ACADEMIE
DES SCIENCES

INSTITUT DE FRANCE

Comptes Rendus

Mécanique

Christian Licht, Somsak Orankitjaroen and Thibaut Weller
An assembly of two slender anisotropic beams through a very thin adhesive layer
Volume 354 (2026), p. 621-632

Online since: 17 June 2026

https://doi.org/10.5802/crmeca.372

[cOE=mmmmm| This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses /by /4.0/

WS

MERSENNE

The Comptes Rendus. Mécanique are a member of the
Mersenne Center for open scientific publishing
www.centre-mersenne.org — e-ISSN : 1873-7234


https://doi.org/10.5802/crmeca.372
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

ACADEMIE Comptes Rendus. Mécanique
DES SCIENCES 2026, Vol. 354, p.621-632
https://doi.org/10.5802/crmeca.372

INSTITUT DE FRANCE

Research article

An assembly of two slender anisotropic beams
through a very thin adhesive layer

Christian Licht #»¢, Somsak Orankitjaroen * b and Thibaut Weller *¢

4 Department of Mathematics, Faculty of Science, Mahidol University,
Bangkok, Thailand

b Centre of Excellence in Mathematics, CHE, Bangkok, Thailand

¢ LMGC, Université de Montpellier, CNRS, Montpellier, France

E-mails: christian.licht@umontpellier.fr (C. Licht), somsak.ora@mahidol.ac.th
(S. Orankitjaroen), thibaut.weller@umontpellier.fr (T. Weller)

Abstract. We derive various models of assemblies of slender anisotropic linearly elastic beams through an
asymptotic analysis taking into account a triplet of small parameters associated with the slenderness of the
beams but also the thinness and the stiffness of a very thin third body which connects them. Our models allow
the description of the mechanical constraint of the linkage between two beams which strongly depends on
the relative orders of magnitude of the previous parameters.
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1. Setting the problem

Using the same asymptotic analysis by variational convergence, we continue the studies [1,2] by
considering the case of several kinds of assemblies of two slender anisotropic beams through
a very thin layer. As usual we do not distinguish between R® and the Euclidean physical space
whose basis is {e1, €2, e3}. Throughout the paper, loner Greek (resp. Latin) indices run from 1
to 2 (resp. 1to 3) and for every & = ({1,¢2,¢3) of R3, ¢ denotes (¢1,&2). The space of symmetric
3 x 3 matrices is denoted by S* and we write ®, for the symmetrized tensor product, i.e. given
¢ and ¢ in R3, the element ¢ ® of S° is defined componentwise by (¢ ®, Qij = %(fifj +¢&C3).
Finally Lin(S®) stands for the space of linear mappings from S into itself. Seeking to address
several geometric and mechanical situations in a unified manner, we opted for the introduction
of upper left superscripts. This makes it possible to consider various cases indexed by ¢ = (p, q)
in {1,2}%.
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Given two positive real numbers L* and a domain o of R?> with a Lipschitz-continuous

boundary dw such that
f xad?c:f X1xdX =0,
w w

for all pairs of numbers (¢, k) in (0, +o0) x (0,Min(L*,L7)), let

Qf:=ewx (-L™, L"), Q% := 0f N {x* € R®; +x§ >0}
B} :=ewx (—h,h)
£ . PE+ £—
it = ot o 0
Q¢ ::Q—n{ix3>h}, Q,7:=Q + hes
S€:=ew x {0}, Spi=ewx{nt YneR\{0}
PG, i=ew x {£x3€[0,L* + (p— 1)h)}.

The domains pQ‘;i are occupied by two linearly elastic slender beams which are connected by
a very thin linearly elastic layer occupying B;. The case p = 1 corresponds to the analysis of the
influence of the stiffness and thickness of an inclusion in a slender structure, whereas the case
p = 2 corresponds to the analysis of the influence of the stiffness and the thickness of an adhesive
joint on the bonding of two given slender beams.

