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Abstract. The aim of this work is to revisit the formulation of FFT-based methods for heterogeneous materials
in the periodic setting. These numerical methods are based on the iterative resolution of an auxiliary
problem involving a reference homogeneous material and a polarization tensor. Assuming a description
of the fields by Fourier series, we show the equivalence between three discretization approaches based either
on the strong and the weak formulation of the problem. A special emphasis is put on the representation of
the local fields described by Fourier series including the possibility of using non-uniform grid. Numerical
experiments are performed on a model problem of conductivity with a checkerboard microstructure for
which an analytical solution allows to assess the effect of Fourier modes together with the grid discretization.
The occurrence of oscillations is finally addressed by studying (generalized) discrete Green operators (still in
the context of Fourier series) and interface spreading approaches based on smoothing techniques.
Keywords. FFT-based solvers, Strong and weak formulations, Fourier series, Green operators.
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1. Introduction

FFT-based methods for heterogeneous materials, introduced in the seminal article of Moulinec
and Suquet (1998) [1], are a class of efficient methods that have been developed in the con-
text of periodic homogenization of mechanical properties in heterogeneous microstructures,
mainly for micromechanics (see the review papers of [2] and [3]). This method is based on an
iterative solution of the so-called Lippmann-Schwinger equation using fast Fourier transforms
(FFT). The main characteristics of these methods are that (i) calculations are based on the com-
putational complexity of fast Fourier transforms in O(INlogN), (ii) it is image-based (obtained
from imaging techniques such as scanning electron microscopy (SEM) or tomography) so it
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does not require meshing operations and (iii) it can be suited for parallel implementation (see
e.g. [4]). Tt is generally used to calculate the local and overall fields, and has been applied to
various problems in heterogeneous microstructures including notably [1], J2-plasticity [1], crys-
tal (elasto)viscoplasticity [5], dislocation-mediated plasticity [6,7], conductivity [8], piezoelectric-
ity [9], porous ductile solids [10,11].

The original method developed by Moulinec and Suquet (1998) [1] is implicitly based on
the resolution of the strong formulation (of the equations of elastostatics) using infinite Fourier
series. It was then shown by [12] the formulation of [1] is equivalent to a Galerkin method using
trigonometric polynomials as interpolation basis functions. The use of a Galerkin method based
on a weak formulation instead of a strong formulation is particularly important in extensions of
FFT-based methods to non-periodic boundary conditions using sine and cosine series [13-17].

The scheme of [1] relies on the introduction of a Green operator which can be expressed eas-
ily in Fourier space using Fourier transforms and standard spectral derivative rule, defining the
so-called continuous Green operator; the terminology “continuous” has been notably introduced
by [18], to highlight its differences with other Green operators constructed using different deriv-
ative rules and/or different formulations. In the work of [18], a finite difference scheme is used
to approximate the partial derivatives defining the local elliptic problem (see also [19]) and leads
to the so-called discrete Green operator that was shown to improve both the convergence of the
iterative procedure and the local fields. It was also shown in several works that the use of uniform
finite elements on periodic Cartesian grids leads to similar discrete Green operators depending
on the type of elements considered [20,21]: the FFT solver can then be seen as a preconditioner
of the linear system arising in the FEM discretization.

The aim of this work is to revisit several aspects of the method of [1]. First, we compare
several techniques of the numerical resolution of the auxiliary problem, either based on strong or
weak formulations, by describing explicitly the unknown fields using (infinite or partial) Fourier
series following initial ideas of [12]; this allows to clearly show the contribution of the number of
modes, aliasing and underintegration in the procedure of resolution which are classical topics in
the spectral methods literature [22,23]. As the fields are described by Fourier series, a particular
emphasis is put on the representation of solution fields between grid nodes with the possibility
of using non-uniform sampling: the occurrence of spurious oscillations is carefully assessed
especially between grid nodes. To address the possible remedies for oscillations, we derive,
still in the context of Fourier series, generalized Green operators that are based on modified
derivative laws which allows to retrieve the so-called continuous and discrete operators [18]. The
importance of “spreading” (i.e. smoothing material properties) [24] is also assessed in order to
remove these spurious oscillations.

The paper is organized as follows. In Section 2, the framework of Fourier series and transforms
isrecalled as well as the physical problem of conductivity considered throughout the article. The
numerical discretization of the auxiliary problem is then done in Section 3, based either on strong
and weak formulations together with numerical approximations. The representation of solution
fields on an arbitrary grid is then addressed in Section 4. Numerical experiments are performed in
Section 5 on a problem of conductivity with a checkerboard microstructure. Finally, remedies for
oscillations, i.e. discrete Green operators and smoothing techniques, are discussed in Section 6.

2. Preliminaries
2.1. Equations of conductivity

We consider a problem of conductivity (as a model problem for FFT-based solvers) which consists
in the computation of the electric field E(¢(x)), current J(x) and electric potential ¢(x), at each
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point x in Q, for a given conductivity field c(x). The unit-cell is a square or cubic domain
Q=[-L/2, L/ Z]d (d = 2 or 3) with L the period of the microstructure. Tensorial components
refer to a system of Cartesian coordinates (e;;e) in 2D and (ej;e;;e3) in 3D. Periodic boundary
conditions are considered and the local electric field E is split into its average E = (E) (where (-)
denotes the spatial average over Q) and a fluctuation term E(¢* (x)):

E(p(x)) =E(@*x)+E  orequivalently ¢ =¢*x -E-x. (1)

Periodic boundary conditions imply that the fluctuating part ¢* is periodic (notation: ¢*#) and
that the term J-n is anti-periodic on the boundary between two neighboring cells with n the outer
normal along the boundary Q2 of Q (notation: J-n—#).

The equations of conductivity are

divix) =0
J) cx): (E(¢* ) +E) )
E(p*®) = -Vo* ),
where c(x) is the local second-order conductivity tensor. In the particular case of isotropic
conductivity, it reads

cx) = c(x)Iy 3)

with c(x) the local (scalar) conductivity field and I; the second-order identity tensor. Hereafter we
will consider isotropic constituents for simplicity (although the method is designed for arbitrary
anisotropic behaviors).

2.2. Fourier series and the discrete Fourier transform

We recall important results related to Fourier series and the associated discrete Fourier trans-
forms.

Fourier series: the 1-d case. We consider a periodic function f with period L. Such function can
be described by the Fourier series

+00
f@)y= ) Fiexp(i§ix), Y x€[0,L], @)

1=—00
where 1 is the imaginary unit and ¢; is some “frequency” parameter that is given by
i .
€i=2ﬂz, i=-09,...,+00, (5)
and F; are the Fourier coefficients given by

L
F;= lf f(x)exp (—1&;x) dx. (6)
L Jo

It is interesting to note that the (first) derivative of f is the Fourier series

+00
Fl)= ) 1&iFiexp(é;x), Vv x€[0,L]. @)
i=—o00
In addition, the associated partial (i.e. truncated) series of order M + 1 (for every positive even
integer M) is defined by
M/2

fx)= Y Fiexp(é;x), Vx€(0,L]. 8)
i=—M/2
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Discrete Fourier transform: the 1d-case. The computation of the Fourier coefficients F; can be
done approximately using the discrete Fourier transform (DFT). An efficient calculation of the
DFT is classically performed using fast Fourier transforms (FFT) [25].

