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Abstract. The Bénard–von Kármán wake is a canonical phenomenon in fluid mechanics, readily identified
by its alternating vortex street forming behind a bluff body. Seemingly unrelated, rapidly rotating fluids
give rise to elongated, quasi-two-dimensional structures known as Taylor columns. The Taylor–Proudman
theorem indeed enforces an invariance of the flow along the rotation axis when inertial and viscous effects are
small compared with Coriolis forces. Here, we combine these two seemingly distinct phenomena by studying
the formation of what we call phantom wakes: a rotating fluid appears to flow around a non-existent solid
obstacle, namely a Taylor column. We address the question of whether a Bénard–von Kármán-type wake
can spontaneously emerge under such conditions. To do so, we perform direct numerical simulations of
an imposed flow in a rotating channel containing a small cylindrical cavity on one wall, which generates
a Taylor column. By systematically varying the Rossby and Reynolds numbers, we analyze the progressive
emergence of a wake behind the column and its convergence toward the classical vortex street. As in the non-
rotating case, vortex shedding occurs through a Hopf bifurcation, which we characterize for a fixed Rossby
number. However, the transition threshold varies non-monotonically with rotation. For intermediate Rossby
numbers, elliptical streamlines and a shorter recirculation region are observed, resulting in a critical Reynolds
number exceeding the classical value of 47. These findings not only reveal unexpected wake dynamics, but
also suggest a mechanism for Taylor column formation that depends sensitively on the cavity geometry.
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Introduction

The interaction between a solid obstacle and a flowing fluid leads to some of the most studied and
recognizable phenomena in fluid dynamics. In particular, it is common knowledge that a fluid
flow past a circular cylinder becomes unstable beyond a critical Reynolds number, giving rise to
the well-known Bénard–von Kármán vortex street, named after Henri Bénard [1,2] and Théodore
von Kármán [3,4]. Since then, a large body of work has been devoted to this wake [5], including
the description of its bifurcation characteristics [6,7], its spatial structure [8], and the prediction
of vortex shedding frequency [9], to cite a few representative more recent works on the subject.

Some years after Bénard’s seminal observations, and on a seemingly unrelated topic, Tay-
lor [10] and Proudman [11] derived what is now known as the Taylor–Proudman theorem, which
states that a slowly moving object in a rapidly rotating fluid must drag along the entire fluid col-
umn lying above and below it. This surprising result was actually derived earlier by Hough [12]
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and observed even before by Kelvin in 1868 [13], finally leading to the famous experimental ob-
servations made by Taylor [14] himself of what are now called Taylor columns.

Combining these two milestones of fluid dynamics — the Bénard–von Kármán wake on the
one hand and the Taylor–Proudman theorem on the other hand — leads to the field of rotating
wakes. These wakes are of interest in some geophysical situations, such as large-scale wakes
behind islands [15,16], and there is today a growing interest in the effect of topography on
geophysical fluid dynamics [17].

A survey of the literature shows that several important distinctions must be made between
different types of rotating wakes. A first distinction concerns the fluid domain. The present
study deals with a bounded domain, in contrast to the numerous studies devoted to objects
moving in unbounded rotating fluids [18–20]. A second distinction concerns the geometry of
the obstacle. Some studies consider obstacles extending across the entire fluid channel, whereas
others focus on finite-size obstacles. For full-span cylindrical obstacles, the wake dynamics
also depend on the orientation of the cylinder axis relative to the rotation axis. When the
two axes are perpendicular, the wake is dominated by inertial waves [21,22] (see also [23] for
inclined cylinders in stratified fluids). When they are aligned, background rotation alters the
vortex-shedding dynamics. This latter configuration has been extensively investigated, from
the pioneering experiments of Boyer [24–27] to more recent studies on rotating shallow-water
wakes [28] and elliptical instabilities [29,30]. In contrast, the present work considers the wake
generated by a finite-size obstacle moving perpendicular to the rotation axis in a bounded fluid
domain.

Starting from the early experiments of Taylor [14,31], many authors have explored the sponta-
neous emergence of a Taylor column around a finite-size object slowly moving across a bounded
rotating fluid. We focus here on the case where the obstacle moves perpendicular to the rota-
tion axis, and do not consider motion parallel to the axis [20,32–35]. Different flow regimes are
observed depending on the relative importance of inertia, rotation, and viscous effects, usually
quantified by the Rossby and Reynolds numbers. The geometric parameters of the object, such as
its aspect ratio between horizontal and vertical sizes or the ratio between its height and the depth
of the fluid domain, are also of importance. The experiments of Hide [36], later confirmed by
Heikes and Maxworthy [37], showed that a Taylor column can emerge provided that the Rossby
number is small compared to the ratio between the height of the obstacle and that of the fluid
channel, which was later confirmed theoretically by Ingersoll [38] and Huppert [39], and numeri-
cally by Mason and Sykes [40]. In the slender-body limit, Stewartson and Cheng [41] theoretically
showed that the response takes the form of a Taylor column provided that the Rossby number is
sufficiently small compared to the ratio between the horizontal size of the obstacle and the depth
of the fluid domain. In all cases, a fluid column with vanishing velocity in the rotating frame is
attached to the moving obstacle providing that the Rossby number is small enough. What hap-
pens to the Taylor column once it has formed has also attracted the attention of experimental
and numerical studies [42–44].