We assume that the “upper part” S7, | (p-1h = pSflp is clamped on a rigid body while the “lower
part” Si(Lw(p—l)h) =: pSfOW is either clamped on a rigid body (q = 1) or subjected to surface

forces (q = 2)! Moreover the beams are subjected to body forces in pQ‘; and surface forces on
£0w x {h < £x§ < L* + (p — 1) h}. More precisely, if
(P D€ ._poe , PeE (P2)me . _pee
Lp = SpUPs Lp = "Sup )

low’

subjected to body forces of density ¥ f;
in Lz(pﬂz, R3) and surface forces of density ‘g in LZ(‘FZN, R3) with ‘ThN:=0 pQZ \ (T, USL,)
whereas the thin layer is free of loading and perfectly stuck to the beams along S‘i 5+ The following

Figure 1 summarizes the above information:

we assume that the assembly is clamped along T,

Lastly we denote the elasticity tensors of the beams and of the layer by pa‘;l, b respectively.
They satisfy
eu>0
« (*a;,b) € L°("Q} , Lin(S?%)) x Lin(S?)
with Pa;, b symmetric 3 >0 s.t. 3)
J 2 POE
2°M/pa2(f) ="a, (x)E-Szallly, ae xfetQ }er <.
2Mp(§) = bE & = alélZ,

In the following for any domain ¥ of RY1<d<3, H;(%,Rd'),l < d' < 3, stands for the

subspace of H'(%, R?) of the elements with vanishing trace on a subset y of the boundary 6%.
Hence the problem of the equilibrium of the assembly involves a triplet s := (g, h, u) of data and
can be formulated as:

Minf Cprae(eg(v))dx£+/vtf oM/b(e"j(v))dx’s—f pf;-vdxg
Pt h Bf Po®

h
ﬁer

where ef . (v) = (0v;/0x% +dv;/0x{)/2 is the strain tensor associated with the displacement v and
J5 is the 2-dimensional Hausdorff-measure. Obviously (“P*) has a unique solution “u?°.

‘gr - vdHs; ve‘V,f::H}rzD(pG‘;,Rﬂ} (‘P9
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Figure 1. Four configurations of abutting slender beams with diameter of order €. The left panels correspond to
slender beams containing a very small inclusion, while the right panels represent a junction through a very small
adhesive layer. The traction-free boundary is shown in red; its size is discussed in assumption (Hj) below.

2. Asymptotic behavior

As is customary in the analysis of slender beams (see, e.g., [3,4]), we introduce:

« achange of coordinates 7¢:
xERS — xf =7fx:= (¢X,x3) € R3 4)

and drop the index ¢ for the image by (7€) ™! of the previous domains while, in the sequel,
the space variables x¢ in pG; and x in th are systematically connected by x* = n¢x.

* An operator #; which transforms any element w of %" into an element of ¥ :=
Hy (G, R) such that:

_ 1
Frw(x) =w(x%), (FHw)sx)= EWe,(xf) (5)

and
ef (w) (x°) = P (g, 7, w) (%),
eap(2) /€% eqs(2)/€ ©)
sym e33(2) Y ze H' (PG, R3).
ejj(z) := %(6izj+6jz,') , 1=<i,j<3

ePeAm (g, z) :=

e Some assumptions on the loading and the stiffness of the beams. To this end we
introduce:

Tp:=S+US-, Tpi=Sp+, y=00\T,, T,:=0"G,\ T,
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and, for any function ¢ defined on a subset of Q, the mapping "¢ j @ such that:
1,0 x3) = (%, x3 - sgn(xz)(p—Dh) VYxePQ, (7)
where sgn(x3) denotes the sign of x3. We assume that:

There exist hy >0, f in I? (Q,[Rg), gin LZ(qFN,[RS) with (supp (f),supp () N By, = @
and a symmetric in L*°(Q, Lin($®)) such that
Ja>0; 2W, (&) :=ax)é-&E= alfl2 ae xin Q, V¢e s3

A

°p/f\;f(x5)=£2prhf(x), P =efr, i) vxePq, (Hy)
cTgr () = P1, g), ‘gL (x) = P1,g3(x) Vxe T yn{txse[0,L+(p-1)h)}

efgr(x) = P1, 80, ‘gh,(x) =1, 830 VxeT,n{xg=-(L +@p-Dh}

p e ey _ P P
. ah(x)— rha(x) Vxe Qh

Hence ‘u, := % ‘u’ is the unique solution of

; beam beam _ p .
Mln{ﬁQthrha(e (¢, v)) dx+ujl;h°ﬂfb(e (¢, v))dx ﬁﬂh ‘L'hf vdx

p . (7 g
_ﬁr ‘rhg-vdﬂfg, VE 7/h~—HCr}

D

("G, R } (°P)

hN

We will consider s = (¢, h,u) as a triplet of parameters taking values in a countable set G of
(0, +00) x (0, hg) x (0, +00) with a unique cluster point §in {0} x {0} x [0, +o0] and distinguish various
cases of relative behaviors of the elements of s characterized by t:

For all k in {1, 2} there exists kﬁ in [0, +o0] such that lim u/ 21?0 :kﬁ,

§—S

ev=1 if (' ) € [0, +00) x {0},

(Hz)
ev=2 if (', °) € {+00} x [0, +00),
ev=3 if (g, 2[) € {+o0}?,
with the additional assumption:
If g=2, f f-pdx+f g-pdH,=0, VpeZx (H3)
Q- T Nixs<0}

where Z# denotes the set of rigid displacements (p € Z <= e(p) = 0). Of course when p remains
bounded from below, this assumption may be dropped.

In the sequel, C will denote various constants (independent of s!) which may vary from lines
to lines. So, classically, ‘u; does satisfy:

f |ebeam(€’ cus)

th
,uf |ebeam(€’ cus)
By,

2
dx=C 8)

2
dx=C 9)
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In the following, for any measurable function ¢ defined in a subset ¢ of R, we will denote the
restriction of ¢ to {+x3 > 0} N ¢ by (pi. As estimation (8) involves a domain which varies with #, it

is convenient to associate with all v in c7/h, an element cﬂ'h vin H}r (Q\S,RY given by:
D

ewhenc=(1,1),

(‘?J‘hv)i(x)::{
ewhenc=(1,2),
{ (‘T,v) wisasc=(1,1),
(Cf'/— v)_(x)': v(X,x3—h) if x3€ (=L + h,0),

h " \v@® 2L —x3+h) ifxse(-L",—L +h),
ewhenc¢=(2,1) or (2,2),

v(X,x3+sgn(xz)h) if +x3€(0,L* - h),
0 if +x3€ (L* ~ b, L*),

(°T,v)* (%) := v(, x3 + sgn(x) h).

Let

xBi=(=x2,x1), VxeR®,
é‘aﬁ =eqp V eeSs
H),(w) :={w€H1(w);f w(?c)d?czo},
w
Vs = {we H Q% R%); eqp(w) = eqs(w) =0},
5 ={we H'(Q",R*); w=0 on S+},
9/~ :={we H(Q ,R®);w=0 on S;-if q=1},
D q
0+ ._ kgt
9% = Vg n Y,
T = {w; 3¢t € HLO,L7) st @00 = ¢* (w)x, wy € 120,15 HYy (@),
'~ = {w; 3¢ e H'(-L7,0), ¢ (-L7) =0
if g=1st. @) =c (x3)x", ws e *(-L7,0; H,ln(w))},
A%+ .= {w; e LZ(O,L+; H,ln(w,[RZ)) s.t.
fo.ﬁ;(?c)d;?:o a.e. x3€(0,L"), u/3:o},
w
92 = {w; e L*(~L",0; H)(w,R?)) s.t.
fo-LT)(f)dfzo a.e. x3€(-L7,0), u/3=0},
w

= {uut e S}, 99y =990 x 9 x g,

e(u**) eqs(u'®)

sym  es3(u’*)

1

+

+
u: +

.V ui — (uOJ—', uli’ uzt) € qu/Oi - q%li x q%Zi.

where there is no doubt we will write indifferently E,+ or EX.

(10

(11)
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Recalling that £ stands for the space of the rigid displacements, we let:
={0}, Vqeil2}
agp — {0} ifq=1, (12)
{p~st. peR} ifq=2.
To obtain our main results (see Theorems 4-5 below) we will use the method of variational
convergence by first establishing a lower bound for the strain energy of the assembly and next

an upper bound for the strain energy of the assembly for sequences of scaled displacements
satisfying (8)—(9). This will be done under the additional assumption

sup h/e? < +o0o0 (Ha)
€6

which is precisely the premise that underpins the title of our article.
Lemma 1. For all sequences {‘v}es in ‘7/ such that fp |ebeam (¢ ¢y )Izdx < C, there exists
I
v =" v',v?) in 9% and a not relabeled subsequence such that ‘g, ‘v J)* converges weakly in
H'(QF, [R3)/q9/2+ and
) liminfs_s /oo Wh, ,(e P (g, ‘v ) dx = [o s WalEy) dx,

(ii) the traces y+h(‘v ) on S+p converge strongly in L (S,R3)/9%* toward the traces yo+ (v
of v’* on S.