The 1-d domain of size [0, L] is discretized uniformly with N + 1 segments so the spatial scale
associated with the uniform grid is Ax = L/(N + 1) and we denote by x, = aAx (for a =0,...,N)
the grid points. The grid points values of function f are denoted by f, = f(x,) (for a=0,...,N)
and may thus be written as a vector f of size N+1 as

f=(fo - fna fn) 9)

The discrete Fourier transform of f, denoted by DFT(f), is the vector F

ﬁ:DFT(f):(F_% F_%H --~F§—1 F%) (10)
where the F; are defined by
-~ XN 271 N
Fi=) fjexp(——ij) =) fiexp(-iéix;), i=-N/2,...,N/2. (11)
j=o N j=0
The inverse discrete Fourier transform, denoted by f = IDFT(?), is given by
1 N/2
fi= N > Fjexp(—l]) (12)
Jj=—NI2

The coefficients F; provide a numerical approximation of the coefficients F; of the Fourier
series given by equation (6), using a standard trapezoidal rule [26]

1 .~
F;~—F;, i=-N/2,...,N/2. (13)
N
Extension to the 3-d case. The extension of Fourier series and transforms to the 3-d case is
straightforward. We consider a periodic function f in the prismatic domain Q = [0, L] x [0, Ly] x
[0, L.]; its Fourier series simply reads

+o00 +00

fypa=Y > Z Fijrexp (€7 x )exp(lfy )exp(zf z), V(x,y2€e€Q, (14

i=—00 j=—00 k=-00

where the frequencies ¢7, § 7 and &7 are given by

; j k
=27— V_oogl Z=27—, 15
i ”Lx Sj nLy & T (15)
with i = —o0,...,+00, j = —00,...,+00 and k = —o9,...,+00. The Fourier coefficients Fjj) are
given by
Fijk= f f(x,y,2)exp(—1&ix )exp( 1€y )exp( 187z)dxdydz. (16)
LxLy

The coefficients F;j; can be approximated using the 3-d discrete Fourier transform. The 3-d
domain Q is discretized uniformly with (N +1) x (Ny +1) x (N +1) voxels so that the spatial scales
are Ax = Ly/(Nx+1),Ay =Ly/(Ny+1)and Az = L,/(N.+1). The coordinates of the grid points are
denoted by x, = aAx (fora=0,...,Ny), yp = bAy (for b =0,...,Ny) and z. = cAz (forc=0,..., N;).
The values of the function f at the grid points are denoted by fabc = f(xq, yp, 2c) fora= O ..,N o
b=0,...,Nyand ¢ =0,...,N;) and we denote by f the array of size (Ny + 1) x (N} +1) x (N + 1)
containing the values of function f at the grid points. In 3-d, the discrete Fourier transform of f,
denoted by DFT3(f), is the (Ny + 1) x (Ny, +1) x (N + 1) array F

F =DFT3(f), (17
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whose components are defined by

Ny N)’ N, 27 2m
Fijx=3 Y Zflmnexp(——tl)exp(——]m)exp(——kn) (18)

=0 m=0n=0

Asinthe 1-d case, the coefficients 13,- jk provide a numerical approximation of the coefficients F; jx
using the trapezoidal rule:

1 ~

F,-jk:NxTyNZF,-jk, i==Ny/2,...,Ny/2, j=-Nyi2,....NyI2, k=-N,/2,...,N;/2. (19)

3. Discretization approaches

In the seminal paper of [1], the type of formulation (strong or weak) and the associated numerical
discretization leading to the numerical algorithm was not explicitly detailed, although it is
generally considered that [1]’s scheme was obtained using a strong formulation (see e.g. [27]).
In this section, we discuss the numerical resolution of the auxiliary problem from different
approaches (strong and weak formulations) and discretization methods (truncation and DFT
approximation), following ideas of [12].

3.1. The auxiliary problem

First, the problem of heterogeneous conductivity (2) is written as the auxiliary problem,

divl]x) =0
{ Jx) = ¢oE(p* X)) + T(%) (20)
E(p*®) = -Vo* ),

where ¢ is the conductivity of some homogeneous reference medium and 7 is the polarization
tensor defined by,

T(x) = (c(x) — coly) : (E(p* (%)) + E) + ¢oE. 1)

The principle of resolution is to determine the fluctuation ¢* solution of the problem (20),
assuming that T is known, and then iterate to find T corresponding to the solution of the
problem (2). From the knowledge of T, the numerical determination of ¢* solution of the
problem (20) can then be done using several discretization strategies.

3.2. Discretization of the strong formulation by DFT

The strong formulation was implicitly used in the seminal article of [1] by assuming that all fields
are described by (full) Fourier series; the conductivity field and the fluctuation field then read

+00 +00 +00

P =) Y ) @exp(i] x)exp(cf y)exp(zg‘kz) (22)
i——ooj——ook=—oo
+o0 +00

=Y 3 Z Cijrexp (1€} x)exp(cf )exp(zékz) (23)

i=—00 j=—00 k=-00
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As a consequence, the polarization field is also described by (full) Fourier series and can be

written as
+o00o +00 +o00o

(2= Y. > ) T”kexp(zéx )exp(lcf y)exp(chz z), (24)
i=—00 j=—00k=-00

(5,32 = Y. Y Z ”kexp(zfx )exp(zé' y)exp(l(fk ), (25)
l——oo]——ook
+o0

(6,2 = ). Z Z kexp (167 x )exp(zéjy.y)exp(zfiz). (26)
i=—00 j=—00k=-00

With this description of functions, the auxiliary problem reduces to the equation

+00 +00 +00
o Z > kZ (5;‘)2+(Ej.’)2+(Ei)z)d);‘jkexp(szx)exp(lé}/y)exp(t{iz)
—00 j=—00 k=—00
+00

=_ Z Z Y (éx ;;k+£y ”k+fz f]k)exp(szx)exp(zéj./y)exp(zéiz), 27

i=—00 j=—00 k=—00
which leads to the relation between the Fourier series coefficients of the fluctuation and the
components of the polarization

% Ex l);k+§y ijk EiTlZ]k
@7 k= ) (28)
60((5?)2+(€j)2+(6i)2)
It is important to note that this relation holds for all frequencies, i.e. for i = —oo,...,+00,

Jj =-00,...,400 and k = —oo,...,+00 (except in the particular case i = j = k = 0 where one has
®* 9o = 0), and is expressed in terms of the Fourier series coefficients of T. (28) provides the
analytical expression of the Fourier coefficients of ¢*, which need to be evaluated numerically,
leading to a first numerical approximation. Moreover, the numerical computation of the Fourier
coefficients (D;fj « from (28) is only performed for a finite number of indexes i jk, leading to a
second numerical approximation in the estimation of ¢* due to the fruncation of its Fourier
series into a partial one.

In practical applications, the Fourier series coefficients are approximated by the coefficients
of the discrete Fourier transform as shown by equation (19), which need to be calculated using
some discretization of the domain. The prismatic Q is therefore discretized uniformly with
(Nyx+1) x (Ny+1) x (N, +1) voxels so that the spatial scales are Ax = Ly/(Nx+1), Ay = L,/(Ny+1)
and Az = L;/(N, +1). Following equation (19), the discrete Fourier transforms of the fields ¢*,
Tx, Ty and 7, provide a numerical approximation of the Fourier series coefficients:

o :;@--k 5oL g ooqpy oL gy 1 g (29)
ijk NxNyNz e Sijk NxNyNz ijk> “ijk NxNyNz ijk’ l]k NxNyNz ijk’
fori=—Ny/2,...,Nyx/2, j=—=Ny/2,...,Ny/2and k= —N,/2,...,N./2. This finally leads to
_ S xk+5y xtEET,
q)*l'jk =3 2 ij tj (30)

co ((f’-‘)2 +(E))%+ (62)2)

againfor i = —N,/2,...,Ny/2, j = —Ny/2 . Ny/2and k=-N,/2,...,N,/2, except in the partic-
ularcasei=j=k=0 where one has CI>*000 =0.

It is worth noting that, if the FFT algorithm suggests the computations of the Fourier co-
efficients for these indexes, it is possible to take fewer Fourier modes, i.e. compute (30) for

~My/2,...,My12, j = =My/2,...,M,/2 and k = —M_/2,..., M,/2 with My < Ny, My < N, and
M, < N,. While this choice seems to discard easy-to-compute coefficients and to reduce the or-
der of the Fourier truncation of ¢*, therefore downgrades its numerical estimation, one must
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keep in mind that the Fourier coefficients of T in (29) are numerically estimated by DFT, there-
fore they have a numerical error which increases with i, j and k (see, for instance, [28]). Con-
sidering My < Ny, M, < Ny and M, < N,, therefore suppressing high frequency coefficients, dis-
cards the coefficients with highest numerical error coming from the DFT of t. The influence of
this approximation will be evaluated in the next section.