Other important complications can arise in confined rapidly rotating fluids when viscosity is
taken into account. One such complication is the presence of Ekman boundary layers along the
horizontal no-slip walls of the fluid channel [45]. These layers can significantly affect the devel-
opment of the wake behind the obstacle, and may even completely suppress flow detachment
behind the solid object when the Rossby number is much smaller than the square root of the
Ekman number [24,46–48]. Even when detachment occurs and wake dynamics develops, Ek-
man friction on the bounding horizontal plates can strongly damp the vortex shedding behind
the object [26,29], further complicating comparisons between rotating wakes and classical free
two-dimensional wakes. Another complication is the topographic β effect induced by the non-
uniform fluid depth characteristic of free-surface fluid experiments for instance. While relevant



Benjamin Favier and Patrice Le Gal 785

to atmospheric situations, the importance of this global topographic effect further complicates
the analysis of the wake, which can then radiate Rossby waves [29,43,49].

In an attempt to simplify the problem as much as possible, we choose here to explore the
wake behind a Taylor column free from viscous effects within the Ekman layers induced by the
two horizontal plates confining the rotating fluid. Moreover, we will adopt the classical f -plane
approximation with a constant fluid depth. Thus, we will consider the spontaneous formation
of a Taylor column that appears above a circular cylindrical cavity, and more specifically in the
subsequent instability of the wake behind this Taylor column, which may eventually lead to a
Bénard–von Kármán-like vortex street (see Figure 1(a)). The closest study relevant to our partic-
ular case is that of Boyer et al. [43], who observed the destabilisation of the Taylor column behind
a cylindrical depression. To better establish a link between the classical Bénard–von Kármán vor-
tex street and the destabilisation of a Taylor column, we employ three-dimensional direct numer-
ical simulations, which allow us to consider a stress-free rotating fluid channel, thus preventing
the emergence of Ekman boundary layers for the reasons explained above. In this configuration,
we anticipate a possible convergence between this three-dimensional problem and the classical
two-dimensional Bénard–von Kármán wake problem as the Rossby number decreases. The nu-
merical formulation is described in Section 1, while the main results are presented in Section 2.
Finally, we conclude with a discussion in Section 3.
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Figure 1. (a) Isocontours of the vertical vorticity for a phantom wake at Ro = 10−3 and Re = 70. The flow is shown
in a top view, with the grey surface representing the bottom plate; the cylindrical cavity beneath is visible through
transparency. Although no solid obstacle is present within the channel, the Taylor column originating from the
cavity inhibits fluid entrainment by the mean flow, thereby producing a vortex street downstream of the phantom
obstacle. Schematic of the configuration of interest viewed from the top (b) and the side (c).

1. Formulation and methods

1.1. Mathematical formulation

We solve the Navier–Stokes equations for an incompressible fluid in a rotating frame with
constant rotation rateΩ =Ωez . The domain is a rectangular channel of width Ly and height Lz

with stress-free side boundary conditions, preventing the development of Ekman and Stewartson
boundary layers. In the streamwise direction, the channel has a length Lx and we impose a
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uniform velocity U0ex both at the inlet and at the outlet of the channel, thereby imposing a
constant mass flux through the channel. Note that in this formulation, the Coriolis acceleration
acting on the mean imposed flow is balanced by a transverse pressure gradient maintained by the
impenetrable side boundaries of the channel. Without additional ingredients, this configuration
leads to a stationary and uniform flow everywhere across the channel. A small cylindrical cavity,
flush with the bottom boundary of the channel, of diameter D and height H , is placed at the
bottom of the channel at distance L0 from the entrance of the channel, with no-slip boundary
conditions on its vertical and bottom boundaries. See Figure 1(b) for a global view of the
configuration of interest.

