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The present volume is dedicated to the memory of Yvonne Choquet-Bruhat who recently
passed away at 101 years old. She was the first woman elected at the French Academy of Sciences
and aremarkable mathematician. She pioneered the field of mathematical general relativity with
her seminal 1952 paper [1] on the local solvability of the Einstein equations. Her subsequent
influential works on the constraint equations and on the evolution problem have left a deep
impact on both theoretical and numerical developments. Her textbook [2] is widely viewed
as a classical reference on the subject and an invaluable source of fruitful research directions.
For more on the work of Yvonne Choquet-Bruhat, we refer the reader to the text “On Yvonne”
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written by Piotr Chrusciel in her honor for this special issue. We also recommend her memaoirs [3]
for the witty account of a woman mathematician at a time where they were very few.

The volume consists of a collection of reviews on various aspects of general relativity from a
mathematical perspective, many of them originating from the work of Yvonne Choquet-Bruhat.
The following topics are covered:

1)

2
3)

4)
6]
(6)

Q]
(8)
9)
(10)

“A survey on the positive mass theorem for asymptotically flat initial data sets” by Lan-
Hsuan Huang

“Gluing for the Einstein constraint equations” by Justin Corvino

“The stability of Minkowski space and its influence on the mathematical analysis of
general relativity” by Jacques Smulevici

“The black hole stability problem” by Sergiu Klainerman

“On the regularity problems of the Einstein equations” by Qian Wang

“Weak Cosmic Censorship, trapped surfaces, and naked singularities for the Einstein
vacuum equations” by Yakov Shlapentokh-Rothman

“The Strong Cosmic Censorship conjecture” by Maxime Van de Moortel

“Cosmology, the Big Bang and the BKL conjecture” by Hans Ringstrém

“Burnett’s conjecture in general relativity” by Arthur Touati

“Some aspects of spectral and microlocal methods in general relativity” by Dietrich
Hiéfner.

We hope that these surveys will allow the reader to gain insights into the latest developments
of the field, as well as to appreciate the tremendous achievements that have been obtained along
the way, starting with the pioneering contributions of Yvonne Choquet-Bruhat.
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To make this note less subjective, let me start by mentioning the citation list of Yvonne
Choquet-Bruhat on MathSciNet, which is opened by her 2009 book

“General relativity and the Einstein equations”
published by Oxford University Press. (I had the pleasure to accompany Yvonne to the OUP
offices when she was preparing her book for publication =~.) In this list the book is followed
by the milestone papers

“Théoréme d’existence pour certains systemes d’équations aux dérivées partielles non
linéaires”, Acta Math. 88 (1952), 141-225,

and

“Global aspects of the Cauchy problem in general relativity” with Robert Geroch, Commun.
Math. Phys. 14 (1969), 329-335.

These last two papers are to mathematical relativity as what Banach’s “Théorie des opérations
linéaires” is to functional analysis.

Indeed, her brilliant proof, that Einstein equations possess a well posed Cauchy problem,
is the foundation on which mathematical general relativity is built. Nowadays we take it for
granted that our universe is described by evolution equations, with initial data prescribed on
an initial data surface. The fact that this is the case for general relativity was not known until
Yvonne’s “Théoréme d’existence...” [1]. There are several difficulties here. The first is the
diffeomorphism invariance of the Einstein equations, which implies that solutions of Einstein
equations can only be unique up to diffeomorphisms. The first discovery in [1] was, that this can
be cured by introducing harmonic coordinates. The next difficulty is to prove that the resulting
“harmonically-reduced” equations admit local solutions. Her paper provides the first proof of
this for a large class of equations with the relevant structure. Last but not least, one needs to
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show that a solution of the reduced equations provide a solution of the equations of real interest,
namely the Einstein equations. It is shown in [1] how the general relativistic constraint equations
can be used to solve this problem. A self-contained presentation of these constructions using
modern techniques can be found in [2].

The local constructions of [1] immediately raise the question of existence and properties of
global solutions of Einstein equations. The second milestone on which mathematical general
relativity rests is the already-mentioned paper with Robert Geroch [3]. The paper unravels the
fundamental role of the notion of global hyperbolicity in this context, and presents the proof
that every set of, say vacuum, general relativistic initial data evolves to a unique spacetime which
is maximal in the set of globally hyperbolic spacetimes inducing the given initial data. A nice
conceptual simplification of the proof can be found in [4].

It turns out that this is not the end of the story: there exist well behaved initial data sets, such
as initial data for the Kerr black holes or for the Bianchi IX cosmological models, for which the
maximal globally hyperbolic developments can be extended beyond a Cauchy horizon in a non-
unique way. The contents of the cosmic censorship conjectures is that this happens only in very
special circumstances; more on this can be found in [5, 6]. To resolve this one needs to under-
stand the global structure of generic solutions of the general relativistic Cauchy problem, which is
not a minor task. Among the most significant achievements on this topic in the class of spatially
compact spacetimes with one Killing vector are the results presented by Yvonne and Vince Mon-
crief in [7]. In this context it should be added that Yvonne Choquet-Bruhat’s analysis of Fuchsian
partial differential equations, reviewed in her already mentioned monograph [5], remains one of
the best tools to explore the dynamics of cosmological spacetimes near singularities.

Needless to say, these are not the only contributions of Yvonne: MathSciNet lists 239 publi-
cations, including 11 books. One finds there seminal papers on the constraint equations in gen-
eral relativity, including the development, with Demetrios Christodoulou, of the framework for
analysing these equations on asymptotically flat manifolds [8]. These constraint equations con-
stitute a set of nonlinear equations that has to be satisfied by the initial data, and one of the key
goals of mathematical general relativity is to construct exhaustive families of their solutions, and
to understand the properties of these. For many years a standard tool for this has been the “con-
formal method”, some aspects of which have been intensively studied in the mathematics liter-
ature in the context of the Yamabe problem [9-11] mainly on compact manifolds. The paper [8]
provides key tools to understand elliptic systems on asymptotically flat manifolds, including the
general relativistic constraint equations.

One of the fundamental properties of asymptotically flat solutions of the constraint equations
is positivity of mass [12, 13]. In a pioneering work with Marsden, Choquet-Bruhat proves
positivity for near-Minkowskian initial data [14]. The arguments used there are used nowadays
in state-of-the-art gluing theorems for the constraint equations [15, 16].

The general relativistic constraint equations on compact manifolds become quite a headache
when matter fields transform in an inconvenient way under conformal transformations. An
example is provided by the scalar field, which has been addressed by Yvonne and collaborators
in [17]. More on the general relativistic constraint equations can be found in [18, 19], see
also [20-24] and references therein.

Choquet-Bruhat’s pioneering work with Daniel Bancel, “Existence, uniqueness, and local
stability for the Einstein-Maxwell-Boltzman system”, Comm. Math. Phys. 33 (1973), 83-96,
provides the first rigorous treatment of the Boltzmann equation within Einsteinian gravity. Her
prophetic “Ondes asymptotiques et approchées pour des systémes d’équations aux dérivées
partielles non linéaires” J. Math. Pures Appl. (9) 48 (1969), 117-158, has been given new life
in recent papers [25,26], which come close to settling Burnett’s conjecture [27] concerning a class
of high-frequency limits of solutions of Einstein’s equations.
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I had the pleasure and honor to coauthor a series of papers with Yvonne on the characteristic
Cauchy problem in general relativity. There we present a variation of an approach of Rendall,
perhaps making clearer the constraints character of some of Einstein equations. In [28] we
observe that all the constraints can be reduced to linear equations, the only obstruction to global
existence being positivity of a conformal factor. This should be compared to the much more
intricate structure of the already-mentioned spacelike constraints. Natural extensions of this
work can be found in [29, 30]. It should be mentioned that the role of the characteristic Cauchy
problem in general relativity has been steadily growing, see [31-34].

Amongst the various honors received, Yvonne was the first female member of the French
Academy of Sciences. She has been included in the list of the 85 original and important female
contributors to the physics of the 20th Century on the web site URL https://web.archive.org/web/
20161007090528/http://cwp.library.ucla.edu/exp.html. Together with James York, from Cornell
University, she was awarded the 2003 Dannie Heineman Prize for Mathematical Physics, “for their
separate as well as joint work in proving the existence and uniqueness of solutions to Einstein’s
gravitational field equations so as to improve numerical solution procedures with relevance to
realistic physical solutions”. The prize is presented in recognition of outstanding publications in
the field of mathematical physics. In 2006 Yvonne Choquet-Bruhat delivered the Emmy Noether
Lecture at the International Congress of Mathematicians in Madrid on the topic of “Mathematical
problems in General Relativity”. Her biography has been included on the web site ‘Biographies of
women mathematicians”, URL https://mathwomen.agnesscott.org/women/bruhat.htm, next to
Hypathia, Sofia Kovalevskaya, Emmy Noether, and Miryam Mirzakhani. A volume in her honor
can be found on URL https://celebratio.org/ChoquetBruhat_Y/article/1108/.
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Abstract. In honor of Yvonne Choquet-Bruhat’s 100th birthday, we present this survey on the positive mass
theorem. Originating from a conjecture in general relativity regarding the ADM mass, the positive mass
theorem has significantly influenced geometry and analysis over the past four decades and continued to
inspire new connections. We review seminal contributions as well as recent advances, and then we focus our
discussions on the equality case and the counter-examples arising from pp-wave spacetimes.

Résumé. En 'honneur du 100e anniversaire d’'Yvonne Choquet-Bruhat, nous présentons cette étude sur le
théoréeme de la masse positive. Issu d'une conjecture en relativité générale concernant la masse de ’ADM,
le théoréme de la masse positive a influencé de maniére significative la géométrie et I'analyse au cours
des quatre dernieres décennies et continue d’inspirer de nouvelles connexions. Nous passons en revue les
contributions fondamentales ainsi que les avancées récentes, puis nous concentrons nos discussions sur le
cas de I'égalité et les contre-exemples provenant des espaces-temps d’ondes pp.

Keywords. ADM mass, ADM energy-momentum, Asymptotically flat initial data set, Dominant energy con-
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1. Introduction

I am honored to contribute this survey on the positive mass theorem in celebration of Yvonne
Choquet-Bruhat’s 100th birthday. I had the chance to meet her in 2008 at the Mittag-Leffler
Institute while I was a PhD student participating in the Geometry, Analysis, and General Relativity
program. She visited briefly to meet her collaborators, including Piotr Chrusciel and Jim Isenberg
who were key participants of the program. During tea time, we gathered at a large oval table
in the sunroom. As I was just starting my research career, her warmth and friendliness left a
lasting impression. We are truly fortunate to have a pioneer like Choquet-Bruhat in the general
relativity community. Her groundbreaking work and kindness are an amazing example for us all
and continue to inspire us today.
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Choquet-Bruhat made a fundamental contribution to the Cauchy problem, ensuring that the
initial value problem in general relativity is well-posed. For more details, see her survey [1]. Her
research laid the groundwork for the 3 + 1 formulation of general relativity (ADM formalism),
which is crucial for understanding how spacetime evolves and is used in both theoretical and nu-
merical relativity. The ADM approach views spacetime as a series of evolving three-dimensional
slices from an initial data set. It simplifies Einstein’s field equations into constraint and evolution
equations. It also introduces ADM energy and linear momentum, which measure the total mass
of an asymptotically flat spacetime. These quantities, defined on the initial data set, are essential
for understanding isolated gravitational systems and allow working with just the initial data and
constraint equations. We refer the reader to her beautiful book [2].

The positive mass conjecture asserts that the ADM mass is non-negative (or, more precisely,
that the ADM energy-momentum is future causal) under suitable energy conditions. Choquet-
Bruhat and Marsden proved a very interesting case of the positive mass theorem, for metrics
close to the Euclidean metric [3], building on an idea outlined by Brill and Deser [4]. The
problem gained wider attention through questions posed by Geroch in his 1975 plenary address
at the Joint Mathematical Meeting [5]. This conjecture became one of the early topics in
mathematical general relativity and remains central to developments in geometric analysis and
general relativity. The search for and affirmation of positivity conditions under various settings
has had a significant impact on mathematics, influencing areas like the Yamabe problem in
conformal geometry [6].

While there were other partial results toward the positive mass conjecture, the first ground-
breaking result was obtained by Schoen and Yau in 1979 [7]. For an earlier history of this prob-
lem, we refer to the introduction of [7]. Not only did they completely settle the so-called Rie-
mannian case, but the minimal surface technique they introduced also revolutionized the field.
Since then, more general versions, higher-dimensional cases, and new alternative proofs have
emerged, making the topic even more dynamic in recent years. Researchers have continued to
develop innovative techniques and approaches, expanding the scope and relevance of the pos-
itive mass theorem. While the physically interesting case is three spatial dimensions, there are
various reasons and motivations for seeking a general statement in higher dimensions. We will
provide a more comprehensive list of progress below. For now, we present the statement.

Theorem 1 (Spacetime positive mass theorem). Let n =3 and (M, g, k) be an n-dimensional
asymptotically flat initial data set that satisfies the dominant energy condition. Suppose either
3<n<7orM isspin. Then

E=|P|,

where (E, P) is the ADM energy-momentum vector of (M, g, k).

The above theorem says that the ADM energy-momentum vector (E, P) is future-directed and
causal. Thus, one can define its Lorentzian norm as the ADM mass m = v/ E2 — |P|?, which is a
spacetime invariant.

The special case of Theorem 1 where k = 0 is known as the Riemannian case (or the time-
symmetric case). In this case, P = 0, and the dominant energy condition implies nonnegative
scalar curvature. It is also conventional to denote the ADM energy E by the ADM mass m.

Theorem 2 (Riemannian positive mass theorem). Let n = 3 and (M, g) be an n-dimensional
asymptotically flat manifold with nonnegative scalar curvature. Suppose either3<n <7 or M is
spin. Then m = 0. Furthermore, m =0 if and only if (M, g) is isometric to Euclidean space.

Schoen and Yau proved this case in dimension three in 1979 and 1981 [7, 8] by introducing
minimal surface techniques and extended it to dimensions less than eight [9, 10]. They argued
that if the ADM mass m < 0, then there exists a codimension 1 area-minimizing minimal
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surface with the induced metric being asymptotically flat with zero mass. The area-minimizing
property allows for a conformal factor that further transforms the induced metric to one with zero
scalar curvature and negative mass, contradicting the Riemannian positive mass theorem in one
dimension lower and ultimately conflicting with the Gauss—-Bonnet Theorem when n = 3. Since
the above argument does not address the case m = 0, Schoen and Yau gave a separate argument
to show that if m = 0, then the manifold is Ricci flat and thus isometric to Euclidean space.

Lohkamp [11] observed a cut-off technique to simplify the asymptotics of an asymptotically
flat manifold with negative ADM mass, showing that it can be compactified to a torus while
maintaining positive scalar curvature. Consequently, the Riemannian positive mass theorem is
equivalent to the torus rigidity theorem of Schoen and Yau [12]. In more recent years, there have
been rapid advances and alternative proofs of the Riemannian positive mass theorem for three
dimensions. Huisken and Ilmanen [13] used the inverse mean curvature flow, Li [14] employed
the Ricci flow, Bray, Kazaras, Khuri, and Stern [15] considered level sets of harmonic functions
and Bochner identity, and Agostiniani, Mazzieri, and Oronzio [16] used Green’s function.

For the general case k # 0 in dimension three, Schoen and Yau proved E = 0 by introducing
Jang’s equation [17] and reduce the case to the Riemannian positive mass theorem. Eichmair
generalized the Jang equation argument and proved the E = 0 theorem in dimensions less than
eight [18]. These results also show that if E = 0, then (M, g, k) can be isometrically embedded in
Minkowski spacetime with the second fundamental form k.

For the result E = |P| as stated in Theorem 1, Witten provided a novel proof in dimension
three [19, 20], which directly generalizes to higher dimensions for spin manifolds [21, 22]. Eich-
mair, Huang, Lee, and Schoen [23] extended the minimal surface approach in the Riemannian
case developed by Schoen and Yau by introducing marginally outer trapped surfaces (MOTS) to
prove Theorem 1. They addressed the challenges posed by MOTS, which, unlike minimal sur-
faces, do not arise from a variation principle of the initial data set. In the same paper, they also
provided an alternative approach, showing that the E = 0 theorem implies E = | P| by a new den-
sity theorem. Recently, Hirsch, Kazaras, and Khuri [24] provided an alternative proof for the 3-
dimensional case using level sets of spacetime harmonic functions. We will briefly review those
approaches in Section 3.

Challenges in higher dimensions 7 = 8 for the positive mass theorem arise because minimal
hypersurfaces and MOTS can have singularities in these dimensions, causing the dimensional
reduction argument to potentially break down. Lohkamp proposed a program to address these
issues in a series of papers [25-28]. For the Riemannian case, Schoen and Yau [29] introduced
a different approach using minimal slicings. Additionally, there are perturbation arguments to
avoid singularities of minimal hypersurfaces for dimensions n = 8 by Smale [30] and n = 9,10
by Chodosh, Mantoulidis, and Schulze [31]. Separately, while we shall only discuss 7 = 3 in this
survey, there is also a Riemannian positive mass theorem for n = 2; see [32].

Neither the spinor proof in [19, 20] nor the MOTS proof in [23] includes a complete proof
to characterize the equality case E = |P| of Theorem 1. The natural conjecture states that if
E =|P|, then E = |P| = 0, and thus by E = 0 rigidity, (M, g) can be isometrically embedded into
Minkowski space with induced second fundamental form k. This would signify that the ADM
mass m = \/ E2 — | P|2 = 0, uniquely characterizes Minkowski spacetime.

The conjecture is shown to be true in dimensions » = 3,4, but surprisingly, in dimensions n = 5
it has the subtlety depending on asymptotic flat decay rates, to be specified in Section 4 below.
For n =5, an initial data set with E = | P| that does not exhibit the optimal asymptotic decay rate
can have E = |P| # 0 and exists as a Cauchy hypersurface in a larger class of spacetimes known
as pp-waves (short for plane-fronted waves with parallel rays). Minkowski spacetime is a special
case of pp-waves. Those pp-wave examples also give counter-examples to the Bartnik stationary
conjecture, see [33, Section 2].
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We summarize the current state of the art below.

Theorem 3 (Equality in the spacetime positive mass theorem). Letn =3 and (M, g, k) bean n-
dimensional asymptotically flat initial data set that satisfies the dominant energy condition and
has E = |P|.

o Ifeither n=3,4 or (M, g, k) satisfies the optimal asymptotic decay rates', then E = |P| =0
and (M, g) is isometrically embedded into Minkowski spacetime with the induced second
fundamental form k.

e Ifn=5and M is spin, then (M, g, k) is isometrically embedded into a pp-wave spacetime
with the induced second fundamental form k.

We can break down the equality theorem into two separate statements: The first statement is
to show that E = |P| implies E = |P| = 0, which is the part that requires the optimal asymptotics
decay rate. The second statement is to use the fact that E = 0 to find an embedding of the initial
data set into Minkowski space.

Witten sketched an idea for proving E = |P| rigidity of spin manifolds in his 1981 article [19].
Ashtekar-Horowitz [34] and Yip [35] gave arguments for n = 3 under extra spacetime assump-
tions. A complete, rigorous proof was given in the work of Beig and Chrusciel for n = 3 by a
spinor argument [36] and by Chrusciel and Maerten [37] to higher-dimensional spin manifolds
under the optimal asymptotic decay rates for dimensions n = 5. For general initial data sets with-
out the spin assumption, Huang and Lee used the method of Lagrangian Multipliers introduced
by Bartnik [38] to prove the first statement (under similar optimal asymptotic decay rates if n = 5).
They also gave an alternative proof of E = 0 rigidity [39]. Unlike the other proofs, their proof is
self-contained in the sense that it does not depend on how one proves that E = | P| theorem or
E = 0 theorem. For n = 3, Hirsch and Zhang proved the equality theorem for n = 3 from the level
sets method [40].

On the other hand, Huang and Lee [33] discovered those pp-wave counterexamples in di-
mensions n > 8. Specifically, they found asymptotically flat spacelike slices in a large class of
(n + 1)-dimensional pp-wave spacetimes that are not isometric to Minkowski spacetime, and
those spacelike slices have E = |P| # 0. Hirsch and Zhang further improved these counterexam-
ples to dimensions n = 5 and showed that a spin asymptotically flat initial data set which satisfies
the dominant energy condition and E = | P| must be embeded into a pp-wave [41].

Given that multiple survey articles already exist on the Riemannian positive mass theorem
from different perspectives (e.g., [10,42,43]), along with a graduate textbook by Lee [44] on those
topics, this survey will primarily focus on the spacetime positive mass theorem, with particular
emphasis on the equality case. The outline of the survey paper is as follows: In Section 2, we set
the stage and include a variational aspect of the ADM energy-momentum.

In Section 3, we briefly review the different proofs of positivity E = | P|. In Section 4, we discuss
the pp-waves and the equality case E = |P|.

2. Definitions, notations, and basic facts

2.1. Initial data sets, the dominant energy condition, and asymptotic flatness

Let n = 3. An initial data set is an n-dimensional manifold U equipped with a Riemannian metric
g and a symmetric (0, 2)-tensor k. Loosely speaking, an initial data set consists the information
needed to determine the evolution of spacetime by viewing the triple (U, g, k) as a hypersurface

1\We say that (M, g, k) satisfies the optimal asymptotic decay rates if the asymptotics of (g, k) defined by (2) below hold
for some g > 0 and 0 < a < 1 satisfying g + @ > n—2. This is an additional assumption beyond the usual decay rate
condition g > n/2 when n = 5.
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Ric(g) — sR(g)g = Ag+ T

Figure 1. For an initial data set (U, g, k) embedded in a spacetime, the dominant energy
condition on (U, g, k) states that u = |J|g, where u = T'(n,n) and J; = T(e;,n), with n being
the future-pointing unit normal to U and e; tangent to U. This condition is equivalent to
requiring that T'(-,n) is future causal. Note that a spacetime satisfying the dominant energy
condition asserts that 7(X,Y) = 0 for all future causal vectors X and Y, which is a stronger
condition.

in spacetime (N, g) with the induced metric g and second fundamental form k. The Einstein
equation of spacetime is given by
Ricg— 3 Rgg = Ag+T,
where A € R is the cosmological constant and T is the stress-energy tensor describing a matter
field. In this article, we shall only discuss the case A = 0, but note that there are also many
progresses on the positive mass theorem for the case A < 0; see, for example, [45-50]. A spacetime
is called vacuum if T is identically zero. As an example of a non-vacuum matter field, the stress-
energy tensor of a perfect fluid is given by T = pg+ (p + p)vev, where p is the energy density,
p is the pressure, and v is the fluid velocity. We do not assume any specific matter fields here;
the results apply to any matter field, as long as an energy condition is satisfied, unless otherwise
specified.
On an initial data set, one can define the mass density p and the current density J by

u= % (Rg— 1K + (trgh?)
J = divgk — d(trgk).

The first equation is referred to as the Hamiltonian constraint and the second is the momentum
constraint. We denote the constraint map by ®(g, k) := (i, J).

We say that (U, g, k) satisfies the dominant energy conditionif u=|Jlg. If (U, g, k) is embedded
in a spacetime (N,g), meaning that (U, g) is isometrically embedded in to N with the induced
metric k, then the dominant energy condition is equivalent to requiring 7' (X,n) = 0 for all future
causal vectors X, where n is the future-directed normal to the hypersurface. The initial data set
(U, g, k) is said to be vacuum if u =0, J = 0. See Figure 1.

When considering the perturbation of the dominant energy condition, it turns out more effec-
tive to use the modified constraint map Qlg 1) at (g, k), introduced by Corvino and Huang [51].
The modified operator ®| (g.k) 18 defined on initial data (y, 7) as follows:

D1y, T) =@y, 1) + (0,37 J), 1)
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where J is the current density of g and (y-))? := g'/y ixJ k. A fundamental property of the modified
operator is that the dominant energy condition is preserved under perturbation. More precisely,
assume (g, k) satisfies the dominant energy condition u = |/|g in M. Suppose (y, 1) is an initial
data set with |y — glg <3 in M and

(g1 (7, 7) = Dlg 1) (g, ).

Then (y, 1) also satisfies the dominant energy condition.

The seminal work of Choquet-Bruhat says that if (U, g, k) is a vacuum initial data set, then
there exists a unique vacuum spacetime development (N, g) that evolves from (U, g, k). However,
note that in general an initial data set satisfying the dominant energy condition may not have a
spacetime development satisfying an energy condition, or if it does, the spacetime development
may not be unique.

For analysis on asymptotically flat manifolds, it is convenient to use the weighted Holder
spaces, defined below. Let B be a closed ball in R” centered at the origin, and consider the
exterior region R” \ B. Forany ¢ =0,1,2,..., a € (0,1), g € R, we define the weighted Hélder space
ct “([Ri” \ B) as the space of functions f on IR” \ B such that

It @ g = Y supllxl'“'“i@“f(x)l + Y [1x91*99% f ()], < o0
- lal<¢ la|=¢

Now suppose that M is a manifold such that there is a compact set K < M and a diffeomorphism
M\ K = R"\ B. Then one can define C* “(M) by choosing an atlas for M that consists of the
diffeomorphism M\ K = R" \ B together w1th finitely many precompact charts, and then using
the Cf’,? (R"\ B) norm on the noncompact chart while using the C** norm on the other ones.
The definition of Cf‘;(M) also extends to tensors simply by considering their components with
respect to these coordinate charts.

We say that an initial data set (M, g, k) is asymptotically flat with decay rate q if M is a complete
manifold and there is a compact set K ¢ M and a diffeomorphism M\ K = R"\ B for some closed
ball B < R” such that

(g-8,k) e C2F(M) x Ch (M) 2)
where § is a smooth symmetric (0,2)-tensor that coincides with the Euclidean inner product on
M\ K = R"\ B. In addition, we assume wJe LY (M), and sometimes it is convenient to make a
stronger assumption that y, J € che n-qo (M) for some gy > 0. Throughout the article, we assume
qg>n-2)/2.

2.2. ADM energy and linear momentum, Regge-Teitelboim Hamiltonian, and Killing
initial data

Assume (M, g, k) is asymptotically flat with decay rate g > (n —2)/2 in the above sense. We define
the ADM energy E and the ADM momentum P as
0gij 0gii

1 n
Ee b = oo e, ), 2 (ax’ ox7

)védoo
z(n_l)w}’l ) R [x|= rl] 1

Pi(g, k) = = —l)wn ) Hoofm rjzl(k” (trgk)gi)vidoy  i=1,2,...,n.
Here, the integrals are computed in the coordinate chart M\ K =, R\ B, V(j) = x/ /x|, gg is the
(n — 1)-dimensional Euclidean Hausdorff measure, and w;_; is the volume of the standard unit
sphere in R".

Notice that if the decay rate g > n — 2, then the integrand in the above expressions decays too
quickly, so E = 0 and P = 0 trivially. On the other hand, a decay rate g > (n—2)/2 is sufficient
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to ensure that the ADM energy-momentum is well-defined in the following sense. While the
ADM energy and linear momentum are defined using a specific asymptotically flat coordinate
chart, they can be shown to be coordinate invariant, depending only on the structure at infinity,
see [21]. Furthermore, although the ADM energy and linear momentum are defined entirely on
the initial data set, the Lorentzian norm —E? + |P|? is a spacetime invariant. It means that, while
the ADM energy-momentum vectors of two asymptotically flat initial data sets embedded in the
same spacetime may differ, they have the same Lorentzian norm, see [52].

To understand heuristically how the decay rate g > (n—2)/2 plays a role, we expand the
constraint equations in asymptotically flat coordinates:

1 1 0 (08ij 0gi o
= —(Ry — |k? + (trgk)?) = = —(—’——”) O(|x|™2%4
p= 5 Ry = kI (trgh)) 2%’6x1 3 5. | HOUA )
. 0 oo
Ji = (divgk)j — (trgk),; = Y = (kij — (trgk) g ;) + O(Ix|7*729).

~ Ox!

1

Observe that the ADM energy-momentum arises from the flux integrals of the divergence terms
on the right-hand sides. The decay rate g > (n — 2)/2 ensures that the exponent of the error terms,
—2—-2q < —n, decays rapidly enough to be integrable on the asymptotically flat end. Together
with the assumption that both p and J are integrable, the flux integrals over the coordinate sphere
have a limit as the radius of the sphere going to infinity.

The following density theorem states that initial data sets with the decay rate g = n —2
are dense among those with the weaker decay rates g > (n—2)/2, and that the ADM energy-
momentum varies continuously. This has several applications. For example, to prove the
positivity of the ADM mass as stated in Theorem 1, it suffices to verify the inequality for an
asymptotically flat initial data set with a decay rate g = n — 2. For more details about the density
theorem, see, for example, [23, Section 6].