Equation (30) provides the coefficients of the discrete Fourier transform of ¢* as a function of
the coefficients of the discrete Fourier transform of 7, 7, and 7, and thus it implicitly defines
the so-called Green operator on the electric potential field. Owing to the relation between the
electric potential field and the electric field, this leads to the relations

X px Y3y z 7z

B _éxfz' e+ & T+ Sk T
ijk — ~Si

7 co ((5?)2 +(E)2+ (fi)z)

XX Y3y z 7z

B yfl. Tl.jk+¢’j T, +&2T

=y ijk k~ijk
1T T (e @ oy
Co |63 j k
Y Vay .
I A AT T T
Eijk“‘f

¢ 00((6§‘)2+(€Jy-)2+(§i)2) ’
fori=—Ny/2,...,Nx/2, j = =Ny/2,...,Ny/2 and k = —N_/2,...,N,/2 (except in the case i = j =
k=0). Inthe case i = j = k=0, one has

Egoo = Ex» Egoo =Ey, By = Ez, (32)
where E,, E y and E, are the components of the average of the electric field E. In equation (31),

l:?lx] o l:?lx k and Ef . are the coefficients of the discrete Fourier transforms of the components of
the local electric field E:

E*=DFT3(E,), E’=DFT3(E,), E®=DFT3(E,). (33)
Equation (31) can be alternatively written
E@®)=-T°@):7@ V&#0, EO)=E (34)
where & denotes the frequency in Fourier space. This leads to the definition of the so-called Green
operator I'’ which has an explicit form in Fourier space:
1423

V&%’

') = (35)

3.3. Discretization of the strong formulation by truncation

In the previous section, the fields have been described initially using Fourier series, i.e. with
an infinite number of Fourier coefficients. In practice, this description is not compatible with
a standard discretization of functions which requires a finite number of terms. The problem
can be alternatively written by considering partial (truncated) Fourier series (of order (M, + 1) x
(My +1) x (M, +1)) for the conductivity field and the fluctuation field:

My /2 My /2 M;/2
P (x,y,2)= Y ) > (I)?j.kexp(lffx)exp(l.f;{y)exp(lfiz) (36)
i=—My/2 j=—My/2 k=—M,/2
My /2 My /2 M,/2
cvpd= Y Y Y Cirexp(i&ix)exp(ig)y)exp(1852). (37)
i=—My/2 j=—My/2 k=—M,/2
With this description, the local electric field E is also described by a partial (truncated) Fourier
series (of order (M +1) x (My +1) x (M +1)).
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Since the polarization tensor is given by equation (21), as the product of the conductivity field
and the local electric field, it is necessarily described by partial (truncated) Fourier series of order
@My +1)x My +1) x M, +1), e,

Tx(x,9,2) = Z Z Z ]kexp zﬁfx)exp(lg‘]y.y)exp(tfzz), (38)
i=—My j=- Myk—
Ty(x,),2) = i Z Z Ty exp(lix )exp(lfy )exp(zgt z), (39)

i=—My j=— Myk -M,

T.(%,1,2) = Z Z Z Tf;exp (&7 x)exp( y)exp(lékz) (40)

i=—My j=—My k=—M,
Consequently, the auxiliary problem reduces to the equation

My /2 My /2 M,/2

@ Y Y % (Pt € ol em () e (6] y)exp (1672)

i=—My/2 j==MyI2 k=—M_,/2

My MJ’ M,
ooy > ( ”k +€y )+ & lzjk) exp (167 x) exp (zé}'y) exp(1¢5z). (41)
i=—My j=—My k=—M,
In contrast with the previous case where functions where described by infinite Fourier series,
equation (41) does not possess a direct solution as it involves Fourier series of orders (M, + 1) x
(My+1) x (M, +1) and (2My +1) x (2M,, +1) x (2M_ + 1); the polarization tensor contains contri-
butions at frequencies exceeding the maximum frequencies of the unknown field ¢*, which can
be considered as aliasing.
To overcome this issue, we will simply remove the high-frequencies of the polarization tensor,
i.e. we will assume that it is expressed as
M, /2 M,y 12 M_,/2

Te(X,0,2)= ), > > T]kexp(zéfx)exp(zij.y)exp(zfzz)

i=~My/2 j==~My 12 k=~M,/2

M /2 My /2 M,/2

Ty(,p2) = ), > > Ty exp (17 x )exp(zfy )exp(zf z) (42)
i==My/2 j==My /2 k=—M,/2

My /2 My /2 M,/2

T.(0p2= Y. Y > T]kexp(zﬁfx)exp(z{jy.y)exp(zéiz).

i=—My/2 j==My/2 k=-M/2
With this assumption, equation (41) now reads

My /2 M,y /2 M,/2

o Y Y Y (@D ED?) o) exp (1€hx) exp (1)) exp (1672)

i=—My/2 j=—My /2 k=—-M_/2
My /2 M,y 12 M;/2

= Y ) Y (6" l’;k+6y l]k+fk l]k)exp(zéfx)exp(zf;./y)exp(lfiz), (43)
i==My/2 j=—My /2 k=-M_/2
which leads to the relation between the Fourier series coefficients of the fluctuation and the
components of the polarization

ZTZ

xTx }’
E +£ l]k ék ijk

o = ijk
=
T weprr@zeep?)
fori=-My/2,...,Mx/2, j ==M,/2,...,My/2 and k = —M,/2,...,M,/2 (except in the particular
case i = j = k = 0 where one has ®*yyy = 0).

(44)
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Then as previously, these coefficients are approximated by the coefficients of the discrete
Fourier transform which need to be calculated using a discretization of the domain. The pris-
matic Q is discretized uniformly with (Ny + 1) x (Ny, +1) x (N + 1) voxels so that the spatial scales
are Ax=Ly/(Ny+1),Ay=L,/(Ny+1) and Az = L,/(N. +1). The discrete Fourier transforms of
the fields ¢*, 7, 7y and 7, provide a numerical approximation of the Fourier series coefficients
as shown previously. The only precaution that is required is to have a minimum number of “inte-
gration” points for the trapezoidal rule (i.e. Ny, Ny, and N;) with respect to the number of modes
chosen in the description of the partial Fourier series (i.e. My, M), and M), that is, again,

Ny = My, Ny =My, N;=M,. (45)
This finally leads to
~ yay ~
_ il tei Tt oiTin

Q*jjr=—1 ) (46)
oo (€02 + @2+ 22
fori=—-My/2,...,M,/2, j = —Mﬂz,...,My/Z and k=-M,/2,...,M,/2, except in the particular
case i = j = k = 0 where one has ®*(gp = 0.

It is worth noting that equation (46) is equivalent to equation (30), so the formulation in
terms of the Green operator (35) will naturally follow exactly the same way. The standard strong
formulation and the alternative strong formulation with truncation will therefore lead to the

same exact algorithm. The two approaches simply differ from their derivation:

« In the classical approach, one starts with full Fourier series, the truncation of the Fourier
series is a necessary consequence of the numerical estimation of the Fourier coefficients
of T.

« In the alternative approach, the truncation of the Fourier series is a starting discretiza-
tion approximation, leading to a second necessary truncation of higher-order modes as-
sociated with higher-order frequencies (related to aliasing effects) that need to be disre-
garded to solve the auxiliary problem;

In both cases, the evaluation of the Fourier coefficients is done using discrete Fourier transforms
with at least the same number of integration points than the number of modes considered in the
description of the fields. It should be noted that one can consider more integration points than
the number of modes (i.e. in the case when Ny > My, N, > M), and N, > M,); this is actually
equivalent to disregard Fourier coefficients in the case of high frequencies (i.e. for |i| > M,/2,
|j1> M, /2 and |k| > M_/2). Itis important to note that the natural choice, i.e., Ny = My, N, = My,
N, = M, is not necessarily the optimal choice, in terms of quality of the solution. The influence
of the ratio M/ N will be investigated in Section 5 on a (specific) checkerboard microstructure.

3.4. Weak formulation with Galerkin approximation

We now consider the weak formulation of the auxiliary problem together with a Galerkin method.
First, the unknown fluctuation field is described by a (partial) Fourier series,

Mgz  My/2 M, /2
P xy2= Y > Y. @jeexp(igix)exp (tﬁjy.y) exp (1£5z). @7
i=—My/2 j==My/2 k=—M_/2
We are thus looking for the Fourier modes (D;?jk for i = —My/2,...,Myx/2, j = =M, /2,..., M, /2
and k=-M,/2,...,M,/2, except in the particular case i = j = k = 0 where one has ®* (g9 = 0 by
construction.
The weak formulation of the local equilibrium (20) reads

fA@’k(x)v(x)dQ:if divr(x)v(x)dQ, (48)
Q Co JQ
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where A is the Laplacian operator and v(x) is a testing differentiable function. Following equa-
tion (47), these trial functions are the interpolation basis of ¢*, i.e.,

Vimn(X) = exp (17 x) exp (167, y) exp (165 2) (49)

forl = —My/2,...,My/2, m=-M,/2,...,My/2 and n = —M_/2,...,M./2. The integrals involved
in the weak formulation (48), that need to be calculated, are denoted by

Ilmn:LAﬁ*(x)vlmn(x)dQ, ]lmn:fﬂ(divr(x)) Vimn (X)dQ. (50)

Calculation of integral I;,,,,. The calculation of I;,,, simply relies on the property of orthogo-
nality of complex exponentials and is calculated analytically; one has

Iimn = —LeLy Lo (€ )* + & )2 + € )2) @F s 51
since
Ly 0 ifi#l
X X —
fo exp(zﬁ,-x)exp(tflx)dx—{Lx €l (52)

The calculation of J;;;,,, can then be done using two different ways.