Using D as a reference length scale and 1/Ω as a reference time scale, the dimensionless
Navier–Stokes equations in the rotating frame are

∂u

∂t
+u ·∇u +2ez ×u =−∇P +E∇2u, (1)

∇·u = 0. (2)

The problem is principally controlled by the Ekman and Rossby numbers defined as

E = ν

ΩD2 and Ro = U0

ΩD
, (3)

where ν is the constant kinematic viscosity of the fluid. The Reynolds number based on the
diameter of the cavity is simply

Re = U0D

ν
= Ro

E
. (4)

In this paper, we will systematically vary both the Reynolds and the Rossby numbers in the
range Re ∈ [40;300] and Ro ∈ [10−3;0.3]. In addition to these two dimensionless parameters, the
configuration depends on five geometrical dimensionless parameters:

λx = Lx

D
, λy =

Ly

D
, λ0 = L0

D
, λz = Lz

D
and h = H

D
. (5)

In order to avoid any confinement effects, the first three parameters need to be large enough
to avoid significant effects from the inlet, outlet and side boundary conditions on the flow
development around the cylinder. While true unconfined dynamics require excessively large
domains [50,51], we take λx = 50, λy = 30 (streamwise and lateral extent of the channel in
diameter units) and λ0 = 15 (distance between the inflow boundary conditions and the cylinder
in diameter units) which is a reasonable compromise between numerical costs and converging
towards unconfined wake dynamics. In particular, the typical wake wavelength as measured by
experiments [52] is aroundλ/D ≈ 6, significantly smaller than bothλ0 andλx . The two important
remaining geometrical parameters that we consider here are the height of the channel along
the rotation axis λz and the depth h of the cylindrical cavity below the main channel. λz is a
known important parameter when it comes to the transition to quasi two-dimensional dynamics
in rapidly-rotating flows and the formation of Taylor columns [36]. In this paper, we will takeλ= 4
but systematically vary the Rossby number to trigger the transition between a regime dominated
by inertial waves and that dominated by a Taylor column. Note that we measure the height h with
respect to the channel bottom located at z = 0 so that a flush depression corresponds to h < 0 and
an obstacle protruding inside the channel corresponds to h > 0. While most of our simulations
will use h = −1, so that the height of the cylindrical depression is equal to its diameter, we will
nevertheless vary this parameter in Section 2.6 below (and compare the case of a depression with
that of an obstacle h > 0, as in [43]).



Benjamin Favier and Patrice Le Gal 787

The boundary conditions on the channel side boundary are all stress-free:

∂ux

∂z
= ∂uy

∂z
= uz = 0 for z = 0,λz , (6)

∂ux

∂y
= ∂uz

∂y
= uy = 0 for y =−λy /2,λy /2, (7)

thus preventing the formation of Ekman (resp. Stewartson) boundary layers on the horizontal
(resp. vertical) plates bounding the channel. In addition, no Ekman pumping will alter the vortex
sheet which will eventually develop behind the depression. As previously stipulated, we impose
no-slip boundary conditions on both the flat bottom boundary and the vertical side boundary of
the cylindrical depression:

u = 0 for z = h and
√

x2 + y2 ≤ 1, (8)

u = 0 for h ≤ z ≤ 0 and
√

x2 + y2 = 1. (9)

At the entrance and at the exit of the channel, a uniform velocity is imposed, ensuring a constant
mass flux through it:

u = Roex for x =−λ0 and x =λx −λ0. (10)

In order to smoothly transition from the flow behind the cylinder to the uniform outflow bound-
ary condition, we use a thin sponge layer in which a relaxation term gradually damps fluctuations
about the imposed uniform base flow. This sponge layer is only acting at a distance of one diam-
eter from the outlet which we recall is located at 35 diameters from the cylindrical cavity. We have
found no effect of this sponge layer on the wake dynamics, and it prevents spurious flows near the
fixed velocity exit of the channel. Finally, it is important to note that the transition between the
stress-free channel and the no-slip cylindrical obstacle is rather singular. The fluid can freely slip
along the bottom horizontal wall until it reaches the cylindrical cavity where a no-slip boundary
condition is imposed. We have ensured that our global solution does not depend on the specifics
of the numerical discretisation around this transition. We have in particular use significantly en-
hanced local resolution around the cylindrical cavity (see Section 1.2 below). We used different
initial conditions, from flow at rest with a gradual increase of the imposed flow speed to restart
from statistically-stationary simulations at different control parameters, and we did not observe
any dependence on the initial conditions.

1.2. Numerical methods

We use the open-source spectral element code Nek5000 [53–55] which has already been exten-
sively used to study wake or jet dynamics [56–58]. The mesh is composed on non-uniformly dis-
tributed hexahedral elements which are mostly concentrated around the cylindrical cavity and
near the axis y = 0 around which the wake eventually develops. Additionally, we have taken care
in adding thin boundary elements around all boundaries of the cylindrical cavity (of thickness
comparable with

p
E to properly resolve Ekman boundary layers inside the cavity) and the bot-

tom horizontal channel wall, ensuring a proper resolution of the sharp transition between the
stress-free channel and the no-slip boundaries. The number of elements varies between 9408
and up to 13488 depending on the height of the cylindrical obstacle. Inside each element, the
solution is approximated by polynomials of degree N . The degree of the polynomials was var-
ied from N = 7 up to N = 15 for the lowest Ekman number. Numerical convergence of the so-
lutions presented here was checked by gradually increasing this polynomial degree. We used a
third order time-stepper which implicitly solves for viscous terms while the Coriolis acceleration
was solved explicitly. Solutions are dealiased using the standard 3/2 rule.
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2. Results