Theorem 4 (Density theorem (loosely stated)). Let (M, g, k) be an n-dimensional asymptotically
flat initial data set at the decay rate q > (n—2)/2 satisfying the dominant energy condition. For
anye > 0, there exists an asymptotically flat initial data set (M, g, k) at the decay rate q = n—2 such
th_at _(g, k) satisfies the dominant energy condition, is e-close to (g, k) in CE’,’; (M) x Ci'f‘_ M), and
|(E,P)—(E,P)|<e.

Furthermore, we can arrange (M, g,k) to have either the strict dominant energy condition
> |]|g everywhere in M or to be vacuum fi = |]| = 0 outside a large compact subset of M.

The ADM energy-momentum has a variational characterization.

Definition 5 (Regge-Teitelboim Hamiltonian). Let M be an n-dimensional manifold that can
carry an asymptotically flat initial data set. Let (fy, Xo) be a pair of a function and a vector field
on M (which we will often call a lapse-shift pair) such that (fy, Xo) is smooth and is equal to a
constant (a, b) € R x R" in the exterior coordinate chart for M\ K. We define the Regge-Teitelboim
Hamiltonian /gt corresponding to (fo, Xo) by, for asymptotically flat initial data set (g, k)

Hor(g, k) = (n— 1wy [aE(g, k) +b-P(g, k)] - fM@(g, k), (fo, Xo)) g dptg- 3)

In the case of vacuum initial data sets, as originally considered by Regge and Teitelboim [53],
the Hamiltonian can recover the energy E and the linear momentum by choosing the lapse-
shift pair to be asymptotic to the translation vector fields of Minkowski spacetime. Specifically,
(f, X) — (1,0) yields the energy E, while (f, X) — (0,0/0x") yields P;, the i-th component of the
linear momentum. The task of “minimizing” the ADM energy-momentum (E, P) is transformed
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into minimizing the functional (3) as follows. Suppose the positivity of mass holds for vacuum
(g, k), i.e., E(g k) =|P(g, k)|. Then, for any future causal vector (a, b), we have

aE(g, k) +b-P(g, k) = aE(g, k) — |bl|P(g, k)| = (a—|b)IP(g, k) =0 @

with equality if and only if E(g, k) = |P(g, k)| and (a, b) is a constant multiple of (E(g, k), P(g, k)).
This is just a general fact that for non-zero future causal vectors X and Y, their Lorentzian inner
product —(X,Y) = 0 with equality if and only if X, Y are both null and X is a constant multiple of Y.

With the minimization task in mind, we compute the first variation of #%r: for vacuum (g, k),
we have

DA | g 1y (hy w) = = f (h,w) - DI, 1, (fo, Xo) dirg

for all compactly supported (h, w), where DCDI » denotes the L?-formal adjoint equation of the
linearization D®| k) at (g, k). The adjoint equatlon D®|* = has geometric significance in the
vacuum case, as discovered by Moncrief [54].

(8:k)

Theorem 6. Let (U, g, k) be a vacuum initial data set and suppose that there exists a nontrivial
lapse-shift pair (f, X) on U solving

DO,y (f,X) =0

Then the vacuum spacetime development of (U, g, k) admits a unique global Killing vector field Y
such thatY = fn+ X along U, wheren is the future unit normal to U.

Conversely, given a vacuum spacetime equipped with a global Killing vector field Y and a
spacelike hypersurface U with induced initial data (g, k), if we decomposeY = fn+ X along U,

then the lapse-shift pair (f, X) must lie in the kernel ofD<D|( e

In light of the above theorem, a solution (f, X) to D®|* @0 (f, X) = 0 is referred to as the Killing
initial data.

An analogous statement for a non-vacuum case was established by Huang and Lee [33,
Theorem 6] using the modified constraint operator. A spacetime (N, g) is said to be a null perfect
fluid with velocity v and pressure p if vis either future null or zero at each point and the Einstein
tensor takes the form:

Ricg - %Rggz pg+vav. (5)

Theorem 7. Let (U, g, k) be an initial data set satisfying the dominant energy condition. Assume
there exists a nontrivial lapse-shift pair (f, X) on U solving the system

DO, 1, (£, X)=0 and f]+|JlgX=0. (6)

and assume that f is nonvanishing in U. Then the following holds:

(1) The dominant energy scalar (g, k) := u—1J|g is constant on U.

(2) (U, g, k) is embedded inside a null perfect fluid spacetime (N, g) that satisfies the spacetime
dominant energy condition and admits a global Killing vector field Y equal to fn+ X
along U, wheren is the future unit normal toU.

There is also a converse statement.

We remark that the system (6) is closely related to the improvability of the dominant energy
condition. See [33].

We refer to a solution (f, X) to D@I?g, N f,X) = 0 as the modified Killing initial data. These
solutions play an important role in the equality theorem of the positive mass theorem; see
Section 4. An overall strategy for proving the equality theorem is to show that the initial data
set achieving equality has one or more modified Killing initial data.
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3. The proofs of positivity E = | P|

We outline the currently available proofs of the positivity theorem, Theorem 1.

3.1. Marginally outer trapped hypersurfaces

We briefly revisit the minimal hypersurface proof of the Riemannian positive mass theorem,
originally developed by Schoen and Yau. This proof uses induction on the dimension 3 <
n < 7 and proceeds by contradiction. Assume there exists an asymptotically flat Riemannian
manifold (M, g) with nonnegative scalar curvature and negative mass m < 0. A density argument
allows us to assume (M, g) has harmonic asymptotics and positive scalar curvature. These
conditions imply that the coordinate planes x" = +A act as barriers for minimal hypersurfaces
for sufficiently large A.

Consider an (n - 1)-dimensional vertical cylinder dC, with a large radius p. For each h €
[—A, A], there exists an area-minimizing hypersurface Z, , = C, whose boundary is the height
h sphere on 4C,. If n <7, this hypersurface is smooth. Each Z, ; lies between the hyperplanes
x" = +A. Theareaof X, j, is minimized by some h, € (- A, A). This “height-picking” step is crucial
in dimensions n = 4 because the corresponding surface Z, 5, satisfies

2

az area(CDt(Zp,hp)) >0
t=0

for any variation ®; that is a vertical translation along dC,. Without the height-picking step,
the above inequality only holds for compactly supported variations ®;, which is not sufficient.
(When n = 3, one can use the so-called logarithmic cut-off trick to approximate variations that
are vertical translations along 0C,, by compactly supported variations. However, this trick does
not work in higher dimensions.) A smooth subsequential limit 2o, of 2, ,, as p —ooisan (n—1)-
dimensional asymptotically flat manifold with zero energy and is a stable minimal hypersurface
of M.

For n = 3, the stability of Z,, and its asymptotics are incompatible with the Gauss—-Bonnet
theorem. In higher dimensions, one can construct a conformal factor that changes the metric on
Y to one that is asymptotically flat with zero scalar curvature and negative mass, thus violating
the Riemannian positive mass theorem in dimension n — 1.

Our approach to the spacetime positive mass theorem generalizes the minimal hypersurface
proof using marginally outer trapped hypersurfaces (MOTS). A hypersurface X is a MOTS if 6 = 0,
where 6 = Hs + trs k is the expansion scalar. In the Riemannian case, 0 reduces to the mean
curvature.

Let (M, g, k) be an n-dimensional asymptotically flat initial data set satisfying the dominant
energy condition p = |J| and E < |P|. By our density theorem, Theorem 4, we may assume
(M, g, k) has harmonic asymptotics and satisfies the strict dominant energy condition u > |J|.
Furthermore, we assume P points in the vertical direction —d,. The harmonic asymptotics and
E < |P| assumptions imply that the planes x" = + A act as barriers for MOTS for sufficiently large
A. Consider an (n — 1)-dimensional vertical cylinder 6C,. For each h € [-A, A], the existence
theorem of MOTS [55] guarantees the existence of a MOTS X, j, with boundary equal to the height
h sphere on C;. This MOTS is smooth if n < 8 and lies between the planes x” = + A, being stable
in the sense of MOTS with boundary. See Figure 2.

A major challenge, distinct from the minimal surface approach, is that MOTS do not arise
from a variational principle. Thus, there is no obvious alternative to the height-picking step of
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r, = —A is trapped, 6 < 0

Figure 2. Under the (contradictory) assumption E < | P|, two coordinate hyperplanes x" =
A and x" = — A, together with the lateral side of a cylinder of large radius, provide barriers
for the existence of a MOTS X, with prescribed boundary.

minimizing the area with respect to the height h. To overcome this, we introduce a new functional
& on hypersurfaces with boundary on 6C; such that for some ki, € (—A, A), we have
d

dhlp=n,
This inequality, along with the MOTS stability, parallels the area inequality in the Riemannian
case. Extracting a smooth subsequential limit X, of Z,. 5, as r — oo, we find that Z, is an (n—1)-
dimensional asymptotically flat manifold with zero energy and is a stable MOTS in M. We can
construct a conformal factor that changes the metric on X, to one with zero scalar curvature and
decreases the energy of X, thus violating the Riemannian positive mass theorem in dimension
n-1.

g(Zr,h) =0.

3.2. Boost argument

The positive mass theorem E = |P| can also be derived from the positive energy theorem E = 0
using the following reduction argument. Assume that 0 < E < |P|. Fix 6 € (0,1) such that
E :=(E-0|P)/(1-6%) <0. Using the density theorem, Theorem 4, we may assume that (M, g, k)
satisfies © = 0 and J = 0 outside a large compact set. According to [56], there exists a vacuum
spacetime development of the asymptotically flat end of (M, g, k) in which the end of (M, g, k)
can be deformed to a boosted slice (of slope 0) that has energy E’. The deformed initial data
(M', g', k') satisfies the conditions of the E = 0 theorem, leading to a contradiction. This reduction
is well known in the mathematical relativity community when the initial data set is assumed to
be a spacelike slice of an asymptotically flat spacetime; see, e.g., [57].

3.3. Spinor proof

Witten'’s proof is notable for its use of spinors, offering a different perspective on the positive mass
theorem. A spinor field ¥ on a manifold is a section of a spinor bundle, which can be roughly
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thought of as a field of “spinor-valued” functions. For a 3-dimensional initial data set (M, g, k), M
can be given a spin structure. In higher dimensions, this method requires M has a spin structure,
which allows us to use spinor fields ¥ on M. For convenience, we consider (M, g, k) embedded in
aspacetime (N, g) and choose an orthonormal frame {ey, e, ..., e,,} where ¢y is the timelike vector.
One can also use a framework that is a purely initial data perspective. Define a new connection
Vi =V;+(1/2)k;jejey and the Dirac operator D = e; - V; = e; - V; + (1/2)k; je;ejey where V; is the
induced connection on M. The Witten equation states

Dy =V*Vy + L (u+ Jeo) .

For any v asymptotic to a constant spinor 1 at infinity, integrating the above Witten’s equation
and analyzing the boundary term

|| R =1y fw e+ ey du

= lim W, Yoy +v-Dy)do = 3(n— Dwu-i (Iwol*E+ (wo, Pjejeo-wo))  (7)

r=00J|x|=r

where v is the outward unit normal. By choosing v to solve Dy = 0 with ¢ asymptotic to a certain
constant spinor ¥ such that (yo, Pjejeq - yo) = —IwOIZIPI, one gets

%(n—l)wn_1|wo|2(E—|P|):fM|W|2+5<w, (u+Jeo) - y)dpu =0

where we use the dominant energy condition in the last inequality.

The argument also directly leads the E = 0 rigidity. Since E = 0 implies | P| = 0, for any constant
spinor 1 at infinity, one can let the harmonic spinor ¥ asymptotically approach ¢ in (7) to
obtain Vi = 0, meaning that v is, in fact, a parallel spinor. One then argue that the spacetime
metric is flat along M. See [20] for more details.

3.4. Level set method using spacetime harmonic functions

We provide an overview of the proof by Hirsch, Kazaras, and Khuri [24]. Additionally, a recent
survey by Bray, Hirsch, Kazaras, Khuri, and Zhang [58] discusses the level set method applied to
positive mass theorems and other applications.

Let (©, g, k) be a 3-dimensional compact initial data set. Consider a scalar-valued function u.
For simplicity, we assume that u has no critical points. Let X; = u~1(1) be a level set of u, and
denote the unit normal to X; by 1 = Vu/|Vu|. By applying the Gauss equation to the level set X,
and using A(eq, eg) = |Vul~' V2 u(eq, ep), we obtain

IVulRic(n,n) = §|Vul(Rg — Rs) + [Vul ™ (IVIVul® = 11V ul® + § (Aw)?® - Aw)(Vw@,m).  8)
We have the modified Bochner identity:
1
Vul
Equating the previous two identities gives

AlVu|= (IV2ul? + (Vu, VAw)) + |VulRic(n,n) — [Vul " [VIVul*.

1 1 V2ul? + (Auw)* = 2|Vul(Aw)VZu(n,
BIVUl = =—(Vu, VAu) + 51Vl Ry Ry ¢ T QU 2Vul@QuVTutnn | )

Vul |Vul?

So far, the identity holds for any function u. It was observed in [24] that this identity takes a

more convenient form when u satisfies the spacetime harmonic equation Au + (trgk)|Vu| = 0, as

motivated below. Suppose the initial data set (Q, g, k) is embedded in a spacetime (N, g) with the
unit normal n. Then the Hessian operator V2 of g restricted on Q is given by

Vzu(ei, e;) = Vzu(e,-, ej) + ki jn(u).
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Since n(u) involves the spacetime vector n and is not determined on the initial data set (M, g, k),
it turns out to be effective to require n(u) = |[Vu|; namely, the spacetime vector Vu is null. By
taking the trace, it gives the spacetime harmonic equation.

Substituting u, which solves the spacetime harmonic equation, into (9) yields

|V2u + k| Vul|?
[Vul?

Consider the identity on an asymptotically flat initial data set (M, g, k) and let Q be a large

coordinate sphere. Consider u with the asymptotics u(x) — a- x as |x| — co where a € R3 and

lal = 1. Integrating the previous identity over Q and applying the coarea formula gives the
following integral formula:

1
AlVul = 2|Vul | 21— Ry + —(Vu, V(trgk)) — (VZu, k).

|V2u+ kIVul|*
IVul?
where v is the outward unit normal to Q. By carefully analysis, one can show that the integral

fg fzt Rs, is asymptotically nonpositive, and the boundary term is asymptotic to 167t(E + a - P).
To summarize, one obtain

u
f v(Vul) + k(Vu,v)) do = lf f (2u+2](n)—th+ )dadt
o0 2Ju Js,

|V2u+ kIVul|*

Vul? )dadtzo.

1
E+a-P= EIM('LH]WH

This completes the proof.

4. pp-waves and the equality case E = | P|
4.1. pp-waves

A pp-wave spacetime (or just a pp-wave for short) is a Lorentzian metric g defined on R"*!
equipped with a global coordinate chart {u, z, x1..., x" 1} where

n-1
g=2dudz+S8dz*+ Y (dx"*. (10)
a=1
Here, the scalar-valued function S depends on z and x1,...,x™ ! but not on u. The vector
Y := 0/0u is a covariantly constant, nowhere vanishing null vector field. Note that a pp-wave
is a special case of a null perfect fluid described by (5) with pressure p = 0 and carries a global
null Killing vector field Y with v = Y for some scalar function 1. The term “pp-waves” stands
for plane-fronted waves (the wave fronts are constant z slices, whose induced metric is flat)
with parallel rays (Y is a parallel null vector). These waves can describe situations in which
gravitational waves are idealized as propagating along one direction, uniformly across flat wave
fronts perpendicular to this direction.

Example8. The Minkowski metric g= —dr? +Xr.d y4? is a special case of the pp-wave metric.
To see this, we can introduce the null coordinates U = y" —t and Z = %( ¥+ t) and re-express the
Minkowski metric as g = 2dUdZ + ZZ;% (dy*)%. Thus, we recover the pp-wave metric by setting
S=01n (10). Another choice of coordinates is to set

n—l)

U=zu—(x'+-+x"1), Z=2z, y'=x%+z

and express the Minkowski metric as

n-1
g=2dudz+dz*+ )_ (dx“)>. an

a=1
Then, we recover the pp-wave metric (10) by setting S = 1.
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The second expression (11) of the Minkowski metric is more relevant to what we will discuss
below. Notice that the induced metric from (11) on the constant u slices is the Euclidean metric
with the induced second fundamental form k = 0.

We consider the constant u-slices in (10), assuming that S > 0 everywhere. Additionally, we
use x" to denote the z coordinate in (10).

Lemma9. We assume S > 0. Let g and k be respectively the induced metric and second funda-
mental form on the constant u-slices in (10). Then (R", g, k) is an initial data set where g and k are
given by

n-1
g =S(dx™?*+ Y (dx?
a=1

kap =0 fora,b=1,....,n-1
kjnZ%S_%S,j forj=1,...,n.

We also have
p=-3s"A'S
1 3 0
=-S2(A'S)—,
J 2 ( )ax”
and in particular, p=1]|g.

Proof. Along a constant u-slice we have Y = 0/0u = S~2n+S716/3x" where n = Vu/|Vul. To
compute the second fundamental form, we use that £4,5,,8 = 0 because d/du is Killing and thus

kij = $£ng0:,0)) = 4 f 1 £ x8(01,0)) = ~1 5% Lx£(0,0))

1 1
= —38%(X;j + Xji — 2T} Xp) = S2 T},
Computing the Christoffel symbols gives the desired formula for k. The computations for y, J are

more involved, and we refer to Lemma C.2 of [33]. Il

It easily follows that the dominant energy condition holds if and only if A’S < 0. Note that
such a function S cannot exist for 7 = 3 because Liouville’s theorem says that any superharmonic
function on R? that is bounded below must be constant. In the next lemma, we summarize the
properties that S have such that (R", g, k) is asymptotically flat with the decay rate q.

Lemma 10. Let n > 3. There exist nonconstant smooth functions S on R" with the following
properties:
(1) A’S <0 everywhere, strictly negative somewhere, and A'S is integrable on R".
(2) S=1in{|x"| = C} for some constant C > 0.
3) limp—co fiv2p —-¥"2108/0x%x?/|x'|do exists and is positive.
(4) For each nonnegative integer ¢ and each « € (0,1), we have S—1 € Cf’,';([R”) with q =
n-3-{+a.

Proof. Let F be a smooth nonnegative function on R”~! with coordinates x’ = (x',..., x*"1), such
that F = O(|x'| %) for some s > n— 1. We can solve A'yy = —F on R”~! via convolution with the
fundamental solution of the Laplacian on Euclidean R""!. As long as F is not identically zero,
w(x") will be a positive, globally superharmonic function on R*~!. For n > 3, it must have the
expansion

w(x') = AlX'*~" + (lower order terms),
and since v is positive, the constant A must also be positive. Now define

S, x™) =1+ p(x)w(x'),
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where ¢ is chosen to be any nontrivial, compactly supported, smooth, nonnegative function on
R. Note that A'S = —¢(x"™)F(x') < 0 and is strictly negative somewhere. It is straightforward to
verify that S satisfies Items (1), (2), and (3). Since the derivatives of S in the x" direction do not
decay any faster than |x'|>~", we can only conclude that S—1 and its derivatives of any order
are O(|x|3>~™). Thus, S—1¢€ C{’;(R”) with g = n—3 — ¢ — a by the definition of weighted Holder
spaces. O

Theorem 11. For each n = 5, there exist complete, asymptotically flat initial data sets (R", g, k)
that satisfy = |J| and E = |P| > 0. These examples have asymptotic decay rate q > (n—2)/2.

Proof. We first describe the case n > 8 by Huang and Lee [33]. Choose any S as in Lemma 10 and
use this choice in Lemma 9 to construct initial data (R", g, k). We claim that for n > 8, this is the
desired example. By construction (g, k) is clearly complete. The main task is to show that (g, k) is
asymptotically flat at the decay rate g > (n—2)/2.

Recall that our asymptotic flatness condition requires g;; —6;; € C%’; (R") and k;; € Cl’,‘; (R™)
for some (n—2)/2 < g <n-2,and (u,J) € L' (R"). For our (g, k) from Lemma 9, this is equivalent
to requiring that S—1 € C%'g for some (n—2)/2 < g < n—2 and that A’S is integrable. By Item (4)
of Lemma 10, this imposes the condition on n:

n-—2
(n-3)-2+a)>

forsome a € (0,1), orequivalently, n>8.

To see that E = | P| > 0, we evaluate the ADM energy-momentum by integrating over large capped
cylinders. The caps do not contribute, and we can see that
n-1 S x%

=— |lim —du >0,
2(n—1wp_1 P~ )ix=p  4=1 0x% |X| #

E=-P,

andPl Z-"an_l =0.

To extend the example down to dimensions n = 5, Hirsch and Zhang observed that instead
of choosing the constant u-slices in (10) as above, one can choose other spacelike slices, such
as graphs over the u-slices. By choosing appropriate graphing functions, they can improve the
derivatives in the x" direction and thus construct examples for n = 5. See [41]. O

4.2. Proofthat E = |P| impliesE=|P|=0

We review the proof by Huang and Lee [59] for the first statement of the equality theorem.

Theorem 12. Let (M, g, k) be an n-dimensional asymptotically flat initial data set with decay
rate q and assume that the positive mass theorem is true near (g, k). Furthermore, we make the
stronger asymptotic assumption that with this decay rate q,

gt+ta>n-2,

where a is the Holder exponent in the definition of asymptotic flatness. If (g, k) satisfies the
dominant energy condition, then for each asymptotically flat end, E = |P| implies that E = |P| = 0.

We set up a variational setting to prove the above theorem. Let (M, g, k) be an asymptotically
flat initial data set satisfying the dominant energy condition, as well as the assumption E = |P]|.
Given a scalar function fy and a vector field Xy so that (fy, Xo) — (a, b), we introduce the modified
Regge-Teitelboim Hamiltonian /€ corresponding to (g, k) and (fy, Xo) by

FE(y,T) = (n—1)wp-1 [aE(y, 1)+ b-P(y,7)] - fM6|(g,k) (v, 7) - (fo, Xo) dpg

where the volume measure dug and the inner product in the integral are both with respect to g.
The functional is obtained from the classical Regge-Teitelboim Hamiltonian in Definition 5 by
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replacing the usual constraint operator with the modified constraint operator 6|(g, K- We also
choose the volume form with respect to g.

Define the constraint set €4 ) to be the set of asymptotically flat initial data sets (y,) such
that ®g 1) (y, k) = @l(gx) (g k). A key property of the modified constraint operator is that if
(g, k) satisfies the dominant energy condition, then the dominant energy condition holds for all
(Y, T) € G4,k close to (g, k). Choosing the pair (fp, Xo) asymptoting to (a, b) := (E,—P), we apply
the positive mass inequality to conclude that (g, k) locally minimizes the functional # on 6,
as below: For (y,7) € €(g 1), by the same computation as in (4), we have

H(y, 1) — H(g k) = (n—1D)wy_1 [aE(y,T)+b-P(y,T)] —(n—1Dw,-1[aE+Db-P] (12)
= (n—-1wy—1 [EE(y,7)—P-P(y,7)] 20, (13)

where the inequality E(y, 1) = |P(y, 7)| is used. The equality holds when (y, 1) = (g, k).
Using the method of Lagrange multipliers, there exists a Lagrange multiplier (fi, X;) asymp-
totic to zero such that

DA\ (g 1 (h, w) = fM(fl,Xu - D®| (g 1 (h, w) dpg = fM DOI?, 1, (f1, X1) - (h, w) dpg

Since the left hand side equals — [,,(h, w) - D5|(*g, p (fo, Xo) dpig, just as the first variation of the
classical Regge-Teitelboim Hamiltonian (3), we construct a pair (f, X) = (fo, Xo) + (f1,X1) that
solves DCDI* 5 (f,X) = 0 and is asymptotic to (E,—P). To summarize, the above construction
yields a rnodlﬁed Killing initial data (f, X) with the prescribed asymptotics (f, X) — (E,—P).

Note that in the non-vacuum case, there need not be a corresponding spacetime Killing vector
field. However, intriguingly, the spinor proof by Beig and Chrusciel uses the harmonic spinor to
construct (f, X) that satisfies a similar over-determined equation with the asymptotic to (E, —P).
Their key observation is that for asymptotically flat initial data sets with the optimal decay rate,
this implies E = |P| = 0. It completes the proof.

4.3. Proof'that E = |P| = 0 implies embedding in Minkowski spacetime

Suppose E = 0. We extend the above variational setting to show that the initial data set can be
embedded into Minkowski space [39]. Unlike other proofs [17-20,40], this proof does not rely on
the specific method used to establish the E = 0 theorem. Instead, it characterizes the minimizer
of the modified Regge-Teitelboim Hamiltonian by producing additional modified Killing initial
data, under the assumption that the positivity of mass holds.

Theorem 13. Let (M, g, k) be a asymptotically flat initial data set with decay rate q > (n—2)/2
and assume that the positive mass theorem is true near (g, k). If (g, k) satisfies the dominant energy
condition and E = 0, then (M, g, k) is embedded into the Minkowski spacetime.

As in the proof of Theorem 12, we use the fact that (g, k) minimizes a modified Regge-
Teitelboim Hamiltonian ./ on the constraint set 6/ k). Then we invoke the method of Lagrange
multiplier to construct a lapse-shift pair (f, X) that solves DqJIE“g’ N f,X) = 0 with the prescribed
asymptotics (f, X) — (a, b), where (a, b) = (E,—P).

When E = |P| =0, it turns out that (g, k) minimizes the modified Regge-Teitelboim Hamilton-
ian for many choices of (a, b), because the last term of (12) is alway zero. By similar computations
as in (13), we can choose any a and b with a = |b|. This allows us to construct an entire (n + 1)-
dimensional space of lapse-shift pairs that can be thought of as being asymptotic to the (n+1)-
dimensional space of translational Killing fields on Minkowski space as we approach spatial in-
finity. Moreover, having so many solutions implies that (g, k) is vacuum, by [33, Corollary 6.6].

Once we know that (g, k) is vacuum, it follows that each of these lapse-shift pairs is actually
vacuum Killing initial data for (g, k) by Moncrief’s theorem, and we can extend them to become
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actual Killing fields on the vacuum development of (g, k). The final step is to show that having
such a space of Killing fields on an asymptotically flat Lorentzian manifold that are asymptotic
to the (n + 1) translational directions implies that the Lorentzian manifold must be Minkowski
space.
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cet article, nous passons en revue quelques-unes des méthodes et des résultats obtenus a ce jour.
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1. Introduction and preliminaries

The foundational work of Yvonne Choquet-Bruhat! firmly established that the Einstein field
equation can be treated as an evolution problem [5]. The initial data for the vacuum equation are
given by a Riemannian manifold (M, g) along with a symmetric (0,2)-tensor K, that determine
a vacuum spacetime, i.e. a time-orientable Ricci-flat Lorentzian manifold (%#, §) in which M is a
Cauchy surface embedded with first and second fundamental forms g and K, which play the role
of the initial metric and its time derivative (in appropriate coordinates). In the non-vacuum case,
the initial data will be augmented with data for whatever physical fields are being modeled.

The initial data g and K are not freely prescribed, but must adhere to the Gauss and Codazzi
equations relating the ambient geometry to the fundamental forms. The Einstein equation
involves the Ricci tensor, and so from appropriate traces of the Gauss and Codazzi equations
along with the Einstein equation, one deduces a coupled, nonlinear underdetermined elliptic
system for g and K, the exploration of which has provided a rich playground for mathematical
physicists and geometric analysts, with deep connections to topology and geometry, in part
forged by advances in the theory of partial differential equations. Robust methods to construct

IFor her exposition on this, see her book [1], the classic survey articles [2, 3], as well as [4] for her comments on some
of the history of the problem.
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solutions of the constraint equations allow for constructions, theoretical and numerical, of
spacetimes. Understanding the solution space to the constraint equations is thus intimately tied
to an understanding of the solution space of the Einstein field equation, and a parametrization
of the solution space of the constraints would ostensibly isolate the true gravitational degrees of
freedom [6], cf. [7].

A fulsome account of the work on the constraint equations, which one can trace back at least
eighty years to classical work of Lichnerowicz [8], is well beyond the scope of this article. Rather,
we focus on some relatively recent work of the past twenty-five years on constructing solutions
of the Einstein constraint equations by gluing techniques, discussing some of the methods and
applications without giving an exhaustive account. Gluing techniques can be used to address the
following natural question: given multiple solutions of the constraint equations, is there another
solution (on a connected manifold) which contains chosen regions from the given initial data
sets (at least approximately)? There is of course the related question about spacetimes: given
regions of multiple spacetimes solving Einstein’s field equation, is there a (connected) spacetime
satisfying the field equation that contains them?