0+)

Proof. Clearly there exists some v in H éﬁ (Q*,R3) and a not relabeled subsequence such that
(‘T ‘vy)* weakly converges in H'(Q*,R?) toward v°*. Note that when p = 1, there exists w in
H'(Q;},R3) such that, up to a new subsequence, (‘v,)™ converges weakly in H' (QJr R3) toward
w for all 77 in (0,L%). As w = v** in Q}, one has w = v** which then belongs to Hl L(QF,RY).
Moreover the trace on S of (‘T “v;)" converges strongly in L%(S,R%) toward the trace }/Q+(U0+)
of %" on S. Lastly as [, Iebeam(g (T, ‘vy) NPdx = [og : |ePeam (g, €y )12 dx, by proceeding as

in [3,5,6], one deduces that there exists v+ = (0%, v17, 2+) in 999 x g1+ x 99/2% guch that
gbeam (¢ (‘ffh ‘v,)*) converges weakly in 20", $%) toward some E,+ so that

liminf . °W (beam(e,‘vs))dxzf Wy(E,+)dx.
Q+

§—3 Tpt

We may proceed in the same way in pQZ when q = 1, while when g = 2, one has to consider a
rigid displacement. U

For any v of H'(Q\S,R%), 1 < d <3, let [v] = Yo (v") —Yo_ (v7) be the jump of v across S where
Yo- is the trace operator from H La#, IRd) into L2(S, IRd) and

q’tV:z{weHc}r (Q\SR®); [@1=0ift=2, [w]:Oifrzs}. (13)
D

Let ©*¥ and W, respectively defined on **% and R® by:

_ ) . )
I () 1= tﬂﬁ%,rb([w])dx if (q,v) €1{1,2}%, 1
0 if (q,v) €{1,2} x {3},
(=(z0) if(gv) =011
Waej(2) :=Min] Wy ®,e3);{ (=2 if (q,0) =(2,1) p. (15)

C3=Z3 if t=2
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Under the convention oo x 0 = 0, one has:
2 .
TFw =) 'm SOWq,s;,([w])dJAC- (16)
i=1

Lemma 2. For all sequences{“ v} e satisfying (8)—(9), the field v° supplied by Lemma 1 belongs
to V¥V and v°~ is defined up to an element of

Ty ={p €%, yo-(p)=0ifvr=1 and '§>0,p =0difr=23}. (17)
We have
liminfy Wb(ebeam(e, c’tvs)) dx =g (1°). (18)
§—S By,

Note that as v°* belongs to 9%, I, . ;,([VO]) reduces either to a constant or to a quadratic
function if v = 1 or 2, respectively.

Proof. Following [7] we proceed to the following change of coordinates and fields:

x=(X,x3)€By—y=(X,x3/h) € By :=wx (-1,1), (19)
ve H (B, R%) — Ve H (B, R%) st. v(x)=(hV (1), V5(3)),
so that
P (e, 1) (x) = hie? P2 (h/e, V)(y),
plate . e(V) eq3(V)/t 1 3
eP (1, V) [Sym e (V)22 Y VeH (B,R),
1(oVv; 0V;
4 eij(V)::—(—l+—]), 1<i,j<3, (20)
2 ayj 6yi
beam h plate
Wb(e (¢, v)) dx = = Wb(e (hle, W)) dy,
By, & JB;
W :=hV.
Let ©*Ws:= h ©'Vy, its traces y+1 (' W) on Sy satisfy:
Yil(c/'t_m\/s) = thl(c'/tVs) = h?’ih("/tz/h) — Yo+ (;6;), with aa;ﬁ =0
in L?(S,R%)/9%*. 21

Yil(c'twﬁ) = h’yil(c,tVS:),) = thh(c't VSg) —0

eCaset=1 ((, 2i1) € [0, +00) x {0}). The result being obvious if I = 0, we assume i > 0. De-
noting oly .= hle ©1W;, (9)—(20) imply:

2he? f
C >
H Bi

Hence, up to a non-relabeled subsequence, eP@€(h/e, ¥ ) weakly converges in L?(B;,S°) so
that by Jensen inequality one has:

eplate(h/g’ c,l\ys)