In this section, we discuss the numerical results by first describing qualitatively the transition
between a lee wake of inertial waves at high Rossby and a Taylor column at lower Rossby number
(Section 2.1). In Section 2.2 we describe the bifurcation of the steady wake of the Taylor column
to vortex shedding. We then present in Section 2.3 the wake stability diagram for various
Reynolds and Rossby numbers and for the particular case of the cylindrical depression with
h = −1. We then discuss different properties of the base equilibrium flow below the onset of
the instability, from differences between the three-dimensional rotating flow and the analogous
two-dimensional non-rotating flow (Section 2.4) to the length of the recirculation bubble behind
the obstacle (Section 2.5).

2.1. Transition between a lee wake and a Taylor column

While not the main objective of this paper, it is natural to start by describing the gradual transition
from a lee wake of inertial waves and a Taylor column [59], which is expected when Roλz /|h| ≈ 1
(see [36,37,39]). In our case with λz = 4 and |h| = 1, the transitional Rossby number is expected
to be Ro ≈ 1/4. We show in Figure 2 the streamwise component of the velocity ux in various

0.4

0.5

0

0.5

0

0.03

0

0.03

Figure 2. Comparison between wakes at Re = 50 and Ro = 0.5 (left) and Ro = 0.03 (right). The streamwise velocity
component is shown on a horizontal slice located at mid-height z = 2 (top) and on a vertical slice located at y = 0
(middle). We show (bottom) streamlines initiated at two different heights (very close to the bottom of the channel
and at mid-height z = 2) and colored with the vertical velocity component. While the high Rossby number case
is characterized by weak perturbations of the imposed flow, the low Rossby number case clearly creates a Taylor
column in the form of a depth-invariant wake.
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planes for Re = 50 and two Rossby numbers, Ro = 0.5 and Ro = 0.03, clearly above and below the
expected transition at Ro ≈ 1/4. Clearly, at larger Rossby numbers, one observes a lee wake of
inertial waves radiated from the cylindrical perturbation. In that case, the advection by the mean
imposed flow is comparable with the group velocity of inertial waves leading to the characteristic
wave pattern which is stationary at this low Reynolds number of Re = 50. This type of inertial
wave lee wake has for example been observed on top of a hemispherical obstacle by [37].

As the Rossby number is reduced, the classical transition toward a vertical free shear layer
named Taylor column is observed. While we still observe a remnant of the lee wake of inertial
waves, the dominant response is now in the form of a depth invariant flow vertically aligned with
the bottom topography. At this Reynolds number, inertia is not completely negligible at the scale
of the cylindrical cavity and we clearly observed a wake behind the Taylor column. The stability of
this wake, and in particular its convergence towards the classical 2D wake behind a solid cylinder
without background rotation, is the focus of the rest of this paper.

2.2. Bifurcation towards a vortex street for Ro = 0.03

Before systematically varying the control parameters, let us first fix the Rossby number to a value
low enough to sustain a Taylor column, say Ro = 0.03. Figure 3 shows an example of the computed
vertical vorticity field in the wake of the Taylor column for Ro = 0.03 and a Reynolds number
Re = 65, once the vortex sheet has reached a quasi-stationary state.

As shown in Figure 3, an alternating vortex street forms downstream of the Taylor column
despite the absence of an actual solid obstacle, which motivates the term “phantom wake”.
It closely resembles the classical Bénard–von Kármán wake. The typical spacing between vortices
is a classical quantity used to characterize the global structure of a vortex street. In particular,
Williamson [52] found a typical distance between two successive vortices of the same sign of
λ/D ≈ 6.2 at Re = 65, which is in excellent agreement with the value measured from the local
vorticity maxima in Figure 3, namely λ/D ≈ 5.95–6.1. Starting below the instability threshold and
gradually increasing the Reynolds number, our first objective is to characterize the bifurcation
from a stationary Taylor column to an oscillatory wake, and to compare it with the transition
towards vortex shedding classically observed behind a solid cylindrical obstacle. Note that the
very existence of a global mode with a unique frequency is itself non-trivial, as it involves the
emergence of a wave-maker somewhere in this spatially developing flow [60]. As emphasized in
the introduction, an extensive body of literature has been devoted to the Bénard–von Kármán
wake. However, it was not until the 1980s and 1990s that the nature of the bifurcation itself

Figure 3. Visualization of the vertical vorticity field (scaled by the rotation rate Ω) in the phantom wake of the
Taylor column for Ro = 0.03 and Re = 65 and a cavity with h =−1. The plane is located at mid-height z = 2 and we
only show a small fraction of the whole domain. As can be seen, a vortex street, typical of the classical non-rotating
Bénard–von Kármán vortex street is formed in the wake of the column.
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was explicitly investigated. In particular, Provansal et al. [6] demonstrated experimentally that
the onset of the oscillatory wake occurs through a Hopf bifurcation, which was later confirmed
numerically [7]. Although the shedding frequency had been measured long before [52,61,62],
it was only in 2006 that Barkley [9] successfully predicted this frequency using a linear stability
analysis of the mean flow.