From the initial data point of view, if one can construct an initial data set which contains re-
gions obtained from several spacetimes, the resulting evolution of the initial data will contain re-
gions isometric to ones in the given spacetimes, by finite speed of propagation. That said, one
might naturally try to glue spacetime regions together directly, or at least utilize the Lorentzian
structure in the construction. In this direction we mention two different recent series of works.
Hintz constructs spacetimes with multiple small black holes by a gluing construction using geo-
metric singular analysis (pseudodifferential b-calculus) techniques (see [9], cf. [10]). In a differ-
ent direction, Aretakis, Czimek and Rodnianski achieve a suite of gluing results by characteristic
gluing, which leverages the null structure of spacetime, as surveyed with additional references
in [11]. While these works are interesting, we do not have the time in the present short survey
article to do justice to either, and we will focus on constructing solutions of the constraint equa-
tions on a spacelike hypersurface (though we do mention some compelling results obtained by
the methods of [11] in Section 4 below).

1.1. Overview of some spacelike gluing results

A natural interpretation of the above aim of gluing is that of constructing initial data for a
relativistic N-body problem [12], including, say, multi-black hole spacetimes. Such constructions
have been achieved in earlier works [13-15], while more recent works have used gluing to
construct more exotic such initial data sets, such as the N-body configurations with gravitational
shielding from [16], multi-localized initial data sets [17], as well as initial data with small black
holes [10]. Naturally, the issue of the two-body and N-body problems in general relativity dates
back a century (see [8, 18, 19] and references therein) and various sorts of approaches have been
taken to produce initial data to model such spacetimes.

Connected sum construction of initial data was achieved by Isenberg, Mazzeo and Pollack
in [20] by the conformal method, and Chrusciel and Delay [21] observed how to combine confor-
mal and localized gluing techniques (introduced in [22,23]) to perform connected sum construc-
tions which leave the data unperturbed outside a connecting neck region (cf. [24, 25] for related
results, and [26, 27] for analogous surgery results). Of particular note, [28] established that there
is no topological obstruction to admitting an asymptotically Euclidean solution of the vacuum
Einstein constraint equations: for a closed manifold X~ and p € %, there is a vacuum asymptot-
ically flat solution of the Einstein constraints on X\ {p}. An intriguing implementation of the
conformal gluing method was employed by Stavrov in [29] to construct families of initial data to
model point particle limits in general relativity (cf. recent work of Hintz [9, 10] along these lines).
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Gluing constructions have also shed light on the asymptotics of solutions of the constraints.
The original motivation for the construction in [22] was to understand to what extent the
asymptotics determine the interior of a vacuum initial data set, in particular how special are
Schwarzchild asymptotics. That initial work showed that any compact subset of any time-
symmetric asymptotically flat vacuum initial data set is also contained in a vacuum time-
symmetric initial data set which is exactly Schwarzschild near infinity. While that in itself may
seem intriguing, one immediately turns to the spacetime evolution of such data. To be precise,
the question open at the time was whether there exist any nontrivial asymptotically simple vac-
uum spacetimes (sometimes called purely radiative spacetimes), a question answered in the af-
firmative in [30, 31] by constructing suitable families of initial data which are Schwarzschild with
small mass in a uniform neighborhood of infinity, evolving to an asymptotically hyperboloidal
hypersurface, and then invoking the work of [32] for the asymptotics of the evolution.

Another question that has been addressed by gluing methods is that of gravitational shielding.
A remarkable result was obtained by Carlotto and Schoen [16], who showed that any region of any
vacuum initial data set can be localized within a conical region in a vacuum initial data set which
is flat outside the conical region. While Bartnik’s parabolic quasi-spherical construction [33] pro-
duced examples of nontrivial asymptotically flat vacuum initial data (time-symmetric, so scalar-
flat) containing a flat region, their localized gluing construction produced striking examples with
non-compact flat regions. The results in [16] were proven in spirit along the lines of [21-23], with
a number additional of technical obstacles to surmount. While the works [21-23] established
that any bounded region in an asymptotially flat vacuum solution can be realized as a subdo-
main in a solution in which each asymptotic end is a slice of a Schwarzschild or Kerr spacetime,
the method of proof requires that the end be tuned appropriately to the given data (in terms of
the asymptotically conserved quantities: ADM energy-momentum, center-of-mass and angular
momentum), whereas the regions in the result of Carlotto and Schoen are glued to flat exteriors
outside the conical regions. In any case, all these results illustrate that unique continuation fails
spectacularly for the vacuum constraints.

In this article we overview aspects of gluing by the conformal method [20] and compare with
the localized approach. While there are many excellent references for the conformal method,
localized gluing constructions are relatively newer, and are still being developed, so we will focus
on some details of the approach to localized gluing that dates back to the works [22, 23]. In
the spirit of “something old and something new”, we illustrate the localized gluing technique
by applying it to the time-symmetric Einstein—-Maxwell constraint equations.

1.2. Preliminaries

1.2.1. The Einstein constraint equations

The vacuum constraint equations arise from the following. Consider a spacetime splitting
(& =1xM,g), with I an interval and (M, g) a Riemannian hypersurface given as a level set of
the coordinate x° on I (so 8/8x° is timelike). With G = Ric(g) — (1/2)R(g)g the Einstein tensor,
Gap nP does not contain any second time derivatives Suv,00 of the metric components, where 7 is
a timelike unit normal to M. In fact, using the Gauss and Codazzi equations, one obtains, with
G(n,-) a one-form along M,

G(n,n) = L(R(g) ~ K2 + (trgK)?) ()
G(n,) = divg (K — (trg K) ). )

If we consider a cosmological constant A, and let Gy = G+ Ag, and if T is the stress-energy
tensor, the Einstein equation takes the form Gy = kT for some constant x > 0. (In spacetime
dimension four, x = 871G/ c*.) We observe that u:= T(n, n) is the energy density as measured by
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an observer with four-velocity c¢n, and ¢! J := —c~! T(n, ) is corresponding momentum density
one-form. The dominant energy condition that the energy-momentum vector of the matter fields
is causal future-pointing is given by u = | J|g. Combining the Einstein equation with (1)-(2) yields
the Einstein constraint equations

3 (R(Q) — K% + (trg K)3) = kpu+ A 3)
divg (K — (trgK)g) = J. 4)

In the vacuum (T = 0) time-symmetric (K = 0) case, the system reduces to the constant scalar
curvature (CSC) condition R(g) = 2A. Unless noted, we take A = 0, in which case the time-
symmetric vacuum constraints reduce to R(g) = 0.

For a non-vacuum example, consider initial data for the time-symmetric Einstein—-Maxwell
equations, often given as a Riemannian metric g and an electric field E. The constraint (3)
becomes R(g) = 2«|E Ié. In any source-free region, we must also have divgE = 0. For simplicity
we will treat E as a vector field and study the map ¥(g, E) = (R(g) — 2x|E|2, divg E). We note that
it could be more natural to specify the field through a differential form 7, to which a metric g
would associate a vector field E; in such as way that the condition divg Eg = 0 would follow for
any g in a source-free region. We will see the echo of this in the gluing method below. For further
exploration of specifying the initial data for fields, see [34].

We will focus on the constraints in dimension »n = 3, though much of what is discussed below
extends readily to n = 3. We employ the Einstein summation convention of summing over
repeated upper and lower indices; a semicolon denotes a covariant derivative, and a comma
denotes a partial derivative.

1.2.2. Some classical solutions

For later use, we recall a family of time-symmetric solutions to the Einstein—
Maxwell constraint equations, each obtained from data on a spacelike hypersurface in a
Reissner-Nordstrom spacetime: ggny = (1 — 2m/r) + (Q2/r2))’1 dr? + rzngz, with Egny =
(Q/rz)\/l—(2m/r)+(Q2/r2)(6/6r) =: (Q/rz)er, where g2 is the unit round metric. Since
R(grn) = 2Q?%/1*, we see the units are such that x = 2. We will just employ the data on an asymp-
totic end r = |x| > 1, and so we do not pose any relation between m and Q, though that could
affect the Reissner—Nordstrém spacetime structure.

For Q = 0, the Reissner-Nordstrom metric reduces to the Schwarzschild metric, which has
vanishing scalar curvature. We write the metric in isotropic form, and we can also re-center
the coordinates to obtain (g¢");j(x) = (1+ m/(2|x—cl))*6;;. A metric g;; = u*6;; which is
conformally Euclidean has vanishing scalar curvature precisely when u is Euclidean harmonic.
If we require that u tends to 1 at infinity, to impose asymptotically Euclidean geometry, then u is
either identically 1 or it must have singularities, such as for the Schwarzschild metric with m # 0,
and for the following family of solutions.

As recalled earlier, it has been a longstanding question as to how to construct solutions to
the Einstein equations to model the interaction of multiple bodies. A classical solution of the
vacuum constraints is given by vacuum Brill-Lindquist metrics (see [35, 36], cf. [8]): given a finite
setp ={py,..., pn} of N points in R3 and m = (my, ..., my) € RY, we consider the metric

mpy = yoom ) iy
(8gr )ij(x) (1+]§12|X—Pk|) bij ®)
for x € R3 \'p. This metric is conformally Euclidean with harmonic conformal factor, and thus
has vanishing scalar curvature, providing a time-symmetric vacuum initial data set. If we take all
my > 0, then the data has N + 1 asymptotically flat ends. By an ingenious use of the method
of images, Misner [37] modified the conformal factor, incorporating an infinite sequence of
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inversions, to produce a scalar-flat metric with two asymptotically flat ends and N Einstein—
Rosen bridges, hence obtaining a type of gluing construction by conformal means. In another
direction, one can modify the Brill-Lindquist data by localized gluing techniques to produce data
on R3, even allowing p to be infinite; see [17] along with comments in Section 4 below.

1.2.3. The conformal method

The vacuum Einstein constraints form an underdetermined elliptic system for g and K. The
conformal method specifies some parts of g and K, leaving a determined elliptic system. This
approach can be traced back to? Lichnerowicz [8], Choquet-Bruhat [38], York and O Mur-
chadha [6,39,40]. The formulation below is especially well suited to the constant mean curvature
(CMC) case with trgK constant® (for a variation see [40]). It is based on the transverse-traceless
(TT) decomposition of symmetric two-tensors. In this approach, a conformal class € of metrics
is given, say % = [y]. Furthermore a scalar function 7 and a (0, 2)-tensor ¢ are given on M", where
o is TT with respect to y: divyo =0, tryo =0.

From this data we seek a scalar function z > 0 and a vector field W such that, with

- unz K=u? T
g=unzvy, =u (U+LYW)+n”” Y,

where (LyW);j = W;;; + W;,; — (2/n)(divy W)y;; is the conformal Killing operator, (g, K) satisfies
the vacuum constraint equations, which take the form

A n-—2 ROy)u+ n-2 o+ L W|2 _3n—22 n-2 , n;% 0 ©)
Uu—— u+——rIJo u nz2 — T Un—2 =
Y P g T Ty n

. n—1 2n

divy (L, W) - un-2dr =0. @)

The system is a semilinear elliptic system for (1, W). In the CMC case (constant 7), the system de-
couples: the second equation becomes div, (Ly W) = 0. On a closed manifold, or asymptotically
flat manifold with W decaying suitably near infinity, multiplying by W and integrating by parts
gives LyW = 0, i.e. W is a conformal Killing field. In this case W does not affect K or the
equation for u, and we can just take W = 0 (which is the only option in the absence of conformal
symmetries). Then the conformal method comes down to solving the Lichnerowicz equation

A n-2 Ryt n-2 | |2 _3n—22 n-2, L+§ 0
u———— u+ ——\olsu” 2 — T°unz2 =0,
(AT Te AT
As noted earlier, we will focus on »n = 3, in which case the above becomes
Ayu— 3R u+gloliu™" - 7°u’ = 0. ®)

1.2.4. The conformal method and asymptotics

When gluing initial data with the conformal method (see Section 2), the resulting data can be
made arbitrarily close to the given data outside the gluing region. A similar scenario arises when
using conformal perturbations to arrange conformally Euclidean, or more generally harmonic,
asymptotics. Indeed Schoen and Yau [42] showed that a scalar-flat asymptotically flat metric can
be approximated by one which is conformally Euclidean outside a compact set, and so that the
ADM energy is perturbed by an arbitrarily small amount. The method of proof is straightforward:
along a large annular region, patch the original metric to a Euclidean metric near infinity; for
large enough annuli, we get approximately scalar-flat data. One then employs a conformal factor
to reimpose the vacuum constraint, with appropriate estimates on the size of the perturbation of
the metric and the ADM energy. Such an approximation result is useful for proving the Positive

20ne can find an early analysis of the conformally Euclidean case in [18], which also includes some early study of
static spaces and asymptotically Euclidean spaces; see [4] for more comments on the history.
3See [41], cf. [7,34], for discussion of the conformal method outside the vacuum CMC regime.
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Energy Theorem [43] and the Riemannian Penrose Inequality, since it simplifies the asymptotics
with only a small change to the energy, and Bray termed such metrics harmonically flat at
infinity [44].

An analogous non-time-symmetric version established in [23], harmonic asymptotics, has
also proved useful in this and other contexts [45, 46]. The formulation is a modification of the
conformal method above so that the principal part of the constraints operator in the asymptotic
region is a diagonal Laplacian. The asymptotic form of the data in harmonic asymptotics is

g,‘j:u45,‘j, Kij:uz(Xi,j"‘Xj,i_%X,];Caij)- 9)

This form is usually written in terms of the momentum tensor 7t = K — (trg K) g, in which case this
becomes 71;j = u?(X;,j + Xj,i — X";C(S,-j).

The proof for harmonic asymptotic approximation of asymptotically flat initial data sets is
similar to the time-symmetric case. Given asymptotically flat data (g, K), smoothly patch the
metric to Euclidean while cutting off K to zero, over a large annular region R < |x| < 2R, with the
resulting data (§,7) (a family of data depending on R). Let (£gX);; = Xj;j + Xj;; — (divg X) g;;.
One seeks to reimpose the constraints and obtain harmonic asymptotics by considering data of
the form g = u4g and 7 = u? (ft+ £ X), or K= uZ(K'+££g~X+ 1/2) (dngX)g). Observe that it is not
the conformal Killing operator Lg X thatAappears here, in contrast to the standard formulation of
the conformal method. In any case, (g, K) is an approximate solution of the vacuum constraints
(better for larger R), and one seeks to perturb to an exact solution, for which one considers the
map

(u, X) — T(u,X) = (R(g) — K12 + (trg K)?, divg (K — (trgK)g)) .
Outside a compact set, i.e. for |x| > 2R, the vacuum constraints T'(¢, X) = 0 can be written in
Cartesian components as (omitting metric subscripts for the Euclidean metric)

8Au=u(-ILXP+ (LX), AX'=—4u" uj (LX) +2u u (L X0, (10)

Solutions in spaces with suitable decay for # —1 and X will admit partial expansions of the form
u(x) = 1+ (al/|x) + O(1x|7%), and X’ (x) = (b'/|x]) + O(1x|?). Using (9), one finds the ADM energy
is 2a, and the linear momentum is P! = —(1/2)b’.

The linearization of T'(u, X) at (1,0) is readily found to be Fredholm of index zero between
appropriate spaces [23], of which (10) is certainly indicative. The possible existence of a finite-
dimensional cokernel is accommodated by finding a complementary finite-dimensional space
of compactly supported tensors, and showing that one can find (%, k) near (0,0) in this comple-
menting space along with (1, X) close to (1,0) (for large R), such that (g + h, K + k) solves the vac-
uum constraints. It can also be shown that the energy and linear momentum can be perturbed
an arbitrarily small amount in this construction [23].

In a certain sense, these approximation constructions establishing that a kind of asymptotic
behavior is suitably dense can be construed as a type of gluing construction, gluing a given
interior to an exterior end in a certain family. Good approximate solutions form a family
parametrized by R, which can be corrected with suitable perturbations. In this case the family
of exterior data, either the harmonically flat metrics, or more generally data with harmonic
asymptotics, is a large family, as compared to a data like the Schwarzschild family, parametrized
by m and c. Just as in the conformal gluing we recall below, the given data is perturbed a small
(for large R) amount.

Harmonic asymptotics yield a particularly convenient form of the asymptotics for the energy
and momenta. For some other applications, one might want to make controlled construction of
solutions of the constraints with more general asymptotics. For instance, recent work of Fang,
Szeftel and Touati [47, 48] constructs suitable classes of vacuum initial data compatible with
the stability results for Minkowski spacetime and for black hole stability. The basic approach
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is to start with an approximate solution with a desired asymptotic behavior and then perturb
to a solution of the constraints, with estimates on the perturbation which ensure the desired
decay rate. The perturbation is as above, utilizing a conformal change of metric, together with
a perturbation of the momentum tensor of the form £, X (for a suitable metric y), plus a
complementing compactly supported perturbation.

1.2.5. Remarks on localized deformations

A fundamental issue for constructing solutions to the constraints by gluing methods is how to
obtain controlled perturbations of the constraints map (where 71 = K — (trgK) g)

(g — (g, := (R(g) ~ [KI2 + (trgK)?, divgm). (1

As recalled above, modifying data with a suitable conformal transformation has proven fruitful.
Since a conformal factor u solves an elliptic equation, we do not expect to be able to effectively
contain the support of u—1. With the linearization stability results of Fischer and Marsden [49,50]
in mind, one can naturally move outside the conformal regime and consider a general form
of perturbations, modifying (g,7) to (g +6g,7m+ 6m). The vacuum constraints then give an
underdetermined elliptic system for the perturbations (6g,d7). This freedom is what has been
employed in [22, 23] and numerous subsequent works to achieve more direct control on the
support of the deformation tensors.

Of course, the analysis will focus on the linearized constraints operator, which morally speak-
ing should be locally surjective when the formal adjoint of the linearization has trivial kernel.
The presence of nontrivial kernel indicates symmetries in the spacetime evolution of the data, as
in [51], so that except in special situations, we expect to be able to effectively perturb the con-
straints operator. That said, in many gluing constructions, the approximate solution approaches
a special configuration which admits symmetries, and this requires some extra care to handle.

To make this precise, we consider the linearization and formal L2-adjoint for the scalar
curvature and vacuum constraints operators. The well-known formulas for the linearization of
the scalar curvature operator and its adjoint are given by

DRg(h) = —Agltrgh) +divgdivgh— h-gRic(g), DR} (f)=—(Agf)g+Hessgf - fRic(g). (12)

At a Ricci-flat metric, an element of the kernel of DRy is precisely a function f with vanishing
Hessian, which in the Euclidean case means f is a constant plus a linear combination of the
Cartesian coordinate functions x!, x2, x3.

While the formulas for the linearization of ® and its formal adjoint are straightforward to
compute in the general case, they simplify tremendously at the flat data, about which we will

be perturbing. Let ¢ be the Euclidean metric on R®. If we let Dd = D® s ), we find from (11)
2 _ : 2% _ * 1 3
D®(h,w) = (DRg(h),divgw), DO (f,Z) = (DRg,(f)y—szg),

where (Lzg)ij = Z;;j + Zj;; is the Lie derivative, so that at § in Cartesian coordinates, we have
(Lz8)ij = Zi,j+ Zj,i. Now, Lzg = 0 precisely for a Killing vector field Z, which at g must be a
linear combination of the generators of translations and rotations. Thus the kernel of D®* gives a
ten-dimensional space of potential obstructions to localized gluing constructions for the vacuum
Einstein equations, near Minkowskian initial data. To accommodate for this, we glue to model
families of solutions that are governed by ten parameters which can cover this approximate
cokernel, such as the Kerr family of asymptotically flat initial data (see, e.g. [21, Appendix F]). We
will see in Section 3 below how the mass and center-of-mass parameters can be used to handle
the kernel of DR}, while in the general case, the linear and angular momentum parameters
correspond to the translational and rotational Killing fields [21,23]. In general the kernel elements
of D(DE“g’ ) are related to spacetime symmetries [51], and are called Killing Initial Data.
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2. Gluing by the conformal method

We now discuss the connected sum construction of Isenberg, Mazzeo and Pollack [20]. We
start with solutions of the vacuum constraints on manifolds M; and M, with constant mean
curvature 7, given on each as a Riemannian metric y;, and a TT tensor u; with respect to y;, so
that the second fundamental form is given K; = u; + (t/3)y; (recall that we consider dimension
three).

To construct a connected sum M = M; M, of disjoint manifolds M; and M>, one removes a
ball around points p; € M; and p, € M, and identifies the union of the complements along the
boundary spheres (the construction could also be applied where p; and p; are points on the
same manifold, corresponding to adding a handle). We seek to construct a family of solutions on
M, M>, such that for any compactly contained domains away from p; and p», there are solutions
in the family arbitrarily close to the original data. The approximate solutions are obtained
using conformal blowups of M \ {p;} and M> \ {p,}, producing solutions with asymptotically
cylindrical ends. The connected sum is then performed by cutting off far down on each cylinder
and making appropriate identifications. We assume that K; is nontrivial, and we also make the
nondegeneracy assumption that there are no nontrivial conformal Killing vector fields on M; that
vanish at p;.

In normal coordinate neighborhoods U; 3 p; around each point, the metric takes the form
yj = dr]? + r]?hj(rj), where h; gives a family of metrics on $?, with £;(0) = s> the unit round
metric. For j = 1,2, let y; be a positive smooth function which is identically one on most of M;,
and which s r}/z near each pj, sayfor rj < #,and with ; = 1 outside of r; < 27 (take log(F‘z) >1).
With the change in radial coordinate ¢; = —logr;, we find w]‘.“yj = dtjz. + <2 + O(e~2%) [25]. One
introduces a large parameter T > —2log 7 > 1 to specify how far along each neck we go before

transitioning smoothly to an exactly cylindrical metric y = ds? + 2. Indeed with coordinate

sj = —log(rj/#)—(T/2), we have 1//]‘.4yj = ds? +gs2+e~Te 2% #2J1j, and we can smoothly transition

in the region (-1, -1/2) x $? to the exactly cylindrical metric on (-1/2,00) x S?. We appropriately
form a quotient along the cylindrical pieces (—1/2,1/2) x S?> where the change of coordinates
identifies s; with —s;; note that sj = 0 where r; = re~T/2 while sj =—T/2 where rj = 7. With
s=s fors<0and s=—s, for s =0, then on Cy = [-T/2,T/2] x $%, the metric is Yr =
ds’®+ g +e T cosh(2s) i, where hir and its covariant derivatives with respect to the cylindrical
metric are bounded.

We have now put a metric on the connected sum, patching together the conformal rescalings.
Observe that w? w;j is TT for w]T4y, and just like for yr, we can patch together the conformally
rescaled TT-tensors along the cylinder, to obtain an approximate solution pr. We want to con-
formally rescale appropriately to get a suitable approximate solution to the constraint equations.
To do this, we patch the conformal factors w7 := y1, %1 + Y2,7%2, in such a way that yr is the
sum 1 + > inside the region corresponding to [-(T/2) +1,(T/2) - 1] x $2,i.e. most of Cr. In this
region, then

yr=r?+r)?= (Fe™5"2)V2 4 (Fes~7)12 = 271 12¢ % cosh(%).

In the exactly cylindrical piece —1/2 < s < 1/2, 1//4T}/T is readily seen to have scalar curvature zero.
By rotational symmetry, then, it is exactly Schwarzschild in this region, with mass 2#e~"/2, Thus
for T large, we have a connected sum with the middle of the neck being a neighborhood of the
very small horizon sphere.

From here, one can first modify pr to a y7-TT tensor fir = ur — o, with the perturbation
o7 which is globally small, with norm exponentially decaying in T [20, Proposition 5]. This step
employs the conformal Killing operator, and this is where the nondegeneracy assumption is used.
The proof is interesting and nontrivial, but we focus on the Lichnerowicz operator here for the
sake of brevity, noting its role in constant scalar curvature gluing (see, e.g. [25]).
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Having sorted out fir, one then solves the Lichnerowicz equation

N (W) := Ay u— %R(YT)u+ %IﬂTliT u’ - 1_12T2u5 =0.

We make some remarks on the proof.

First, wr can be used as an approximate solution, since one can bound | A7WT)llcke <
Ce T2 where C is independent of T large [20, Proposition 6], cf. [25, Proposition 4.6]. Indeed
outside of Cr, A7 (1) = 0. Now, where w7 =y + ¥, we have Ayyr— (1/8)R(y)yr =0 (we note
R(y) = 2 for the cylindrical metric). As y is approximately cylindrical in [~1,1] x S?, with precise
error estimates, and with corresponding estimates on fir and wr, we can estimate A7 (yr) in
this region. The other regions in Cr are handled likewise, using that in [-T/2,-1] x $? we have
N7(p1) =0,andin [1, T/2] x S? we have A7 (y») = 0.

The next step is to get uniform (in T') bounds on the inverse of the linearization £ = DATy ;.

We observe

Lr=NAp -1 (R()/T) + 72, Wt + %rzw‘;). (13)

Showing that #7 is invertible for all T large and bounding the inverse are both handled by
blowup arguments. Indeed, suppose the existence of a sequence T, / oo, with sup,Inm,l =1
but Zr,,nm = 0. By the Schauder estimate and reindexing a subsequence, we can assume
that n,, converges to 1 in C?. There are two basic scenarios: either we can also arrange the
subsequence so that sup|n,;| = ¢ > 0 on M) \ {p1} or M \ {p,} (note that (M;§M>,y ) contains
more of (My,y1)U(Mjy,7y2) isometrically as T grows), or n,,, converges locally uniformly to zero on
these two pieces and the point where sup,, [,;| =1 is attained travels further down the cylinder.
By translation we can center the supremum point, and obtain a nontrivial bounded 71 on the
cylinder R x $?, satisfying Ayn— (1/4)n = 0; this follows from (13) by the estimates of fir and ¥ .
As there are no nontrivial such 7 (by separation of variables or the maximum principle), we have
a contradiction.

Thus we must be in the former case, say 7 is nontrivial on M \ {p;}. In this case, y converges
tow*y1, |irl}, converges to y1%|u 7, , so that £r (13) converges to

P= Ay-ty, = 3 (R(wl‘4yl) + 7l I, wt + 13—0121//‘1‘).

The conformal Laplacian satisfies a covariance property,
Bypnat = s ROT O =7 (A, i ') = gRODYy ),

while since (y;, Kj = p1 +(7/3)71) solves the vacuum constraints, we have R(y;) = |1 I)Z,1 —(2/3)73,
and so we see that 7 = 0 can be re-written

(8, -2, - 32%) wi'm =o.

The operator (Ay, —| ulljz,1 — (1/3)72) has trivial kernel for nontrivial K;, which we assume. Thus
it admits a positive Green’s function G which has a pole or order r|’ ! at p;, with 1 the distance
to p;. Since |n] <1 and Iw‘ll < rl‘l/z, 1//‘117 must extend smoothly across pj, and so we conclude
it must vanish, contradicting that 7 is nontrivial on M \ {p;}.

Similar arguments can be used to control the inverse [20, Proposition 8] (cf. [25,29]). Writing
a Taylor expansion A7 (Wt +1n) = A7(@T) + L7(N) + 27(N), one can then show that for large T,
the following map is a contraction on a suitable ball around 0 with small T-dependent radius in
a Holder space:

nN— L Nrr)+2rm) = —L7 (Nr(wr +1) — Lrm).

The keys are that v is a sufficiently good approximate solution, and there is suitable control on
Z; ! uniform in T large.
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The fixed point 1t furnishes the desired conformal factor ¥ = ¥ + 1, and the solution
(@‘;YT,I/?}Z[LT + (1/3)1/74T)/T) of the constraints on M;{M,. The difference between the solution
and the starting data decays exponentially in T on compact subsets of each M; \ {p;}.

This result gives us a way to combine solutions to the vacuum constraints (or to add a han-
dle to a solution), with the constituent parts approximately represented in the final solution.
There are analogous results in the asymptotically Euclidean and asymptotically hyperboloidal
setting, and an interesting implementation [29] of conformal gluing (including a different
family of approximate solutions) to construct initial data with some features of point particle
solutions.

A natural question to ask is whether and under what conditions one can preserve compact
subdomains in the original data. Results in this direction, see e.g. [21, 24, 25], use localized
deformations, to which we now turn.

3. Localized gluing

In this section we will outline steps to glue an asymptotically flat initial data set across a large
annulus to an initial data set suitably chosen from a given family of initial data. The perturbation
will be localized to the annular region.

To bring the ideas across, we will present a proof sketch of the following. For any R > 0, let
Er={xeR®:|x|>R},andlet & = &.