2
\ dy. (22)

liminf u Wb(ebeam(e, ol vs)) dx zlﬁf Wb(c‘lf) dx, (23)
5—§ By, S
where ©1¢ is the weak limit in L3(S,$%) of ffll ePlate(n/e, 91w ) dys. Moreover, because of
(20)-(21), ©'¥ does converge weakly in H'(B;,R%) toward some Kirchhoff-Love displacement
o1y with vanishing traces on Sj, so that o1y =0, Hence c’lfaﬁ vanishes. Next, let T in C§°(S, S
such that 745 = 733 = 0. The following estimation (see [8, eq. (4.20) p. 695]):

f|°‘lvsg|2dxs(] hf |t'1v33|2d?c+h2f |e(c‘1vs)|2dx+h2f |e(c'1vs)|2dx
By, Sh By, o

h

(24)
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and an integration by parts in [(7(X) f_+11 ePla(pre oW ) dys dx implies that )/+1(Cv/ll/\v s) —
y_l(c’/l-ﬁls) has a weak limit in L2(S,R2). Therefore, modulo a modification of the field v°~ im-
plied in the proof of Lemma 1 (and defined up to a rigid displacement), we get ©!¢43 = %[vg]
by due account of (21). Now by taking 7 in C{°(S, $3) such that Tap = Ta3 = 0, one deduces that

©1¢33 = 0if g = 1 and the results stated in Lemma 2 stem from the very definition of W/, B

e Caser=2 ((iz, %) € {+00} x [0, +00)). We first establish that i = +oco implies (9] = 0. In-
equality (22) implies that eP'€(h/g, ©1W ) converges strongly to zero in L?(B;,S®%) and ©'¢ =0,
thus [v3] which has been seen equal to ©!¢,3 vanishes. This proves the result when % = 0.

Next when 2z > 0, (9), (20), (21) and assumption (H4) imply that eP'€(h/g, “>W¥) is bounded
in L2(B,,S?) if ¥ := h/e?%?W; and, up to a non relabeled subsequence, “>¥ converges in
H! (B, R%) toward some Kirchhoff-Love displacement %29 whose third component of the traces
on S, vanishes, so that the flexural part 2@k of €2y g equal to zero. Moreover the trace of “2¥

on S, converges in L?(S,R?) toward a constant by (21) hence e(“?¥V) vanishes.
Finally (20)~(21) imply that [ (£)? % (£ 2Ws,) dys which s equal to v, (“?vs,) —y—p (2 vs,)
converges strongly in L2(S) toward [vg] and the result is obtained through the definition of 7/ 2.

eCaser=3 (lﬁ zzﬁ = +oo). As eP®(hje hie2%2W) converges strongly to zero in I%2(B;,S%),
one has [vg] =0 and the proof of Lemma 2 is complete. O

Lemma 3. For all v = (V°, v}, v?) in 9% such that v° belongs to V'V there exists a sequence
{“"vglses in ¥, such that

limsypj; Wprlu(ebeam(gy c'tvs))derﬂf Wb(ebeam(g, c'tvs))dx
s—35 Q, g By,
sf Wo(Ey)dx+ Y F®). (25)
Q\S
Proof. As 9'¢ is continuous on 7'V, it is enough to assume that (UOi,;l\i) belongs to

C®(@";R% and that (V%,;E) belongs to H'(-L~,L"; H} (w,R3)) with a compact support in
(-=L7,0)u (0,L™). For any w in H,%(Q; R3) let Ry, w be defined by

Ryw— W () + = wh(x), YV x€By, 06)
w(x), vxefQ,,
where
S 1 = = A 1 = =
w (x)=§(w(x,x3)+w(x,—x3)), w (x)=§(w(x,x3)—w(x,—x3)), Y x € By 27

Letnin C°(—L™, L*) withn = 1if |x3] < ho, n = 0if |x3] > (1/2)(ho+Min(L*, L7)) and p in C°(-1,1)
such that foll (o'(»)?dy = 1. Considering first the cases t = 1,2, as there exists some (y,¢) in
I2(S,R?) x L2(S) such that W15 ([1°]) = Wy, (([10), &) 8, e3), W2 ([0°]) = T (, [02]) @, €3), let &¥ T
be such that

