform law on [−0.5;0.5]. The results obtained are given in Table 11 and show that only the
no-contact solution is found.

Table 11. Alart Curnier,µ= 3.0: type of the converged solution for 100 random initializations and different values
of η.

η

Type of solution 10−5 10−3 0.1 1 10 103

free 100 100 100 100 100 100

stick 0 0 0 0 0 0

5.4. Considering µ= 3.5

In this section, we perform the same analysis as previously by setting µ= 3.5 in order to see if the
algorithms are able to capture the sliding solution computed in Section 5.1.

5.4.1. With only one element

All methods converge to the initial solution when the initial solution is one of the exact
solution both dual and primal variables. As for the case µ = 3.0, it is true for the Uzawa method
if the penalty parameters η are large enough for the stick contact case. Note that initialization
u0 = (−1.84δ;0) or r0 = (0.26µ;0.26) corresponds to the slip solution for the discretization nc = 1.

The results for Uzawa algorithm are available in Tables 12 and 13. We first observe that the
algorithm always converges to stick or non contact but never to the slip solutions. Contrary
to what was obtained for µ = 3.0, the stick solution is found more often for different initial
displacements.

Table 12. Uzawa, µ= 3.5: type of the converged solution with various initializations u0 and values of η= ηN = ηT
and zero initial Lagrange multipliers.

u0

η (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

104 free free stick stick free free stick stick free

105 free free stick stick free free stick stick free

106 free free stick stick free free stick stick free

107 free free stick stick free free stick stick free

109 free free stick stick free free stick stick free

1011 free free stick stick free free stick stick free

1013 free free stick stick free free stick stick free

The results for Nitsche method are available in Table 14. We first observe that the algorithm
always converges to one of the three exact solutions. In the last column, we give the energetic
error norm between the converged displacement and the exact slip solution. The slip solution is
obtained only if the initialization corresponds to the slip solution and for large values of κ. The
stick solution is found more often than previously.

The results for the Alart–Curnier generalized Newton method are available in Table 15. Once
again, if the initialization corresponds to one of the exact solutions, the algorithm converges in
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Table 13. Uzawa, µ = 3.5: type of the converged solution with various initializations λ0 = (λN,∆λT) and values
of η= ηN = ηT and zero as initial displacement (u0 = (0;0)).

λ0

η (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26µ;0.26)

104 stick stick stick stick free free free free

105 stick stick stick stick free free free free

106 stick stick stick stick free free free free

107 stick stick stick stick free free free free

109 stick stick stick stick free free free free

1011 stick stick stick stick free free stick stick

1013 stick stick stick stick free free stick stick

Table 14. Nitsche, µ= 3.5: type of the converged solution with various initializations u0 and values of κ.

u0

κ (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

1 stick stick stick stick free stick stick stick stick

2 stick stick stick stick free stick stick stick stick

5 stick free free stick free stick stick stick stick

10 stick free free stick free stick stick stick 3.8 10−3

50 stick free free stick free stick stick stick 1.4 10−4

100 stick free free stick free stick stick stick 3.6 10−5

500 stick free free stick free stick stick stick 1.4 10−6

103 stick free free stick free stick stick stick 3.6 10−7

105 stick free free stick free stick stick stick slip

106 stick free free stick free stick stick stick slip

107 stick free free stick free stick stick stick slip

Table 15. Alart–Curnier, µ= 3.5: type of the converged solution with various initializationsλ0 and values of r .

λ0

r (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26µ;0.26)

10−7 free stick free free stick free stick slip

10−5 free stick free free stick free stick slip

10−3 free stick free free stick free stick slip

0.1 free stick free free stick free stick slip

1 free free slip free free free stick slip

10 free free slip free free slip stick slip

103 free free slip free free slip stick slip

105 free free slip free free slip stick slip

107 free free slip free free slip stick slip

0 iteration and κ has no influence. Otherwise, both the initialization and κ have an influence on
the converged solution.

