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Abstract. Recently, it has been conjectured that a specific modular articulated bi-parallelogram microstruc-
ture is a solution for the problem of synthesis for a 1D continuum whose deformation elastic energy depends
on the curvature gradient (dell’Isola et al. [Math. Mech. Complex Syst. 12 (2024)] and Terranova et al. [Comptes
Rendus. Mécanique 353 (2025)]). In this paper, we present an asymptotic procedure for getting the homog-
enized description of that microstructured system under large in-plane deformation. It is shown that such a
periodic structure behaves macroscopically as a third gradient 1D continuum.

The elastic energy stored in a module of such a microstructured system deformed by a gradient of
curvature combined with extension is first established. This leads to the energy density of the effective
1D continuum. The latter involves three elastic stiffness coefficients related to the curvature gradient, the
elongation, and the coupling of both, whose expressions are explicitly related to the morphology of the
module, the stiffnesses of the micro bars, and the curvature.

The strong formulation of the equilibrium condition of the microstructured system is then deduced
following the Euler–Lagrange method of minimization of energy. The calculation of the first variation of the
deformation energy allows for the determination of the generalized external forces which can be applied to
the equivalent 1D continuum whose deformation energy depends on the gradient of curvature and extension:
that is, normal and transverse force together with couple and double couple. Consequently, we determine
the corresponding balance equations and the constitutive equations for forces and both couple and double
couples.

Some numerical examples are given in the case of newly introduced 1D continua loaded at their extremity
by couples and double couples.
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Introduction

Generalized continua have been theoretically investigated since the pioneering works by Piola,
see [1,2]. After a long oblivion, the study of generalized continuum theories started again
in the early twentieth century, when a number of mathematicians and mechanicians began
questioning the adequacy of classical Cauchy continua to describe microstructured materials
with multiple length scales. One of the earliest systematic treatments was provided by the
Cosserat brothers, who formulated a theory capable of incorporating independent rotations
of material points. Their pioneering monograph “Théorie des corps déformables” [3] laid the
foundation for what would later be called Cosserat or micropolar continua. Their work remained
ahead of their time and was not fully appreciated until the mid-twentieth century, when the
rise of materials with significant microstructural effects revived interest in enriched continuum
theories. A major modern push began with the emergence of micromorphic and microstretch
theories, most prominently formulated by Mindlin, whose contributions remain central to the
field. In a sequence of influential works, albeit sometimes underestimated, Mindlin developed
strain-gradient and microstructure-dependent models that generalized classical elasticity by
incorporating additional kinematic variables and higher-order gradients. His comprehensive
treatment can be found, among others, in [4,5]. These works triggered a sustained development
of generalized continuum models across applied mathematics and engineering. Mindlin did base
his postulation scheme on variational principles.

Following Mindlin’s influence, Eringen unified several micropolar and micromorphic theories
into a coherent framework. His monograph provides a definitive exposition, see [6]. Eringen
and his collaborators helped to solidify generalized continua as a distinct field within continuum
mechanics. Unfortunately, Eringen’s approach presents some epistemological flaws, as it is
based on the multiplication of postulates (one balance law for each kinematical independent
descriptor) and on the presence of serious compatibility problems among the many different
constitutive equations to be introduced for “closing” the problem of the determination of the
system’s evolution equations.

Around the same period, aeroelastic and structural applications motivated further general-
izations, including strain-gradient theories formulated by Toupin, whose work preceded and in-
fluenced many later developments, see [7]. Richard Toupin did formulate unifying variational
principles and therefore did not have the logical and postulation problems present in Eringen’s
approach. Similarly, Paul Germain [8] made seminal contributions to the development of mi-
crostructured continuum mechanics by extending classical theories to incorporate internal de-
grees of freedom within material elements. He systematically employed the principle of virtual
power, as inspired by Lagrange, to deduce consistent balance laws, constitutive equations and
boundary conditions for continua endowed with micro-rotations, couple stresses, and internal
variables, thus providing a rigorous and unifying variational foundation. Within this framework,
he clarified how microstructural effects must be incorporated into the governing equations while
preserving fundamental principles such as objectivity and invariance [9].

Germain’s formulations established the basis for micropolar, micromorphic, and second-
gradient theories, connecting classical elasticity with the nonclassical models first envisioned
by the Cosserat brothers. Germain’s ideas made it possible to model materials with complex
internal architecture, such as composites, granular materials, and modern metamaterials, by
incorporating micro-rotations and higher-order stresses into the constitutive structure. His
distinctions between hyper-stresses and classical stresses resolved longstanding interpretative
ambiguities and anticipated central features of today’s gradient and micromorphic models.
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The modern translation and presentation of his second-gradient theory in Mathematics and
Mechanics of Complex Systems [9] has further emphasized the lasting relevance of his ideas and
methods, while subsequent authors have highlighted the far-reaching influence of his approach
on contemporary generalized continuum mechanics [10,11].

The above-mentioned theories were developed by following approaches postulated directly
at the macroscopic scale. The various generalized continuum descriptions that have been es-
tablished are theoretically well-founded, but they postulate the existence of suitable additional
kinematic descriptor(s). In other words, the precise link between the microstructure and the con-
sidered kinematic descriptor(s) is missed. The practical consequence is that, for a given known
microstructure, the relevant generalized continuum description is not specified, and the effec-
tive parameters can only be conjectured. One could say, somewhat provocatively, that while the-
ories exist, we do not know to which specific materials and under what particular conditions they
apply. In fact, it has long been questioned if these generalized continua were describing actual
mechanical systems. To remedy this shortfall, instead of accepting a priori the existence of ad-
ditional kinematic descriptor(s), an alternative approach has been developed to derive general-
ized continua by means of a rigorous micro-macro up-scaling procedure. For this purpose, the
well-founded asymptotic homogenization method has been proved to be an efficient theoreti-
cal tool both in its more standard framework [12–14] and when extended to higher order mod-
els [15,16] or discrete structures [17–19]. The benefits of this approach are: (i) to explicitly relate
the nature of the generalized description to the microstructure; (ii) to formulate the conditions
in which the standard Cauchy model fails to describe the phenomena; (iii) to provide the calcu-
lation procedure of the effective parameters; (iv) to improve the physical understanding and fa-
cilitate the design of non-conventional synthetic materials often referred to as architectured me-
dia or metamaterials. Homogenization-based models give specific examples of generalized con-
tinua for specific materials whose microstructure is precisely described. Conversely, the wider
problem of the synthesis of the microstructures corresponding to a class of generalized continua
demands the determination of a class of microstructures that produces, via homogenization, the
chosen continua. Hence, the homogenization method gives a decisive tool for solving the syn-
thesis problem.

In recent decades, generalized continuum mechanics has expanded far beyond its original
formulations. Related research flourished within the context of metamaterials, where size ef-
fects and internal architecture necessitate enriched continuum descriptions. Contemporary ref-
erences that synthesize this evolution are, e.g., [20,21]. Today, generalized continuum theories (a
general name which includes Cosserat, micromorphic, microstretch, and strain-gradient mod-
els) constitute a mature and active area of research, informing the modeling of mechanical meta-
materials [22–24], architected solids [25–27], biological tissues [28,29], granular flows [30], and
nonlocal damage [31,32]. The historical progression from the Cosserats’ conceptual innovation
in the early twentieth century to modern gradient and micromorphic formulations demonstrates
a continuous effort to bridge the gap between classical continuum descriptions and the complex
behavior of real microstructured materials.

A general observation emerges from all these works on higher-order elastic media in static
regimes: when a displacement from reference configuration, characterized by one (or more)
kinematic variables, can occur with vanishing deformation energy, the elastic energy related
to this displacement can only depend on the spatial variation of that variables. For simple
homogeneous media, these displacements are only rigid ones. The elastic energy therefore
depends on their spatial variation, characterized by the Cauchy–Green tensor, which leads
to the standard Cauchy media. For microscopically inhomogeneous media (which exhibit
spatial invariance of a representative elementary volume, associated with an internal dimension),
accounting for the spatial variation through the Cauchy–Green tensor alone may be insufficient,



596 Claude Boutin et al.

and higher-order gradients must then be considered in the formulation of the energy. This is
the case for second- (or more) gradient media, where successive gradient terms coexist. In most
cases, higher-order terms introduce corrective terms, but they can also be as significant as the
first-order terms, see [33,34]. For Cosserat media, rotations are added to the energy-free particle
motions, and the description therefore includes rotation gradients. In the case of 1D media such
as homogeneous beams, the transverse motion gradient corresponds to a homogeneous beam-
section rotation which has vanishing deformation energy. The elastic energy thus depends on
the double gradient, i.e., on the curvature, which corresponds to the deformation measure in the
Euler beam. But in extension, the energy remains related to simple gradient, as in Cauchy media.