In order to estimate the vortex shedding frequency, we compute the temporal Fourier spec-
trum of horizontal velocity ux signals at different locations within the domain, which all peak at
a well-defined frequency. This peak is recorded to compute the typical Strouhal number of the
wake defined in our choice of dimensional units by

St = f

Ro
, (11)

where f is the dimensionless frequency measured in our simulations. Note that this definition
reduces to the standard definition St = f ∗D/U0, where f ∗ = f Ω is the dimensional frequency.
As shown in Figure 4(a), the Strouhal number-Reynolds number relationship measured here for
Ro = 0.03 lies slightly above the classical curve. Laws giving St as a function of Re for the 2D
classical wake are taken from Wesfreid [5]. The fact that the Strouhal number is generally larger
in the rotating case was already observed [26,27,63]. Note that, for this Rossby number, the
instability threshold is already shifted toward higher values. As will be shown later, the onset
of vortex shedding is in fact a function of the Rossby number.

Figure 4(b) illustrates the nonlinear evolution of the characteristic amplitude of the oscillatory
phantom wake, taken at a particular point along the x-axis behind the cylindrical obstacle. As in
the classical non-rotating Bénard–von Kármán wake, this amplitude scales with the square root
of the distance from threshold, consistent with the behavior of a supercritical Hopf bifurcation.
This non linear behavior was also fully described by a Landau equation whose parameters were
obtained from measurements. In particular, the ratio of the imaginary part of its cubic term to
its real part (the Landau constant) was shown to be equal to −2.7 [6,7]. In the present case of the
Taylor column wake, we were able to estimate the Landau coefficient by measuring the variation
of the oscillation frequency with its amplitude. This analysis yields a value of approximately −3.5,
which significantly differs from its 2D non-rotating analogue. This is not surprising since rotation
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Figure 4. (a) Strouhal number as defined by equation (11) as a function of the Reynolds number. Our phantom
wake at Ro = 0.03 is shown with symbols while solid lines correspond to classical fits obtained from classical 2D
vortex streets. Vertical lines indicate the critical Reynolds numbers for the onset of the vortex street for each case.
(b) Amplitude squared of the transverse velocity component uy on the symmetry axis y = 0 and at the mid-height
z = 2 averaged behind the cylinder over x ∈ [1/2;8]. The grey line is a linear fit Re−Rec where the critical value is
Rec = 52.8.
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does affect the nonlinear development of the global unstable mode at our finite Rossby number,
including its frequency as seen in Figure 4(a). Whether the 2D value of −2.7 is recovered in the
limit of vanishing Rossby number remains open. Let us note that this detailed bifurcation analysis
is only representative of one small set of data in the large (Ro,Re) domain that we have explored:
in particular the measured value of the Landau constant (≈−3.5, against the classical 2D value of
−2.7) is expected to vary with the Rossby number.

2.3. Systematic variations of Rossby and Reynolds numbers for h =−1

In this section, we systematically vary both Rossby and Reynolds numbers for a fixed depression
with height h = −1. Each simulation is run until a quasi-stationary state is reached. We use
several observables to distinguish between stable and unstable states. The stable wakes are
characterized by a flow which is symmetric with respect to the vertical mid-plane y = 0. We there-
fore compute the symmetric and antisymmetric kinetic energies as follows:

ES = 1

2V

Ñ (
uy (y)−uy (−y)

)2 dV and EA = 1

2V

Ñ (
uy (y)+uy (−y)

)2 dV , (12)

where V is the total volume of the domain. Stable wakes are characterized by ES ≫ EA while
unstable wakes are characterized by ES < EA. Alternatively, we compute the temporal Fourier
spectrum of horizontal velocity signals at different locations within the domain. Stable wakes
are stationary so the spectrum peaks at zero frequency while unstable wakes are oscillating
in time so that the spectrum peaks at a non-vanishing frequency. All methods lead to the
same separation between stable and unstable states. We show in Figure 5 the full extent of the
parameter sweep, where each point corresponds to a direct numerical simulation which has
reached a quasi-stationary state. Empty symbols correspond to stable stationary wakes while
full symbols correspond to unstable oscillating wakes where the color corresponds to the value
of the Strouhal number.
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Figure 5. Strouhal number as defined by equation (11) for all simulations with h = −1, λz = 4 and various
Reynolds and Rossby numbers. Empty symbols correspond to stable case with a stationary flow symmetric
around the plane y = 0. The continuous grey line correspond to the marginal stability curve estimated by linear
interpolation. We recall the critical Reynolds number of Re ≈ 47 of the 2D wake and the theoretical threshold
Roλz /h = 1 for the transition between lee wake of inertial waves and Taylor column. As explained in Section 2.1,
this transition occurs when the advection of perturbations by the mean flow becomes comparable to their vertical
propagation at the group velocity of inertial waves.
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We observe a clear non-monotonic marginal stability curve between stable and unstable
wakes.