Ry (v° +ev') + 70, in By,
gy imd 0= pCIM0,8), 205:= pt/)(x - [(v7,0), 28)

z'rh(ﬂ(vo +ev! +£2v2)) + prh((l - (v’ +ev! +£2v2)) in PQ, .
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Clearly fpq X W, a(ebeam (e, U,)) dx converges to [q, s Wy (E,) dx while a rather tedious compu-

tation using all the previous assumptions on v,1, p and the proof of [8, Lemma 4.1] shows that:
lim p Wh(ebeam(e, or 175)) dx=""F(°). (29)
S§—S§ Bh

When t = 3 (and also w x (—h, h) nsupp(v?) = @), taking into account that v°* belongs to
VBJ—{\I with [¢°] = 0 and that consequently there exists (T, vOLy in H2(—L~,L*;R?) x HY(-L~, L")

such that or

vo(x)=(v°T(x3), VOl (xg) — xq — 2 (xg)),
dx?,
we introduce 37, as:
d 0T d 0T
(UOT(0)+X3( v )(0),UOL(0)—xa Va (0)), if x€ By,
dxs dx3
©37 = zTh(n(U0+£Ul+£2U2))+pTh((1—T])(U0+£Ul+£2U2)) (30)
0T
+hsgn(x3)|0, 0)n(x: if xe’Q,.
gn( 3)( s 0)n( 3)) n
As €M (¢, ©37) vanishes in By, one has the expected result. O

We therefore classically deduce:

Theorem 4. Problem (q’tPE) defined by
Min f Wu(EU)dx+q't}(v°)—f f-vodx—f g V0 dHy veu st VeV (q'tPg)
a\s Q Ty

has a unique solution **u_ with q’rug_ defined up to an element of V* % (see (17)) and when s
goes to s the solution “u, of (‘P,) converges toward q'tug in the sense

: beam (. ¢ _p
ELII} - “WpTha(e (e ‘us)-Fr, Eq'“ug) dx

Tt 0 0
[(qtug,/s, qtug c)
3

+(cx0vére)
+u W, ebeam(g, cus) _

®e3|dx=0, (31)

Bp 2]’1
where
¥=0 if ve{l,3}, ijArgmin{Wb(()(,[q'zugs])&eg),)(EIRZ},
ME=0, 21¢=Argmin{W;(([*'ul] ¢) 8 es), ¢ € R}
and

VE=0 if (q,v)€ (1,2} x{2,3}.

Even if (q‘tPg) involves abstract fields defined in “abstract beams” occupying Q \ S, we will use
the language of Mechanics to comment it. Problem (q‘tP§) accounts for the equilibrium of two
solids filling the cylindrical domains Q* and Q™ made of a “generalized linearly elastic” material
whose state is described by its field of displacement v° and two additional variables v' and v?.
Each element of v := (v°, v', v?) has a specific kinematics, especially v° which is of Bernoulli—
Navier type, while the stress tensor X does satisfy:

e(v?) eqs(v')

z:aEl)r EV: Sym 633(1}0)

. (32)
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These solids are subjected to forces f, g and clamped on qFD with a constraint on S which reads
as:

14 = 0: free to separate.
7> 0: elasligpull-back with 2Z1,2N) = [ D%,lg([vo]), with:
- X1 = Xes3: the tangential stress,
— 2N = (Z e3)3: the normal stress.
o (I, %) € {+o00} x [0, +00): -
(1) tangential adhesion i.e. [v°] =0,
(2) elastic normal pull-back i.e. Zn =% i D5 ([1°]).
. (lﬁ,zﬁ) € {+00}?: perfect adhesion i.e. % =0

Roughly speaking, the thin layer By at the limit shrinks to the surface S and is replaced by
a mechanical constraint which does not involve p which only accounts for the length of the
cylindrical domains occupied by the scaled beams.

We moreover obviously have:

Theorem 5. When s goes to §, the solution “u® of (°P*) satisfies:

f Wpe(e (“u®)-PES. )dx

Us
[‘Ltﬁ()s] n (YXE' q,réts

2h

®e3|dxf| =0,

+,uf Wyl e (“u’) -
Bj,

where pE{;‘,ru (x) = ¢ prth,rlL(x) for all x in?Qy, V0% = #71P tuo and (*y¢, %) (x6) =

€Y forallX inw.