More complex micro-structured media allow for descriptions in which only higher-order
gradients are involved (for certain variables). This occurs when the microstructure permits
energy-free displacements other than rigid-body motions, which corresponds to the presence of
an internal mechanism. Pantographic plates and shells [35,36], characterized by the fact that the
deviatoric component of the deformations corresponds to a free-energy mode, or “floppy mode”,
were the first examples studied in this context. These works followed the pioneering article [37]
showing that pantographic beams are second-order gradient media in extension and bending.
More recently, a study of media in which the “floppy mode” is associated with the isotropic part
of the deformations can be found in [38]. Following the same line of thought, one can expect
to obtain a third-gradient beam when the microstructure admits a floppy mode associated with
curvature, i.e., a deformation with constant curvature occurs without deformation energy. This
is precisely the distinctive feature of the one-dimensional periodic microstructure composed
of articulated bi-parallelograms, presented under the name ZAPAB in [39–41] and depicted in
Figure 1. This object provides a concrete answer to the quest for third-gradient media that
are neither an improvement nor a regularization of second-gradient media, but whose third-
gradient description defines their very nature. This study, together with recent works on third
gradient media, e.g. [42–45], contributes to understand their features and to progress in solving
the wide problem of metamaterial synthesis, which aims to identify microstructures that, once
homogenized, obey the generalized continuum model chosen a priori; see [46].

The aim of this paper is, by means of a homogenization procedure inspired by the homoge-
nization of discrete media [17,18], to derive the effective third gradient macroscopic description
of this kind of microstructure.

The first part of the study is devoted to describing the kinematics of the microstructural
mechanism (i.e., when each bar keeps its length constant), in order to understand the properties
of the so-called “floppy” modes (i.e., with zero deformation energy) of the microstructure and of
the corresponding 1D macro continuum. In a Lagrangian description, the analysis is carried out
on the elementary module of the microstructure using the internal angle α (see Figure 2), which
is immediately recognized to be related to the macro-curvature, see equation (1).

Then, adapting the ideas of the asymptotic homogenization at the leading order to the new
class of micro-structures, we determine the homogenized elastic deformation energy stored in
a module of the microstructure deformed by a gradient of curvature combined with extension.
Applying Hill’s principle, this immediately leads to the energy density of the effective 1D con-
tinuum. The latter involves three elastic stiffness coefficients related respectively to the gradient
of curvature, the elongation, and the coupling of both, whose expressions are explicitly related to
the morphology of the module and the stiffnesses of the micro bars. The three effective stiffnesses
are shown to depend on the curvature. The energy description is a dominant-order description,
in the sense that the higher-order gradients of curvature and elongation are disregarded.

From these results, the effective behavior of the 1D effective continuum is derived following
the Euler–Lagrange method of minimization of total energy (elastic and potential). This enables
us to determine that the generalized contact forces (in the sense given by Germain and Mindlin)
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in the newly introduced 1D continuum are: (i) normal and transverse force, (ii) couples, and
(iii) double couples. Moreover, our analysis provides the corresponding balance equations and
specifies the normal force and double couple constitutive laws.

The main results of the paper can be outlined as follows:

• the theoretical derivation of the third gradient 1D continuum description of articulated
bi-parallelogram microstructures in large in-plane deformation, when the module re-
mains in the regime of small deformations;

• the analytical expression of the three elastic stiffness coefficients as a function of the
morphology of the module, the stiffnesses of the micro-bars and the curvature;

• the formulation of the effective macro-behavior in terms of generalized forces with the
corresponding macro-balance equations and constitutive laws.

The paper is organized as follows. Section 1 is devoted to the identification of the mechanism
configuration with constant curvature of the microstructure. Section 2 deals with the description
of the elastic microstructure under macroscopic deformations, considering separately the cases
of elongation at constant curvature and gradient of curvature at constant elongation. The pro-
posed approach, inspired by the asymptotic homogenization of discrete media, yields the stored
elastic energy in a module and the explicit determination of the effective elastic parameters. In
Section 3, starting from the effective density of energy and using the Euler–Lagrange method of
energy minimization, the effective model is established. Some numerical examples are also pro-
vided and discussed.

Figure 1. Top: The elementary module made of four short bars of length ℓ and of four long bars of length
p

3ℓ,
articulated at the four hinged nodes (n = 1,2,3,4). Center: Periodic articulated bi-parallelogram mechanism in
straight configuration. Bottom: Illustration of the two articulated parallelograms (rectangles in straight configu-

ration).
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1. Mechanism of constant curvature

1.1. Topology and geometry

The specific periodic microstructure, introduced in [39], is based on the elementary module, see
Figure 1, bottom. This module is made of four short bars of length ℓ and of four long bars of lengthp

3ℓ. These bars are connected by hinges, each of them relating two long and two short bars, in
such a way that they form the bi-parallelogram articulated microstructured system as depicted in
Figure 1 in the straight configuration. The sides of the parallelograms (rectangles in the straight
configuration) are the short and long bars and the half diagonal of parallelogram is the short side
of the subsequent parallelogram. One can also describe the microstructured system in its straight
configuration as an assembly of similar right triangles made of bars (with orthogonal sides ℓ andp

3ℓ, and hypotenuse 2ℓ) which map into one another by symmetry about axis orthogonal to the
central line passing through the internal hinges.

Notations

The module contains four hinged nodes which are simply indicated by numbers {1,2,3,4}. The
similar nodes of the subsequent or the preceding modules are respectively denoted as {1+, . . . ,4+}
and {1−, . . . ,4−}. The distance between two nodes i and j is |i j |. A bar connecting nodes i and j
(of the same or of an adjacent module) is designed by bi j . A triangle, respectively quadrilateral,
of summits the nodes {i , j ,k}, resp. {i , j ,k, l } is noted Ti , j ,k , resp. Qi , j ,k,l . At a node i , the angle
between the two lines relating node i to nodes j and k is noted ĵ i k. For any vector v, the
orthogonal vector in the direct trigonometric sense is denoted v⊥. Note also that in this paper
we will not use the Einstein convention, i.e., repeated indices do not mean summation.

1.2. One degree of freedom mechanism

Let us determine the number of degrees of freedom of an isolated elementary module (Figure 1)
made up of rigid bars. In the considerations which follow we count the number of the constraint
scalar equations to determine the corresponding number of blocked degrees of freedom: the cal-
culation is correct as the system of all these equations has a Jacobian matrix, at each considered
configuration, which has maximal rank.

Each isolated rigid bar has three degrees of freedom, two in translation and one in rotation.
This gives 24 degrees of freedom for the 8 isolated bars of an isolated elementary module. Since
the bars are connected by hinges, we must remove 2 degrees of freedom in translation at each
node for each bar connected to another, i.e. 2×2 = 4 at node 1, 2×3 = 6 at node 2, 2×2 = 4 at
node 3, 2 at node 4 and 2 at node 4+. Thus, the total number of degrees of freedom of an isolated
module is 24− (4+6+4+4) = 6 degrees of freedom. The latter consist of 3 degrees of freedom
of rigid body motion of the module, the 2×1 degrees of freedom of rotation of the bars b31+ and
b23+ having a free end, and 1 degree of internal freedom of the module. Indeed, disregarding the
two free end’s bars, if one of the 6 remaining bars is fixed, the motion of one among the others
imposes uniquely the motion of all the others.

Now let us consider two connected modules. They have 2×6 degrees of freedom, from which
we must subtract 2 degrees of freedom for each of the three joints common to both modules.
Thus, two modules also have 12− 3× 2 = 6 degrees of freedom. By the same reasoning, we see
that N modules also have 6 degrees of freedom. Thus, without taking into account the two bars
that have free ends, the system with rigid bars has one degree of freedom in addition to the three
degrees of freedom of the rigid body’s movement. Therefore, this system is a single-degree-of-
freedom mechanism.



Claude Boutin et al. 599

1.3. Identification of mechanism configurations of constant curvature

This section aims at identifying the mechanism configurations. They correspond to modes of
deformation in which all the bars move as a rigid body, so that since the bars are not deformed,
these modes occur without energy.

Figure 2. Module modified by introducing angle π−2α at node 1.

Consider the triangle T2,4,3 whose hypotenuse {3,4} contains node 1 in the straight configura-
tion. Transform T2,4,3 into a quadrilateral Q2,4,1,3 that preserves the length of each bar, see Fig-
ure 2. At node 1, bars b13 and b14 then form an angle 3̂14 =π−2α, and the distance |34| between
nodes 3 and 4 becomes |34| = 2ℓcos(α). The triangle T3,2,4 whose hypothenuse is thus no longer
materialized by bars, becomes not right-angled, and at node 2, the angle 3̂24 = π

2 −β between
bars b23 and b24 is given by the following relation between sides and angles:1

(
2ℓcos(α)

)2 = ℓ2 + (
p

3ℓ)2 −2
p

3ℓ2 cos

(
π

2
−β

)
thus sin(β) = 2p

3
sin2(α).