Theorem. Let (g,E) be asymptoticaly flat, time-symmetric source-free initial data for the
Einstein—-Maxwell equations on &, with ADM mass m(g) # 0. For sufficiently large R, there are
source-free initial data (g, E) on & which agree with the given data data on & \ &g, and on &g
agree with asymptotically flat data from a spacelike slice in a suitable Reissner-Nordstrém space-
time, with the same electric charge.

The statement is for an asymptotic end (which could be outside nontrivial charge distribu-
tions), whereas if (M, g, E) comprised a nontrivial complete asymptotically flat solution of the
time-symmetric Einstein—-Maxwell constraints, then since R(g) = 2«|E |2 = 0, we would have
m(g) > 0, by the Positive Mass Theorem.

The corresponding theorem for the non-time symmetric case requires the exterior slice to
be chosen suitably in the Kerr-Newman family. For simplicity of exposition, we focus on the
time-symmetric case here. Before we begin, we note that non-vacuum gluing results using the
conformal method have been explored in [52].

We remark that the argument will show the construction works for interior gluing, i.e., the
asymptotic exterior could be taken from the given data, while the interior would then be from
a suitable member of the model family. For example, in the time-symmetric vacuum case, the
interior can be made to be a member of the Schwarzschild family. If this interior solution has
positive mass, then the resulting data will be complete with two asymptotically flat ends and will
contain the Schwarzschild minimal sphere; as the gluing region will be far out in the asymptotic
end, this will be an outermost minimal surface in the end, so the Penrose inequality restricts the
mass based on that of the exterior. In any case, we note that interior gluing has been used for
long-time existence results for the evolution problem [53, 54].

3.1. Proof of the Theorem

The method of proof we follow here is the same as in [22, 23], cf. [21]. We smoothly patch
together the given data to data from a slice in the model spacetime across an annular region
o/r ={x: R <|x| < 2R} to form an approximate solution. As R increases, the metric approaches g,
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where §;; = §;; in the asymptotic coordinates, and E tends to zero (in the general case, K also
tends to zero). As such, while the approximation improves with increasing R, it approaches a
solution which admits nontrivial kernel of the formal adjoint of linearization of the constraints.
This finite-dimensional kernel, arising from symmetries, is precisely the obstruction to a local
(and localized) perturbation result, as we now outline.

The first key to achieving localized perturbation in our framework is a weighted elliptic
estimate (17), which in the time-symmetric case derives from an absolute estimate (16) without
boundary terms. The estimates are used to guarantee that the solution obtained lies in an
appropriate weighted space, so that it extends smoothly across «/g. Like the conformal method
above, we need to get uniform estimates on a family of linearized operators, but this can only
be done transverse to the finite-dimensional approximate kernel of the adjoint of linearized
operator (see estimate (18) below). The presence of this approximate cokernel for large R leads
us to employ a Lyapunov-Schmidt reduction: we use the weighted linear elliptic estimates and
a Picard-type quasi-Newtonian iteration to solve a nonlinear projected problem that puts the
constraint data into a finite-dimensional space. We handle the obstruction space by choosing a
suitable member of the model family, in this case Reissner-Nordstrém.

To be precise, we recall the following operator introduced earlier:

W (g, E) = (R(g) — 2k|El3, divg E).

For a perturbative analysis, we compute its linearization and formal L2-adjoint, for which one
readily finds (and recall (12))

D¥ (g 5 (h, X) = (DRg (h) — 4x g (E, X) — 2k h(E, E), divg (X) + L d(trg h) (B)),
and hence
D}y (fry) = (DRg (f) -2k fE’ ® E — Ldivg(wE) g, —grad v — 4k fE) . (14)

These simplify at the flat data, about which we will be perturbing. Let g be the Euclidean
metric on R3, with connection V. Ifwelet DY = D‘I’(g,,o) with formal Lz-adjoint D‘i’*, then

DY(h,X) = (DRg(h),divgX), D¥”(f,y) = (DR;(f), ~gradgy).

The obstruction space is given by the elements (f,y) in the kernel of D¥*. As observed
earlier, then f mustbe a constant plus a linear combination of the Cartesian coordinate functions
xb x2, x3, while 1w must be a constant. The end of the proof will show how to cover these directions
by picking appropriately the parameters (mass, center of mass and charge) of the Reissner—

Nordstrém data to which we glue, as we will detail in Section 3.1.7.

3.1.1. Weighted spaces

We suppose (Q, §) is compact, connected with smooth nonempty boundary Q. It suffices
for our purpose here to consider Q2 to be an annular region. Given N > 0, and 0 < r; < 1y,
we let p : R — R be a smooth nondecreasing function with g(¢) = 0 for £ < 0, p(¢) = e Nt for
0<t<ryand p(t) =1 for t = ry. We define p on Q by p(x) = p(d(x,09)), where d(x,0Q) is
the g-distance of x to 0Q; we choose ry suitably small, so that in particular p is smooth. On an
annular region, p decays to zero at the boundary spheres, and is identically 1 near the middle of
the annulus.

Let | ulli’% @ Jolul? pdpg, while for k a nonnegative integer, let | ulligm) = Z’,fzo IIV[ullL% @

The resulting Hilbert spaces can in fact can be identified as the closure of C* (Q) in the relevant
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norm [23, Lemma 2.1]. Furthermore by [55, Proposition 2.10], upon choosing N suitably large,
there is a constant C > 0 such that for all u € H, ,’)‘ Q),

el gy = Clluel g - (15)

As such, for a bounded sequence in H§ (Q), thereisaue HL“(Q) and a subsequence u; for which
u;p"’? converges to up!'’? in H*"1(Q) and weakly in H*(Q2), while u; converges weakly to u in
H[f (Q). We note that for metrics g in a C¥(Q2)-bounded set, the norms defined as above but using
the measures dug and connection Vg are uniformly equivalent.

The linearized operators enjoy estimates (16)—-(17) in these weighted spaces, which are used in
solving the linearized equation variationally (see Section 3.1.4). There are also weighted Holder
spaces built with the appropriate scaling to capture the interior Schauder estimates (22)—(23)
that follow for the solutions of the linearized equations. These spaces are defined with a natural
scaling compatible with the weight function p, and in fact there is a suite of weighted spaces
compatible with different weights p. In [22], we first dealt with power decay, so p = d" near 09,
which has a simple weighted estimate. While the exponential weighting was discussed there, the
weighted Holder spaces used by Chrusciel and Delay [21] give a more elegant formulation of the
interior estimates, and allow for various kinds of weights all in one framework.

We follow an equivalent implementation as in [55]. We take a smooth function 0 < ¢ < 1 with
¢ = d? near the boundary, and with By (x) € Q for all x € Q. We let ¢ be of the form ¢ = ¢"p*,
with r and s real numbers, and let

k ) .. o
lull ka g, = sup Y px)P! IV Ul 0By (1) +P(0)PF T () [VE ulo,a;By0 (0 |-

a
b xeQ \ j=0

Every derivative is matched with a power of ¢, corresponding to ¢’ () = Nt~25(t), and by iterating
this we have |¢p*p~1V¥p| is bounded.

3.1.2. Integral estimates

The key to time-symmetric estimates is that DRy is overdetermined-elliptic. In fact

1
n—-1

Hessg f = DR;(f) - (trg(DRg(f)) + fR(g))g + fRic(g),

from which we immediately see that there is a constant C > 0 such that on any open set Q,

||f||H2(Q) = C(”DR;(fﬂ//)”LZ(Q) + ”f”Hl(Q))-
With an application of Rellich’s lemma we can replace the right-most norm by || fl;2(q), and
together with (14) we obtain

||f"H2(Q) + ||1//||H1(Q) = C(||D\PEngE) (ny)”LZ(Q) + ||f||L2(Q) + ||1,V||L2(Q))- (16)

We can replace the above norms with the weighted Sobolev norms by a method used in [22],
namely we can replace Q with Q, = {x € Q: d(x,0Q) > ¢} for small € > 0, multiply the (squared)
estimates by p’(¢) = 0 and integrate:

&0 €0
[ 8@ ) 1) de = C [ F@UDY 0 s 1S + 101 g e
Integration by parts together with the coarea formula lead to

l (f;'(//) ”Hg’l(Q) = ”f“H[z)(Q) + “’WHH})(Q) = C(”D‘{IFg,E) (f;W)”L%(Q) + "f“L%(Q) + ”U/"L%(Q))- 17)

We note that ae), anculence (17), holds for any data (g, E), with a constant uniform for (g, E) ina
bounded C3(Q) x C1(Q) neighborhood.
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While we focus on the time-symmetric case, we do note that the estimate

Z <=C(IL +11Z
I “H‘IJ(Q) (Il Zg“L%(Q) Il ”L%(Q))

for Z is more subtle. The proof from [55, Lemma 5.1] is a variation on the argument from [23,
Lemma 4.1]; both use the elementary inequality Agp = (1/ 2)N?d~*p near AQ and an integration-
by-parts argument, and the estimate holds for N sufficiently large. The analogue of (17) for the
full constraints operator follows.

3.1.3. Uniform estimate transverse to cokernel

We can promote (17) to a coercivity estimate, at least in directions transverse to the cokernel
X atflat data. Recall # = span{l, x!, x?, x}}@span{l} c Hg (Q) x Hfl, Q) =: Hg’l (Q). Fix a nontrivial
smooth bump function ¢ supported on Q. Let Sg be the 12 (Q,dug)-orthogonal complement
of (X .

We claim there is a C > 0 and a C?(Q) x C!(Q) neighborhood % of the flat data (g,0) such that
for all data (g, E) € % and all (f,y) € Sg,

The same holds if Sy is replaced by any closed subspace S of Hf;1 (Q) with SN % = {0}.

There are a couple ways one can prove this. For instance, one can argue along the lines of the
proof of [25, Proposition 3.1], establishing the unweighted analogue of (18) on Q,, with a uniform
constant for € small, and proceed as in the proof of (17). Another approach is to use (17) along
with a standard compactness argument: from a sequence (f;,y;) € Sg,, with (g;, E;) — (§,0),
I(fiwi) ||H§,1(Q) =1land ||D‘~szg,E) (fiwi) IIL%(Q) — 0, one can construct a nontrivial (f,y) € Sgn A/,

which furnishes a contradiction. Indeed as noted after (15), there is a (f,v) € Hﬁ'l(ﬂ) such
that, upon re-indexing a subsequence, (f;,v;)p'’? converges to (f,y)p'/? in H'(Q) x L?>(Q). In
particular, (f;,w;) converges in leoc(Q) to (f, ), so that D¥*(f,v) = 0 weakly. Hence (f,) € % .
Since (f;, ;) is L2 (dug,)-orthogonal to (&, (f, ) € Sg. Moreover, since (f;, ¥;) — (f,¥) in Lf) (Q),
we see from (17) that (f,v) is nontrivial, which is a contradiction.

3.1.4. The projected problem

With {, &£ and S; as above, let I1; be the 2 (Q,dug)-orthogonal projection to Sg, and let

o

II = Ig. oFor simplicity, we may arrange that ( is supported where p = 1. We study the map
(g, E) — 11(¥(g, E)), with linearization (h, X) — II(DY¥ ) (h, X)).
The goal is to solve ¥(g, E) = 0. We start by solving a projected problem:

T1(¥(go + h, Eg + X)) =0,
where (go, Eo) is close to (g,0). The linearization of this is
(DY (g,, £ (h, X)) = —T1(¥ (8o, Ep)). (19)

To solve this we consider the functional on Hg’l (Q) N Sg, given by
1 *
go(fﬂ//) = L (EplD\P(gO,Eo)(f’w)@o + Hgo (¥ (g0, Eo)) - (fﬂ//) d,ugo-

If ¢ is stationary at (fp, o), the Euler-Lagrange equation

g, (D‘I’(gO,EO)pD‘PZ‘gO,EO)(fo,wo)) = —Ilg, (¥ (g0, E0))
is implied by the following, which holds for all (¢, v) compactly supported:

fQ (Mg, (D gy, ) PDW gy sy (F W) + Ty (W (g0, Eo))) - (1, v) dpug.
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This follows trivially for (u, v) € { &, while for (u, v) € Sg, the leading projection operator in the
above integral equation can be removed, and so it follows by stationarity of the functional at
(f,w) € H (Q) N S

We conclude that W (go, Eg) + DY (g9 £, 0 DV7, (fo,wo) € (&, and so we see that (19) is

(80,Eo)
solved with (h, X) = pD‘I’E‘g0 Eo) (fo,wo). Moreover, 0co(;nbining (18) with %y (fo, wo) < 0 we find
I (fo, WO)”H/%J(Q) = C"Hgo (W(go» EO))||L271 @ = C’||12[(‘Y(g0y EO))”inl(Q)' (20)
P P

3.1.5. Pointwise estimates

The above shows we can solve the desired equation at the linear level, with an integral
estimate. To iterate linear corrections to solve the nonlinear problem, we require a pointwise
estimate of the variational solution, in part to establish the convergence of a quasi-Newtonian
iteration scheme.

The operator (f,y) — DY g,5 D¥{, 1, (f,¥), and in fact for our purposes, the weighted version

g:E)
(f,9) = ' DY (g5 pDY(, ) (fs 1) =: (L11 f + Liay, Loy f + Laa®p), 1)
is an elliptic operator of mixed order that admits Douglis-Nirenberg weights [56]: L;; is order
si +tj, where sy =0, s, = =1, 1 = 4, 1 = 3, i.e. L1 is order four, L1 and Ly; are order three,

and Ly, is order two. For example, at the flat data (g,0), DYDY*(f,y) = (ZAE fr—Asy). The
diagonal terms of (21) have the analogous principal parts, but there are also off-diagonal terms
(though they are small for E small), and terms from the weight, which can in principle blow
up on approach to the boundary at a rate which is a power of d~!. This behavior can be
accommodated in the interior elliptic estimates by a scaling argument, which is efficiently coded
by the weighted Holder norms introduced earlier. Indeed if we write L;; in local coordinates
as Lij = X \pi<s;+1 bfjaﬁ, then it is not hard to see that for 0 < a < 1, there is a C > 0 such that
II bl.ﬁj I < C. We record the following interior Schauder estimate (see [55, Theorem 5.8],

—5j,@
Cd’d)sinr\ﬂ\ )

e.g), with @; = pBD+4-1 pl/2 e ¢ = $3/2pl/2 and ¢, = ¢5/2p1/2;

Ifllcaa (o + 1Yl 3
Cdmm L) Ctﬁ.wz @
<CULnf+LWloe o+ ILaaf+LooWloe o+ Iflzg+IViz o) @2)
.41 %92 e ®*p

We apply this to get a pointwise estimate of (fy, (), where (h, X) = pD\PZ‘gO’ Eo) fo,wo) is the
variational solution to (19). The integral terms can be estimated by (20). We can also replace
terms in (22) involving the operator by the their projected values: since p = 1 on the support of {,

P~ DY (0,5 PPV (g ) fo W0) = p~ TID (g, 5 PD¥ oy o) (for W) €L

Using the fact that {.# is finite-dimensional (so all norms on it are equivalent) and an elementary
compactness argument, one can derive (cf. the proof of [55, Proposition 6.4])

I foll caa g + 1ol e (o + 1 (o, wo)ll ;21
€y @ R T @
_1 o
< Cllp™ IO (g0, E) o yucie (ay*+ Mfollizioy *+ 1oLz, ()
¢ty LX) ¢°p

<CUM(Y (g0, EN o qpucta. q + TP (80, ENI 2 (o) (23)
Gpto1p71 ®.p2 2071 pm1

where we used the variational estimate (20). We define norms such that we can abbreviate the
above result as

1(fo, w0)ll ggas < CITICW (8o, Eo))ll o1 (249
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3.1.6. Iteration
If we let (hy, Xo) = pD\PFgo,EoJ (fo,wo) and define
” (h) X) ”@ZZ = ” (h) X) ” sz‘l - Q) + ” (h) X) ||L271 Q)
bp2p"2 g
it follows from (24) that

Il (ho, Xo)llgg22 < Cll (fo, Wo)llgas < C'ITI(¥ (o, Eo))ll ggo.1.

The point is that by design, ﬁ(‘P(go + hg, Eg + Xp)) is quadratic in (hg, Xp), i.e. in fiew (20, Eo)).
We set up a recursion by a quasi-Newtonian scheme to determine a sequence (h, X;) =
'DD‘PEKgo,EO) (fm’ Wm), Satisfying

TUDY (g, 5 P DY g, gy et Wins1)) = ~X1C¥ (g, E),

where g, = g0+ X ;C”:‘Ol hy,and E,, = Ey + ZZ“:‘OI Xi. Note that the linearization is computed at the

starting data, which we take to be smooth.

For sufficiently small ¥(gy, Ep), the resulting convergence is not quadratic, but it is super-
linear; for more details, see [55, Section 6.3 and Appendix D], cf. [22,23], and [21, Appendix G]. We
obtain g,, — g=go+ hand E,;, — E = Ep + X, with ﬁ(\I’(g,E)) =0, in other words, ¥(g,E) € (£ .
Here (h, X) = pD‘PigO,E%) (f,w) € B*2, where f =¥ frandy = Y2y, with (f,y) € B3 S,
and [[(h, X)llg22 < CIII(W(go, Eo))llggo1. By elliptic bootstrapping on the quaslinear equation
Y(g,E) € (X, one can show that (h, X) extends smoothly by zero across 6Q).

3.1.7. Handling the cokernel

Thus far we have not glued anything, we have just referenced data near (g,0) on a domain Q.
We will now restrict to QQ = &/, the unit annulus. Given asymptotically flat initial data (g, E)
satisfying ¥ (g, E) = 0, we use a cutoff function to smoothly patch (g, E) to (grn, Ern) in <fg,
obtaining (gR,ER). We may assume for exposition that g;;(x) —6;; = O(x|™Y) and Ei(x) =
O(|x|7?) (and derivatives used in the proof attain additional decay), though we could formulate
somewhat more generally. For instance, we could pose the starting solution of the constraints is
asymptotically flat of order g, i.e. in asymptotic coordinates |x| > 1, 6 (8ij(x)=6;j) = O(|x|~9-1ahy
and aﬁE" = 0,(1x|7'=971ly for g > 1/2, |a| <2 and | B| < 1. Notice that R(g) = 2K|E|§ = O(|x|~%7249)
which is integrable, and hence the ADM mass exists. In any case, we consider g = 1 for exposition,
and the interested reader can readily generalize.

The exterior we attach depends on the parameters m, Q, as well as ¢ € R? about which we
center (grn, Ern). We then pullback to the unit annulus, as follows: for x € o1, let (gr);;(x) =
(8r)ij(Rx), and EL(x) = REL(Rx). Observe that (g, Er) differs from (g,0) in <1 by O(R™!), while
‘I’(gR,ER)(x) =R ‘P(gR,ER)(Rx) = O(R™!). We see the scaling was chosen so that we can solve
the vacuum constraints on < and simply scale back. Moreover, for all large R, we can apply
the previous analysis to find (hg, Xg) that extend smoothly by zero outside /1, such that with
(8r ER) = (&g + hg, Eg + Xg), we have T1(¥ (g, Er)) = 0.

The final step is to arrange ¥ (g, Eg) = 0, for which we recall # = span{l, x!, x, x*} @ span{1}.
Projecting W (g, Er) onto the second summand yields (by scaling)

R‘L{l divg, Epdug, = R/adl Er-vgydog, = f{lx\:zR} ERN * Vgpy A0 gy —f”x‘:R}E-vg dog.
Since divgE = 0, the integral [, _g, E-vgdog is independent of R > 1, and the value is 47Q.
Thus if we patch the solution to Reissner-Nordstrom data with charge Q, then we conclude
/. o diV§RER dﬂgR = 0. Since dngRER = b({ for a constant b, we conclude b = 0, and hence
dingER = 0. The reader might compare this with our earlier remark in Section 1.2.1 about how
to prescribe the electric field data.
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For the rest of the section, we extend the summation convention to all pairs of repeated indices
(even if both are down). Since in Cartesian coordinates, DRg(h) = hyj,ij — hij jj, we see that by
simple expansion of the scalar curvature term

f (R(g) ~2x(Exl2 )dx = f (@)1 — @i, ) ¥ b+ OR?)
.52{1 R 6.32{1
=R*f (@R — @R)ii,) ¥ d6 + O(R™2)
0slR
= R 116m(m - m(g) + O(R™?).

So the projection is to leading order controlled by the mass m of the Reissner—Nordstrém exterior.
The projection onto the linear elements requires a bit more attention. For the metric g, we
find that for any r > ry > 1,

f xk(gij,ij —&ii,jj)dx= (f —f )(xk(gij,i —&ii,j) — (5fgij —5?&'1'))1"/] do.
fro<lx|=r} {lx|=r} {lxl=ro}

Note that in the last terms of the integral on the right, we could replace the terms of the form gy,
with gy, — ¢y, Moreover, using the constraint equations, the integrand (g i — &ii,jj) = o(xI™,
and so the left hand side is O(logr).

If instead the above is evaluated at the Reissner-Nordstrém data, by using the asymptotic
parity and the fact that the center of mass does not appear in the |x|™! term in the expansion,
we can show that for |c¢| < r/2 and for m bounded, f{lxlzr} xk((gRN),-j,,-j —(grN)ii,jj)dx = o™,
on the one hand, while on the other

lim (xk((gRN)ij,i —(grN)ii,j) — (5f(gRN)ij - 5§(gRN)ii))\o/j dé = 16mmct.
r=oo J{ixl=r}

Assembling all of this, noting that the rescaled exterior is a Reissner-Nordstrém with center
¢=cR™!, we obtain

[ e -2xiEa,ax
o R
=f *(@R)iji — (@r)ii, )V d6 + O(R™)
oty
= R—Zf (xk((gRN)ij,i —(grN)ii,j) — (5f(gRN)ij — 8% (gr) i)V A6
{lx|=2R} j
_R—Zf{l | R}(xk(gij,i_gii,j)—(5;-Cgij—§;?gii)){/]'d(°7+O(R—z)
x|=

logR

=R (167‘[m6‘k+0(T) +O(R72). (25)

Thus we get a map
R —
(m, ) — —f (1, %) (R(gg) — 2x|Eg|2 )dx = (m— m(g) + E(m, &), mé +E(m, ©),
1671 J o 8R

where é(m, &) = O(R™Y) and Z(m, €) = O(log R/ R). Moreover, the construction is continuous with
respect to m and ¢, and so ¢ and = are continuous; this is fairly straightforward but cumbersome
to prove (see, e.g. [17, Section A.7]). A fixed-point or degree argument can finish the proof from
here. For example, the function

=(m,C)
m(g)—&(m,e) )’

is readily seen to map {(m,¢) : |[m —m(g)| < |m(g)|/2,|¢| < 1/2} to itself, and the Brouwer fixed
point theorem can then be applied. The fixed point gives parameters that solve the problem.

F(m,¢) = (m(g)—f(m, 0),—
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We remark that we did not assume the original metric g enjoyed enough parity symmetry to
admit a well-defined center of mass. If this were the case, we could argue that the resulting center
¢ = R¢ is close to that of the original, cf. [22,23].

3.2. Further applications of deformation

Suppose the starting data, say (g, Eo), is such that DV o.Eo) admits only trivial kernel in Q.
The same perturbative analysis above can be applied, the only difference is that since there
is no kernel to deal with, we do not need the projected operator, and so the technique yields
a localized deformation result: given a compactly contained subdomain of Q and sufficiently
small compactly supported S and o, say, there are h and X which smoothly extend by zero
across 0Q2 with W(go + h, Ep + X) = W (8o, Eo) + (S, 0). Similar comments apply to scalar curvature
deformation [22], as well as for the general constraints case [23], though in the latter case
maintaining the dominant energy condition at the borderline is somewhat subtle [55].

As mentioned earlier, one can combine conformal gluing and localized gluing to obtain
connected sum constructions leaving the original data intact outside the gluing neck [21, 24, 25].
The additional assumption needed, beyond any needed for the conformal gluing, is that the
corresponding operator for the localized gluing problem has trivial kernel. If you have a sequence
of solutions of the nonlinear problem (vacuum constraints, or a scalar curvature equation, say)
which converges to a solution for which the linearized adjoint has trivial kernel in Q, then you
can glue back in the original data inside some appropriate subdomain, and use the localized
perturbations (unobstructed in this case) to reimpose the nonlinear equation.

For an interesting application combining localized deformations of constraint data with con-
formal deformations, consider an asymptotically flat metric g with nonnegative scalar curva-
ture R(g), which is not static outside of some bounded region Q c R3 (in the sense that the ad-
joint DR; of the linearization of the scalar curvature has trivial kernel in the exterior R®\ Q). It
is possible using localized deformations to find a compactly contained domain V < R*\ Q such
that for S compactly supported in V, and for € > 0 sufficiently small, there is a metric g, with
R(g:) = R(g) + &S, and g — g = O(e) is supported in V. If S = 0 and is nontrivial, one can then
use an elementary conformal transformation to bring the ADM mass down while keeping the
scalar curvature nonnegative, with conformal factor u, > 0 which is one in a neighborhood of
Q [57]. In terms of asymptotically flat extensions of a given region, then, this shows that un-
less the data outside the region were static in the above sense, there would be extensions with
nonnegative scalar curvature and lower ADM mass, and hence in particular the original con-
figuration does not minimize the Bartnik mass. To summarize, a localized deformation is used
to bump the scalar curvature up (adding energy density) in a compact set outside the region
Q, which does not change the ADM mass, and then a conformal deformation removes some of
this scalar curvature and in so doing brings down the ADM mass, leaving the original geometry
of Q intact.

Similar considerations hold for the general (non-time-symmetric) case, though maintaining
the dominant energy condition seems to require a modification of the constraints operator to
have trivial kernel [55, 58]. An interpretation of the kernel elements for the modified operator,
akin to that in [51], and has been established in the recent work [59] on constraint deformations
and the dominant energy condition, with striking applications to the Bartnik mass.

Another application is the gluing of initial data to interpolate their scalar curvatures [60], or
more generally interpolating (u, /) from the constraints operator [55]. As an interesting example,
one can glue initial data for a Kerr solution (including Schwarzschild) to a different Kerr solution
across an annular region where the dominant energy condition can be maintained (see Remark
after Theorem 1.4 in [55]).
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Finally, we discussed earlier the use of the conformal method to achieve solutions with certain
prescribed asymptotic behavior, with stability for the Einstein evolution in mind. Motivated
by questions about the asymptotics posed in [16], the work [61] proceeds to seed the desired
asymptotics, and then correct to solutions of the constraints, but in a different manner than that
of [47,48], in part employing variational methods of the kind used in [16,23].

3.3. Alternate approach to solving the projected problem

We review the steps in the procedure shown above for gluing to an asymptotically flat model
family. We start by patching initial data to a member of the model family, with the following
parameters at our disposal: R (measuring the scale), the exterior mass m and center of mass c;
for the Einstein—-Maxwell constraints, we match the electric charge Q. For large enough R the
patched data is sufficiently close to flat, and we solve the constraints up to a finite-dimensional
obstruction space. To accomplish this, we iterate linear corrections, in spaces with suitable
decay at the boundary of the annulus. The procedure is controlled using basic elliptic estimates,
both integral and pointwise, and with suitable weights. The integral estimates for the time-
symmetric case are relatively straightforward, while the weighted Schauder estimates follow
from the standard interior estimates and scaling. From here, a topological argument using the
finite-dimensional space of parameters allows us to cover the cokernel and solve the constraints.
Similar comments apply in the non-time-symmetric case.

The main first step, then, is how to solve the relevant linear equations with compact support.
For g = g + h with h small, the scalar curvature to leading order is governed by a divergence:

R(g+ ) = DRy(h) + 2(h) = divgdivg (h— (trgh) §) + 2(h),

where 2 (h) is a combination with bounded coefficients of terms of components of & ® 8*h and
0h® 0h. A similar expansion holds for the constraints operator. At the linear level, then, solving
for a compactly supported perturbation for the constraints map near (¢£,0) amounts to being able
to solve suitable divergence equations with compact support.

Recent works [62, 63] have indeed developed this approach near the flat data (with an ex-
tension to data near hyperbolic data obtained in [64]). For instance, to solve a double diver-
gence equation, the authors use a Bogovskii-type operator as follows. Let Q c R® be an open set,
which for simplicity we take to be convex, and containing an open ball B, and let n € C°(B)
with [psn(x)dx = 1. Then for any f € C°(R") we define the tensor Sf to have Cartesian

components
oo x-y )2 )(x—y)i(x—y)f
r +y|rodr| ———— f(y)dy.
3(-[Ix—y|n( lx—yl Y lx—yP3 Jwdy

If f € C°(Q), then Sf is supported in Q as well, and moreover, if [, f(x)dx =0 = [, x*f(x) dx,
for k € {1,2,3}, then div§div§(5f) = f. The integral conditions are of course readily seen to be
the orthogonality of f to the cokernel of the double divergence. One can furthermore use a
straightforward finite patching argument to handle more general domains such as the annuli
used in gluing constructions.