The value of the Strouhal number for unstable wakes is consistent with the characteristic
value associated with a 2D non-rotating wake. In particular, we observe an increase of the
Strouhal number as the Reynolds number is increased, which is a well-documented observation
for the classical von Kármán vortex street [61,64]. Additionally, we also observe that our Strouhal
numbers are slightly larger than their corresponding 2D non-rotating values at the same Reynolds
number, which is again consistent with many observations made in rotating wakes [26,27,63].
Finally, we note an interesting analogy between our marginal stability curve and that obtained
for porous wakes, with the Rossby number being analogous to the Darcy number in the porous
case and which separates unstable and stable wakes [65].

We show again in Figure 5 as a vertical line the critical Rossby Ro = h/λz = 1/4 which separates
lee wakes and Taylor columns [36,37,39]. As expected, we did not observe Taylor columns above
this Rossby number and the lee wakes observed above this transition are steady and stable up
to the maximum Reynolds number considered here which is Re = 200. While other bifurcation
mechanisms may exist for lee wakes at high Rossby and Reynolds numbers, we do not explore this
regime here and instead focus exclusively on the bifurcation of Taylor columns occurring when
Ro < h/λz = 1/4. The first instability occurs at Ro = 0.15 for a Reynolds number of Re = 200, far
beyond the expected 2D critical Reynolds number of Rec ≈ 47. As the Rossby number is further
decreased, the critical Reynolds number decreases and gets closer to the value associated with
the classical wake behind a solid cylinder in the absence of confinement effects, Re ≈ 47 [6,66].
This is expected since the validity of the Taylor–Proudman theorem is based on neglecting inertia
compared to the Coriolis acceleration, which is all the more justified that the Rossby number
is small. However, surprisingly, below Ro ≈ 0.03, the critical Reynolds number increases as the
Rossby number is decreased. The local minimum critical Reynolds number of Re ≈ 53 is reached
for approximately Ro ≈ 0.02. This unexpected trend continues down to Ro ≈ 3×10−3, after which
we recover the more intuitive trend of a critical Reynolds number decreasing with the Rossby
number. This non-monotonic convergence between the 3D rotating system and its 2D analogue
is unexpected and deserves further consideration.

2.4. Global base flow difference

A useful initial observation emerges from comparing the horizontal flow between the 2D system
and the rotating 3D system. Figure 6(a) presents the comparison between the reference 2D base
flow (top) and the rotating 3D base flow at Ro = 10−3 (bottom). The Reynolds number is Re = 50
in both cases. The 2D reference simulation is performed as follows: we use the same horizontal
geometry as in the 3D rotating system, with identical boundary conditions except that an actual
solid obstacle with no-slip boundary is now present. The Reynolds number is set to Re = 50,
sufficiently low to ensure marginal stability in any 3D configuration (see Figure 5) and to allow the
2D system to reach a steady base flow before any instability develops. We save the base stationary
horizontal flow in a domain near the cylinder, repeating the process for each simulation, where
the base flow is saved at mid-height z = λz /2 = 2. Note that the following results are unchanged
when considering other heights, since the base flow and its associated instability are, to first
order, depth-invariant. We then measure the L2 relative difference between both base flows in
a domain around the obstacle defined by x ∈ [−2;6] and y ∈ [−2;2], and at mid-height z = 2 for
the 3D case. We distinguish between the horizontal component, present in both systems, and the
vertical component, which only exists in the 3D rotating system. Results are shown in Figure 6(b),
where the Rossby number is systematically varied for a fixed Reynolds number Re = 50. While
the vertical flow component decreases with the Rossby number, as required for the 3D rotating
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Figure 6. (a) Comparison between the reference 2D base flow (top) and the rotating 3D base flow at Ro = 10−3

(bottom, shown at z = 2). The Reynolds number is Re = 50 in both cases and the colors show the streamwise
component of the flow (normalised by the Rossby number for the 3D case to be comparable with the 2D case)
while white lines correspond to streamlines. (b) L2 relative difference between the 2D and 3D rotating base
flow at Re = 50 and as a function of Rossby. We distinguish between the horizontal components and the vertical
component (which is zero in the 2D case).

system to eventually converge toward the 2D system, the horizontal flow does not converge
monotonically. The horizontal error follows the same trend as the critical Reynolds number,
with a surprising stagnation of the error as the Rossby number decreases from Ro ≈ 3×10−2 to
Ro ≈ 5×10−3. The slow convergence already observed in Figure 5, which could have been related
to a non-vanishing vertical velocity around the cylinder, can therefore be explained by focusing
on the horizontal flow alone.