Similarly the angles 4̂32 = π
3 + γ at node 3, and 2̂43 = π

6 + δ at node 4, are deduced from the
following relations:

(
p

3ℓ)2 = (
2ℓcos(α)

)2 +ℓ2 −4ℓ2 cos(α)cos

(
π

3
+γ

)
thus cos

(
π

3
+γ

)
= 2cos2(α)−1

2cos(α)
,

ℓ2 = (
2ℓcos(α)

)2 + (
p

3ℓ)2 −4
p

3ℓ2 cos(α)cos

(
π

6
+δ

)
thus cos

(
π

6
+δ

)
= 2cos2(α)+1

2
p

3 cos(α)
,

and finally we have the relation between the angles of Q2,4,1,3:

1̂32+ 3̂24+ 2̂41+ 4̂13 = 2π thus γ+δ=β.

1In a triangle of sides a,b,c of opposite angle α to the side a one has: a2 = b2 + c2 −2bc cos(α).
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Figure 3. Congruence of triangles T1,2,4 and T1,2,4+ and of triangles T3,1+ ,2, T3+,1+,2.

Furthermore, the original rectangle Q3,2,4,2− transforms into a parallelogram with alternating
angles π

2 −β (at nodes 2 and 2−) and π
2 +β (at nodes 3 and 4). The parallelogram’s diagonal length

between nodes 2− and 2, namely |2−2| = 2ℓα is given by the relation

(2ℓα)2 = ℓ2 + (
p

3ℓ)2 −2
p

3ℓ2 cos

(
π

2
+β

)
= 4ℓ2

(
1+

p
3

2
sin(β)

)
so 2ℓα = 2ℓ

√
1+ sin2(α).

From the congruence of the triangles T1,2,4 and T1,2,4+ (see Figure 3) one deduces the angles’
equality 4̂21 = �214+ and as the triangle T1,3,2 is isosceles, the angle formed by bars b13 and b14+

at node 1 is the same than that formed by bars b23 and b24 at node 2, i.e.�314+ = 3̂24 =π/2−β.

Consequently, Q3,1+,4+,1 is a parallelogram congruent to Q3,2,4,2− with alternating angles π
2 −β (at

nodes 1 and 1+) and π
2 +β (at nodes 3 and 4+), and |11+| = |2−2| = 2ℓα.

The same reasoning applied to triangles T3,1+,2, T3+,1+,2 and T2,4+,1+ yields that at node 2 the
angle formed by bars b23+ and b24+ are given byà3+24+ =à31+4+ =π/2+β.

Therefore, parallelograms Q3+,2+,4+,2 and Q3,2,4,2− are congruent.2 In addition, the bars b4+1+

and b13 are parallel, the latter being rotated by an angle 2α compared to b41. This shows that the
position of the two bars {b1+4+ ,b1+3+ } of the subsequent modulus is obtained from the position
of the two bars {b14,b13} of the central modulus through a rigid-body motion, since neither bar
length nor relative orientation changes. This rigid body motion consists of a 2α rotation and
a translation by distance 2ℓα along the diagonal 11+ of the parallelogram Q1,3,1+,3+ . Repeating
a series of N identical rotation-translations constructs the kinematics of a stress-free periodic
mechanism configuration of a microstructured system formed by N modules.

Furthermore, nodes (1,2,1+,2+) are cocircular because the angles à1,2,2+ and á1,1+,2+ are
identical (cf. Figure 3), and this property repeats identically (i.e., with the same angles) for each
module of the mechanism. Consequently all type-1 and type-2 nodes lie on the same circle, so
the mechanism configuration has constant curvature, see Figure 4. Since each increment 2ℓα
undergoes a rotation 2α, it follows that the radius of the circle is:

2R2
α

(
(1−cos(2α)

)= (2ℓα)2 =⇒ Rα = ℓα

sin(α)
= ℓ

√
1+ sin2(α)

sin(α)
. (1)

2Note also that the triangles T4,1,2 and T4+ ,2,1 are congruent and symmetric about the axis A3 bisector of angle 1̂32
at node 3. Thus reflecting Q4,2,3,2− about A3 gives Q1,3,1+,4+ ; similarly, reflecting the parallelogram Q4,2,3,2− about the

axis A4 bisector of angle �142− at node 4 gives the parallelogram Q1,4,1−,3− .
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Figure 4. Repetition of the same deformed module by rotation-translation.

1.4. Positions of the module’s nodes under constant curvature

The previous section shows that the knowledge of the angle α completely determines the trans-
formation of the microstructured system in which the bars undergo rigid body motions. This
mechanism characterized by α will be denominated latter by the α-floppy mode or the mecha-
nism configuration.

Figure 5. Orientations of the bars of a module in the α-configuration.

The orientation of all bars in the central module is shown in Figure 5. Bars b23 and b24 rotate
by angles γ and δ around node 2, while bars b24+ and b23+ rotate by 2α−γ and 2α+δ about the
same node. Note also that at nodes 1 and 2 the long and short bars each rotate relative to one
another by the same angle 2α. Finally, bars b31 and b4+1+ remain parallel while rotating by α.

Under the α-floppy mode, the position Pi of the nodes i in the central module (resp. P±
i in the

adjacent modules) relatively to the position P1 (resp. P±
1 ) of the reference node 1 (resp. 1±) are

given hereafter.

To lighten notations we simply write
−−−→
Pi P j (or

−−−→
Pi P+

j , etc.) in place of
−−−→
Pi P j (α). The orientations

are referred to the unitary vector e13 of the bar b13 in theα-floppy mode configuration. A rotation
of angle ϕ is denoted Rϕ.
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Internal nodes of the central module:−−−→
P1P3 = ℓe13,
−−−→
P1P4 = Rπ−2α

−−−→
P1P3 = ℓRπ−2αe13,

−−−→
P4P2 =

p
3R−π+ π

6 +δ+α
−−−→
P1P4 =

p
3ℓR π

6 +δ−αe13,
−−−→
P1P2 =−−−→

P1P4 +−−−→
P4P2 = ℓ

(
Rπ−2α+

p
3R π

6 +δ−α
)
e13.

(2)

Relative nodes position from the central to the subsequent module:
−−−−→
P+

4 P+
1 =−−−→

P1P3 = ℓe13,
−−−→
P1P+

4 =p
3R π

2 −β
−−−→
P1P3 = ℓ

p
3R π

2 −βe13,
−−−→
P1P+

1 =−−−→
P1P+

4 +−−−−→
P+

4 P+
1 = ℓ(p3R π

2 −β+ I
)
e13.

(3)

Nodes of the adjacent modules:
−−−−→
P+

1 P+
i = R2α

−−−→
P1Pi ,

−−−→
P1P+

1 = R2α
−−−→
P−

1 P1,
−−−→
P1P+

i = R2α
−−−→
P1Pi +

−−−→
P1P+

1 ,
−−−→
P1P−

i = R−2α
−−−→
P1Pi +−−−→

P1P−
1 ,

−−−→
Pi P+

j = R2α
−−−→
P1P j +

−−−→
P1P+

1 −−−−→
P1Pi ,

−−−→
Pi P−

j = R−2α
−−−→
P1P j +−−−→

P1P−
1 −−−−→

P1Pi .

(4)

From these relations one also deduces that
−−−→
Pi P+

i = R2α
−−−→
P−

i Pi .

Tangent vector

The unit vector tangent to the circle passing through the reference points is determined on the
reference point P1 of a given module by

eθ =
−−−−→
P−

1 P+
1∥∥−−−−→P−

1 P+
1

∥∥ . (5)

The angle θ is increased of 2α when passing from a module to the next one. Hence, for the nth

module in the α-configuration θn = (n −1)2α+θ1.

Remark 1. In the remainder of the paper the notations
−−−→
Pi P j or

−−−→
Pi P j (α) and ei j =

−−−→
Pi P j

∥−−−→Pi P j ∥
will

systematically refer to the position of the nodes and the orientation of the bars of the module in
the α-floppy mode.

1.5. Orders of magnitude — Small angle configurations

Consider a straight system formed by N modules of total length L = 2ℓN . In the α-floppy mode,
each module rotates by 2α and the reference nodes (as the nodes 2) lie on a circular arc of central
angleϕ= 2αN . The length Lα of the broken-line passing to the reference nodes and the radius of
curvature Rα of the central line are respectively

Lα = Nℓα = L
√

1+ sin2(α), Rα = ℓα

sin(α)
= Lα

2N sin(ϕ/2N )
.