As a remark related to this and to the Einstein—-Maxwell equations, we recall the well-known
procedure for solving the divergence equation divg X = f, with f and the solution X compactly
supported (see, e.g. [65, Section 1.3]). Of course we assume that [p. f(x) dx = 0. In one dimension
this is straightforward, as X(x) = f_xoo f(t)dt satisfies the required conditions. We can proceed
inductively. Suppose f is compactly supported in D = D, x I ¢ R*"!, where D,, is an open
rectangle in R” and I c R is an open interval. For x € R", we let F(x) = [, f(x,f)ds. By
assumption, then fRn F(x)dx = 0, so by induction, there are vi,...,v" supported in D, with

SHY (x) = f

R
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8;Y'(x) = F(x). If 0 is supported in I with [R0(f)ds = 1, we let X (x, x"*!) = Y (x)0(x"*!) for
ief{l,...,n}and

x?’H—l

X", 1" = f (f(x, ) -0 F(x)dt.

—00

The vector field X with components X!, ..., X"**! is supported in D and has divergence f.

Returning to the constraints, one would still need to solve the nonlinear projected problem,
which is essentially done by an iteration scheme. That said, one major benefit of the Bogovskii-
type operator is that regularity is maintained when the data is in appropriate Sobolev spaces, a
question which arises when considering the natural regularity for initial data for the evolution
problem. Moreover the method has been extended beyond the asymptotically flat regime to
give an asymptotically hyperboloidal construction [64], and this is certainly intriguing since the
asymptotically hyperboloidal case proves to be more challenging (for instance the conformal
infinity is not a point as it is for the asymptotically Euclidean case), see for example [66—
68]. The Bogovskii-type operator method has also been used for other localization results
such as Carlotto-Schoen type gravitational shielding constructions [62]. Finally, one often
wants to connect the solutions of the Einstein constraints to the spacetimes they determine,
whether in theory or numerically. Numerical implementation of gluing constructions seems
quite challenging, and though there have been a handful of works in this direction [69-72],
alternative methods to do gluing constructions could prove useful if they are more readily
implemented numerically. It is natural to wonder if the Bogovskii-type operator approach of [63]
might be helpful in this direction, and likewise for the characteristic gluing constructions of [11]
involving transport-elliptic differential equations, which are of a different character than the
spacelike gluing.

4. Further applications to spacetimes

As mentioned earlier, one of the early goals for the gluing construction was to create vacuum
initial data which would evolve to a vacuum spacetime that is asymptotically simply in the sense
of Penrose conformal compactification, a purely radiative spacetime. Since work of Friedrich [32]
the following was known: if one could construct a family of solutions to the vacuum constraints
with small mass tending to zero, each of which is Schwarzschild in a uniform neighborhood of
spacelike infinity, then for members of the family with sufficiently small mass, the spacetime
evolution would be an asymptotically simple vacuum spacetime. The result in [22] on its own
did not quite give such a construction. The main issue, as one can see from (25), is that as the
mass m tends to zero, the projection onto the linear directions is on the order of mc, and so for
small mass, the center of mass may need to grow larger to accommodate. To control the center,
Chrusciel and Delay [30] restrict to a family of parity-symmetric metrics, for which the center
of mass in the construction can always be taken to vanish. In [31], we construct a larger family
of solutions to the constraints with small masses and controlled centers, by using the second
variation of the mass at the Euclidean data [73, 74] to control the mass from below in terms of the
center. With either approach, the gluing to Schwarzschild at infinity then finishes the initial data
construction.

In a completely different direction, Li and Yu [75] construct vacuum initial data, free of trapped
surfaces, whose evolution will contain a trapped surface (cf. [76]). Of note, the solution contains
an interior region of Minkowskian data, while the exterior is an exterior of a space-time slice
of a Kerr spacetime. The construction builds on the monumental work of Christodoulou on
formation of trapped surfaces in vacuum [77], from data on null hypersurfaces; in particular,
the construction in [75] uses data given at past null infinity.
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While we do not have the space and time to discuss any details here, there is one feature of
the proof that we want to note. The construction uses gluing to Kerr exterior as in [23], but in a
regime where the limiting data is not Minkowksian, but Kerrian. As such, the cokernel has smaller
dimension than at the flat data, so the gluing is not quite as obstructed. This has been observed in
other places, such as in initial data constructions with positive cosmological constant [78] and in
more recent work on multi-localized initial data [17]. In the latter work, the relevant approximate
kernel is that of a Schwarzschild, which is one-dimensional (for non-zero mass). The motivation
for the multi-localized initial data constructed in [17] comes from the nonlinear stability result of
Anderson and Pasqualotto [79]. The template for the construction is the Brill-Lindquist metric
(5), and we glue ends on around each of the punctures in the set p to make initial data on R3. Of
note is that we are able to handle certain configurations where p is infinite, and in particular, we
construct smooth metrics on R® with zero scalar curvature and infinitely many minimal spheres,
each of them exterior to all the others.

As remarked earlier, in recent years characteristic gluing has been developed in a series of
papers by Aretakis, Czimek and Rodnianski; for an overview and further references, see [11].
For the characteristic initial value problem, one specifies certain free data on what will be two
transversely intersecting null hypersurfaces in the vacuum spacetime, after which one can appeal
to local well-posedness results for the characteristic initial value problem for the Einstein vacuum
equation [80, 81]. For the characteristic gluing problem, one seeks to glue data on two spheres
along a null hypersurface. As with the spacelike case, the relevant equations that must be
satisfied arise from the vacuum Einstein equation together with the fundamental compatibility
equations for an embedding, in this case the compatibility coming from a double null foliation.
The resulting equations for metric and curvature components are the null structure equations, of
transport-elliptic character along either the ingoing or outgoing null hypersurface. As is noted
in [11], there are obstructions to gluing data from two spheres, such as a monotonicity deriving
from the Raychaudhuri equation.

There are a number of noteworthy applications of their technique, and we just mention a few.
Their methods can recover the asymptotic gluing to Kerr as in [23], as well as localized gluing
from [16], and without loss of decay in the transition region. In [82], the method is employed
to achieve obstruction-free gluing. The asymptotic gluing construction along the lines of [22, 23]
glues initial data with certain energy-momenta to Kerr data with energy—-momenta which is close
to the starting one, as we say above, tuned to cover the linear obstruction from the approximate
cokernel. A natural question is whether one can glue pieces from spacetimes whose parameters
are not necessarily close, and results in this direction have been obtained in [82].

The characteristic gluing construction has been employed by Kehle and Unger [83] to perform
a specific event horizon gluingin the context of the Einstein—-Maxwell charged scalar field system,
in spherical symmetry. As an upshot, they produce a counterexample to the third law of black
hole thermodynamics.

5. Conclusion

Gluing methods for constructing solutions of the Einstein constraint equations have garnered a
number of noteworthy achievements. While more than twenty years have passed since the gluing
results of [22] and [20], new techniques and applications are still being developed and continue
to highlight the interplay between initial data results and the evolution problem.

Dedication

This article is dedicated to Mme. Yvonne Choquet-Bruhat, for giving so much to so many of us
for so many years. The memory of Yvonne that is emblazoned upon me comes from over twenty
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years ago at a workshop in Cargese, Corsica, marking the fiftieth anniversary of her landmark
paper on the initial-value problem. Walking back to the seminar room with a colleague, we
encountered Yvonne taking a bit of respite from the sunshine under a tree; while it was not an
apple tree, what sprung to my imagination was the universe (or the spirit of Sir Isaac Newton)
willing one to fall and land in the palm of her hand.
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1. Introduction

Many fundamental theories of physics are modelled by nonlinear hyperbolic equations, such
as general relativity, gas and fluid mechanics, elastodynamics etc. The main theories of these
PDEs are on the well-posedness of the solution of the equation with certain initial or boundary
conditions, which are usually classified into local-in-time or global-in-time well-posedness.
Pioneered by Schauder [1], Choquet-Bruhat [2] and Leray [3], the local-in-time well-posedness of
classical solutions for nonlinear hyperbolic equations of multiple spatial dimension were studied
by physical methods such as energy methods, pointwise estimates based on Kirchhoff formulas.

In [2], without assuming analyticity for the Cauchy data, Choquet-Bruhat proved local exis-
tence result for the following second order hyperbolic system!

{ AWV (®,09)0,0,P = F(D,09),
@l =Po, 0:Pl=0 =D
where @ is a vector-valued function, the principal coefficients A*¥ and F are smooth functions

of their variables. In particular she provided an constructive proof for local existence and
uniqueness of solutions for Einstein vacuum equations under wave coordinates. Together with

(1.1)

1By default 3y = d; unless specified otherwise. Under the Einstein summation convention, the lowercase Latin indices
such as i, j, k start from 1, while the Greek indices such as i, v begin from 0. Here, 0 represents both the spatial and time
derivatives, while 0 without a subscript is reserved solely for spatial derivatives.
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Geroch, in [4], she also proved that for each initial data set, there is a unique maximal future
development.
Consider Einstein vacuum equations

Rop(@ =0 (1.2)

where R, g denotes Ricci curvature tensor of the Lorentzian spacetime (.4, g). An initial data set
for (1.2) consists of a three dimensional surface X together with a Riemmannian metric g and a
symmetric 2-tensor k satisfying the constraint equations
{ ijij—Vjtl‘kZO
Ry —|kI* + (Trk)* = 0
where V is the Levi-Civita connection of the metric g on Xy, and R; is the scalar curvature of
(%,8). For a given initial data set (g, k,Z), solving the Cauchy problem is to find a metric g
satisfying (1.2) and an embedding of % in .# such that the metric induced by g on %y is g and
the 2-tensor k is the second fundamental form of the hypersurface £y c 4.
With the wave coordinates x%, the metric takes

(1.3)

g=-n?ds’ +gij(dxi +vidn(dx/ +v/dn),

where 7 is the lapse function of x° = ¢ and the vector-valued function v’ is the shift of the metric,
gij is the induced Riemannian metric on X, the level set of ¢. Since g is Lorentzian, there is a
constant ¢ > 0 such that
¢ < gij€'E <P, nP-lulg=c.
Schematically, with ® = (g,,,), under the wave coordinates, the reduced Einstein equation system
takes the form
gt (©)0,0,P = N (D,00). (1.4)

g"” is the inverse metric of the Lorentz metric g; the function A" = (M) on the right-hand
side is smooth on its variables, and A" (®,0®) is quadratic in d®. The method Choquet-Bruhat
adopted is based on pointwise estimates and a generalized Kirchhoff formula, which later in-
spired important works such as the breakdown criterion for solutions of Einstein equations given
by Klainerman-Rodnianski in [5-7]. We will go back to this point in Section 5. Meanwhile, the
energy method adopted in [1,3] has become the classical method in studying hyperbolic PDEs.

A key motivation of the work [2] was to extend the Cauchy-Kowalevski theorem to non-
analytic Cauchy data, as the assumption of analyticity is meaningless in a physical theory where
coordinate changes are only restricted to be sufficiently differentiable. Furthermore, in [2],
Choquet-Bruhat noted: “It seemed to me that, for the problems considered by the theory of
relativity, it would be interesting to obtain, under the minimal possible amount of assumptions,
an existence theorem easy to use, enabling [one] to find properties of the solutions that can
be compared with the classical properties of light waves and gravitational potentials, and to
have formulas which can be an efficient method of calculating gravitational fields, at least
approximately, that correspond to given initial conditions.”

Since the seminal work [2] of Choquet-Bruhat, extensive work has been done on the well-
posedness of the quasi-linear wave equation (1.1) in R"*! for n = 2, including applications
to Einstein-vacuum equations. The assumptions regarding the regularity of the Cauchy data
have been significantly relaxed. The classical approach for proving local well-posedness relies
on energy methods, Sobolev embeddings, and the classical iteration argument. Constructing
solutions with lower regularity data may involve using Strichartz estimates or bilinear estimates
(when the equations satisfy the null form condition). These approaches may go beyond physical
methods, requiring constructing and controlling a parametrix and employing Fourier analysis,
which are challenging to extend to quasilinear equations.
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Next, we provide a detailed review of the local well-posedness results for Cauchy problems
concerning Einstein equations and similar types of quasilinear wave equations.

The classical local well-posedness result of Hughes-Kato-Marsden [8] in the Sobolev space H®
follows from the energy estimate

t
0P|l gs-1 < c[|ODP(0) ]| gys-1 - €xp (fo [[0D(T) IIL;odr), (1.5)

as well as the Sobolev embedding and a standard iteration argument. This result holds for any
s>n/2+1,since H' < L™ gives the control of 09|z .

Theorem 1 ([8,9]). Let (X, g, k) be an initial data set for the Einstein vacuum equation (1.2) in
(3+ 1) spacetime. Assume Xy can be covered by a locally finite system of coordinate charts, related
to each other by Ct diffeomorphisms, such that (g, k) € HISOC(ZO) X HISO’C1 (Zo) with s >5/2. Then

there exists a unique global hyperbolic development (L, g) verifying (1.2), for which X is a Cauchy
hypersurface.

One can refer to [10, pages 304-310] for the classical local existence result for Einstein vacuum
equations with maximal foliation, which means the mean curvature of the level set of # is trivial.
For Einstein vacuum equations with constant mean curvature foliation, which means the mean
curvature of the level set of ¢ equals ¢, with ¢ < 0, by setting on the level set of ¢ the spatial
harmonic gauge, Andersson-Moncrief proved the local well-posedness of the solution in [11],
for data (g, k) € H® x H5~! with s > 5/2.

In pursuit of an existence theorem for the Einstein vacuum equations with minimal regularity
assumptions, Klainerman proposed the bounded L? curvature conjecture in [12], which, in brief,
asserts that the local existence and uniqueness result for the Einstein vacuum equations can
be extended to Cauchy data with locally finite L? curvature and locally finite L? norm of first
order covariant derivatives of k (see Theorem 3 for a more precise statement). Additionally, in
connection with the global stability of Minkowski spacetime established by Christodoulou and
Klainerman in their seminal work [10], Klainerman posed the following problem in [13]:

Problem 1.1 (Strong stability of Minkowski space). Does there exists a scale invariant smallness
condition such that all developments, whose initial data sets (X, g, k) verify it, have complete
maximal future developments?

The bounded L? curvature conjecture was regarded as a highly challenging problem, a key
step toward resolving the above question. Significant progress was made in the early 2000s to
lower the regularity assumptions for local well-posedness results of quasilinear wave equations
of type (1.4).

To improve the classical results, one key objective is obtaining a better estimate on [|0®|| L
This boils down to deriving the Strichartz estimates for the wave operator g* (®)d,0 s which has
rough coefficients, only as smooth as ®. In this context, for s < n/2 + 1, Strichartz estimates
provide a pathway to improving regularity, which is crucial for enhancing classical results. One
can refer to [14-28] the works of Smith, Buhari, Chemin, Tataru, Klainerman, Rodnianki, Wang for
results of s < 5/2 for the quasilinear wave equation of the type of (1.4). In particular Klainerman
and Rodnianski gave the s > 2 result for Einstein vacuum equation under the wave coordinate
gauge in [22-24], which is sharp due to the counter example given by Lindblad-Ettinger [29].
And the result of Smith-Tataru [28]% and Wang [27] achieve the sharp s > 2 result for the general
equation, (which takes the form as (1.4), but the metric does not have trivial Ricci curvature,
see (2.2)). The counter example for the case of s =2 is given by Lindblad [30].

2The result is for the dimension 2 < n < 5, atleast sharpin n=2,3.
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Nevertheless, Strichartz estimates are established for the wave operator. When the nonlin-
earity A (®,0P) exhibits a more delicate structure, better results are expected, which cannot be
achieved solely through Strichartz estimates. For instance, for semilinear wave equations in R3*!

Up=AN(p,04), ¢0)=po, 0:$(0) =1,

using Strichartz estimate, the local-wellposedness was proved for (¢pg, ¢1) € H® x H*"! with s > 2
by Ponce-Sideris [31] and the result is sharp due to the counter example by Lindblad [32].
However if the quadratic forms are null forms (see (3.23)), the result is improved by Klainerman
and Machedon in [33] to s = 2 by establishing bilinear estimates.

For geometric wave equations, those are semilinear and exhibiting null conditions, including
wave map, Maxwell-Klein—-Gordon and Yang-Mills equations in Minkowski space, the study
of low-regularity solutions is driven by investigating global-in-time behavior. An important
example is the global finite energy solution for Maxwell-Klein-Gordon equations in Minkowski
space, established in [34], as well as for Yang—Mills equations in [35]. For both cases, the energy of
the curvature (together with the scalar field for Maxwell-Klein—-Gordon equations) is conserved
over time. In R3*!, Klainerman and Machedon [34, 35] proved in the 1990s that local solutions
can be constructed for initial data with finite energy. The conservation of energy allows these
local solutions to be extended globally in time. Their results were based on innovative bilinear
estimates for null forms, improving classical results by more than half a derivative.

Further progress on well-posedness for lower regularity solutions was made by employing bi-
linear estimates in the wave-Sobolev space, developed independently by Klainerman-Machedon
and Bourgain (see [33, 36, 37]). For instance, the scale-invariant, optimal regularity result on
Maxwell-Klein-Gordon equations in R**! was achieved by Liihrmann-Krieger [38] and Oh-
Tataru [39], where global well-posedness for finite energy data was proven; one can refer to
Krieger-Tataru [40] and Oh-Tataru [41] for the optimal regularity result in R**! for Yang-Mills
equations.

While bilinear estimates rely heavily on Fourier analysis and the null form condition, extend-
ing these estimates to quasilinear wave equations poses a fundamental challenge. In the case of
Einstein equations with maximal foliation, by using the Yang-Mills formalism and adopting the
spatial Coulomb gauge, the equations exhibit the structure of null forms. The s = 2 result for Ein-
stein vacuum equations is established by Klainerman, Rodnianski and Szeftel in [42] and [43-46]
by taking advantage of this structure, which is so far the best regularity result for Einstein vac-
uum equations. The counter example in [29] implies that, under wave coordinate gauge, the so-
called weak null form observed by Lindblad-Rodnianski [47] is insufficient to yield the result of
the bounded L2 curvature conjecture. In [42], it is suggested that, although the result is not op-
timal with respect to the standard scaling of the Einstein equation, this result may be sharp due
to “null scaling”, which is related to establishing a lower bound on the null radius of injectivity.
This bound is crucial for their parametrix construction and establishing bilinear and trilinear es-
timates. To control the lower bound, it relies on a series of sharp trace estimates along null hy-
persurfaces. We will review this set of estimates in Sections 4 and 5.

In Section 2, we review the s > 2 result for the Einstein vacuum equations and similar types
of equations. Section 3 provides a brief overview of work on resolving the bounded L? curvature
conjecture. In Section 4, we discuss methods for controlling causal geometry in rough Einstein
spacetimes. Finally, as applications of controlling null hypersurfaces with limited regularity, we
review works on breakdown criteria for the Einstein equations in Section 5.

2. Rough solutions for Einstein equations

In the section, we review the result of Klainerman and Rodnianski in [22-24].
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Theorem 2. Consider the classical solution of (1.4), the reduced Einstein equation under the wave
coordinates. Supposeg(0) is a continuous Lorentz metric, and SUp|yj=r Igaﬁ 0) —maﬁl — 0 asr—oo.
The time T of the existence depends only on the size of the form ||0gy (0)|| s for any fixed s > 2.

One can refer to the counter example given in [29], which shows that Theorem 2 is sharp. The
above result is extended to Einstein vacuum equation with CMC spatial harmonic gauge by Wang
in [25, 26].

Since one can approximate a given H* initial data set for the Einstein vacuum equations by
classical initial data sets, i.e. H' s' data sets with s’ > 5/2 for which the classical solutions exist and
unique. The above theorem allows one to pass to the limit and derive existence of solutions for
the given, rough, initial data set. In particular, one can refer to the result of Maxwell (which is for
s> 3/2) in [48] for justifying such approximation for the solutions of the constraint equations at
the initial slice.

Recall the energy estimates for the solution of (1.4) in n+ 1 spacetime. To achieve the result for
s> 2, one need to control exp(fot |lo®(T) lzs). In terms of Sobolev embedding

n
0@l S0Pl g5, s> 5

which is consistent with the classical result. For the solution of the linear wave equation Ll¢p =0
in Minkowski spacetime R™*1 there holds the Strichartz estimate

o
”a(p”L%o,nL?f =cT" (llgoll Hldrll ao1.o) 2.1

with o > 0 arbitrarily small.
Consider the following quasilinear wave equation, similar in form to (1.4),

{ —32p+ g ($)0i0;p = N (), 00), 02
Gli=o =0, 0:Pli=0 = P1 ’

with g%/ bounded, uniformly elliptic and smooth about its variable. To achieve a better result
than the classical one, it is important to recover the Strichartz estimate in (2.1) in the rough,
curved spacetime with the metric g = —dt* + g; jdxi dx/ depending on the solution. Strichartz
estimate for wave equations with rough coefficients was first studied by Smith [14]. The break-
through was then made by Bahouri-Chemin [18, 19] and by Tataru [15] using parametrix con-
structions. By establishing a Strichartz estimate for solutions to the linearized equation —6%(/) +
g'(¢)0;0¢ = 0 of the form

H%+%+a

109l 2 0 < c(lpoll gr2+a + llp1 Il ri+a)

with a loss of @ > 1/4, they obtained the well-posedness of (2.2) in H® with s > 2+ 1/4. This result
was later improved to s >2+1/6in [17].

An important next step was taken in [20] and [21], where in [20] Klainerman introduced
the commuting vectorfields approach for Strichartz estimates, with which he reproduced the
s> 2+1/6result. In particular he pointed out the regularity of null hypersurface can be improved
by adopting the following decomposition for Ry, the component of Ricci curvature of the metric
g contracted by the null vector-field L,

Ry =LP-11/L"g"P0,0pgu, +E 2.3)

with P roughly g-dg and E = g(@g)?. This important geometric treatment introduced in [20] is
crucially used in [21]. In [21], blended with the paradifferential calculus ideas initiated in [19], [16]
and [17], Klainerman and Rodnianski improved the local well-posedness of (2.2) in R1*3 to data
in the Sobolev space H® with s > 2 + (2—+/3)/2. According to the counter-examples in [30],
one can only expect to obtain the local well-posedness in H® with s > 2. Note that the metric
of (2.2) is more general in the sense that it does not verify Einstein vacuum equation (1.2).



156 Qian Wang

For (2.2), the optimal s > 2 result is achieved in [28] and [27], both of which take advantage of
the decomposition (2.3) to control the causal geometry.

Next we briefly summarize the main reduction steps for the proof of Theorem 2.

To prove Theorem 2, under the bootstrap assumption

o<1, .
”aq)”L%o,T]Lx 1 (2.4)
one needs to prove the energy estimate and Strichartz estimate below

10010 iy SIORO) ey, 0@ 0 < CT°, (2.5)

with some 6 > 0, C > 0 a universal constant depending on the bound of ||0®(0)|| ;1+y. The energy
estimate follows from (1.5) by using (2.4). Assuming the Strichartz estimate in (2.5), with T
sufficiently small, (2.4) is improved.

Step 1. Reduction to dyadic Strichartz estimate. To prove the Strichartz estimate in (2.5), it
suffices to prove
IPAO®I L2y S AT IOD(O) | 1oy (2.6)

~

where P} is the Littlewood-Paley projection with the frequency A € 27, and ¥ ¢; < 1. In fact, it
suffices to focus on a fixed dyadic frequency with A > Ay with A sufficiently large.

With ¢ fixed and 0 < €¢ < y/5, divide [0, T] into subintervals I with size = TA 80, On an
interval I consider the linearized equation

g*P0,05w =0 2.7)

where gzg =2 gcu=2-Mo) P”g“ﬁ , with M, > 0 a fixed large constant.
For the frequency localized data, satisfying

RTOV™oY )2 < V™Y Oz < 21V I9w ) 2
prove that with 6 > 0 such that 5¢¢ + 6 <y there holds
1PAOW I 2100 S TP IOW O . 2.8)
Step 2. Rescaling. With the metric
Hyy(t,x) =g A7 1,47 x)
consider the rescaled equation of (2.7)
HP (1, %0405y =0
in the region [0, £,] x R3, where ¢, < 1178, Then (2.8) can be obtained by showing
1Pyl 1o S 210W Oz,
where P = P;.

Step 3. Reduction to an L' — L decay estimate. By running a TT* type argument, the proof of
the dyadic strichartz estimate in Step 2 can be further reduced to an L' — L decay estimate. Let
1 be the solution of

Onyw =0 (2.9)
with data at ¢ = 1y € [0, £.]. Prove
1 m
Pyl o <|———— +d(s vEo (1 2.10
1PoViLe S| e + 40 kZ:Ou v (1)l (2.10)

for some integer m > 0, where 6 > 0 is sufficiently small, and ti “a raqo,r,) S 1 for some g > 2
sufficiently close to 2.
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Step 4. Reduction to a localized L? — L™ estimate. The next step is to further localize in space
and reduce (2.10) to the following result

m-—2
1POW (D)l < +d )| Y. IVFoy ()l 2, (2.11)

A +]2— 1o k=0
where v is the solution of (2.9) and with data supported within a geodesic ball of radius 1/2,
centered at the origin at X,.

In the spacetime slab [0, #.] x R3, let u be the optical function satisfying H 31')6 0qudpu =0, with
initial condition properly chosen, and u =2¢—u. Let

L'=-HPopude, b™'=—(L,T)=Tw).
Define the canonical null pair L and L by
L=bl/, L=2T-1I,
where T is the future-directed time-like unit normal of X, in the spacetime. Let

Quplf1=0af0pf — 3 Ha o Hiy)Ouf v f-
It is then reduced to bound the conformal energy, defined with the energy density constructed
by contracting the standard current 2%[y] = Qqp [w]TP with the Morawetz vector field K =
1/2) n(uzL + gZL), followed with a proper normalization.

To control the propagation of such energy, it is important to control the deformation tensor
of K, defined by (k)naﬁ = (DgK)g + (DgK)q. As aresult of rescaling, the original spacetime slab
stretches by the high frequency A > Ay, so the analysis is carried out in a spacetime with a metric
close to Minkowski. The derivatives of the mollified metric H(y, are bounded by powers of the
frequency A. Since K is conformal killing in Minkowskian space, it is expected to be nearly
conformal killing in the spacetime slab with the metric H(y,, with the error displaying smallness
in the form of negative powers of A.

The level surfaces of u, denoted by #,, are the outgoing lightcones. Using an arbitrary
orthonormal frame (e A)i:1 on Sy, =X N Ay, define the connection coefficients

XAB - DaLes), X,. - (DAL, ep) 212
(a=3DrLer), n,=3DLLes).
It is necessary to obtain sufficient decay in terms of A for try — 2/n(t — u), §,{,n and for the first
order derivatives of try. This can be accomplished by using a set of null structure equations, such
as the Raychaudhuri equation:

Lury + 2 (wp)® = -7 ~ R (Hopy) + -+

However, applying (2.3) with metric H(y, is insufficient to give the desired bound on the first order
derivatives of try. To improve the result of Klainerman—-Rodnianski in [21] to the s > 2 result in
Theorem 2, it is crucial to use the Einstein vacuum equation (1.2) to achieve sufficient decay for
the connection coefficients. To this end, it is shown in [24] that the Ricci tensor of H(y) and its
derivatives are close to zero in a certain sense, given that the original metric is Einstein vacuum.

To avoid establishing the delicate comparison estimates in [24], [25] adapts the reduction
procedure to bound the conformal energy of the lowest order within the domain of influence
of a unit ball in the original metric. The difficulty is reduced to obtain the necessary control
of the connection coefficients in the rough Einstein spacetime. This set of estimates is derived
by directly taking advantage of the geometric structure of Einstein vacuum spacetime in [26].
Additional challenges arise in the CMCSH gauge, where certain estimates, such as the time
derivative of the shift of the metric cannot be obtained. It is crucial in particular for providing
sufficient control of the null cones in the rough spacetime. This issue is circumvented by
normalizing the basic energy current.
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The adapted reduction procedure is used in [27] to prove the sharp s > 2 result for the gen-
eral equation (2.2). In [27] the construction of conformal energy is further adapted by using the
method of Dafermos—Rodnianski in [49], which additionally achieves the crucial conformal flux.
The added control relaxes slightly the requirements on the causal geometry in the rough space-
time. By using the conformal invariance of the null hypersurface, introduce a conformal change
of the spacetime metric with a well chosen conformal factor. Then with respect to the normal-
ized metric, the required control on the causal geometry to bound the newly constructed confor-
mal energy can be obtained in the rough spacetime. In [50], Wang further adapts the methods
in [25,27] to give the low-regularity well-posedness result for compressible Euler equation in 3-D.