2.5. Recirculation bubble length

Figure 6(a) already showed a clear difference between the 2D base flow and its rotating 3D
analogue. The recirculation bubble length behind the cylinder is much smaller in the 3D rotating
configuration than it is in the 2D case. This is more systematically showed in Figure 7 where
isocontours of vanishing streamwise velocity ux = 0 are compared at Re = 50. We recall that this
recirculation bubble and its spatial structure are responsible for the existence of a global mode
through a wave-maker mechanism operating at a well-defined frequency [60]. Again, the 3D
rotating results are showed in the mid-plane z = 2 for comparison with the 2D results. Clearly,
the length of the recirculation bubble, inside which negative streamwise velocities are observed
is significantly smaller in the 3D rotating system at all Rossby numbers explored here. Since
the rotating wakes are not exactly symmetric around the y = 0 plane, as expected due to the
finite Rossby numbers considered here, the recirculation length LR is defined and measured
as the maximum streamwise position for which we observe a vanishing streamwise velocity,
which is not necessarily on the axis y = 0 in our rotating cases. The value we obtained with
our 2D numerical approach, LR ≈ 3.42 (measured from the center of the cylindrical obstacle),
is consistent with the typical value of LR/D ≈ 0.066Re which leads to 3.3 for Re = 50 [8,67–69].
The results are shown in Figure 8 where LR is plotted for the various Rossby numbers of Figure 7.
Again, we observe this non-monotonic behaviour in the recirculation length, closely matching
the non-monotonic trend observed on the critical Reynolds number in Figure 5. Note that,
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the length of the recirculation bubble for the 2D case shown on the top panel, LR ≈ 3.42. The dash cyan line
correspond to the contour of the cylindrical obstacle. The Reynolds number is Re = 50 in all cases while the 2D
case (top) is compared to the rotating 3D cases at various Rossby numbers and at mid-height z = 2.
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consistently with our observation, a shorter recirculation bubble is generally associated with a
larger critical Reynolds number [70].

It is also instructive to examine the characteristic shape of the flow around the cylindrical
obstacle. While the 2D reference flow exhibits circular streamlines around the leading edge of
the cylinder, the contours presented in Figure 7 adopt a more elliptical shape for the 3D rotating
cases. We observe a rapid convergence of the stagnation point toward its expected position at
x =−1/2 and y = 0 in our dimensionless units. However, over the same range of Rossby numbers,
the characteristic extent of the flow in the y direction changes only slightly. This behavior is
evident in Figure 7 and is further quantified in Figure 8(b). To characterize these features, we
compute two length scales dx and dy . The location of the stagnation point is determined as the
minimum streamwise position at which the streamwise velocity vanishes. The absolute value
of this position is denoted as dx . In the transverse direction, we measure the maximum and
minimum y coordinates of the contours shown in Figure 7. The average of these values is referred
to as dy and is presented alongside dx in Figure 8(b). While dx rapidly converges toward its
expected value of 1/2, the convergence of dy is much slower and non-monotonic. This results
in an effective base flow with elliptical streamlines inside the obstacle. This observation is again
consistent with a higher critical Reynolds number, as it is known that increasing the ellipticity of
an obstacle delays the onset of the Bénard–von Kármán vortex street behind elliptical bodies [66].

In all these observations, we observe that below Ro ≈ 3×10−3, the critical Reynolds number,
the recirculation length and the characteristic shape of the flow around the obstacle all seem to
converge towards their 2D counterparts. This convergence however appears to be very slow, and
even for the lowest Rossby number achieved here, Ro = 10−3, the critical Reynolds number is
Re ≈ 63 which is still far from the 2D value of Re ≈ 47. Whether the convergence between the two
problems remains monotonous below this Rossby number remains to be verified. Note finally
that the main difference between the two problems appears to be related to the effective size of
the obstacle, which is smaller in the three-dimensional rotating case than in its two-dimensional
counterpart, as observed in Figures 6 and 7. While we have not attempted to compensate for this
effect in the present study, future work could investigate whether the remaining discrepancies
persist once this first-order effect is compensated for, for example by adjusting the obstacle
diameter.
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Figure 8. (a) Recirculation bubble length LR as a function of the Rossby number at Re = 50. It is measured as
the maximum streamwise position for which we observe a vanishing streamwise velocity. The 2D reference value
at the same Reynolds number is recalled as a horizontal black line. (b) Characteristic sizes of the flow around the
cylinder at different Rossby numbers and for Re = 50.
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2.6. Role of the geometric parameters