For example, to transform a chain of N = 10 modules into a quarter circle (ϕ = π
4 ), one must

impose α = π
80 = 2.25◦; for N = 30 modules, α = 0.75◦ suffices. Thus, very small angles α can

induce large displacements.
Note also that the ratio of arc length Rα×ϕ to the length Lα depends only onα, independently

of N :
Lα

Rαϕ
= sin(ϕ/2N )

ϕ/2N
= sin(α)

α
.
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This ratio approaches 1 as α becomes small, meaning Rα ≫ ℓα. The orientation of the vector−−−→
P1P+

1 of each module then approximates the tangent to the circle passing through the reference
nodes. Conversely, whenα=π/6 the reference nodes of the modules form stacked hexagons, e.g.
6 hexagons for 36 modules.3 For the half angle α=π/12 one would obtain 3 stacked dodecagons.
Hence to approximate the module’s orientation by the tangent to the circle, one needs at least
α<π/24 ≈ 7.5◦, which roughly corresponds to R > 8ℓ.

Small α-angle configurations

The condition of small angle is necessary to derive an elastic equivalent homogenized con-
tinuum model. Indeed it guarantees a scale separation in the sense that a small α implies a ra-
dius of curvature much larger than ℓ. At small angle α the general geometric relations simplify as
follows:

β≈ 2p
3
α2; δ≈ β

4
; γ≈ 3β

4
; 2ℓα ≈ 2ℓ

(
1+ α2

2

)
; Rα ≈ ℓα

α
≈ ℓ

α

(
1+ α2

2

)
.

Thus the curvature κ of the α-floppy mode is simply given, up to α2, by:

κ= R−1
α ≈ α

ℓ
. (6)

Note that the angles β,γ,δ are O(α2), hence they become all the smaller as α is small. Revisiting
the previous examples, for α=π/80 one has

β= 2p
3

(
π

80

)2

≈ 0.1◦,

and forα=π/240, one finds β≈ 0.01◦. The rectangles therefore remain extremely little deformed
even under large displacements. Examples of small α mechanism configurations are presented
on Figure 6.

Figure 6. Mechanism’s configurations of a microstructured system made of 30 modules, in which (α = β = 0◦),
(α ≈ 0.9◦, β ≈ 0.0160◦), (α ≈ 2.7◦, β ≈ 0.0480◦) and (α ≈ 5.3◦, β ≈ 0.5◦). In each case the tangent vector eθ is
indicated for the module at the middle of the system.

3Such an angle α = π/6 is close to the angle αmax which would lead to bar b13 overlaps with bar b2−3. In that case

sin(βmax) =
p

3−1
2 and sin2(αmax) =

p
3(
p

3−1)
4 which gives βmax ≈ 21.5◦, αmax ≈ 34◦ and 2ℓαmax ≈ 2.3ℓ.
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2. Elastic microstructured system subjected to macroscopic deformations

We now consider that the microstructured system undergoes macroscopic deformations that
differ from floppy modes. Thus, conversely to the mechanism configuration (in which the bar
remains undeformed), the system is subjected to a variation of the curvature and/or of length.

The aim is to derive a 1D effective continuum description of the microstructured system. In
this view, we focus on the situation where the microstructured system deformation, which can
be large, occurs at a scale much larger than the module’s size. This means that from one module
to the subsequent the curvature and the length vary incrementally. Consequently, the elastic
deformations of the microstructured system subjected to large deformations arises from the
small deformations occurring in each module. This enables to treat separately the curvature and
length variations, considering variations of curvature at constant length and variation of length
at constant curvature. Each of these two scenarios requires a specific homogenization procedure
which are described in the two subsequent sections. Applying the principle of superposition
in small deformations, one derives the equilibrium state (and the corresponding strain of each
bars), of the module undergoing both variations of curvature and of length. Summing the
elastic energy of all the bars of the module gives the elastic energy of any deformed module
of the microstructured system. The integration of the latter on the whole modules yields the
homogenized elastic energy of the whole system, as a function of the gradient of curvature and
elongation.

It is crucial to note that, for the considered structure, the “measure” of the separation of
scale ratio is fundamentally different from the inverse of the number N of modules forming the
microstructure. The correct estimate is given by the ratio of the module size to the radius of
curvature, which is directly related to α, see equation (6). Indeed, if we consider, for example,
a structure composed of N = 600 modules, its deformed structure for α = π/6 consists of 100
superimposed hexagons. Assuming that the scale ratio is 1/N = 1/600 ≈ 1.5× 10−3, one might
think that the scales are well separated. This is clearly not the case, because under a small
perturbation of this configuration, the change in orientation of one module relative to another
cannot be considered incremental, meaning that the scale separation is not respected (the radius
of curvature is on the order of the module’s size). Conversely, in a structure composed of N = 10
modules, in which α = 0.5◦ = ℓ/Rα ≈ 10−2, a perturbation of this configuration will respect the
scale separation much better than the inverse of the number of modules 1/N = 0.1 would suggest.

In what follows, we will consider small angles α, so that the calculations are performed
asymptotically by expanding the trigonometric functions up to O(α2). This has the advantage
of yielding simple algebraic expressions. However, the main reason we restrict ourselves to
small values of α is as follows: the continuous model results from the passage from a discrete
description to a continuous one using Taylor expansions limited in our case to the first order (for
example, finite differences in α are transformed into curvature derivatives), see Section 3. Such
a continualization is valid only if the variations from one module to the next can be considered
incremental. Consequently, the variation in orientation from one module to the next must be
sufficiently small, which implies a very gradual variation in curvature. But since the deformed
structure is assumed to be locally a perturbation of the mechanism’s α configuration, it follows
that, from one cell to the next, the orientation changes by 2α (to within dα). Thus, for the
homogenization process to be valid, α must be sufficiently small.

It might be possible to extend the analysis to a finite α, but for now, that question remains
open.

2.1. Macroscopic variation of length at constant curvature

Let us first focus on the microstructured system when it undergoes a macroscopic length varia-
tion under a constant curvature. Then, the configuration of each module departs slightly from
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that of the floppy mode having the same curvature. The homogenization procedure allows the
determination of the equilibrium of the perturbed state as follows.

• We start by the floppy mode configuration at the curvature corresponding to α. Then, one
perturbs the position of the reference nodes 1± by ±dl e±

θ
where e±

θ
stands for the unit vector

tangent to the circle on the nodes 1±. In this way, the nodes 1± remain on the same circle with
the arc lengths |11+| and |1−1| incremented by dl . Hence the elongation ρ of the module is, up
to α2:

ρ = 1+ dl

2ℓα
≈ 1+ dl

2ℓ
. (7)

• On the other nodes i , i ∈ {2,3,4,2±,3±,4±} we add to the floppy mode placement unknown
displacements dl ξi . The scale separation implies a quasi-invariance from a module to the
adjacent ones, i.e., along the circle. Hence, the correctors dl ξi are identical in adjacent
modules provided that they are expressed in the local reference frame of each module. This
condition is traduced asymptotically by imposing the local reproducibility (in the sense that
both translation and rotation are involved) of the corrector from a module to the adjacent
ones. This extends the usual assumption of periodicity which expresses the local invariance
by translation only.

• According to the new perturbed positions of the nodes 1±, the corrector in the subsequent

module is the corrector of module translated by
−−−→
P1P+

1 +dl e+
θ

, and rotated by 2α. Similarly, the

corrector in the precedent module is the corrector of module translated by
−−−→
P1P−

1 −dl e−
θ

, and
rotated by −2α.

• We then determine the elongation of all the bars and the normal forces developed in them. This
allows to express the equilibrium of the nodes of the module in the perturbed configuration,
under the assumption of small deformations within the module.

• The set of equilibrium equations leads to a linear system for the correctors. Solving the
equilibrium yields the displacement of the nodes and then the strain of each bars.

2.1.1. Node placements

The common reference frame for three consecutive modules has the node 1 as origin and
as axes the vectors e13 and e⊥13 of the central module. In the central module the perturbed posi-
tions Pi of the nodes are that determined by theα-floppy mode, plus the corrector displacements
dl ξi for i = 2,3,4 (ξ1 = 0, since node 1 is the reference):

P1 = 0, Pi =−−−→
P1Pi +dl ξi , i = 2,3,4.