3. The bounded L? curvature conjecture for Einstein vacuum equations

The bounded L? curvature conjecture for Einstein vacuum equations in (3 + 1) spacetime is
resolved in [42] and [43-46]. The conjecture states that

Theorem 3 ([42]). Let (#,g) be an asymptotically flat solution to the Einstein vacuum equa-
tions (1.2) together with a maximal foliation by space-like hypersurfaces X; defined as level hyper-
surfaces of a time function t. Assume that the initial slice (Zy,g, k) is such that the Ricci curva-
ture Ric,Vk € L2(Zy) and Xy has a strictly positive volume radius on scales < 1, i.e. 1yo(Zo,1) >
0. Then, there exists a time T = T(”RiC"LZ(zO): IIVkIILz(ZO),rvol(ZO,l)) > 0 and a constant C =
C(IRicll ;2 (sy), IVEll 12(5,), Tvol (Z0, 1)) > O such that the following control holdson0<t<T:

”R’Vk”L%’,nL%[ <C, and OsirtleTrvol(Zt,l) =1/C.
The above result can be regarded as a continuation principle for Einstein vacuum equation
under the maximal foliation gauge. Moreover, the above result is used by Czimek and Grafin [51]
to give the low regularity existence result for the spacelike-characteristic initial data problem in

Einstein spacetime.
Next we summarize the main idea and the main steps of the proof.

3.1. The Yang—Mills formalism

Let {ew}z:0 be an orthonormal frame on .4, i.e.
gleq,ep) =myg = diag(-1,1,...,1),

with ey = T. Consistent with Cartan formalism, define the connection 1-form

Aqp(X) =g(Dxeg, eq)
where X is an arbitrary vectorfield in 7.4 . Then

R(ea: eﬁy ayr av) = ap (Av)aﬁ - 61/ (Ay)aﬁ + [Ap;Av]aﬁ (31)
where
(A A ap = Aua  (Ay)ys — (AL ALy p.
Denote
(Fuv)ap = Rapuv-

Using (1.2), it follows from the Bianchi identity that

D*Fy + A, Fpy] = 0.
It then follows by using the above identity, (1.2), (3.1) and the fact that 4, (Ay) —dy(Ay) = DAy —

DA, that
DgAv -D, (D”Ap) =Jy 3.2)
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where
Iv = Du([Ay;AV]) - [Au»F,m/];
and it is direct to check that D,,J# = 0.
Let Ag=Ay, eg and A; = Aﬂef . It is straightforward to see that
(Aidoj = (Ajdoi =—kij, 1,j=12,3
(Ao)oi = —n'V;n, i=1,2,3.
Note that there is freedom to choose a frame ey, ey, e3 such that the corresponding connection
A satisfies the Coulomb gauge condition (see [42, Lemma 4.3])

V(A =0.
With 8 = (09, 9)3 and A = (A, 4;), (3.2) is then reduced to
AAy=A0A+AJ A +A3 (3.3
ClgA; +0;(30A0) = AJ0; A + AJ0; Aj + AgOA+ AD Ay +A°. (3.4)

The spatial derivative estimates of Ay can be obtained by using elliptic estimates and (3.3). It is
more important to control A = A;, for which one may need to employ the wave equation (3.4). For
this purpose, one needs eliminate the term 9; (9 Ap) in (3.4), which would be done by projecting
the equation onto divergence free vector-fields with the help of a non-local operator if following
the treatment in [35]. However, adapting this approach to the Einstein vacuum equations is too
complicated. In [42], by introducing

Bi = (-A)"(curl (A))), (3.5)

instead of directly using (3.4) to control A, the problem reduces to controlling 0B, based on the
comparison estimate [42, Lemma 6.5]

A=curlB+E (3.6)

where E is a controllable error. In [42], the authors rely on UgB to obtain derivative estimates of
B.

3.2. Bilinear and Trilinear estimates

The proof of Theorem 3 relies on bilinear and trilinear estimates, which will be outlined in this
subsection.

The first step is to reduce the proof of Theorem 3 to a small data problem (see [42, Section
2.3]). Under the assumption in Theorem 3, one can use [52, 53] to obtain the lower bound of
harmonic radius depending on ||R||;2 =0 and the lower bound of initial volume radius. Within
the geodesic ball of radius no more than the lower bound, there are coordinates with respect to
which the metric is comparable to Euclidean metric and is bounded in H?. Using this result, by
localizing, rescaling and adapting the gluing process in [54, 55], Theorem 3 is reduced to

Theorem 4 ([42, Theorem 2.10]). Let (./,g) be an asymptotically flat solution to the Einstein
vacuum equations (1.2) together with a maximal foliation by space-like hypersurfaces X; defined
as level hypersurfaces of a time function t. Assume that the initial slice (X9, g, k) is such that:

”R||L2(ZO) <g | k,Vk”LZ(zo) <E, TIyl(Zo, 1) = %;
then there exists a small universal constant £g> 0 such that if 0 < € < €, the following control holds
on0=tr=<l1

1
IR, kka”L?&”LZ(z[) e rolZp1) =g

360 = 0Oey,0; = O¢;, and denote for simplicity 4 = 9;.
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Theorem 4 is proved by using a bootstrap argument.

Assumption 3.1. Let M = 1 be a large enough constant, to be chosen later in terms only of
universal constants. By choosing € > 0 small, Me can be small enough.
Assume in the spacetime slab Ucpo 112 ¢,
"A”LC;OLz(Z;) +||6A”LC;OL2(Z ) _ME (38)

where F denotes the null hypersurface in the spacetime slab, with future directed normal L,
normalized by (L, T) = —1; assume the following bilinear and trilinear estimates,

||kl]6l(l)||L2(ﬂ) < MZESup ||W¢||L2(<7f) +M£”6¢”L?°L2(Z[) (39)
T
U Qijyokeyeddtt| < ute® (3.10)

with Q; jys components of the Bel-Robinson tensor; and assume a set of estimates on Ay and its
derivatives in the spacetime slab. (See the full set of bootstrap assumptions in [42, Section 5.3].)

Next we follow the steps given in [42] to improve the bootstrap assumptions.

3.2.1. Improvement of (3.7)
Under the bootstrap assumptions, one can obtain by elliptic estimates that

||I’l 1, Vn||L00(L/ﬂ)<M€ (3.11)

To improve (3.7), one may use the Bel-Robinson tensor
Qupys =Ra "y Rprso + “Ra’y 7 R0

Let Py = Qapys eg eg eg. Then

DYPy =3Qapy s P ej e), (3.12)
where 7tq5 = Do Tg + DgTy. With heg = gap + 2(€0)a(€0) g, define the norm |- | for a spacetime
tensor U by

|U)? = Ual"'akUa’I---a;Chalal . KO
Note the following standard property of Bel-Robinson tensor
Pyed =R?, P,L*=|R-LI%

Integrating (3.12) over a spacetime region, bounded by Xy, X; and ./, it is direct to obtain

IRI2 f IR-LI” SIRIZ> 5, + f Qupyom®Peled| S e+ f Qupysm®Peled|.  (3.13)
Noting that the nontrivial components of 71, are
mij=—2kij, To;=n"'Vintrk=0, (3.14)
the last term on the right-hand side of (3.13) can be treated by using (3.10) and (3.11)
f QapysT ﬁeoeo U Qm,,sk eoe0 sl 1V neoeo
< M+ ||Vn||Loo||R||LooLz(Z )
< Mied + (Me)d. (3.15)

Substituting the above estimate into (3.13) yields

f|R|2+f IR-LI* <2+ M3 + (Me). (3.16)
X S
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Here we remark that schematically

fj[ Qijys kijegeg fj{ kR?
With || k|| L bounded, we can control the right-hand side by
‘ f |, Qiirokejed

Nevertheless one would not expect to control | k| ;1 50 since this requires the initial data to satisfy
13
(g, k) € H**€(Zg) x H'*€(Z). Therefore it is crucial to rely on the assumption (3.10) instead.

~

2

3.2.2. Improvement of (3.8)

Next we discuss the improvement over (3.8), which is reduced to control derivatives of B, based
on the following result

Proposition 5 ([42, Proposition 4.4, Lemma 6.5 and Section 11.1.11). Theerror E in (3.6) satisfies

10BN o125, + I1EN 200z, S MPe™. (3.17)
There hold
OgB=F (3.18)
with
F=(-0)""Og AlB+ (-A) 'Tglcurl A),
and

1A,0Bl 2(5,) + 10@B) | 25y S &  10Fll 20 S MPE2. (3.19)
We will treat (3.18) by using the following set of estimates

Lemma6. Let F be a scalar function on 4, and let ¢y and ¢y be two scalar functions on Zy. Let
¢ be the solution of the following wave equation on  :

{ Ugp=F
Plsy =Po, 0:Pls, = 1.

Then ¢ satisfies the following energy estimate

(3.20)

"6¢||L‘;°L2(Zt) + S}P("W(PHLZ(J& + ||L¢||L2(Jf))

S, ||V(P0||L2(zo) + 1 ||L2(20) + ||F||L2((/¢{); (3.21)

where F€ denotes null hypersurface with future directed normal L such that (L,T) = -1, Y denotes
the Levi-Civita connection on S; = /N XZ; with respect to the induced metricy. There also hold the
higher order estimates,

||60(P||L?0L2();[) + ||63¢||L2(‘,ﬂ) +sup (”W(G(P)HLZ(W) + | L(O¢p) ”Lz(jf))
A
,S ”VZ(PO”LZ(Z()) + IV ”LZ(ZO) + ||VF||L2(J;[);

and
I0g0P 1 12 i) < ME(”VZ(PO”LZ(ZO) +IVoLl 2y + IVFI 2 i)

Proof of Lemma 6. Recall that the standard energy momentum tensor Qg on .4 is given by
Qaplf1=0af0pf - 38ap8" Oufov .
Let 2y = Qqol¢l. In view of (3.20), it is straightforward to derive
D P = D*Quol$] + Qapl@ID TP = Fdop + 3 QuplpIn®’.
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Integrating in the region bounded by 2y, 2, and ./ gives

2 2 2
101125, * Sup (1912, 1 + 12612 )

J.

where d.# = ndrdug denotes the volume element in the spacetime .4, with dug the area
element in %;. Using (3.14) the last term can be computed further

| Quptoin®au = 2| qgikiaus | n9inQuipida
M M M

—2[ 6i¢6j(pkijdﬂ+f n~'Vind;pdypd.u .
M

SV g, + 1911, + +| [ Quploinau (3.22)

One would not expect to control | k|l;1 1go- Similar to the analysis for improving (3.7), to control
the standard energy of ¢, one has to rely on (3.9) and also use (3.11) to derive

‘ fﬂ Qaﬁmn"‘f’dﬂ‘ S Nki0' Glli2 i 1001 2y + IV Rl o) 1012,
S MPesup 1Vl 2070 1001124y + MeNODl 1210 012 -
S t

Substituting the above estimate into (3.22) gives (3.21). To prove the higher order estimates, it
requires more bilinear estimates than listed in Assumption 3.1. For simplicity, we skip the proof
of the higher order estimates in Lemma 6. g

It follows by applying Lemma 6 to ¢ = B with the help of (3.19) that
100BlI o p2(5,) S €+ M€,
Using the above estimate, (3.6) and (3.17) gives
10AN o 25,y S I0curl Bll o2z, + 10BN o125,y S €+ M€,
In view of the schematic formula g A; = Ag + R+ A-A and using (3.16) and (3.8)
100 A1l o2z S0 Aol o s,y + MPe? + M.
Assuming the estimates for Ag
3
Il Aoll peora s,y < Mg, ||6jA0||L§°L2(z,) S (Me)?2
then we arrive at
3
”aAO”L‘;OLZ():[) S E+ M2£2 .
By integrating the above bound in t € [0, 1] with the help of (3.8), we obtain
3
”A“LZ(ZZ) 5 E+ MZEE,

as desired. We refer the reader to [42, Section 9.3] for more details.

3.3. Construction of parametrix

To prove the bilinear estimate (3.9) and the trilinear estimate (3.10), it relies on constructing
parametrix in the curved spacetime. In [6], Klainerman and Rodnianski gave the construction
of parametrix for the linear wave equation (3.20) in Lorentzian spacetime. By applying the
construction in Minkowski space, they proved the standard bilinear estimates for free waves,
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Proposition 7 ([6]). Consider ¢, v solutions of the flat wave equation U¢p = Uy = 0 and Q(¢p, y)
one of the null forms in

Qo)) =0ap-0"Y,  Qap(p,y) =0up-0py ~0pp-0ay,Va # b, 3.23)
then
1Qd, Y) Il 2gs+1y S IPION 2 g3y 1 [01 1] 1 3,
where for f[0] = (f(0),0,f(0)),
I F1011 e w3y == I f (Ol a3y + 10 ¢ f (O) ] a1 3)-

Moreover, they also provided the bilinear estimate for parametrix and the solution of the wave
equations in the Lorentzian spacetime.

In the sequel we sketch the approach to improve the bilinear and trilinear bootstrap assump-
tions (3.9) and (3.10) by constructing parametrix for solution of (3.20) (see [42, Section 10]).

Let u. be two families of scalar functions defined on the spacetime .# and indexed by w € X
satisfying the eikonal equation g*fd, u+0gus = 0 for each w € S2. The initial data for u, are
set in [43] such that u. at Xy asymptotically approach x-w. Let /6, denote the null level
hypersurfaces of “u.. Let L. be their null normals, fixed by the condition that g(“L.,T) = F1.
For any pair of functions f. on R3, define

. X e
Wi, f1(2,%) = f 2 f A1 (09 £ (A A2dAdo + f 2 f 109 £ (1) A2d A do.
SEA S J0

We refer to the following theorem for constructing parametrix

Theorem 8 ([43, Theorem 2.11] and [45, Theorem 2.17]). Let ¢g and ¢, be two scalar functions
on . Then there is a unique pair of functions (f, f-) such that

Yife, [z = o, 0cylfs, f-DIg, = 1.
And f. satisfy the following estimates®,
A full 2y S IV Dol 2isg) + IV il 25y £=1,2.
Ugy [ f+, f-] satisfies the following estimates
10" O fer f-1 120y S MUV ol p25y) + IV 11l 25, §=0,1.

Due to the above theorem, associated to any pair of functions ¢g,¢; on Xy the function
Y omlo, P11 defined for (£, x) € A

Yomlpo, P11 =wlifs, f-1.

Moreover, for any pair of functions f; onR3, and for any s € R, define the following scalar function
on./:

4 i1w,S t i1w,S
Wl fe, f21(1,%,5) = f ) f e U0 £ (Aw) A2 dA o + f ) f e U= £ Aw)12dAdo,
S$=J0o $2Jo
(3.24)

where ®*u, are the optical functions similarly defined as for “ u.., except that they are initialized
at X as in [43]. There are analogous estimates for [ f5, f-] as those for w[f}, f-] in Theorem 8.
Next for any s € R, associated to (¢, ¢1) = (0, —nF) a pair of functions (f%, f-) on Z; such that
Yslfe, fAllz, =0, Or(wslfs, f-1ls) = —nF
Define
W(t, 9F =yslfy, f~1(0).

4The superscript on V or d denotes the order of the derivative.
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Clearly
Ug (f()t‘l’(t, s)F(s)ds) =F(1) +j(;th‘P(t, s)F(s)ds. (3.25)
Similar to Theorem 8 and using (3.11), there holds
10' 0¥ (2, ) Fll 20y S MelIV' Fll2(s,y, 1=0,1. (3.26)

Based on the above notations and estimates, we are ready to give the representation formula for
the solution of (3.20) (see [42, Theorem 10.8]).

Proposition 9. There holds the following representation formula for the solution of (3.20). Let
¢ = opnlo, p11+ fo Wi, 9FO(s,0ds, FO = F
and forj=1
o = fot W1, )FP(s,)ds, FO = —Cgg¥=V + FUD

then -
p=3 ¢

j=0
Proof. We first derive from (3.25) that
, t ,
FU = —f Og¥ (5, 5)FU™V(s), j=2.
0

Due to (3.26), we have
10°FPN 1200 SMeIVEY ™D 1200 22, (3.27)
and Theorem 8 implies
10" F ™M 2y S MeUV  poll 250y + IV D1l 125y + 10" Fll 2 a)- (3.28)
It follows by using Lemmas 6, (3.27), (3.28) and the construction of <p‘f ) that
||aia(,b(j) ”L?OLZ(Et) + ||0iF(j) "L2(_,ﬂ)
S M) IV Poll 12y + IV Prll 25y + 10" Fll 249, 1=0,1. (3.29)
Since

N
Dg(z (p(])) = F— FIN+D,
j=0
(3.29) implies as N — oo,
5.5 .
|:|g (Z (p(])) =F
Jj=0
Noting that ' .
¢z, =0, 09V =¢1, ¢z, =0, 9,9V =0, j=1
we thus conclude the representation in Proposition 9. g

Using Proposition 9, we will prove

Proposition 10. Denote by 6 (U, V) the contraction with respect to one index between a tensor
U and V¢, for ¢ a solution of the scalar wave equation (3.20) with F, ¢y, ;1 satisfying the estimate

IV2Poll 2y + V11l 25y + 10F N 12 ) S M,

there holds
1€ WU, VOl 2y S Me sup 16U, “N)ll o 1207,

weS?
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To see the above result, we let
U, f] fzf Aol (U, “Ny) f(Aw) A*dAdw, (3.30)
S

where N, = V?u.,/|V®u.| and “b 1= |V(®uy)| is the null lapse. For convenience, we may drop
+ or — signs in (3.30) s1mu1taneously
Similar to [6, Theorem 3.3], one can derive the following result (see [42, Section 11.1])

Lemma 11. Assuming|“b~!| <15, there holds
€U, flll 2 S A2 fll2@s) sup 16 (U, “N) ||L<x> [2(Hw )

weS?

Proof of Proposition 10. In view of Proposition 9, we write

00 t .
€U, V) =€ U, V(¥omldo, p11)+ Y fo €U, V¥ (t,5)FV(s,)ds.
j=0

Note
C WU, V¥ omlpo, 1) =CH (U, fr] + €U, f1.

Applying Lemma 11 to the first term in the above and also using Theorem 8 gives

1€ (U, V(¥ omlepo, P11 ))”LZ(,%) < sup €U, wN)”Loo 2 (Hw,) (”V (PO”LZ(EO) + ||V¢1||L2(20)

weS?

Similarly, it follows by using Theorem 8 and (3.29) that

t .
U G U, VY(t,s)FV(s,-))ds
0 L2(H)
< ||6F I ”LZ(‘/%) sup ”(g(U N)”Loo LZ(wau)

weS?
< (ME)J(HVZ(PO”LZ(ZO) + ||V(P1||L2(zo) + ”6F”L2(./ﬂ)) sup |6 (U, “N) "LOO 12 (Hw )

weS?
Summing over j =0,..., we conclude Proposition 10. g

Next, we use Propositions 10 to improve (3.9) and (3.10).

3.4. Improvement of (3.9) and (3.10)

We will first consider (3.9). Noting that k;. = Aj, we need control A. In view of (3.6), to
improve (3.9), we first bound the leading term ||(curl B)/0 Pl 120y
Since B satisfies (3.18), we can apply the representation formula in Proposition 9 to B,

0 t
B=Yomlpo,p11+ Y. | W(t,5)F(s,)ds. 3.31)
=070

Note ) )
(curl B)/0¢p = 0,,Bre’ "0 ¢,
where /™" is the volume form on Z,. In this case, applying Proposition 10 with U = /"9 i, we
calculate )
€ U,“N) =0;pe! "Ny, =€eapV aeh,
and then derive by using (3.19) that
||(CurlB)]a]¢||L2(ﬂ) S (”VZ(POHLZ(ZI) +IVhrllz2z,) + 10F 12 ) Sup €W, wN)||L°° L2 (o)

< UV ls,) + 1961 iz, + 10 124) SUp 1905 WL o)
weS?

S Me sup IVl 127,

weS?

5We assume this estimate in the sequel for simplicity. This estimate can be proved via the bootstrap argument.
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Using (3.6) and (3.17), we conclude
1k70;ll 20y S Me sup IVl 0 12070, + M2 10l 10125,
weS?
which improves (3.9).
To improve (3.10), it relies on the observation that

/M 9N,,Qj.. =R+ (R- L) (3.32)
where Q;... denotes the Bel-Robinson tensor with one component being j. Using (3.6), we derive
U Qijyskelel| = f Qijys(curl B+ E) el el]. (3.33)

Note symbolically Q;.. =R-R
‘ fﬂ Qijys-Begeq| S IEN 2100 IR o ) < Me! (3.34)

where we used (3.7) and (3.17) to derive the last inequality.
For the part of curl B contributed from the first term on the right-hand side of (3.31), it is
reduced bound the term

o0 W .
= ‘f fzf el)L ”(t'wa_lejm""”NmQj...f(/lw)/l?’d/ldwdﬂ'
S

where, in view of (3.19), [[A% | ;2 @3y S Me.
Similar to improving (3.9), it is direct to bound

. S )
1< fz II‘”b_l(e]m"-‘”NmQj...)f e ulD) f A A3 1 gy dw

< sup 1967 e sup 1™ -ONm QN2 g1, f§ I Fo)l do

weS? weS?

< sup ||€]mn wNmQ] ”LZ LA (o, )||/l fli2 (R3)
weS?

< Me sup lefmn. ““Np Q. 1173 LN ()
weS?

Substituting into (3.33) the remaining part of curl B contributed by the remaining term of (3.31),
we can similarly obtain

‘f f Q,”,g(curl‘lf(t S)F(l)(s, ))]eoeodsdﬂ

SHOF PN 240 sup 1€/ N Qj 2 -
weS?

Thus, with the help of (3.29) and (3.19), we arrive at
U Qijys(curl B e} €| < Me 8352 e/ "N Q.. 2 e

By using (3.7), (3.32) and (3.34), we deduce fr:m the above that
f Qijysk'leg |

which improves (3.10).
It is highly nontrivial and challenging to prove Theorem 8. The control of parametrix is
established by Szeftel in [43-45]. Note that with

o .
$7(0,1) = f 2 f 1400 (1) 12dA do,
S=J0

w)”

< Mesup IR-R-Dll iz 1107, o+ (M) S (Me)®

weS?

the error is oo
Ef(t,x)=0gpp(t,x) =i f ) f Og? uet” "% f(Aw)1*dA dw.
S Jo
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Note that the quantity “b[Jg® u = try is the null expansion of #w,,. In Minkowski space (g u = 0,
nevertheless try is nontrivial in the curved spacetime .# . Thus, controlling the null expansion is
crucial for proving Theorem 8. In particular, it is necessary to derive at least the bound

ltryllrocm S€

under the bootstrap assumptions. The control of causal geometry under regularity assumptions
consistent with the bounded L? curvature conjecture was first given in [56-58], while an extensive
set of such control is established in [44]. In the sequel, we briefly review the result of causal
geometry in the rough Einstein vacuum spacetime.

4. Causal geometry of Einstein spacetime with finite curvature flux

One of the central challenges in proving the bounded L? curvature conjecture is controlling
the causal geometry in the rough spacetime. Consistent with Theorem 3, only a bound on
the curvature |[R- L|| ;27 is expected. Given this bound, Klainerman and Rodnianski provided
the control of L*°(A#) bound of try in [56-58]. Unlike the set-up in [42], their result applies
to truncated null cones rather than null hyperplanes, as used in [42] and [43-46]. The result
from [56] was extended to null cones including the vertex in [59, 60], and to null cones with time
foliation in [61] (a companion paper to [62]). It was also extended to the Einstein equations with
certain matter fields (see [63]) and to null hyperplanes in the Einstein vacuum spacetime with
canonical foliation in [64], a companion paper to [51].

Consider a null hypersurface # in Einstein vacuum space. Let L be the null geodesic
generator of A4

(L,L)=0, DrL=0.

The null geodesics are parametrized by s such that L(s) = 1 and s = 0 at the initial 2-D surface Sy,
which is diffeomorphic to 2-sphere.

Theorem 12 ([56]). Consider an outgoing null hypersurface /€ intiating on a closed 2-surface Sy
diffeomorphic to S?, foliated by level set of s with 0 < s < 1. Assume that both the set of initial data
Fo and the curvature flux Zo = ||R- Ll ;2 5, are sufficiently small. Then

S Lo+ Ry,
Lo (H)

with r = \/(4m)~1|Ssl, |1S;s| the area of S5 with respect to the induced metric on S, and additional
estimates hold for ¥,(, x.

tr 2
Xr

Unlike the choice of L in Section 2, let L, the conjugate null vector field, satisfy
(L)L>:_2)<L;X>:O, VXE TSS,
where S; is the level set of s in the null hypersurface . Recall (2.12) for the definition of the set

of connection coeflicients (see also [10, Section 13.1]). Under the geodesic foliation, { +7 = 0.
For (ea)fl=1 the orthonormal basis on T'S;, the null components of curvature tensor R are given

by
@ap =R(L,eq,L,ep), Pa=3R(eq L, L L),
p=3R(LLLL), 0=1"RLLLL).

Below we recall a set of null structure equations for the connection coefficients and a sets of null
Bianchi identities (see the detailed derivations in [10, Chapter 7]).

Liry = -3 (trp)® - 317 4.1)
Vi = —tryi—«a 4.2)
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divy = -8+ %Wtrx + %trx(—(-)z (4.3)

L(trl) = 2dl[VQ+ 2p— %trx-trl—pz-z+2|ﬂ|2 (4.4)
Vip+2tyf = diva+ 20 +na (4.5)
Lp+%tr)(p:dlvﬁ—%i-a+(-ﬁ+2g-ﬁ (4.6)
LU+%tr}(U:—cdrlﬁ+%i/\a—(/\ﬁ—2g/\ﬁ. 4.7)

Using (4.1), the L®(#) bound on try —2/r can be obtained if f; |§1*ds’ can be bounded. Here the
integral is taken along an outgoing null geodesic initiated from Sy. Since a is merely in L2 (),
this quantity can not be controlled by using (4.2).

Using B € L?(#), in view of the Codazzi equation (4.3), it is only expected that V§ € L? ().
Suppose the following trace inequality holds for U being try and f ©,

||U||L2,°L§§ ”WU”LZ(]f) (48)

Together with using (4.1), one could obtain the estimate in Theorem 12. However the trace
inequality (4.8) does not hold. To have the valid bound on || U]| 1313 one needs a stronger bound
than the right-hand side of (4.8).

In [56], Klainerman and Rodnianski relied on the Besov norm and the structures of (4.3)
and (4.6) to provide a sharp trace inequality to achieve the control of || ¥ || L2127

Define the following norms’

||F||90 L= Z ||P)LF||L2(]5) + ||F||L2(%)

Azl
ME): = IVLF 200 + WVl 2070 + 1 F 120
1Pl : = Sup l PAFll oop2gsyy + 1 Flliso2(s,)-

A=1

Remark 13. For tensor field F, the standard Littlewood-Paley decomposition for F is applied
to the components of F with respect to a set of suitably chosen parallel-transported frames.
Klainerman and Rodnianski in [58] developed an intrinsic Littlewood-Paley decomposition that
is directly applicable to tensor fields. For the definitions of 2° and 2°, the two types of
Littlewood-Paley decompositions are equivalent on a rough null hypersurface (see [59,60] for the
comparison estimates between them). As we shall see when discussing the sharp trace inequality,
introducing the intrinsic Littlewood—-Paley decomposition is essential to completing the proof.

With f = [;1/°ds’, schematically, there holds
VIV =207 4+

fred -

WLWU‘X = —tertrX_ZWX.XJ,. e

N
fV/x-JZ
0

6The norm | - | oo 2 Means first taking the I? norm along a null geodesic initiated from Sq along #, followed with
w S

Hence

1V fllgo <

Similarly, differentiating (4.1), we can derive

Hence

IVtryllgo < Fo+ o

80

taking the supremum over the initial point in Sp.
7Along the truncated null cone .#, the area element on S is comparable to the one in Sp for 0 < s < 1. Therefore, we
regard 12 (Ss) as LZ(SO) for simplicity.
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Instead of relying on ||V {ll g0 to control the right-hand side, which is unobtainable with merely
the bounded curvature flux, they first use (4.3) to write that

Vi=Y2,'8+Y2, ' Viry---
where 2, is the operator that takes a 2-covariant, symmetric, traceless tensor ¢ into the 1-
form divé. Denote by 2, the operator that takes any 1-form ¢ on S; into the pair of functions
(divé, curl¢). They observe that, in view of (4.6) and (4.7), using the normalized pair of functions
(0,0) which are constructed to eliminate the quadratic term containing the bad term j on the
right-hand side, -

B=27 LB, )+ ) +-+)
which, symbolically, gives

Vi =Y2,' 27 L(p,5) + VD, Viry +---
= V.Y9,' 271 (0,5) + VD, Viry + (V2,27 L1(5,6) +--- .
Hence for Y, they obtain the decomposition
Vi=V.P+E (4.9)
where
P=Y2,'27 (p,6)+-, E=Y2,'Vtry+--

are tensors of the same type as Y §.