Calculation of integral J;,,,. Assuming that the polarization field is a periodic function de-
scribed by Fourier series as in equation (42), and using again the property of orthogonality of
complex exponentials, one has

Jimn = LaLyLy (€5, +&, 17 +&,T% ). (53)
This leads to
o, = lfflel—m—n + & Tt T 54)
co (€2 +(EL,2 + €2,)?)
or equivalently, using the relations ¢*, = =7, & ==& and &2, = -3,
EXTE  + T+ ELTE

* _ mn m=Imn n=Imn
q)lmn - (55)

co (€2 + (€)% + (£5)%)

This leads to the exact same formulation than the strong forms derived previously (equations (28)
and (44)). Therefore, as previously, one needs to evaluate these coefficients using discrete Fourier
transforms (see equation (29)).

Alternative calculation of integral J;,,,,,. Integral J;,,,, can be alternatively calculated without
assuming that the polarization field is described by Fourier series. In that case, the integral is
directly approximated using a trapezoidal rule and will thus lead to the same discrete Fourier
transform and thus the exact same formulation.

3.5. Iterative scheme
The basic scheme of [1] then consists in a fixed point in order to determine T(x) solution of the

problem. Irrespective of the method considered (strong form, alternative strong form or weak
form), the resolution of the auxiliary problem leads to the same relation between the Fourier



Abdoul Magid Amadou Sanoko et al. 643

coefficients of the unknown fluctuation and the Fourier coefficients of the polarization tensor.
The following fixed-point algorithm then follows:
Initialization E°(x)=E

1) = cOE’ (%)

Iteratei+1 E’and ]’ being known
@ TE=J®-E'X

) (b) 7' =DFT3(7) (56)
(c) Convergence test
@ E*'(@=-T°&:7'(§) VE£0 and E'(0)=E
(e) E™!=IDFT3(E'*!)

Eitl (x) expressed using Fourier series
® JH®=c®E*'®

Convergence is reached when J**! is in equilibrium, i.e. its divergence is null. In practice, the
iterative procedure is stopped when the error serving to check convergence [1],

(<||div(]i)||2>)1/2

e = —— (67

1051

is smaller than a prescribed (small) value.

4. Representation of solution fields and non-uniform discretization
4.1. Representation of solution fields

The FFT-based method is based on the approximate calculation of Fourier series coefficients
(equation (16)) using the discrete Fourier transform on a regular grid. The role of the (uniform)
spatial discretization of the domain is therefore to calculate numerically the Fourier coefficients
used in the description of the fields (equation (18)), based on a trapezoidal (and thus uniform)
quadrature rule (with N + 1 equi-spaced points) [26], i.e.,

F =DFT(f), (58)

where f contains the nodal values of function f on a uniform grid. By taking advantage of the
relation (13) between the discrete Fourier coefficients (i.e. F) and the Fourier series coefficients
(i.e. F), the reconstruction of function f then follows in the whole domain

M2
f= ) Fiexp(ié;x), v x€[0,L]. (59)
i=—M/2

Usually, the number of Fourier modes (M + 1) is taken equal to the number of spatial nodes
(N+1),i.e. N= M, and then the inverse Fourier transform can then be used to evaluate, on the
same spatial uniform grid used to approximate the integrals, function f as,

f =IDFT(F). (60)

In the literature, the solution fields are then generally represented from these nodal values, either
using uniform values in a voxel or a linear interpolation between nodal values (see e.g. [1]).
However, as the solution fields are described, by construction, by Fourier series, they are defined
in the whole domain as shown by equation (59). This implies that representing the field only
at the nodes, or uniformly in the voxels, cannot capture variations between spatial nodes, and
may therefore hide some spurious numerical effects such as Gibbs effects. This can be overcome
by representing the solution fields on a finer grid, using directly equation (59). In the context of
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homogenization, such a refined representation does not modify macroscopic quantities, which
depend only on spatial averages. Representing the solution field on a finer grid is therefore
not motivated by the computation of effective properties, but rather by situations where an
accurate evaluation of the solution fields is required (e.g., evaluation of local criteria, stress-
assisted diffusion, or phase-field models).

Let us denote by x?“e the grid points of a uniform finer grid (with Ni"® 4+ 1 points) and by
fiﬁne =f (x?“e) the value of function f on this refined grid. We denote by f1"® the array of size
Nfine 4 1 containing the values fiﬁ“e. From equation (59) one simply has

M2

fiﬁ“e = Y Fjexp (1{jx?ne) (61)
j=-MI2
which can be written as
fiine= 4. F, (62)

where A is the (NI"® + 1) x (M + 1) array defined by
Aij=exp (chjx?ne) . (63)

The determination of ffi"¢ then requires a matrix-vector operation involving matrix A for which

the numerical complexity scales in @ (Nfi"® x M). This evaluation can be considerably reduced by

using the inverse discrete Fourier transform with a modified vector for the Fourier coefficients,

denoted by FI", taken null for the extra high frequency modes:

e {Fi 1fl <M/2 1)
0 ifi>Mj/2.

In that case the numerical complexity would scale in @ (NI"¢Jog(Nfine)).

It is important to note that representing the solution on a finer grid than the resolution grid
is not a reinterpolation of the solution; it is simply the exact evaluation of the same spectral ap-
proximation at new points. No additional interpolation procedure is performed; the underlying
trigonometric polynomial remains unchanged.

4.2. Non-uniform discretization

The representation of the local fields on a finer grid entails a non-negligible computational cost,
scaling as @ (Nfi"¢1og Nfi"®). In situations where only localized regions of the RVE are of interest,
the computational cost can be reduced by resorting to non-uniform FFT evaluations on selected
points.

Indeed, as function f is described by the Fourier series (59), it can be calculated in any grid
point, even in an non-uniform grid. Let us denote by x}" the grid points of a non-uniform grid
(with N™ +1 points x?“ € [0, L)) and by finu =f (x?“) the value of function f on this non-uniform
grid. We denote by f™ the array of size N™ + 1 containing the values f™. From equation (59)
one simply has

M2
M= j:§4/2Fj exp (1€ x") (65)
which can be written as
f™M=A-F, (66)

where A is the (N™ + 1) x (M + 1) array defined by
Ajj=exp(1&;x). (67)
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As previously the numerical complexity of this operation is in @ (N™ x M). However, in the case
where N™ = M, but still with a non-uniform grid, the evaluation of function f can be done
with the same numerical complexity of fast Fourier transforms at nonequispaced points, which
is reffered to as NFFT, for nonequispaced fast Fourier transform, or nonuniform fast Fourier
transform (NUFFT) [29,30].

Knowing the Fourier series coefficients of function f, i.e. F (or equivalently the discrete
Fourier coefficients F), the NUFFT defined by equation (66) permits to evaluate fastly function f
at any points of an arbitrary grid. It thus can be used simply as a post-treatment to represent the
solution field with a fine resolution in areas where strong gradients are expected instead of using
a very fine mesh everywhere in the domain (which would entail a non-negligible computational
cost).

In addition, as equation (66) provides the matrix expression of the NFFT, it could be inverted so
as to provide the value of the Fourier coefficients as a function of the grid point values of function
f and can be calculated efficiently as standard inverse FFT [31]. It thus defines an alternative
way of calculating the Fourier coefficients on a non-uniform grid which can be interpreted as a
modified quadrature rule. However it is expected not to improve the results obtained using the
trapezoidal rule which is exponentially convergent for a periodic function [26].