The positions of the nodes (1±,2±,3±,4±) of the adjacent module are deduced from those of
(1,2,3,4) as follows:

P+
1 =−−−→

P1P+
1 +dl e+

θ ,

P+
i = P+

1 +R2α
(−−−→
P1Pi +dl ξi

)
, i = 2,3,4,

P−
1 = Rπ−2α

−−−→
P1P+

1 −dl e−
θ ,

P−
i = P−

1 +R−2α
(−−−→
P1Pi +dl ξi

)
, i = 2,3,4,

where e+
θ
= R2αeθ and e−

θ
= R−2αeθ, where eθ stands for the unitary vector tangent to the circle at

the reference node 1, i.e.

eθ =
−−−−→
P−

1 P+
1∥∥−−−−→P−

1 P+
1

∥∥ .

For nodes (2,3,4,1±,2±,3±,4±), the displacement is proportional to dl and given by

pi dl = Pi −−−−→
P1Pi .
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2.1.2. Equilibrium of the nodes

To express the equilibrium of the nodes of the central module, it is necessary to know the
relative displacement of the end points (nodes i and j ) of the elastic bars bi j induced by the
perturbation of length, i.e., dl di j = dl (p j − pi ). According to the previous results (recall that
ξ1 = 0):

di j = ξ j −ξi , di j+ = e+
θ +R2αξ j −ξi , di j− =−e−

θ +R−2αξ j −ξi , i = 1,2,3,4.

Consequently, the axial force Ni j in the bar bi j of elastic “spring like” stiffness

ki j =
(ES)i j

|bi j |
and of orientation vector ei j is given by:

Ni j = ki j di j dl ei j , di j = di j ·ei j . (8)

Note that as small deformations are assumed these forces are expressed in the α-floppy mode
configuration (refer to Section 1.5 for the quasi-orthonormal vector pairs (e13,e14+ ), (e23+ ,e24+),
(e2−3,e2−4) defining the bar orientations). The equilibrium of nodes (1,2,3,4) then reads:

N13 +N14 +N14+ +N13− = 0,

N23 +N24 +N23+ +N24+ = 0,

N31+ +N32− +N31 +N32 = 0,

N41− +N42− +N41 +N42 = 0.

(9)

2.1.3. Equilibrium of the module

Furthermore, the equilibrium of the module (in absence of internal forces) imposes that some
of the forces exerted by the previous module be equal to the sum of the forces transmitted to the
next module. Hence,

N1−4 +N2−4 +N3−1 +N2−3 = N14+ +N24+ +N31+ +N23+ .

Consequently the equations of the set (9) are not independent because their sum vanishes
identically (indeed for the nodes inside the module Ni j = −N j i and Ni− j = −N j i− ). Thus
one has to solve a linear system of three vectorial balance equations to determine the three
unknown vectors ξ2,ξ3,ξ4. This system can be written in the following matrix form by expressing
successively the force balance in x and y directions of the nodes 1,2,3:

Mα.W = Sρ,α, W = [
ξ4,x ,ξ4,y ,ξ3,x ,ξ3,y ,ξ2,x ,ξ2,y

]T , (10)

where both the matrix Mα and the forcing term Sρ,α depend on α. The resolution of (10) is
performed within the small angle assumption by expanding the trigonometric functions up to
O(α2). For instance, when the bars have the same stiffness, i.e. ki j = k, the matrix Mα and the
forcing term Sρ,α are expressed up to O(α2) as:

Mα = k



1 −2α 1 2α 0 0
0 1 0 1 0 0

1+
p

3
2 α − 3

2α 1−
p

3
2 α − 1

2α −2 0
1
2α

3
2α 1+

p
3

2 α 1−
p

3
2 α 0 −2

0 0 −2 0 1−
p

3
2 α 3

2α

0 0 0 −2 − 1
2α 1+

p
3

2 α


, (11)
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Sρ,α = k



p
3α

−α
1
2 (−1+p

3α)
− 1

2 (
p

3+α)
3
4 (1+p

3α)
− 1

4 (
p

3+3α)

.

The determination of {ξ2,ξ3,ξ4} yields the equilibrium state of the module under macroscopic
variation of length at constant curvature.

2.2. Macroscopic variation of curvature at constant length

For macroscopic variation of curvature at constant length we perform the determination of the
perturbed state by the following homogenization procedure.

• In a first step, nodes (1,2,3,4) of the central module are placed according to the α-floppy
mode kinematics. The nodes (1±,2±,3±,4±) of the adjacent modules are placed according
to the (α±dα)-floppy mode. This is consistent with the idea that when the microstructured
system undergoes a curvature that varies at large scale, locally the configuration of each
module departs only slightly from that of the floppy mode having the same curvature. Such
an increment in angle α corresponds to an increment of the curvature, namely:

dα= ℓdκ,
dκ

2ℓα
≈ dα

2ℓ2 . (12)

• Furthermore, the position of the reference nodes 1± of the adjacent modules is placed so that

the vector
−−−→
P1P+

1 is the vector defined by the α-floppy mode, and the vector
−−−→
P−

1 P1 is the vector
defined by the (α− dα)-floppy mode. This expresses the fact that the deformation occurs
asymptotically at constant length.

• We superpose on the above defined node placements unknowns internal relative displace-
ments ℓdαηi . As previously, the assumption of scale separation implies that the correctors
ℓdαηi are identical in adjacent modules provided that they are expressed in the local refer-
ence frame of each module. Hence the usual assumption of periodicity is adapted by imposing
the local reproducibility (in the sense that both translation and rotation are involved) of the
corrector from a central module to the adjacent ones.

• According to the positions of nodes 1±, the corrector in the subsequent module is the corrector

of central module translated by
−−−→
P1P+

1 , and rotated by 2α+ dα. Similarly, the corrector in

the precedent module is the corrector of central module translated by
−−−→
P1P−

1 , and rotated by
2α− dα. Note that the rotation of the corrector for passing from the central module (in α

configuration) to the adjacent modules (in α± dα configuration) is the mean rotation that
would occur in the α-floppy mode and the (α±dα)-floppy mode, namely 1

2

(
2α+2(α±dα)

)=
2α±dα.

• We then are able to determine the elongation of the bars and the normal forces developed in
them. This allows to express the equilibrium of the nodes of the central module (under the
assumption of small deformations within the module).

• The set of equilibrium equations yields a linear system for the correctors ηi . Solving the
equilibrium yields the explicit displacement of the nodes and the strain of the bars.

2.2.1. Node placements

We choose a common reference frame for three consecutive modules. The origin is the node 1
of the central module, and the axes e13 (along the bar b13) and e⊥13. The perturbed positions Pi
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of the nodes (1,2,3,4) of the central module are given by the α-floppy mode placement, plus the
corrector ℓdαηi for i = 2,3,4 (with η1 = 0, since node 1 is the reference):

P1 = 0, Pi =−−−→
P1Pi +ℓdαηi , i = 2,3,4.

The positions of the nodes (1+,2+,3+,4+) in the next module, under the curvature parameter
α+ dα, follow from those of (1,2,3,4) by a rotation of angle 2α+ dα about node 1+ and by a
translation, i.e.,

P+
1 =−−−→

P1P+
1 ,

P+
i = P+

1 +R(2α+dα)
(−−−→
P1Pi (α+dα) + l dαηi

)
, i = 2,3,4.

The positions of the nodes (1−,2−,3−,4−) in the previous module, under curvature parameter
α−dα, follow from those of the nodes (1,2,3,4) by a rotation of angle −(2α−dα) about node 1:

P−
1 = Rπ−(2α−dα)

(−−−→
P1P+

1 (α−dα)
)

P−
i = P−

1 +R−(2α−dα)
(−−−→
P1Pi (α−dα) + l dαηi

)
, i = 2,3,4.

Note that neglecting dα2

R(2α+dα)
−−−→
P1Pi (α+dα) −R2α

−−−→
P1Pi (α) ≈ R2α

(
Rdα

−−−→
P1Pi (α) +−−−→

P1Pi (α+dα) −−−−→
P1Pi (α)

)
= R2α

(−−−→
P1Pi

⊥
(α) +

∂

∂α

−−−→
P1Pi (α)

)
dα

and similarly

R−(2α−dα)
−−−→
P1Pi (α−dα) −R−2α

−−−→
P1Pi (α) = R−2α

(−−−→
P1Pi

⊥
(α) −

∂

∂α

−−−→
P1Pi (α)

)
dα.

For any node, the small displacement is proportional to ℓdα and given by

qiℓdα= Pi −−−−→
P1Pi , i = 1,2,3,4,1±,2±,3±,4±.