To take advantage of such a decomposition, in [57], they establish the following sharp trace
inequality with the help of integration by parts along the null geodesic.

Theorem 14 ([57, Theorem 4.1, Theorem 4.3]). Consider the transport equation

V.W=VY.P-F
with W, B F all tensor fields tangent to Sg. There holds the sharp trace inequality
Wlgo S I1Wls, ”Bgl(so) + M(PYN(F) + I Fll foy2)- (4.10)
For S tangent tensor fields W, E, F satisfying
ViW=E-F
there holds
[Wilgo S I1Wls, ”Bgl(so) +Ellgoo (N (F) + | Fll joo 2). (4.11)

Applying Theorem 14 to F = § and B, E in (4.9) gives
IVtrxllgo < Fo+ (AR + £ oo r2) (A1 (P) + [ Ell o).

Due to Calderon-Zygmund theorem, || E|l g0 = |Vtry| go + - - -, it follows by using Sobolev embed-
ding 712, ., < I fllgo and Theorem 14 that

LYI5 ™~
IIQZIIiooLz_ S MDD 1R o 2) (M P+ IV Erxligoo +---).
We then derive
120 o2 S MQ)+MP)+IVtryllgo + -
Substituting the above estimate to the estimate of || Vtry |l o yields
IVtryllgo S Lo+ (M (F) + A (P) + 1Vtryll o) (A (P) + [ Viry |l g0)

where we dropped the additional error terms for simplicity.

M ({) can be bounded by using (4.2) and (4.3). .4, (P) can be controlled by using (4.6), (4.7),
Calderon-Zygmund theorem with the help of proper commutation. Since these bounds are
expected to be small, || Vtry|l o can be controlled, which gives the estimate of [try —2/r].
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In the above sketched proof, we neglected all the terms involved with {. In fact, { and the
mass aspect function y = —div{ — ¢ +||? are related in a similar pattern as the pair of quantities
(%, Ytry). To control them, Klainerman and Rodnianski provided a trace decomposition for V{ as
the one for V§. Having such a particular structure allows them to apply Theorem 14 to obtain the
control of ||{]| oor2 and || pllgzo, which are necessary to complete the proof for Theorem 12.

Now consider (4.10) in Theorem 14. If P is a tensor, we assume w1thout loss of generality that P
is a one form. Relative to a set of parallel-transported frames x! } =1 (see [57, Proposition 3.28]),
note that

IV(PXDN 200 < IVP- X N 200 + 1P - VX 120,

and one can obtain by transport equations that X! € L® and VX' € LéOL‘s’O with bounded
curvature flux. To establish the equivalence between [V P| 24, and Zml IV(PXH)| 12(7¢) it
requires that P € L°°L2 With 2 either 2, or 25, from (4.9), schematically, P = 2~ LR-L). With
bounded curvature ﬂux, P would not be bounded in L""L2 Therefore, proving (4.10) without
scalarizing the tensor field P becomes crucial. However in the proof, one must perform a
Littlewood-Paley projection, which is typically defined for scalar functions. To solve this issue,
n [58], Klainerman and Rodnianski introduced a geometric Littlewood-Paley decomposition
using heat flow on weakly regular 2-D closed surfaces, which can be directly applied to tensor
fields. They recovered the essential analytic properties of the standard Littlewood-Paley theory
for their geometric version in weakly regular 2-surfaces, such as S;. Further simplifications for
proving Theorem 14 were developed in [59,60] and [65]. In particular, a nice alternative treatment
to the geometric Littlewood-Paley theory was given in [65], based on deriving improved regularity
for the parallel frames.

5. The breakdown criterion of Einstein spacetime

Theorem 12 was initially motivated by the goal of proving the bounded L? curvature conjecture.
In [7] it also provides control over the null radius of conjugacy, which played a key role in [5]
in establishing the breakdown criterion for Einstein spacetimes. It is not immediately clear
how controlling causal geometry under low regularity assumptions on the null cone relates to
establishing a breakdown criterion for classical solutions of the Einstein vacuum equations. We
will explain this connection while introducing the results of [5, 7].
Recall the standard energy argument for bounding the Bel-Robinson energy in (3.15), assum-
ing N
Ukl + 1V lognlz)de < oo 5.1)
the Bel-Robinson energy at X, Wit(il t € (o, t.) can be directly bounded in terms of its value at the

initial slice Z( and the bound of the quantity in (5.1).
In [5], Klainerman-Rodnianski proved that

Theorem 15 ([5]). The Einstein vacuum spacetime with CMC foliation X; with t < 0 can be
extended beyond at t.. < 0 provided that
sup (Iklize +IVIognlle) = Ay < oo. (5.2)
telto, tx)

Clearly (5.2) implies (5.1) which gives the control of Bel-Robinson energy on X; for ¢ € (#y, £.).
However only the lowest order energy is directly bounded by using (5.2) and the initial data. To
extend the solution beyond t,, they managed to bound |D=?R|| 2@z, for & < t < . under the
assumption (5.2). To control the higher order energy, they bounded |R| 1~ in the spacetime slab
with the help of the equation

OgR=R*R

which is obtained by using Bianchi equation and (1.2).
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In the same spirit to Sobolev [66] and Choquet-Bruhat [2], Klainerman and Rodnianski estab-
lished a Kirchoff formula in the curved spacetime in [67] (see [68] for a simplification), by which
they represented at a point p in the spacetime by

R(p):—f A-RxR+& (5.3)
N~ (p1)

where & denotes all other terms, A is a 4-covariant tensor defined as a solution of a transport
equation along the backward light-cone A"~ (p, 1) initiated from p in the time interval [¢(p) —
7, t(p)l.

The representation holds within the null radius of injectivity i. (p). To define i.(p), we denote
the backward null geodesic initiated from p by Y (w, s), with w € $2, 5(0) = p and L(s) = 1 for the
null geodesic generator L, normalized by (L, T)(p) = —1. With w € $? fixed, we parameterize s
using the temporal parameter T = f, — £ so that s = s(w, 7). i« (p) is the supremum of 7 such that
the exponential map sending (w,7) — Y(w, s(7,)) by the past null geodesics remains a global
diffeomorphism between S$? x (0, 7) and its image along the backward null cone .4~ (p). The null
radius of injectivity i, (p) = min(s«(p), L« (p)), where s.(p) denotes the null radius of conjugacy
and I, (p) is the radius of past null cut locus at p 8. To control the higher order energies of R, it is
crucial to obtain a uniform lower bound of null radius of injectivity for all p €  x (fy, ,), which is
given in [7].

Next we briefly sketch the proof of [7]. We first note that only Bel-Robison energy on X, t €
(fo, t«) and the curvature flux on A~ (p,7) with 7 < i.(p) is bounded by universal constants.
These constants depend only on the initial Bel-Robinson energy, the initial volume |Z|, the
initial metric bound Iy such that I < (gi i) < Iy, #p and ... Consequently, only limited regularity
control is obtained directly on the null cone. Prior to [7], existing results in the literature relied on
pointwise bounds of the Riemann curvature tensor for controlling the injectivity radius. However,
such results do not provide a uniform lower bound on the null injectivity radius in terms of
universal constants.

The crucial next step is to show that

S« (p) >min(l,(p),6+)

where 6. > 0 is a universal constant. This is achieved by showing that

2
try——|=C (5.4)

N

sup

N~ (p,7)
with 7 = min(l. (p),6+) and C a universal constant. The proof is done by rescaling the result of
causal geometry analysis in [56] and [59, 60] and also by a continuity argument.

The next step is to find a good system of local space-time coordinates under which g is
comparable with the Minkowski metric. More precisely, for a sufficiently small constant € >
0, one needs to show that there exists a constant’ §, > 0, depending only on ¢ and some
universal constants, for which each geodesic ball Bs, (p) with p € Z; admits local coordinates
x = (x!,x%,x%) such that under the corresponding transport coordinates x° = t,x',x?, x% the
metric g = —n?dr? + g,-jdxidxj with

In—n(p)l<e and |g;j—6;jl<e (5.5)

on Bs, (p) x [t(p) — 6+, t(p)]. Note that the first estimate can be achieved by controlling 6;n via
elliptic estimates; the second one is obtained by using (5.2) and

atgij:—an,-j. (5.6)

854 (p), L+ (p) are both measured in terms of the temporal parameter.
9The constant is no greater than &, appeared in the above. We still use §+ to denote it.
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The existence of such local coordinates together with (5.4) will enable one to show that A/~ (p,d )
is close to the flat cone and consequently I, (p) > 8. '°. Therefore the null radius of injectivity
verifies

ix(p)>min(b., t(p) — fo).

Then going back to (5.3), there is a uniform lower bound . > 0 of 7 for the formula to hold.
Due to the structure of R x R, one of the curvature component can be controlled by the curvature
flux along the backward null cone. Moreover one can achieve [|All ;24— p D) < 712 This leads to

1/2
RO ST sup [IR(t) g + 1€ 1.
t'e(t—1,t)

For &, suppose'!

-1 <2
|éa| 5 Sup T I|D< R”LZ(Z[;)-
t’e[t—r,t—%r]

Combining the above estimates implies

IRl ST™" sup (Rl + DRIz, + DR 2 )

! z
1-21st'st-5

with 7 > 0 sufficiently small and fixed.
Then with the step length (1/2)7, after finitely many steps, it follows from the above estimate
that

IRl g2z, S IR g2s), o <T<ts,

which enables the continuation of the solution beyond ¢..

The results on the breakdown criterion and the lower bound for the radius of injectivity
of null hypersurfaces were improved in [61, 62] to depend on the weaker assumption (5.1)
rather than (5.2). To control both the null radius of conjugacy and the radius of the null
cut locus, the proof of Klainerman-Rodnianski relied on L* bounds for k and Ylogn. With
careful analysis, and assuming (5.1), it still requires universal bounds on ftt((;))_r Ik(x, )]2d¢’ and
[l7tzll L2 (p,1) for all p in the spacetime slab to control the null radius of injectivity. In view
of (5.6), bounding the first quantity yields the second estimate in (5.5). Based on a delicate
bootstrap argument, [62] achieves the first bound by representing k using the wave equation for
k. To obtain the second bound, it relies on decomposing Y (7t; 1) into the form of ¥V P+ E, followed
with applying the sharp trace estimates given in Theorem 14. The latter is achieved together
with controlling try — 2/s and other connection coefficients in [61], using the wave equation
for k.

The result of Klainerman-Rodnianski in [5] was also extended by Shao in [63] to Einstein-scalar
field and Einstein—-Maxwell equations.
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10gee [7] for the detailed geometric argument and [62, Section 4] for the reduction to quantitative control.
HHere for simplicity we skip a cutoff step, which is involved with giving the desired bound of &.



Qian Wang 173

References

(1]

[2]

3]
[4]

[5]

[6]

[7]

(8l

9

(10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

(24]

[25]

[26]

[27]

[28]

[29]

J. Schauder, “Das Anfangswertproblem einer quasilinearen hyperbolischen Differentialgleichung zweiter Ordnung
in beliebiger Anzahl von unabhéngigen Veranderlichen”, Fund. Math. 24 (1935), no. 1, p. 213-246.

Y. Choquet-Bruhat, “Théoreme d’existence pour certains systémes d’équations aux d’érivées partielles non
linéaires”, Acta Math. 88 (1952), p. 141-225.

J. Leray, Hyperbolic Differential Equations, The Institute for Advanced Study, Princeton, 1955.

Y. Choquet-Bruhat, R. Geroch, “Global aspects of the Cauchy problem in general relativity”, Commun. Math. Phys.
14 (1969), p. 329-335.

S. Klainerman, I. Rodnianski, “On a breakdown criterion in general relativity”, J. Am. Math. Soc. 23 (2010), no. 2,
p- 345-382.

S. Klainerman, I. Rodnianski, “Bilinear estimates on curved space-times”, J. Hyperbolic Differ. Equ. 2 (2005), no. 2,
p. 279-291.

S. Klainerman, I. Rodnianski, “On the radius of injectivity of null hypersuraces”, J. Am. Math. Soc. 21 (2006), p. 775-
795.

T. Hughes, T. Kato, J. E. Marsden, “Well-posed quasi-linear second-order hyperbolic systems with applications to
nonlinear electrodynamics and general relativity”, Arch. Rational Mech. Anal. 63 (1977), p. 273-294.

A. Fischer, J. Marsden, “The Einstein evolution equations as a first-order quasi-linear symmetric hyperbolic system.
1", Commun. Math. Phys. 28 (1972), p. 1-38.

D. Christodoulou, S. Klainerman, The Global Nonlinear Stability of the Minkowski Space, Princeton Mathematical
Series, Princeton University Press, Princeton, NJ, 1993.

L. Andersson, V. Moncrief, “Elliptic-hyperbolic systems and the Einstein equations”, Ann. Henri Poincaré 4 (2003),
p. 1-34.

S. Klainerman, “PDE as a unified subject”, Geom. Funct. Anal. 1 (2000), p. 279-315.

S. Klainerman, “Geometric and Fourier methods in nonlinear wave equations”, in The Set of Lectures Delivered
at the IPAM Workshop in Oscillatory Integrals and PDE’ March 19-25 2001, UCLA, 2001, Available online at https:
/Iweb.math.princeton.edu/~seri/papers/uclal.pdf.

H. E Smith, “A parametrix construction for wave equations with C1, 1 coefficients”, Ann. Inst. Fourier (Grenoble) 48
(1998), no. 3, p. 797-835.

D. Tataru, “Strichartz estimates for operators with nonsmooth coefficients and the nonlinear wave equation”, Am. J.
Math. 122 (2000), p. 349-376.

D. Tataru, “Strichartz estimates for second order hyperbolic operators with nonsmooth coefficients I1”, Am. J. Math.
123 (2001), p. 385-423.

D. Tataru, “Strichartz estimates for second order hyperbolic operators with nonsmooth coefficients I11”, J. Am. Math.
Soc. 15 (2002), p. 419-442.

H. Bahouri, J. Y. Chemin, “Equations dondes quasilineaires et effet dispersif”, Int. Math. Res. Not. (1999), no. 21,
p.1141-1178.

H. Bahouri, J. Y. Chemin, “Equations dondes quasilineaires et estimation de Strichartz”, Am. J. Math. 121 (1999),
p. 1337-1377.

S. Klainerman, “A commuting vectorfield approach to Strichartz type inequalities and applications to quasilinear
wave equations”, Int. Math. Res. Not. (2001), no. 5, p. 221-274.

S. Klainerman, I. Rodnianski, “Improved local well-posedness for quasilinear wave equations in dimension three”,
Duke Math. J. 117 (2003), p. 1-124.

S. Klainerman, I. Rodnianski, “Rough solutions to the Einstein vacuum equations”, Ann. Math. 161 (2005), p. 1143-
1193.

S. Klainerman, I. Rodnianski, “Causal structure of microlocalized rough Einstein metrics”, Ann. Math. 161 (2005),
p. 1195-1243.

S. Klainerman, I. Rodnianski, “Ricci defects of microlocalized Einstein metrics”, J. Hyperbolic Differ. Equ. 1 (2004),
no. 1, p. 85-113.

Q. Wang, “Rough solutions of Einstein vacuum equations in CMCSH gauges”, Commun. Math. Phys. 328 (2014),
p. 1275-1340.

Q. Wang, “Causal geometry of rough Einstein CMCSH spacetime”, J. Hyperbolic Differ. Equ. 11 (2014), no. 3, p. 563-
601.

Q. Wang, “A geometric approach for sharp Local well-posedness of quasilinear wave equations”, Ann. PDE 3 (2017),
article no. 12.

H. E Smith, D. Tataru, “Sharp local well-posedness results for the nonlinear wave equation”, Ann. Math. 162 (2005),
p. 291-366.

B. Ettinger, H. Lindblad, “A sharp counterexample to local existence of low regularity solutions to Einstein equations
in wave coordinates”, Ann. Math. 185 (2017), no. 1, p. 311-330.


https://web.math.princeton.edu/~seri/papers/ucla1.pdf
https://web.math.princeton.edu/~seri/papers/ucla1.pdf

174 Qian Wang

[30] H. Lindblad, “Counterexamples to local existence for quasilinear wave equations”, Math. Res. Lett. 5 (1998), no. 5,

p. 605-622.

[31] G. Ponce, T. Sideris, “Local regularity of non linear wave equations in three space dimensions”, CPDE 18 (1993),
p. 169-177.

[32] H. Lindblad, “Counterexamples to local existence for semi-linear wave equations”, Am. J. Math. 118 (1996), no. 1,
p. 1-16.

[33] S.Klainerman, M. Machedon, “Smoothing estimates for null forms and applications”, Duke Math. J. 81 (1995), p. 99-
133.

[34] S.Klainerman, M. Machedon, “On the Maxwell-Klein-Gordon equation with finite energy”, Duke Math. J. 74 (1994),
no. 1, p. 19-44.

[35] S.Klainerman, M. Machedon, “Finite energy solutions of the Yang-Mills equations in R3*! ”, Ann. Math. 142 (1995),
no. 1, p. 39-119.

[36] S. Klainerman, M. Machedon, “Space-time estimates for null forms and the local existence theorem”, Commun.
Pure Appl. Math. 46 (1993), p. 1221-1268.

[37] J. Bourgain, “Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear
evolution equations, part I: Schrodinger equations, part II: KdV equation”, Geom. Funct. Anal. 3 (1993), p. 107-156,
209-262.

[38] J. Krieger, J. Lithrmann, “Concentration compactness for the critical Maxwell-Klein-Gordon equation”, Ann. PDE 1
(2015), no. 1, article no. 5.

[39] S. Oh, D. Tataru, “Global well-posedness and scattering of the (4+1)-dimensional Maxwell-Klein-Gordon equation”,
Invent. Math. 205 (2016), no. 3, p. 781-877.

[40] J. Krieger, D. Tataru, “Global well-posedness for the Yang-Mills equation in 4 + 1 dimensions: Small energy”, Ann.
Math. 3 (2017), p. 831-893.

[41] S. Oh, D. Tataru, “The threshold conjecture for the energy critical hyperbolic Yang-Mills equation”, Ann. Math. 194
(2021), no. 2, p. 393-473.

[42] S. Klainerman, I. Rodnianski, J. Szeftel, “The bounded L2 curvature conjecture”, Invent. Math. 202 (2015), no. 1,
p.91-216.

[43] J. Szeftel, “Parametrix for wave equations on a rough background I: regularity of the phase at initial time. II:
construction and control at initial time”, Astérisque 443 (2023), p. 1-275.

[44] J. Szeftel, “Parametrix for wave equations on a rough background III: space-time regularity of the phase”, Astérisque
401 (2018), p. 1-338.

[45] J. Szeftel, “Parametrix for wave equations on a rough background IV: Control of the error term”, Astérisque 444 (2023),
p.1-313.

[46] J. Szeftel, “Sharp Strichartz estimates for the wave equation on a rough background”, Ann. Sci. Ec. Norm. Supér. 49
(2016), no. 6, p. 1279-1309.

[47] H. Lindblad, I. Rodnianski, “The weak null condition for Einstein’s equations”, C. R. Acad. Sci. Paris, Ser. 336 (2003),
p. 901-906.

[48] D. Maxwell, “Rough solutions of the Einstein constraint equations”, J. Reine Angew. Math. 590 (2006), p. 1-29.

[49] M. Dafermos, I. Rodnianski, “A new physical-space approach to decay for the wave equation with applications to
black hole spacetimes”, in XVIth International Congress on Mathematical Physics 2010, World Scientific Publishing,
Hackensack, NJ, 2010, p. 421-432.

[50] Q. Wang, “Rough solutions of the 3-D compressible Euler equations”, Ann. Math. 195 (2022), no. 2, p. 509-654.

[51] S.Czimek, O. Graf, “The spacelike-characteristic cauchy problem of general relativity in low regularity”, Ann. PDE 8
(2022), no. 2, article no. 22.

[52] M. T. Anderson, “Cheeger-Gromov theory and applications to general relativity”, in The Einstein Equations and the
Large Scale Behavior of Gravitational Fields (P. T. Chruciel, H. Friedrich, eds.), Birkhduser, Basel, 2004, p. 347-377.

[53] P. Petersen, “Convergence theorems in Riemannian geometry”, in Comparison Geometry (Berkeley, CA, 1993-94),
vol. 30, Cambridge University Press, Cambridge, 1997, p. 167-202.

[54] J. Corvino, “Scalar curvature deformation and a gluing construction for the Einstein constraint equations”, Commun.
Math. Phys. 214 (2000), p. 137-189.

[55] J. Corvino, R. Schoen, “On the asymptotics for the vacuum Einstein constraint equations”, J. Differ. Geom. 73 (2006),
p.185-217.

[56] S. Klainerman, I. Rodnianski, “Causal geometry of Einstein-vacuum spacetimes with finite curvature flux”, Invent.
Math. 159 (2005), no. 3, p. 437-529.

[57] S.Klainerman, I. Rodnianski, “Sharp trace theorems for null hypersurfaces on Einstein metrics with finite curvature
flux”, Geom. Funct. Anal. 16 (2006), p. 164-229.

[58] S.Klainerman, I. Rodnianski, “A geometric Littlewood-Paley theory”, Geom. Funct. Anal. 16 (2006), p. 126-163.

[59] Q. Wang, Causal geometry of Einstein vacuum spacetimes, Phd thesis, Princeton University, 2006.



[60]

[61]

[62]

Qian Wang 175

Q. Wang, “On the geometry of null cones in Einstein Vacuum Spacetimes”, Ann. Inst. H. Poincaré Anal. Non Linéaire
26 (2009), no. 1, p. 285-328.

Q. Wang, “On Ricci coefficients of null hypersurfaces with time foliation in Einstein vacuum space-time”, Calc. Var.
Partial Differ. Equ. 46 (2013), no. 3-4, p. 461-503.

Q. Wang, “Improved breakdown criterion for Einstein vacuum equation in CMC gauge”, Commun. Pure Appl. Math.
65 (2012), no. 1, p. 0021-0076.

[63] A. Shao, “On breakdown criteria for nonvacuum Einstein equations”, Ann. Henri Poincaré 12 (2011), no. 2, p. 205-

[64]

[65]

[66]

[67]

277.

S. Czimek, O. Graf, “The Canonical foliation on null hypersurfaces in low regularity”, Ann. PDE 8 (2022), no. 2, article
no. 23.

A. Shao, “New tensorial estimates in Besov spaces for time-dependent (2 + 1)-dimensional problems”, J. Hyperbol.
Differ. Eq. 11 (2014), no. 4, p. 821-908.

S. Sobolev, “Methodes nouvelle a resoudre le probleme de Cauchy pour les equations lineaires hyperboliques
normales”, Mat. Sb. 1 (1936), no. 43, p. 31-79.

S. Klainerman, I. Rodnianski, “A Kirchoff-Sobolev parametrix for the wave equation and applications”, J. Hyperbolic
Differ. Equ. 4 (2007), no. 3, p. 401-433.

[68] A. Shao, “A generalized representation formula for systems of tensor wave equations”, Commun. Math. Phys. 306

(2011), no. 1, p. 51-82.






ACADEMIE Comptes Rendus. Mécanique
DES SCIENCES 2025, Vol. 353, p.379-410
https://doi.org/10.5802/crmeca.284

INSTITUT DE FRANCE

Review article / Article de synthese

Weak cosmic censorship, trapped surfaces,
and naked singularities for the Einstein
vacuum equations

Censure cosmique faible, surfaces piégées et singularités
nues pour les équations d’Einstein dans le vide

Yakov Shlapentokh-Rothman ®%?

4 Department of Mathematics, University of Toronto, 40 St. George Street, Toronto,
ON, Canada

b Department of Mathematical and Computational Sciences, University of Toronto
Mississauga, 3359 Mississauga Road, Mississauga, ON, Canada
E-mail: yakovsr@math.toronto.edu

Abstract. The weak cosmic censorship conjecture posits that, generically, all singularities in General Relativ-
ity arising from regular asymptotically flat initial data should have a complete future null infinity. While this
conjecture remains wide open, it has inspired many mathematical works concerning topics such as trapped
surface formation and the construction of naked singularities. In this article we will review some of these
works and attempt to emphasize their interconnectedness.

Résumé. La conjecture de censure cosmique faible postule que, de maniére générale, toutes les singularités
en relativité générale provenant de données initiales réguliéres asymptotiquement plates devraient avoir
un infini nul futur complet. Bien que cette conjecture reste largement ouverte, elle a inspiré de nombreux
travaux mathématiques portant sur des sujets tels que la formation de surfaces piégées et la construction de
singularités nues. Dans cet article, nous passerons en revue certains de ces travaux et tenterons de mettre en
évidence leurs interconnexions. interconnectedness.

Keywords. Weak cosmic censorship, Trapped surfaces, Naked singularities.

Mots-clés. Censure cosmique faible, Surfaces piégées, Singularités nues.

Funding. NSERC discovery grants (RGPIN-2021-02562 and DGECR-2021-00093).

Manuscript received 11 October 2024, revised and accepted 13 January 2025.

1. Introduction

We are interested here in General Relativity as a part of classical physics, and thus the Cauchy
problem will be paramount for us. We now quickly recall the relevant notions. We say that the
pair of a 3-dimensional Riemannian manifold (Z, #) and a symmetric (0,2)-tensor k on X satisfy
the constraint equations if

R(h) + (trpk)? — k2 =0, div,k—Vir,k=0.
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In this case we say that (Z, i, k) forms an initial data set. The fundamental theorem concerning
the Cauchy problem is the following celebrated result of Choquet-Bruhat and Geroch:

Theorem 1. [1, 2] For every sufficiently regular initial data set (Z, h, k), there exists a unique
maximal globally hyperbolic spacetime (., g) solving the Einstein vacuum equations

Ric(g) =0,
so that X may be embedded in (M, g) with first and second fundamental form h and k respectively.

The proof of Theorem 1 also yields that continuous dependence on the data holds in a suitable
sense. We will assume in this article that the reader is familiar with the basics of Lorentzian
geometry (such as the term “globally hyperbolic development” above in Theorem 1). See [3] for
an introduction to Lorentzian geometry and causality theory.

As with any evolutionary PDE from mathematical physics, once a locally well-posed initial
value problem has been established, the next natural question is, supposing we have sufficiently
“nice” initial data, do we obtain a corresponding “global and singularity free” solution? Note,
however, that unlike the case for the more traditional PDEs of mathematical physics, in view
of the geometric nature of the Einstein equations, it is not immediately clear what “global
and singularity free” should mean! Nevertheless, some necessary conditions are immediate;
for example, on physical grounds it is clear that we should require that global existence at
least include causal geodesic completeness. As we shall discuss in the next section, suitably
understood, the famous Schwarzschild solution already illustrates the ubiquitousness of the
failure of global existence for the Einstein vacuum equation.

1.1. The Schwarzschild spacetime and geodesic incompleteness

The first discovered non-trivial exact solution for the Einstein equations was the Schwarzschild
spacetime [4]. For every M > 0, the exterior region of the Schwarzschild spacetime of mass M
may be covered by so-called “Schwarzschild” coordinates (t,1,8,¢) € R x (2M,00) x g

2M 2M\!
85”:‘(1‘7)“2*(1_7) dr? + r2(d62 + sin2 0 dg?),

It took over 30 years for the global geometry of the Schwarzschild spacetime to be properly
understood. We do not have the space here to review this in full detail (see the detailed exposition
in Section 2 of [5]), but it will be useful to recall some of the most salient points. The maximal
extension of the Schwarzschild spacetime is a globally hyperbolic spacetime with a two-ended
Cauchy hypersurface X =~ R x $? and may be globally covered by a double-null coordinate system
where

gv =—-0%U,V)dUdV + r*(U, V)(d6? + sin® @ d¢?),

for suitable functions Q(U, V) and r (U, V). Furthermore, we may rescale the U and V coordinates
so that their ranges lie in a bounded set. In Figure 1 we then depict the range of the U and
V coordinates with the corresponding Penrose diagram. We emphasize that each point in the
diagram corresponds to a sphere in the actual spacetime.