5. Numerical experiments

The aim of this section is to study, for a specific problem admitting an analytical solution, the
influence of the number of Fourier modes and grid discretization on the quality of the solution
fields. We investigate (i) the influence of the grid discretization (V) for a given number of modes
(M) and (ii) the influence of the number of modes (M) for a given grid discretization (N). Indeed,
as explained in Section 3, the number of grid points N can be chosen independently of the
number of mode M with the sole condition N = M; the relevance of the standard choice M = N
will be notably studied. A particular attention will be put on the representation of the fields as
explained in Section 4.

5.1. Description of the problem

We consider the classical problem of conductivity for checkerboard-type microstructures which
is of interest for the method since this problem has an analytical exact solution [32-34] (see
also [35]). This problem was notably investigated in previous studies since it is highly challenging
for the accurate description, without spurious oscillations of the local fields [18,24,36]. This is an
extreme case due to the presence of sharp interfaces and corners; it is thus a good benchmark to
assess the influence of the ratio M/N.

We consider a 2D periodic square domain [0, 1] x [0, 1] discretized with (N + 1) x (N + 1) grid
points, using the notations of Section 3. We consider that the isotropic conductivity field c(x;, x2)
is heterogeneous and forms a checkerboard-type microstructure with values ¢; = 1 and ¢, = 100
as shown in Figure 1a and defined as

¢y ifx; <0.5and x, <0.5
c(xy,x) = (68)
c; elsewhere.
Thus, the grid point at (0, 0) is at the left bottom corner of the included square. One might remark
that other choice of alignment between the grid and the microstructure might lead to slightly
different results. This influence, sometimes referred as the “egg-box” effect (see, for instance,
[37]), is not investigated here.
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The values E; = 1 and E, = 0 are considered for the prescribed macroscopic electric field E.
Convergence of the iterative procedure is reached when the error defined by equation (57) is
smaller than the prescribed value 108. The normalized electric field E;/||E| obtained from the
theoretical solution of [34] is represented in Figure 1b.

100 5

€ 90 B 4.5
. 80 . 1

. 70 A 3.5
60 -6 3

.5 50 X 25
. 10 . 2

E 30 . 15
. 20 .2 1

. 10 . 05
0

01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1
I T

(a) (b)

Figure 1. Checkerboard problem considered. (a) Distribution of the conductivity field c(x1, x2) field and (b)
Distribution of the theoretical normalized electric field E; /| E||.

For the numerical calculations, several values for the number of grid points will be considered,
N = [1024, 512, 256, 128], and several values for the number of Fourier modes will also be
considered, M = [1024, 512, 256, 128]. The field will be represented on both their “original”
grid (of size (N + 1) x (N + 1)) as well as on a refined grid as explained in Section 4, of size
(Nfine 4+ 1) x (Nfine 4 1) with Nfine = 8192,

Qualitative results are first presented (Section 5.2 and 5.3) to illustrate separately the effect of
mesh refinement and Fourier modes refinement on the local fields. Quantitative comparisons
are then provided in Section 5.4.

5.2. Influence of the grid discretization (N) for a given number of modes (M)

We consider the case M = 128 Fourier modes and we vary the number of grid nodes (IV = [1024,
512, 256, 128]), which therefore consists in modifying the number of integration points for
calculating numerically the Fourier coefficients. First, the distribution of the component E; of
the electric field is represented in Figure 2 for several values of the grid nodes. In each case, the
distribution is represented on both the calculation grid (i.e. the coarse grid of size (N+1) x (N +1))
and the fine grid (of size (Nfi"€ + 1) x (Nfine 4 1)).

Overall, the results in all cases are close to the analytical solution, but spurious oscillations are
observed. Interestingly, these oscillations are not visible in the case (M = 128, N = 128) when
the solution is represented in the coarse grid, i.e. on the grid used for the calculation of the FFT
(Figure 2a), but they are visible when the solution is represented in the fine grid (Figure 2b); this
means that, when the solution is only plotted on the nodes of calculation, oscillations between
these nodes may not be seen, but between grid points these oscillations do exist. When increasing
the number of integration points, i.e. N, the solution seems to converge, and the solutions
represented on the discretization grid and the fine grid coincide.
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M =128 and N = 256 (coarse mesh) M =128 and N = 1024 (coarse mesh)
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Figure 2. Influence of the grid discretization (N) for a given number of modes (M) on the distribution of the
normalized electric field E; /| E|. The solution is represented on both the discretization grid (coarse mesh) and
the fine grid (fine mesh).
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Figure 3. Line plot of the normalized electric field E; / IIE|l interface between the two phases (x2 = 0) for a fixed
number of modes (M = 128). The continuous lines corresponds to the solution on the fine grid and the triangles
corresponds to the solution on the grid used for the FFT calculations.
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Additionally, an enlarged view, in the vicinity of the interface between the two phases, is
plotted in Figure 3, on the line x, = 0. In the case (M = 128, N = 128), the oscillations are not
visible if one only represents the gridpoint values of the field (represented by blue triangles) but
they become visible when the solution is represented in the fine grid. It is interesting to note that
the solution field stabilizes when N increases. This is consistent with the role played by N, which
is to calculate approximately integrals: for a fixed number of modes M, the increase of N allows a
better approximation of the integrals, but this evaluation is expected to reach a stationary value
when increasing the number of integration points.

5.3. Influence of the number of modes (M) for a given grid discretization (N)

We now consider the case N = 1024 and we vary the number of Fourier modes (M =
[1024, 256, 128]), which therefore consists in removing some high frequencies in the solution.
First, the distribution of the component E of the electric field is represented in Figure 4 for sev-
eral values of the grid nodes. In each case, the distribution is represented on both the calculation
grid (i.e. the coarse grid of size (N + 1) x (N + 1)) and the fine grid (of size (Nfi"® + 1) x (Nfine + 1)).
First, the distribution seems quite similar irrespective of the resolution considered for the
representation. As previously, spurious oscillations are observed on the solution fields, which
tend to decrease when the number of Fourier modes increases.
M =128 and N = 1024 (coarse mesh)

M =256 and N = 1024 (coarse mesh) M = 1024 and N = 1024 (coarse mesh)
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Figure 4. Influence of number of modes (M) for a given grid discretization (N) on the distribution of the
normalized electric field E; /| E|. The solution is represented on both the discretization grid (coarse mesh) and
the fine grid (fine mesh).

An enlarged view of the solution field, at the vicinity of the interface between the two phases,
is plotted in Figure 5, on the line x, = 0. This representation allows to see the oscillatory
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nature of all solutions, with a period that depends on the number of Fourier modes (M). This
is consistent with the interpretation of the Fourier modes which are associated with increasing
frequencies. Increasing the number of modes allows to restrict the Gibbs phenomenon close to
the interface but it may increase the amplitude of the oscillations locally. Therefore, even though
the numerical solution seems to get closer to the analytical one when increasing M, oscillations
with higher frequencies appear, so one cannot conclude on the improvement of quality of the
solution field with the increase of the modes.
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€1

Figure 5. Line plot of the normalized electric field Ej / IIE|l interface between the two phases (x2 = 0) for a fixed
grid discretization (N = 1024). The continuous lines corresponds to the solution on the fine grid and the triangles
corresponds to the solution on the grid used for the FFT calculations.

5.4. Quantitative comparison with the analytical solution

A quantitative comparison between numerical solutions and the analytical one is made by
studying the relative error in energy norm defined as [38]

f (Eth _ Enum) c: (Eth _ Enum)dQ
Q

err = ) (69)
f EP:c:EMdQ
Q

where E" is the theoretical electric field and E™™ is the numerical electric field obtained by FFT.
Following Galerkin’s framework, this error should be minimal in the chosen function subspace,
i.e. for the number of modes M.

The error is represented in Figure 6a as a function of the number of grid nodes N (for a given
number of modes M). For a given number of modes M, the error decreases with the number
of nodes (which plays here the role of integration points) and tends to an asymptotic value, in
agreement with the results of Figure 3. This confirms that the use of FFT (approximate calculation
of integrals using a trapezoidal rule, which can be seen as a reduced integration) induces an
error on the solution fields. The stabilization of the error indicates that the reduced-integration-
induced error has been suppressed. Residual error comes from the truncated Fourier series
approximation, and decreases with the number of modes M. This confirms that the approximate
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calculation of integrals using a trapezoidal rule, for a given function (imposed by the number of
modes), reaches a stationary value when increasing the number of integration points N.