2.2.2. Equilibrium state

From the nodes positions, neglecting the terms in dα2, the relative displacement of the end
nodes i and j of the elastic bars bi j , namely ℓdαhi j = ℓdα (q j −qi ) are given by:

hi j =η j −ηi ,

hi j+ = R2α

(
1

ℓ

(−−−→
P1Pi

⊥
(α) +

∂

∂α

−−−→
P1Pi (α)

))
+R2αη j −ηi ,

hi j− = R−2α

(
1

ℓ

(−−−→
P1Pi

⊥
(α) −

∂

∂α

−−−→
P1Pi (α)

))
+R−2αη j −ηi .

Then, the axial forces Ni j in the bars bi j of elastic stiffness ki j and orientation vector ei j

are expressed in the α-floppy mode configuration consistently with the small deformations
assumption as

Ni j = ki j hi j ei j .ℓdα, hi j = hi j ·ei j .

The set of equilibrium equations at nodes (1,2,3,4) is the same as equation (9). For the same
argument as for length variation, this leads to a system of six equations for the six unknowns.
This system can be write in matrix form

Mα.W = Sκ,α, W = [
η4,x ,η4,y ,η3,x ,η3,y ,η2,x ,η2,y

]T ,

where Mα and Gα depend on α. Unsurprisingly, Mα is identical to that established in (11) for
determining the ξi , as it is the linear operator that expresses the equilibrium of the system.
As previously, the system is solved within the small angle assumption up to the order α2 by
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expanding the sine and cosine functions. For instance, when the bars have all the same stiffness
ki j = k, the forcing term Sκ,α reads:

Sκ,α =



0
−1
3
2α

−1+
p

3
2 α

1
4 (
p

3−2α)
1
4 (1−2

p
3α)

.

The determination of η2,η3,η4 yields the equilibrium state of the module under macroscopic
variation of curvature at constant length.

2.3. Elastic energy under both macroscopic variation of length and curvature

2.3.1. Elastic energy of the module

Combining both effects of length and curvature variation, the equilibrium state of the module
is described by the position of its nodes perturbed by wi . Following the principle of superposition
in small deformations, one has

wi = ξi dl +ηi dαℓ.

Recalling that dl = 2ℓ(ρ−1) and dα = ℓdκ, cf. (7) and (12), the variation of length in the bar bi j

reads

λi j = (di j dl +hi jℓdα).ei j =
(
di j (ρ−1)+hi jℓ

2(dκ/2ℓ)
)
2ℓ.

Then the elastic energy stored in the 8 bars of the module reads

E = 1

2

∑
{i j }

ki jλ
2
i j =

1

2

(
Kκ

(
dκ

2ℓ

)2

+2H

(
dκ

2ℓ

)
(ρ−1)+Kρ(ρ−1)2

)
2ℓ (13)

with

Kκ(α) = 2ℓ6
∑
{i j }

ki j

ℓ
h2

i j , H(α) = 2ℓ4
∑
{i j }

ki j

ℓ
di j hi j , Kρ(α) = 2ℓ2

∑
{i j }

ki j

ℓ
d 2

i j

where {i j } = (
{13}, {31+}, {14}, {14+}, {23}, {24}, {23+}, {24+}

)
.

Thus, under macroscopic variations of curvature and length, the module is driven by the three
elastic coefficients, Kκ, H , Kρ . All of them depend on α. Their unit is N for Kρ , Nm2 for H , and
Nm4 for Kκ. The coefficient H reveals the coupling between gradient of curvature and extension.

2.4. Effective elastic parameters

The above described procedure enables to determine Kκ, H and Kρ for any (non-zero) value of
the bar’s stiffness. In the general case, the analytical expressions are extremely heavy. We present
hereafter the results obtained for some cases depicted on Figure 7 that disclose the dependence
of the elastic parameters with the curvature, the influence of the contrasts in the bar stiffness, the
effect of the symmetry or asymmetry in the stiffness distribution in the module. In any case the
calculations are performed with an expansion up to O(α2).
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Figure 7. Different types of modules according to the bar’s stiffnesses.

2.4.1. Module with short and long bars of different stiffnesses

The elastic coefficients of modules made of short bars of stiffnesses ks and of long bars of
stiffnesses kl are given up to O(α2) by:

Kκ = ℓ5 ks ·kl

3ks +kl
.
(3ks +5kl )

4(ks +3kl )
, H = ℓ3

p
3ks ·kl

2(3ks +kl )
, Kρ = ℓ 2ks ·kl

3ks +kl
. (14)

The absence of linear dependence on α ≈ ℓκ, hence on the curvature, implies a quasi-constant
value of the elastic parameters when the scale separation is satisfied. The negligible dependence
on α is at most quadratic. This is consistent with the “half-module shifted symmetry” of the
microstructured system, that implies the same response for positive or negative curvature. Note
however — this is not presented here for lack of place — that the local displacement of the nodes
presents a linear dependence upon α. Furthermore the fact that H ̸= 0 reveals that gradient of
curvature and extension are actually coupled. As expected the three coefficients are positive, this
is also true for the coefficient G = Kκ−H 2.K −1

ρ that will be used later on. Expressions (14) simplify
as follows in the cases where all the bars are identical and also when either short bars or long bars
are rigid:

kl = ks = k : Kκ = ℓ5 k

8
, H = ℓ3 k

p
3

8
, Kρ = ℓk

2
;

ks ≫ kl : Kκ→ ℓ5 kl

4
, H → ℓ3 kl

2
p

3
, Kρ → ℓ

2kl

3
;

kl ≫ ks : Kκ→ ℓ5 5ks

12
, H → ℓ3ks

p
3

2
, Kρ → ℓ2ks .

As expected, for strong contrasted bars the effective stiffnesses are driven by the weakest bars.

2.4.2. Module with “top” and “bottom” bars of different stiffnesses

To investigate the influence of non-symmetry we examine the case where top bars (short and
long, i.e., b14, b14+ , b24, b24+ ) placed above the central line have stiffness kT , while the bottom
bars (short and long, i.e., b31, b31+ , b23, b23+ ) have stiffness kB , with ϱ= kT /kB . In that case, up to
O(α2):

Kκ = ℓ5 kB

4(1+ϱ)
, H = ℓ3 kB

p
3

4(1+ϱ)

(
1+2α

1−ϱ
(1+ϱ)2

)
, Kρ = ℓ kB

1+ϱ
(
1+p

3α
1−ϱ
1+ϱ

)
.
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The three stiffnesses are driven by kB
(1+ϱ) = ( 1

KB
+ 1

KT

)−1, i.e. by that of the top and bottom bars

in series. In that case, Kκ is constant up to O(α2), while Kρ and H depend linearly upon α.
Hence, the asymmetry yields a different response in extension for positive or negative curvature
(nevertheless the discrepancy is limited as α is small). It is noteworthy that the effects of
geometric non-linearity are expressed “within” the effective parameters by their dependence
on α.

2.4.3. Modules with a single bar having a different stiffness from others

The non-symmetry of modules whose stiffness ks of a single short bar (resp. kl of a single long
bar) differ from the seven other bars of stiffness k is even more marked. Indeed, in the case of
strong contrast between the anomalous and common stiffness one has:

kl ≫ k : Kκ = ℓ5k
13

288
(3+p

3α), H = ℓ3k
7
p

3+10α

48
, Kρ = ℓk

15+7
p

3α

24
;

kl ≪ k : Kκ = ℓ5k
3

32
(1−p

3α), H = ℓ3k

p
3−6α

16
, Kρ = ℓk

1−3
p

3α

8
;

ks ≫ k : Kκ = ℓ5k
5

96
(3+p

3α), H = ℓ3k
7
p

3+6α

48
, Kρ = ℓk

39+7
p

3α

72
;

ks ≪ k : Kκ = ℓ5k
1−p

3α

32
, H = ℓ3k

p
3−2α

16
, Kρ = ℓk

3−p
3α

8
.

In this case, the three effective parameters depend on α, i.e., on the sign of the curvature. In
addition, the effective stiffnesses are driven by k, the presence of the anomalous bar is only
attested by the change of the numerical coefficients in their expressions. Note however that
the case where the anomalous bar is of zero stiffness (or suppressed) cannot be handled in the
present framework as this situation would introduce additional degrees of freedom in the system.

Remark 2. As the system is an array of elastic bars, any perturbing deformation of a floppy
mode would lead to a positive energy. Hence, the corresponding stiffness must be positive by
principle. The fact that they could reach negative value for a range of α would indicate that the
approximation made through the homogenization process is erroneous and that the model is
not relevant. Note however that in the studied examples a negative value would correspond to a
significant angle α. Thus, since the model applies for small values of α the question of possible
negative moduli does not arise.

3. Governing equations of the continuous model

In this section we use the homogenization result for establishing and studying the continuous
model. In particular we investigate which boundary conditions are admissible given the homog-
enized energy obtained.