Finally, let us briefly discuss the difference between a depression or cavity (h < 0) and a protrud-
ing obstacle (h > 0). The depression case discussed up to now is of course the most dramatic
example of a wake behind a Taylor column since there is no solid obstacle opposing the flow in-
side the channel. The only dynamical constraint originates from the impossibility for the flow
to pass over the cavity, which would violate the Taylor–Proudman theorem. When a finite ob-
stacle protrudes inside the channel, a fraction of the imposed flow has to go around the object
independently of the Rossby number. The Taylor–Proudman number then ensures that a Taylor
column forms above the obstacle. These two configurations are not symmetric. The cavity can
be as deep as one wants while the obstacle height is at most the channel height. In that case,
and in the absence of Ekman boundary layers along the boundary of the channel as it is the case
here, we expect to fully recover the analogy between the 2D and the 3D rotating system. This is
because the Coriolis acceleration can be absorbed into the pressure gradient in that case since
the 3D rotating system is now invariant along the rotation axis. We have done such simulations
which correspond in our case to h = λz = 4 so that the cylinder now extends across the whole
channel. As shown in Figure 9, we have run several simulations at Ro = 3×10−3 and found that
the critical Reynolds number for the vortex street lies somewhere between Re = 45 and Re = 50,
which is consistent with the discussion above.
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Figure 9. Critical Reynolds number for Ro = 3 × 10−3 as a function of the obstacle height. Negative values
correspond to the height of the cavity outside the channel while positive values correspond to the height of the
obstacle protruding inside the channel.

We also varied systematically the height of the obstacle between h =−4 and h = 4 (the depth-
invariant cylindrical obstacle) and for a Rossby number of Ro = 3×10−3. The case h = 0, where
we impose a no-slip boundary condition inside a unit circle along a stress-free channel without
topography, remained stable for all Reynolds number investigated up to Re = 200. For the Rossby
number considered here of Ro = 3×10−3, the obstacle case (h > 0) has a lower critical Reynolds
number than its depression counterpart (h < 0). Note however that the non-monotonous
convergence with the Rossby number discussed earlier for the case of a depression remains
true for the case of the obstacle, at least for the symmetric case h = 1 which we systematically
explored (not shown). While this remains speculative at this stage, we believe that the asymmetry
between the protruding solid obstacle and the cavity originates from the different pressure fields
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generated by the two configurations. In the former case, the flow cannot penetrate the solid
obstacle, resulting in a direct perturbation of the pressure field. In contrast, for the cavity, the
phantom obstacle forms more indirectly through the propagation of inertial waves, since there is
no physical obstacle partially blocking the flow through the channel.

3. Conclusion

We investigated the instability of the wake formed behind a Taylor column within a rapidly ro-
tating channel subjected to an imposed flow. To facilitate convergence between the classical 2D
wake problem behind a solid cylinder and the 3D rotating problem involving cavities, we con-
sidered a stress-free channel, thereby avoiding complications associated with Ekman boundary
layers. Under these conditions, we observed a non-monotonic convergence of the 3D rotating
problem toward the 2D case. As the Rossby number decreases, a vortical sheet invariant along
the rotation axis emerges. We then observe a transition from the steady wake of the Taylor col-
umn to an alternating vortex street through a Hopf bifurcation, in a manner similar to the clas-
sical Bénard–von Kármán vortex street. This transition occurs despite the absence of any phys-
ical obstacle within the channel, giving rise to the term “phantom” wake. Because these unsta-
ble wakes arise from the Taylor–Proudman constraint, we refer to them as Bénard–von Kármán–
Taylor–Proudman phantom wakes.

At this stage, the mechanism underlying the emergence of an elliptical Taylor column sur-
rounding the cavity, rather than a circular structure consistent with the cavity geometry, remains
unresolved. The leading edge appears to play a more significant role in the formation of the Tay-
lor column than the lateral sides, which is not entirely unexpected. This may be attributed to the
topographic step introduced by the cavity being more pronounced at the leading edge, where the
flow is oriented normal to the cavity boundary, whereas along the lateral sides the imposed flow
remains largely tangential. Consequently, the overall cavity geometry is likely to exert a strong
influence on the resulting flow structure. In support of this, our first analysis (not shown here)
of a square cavity indicates that the relative discrepancies in both the critical Reynolds number
and the recirculation length between the three-dimensional rotating configuration and its two-
dimensional analogue are smaller than those observed for a solid circular cylinder. Although fur-
ther systematic investigation is required, these preliminary results suggest that cavity geometry,
possibly through its influence on the generation of inertial waves, may play a significant role and
deserve further investigation in future studies.
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