Then, the error is represented in Figure 6b as a function of the number of modes M (for a given
number of nodes N). Overall, the error tends to decrease when the number of modes M increases
(for a fixed N) until a limit value Mj;;,, above which the error increases. This value Mj;;,, depends
on the number of nodes N and its order of magnitude is of about My, ~ 3N/4. This peculiar
result indicates that, for this problem, the optimal number of modes M is not necessarily equal
to the number of integration points N: a truncation of the Fourier series (i.e. M < N), which
corresponds to disregard Fourier coefficients for high frequencies, can lead to a better solution
field. This is equivalent to filtering high frequency components known to degrade solution fields
near regions of discontinuity (see e.g. [39]).

err
err

1072 1 1072

—N =128
— N =256
——N =512
N =1024
— N =2048

10* Ui)( rlU‘ ll‘Jl Il‘Jq
Number of grid nodes (V) Number of Fourier modes (M)

(a) (b)

Figure 6. Error analysis on the local fields. (a) Influence of the number of integration points N and (b) Influence
of the number of modes M.

In addition, since FFT-based methods are generally used to calculate the overall properties of
composites, it is also interesting to study the influence of the discretization on the macroscopic
conductivity ¢ which arises in the relation

J) =c(E), (70)

where (J) and (E) are the volume averages of the electric current and electric field, respectively.
The macroscopic conductivity ¢, obtained from the numerical calculation, denoted by ¢™™, is
simply obtained using the Fourier coefficients of the electric current and electric field associated
to the first Fourier frequencies, since the first Fourier frequencies are associated to the average
of the considered field. For the loading considered, one thus has (using the notation of equa-
tion (32))

TX
ghum — Alf 71)
EOO

The theoretical macroscopic conductivity, denoted by e is given by [34]:

c1 +3c
ch= [ 2. (72)
3c1+ ¢
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Then we define the relative error for the macroscopic conductivity as

’ Eth _ ghum

€ITmacro = —h (73)
C

First, the error for the macroscopic conductivity is represented in Figure 7a as a function
of the number of grid nodes N (for a fixed number of modes M). A stationary value of the
error is observed when increasing the number of nodes, which act here as integration points.
This behaviour is consistent with the convergence of the numerical integration as the number
of grid points increases. For the considered test case, the macroscopic error is minimal when
the integration grid matches the spectral truncation, i.e. (N = M). This behaviour is attributed
to a partial compensation between truncation and numerical integration errors. It is therefore
problem-dependent and not expected to hold in general.

107 1 M = 1024
——— M = 2048 01 L

€ITmacro
WW |

errl!ld(.ro
=
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Figure 7. Error analysis on the macroscopic conductivity. (a) Influence of the number of integration points N
and (b) Influence of the number of modes M.

Then, the error for the macroscopic conductivity is represented in Figure 7b as a function
of the number of modes M (for a given number of nodes N). Contrary to the error related to
the local fields, the error for the macroscopic conductivity keeps decreasing while increasing the
number of modes. Therefore, the estimation of macroscopic properties is not affected by the
high frequencies, in contrast to the local fields, which may be affected by Gibbs phenomenon,
while macroscopic properties correspond to the zero Fourier mode of the solution, as shown by
equation (71). Nevertheless, the zero Fourier mode results from the solution of the Lippmann—
Schwinger equation, which involves a convolution in Fourier space and therefore depends on
the full spectral content of the fields. Thus, this result is a numerical observation, which might be
case-dependent.

5.5. Influence of the contrast on the optimal ratio M/ N

The above results show that the choice M = N is not necessarily the optimal choice in terms of
quality of the local fields, which is a peculiar and unexpected emerging result. For this specific
case, i.e., checkerboard microstructure with a contrast c»/c; = 100, the optimal value M/N
associated to the relative error in energy norm is almost constant and lies between 0.67 and 0.72.
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This emerging result is not universal as it is expected to depend on both the microstructure and
the contrast. Indeed, in the limit case of a homogeneous material, i.e., co/c; = 1, no oscillations
are expected and thus the improvement of the solution field obtained by taking M lower than
N is not expected to hold in that case. To assess quantitatively the effect of the contrast on the
optimal value M/ N, we consider several values of the contrast c/c; = [2, 10, 100, 1000] and only
one value of the number of grid points N =512 is considered.

The error is represented in Figure 8 as a function of the number of modes M (for a given
number of nodes N = 512). The error decreases when the number of modes M increases and,
depending on the value of the contrast, it can reach a limit value Mj;;,, above which the error
increases. As expected the optimal value of the ratio M/N is close to 1 for low-contrasted
materials, and then it decreases when the contrast increases. For this specific problem this is
attributed to the presence of oscillations, whose occurrence depends on the contrast.

err
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—— N =512 and ¢y /¢; = 10
N =512 and ¢3/c; =2
1077 !
10! 10°

Number of Fourier modes (M)

Figure 8. Influence of the contrast upon the error analysis on the local fields.

The emergence of this optimal value M/N cannot be seen as a universal result and is expected
to be problem-dependent: the only conclusion that can be drawn with this analysis is that the
choice M = N is not necessarily the optimal choice for local fields.

6. Discussion on spurious oscillations

In this section, we discuss the occurrence of spurious oscillations, which are the main source of
discrepancies between the numerical and analytical solutions, and present remedies based either
on discrete Green operators or on smoothing techniques.

6.1. On generalized Green operators

The three approaches considered in Section 3 all rely on Fourier series together with standard de-

rivative rules which leads to the so-called “continuous” Green operator defined by equation (35).
It has been shown in the literature that modified “discrete” Green operators, obtained using finite
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differences or finite elements approximations, generally improve the convergence rate of the it-
erative procedure as well as the quality of the local fields, by suppressing most of the spurious os-
cillations [18,20,21]. It should be noted that the developments of Green operators are thus not com-
patible as is with the description of fields using Fourier series; the use of discrete Fourier trans-
forms simply arise in the resolution of the linear system obtained using either finite differences
or finite elements (which defines a circulant matrix in the case of periodic boundary conditions),
leading to the so-called preconditioned FFT-accelerated finite element solvers.

In this section we revisit the construction of the discrete Green operator by introducing
modified derivative rules into the framework of Section 3, still in the framework of Fourier series.
Indeed, instead of using the standard spectral derivative rules, we will consider a difference
(continuous) operator with a given spacing (not necessarily equal to the grid size), based on
difference quotient. In order to retrieve [18]’s scheme and generalize it, we will consider a
forward-type derivative scheme for the electric potential and a backward-type derivative scheme
for the current. Other choice for these derivative rules would lead to another modified Green
operators. This enables the use of discrete Green operators within the Fourier series framework
(i.e. using spectral interpolation) and allows to determine whether oscillations originate from the
derivative rule or the interpolation (spectral) functions.

Modified derivative rules for the electric potential. We consider the following continuous for-
ward derivative scheme for the electric potential

" (x+hy,y,2) — 9" (x,y,2)

Sy lo™] (xy,2) =

hy
*(xr +h )Z)_ *(xy 7Z)
5{,+[<p*](x,y,Z)=(p Y 278 5V (74)
¥ hy
* *(xv yZ+h)_ *(xy )Z)
57 9]y = £ ) 0" oy
4

where hy, hy and h; are the spatial steps considered in each spatial directions.