The results for the primal-dual algorithm are available in Tables 16 and 17. We first observe
that the algorithm always converges to stick or non contact but never to the slip solutions.
Contrary to what was obtained for µ = 3.0, the stick solution is found more often for different
initial displacements and reactions.
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Table 16. Primal-dual, µ= 3.5: type of the converged solution with various initializations u0 and values of α0 for
r0 = (0;0).

u0

α0 (0.5;0) (0.5;0.5) (0;0.5) (0;0) (−7δ,δ) (−0.5;0) (−0.5;−0.5) (0;−0.5) (−1.84δ;0)

10−5 free free free free free free free free free

10−3 free free free free free free free free free

0.01 free free free free free free free free free

0.05 free free free free free free free free free

0.1 free free free free free free free free free

0.5 stick stick stick stick free stick stick stick free

1 stick stick stick stick free stick stick stick free

2 stick stick stick stick free stick stick stick free

Table 17. Primal-dual, µ= 3.5: type of the converged solution with various initializations r0 and values of α0 for
u0 = (0;0).

r0

α0 (0.5;0.) (0.5;0.5) (0.5;−0.5) (0.;0.) (0.;0.5) (0.;−0.5) (0.42;1.25) (0.26µ;0.26)

10−5 free free free free free free stick stick

10−3 free free free free free free stick stick

0.01 free free free free free free stick stick

0.05 free free free free free free stick stick

0.1 free free free free free free stick stick

0.5 stick stick stick stick stick stick stick stick

1 stick stick stick stick stick stick stick stick

2 stick stick stick stick stick stick stick stick

5.4.2. With several elements

In this section, we increase the number of degrees of freedom such that nc = 50. We generate
the initial fields as it is described in Section 5.3.2. With the Uzawa algorithm, as for µ = 3.0, the
only solution obtained is no contact. For the Alart–Curnier approach, the only solution obtained
is no contact. The results obtained with the Nitsche method are in Table 18. The slip solution is
obtained only once and the parameter κ has to be large enough. In this table, we also indicate
that some computations fail. Indeed, the initialization may be very wrong (with many points with
interpenetration in the normal direction for instance). These failed computations correspond to
increments being larger at each iteration leading to the divergence of the algorithm.

Table 18. Nitsche, µ= 3.5: type of the converged solution for 100 random initializations and different values of κ.

κ

Type of solution 50 100 500 103 105 106 107

free 97 94 98 97 100 100 4

stick 0 0 0 0 0 0 95

slip 0 0 0 0 0 0 1

fail 3 6 2 3 0 0 0
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For the primal-dual accelerated gradient method, the initial displacements and reactions at
contact nodes are generated using a uniform law on [−0.5;0.5]. The results are given in Table 19
and illustrate that the nature of the converged solution only depends on the scalar parameter α0

and not on the initialization (or weakly and thus a sample of 100 computations is not large
enough to be representative in terms of statistics).

Table 19. Primal dual, µ= 3.5: type of the converged solution for 100 random initializations and different values
of α0.

α0

Type of solution 10−3 0.01 0.05 0.1 0.5 1 2

free 100 0 0 0 0 0 0

stick 0 100 100 100 100 100 100

6. Conclusion

In this paper, we compared four contact algorithms on one specific contact with Coulomb friction
example: this quasi-static contact problem between one elastic body and one rigid obstacle
exhibits multiple solutions if µ ≥ 3. We studied the influence of the initialization and the scalar
parameters of each approach. We observed that both initialization and parameters have an
influence on the nature of the solution. When µ = 3, it seems easier for the algorithms to go
towards the no-contact solution. In addition, we computed two existing criteria on the presence
of multiple solutions for this problem. We conclude that these criteria are very expensive and not
informative enough. Indeed, only a lower bound is provided and this bound may strongly depend
on the discretization. Finally, considering friction coefficient µ > 3 we found a third solution
with some sliding nodes. It appears that only the Nitsche and Alart–Curnier approaches are able
to obtain this solution which is yet very unlikely. This numerical study highlights the fact that
giving guidelines to users regarding the definition of the algorithms’ parameters is crucial. More
generally, tools to estimate the quality of the approximated solution or the presence of multiple
solutions are not sufficient and yet critically needed.
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