It should be noted that similarly to the modeling of a single slender beam [9], it is the limit * ug
of the scaled displacement which is a Bernoulli-Navier displacement and that the true strain
tensor is not close to a Bernoulli-Navier strain tensor but should involve % tu1 and % 2 Here
however it is the sole jump of the displacement % tus which is involved in the energetlc relatlve
approximation of the real strain tensor in the very thin layer, with two critical sizes corresponding
to the jump of the © component and the third component respectively, a “natural extension” of
the case of the assembly of two three-dimensional linearly elastic bodies linked by a soft layer [1].
But contrary to the case of an assembly of two 3-dimensional bodies linked by a stiff layer [10],
1/e* fBZ Wy (e®(‘u®)) dx vanishes when p/2h — +o0!

Finally, we might also consider a more complex situation where the elasticity tensor of the joint
presents some partial dependencies with respect to a quadruple of parameters 5:= (¢, h, 1, t2).
We may assume as an example that W), := u Wy, + poWp,, with at least one of the two quadratic
forms W}, and W), being positive definite. Introducing k U, as in (Hp), we therefore obtain up
to 9 different limit energy densities, i.e. such a case leads to additional asymptotic regimes in
which the constraint on S would be of a mixed nature: adhesion in certain directions but elastic
pull-back or free separation in others.

3. A proposal of model

Similarly to [9] we do not use ¥*#i% as a simple and accurate enough model for the physical
situation described by (‘P*) but we have to take into account two new facts. First the field in
question has to be an element of ¢ V;f , the space of admissible displacements for (‘P%). Second,
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in practice we do not know what are the limits ('jz, %z), we only know what is s = (g, h, u)! We
therefore follow a two-step process:

(1) Taking into account (14), (16) and (25), the problem (7Q,)

2
. H 01\ = 0 0
M Wy(Ey) dx + —f°ﬂ/ d—f-d—f 0 dd
IH{L\S a( l/) X .;121’152(2_0 s a9 b([v ]) x Qf v x qug 14 2
with v=(0°,0",v*) € 9% st 10 € Hy, (Q\s,u@)} ('Qy)
D

has a unique solution (from which it is easy to get a numerical approximation by standard
finite element methods) %1, which is obviously close to " u..

(2) One approximates iz, by a smooth enough field in order to proceed to the construction
used in the proof of Lemma 3 to obtain through %! a field ‘& in ¥ which is close
to ‘u’ in terms of relative energy gap (and similarly for the associated stresses due to (3)
and (H;)). A “numerical version” of this step is again easy to perform.

4. Aslight variant: two hollow beams connected by a solid joint

In the previous analysis we did not require the cross-section w to be simply-connected. To handle
more realistic cases, we now assume that the joint still occupies the domain BZ = ew % (—h,h),
while the two beams occupy the domains pQ‘; defined via (1) from Qf which now reads as
ew\x) x (-L7,L*). Here, x is a compact subset of w whose interior x is a simply-connected
domain with a Lipschitz boundary and satisfying [, xq dX = [ x1x,dX = 0, three conditions

henceforth also met by w.

Concerning the limit problem (**P), which is key to understanding the asymptotic behav-
ior of the mechanical system, the sole change implied by this new configuration lies in the sub-
stitutions of Q by Q¢ := (w \ k) x (-L7,L*) and of S by $° := (v \ x) x {0} in the integrals in-
volved in the formulation of (q’tPg) and the definition (14) of 9*¥! The proof of Lemma 1 is
indeed left unchanged while in the proof of Lemma 2 it suffices to bound the energy from be-
low by zero in By \ B;’lff :=k x (—h,h). As to the proof of Lemma 3, it has to be adapted some-
what by introducing, for § positive and small enough, the cut-off function ¢s defined on w by
@s(X) = Max(1 — dist(X,w \ «)/§, 0). The fields “* v defined in Bzﬂ are then extended to By, \ B,‘ff
through formulas such as (28) and (30) so that introducing

o= s 0y, 0= s (- (106,0),0))+ (1°6,0,0), CT= @3)
leads to
. beam | . ¢t —
lim p Wy e £ vs||dx=0 (34)
s—5 JB,\BS
by choosing é of order €.

Thus, although the “scaled joint” geometrically shrinks to the entire surface S, from a mechan-
ical standpoint the limit surface energy remains concentrated on the effective part S, In partic-
ular, the limit surface energy density is the same as the one identified in the previous section and
corresponds to the effective limit constraint between the beams discussed after Theorem 4.
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