Modified derivative rules for the electric current. We then introduce a continuous backward

derivative scheme
Jx(x,1,2) = Jx(x— hy, ¥ 2)

6‘;;; []x] (xryyz) =

hy
- Jy(x,,2) = J,(x,y = hy, 2)
6% []y](x,y,z): y ) yy—ny -
y hy
DAL »hz—h
67 Ul (3, ) = 2002 Zuyz J

Some comments are in order:

¢ Inthe case hy = Ax, hy = Ay and h, = Az, the derivative rules are very similar to the finite
difference scheme of [18], but the difference is that it is defined even between nodal values
in the present formulation.
¢ In the case hy — 0, hy — 0, h; — 0 the derivative rules considered correspond to the
standard derivative rules considered previously.
Assuming that ¢* is described by a Full Fourier series, the forward derivative scheme (74) in
the x—direction reads

. too foo oo exp (17 (x+hy)) —exp (¥ x)
Ol lnya= 3 X 3 o ’ ; = exp (167 y) exp (1672)
i=—00 j=—00 k=—00 X
+00 +00 +00 . exp(lf)_ch )_1
=y Y ¥ (Dl.jkh’—xexp(zﬁfx)exp(zé}y.y)exp(chiz).
X

i=—00 j=—0co k=-00

(76)
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Assuming that 7 is described by a full Fourier series, the backward derivative scheme (75) in
the x—direction reads

_ oo oo +oo exp (1&¥x) —exp (1&F (x— hy)
Ol ya= 3 3} Y T (i) - (s} x)exp(lij.y)exp(chzz)

i=—00 j=—00 k=—00
too  too  Hoo 1—exp(—1Th
=y Y ¥ Tl.xjk}(l—x’x)exp(uffx)exp(lij.y)exp(lfiz).

i=—00 j=—00 k=—00

70

Then, considering these derivative rules and the description of the fields using full Fourier
series as in Section 3, the auxiliary problem reduces, after a few straightforward calculations
involving trigonometric relations, to

+oo  too +0o
co i;@jzz_;ok;m ((af)2 + (oc;)2 + (az)z) @ exp (17 x) exp (zéj.’y) exp (1£72)

+00 +00

+00
==Y X X BT+ BT+ BT exp (167 x) exp (18] y) exp (i€52) (78)

i=—00 j=—0cok=—00

where af, aj./ ,and ai are given by

¥y
x &hh
2sin(€ihx) 2sin( ]Zy)
2
aji = h—x a=—7 ay=——-—>, (79)

and 7, ﬁ]y', and p7 are given by

(_lew(un o 1mew(gh) L 1 ew(ih)

' , R S 80
! thy J thy k 1h, (60)

The relation between the Fourier series coefficients of the fluctuation and the components of
the polarization then follows

X TX Yy zZ Tz
BTkt B T+ BET

co ((oc;“)2 +(@))? + (ai)z) '

P 1

ijk= " (81)

As previously this relation holds for all frequencies, i.e. for i = —oo,...,+00, j = —00,...,+00 and
k = —o0,...,+00 (except in the particular case i = j = k = 0 where one has ®*yypp = 0), and is
expressed in terms of the Fourier series coefficients which need to be evaluated. Using discrete
Fourier transforms to evaluate these coeflicients with (Ny +1) x (Nj, +1) x (N, + 1) voxels (so that
the spatial scales are Ax = Ly/(Nx +1), Ay = L,/(Ny+1) and Az = L./(N; +1)), one has

. BT +BIT) +BiTE,
Q*jjk=—1 t Y ] U < , (82)

o (@)? + @) + (@2)?)

but now for i = —Ny/2,...,Nyx/2, j = =Ny/2,...,N,/2 and k = —N,/2,...,N./2, except in the
particular case i = j = k = 0 where one has ®*yg9 = 0. Equation (82) provides the coefficients
of the discrete Fourier transform of ¢* as a function of the coefficients of the discrete Fourier
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transform of 7y, 7, and 7.. It then can be used to define a generalized Green operator on the
eletric field as

XX Y3y Z Tz
o B T+ By T + By T

Sx
Eijk_ lBl

oo (@2 +@)? + (@2?)

X X Y3y Z Tz
~ e Bt B T + BT

EV. =B (83)
k
T @@ @)
X X YTy z7Tz
o B Tt B T+ B T
ijk="P

k- ’
o (@12 + (@))2 + (@D)?)

for i = =Ny/2,...,Nx/2, j = =Ny/2,...,Ny/2 and k = —=N./2,...,N_/2 (except in the case i = j =
k=0).Inthecasei=j=k=0,onehas

O S

Egoo = Ex» Egoo = Eyr Egoo = Ez» (84)
where E,, E y and E, are the components of the average of the electric field E. In equation (83),

-, ﬁ]y. " and p7* are respectively the complex conjugate of f7, ﬁj.’ and pf and Ef; E) andE "

are the coeflicients of the discrete Fourier transforms of the components of the local e{ectric field
E. In addition, it is worth noting that

By BY = (a})?, (85)
so one finally has _
E@) = —F%(f) :T(§) VYE#0, E(0)=E, (86)
where f((]; is the generalized Green operator which has an explicit form in Fourier space:
= "6 ®B(8)
£ =L Behe (87)

O1B* (&) - P&

Some comments are in order:

e In the case hy — 0, hy, — 0, h; — 0, it is easy to show that $(§) — ¢ and therefore
f%(f) — lA“O(i). This result is expected as in this case, the modified deritative rules reduce
to standard derivative rules, so the generalized Green operator reduces to the standard
“continuous” Green operator.

¢ Inthe case hy = Ax, hy, = Ay and h; = Az, the generalized Green operator reduces to the
so-called “discrete” Green operator of [18], which is also expected as the derivation rules
are the same. The main difference is that [18]’s scheme is based on finite differences,
and therefore the solution field is only defined as the nodes, while the present scheme
provides the same nodal values but the solution fields are described by Fourier series
and therefore are defined in the whole domain.

e In the cases 0 < hy < Ax, 0 < hy, < Ay and 0 < h; < Az, the associated Green operator
generalizes the “continuous” and “discrete” Green operators.

The effect of the Green operator, obtained using modified derivation rule, is now investigated
on the checkerboard problem considered in Section 5. We consider the case N = M = 1024 and
several values for the spatial steps used for the derivative rules:

¢ Case 1: hy = hy, — 0, which corresponds to the (standard) continuous Green operator.

e Case2: hy=hy=Ax/2=Ay/2.

e Case 3: hy = hy, = Ax = Ay, which corresponds to the discrete Green operator of [18];

The solution field at the vicinity of the interface between the two phases is plotted in Figure 9, on
the line x, = 0.

The very first observation is that the predictions obtained with the three considered Green

operators lead to the almost exact same results when the solution is represented on the fine grid
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Figure 9. Effect of the Green operator on the normalized electric field E;/ IE|l. (a) Line plot at the interface
between the two phases (x2 = 0), (b) Enlarged view, (c) Representation with a linear interpolation between grid
node values.

(Figure 9a). Interestingly, an enlarged view (Figure 9b) shows that the grid nodes values calculated
with the continuous and discrete Green operators are not the same, although the continuous
functions (projected on the fine grid) almost coincide. It is worth noting that, if the solution
is interpolated linearly between grid nodes (Figure 9c), the oscillatory nature of the solution is
very different using the continuous or discrete operator: the solution calculated with the discrete
operator does not exhibit oscillations using such representation. It is important to remark that
this representation (using linear interpolation) is not consistent with the framework considered
in this work but it is consistent with a finite element discretization of the fields.

Therefore, the partial conclusion that can be made is that discrete Green operators do not
improve intrinsically the local fields; it is the underlying discretization, based on finite elements
and leading to discrete Green operators, which may improve the quality of the local fields.
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6.2. Discussion on smoothing techniques

Another solution for removing oscillation is to consider a smoother. Indeed, the presentation
of the results between spatial nodes clearly shows the oscillatory nature of functions described
by Fourier series in presence of discontinuities, which is related to the Gibbs phenomenon. We
explore in this section the effect of material properties smoothing using the periodic smoother
proposed by [24]. This smoother is based on a modification of the Fourier coefficients of
the function to be smoothed, which is briefly recalled hereafter in 1-d. We consider periodic
unidimensional function f with period L, defined in the interval [0, L] discretized with N +1
segments so the spatial scale is Ax = L/(N + 1). The discrete values of function f denoted f; =
f(xj) may thus be written as an array f of size N. The smooth estimate is denoted 1by f and we
are thus looking for its discrete values f; which consists in finding the array f = ( fofirn f N)

The smoother proposed by [24] is based on smoothing splines solution of the minimization of
a functional which balances the fidelity to the data, through the residual sum-of-squares (RSS),
and the smoothness of the estimate, through some penalty term. In the particular case of the first
derivative considered in the penalty term, the smoother reads

f =IDFT (') o DFT(f)), (88)

where o denoted Hadamard product (pointwise product) and I'(s) is an array of size N, whose

components are given by
1

S 1+5L2E
In this equation, § is a parameter that controls the smoothing, i.e. the tradeoff between the
“smoothness” of the solution and the fidelity to the data. A given value of s will create some
interphase between material discontinuities: the increase of § increases the thickness of this
interphase.