3.1. From discrete to continuous variables

Consider a N -modules system whose length is L = N 2ℓ in the straight configuration aligned
along the direction E1 of the orthonormal Cartesian frame {O,E1,E2}. In view of establishing
the 1D continuous description we introduce the continuous Lagrangian variable X along E1 and
the smooth varying continualized variables α(X ), θ(X ), κ(S), ρ(X ) which describe the deformed
configuration. The latter variables are such that for the nth module whose reference node is
specified by Xn , α(Xn) =αn , θ(Xn) = θn , κ(Xn) = κn , ρ(Xn) = ρn . Thus, the increments dα= ℓdκ
from one module to the next are related to the spatial X -derivatives of the continuous variable
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through the Taylor expansion. To obtain a first-order description, it suffices to retain only the first
term of the expansion, so that:

dα= 2ℓ∇α, dκ= 2ℓ∇κ, dα= ℓdκ= 2ℓ2∇κ.

Beside, if the first module is oriented according to θ0 the angle θn −θ0 of the nth module is the
sum of the 2αi angles of the previous modules i = 1, . . . ,n, i.e.

θn −θ0 =
n∑

i=1
2αi =

n∑
i=1

2αi

2ℓ
2ℓ.

Changing the Riemann sum into an integral yields the link between the continualized values ofα
and θ:

θ(X )−θ(0) = 1

ℓ

∫ X

0
αdX

which is consistent with
dθ

dX
= α(X )

ℓ
= κ(X ).

Hence, while α must be small, θ can take finite large values.

3.2. Elastic energy of the homogenized microstructured system

For the N -modules system, the elastic energy is

N∑
n=1

En =
N∑

n=1

En

2ℓ
2ℓ,

where the discrete expression of En is given by (13). The density of the elastic energy in the nth

module is En/2ℓ. Passing to the continuous limit, the Riemann sum over the number of module
is changed in an integral over the length of the system and the increment of curvature is changed
into the gradient of the continualized curvature. Thus the elastic energy of the microstructured
system, described as a homogenized 1D equivalent continuum has the following Lagrangian
expression:

Ee = 1

2

∫ L

0

(
Kκ(∇κ)2 +2H∇κ(ρ−1)+Kρ(ρ−1)2)dX .

In the deformed configuration, let us denote by χ(X ) the vector placement of a point of the
homogenized system whose reference Lagrangian position is X E1, 0 < X < L. We have the
following geometric relations:

dχ

dX
=χ′ = ρeθ, eθ = cos(θ)E1 + sin(θ)E2, κ= dθ

dX
= θ′, ∇κ= dκ

dX
= θ′′. (15)

Then Ee is rewritten as

Ee = 1

2

∫ L

0

(
Kκ(θ′′)2 +2Hθ′′(ρ−1)+Kρ(ρ−1)2)dX .

3.3. Minimization of the total energy

The total energy E is the sum of the elastic energy Ee and of the potential of the external forces
U ext(χ). The latter splits into the potential of the linear body force f (X ) (Nm−1) applied to the
homogenized system and the potential U L

0 of the efforts — to be determined later on — applied
at the extremities. That is, recalling that χ(X ) stands for the placement vector:

U ext(χ) =
∫ L

0
−χ. f dX +U L

0 .
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Introducing

F (X ) =
∫ L

0
f dX +F (0)

we have through integration by parts∫ L

0
−χ. f dX =−[

χ.F
]L

0 +
∫ L

0
χ′.F dX =−[

χ.F
]L

0 +
∫ L

0
ρeθ.F dX ; (16)

consequently, the total energy takes the form

E = 1

2

∫ L

0

(
Kα(θ′′)2 +2Hθ′′(ρ−1)+Kρ(ρ−1)2)dX +

∫ L

0
ρeθ.F dX − [

χ.F
]L

0 +U L
0 .

In order to determine the conditions in which χ minimizes the total energy, let us determine the
first variation of E according to χ. As the position χ(X ) is fully determined by θ(X ), ρ(X ) and the
positions at extremities, the variation of χ is accounted for the variation of these latter variables
which have to be considered independently:

δE =
∫ L

0

(
Kαθ

′′δθ′′+Hθ′′δρ+Hδθ′′(ρ−1)+Kρ(ρ−1)δρ
)

dX

+
∫ L

0

(
δρeθ .F +ρe⊥

θ .Fδθ
)

dX − [
δχ.F

]L
0 +δU L

0 . (17)

First, minimizing E according to δρ yields:

δE

δρ
(δρ) =

∫ L

0

(
Hθ′′+Kρ(ρ−1)+F .eθ

)
δρ dX + δU L

0

δρ
(δρ) = 0

that provides the equations:

Hθ′′+Kρ(ρ−1)+F .eθ = 0,
δU L

0

δρ
(δρ) = 0. (18)

Thus ρ−1 is an internal variable related to θ′′ and F , and therefore there is no boundary condition
associated to ρ. Then minimizing E according to δθ provides:

δE

δθ
(δθ) =

∫ L

0

((
Kα+Hθ′′(ρ−1)

)
δθ′′+ρF .e⊥

θ δθ
)

dX + δU L
0

δθ
(δθ) = 0.

Setting C= Kαθ
′′+H(ρ−1), one obtains by twice integration by parts:∫ L

0
Cδθ′′ dX = [

Cδθ′
]L

0 −
∫ L

0
C′δθ′ dX = [

Cδθ′
]L

0 −
[
C′δθ

]L
0 +

∫ L

0
C′′δθdX

and therefore:

δE

δθ
(δθ) =

∫ L

0

(
C′′δθ+ρF .e⊥

θ δθ
)

dX + [
Cδθ′

]L
0 −

[
C′δθ

]L
0 +

δU L
0

δθ
(δθ)

from which one deduces the two equations:

C′′+ρF .e⊥
θ = 0,

[
Cδθ′

]L
0 −

[
C′δθ

]L
0 +

δU L
0

δθ
(δθ) = 0. (19)

The last equation shows that C is the dual of δθ′ and corresponds therefore to a double couple,
while −C′ is the dual of δθ whose physical meaning is a couple. Introducing the couples and
double couple applied at the extremities (denoted with an over bar) we have, accounting for the
opposite normal at extremities:[

Cδθ′
]L

0 =C∣∣
0δθ

′∣∣
0 +C

∣∣
Lδθ

′∣∣
L ,

[−C′δθ
]L

0 =C
∣∣
0δθ

∣∣
0 +C

∣∣
Lδθ

∣∣
L .

The minimization according to θ and ρ implies the minimization according to χ′. Thus, the only
minimization for χ dealt with its values at the extremities. The latter appears in term

[
F.δχ

]L
0 of
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the energy. Consequently introducing the forces applied at the extremities (denoted with an over
bar) we have: [−F.δχ

]L
0 = F

∣∣
0.δχ

∣∣
0 +F

∣∣
L .δχ

∣∣
L .

To sum up, the potential U L
0 of the efforts applied at the extremities reads

U L
0 =C∣∣

0θ
′∣∣

0 +C
∣∣
Lθ

′∣∣
L +C

∣∣
0θ

∣∣
0 +C

∣∣
Lθ

∣∣
L +F

∣∣
0.χ

∣∣
0 +F

∣∣
L .χ

∣∣
L .

This expression discloses the natural (force, couple, double couple) or essential (placement,
rotation, curvature) boundary conditions that can be applied to the microstructured system.

Remark 3. To apply to the real microstructured system a couple C = 2ℓF one has to impose on a
node 1 a force F e⃗⊥

θ
and on the node 1+ a force −F e⃗⊥

θ
. To apply a double couple C = (2ℓ)2F , one

has to impose on a node 1− a force F e⃗⊥
θ

, on the node 1 a force −2F e⃗⊥
θ

and on the node 1+ a force
−F e⃗⊥

θ
. The model can also handle end conditions imposed on the displacement. By construction,

the curve given by the 1D continuous model passes through the reference points of each module.
This permits to relate the macroscopic and the microscopic position.

3.4. Balance and constitutive equations

Equation (18) gives the normal force and its constitutive laws. Furthermore, (19) enables to define
the transverse force T , and then the balance of couple C and of double couple C together with its
constitutive law. Hence the microstructured system is governed by the following set of equations,
to be completed with the above identified boundary conditions:

N +F .eθ = 0, N = Hθ′′+Kρ(ρ−1), (20)

T +F .e⊥
θ = 0, (21)

−C ′+ρT = 0, (22)

C′+C = 0, C= Kκθ
′′+H(ρ−1). (23)

Note that, according to the definition of N and T , the balance of normal and transverse forces
reads

N ′ = f .eθ+θ′F .e⊥
θ , T ′ = f .e⊥

θ −θ′F .eθ.