The objective is now to study the effect of this smoother on the local fields, especially on the
occurrence of oscillations. Several spatial discretizations are considered; in order to assess the
ability of the smoother to reproduce and get closer to the analytical solution, the thickness of the
interphase is chosen so as to decrease with the spatial discretization. We thus take the following
form for the smoothing parameter

(89)

_ a

§= N (90)
This allows to have a finite interphase for small values of IV and the size of this interphase tends
to zero when the spatial discretization increases. The microstructure obtained increasing the
number of nodes N tends to the initial microstructure (with discontinuities): the local fields
are thus expected to get closer to the analytical solution, when N increases, without numerical
artifacts. Several values for the parameter a will be consider.

We begin with the case 5§ = 1/ N2 (i.e. a =1). First, the microstructure is represented in
Figure 10a for several values of the discretization (and thus the smoothing parameter); the
node values are represented by discrete symbols and the associated continuous representation
is also shown (based on a Fourier interpolation using the node values to calculate the Fourier
coefficients and then the Fourier coefficients to reconstruct the function everywhere). Since the
smoothing parameter has been taken to decrease when the number of nodes N increases, the
thickness of the interphase decreases when N increases and the smooth microstructure tends to
the theoretical one.

The line plot of the solution field E;/ ||EH at the interface between the two phases (x» = 0) is
then represented in Figure 10b. As expected by the effect of smoothing, (i) the solution is spread
due to the presence of an interphase of properties and (ii) spurious oscillations are considerably
decreased by comparison with the solution calculated without smoothing (see e.g. Figure 3).
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The smoothing parameter has been chosen so as to remove most of the oscillations without
introducing too much spreading, for a given value of N; an increase of the smoothing parameter
would necessarily decrease the magnitude of the oscillations but increase the spreading of the
solution: a compromise between oscillations and spreading is inevitable. It is worth noting that
the numerical solution seems to tend to the analytical one, without numerical artifacts, with an
increase of the spatial resolution as well as the introduction of a sufficient (but small enough)
smoothing parameter.

e— T T -
N Theoretical ——— Theoretical
90| N ; | ran ———-Num. N =8192, 5~ 1.5 x 107%|]
———-Num. N =4096, 5~ 6 x 10~%
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Figure 10. Effect of smoothing on the local fields. (a) Line plot of the conductivity field c at the center of the cell
(x2 = 0.5). (b) Line plot of the normalized electric field E1/||E|| at the interface between the two phases (x2 = 0).
The continuous lines corresponds to the solution on the fine grid and the triangles corresponds to the solution on
the grid used for the FFT calculations.

A quantitative comparison between the numerical and analytical solutions is then made but
studying the error defined by equation (69), for § = 1/N? and § = 1/(200 x N?). The error is
represented in Figure 11a as a function of the number of modes M (for a given number of
nodes N) and is compared to that obtained without smooth. In contrast to the original case
where the error starts increasing for high frequencies (when M > M), the error decreases and
reaches a stationary value for a smooth microstructure. This confirms that oscillations due to
high frequencies do not degrade the solution field because they are greatly decreased in the
smooth case. It is worth noting that the error, in this case, is greater than the error of the non-
smooth case. This is due to the fact that the smooth microstructure is not strictly equivalent to
the non-smooth case because of the thin interface induced by smoothing; therefore the problem
solved is slightly different which necessarily induces errors in comparison with the analytical
solution. Moreover, this result was expected as the non-smoothed solution, without integration
error (N > M), is optimal in the sense of the error defined by (69). In a way, the non-smoothed
solution optimized this error while disregarding the local error, therefore the spurious oscillation.
This is confirmed by considering a smaller value for the smoothing parameter, § = 1/(200 x N?).
In this case, the error is represented in Figure 11b, again as a function of the number of modes
M (for a given number of nodes N). For this smaller value of the smoothing parameter, the
error keeps decreasing when increasing the number of modes and is smaller than in the case
without smoothing. This indicates that decreasing the interphase improves the local fields
because (i) the microstructure is closer to the analytical one and (ii) oscillations are still removed
by the smoother. It should be noted that, compared to the truncation of high frequencies
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considered previously (i.e. for M ~ My;y,), the error defined by (69) is not significantly improved
by the smoother; this can be explained by the fact that filtering high frequencies and smoothing
material discontinuities play somehow a similar role, as both acts as a regularization of spurious
oscillations due to high frequencies in presence of discontinuities.

err
err

0
- 512, 5 = 1/(200 x N?)
10: 5=0
1 =1/(200 x N?)
— N 48,5 =10

—— J\T = 2048, 5 = 1/(200 x N?)
10°° L L 1073 ! L
10 10% 10° 10! 10* 10°
Number of Fourier modes (M) Number of Fourier modes (M)
(@ (b)

Figure 11. Influence of material properties smoothing on error analysis on the local fields. (a) Case§ = 1/N? and
(b) Case 5 = 1/(200 x N?).

For completeness, the influence of the smoother on the macroscopic conductivity is repre-
sented in Figure 12. As for the error on the local fields, the error on the macroscopic conductiv-
ity decreases with the increase of M and reaches a stationary value for a smooth microstructure.
Overall, independently of the value of the smoothing parameter, the use of the smoother slightly
alters the predicted effective properties. This behaviour is attributed to the modification of the
microstructure induced by the smoothing operation, meaning that the resulting computation

corresponds to a slightly different physical problem.
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Figure 12. Influence of material properties smoothing on error analysis on the macroscopic conductivity. (a)
Case§=1/N? and (b) Case§ = 1/(200 x N?).
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7. Conclusion

The aim of this work was to revisit the formulation of FFT-based methods for heterogeneous
materials in the periodic setting, originally proposed by the pioneering work of [1]. This class
of methods is based on the iterative resolution of an auxiliary problem involving a reference
homogeneous material and a polarization tensor. Assuming a description of the fields by
(infinite or partial) Fourier series, we show the equivalence between several discretization
approaches including strong and weak formulations and different numerical approximations,
following ideas from [12]. The formulation proposed in this work notably decouples the number
of Fourier modes to the spatial discretization grid which is shown to be used to calculate
approximately integrals with the trapezoidal rule. The relation between the discretization grid
and the representation of the continuous fields is discussed including the possibility of using
non-uniform grids. Several numerical experiments are conducted on the checkerboard problem
for which an analytical solution is used; we notably investigate the effect of the number of Fourier
modes together with the grid discretization. The importance of representing the fields between
grid nodes is emphasized as spurious oscillations can emerged between grid nodes. Increasing
the number of grid nodes, for a given number of Fourier modes, has only a moderate effect
as it simply improves the calculations of the Fourier coefficients. Conversely, for this specific
checkerboard problem, increasing the number of Fourier modes, for a given grid discretization,
improves the solution up to a limit values for the number of modes, above which the quality of
the solution is degraded due to the occurrence of spurious oscillations at high frequencies. In
this continuous setting, i.e. by considering Fourier series to describe fields, generalized Green
operators are derived using modified derivative rules, which leads to a generalization of both
continuous and discrete Green operators relying on a single spatial parameter. It was shown that
this does not improve the local fields, as oscillations are mainly due to the description of solution
fields using Fourier series. On the other hand, the effect of material discontinuity smoothing is
studied by using [24]’s interface smoother: it is shown that a combination of mesh refinement and
suitable smoothing improves the numerical solution without numerical artifacts even between
grid nodes. Overall, the standard choice M = N is not necessarily optimal.

It is important to remark that this work was concerned with a description of fields based on
Fourier series, even when (generalized) discrete Green operators were used; this is mainly why
spurious oscillations between nodes were observed in that case. Standard approaches making
used of discrete Green operators are generally based either on finite differences [18,19] or a
finite element discretization, generally using linear elements [20,21]. Therefore in that case, the
obtained fields should be post-treated according to the interpolation basis functions used and
may not show any oscillations between the node grid used for evaluating the Fourier transforms
as shown using a linear interpolation between grid node values. Oscillations are thus expected to
be less important using these approaches because of the representation of the solution field.

This work provides a new perspective on solution fields obtained by FFT-based solvers,
especially on the quality of the local fields. In presence of material discontinuities, spurious
oscillations inherent of the Fourier framework degrades the solution field. Simple remedies
consist in (i) filtering the high frequencies, by simply removing some Fourier coefficients as a
post-treatment to reconstruct the solution field or (ii) removing material discontinuities using an
interface spreading smoother.
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