3.5. Transverse versus axial deformability

Let us consider for simplicity a system of length L subjected to small deformations. Then, the
kinematic variables θ and ρ defined on (15) are related to the transverse displacement V and
axial displacement U by

θ =O

(
V

L

)
, ρ−1 =O

(
U

L

)
.

As a result, the order of magnitude the three terms of the elastic energy reads

Kα(θ′′)2 =K O

(
ℓ5

(
V

L3

)2)
, 2Hθ′′(ρ−1) = 2K O

(
ℓ3 V

L3 .
U

L

)
, Kρ(ρ−1)2 =K O

(
ℓ

(
U

L

)2)
.

Furthermore, as we saw in Section 2.4, the effective stiffnesses are given by:

Kκ =K O(ℓ5), H =K O(ℓ3), Kρ =K O(ℓ),

where K depends on the set of bar’s stiffnesses. This implies that for the three contributions to
be of the same order one must have

U =O

(
ℓ

L

)2

V.
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Consequently, the ratio of axial to transverse displacement is of the same order of magnitude
as the square of the inverse of the slenderness ratio (since the thickness of the microstructured
system is equal to

p
3ℓ). This ratio is significantly smaller than that of an Euler beam, for which

it is equal to the inverse of the slenderness ratio. Thus, for the extension energy to be of the same
order as the curvature gradient energy, the extension motion must be two orders of magnitude
smaller than that induced by a curvature gradient. In other words, when the three terms of the
elastic energy are at the same level, the microstructured system can be considered kinematically
as quasi-inextensible, even though the extension energy is not negligible. This reflects the fact
that Kρ is much larger than Kκ.

3.6. Example: deformation induced by couple and double couple

Consider a microstructured system of length L, unloaded i.e. f = 0, free of forces at extremities
i.e. F

∣∣
0 = F

∣∣
L = 0, undergoing the following boundary conditions χ

∣∣
0 = 0, θ

∣∣
0 = 0, θ′

∣∣
0 = 0 and

C
∣∣
L =C, C

∣∣
L =C . Then one has F = 0 and consequently:

N = Hθ′′+Kρ(ρ−1) = 0, C′′ = (
Kαθ

′′+H(ρ−1)
)′′ = 0,

so that

Gθ′′′′ = 0, G = Kκ−H 2K −1
ρ .

With the boundary conditions one deduces that

θ = a

(
X

L

)3

+b

(
X

L

)2

, ρ = 1− H

Kρ
θ′′ = 1− H

Kρ

(
6a

X

L
+2b

)
, (24)

C=Gθ′′
∣∣
L = (6a +2b)G , C =−Gθ′′′

∣∣
L = 6aG/L. (25)

Thus

a = C L

6G
, b = C−C L

2G
,

and

θ = C L

2G

(
1

3

(
X

L

)3

+
(
C

C L
−1

)(
X

L

)2)
, ρ = 1− H

Kρ

C

GL

(
X

L
+ C

C L
−1

)
.

Furthermore, C(0) = 0 and C (0) = C . In particular, when C = 0, i.e. when only a double couple

is applied at the extremity X = L, the curvature varies linearly, θ′ = C
G

X
L , and the elongation is

constant, ρ = 1− H
Kρ

C
GL2 . In the general case, the shape of the microstructured system is obtained

by integrating the equations dχ1
dX = ρ cos(θ) and dχ2

dX = ρ sin(θ). Figure 8 illustrates the deformed
shape for loading values a, b, c, d, e of C and C given in Table 1.

To be valid, these continuous descriptions must satisfy the scale separation condition, which
requires α = ℓθ′ ≤ αmax = π/24 as discussed in Section 1.5. We can then deduce the following

Table 1.

Loading

a b c d e

C L/6G 0 2π π −2π −4π

C/C L C= 4πG 1 2/3 5/6 5/6

Nmin 48 72 12 48 96
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Figure 8. Shape of the microstructured system submitted to several values of C and C. a: C L = 0, C= 4πG . b–e:
see Table 1.

restriction, which depends on the applied loading and allows us to estimate the minimum
number of modules required for the continuous model to be valid:

α= L

2N
θ′ = 1

2N

C L

2G

((
X

L

)2

+2

(
C

C L
−1

)
X

L

)
≤αmax.

• For the loading a where C = 0, α increases linearly so that for an imposed double couple
C= 4πG ,

C

2G

1

N
≤αmax, N ≥ Nmin = C

2G

1

αmax
= 2π/(π/24) = 48.

Hence for this loading, the minimum number of modules for the continuous model to be valid
should be Nmin ≈ 50.

• For the loading b where C/C L = 1, α increases quadratically. In the case where C L/6G =C6G =
2π we are left with

1

2N

C L

2G
≤αmax, N ≥ Nmin = C

4G

1

αmax
= 3π/(π/24) = 72.

• For loadings c, d, and e, the same analysis, based on max(α) ≤ αmax, yields the values of Nmin

shown in Table 1.

Readers may refer to [41], where full numerical simulations have been performed. A more in-
depth numerical analysis will be the subject of future articles.

4. Closing remarks and future prospects

In this paper we establish the homogenized energy of the considered articulated bi-parallelogram
microstructured systems (ZAPAB) under large in-plane macro-deformation, assuming that the
bars constituting the micro-architecture are in a linearized deformation regime. These micro-
mechanisms were conceived (see [39,41]) to supply a one parameter family of circular “floppy
modes” (i.e. zero deformation energy configurations). The micro-mechanism becomes a micro-
structure by adding suitable extra constraints. In this way a natural candidate for a micro-
structure producing a third gradient 1D continuum is found.
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Indeed, we prove that such periodic micro-structure behave macroscopically as a weakly ex-
tensible third gradient 1D continuum, whatever is the choice made for all the positive stiffnesses
of the micro bars constituting it.

The effective behavior of homogenized 1D continuum has been identified in two steps.
Inspired by, and slightly generalizing, the basic ideas of the homogenization of discrete media,

we have found the homogenized elastic deformation energy stored in a module of a microstruc-
tured system deformed by a gradient curvature combined with extension and consequently de-
duced the energy density of the effective 1D continuum. The slight generalization of the method
lies in the fact that instead of considering that the cell and its internal variables are simply trans-
lated from one cell to the next one according to the periodicity, we consider that the module and
its internal variables are translated and rotated from one module to the next one according to the
locally matching floppy mode configuration. The equivalent continuum at the macroscale in-
volves three elastic stiffness coefficients related respectively to the gradient curvature, the elon-
gation and the coupling of both, whose expressions are explicitly related to the morphology of
the module and the stiffnesses the micro bars. The three effective rigidities appear as functions
of the curvature scaled by the size of the module. The constant coefficients of these functions are
the leading terms dominating when the radius of curvature is much larger than the module size.
A linear dependence with the curvature arises only for asymmetric bar stiffnesses distribution
in the module and induces (slightly) different response for positive or negative curvature, while
quadratic term arises for symmetric distribution, making the response very weakly sensitive to
the curvature state of the microstructured system.

Having obtained the macro-deformation energy, the effective behavior of the microstructured
system has been derived following the Euler–Lagrange method of minimization of total energy,
including the elastic deformation energy and the potential energy relative to externally applied
admissible loads. The above procedure permits: (i) to disclose the driving generalized forces
in terms of normal and transverse force and couple and double couple; (ii) to provide the
corresponding balance equations and boundary conditions (so called local strong equilibrium
conditions), thus determining naturally the class of external loads applicable to third gradient
beams; and (iii) to specify the normal force and double couple constitutive laws. Albeit these
results are established by assuming a large scale separation, we expect that already a discrete
macrostructure in which the radius of curvature is twenty times the module’s length can be
replaced effectively with the continuum model.

Let us finally mention worthy issues that deserve to be further investigated.

• Beyond this specific studied case, the adapted homogenization procedure developed in this
paper can successfully deal with other structures exhibiting an effective one-dimensional
continuum third (may be higher) gradient behavior under large deformations in a plane
motion. This will be the topic of future investigations. The homogenization techniques to be
developed will be an important part of the perspective solution of several synthesis problems.

• The study of all the boundary layers which may arise in the considered systems could improve
the understanding of their mechanical properties.

• The search for analytical or approximated solutions to the above deduced PDEs under different
loadings deserve attention, as it will fully exhibit the “exoticity” of newly introduced 1D
continua.

• The comparison of the presented theory with experiments, would be of interest to improve the
idealized model and eventually modify it for making possible its engineering applications. The
newly introduced ZAPAB microstructure can be designed by suitable 3D printing.

• It would be interesting to generalize this model to account for viscoelastic or thermoelastic
beams, as well as dynamic effects, and to address situations involving finite angle α.
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