The original Schwarzschild coordinates correspond to the rightmost diamond in the Penrose
diagram. (The leftmost diamond corresponds to an isometric copy of the rightmost copy. We
will mostly ignore this leftmost diamond in what follows.) Introducing a new coordinate v =
t+r+2Mlog(r —2M), we obtain in (v, 1,0, ¢) coordinates

2M
gy =— (1 - T) dv? +2dvdr + r?(d6? + sin? 0 d¢?).
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Figure 1. Penrose diagram of maximally extended Schwarzschild.

We may then let these coordinates run over the range (v,7,6,¢) € R x (0,00) x $2, and these
coordinates cover the union of the original exterior region with the region 28 from the Penrose
diagram. Time-orienting by d,, one now easily checks that for each (cy, 0, $o) € R x S$2, after
reparameterization, the curve

S'_)(U)ryar(p):(COy_srBOr(pO)) s<0)

represents a future oriented incomplete null geodesic. Furthermore, as r — 0 along the geodesic,
one may compute that the Kretschmann scalar R“m"sRaﬁw blows-up. It immediately follows
that there is no way to acquire future null geodesic completeness by extending the Schwarzschild
spacetime in a C? fashion!, and thus that the Schwarzschild spacetime represents an example of
singularity formation for the Cauchy problem!

Having established the existence of a singular spacetime, one immediately asks if the presence
of this incompleteness is a generic feature of solutions? Could it be the case that this incomplete-
ness is a special feature of highly symmetric spacetimes? Penrose’s notion of a trapped surface,
which we will discuss in the next section, quickly yields insight into these questions.

1.2. Trapped surfaces

Penrose’s concept of a trapped surface will play a central role in this article.

Definition 1.1. /8] Let . be a closed oriented spacelike surface in a 3 + 1 dimensional time-
oriented Lorentzian manifold. At every point p € . one may pick two linearly independent future
oriented null and normal vectors L and L. We say that .%# is trapped if both of the corresponding
mean curvatures are negative. If one mean curvature is negative and the other vanishes, we say
that . is marginally trapped. We say that . is anti-trapped if both of the corresponding mean
curvatures are positive, and if one mean curvatures is positive and the other vanishes, we say that
& is marginally anti-trapped.

Note that by the first variation formula for the area form, a surface .%# is trapped if the area
form locally contracts under any flow of null vector congruences. This is physically interpreted
as a sign that one is in a regime of strong gravity. A straightforward calculation shows that a sphere
of radius r in the Schwarzschild spacetime is trapped if and only if # > 0 and r < 2M. This region
of trapped spheres exactly corresponds to the region 28 in Figure 1.

The usefulness of the trapped surface notion follows from two fundamental facts. The first
is that being a trapped surface is a manifestly stable notion. Trapped surfaces cannot disappear

n fact, it is not even possible to extend maximal Schwarzschild in a €O fashion! See [6, 71.
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Figure 2. The hypersurface ¥ and null geodesic y in Schwarzschild from Proposition 3.

from small perturbations of a metric, and, more importantly, in view of Cauchy stability, any
sufficiently small perturbation of the Cauchy data of a spacetime with trapped surfaces will
still lead to a spacetime which possesses trapped surfaces. In particular, any sufficiently small
perturbation of Schwarzschild’s Cauchy data will still lead to a spacetime with a trapped surface.
The second fact underlying the usefulness of the trapped surface notion is the following famous
theorem due to Penrose.

Theorem 2. [8] Suppose that (4, g) is a globally hyperbolic spacetime with a non-compact
Cauchy surface and satisfies

Ric(V,V) =0, VYV withg(V,V)=0.
Then, if (4, g) possesses a trapped surface, it must be future causally geodesically incomplete.

We immediately conclude that the geodesic incompleteness of Schwarzschild is a stable
property to perturbations of the Cauchy data! We are thus forced to take seriously the failure
of global existence in General Relativity.

1.3. Completeness of future null infinity and the weak cosmic censorship conjecture

While the Schwarzschild spacetime poses serious conceptual questions concerning its singular-
ity as r — 0, the spacetime geometry also suggests a “way out”. On the Penrose diagram in Fig-
ure 1, we have denoted part of the boundary by .#*. This denotes “future null infinity” and cor-
responds to future end points of the null hypersurfaces ¢t = r + 2Mlog(r —2M) + ¢ for any choice
of c € R. Physically, one imagines that a far away observer propagates along a causal curve which
is close to .#*. The following proposition is straightforward to establish.

Proposition 3. Forry > 1, let € denote the outgoing null hypersurface {t = r + 2Mlog(r —2M)}n
{r = ro}. Foreach 7 = ro and (0,$) € S, we may consider the ingoing null geodesic V56,6 uniquely
defined by the requirement thaty; g 50) = €9 ) 75,4 WA V7 540) =0 — (1 - 2M/ t))a,. We
then define A(F) to be the affine length of y (it is immediate that A does not depend on (6,¢)). We
then have that

lim A(F) = co.
F—o0

See Figure 2 for the Penrose diagram corresponding to Proposition 3. Proposition 3 has the
physical interpretation that far away observers “at” future null infinity .#™* live forever and may
make observations without ever needing to interact with the Schwarzschild singularity. This good
property of future null infinity is referred to as completeness. Our next goal is formulate a general
definition of this property, but we need a few preliminaries.
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Definition 4. Let (2, h, k) be an initial data set. We say that (Z, h, k) is strongly asymptotically flat
with n-ends if there exists a compact set K so X\ K is diffeomorphic to n copies of R* minus a
ball, and there exists coordinates {x%} on each of these so that

2M
hap = (1 + T) Sap+04(r™"),  kap=030r™'%),

where the o0; () means that up to i derivatives may be applied and that each derivative yields an
extra power of decay in r.

It is a consequence of the stability of Minkowski space [9, 10], that associated to each end of a
strongly asymptotically flat initial data set, the corresponding maximal development will posses
an outgoing null hypersurface ¢ with future complete null generators and whose geometry
asymptotes to a null cone from Minkowski space. (The details of the asymptotic geometry will
not be important for us here.)

We now are ready to give a definition of a complete future null infinity. We note that there are
various definitions existing in the literature. Our definition is in the spirit of the definition given
in [11]. A key point in both is that we do not formally define future null infinity as a boundary
of a conformal compactification of spacetime. This avoids various technical regularity issues
concerning such compactifications which are largely irrelevant for the physical content of the
definition.

Definition 1.2. Let (£, h, k) be a strongly asymptotically flat initial data set and (#, g) be
the corresponding maximal development. Associated to each asymptotically flat end, choose
an outgoing null hypersurface € in .# with future complete null generators whose geometry
approaches that of a standard Minkowski cone. Let L denote a geodesic null normal along €.
Then let L be a choice of a transversal null vector field along € which is parallel transported by L.
For every point p € €, we let A(p) denote the maximal affine length of the null geodesic starting
at p with initial tangent L, and we let p(s) denote the outgoing null geodesic which starts at p and
has initial tangent vector equal to L. We then say that (.#, g) has a complete future null infinity
if, for every p € €, lim;_., A(p(s)) = oco.

We note that we have chosen to work with strongly asymptotically initial data sets so that
we may invoke [9, 10]. However, newer proofs of the stability of Minkowski space which
allow weaker versions of asymptotic flatness (cf. [12]) in principle allow for weaker asymptotic
flatness assumptions in Definition 1.2. The corresponding reformulations of Definition 1.2 are
straightforward to state.

Finally, we are ready for the weak cosmic censorship conjecture.

Conjecture 5 (Weak cosmic censorship). Generic strongly asymptotically flat initial data sets
possess a complete future null infinity.

Spacetimes with an incomplete future null infinity are called naked singularities®. The earliest
version of Conjecture 5 originates in [13], which, in particular, introduced the notion of a “cosmic
censor” who prevents the appearance of naked singularities. However, the addition of the word
“generic” into the conjecture only followed the discovery of naked singularity solutions for the
spherically symmetric Einstein-scalar field system [14]. See the discussion in Section 2.3 below.

We close this section by noting some important ambiguities underlying Conjecture 5. The
most apparent of these is the presence of the word “generic;” a successful resolution of Conjec-
ture 5 will have to make this precise. A more subtle ambiguity is the fact that the maximal de-
velopment of an initial data set depends on the functional framework used to solve the Einstein

2In this review we will restrict attention to naked singularities which arise in evolution from complete and sufficiently
regular initial data. This requirement rules out solutions such as negative mass Schwarzschild or the super extremal Kerr
black hole.
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equations. In particular, as is the case famously with the strong cosmic censorship conjecture
(see [15]), different regularity requirements on initial data or on what constitutes an admissible
development of data could lead to different outcomes for Conjecture 5. See the discussions below
in Sections 2.3-2.5.

1.4. Outline of rest of the article

Though the focus on this article is on the Einstein vacuum equations, much of our intuition
about the vacuum equations derives from an influential sequence of works carried out by
Christodoulou in the 1990s concerning the spherically symmetric Einstein-scalar field system.
In Section 2, we will review Christodoulou’s work; in particular we will discuss Christodoulou’s
examples of naked singularities, the study of the instabilities of naked singularities, and the
central role of trapped surface formation. Finally we will briefly discuss recent work of Jaydeep
Singh which yields new insights on the naked singularities of Christodouloou.

In Section 3 we will start with a discussion of Christodoulou’s short-pulse method and corre-
sponding breakthrough work on trapped surface formation for the Einstein vacuum equations.
We will then survey various works which lead to significant extensions of Christodoulou’s original
work.

Finally, in Section 4 we will discuss the recent construction of naked singularity solutions for
the Einstein vacuum equations. We will explain various notions of self-similarity and give a high
level overview of the proof of existence of the naked singularities.

2. The spherically symmetric Einstein-scalar field system

Before trying to tackle the weak cosmic censorship conjecture for the Einstein vacuum equations,
it is natural to work first with easier “model problems”. For many PDEs of mathematical physics,
such a model problem, which is consistent with asymptotic flatness, may be obtained by restrict-
ing considerations to spherically symmetric solutions. Unfortunately, for the Einstein equations,
Birkhoff’s theorem implies that any solution to the Einstein vacuum equations which is spheri-
cally symmetric must be static and isometric to a Schwarzschild spacetime. Arguably, the sim-
plest way to remove this rigidity while retaining many fundamental features of the Einstein vac-
uum equations is to consider the spherically symmetric Einstein-scalar field system.

The unknowns for the spherically symmetric Einstein (real) scalar-field system are a 1 +1
dimensional Lorentzian manifold with boundary (£, g) which arises from quotienting out the
original spacetime by the spherical symmetry, an area radius function r : £ — [0,00), and a scalar
field ¢ : 2 — R. The equations are

rVaVpr = 1gap(1— V) = r20apdpd —  gapl VL),
VE(r?Vap) = 0 2.1
K(g) = r2(1= V) + Vel

where K(g) denotes the Gauss curvature of g. It is straightforward to give analogues of Defini-
tion 1.2 and Conjecture 5 for this system.

In the Sections 2.1-2.4 we review the results from an important sequence of papers due to
Christodoulou [14, 16-18]. In our discussion of these papers we will follow closely the review
article [11].

Finally, in Section 2.5 we discuss the recent work [19] concerning the behavior of
Christodoulou’s naked singularities under relatively smooth perturbations.
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2.1. Scale-invariance and BV solutions

We set I' = 02 to be the set of fixed points of the SO(3) action. Using that every contractible
1+ 1 dimensional Lorentzian manifold is conformally equivalent to a suitable subset of R'*!, it is
straightforward to show that the metric g may be written as

g=-0%dudy, 2.2)

for some function Q(u, v) and where the null coordinates u and v satisfy v = u along I'. We note
that the double-null form (2.2) is preserved by any coordinate change u— f(u) and v — h(v) for
f',h' > 0. The system (2.1) then becomes the following system of 1+ 1 dimensional PDEs for the
functions Q(u, v), r(u, v), and ¢(u, v):

0%r or or 1

—_ = —_0?
r6u6v+6udv 4
0*r _ __,0r oQ (a<p)2
— 20— — = —-r|=—]| ,
6?2 ou ou ou )
o°r or 0Q 0
— 201 —— = [, (2.3)
ov? , ov ov r(@v)
0°logQy 1 0 d¢p Or or
2———92 = - 2 - S A
’ ’ ou 6v+6u0v

oudv 4
¢ Orogp Or dp
r—+——+—=—

oudv Oudv Ovou
Closely related to the rescaling gauge freedom in the double-null coordinate system (2.2) is the

fact that there is a natural group action of R, on solutions to the system (2.3) defined by

=0.

{r(u, v),Qu, v),¢(u, V)} — {a” ' r(au, av), Qlau, av), p(au, av)}, ae (0,00). (2.4)

Following Christoudoulou [17], we refer to solutions which are fixed points of the map (2.4) as
being scale-invariant. In [17] Christodoulou classifies scale-invariant solutions possessing a past
complete incoming null curve emanating from (u, v) = (0,0). The derivative 9, ¢ will have a jump
discontinuity along {v = 0} and the spacetimes fall into three classes depending on the value of
this jump

A= 3 (ylil]*]o réy¢p— l}imo rd,,(,b) .
(1) When A? < 1, the spacetimes is global. The scalar field ¢ is constant to the past of {v = 0}

and future of {u = 0}, the transversal null derivatives of ¢ jump along {u = 0} and {v = 0},
and in the region {v = 0} N {u < 0} we have

1 ) u-1+Av
=-log| ————|.
¢=3l8 A
(2) When A? = 1, the spacetime exists up to {z = 0} where r vanishes and the scalar field ¢

blows-up.

(3) When A2 > 1, the, spacetime exists up to the curve {# = —(A—1)v} and is preceded by an
apparent horizon along {u = —(A? — 1)v}. The spheres in between the apparent horizon
and the final singular curve are all trapped.

Though these solutions are low-regularity in that the derivative of ¢ may jump, the scale-
invariant spacetimes may be considered to be physically reasonable in the following sense.
They admit an interpretation as an incoming spherical impulsive gravitational wave. When
the amplitude of the wave is small, the wave bounces off the center and flies back out to
infinity. Once the amplitude of the wave is large enough, upon collapse to the center we have
singularity formation. However, generically this singularity is preceded by a trapped region which
is consistent with the singularity begin hidden from infinity (cf. the region of trapped surfaces in
the Schwarzschild spacetime and also the discussion in Section 2.2 below).
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Christodoulou was thus inspired in [17] to build a functional framework which includes the
scale-invariant solutions, has norms which are invariant under the map (2.4), and allows one to
establish a local well-posedness result for the spherically symmetric Einstein-scalar field system.
The class of spacetimes considered are referred to as spacetimes of bounded variation. In view
of our space constraints in this article we will not describe in detail the norms in this space, but
we note that the scalar field ¢ is required to be an absolutely continuous function, r(8¢/dv) is
required to be a function of bounded variation on each hypersurface {u = const}, and r(0¢p/0u)
is required to be a function of bounded variation on each hypersurfae {v = const}. In addition to
having scale-invariant norms defining the space, solutions of bounded variation are intimately
tied to the scale-invariant solutions discussed in the paragraph above in that for any solution of
bounded variation, one may consider the rescaling map (2.4) as a — 0 and obtain an exactly scale
invariant solution in the limit.

Finally, focusing again only on the scalar field, we note that the work [17] shows that a
sufficient condition for global existence as a solution of bounded variation is, in addition to
natural normalization assumptions on the geometry, for the scalar field ¢ to satisfy the following
along an initial outgoing null hypersurface {u = const}:

fooomi(r(p)ﬁdu < 1. (2.5)

Finally, for later use, we use the term absolutely continuous spacetimes to refer to the situation
when the scalar field satisfies that 9, (r¢) and 8, (r¢) are absolutely continuous functions along
constant u and v hypersurfaces respectively.

2.2. Trapped surface formation

We have seen in our earlier discussions that the Schwarzschild spacetime possesses a complete
future null infinity and that all of the spheres immediately preceding the {r = 0} singularity
are trapped. This turns out not to be a coincidence and, in fact, it was shown in [16] that for
the spherically symmetric Einstein-scalar field system, the existence of a single trapped surface
guarantees the completeness of future null infinity. (Similar statements can in fact be made for
a large class of spherically symmetric Einstein matter systems [20].) It is thus in principle quite
useful to have various criteria which imply the eventual formation of a trapped surface.

Before proceeding, we define an important quantity, the Hawking mass m via the formula

1- 27 jurp,
r

The Hawking mass of a sphere is always non-negative and can be considered a quasi-local
measure of the energy/mass contained inside the sphere. It is useful to keep in mind that that
the ratio m/r is scale-invariant in that it is left invariant under the map (2.4), and that we always
have d,m = 0.

Christodoulou’s key result concerning trapped surface formation for the spherically symmet-
ric Einstein-scalar field system is the following.

Theorem 6. [16] Let %, denote the sphere lying at the intersection {u = up} N {v = vo}. Consider
two spheres S, and Sy, lying along {u = 0} with v; > vy > 0. We define the following two

quantities:
. r(’SﬂO,Ul) -1 T); Z(m(yo,yl)_m(%,l/o))
M(Fow) r(Fou) '
Assume that the axis I is regular up to the point where it intersects {v = vy}. Then there exists a
constant cy,c; > 0 so that0 < § < ¢; andn > c,81og(6~") implies that there exists it > 0 with vy > il

and so that the sphere %5 ,, is a trapped sphere.

(2.6)
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trapped

Figure 3. Penrose diagram for Theorem 6.

In Figure 3 we provide the corresponding Penrose diagram.

The quantities § and 1 defined in (2.6) are both invariant under the map (2.4), and the
condition that n > c¢§log(6~1) is sharp up to the log factor. More specifically, let 5 > 0 be a
small constant. Then it is straightforward to construct smooth initial data for the Einstein-scalar
field system along {u = 0} so that r|,—o = v and so that scalar field is smooth, satisfies (2.5), is
compactly supported in v € (1,1 + §), and also satisfies

1+
f 10,(r¢)*dv > 5, @2.7)
1

where the implied constant in (2.7) depends on the implied constant in (2.5). In view of
Christodoulou’s theory of BV solutions (see Section 2.1 above) such data will give rise to a solution
which is free of trapped surfaces. Furthermore, we will have that

M FHa+6) =1+, 1(H1) =1,
and as consequence of the 8, -propagation equation for the Hawking mass® that
m(#,1) =0, m(H,i+6) 2 0.

Thus, for such solutions we will have both the absence of trapped surfaces in evolution and that
12 8 (forpand § as in (2.6)).

Finally, we note that it is a remarkable fact that the quantities considered in (2.6) only involve
the behavior of the solution tangentially along {z = 0} and that, other than the regularity of the
axis ', no a priori assumptions are made about the solution on any transversal hypersurface
{v = const}!

2.3. Naked singularities

In the work [14] Christodoulou constructed solutions to the spherically symmetric Einstein-
scalar field system which correspond to naked singularities. The first step in the construction of
these solutions is to introduce a generalization of the scale-invariant solutions that we discussed
in Section 2.1. More specifically, we observe that the map (2.4) in fact sits inside a 1-parameter
family of R, actions parameterized by k € R and defined by

{r(u,v),Q(u,v),p(u, v)} — {a”'r(au, av),Q(au, av),¢(au, av) + klog(a)}, ae(0,00). (2.8)

3This equation is
1(or\7! 2m
aymzé(—v) (1—7)#(6”@2.
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Figure 4. Penrose diagram for the naked singularities of [14] with a depicted incoming null
geodesic y of finite affine length.

A spacetime which is invariant under the map (2.8) is called k-self similar. Since it can be useful
to not work in the double-null coordinates underlying (2.8), we observe that we can phrase k-
self similarity in a coordinate invariant way: a spacetime is k-self similar if there exists a scaling
vector field £ so that

Lrvg=28g, Lxr=1r, Lyxdp=—k.

When k # 0 it is no longer possible to write down the self-similar solutions explicitly; however,
Christodoulou showed that it is still possible to reduce the k-self similar spherically symmetric
Einstein-scalar system to a two dimensional autonomous system. In [14] Christodoulou carried
out a systematic phase plane analysis of this system, and he found that when 0 < k? < 1/3 and
after a suitable truncation of the scalar field in the large r region, the k-self similar spacetimes
have a Penrose diagram as depicted in Figure 4, are asymptotically flat, and moreover have an
incomplete future null infinity. This showed, for the first time, that one needs the word “generic”
in Conjecture 5. It will be useful for the discussion later in Section 2.4 to observe that along the
past light cone of the singularity, the ratio m/r is constant and non-zero.

We make a brief note on global gauges for the k-self similar spacetimes: if one has a k-self
similar spacetime in the double-null coordinate system of the map (2.4), then one may easily
check that £ = ud, + vd,. However, it turns out that for k-self similar spacetimes, it is not
possible to have such a coordinate system which covers the past light cone of the singularity,
a hypersurface which is of fundamental importance to the analysis. Christodoulou in fact works
in Bondi coordinates (u, r) where u is an eikonal function. Another option is to work in a rescaled
double-null coordinate system where the map (2.8) and hence £ do not take their usual form
(see Appendix A of [21]).

These naked singularities do not have smooth data along the initial outgoing hypersurface
%; however, the lack of regularity there only occurs at the intersection of the past cone of the
singularity and ¥. At this point the tangential null derivative of the scalar field ¢ is Holder
continuous. This is more regular than initial data for a solution of bounded variation and we
may thus consider the initial data to be “regular”. Moreover, Christodoulou shows that the
singular point is such it is impossible to extend the solution to the singular point as a solution
of bounded variation. The Cauchy horizon €./ emanating from the singularity is regular in that
the derivative of the scalar field extends to €. in a Holder continuous function; in fact, it is
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possible to extend the spacetime as a k-self similar solution across € #°. (Thus these spacetimes
are relevant for the strong cosmic censorship conjecture.)

We will discuss the instability of these spacetimes in Section 2.4 below. Before addressing
the issue of instability, a natural question that arises is whether it is possible to construct naked
singularity spacetimes which do not possess any exact self-similarity. Exactly such spacetimes
were constructed using a perturbative scattering approach in [21].

Though we do not have the space here to discuss these in detail, it is also interesting to
construct naked singularity solutions for other spherically symmetric Einstein matter systems,
for example, see [22-24]. Finally, we note that it is an open problem to rigorously construct
smooth (or even C?!) initial data for the spherically symmetric Einstein-scalar field system which
leads to a naked singularity. With regards to this, it is worth observing that the physics literature
around critical collapse (see [25, 26]) does suggest that naked singularities arising from smooth
initial data should exist.

2.4. Instability of naked singularities

In the work [18] Christodoulou studied the instability of a general class of naked singularities
for the spherically symmetric Einstein-scalar field system. Before discussing this result in its full
generality, it is conceptually useful to focus on the instability of the specific (truncated) k-self
similar naked singularities discussed in Section 2.3 above.

Let € denote the past light cone of the singularity. The scaling vector field £ is tangent to
%€, and we may introduce a coordinate u < 0 along € so that %'|¢ = ud, and so that € N€¢
corresponds to u = —1. The singularity then corresponds to the limit # — 0 along €. Let
p = (0,7)710,¢ be a suitably normalized transversal derivative of the scalar field ¢ along €, so
that in view of the underlying self-similarity, we have |p| ~ u~!. Along € the wave equation may
be considered a transport equation for p:

2

1+k
Oup + ”

p=F(u, (2.9
where the 1+ k? and F(u) ~ u~? depend only on the behavior of the geometry and scalar field
tangential to 6. Even though |p| ~ u™!, it is straightforward to see that a solution p of p’s equation
with generic initial data at {u = —1} will have |p| ~ Iul’l’kz, which is a faster blow-up rate than
the self-similar rate. Heuristically, we expect that if there exists a perturbation of the initial data
so that the corresponding p is more singular as © — 0 than the self-similar rate, then we will
have an instability for the naked singularity background. Optimistically, we could then hope to
apply Theorem 6 to obtain the formation of a trapped surface and then deduce the existence of
a complete future null infinity. We note that one may connect this instability in the evolution
equation for transversal null derivatives of ¢ along ¥ to an analogous growth of the energy of
null geodesics traveling along €; this leads us to refer to the instability as a blue-shift instability.

This instability can indeed be triggered by considering a perturbation of the scalar field
where the solution ¢ is kept constant in the causal past of the singularity, so as to preserve the
coefficients and right hand side of the Equation (2.9), and then introducing a perturbation of p
exactly along € n €. Since the transversal derivative of ¢ thus must have a jump discontinuity,
this leads to the perturbation being only in the class of solutions of bounded variation. However,
it turns out that by exploiting the gap between 1+ k? and 1, one can also excite a similar instability
with a perturbation which again keeps ¢ constant in the causal past of singularity and arranging
for the perturbed p to be Holder continuous with a small k-dependent exponent y > 0. See [19]
for more details.

We now turn to the much more general instability results of [18].



390 Yakov Shlapentokh-Rothman

Theorem 7. [18] We parameterize initial data for the spherically symmetric Einstein-scalar field
system by a choice of a = 0, (r¢p) along an initial outgoing cone €, where0,r = 1/2. Suppose that
for some a = ay, a function of bounded variation, the corresponding spacetime has an incomplete
future null infinity and that, along the past light cone of the singularity, (m/r) /~ 0 asr — 0.
Then there exists fi which is a function of bounded variation and f, which is an absolutely
continuous function so that whenever (c1, c2) € R?\ {(0,0)} the spacetime arising from the initial
data ay + c1 fi + ¢ f> has a complete future null infinity.

We note that the proof also applies to the case of a locally naked singularities. As in the
instability of the specific naked singularities discussed above, a key role is played by a blue-shift
instability along the past light cone of the singularity. However, in this more general scenario,
we do not have precise information about the geometry available. Remarkably, using only the
information on m/r as a starting point, Christodoulou is able to show that a blue-shift instability
may be triggered by a generic (in the sense of Theorem 7) perturbation, and eventually leads to
the conditions of Theorem 6 being satisfied. Finally, we note that [18] justifies the assumption
on m/r along the past light cone of the singularity by a connection to continuation criteria for
solutions of bounded variation from [17] (see also the corresponding discussion in [11]).

These instability proofs have been revisited with techniques developed originally for use with
the Einstein vacuum equations (outside of symmetry): such techniques also allow for the study
of certain instabilities generated by non-spherically symmetric and ansiostropic gravitational
perturbations (see [27-29]). We note in particular the recent work [29] where An revisits the
instability for the specific k-self similar naked singularitities of Christodoulou. By considering
anistropic perturbations An is able to construct infinitely many more unstable directions. For
these perturbations he is furthermore able to construct a corresponding anisotropic apparent
horizon and to consider perturbations which vanish at the past light cone of the singularity when
measured using suitable scale-invariant norms. This final fact is related to the discussion earlier
in the section that the blue-shift instability can be triggered by scalar field perturbations which
have a Hoélder continuous first derivative as opposed to the derivative merely being absolutely
continuous.

2.5. Epilogue: the importance of the functional framework

The naked singularities considered in Theorem 7 arose from data at least as regular as a solution
of bounded variation and the perturbations considered could be as regular as a solution with
0, (r¢) being an absolutely continuous function. It is natural to ask what happens if we consider
naked singularities arising from more regular initial data but then only allow perturbations which
are also more regular. In fact, this question is already interesting if we restrict to the k-self
similar naked singularities constructed by Christodoulou; for these solutions 9, (r¢) is Holder
continuous.

In a very interesting recent work [19], Singh has initiated the study of these questions by
considering the dynamics of the wave equation [g¢ = 0 (with no symmetry restriction) on the k-
self similar naked singularity backgrounds. If the initial data for (,,7) '8, ¢ lies in a more regular
Holder space than the regularity of the background scalar field, then Singh showed that the blue-
shift instability is not present, and the corresponding solution to [g¢» = 0 obeys bounds which
are less singular than the scalar field of the background. For initial data which lies in the same
Holder space as the background scalar field, the solution obeys bounds which are analogous to
the background scalar field. In so far as solutions to the wave equation [Lg¢p = 0 are a proxy
for perturbations to the Einstein-scalar field system and non-spherically symmetric gravitational
perturbations, these results are consistent with the k-self similar singularities being nonlinearly
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stable to sufficiently regular perturbations! We conclude that the validity of the weak cosmic
censorship conjecture may depend sensitively on the precise functional framework which is used
both to define admissible spacetimes and “generic” perturbations. A similar connection between
the validity of the strong cosmic censorship conjecture and the specific functional framework
used has been an active area of research, for example, see [15, 30-32].

3. Trapped surface formation in vacuum

We have seen in Section 2 that trapped formation plays an important role in issues related to
weak cosmic censorship. In moving from the spherically symmetric Einstein-scalar field system
to the vacuum Einstein equations with no symmetry restrictions, the following simple sounding
questions already turn out to be highly non-trivial:

Question 8. Is it possible for a trapped surface to form in evolution from trapped, marginally
trapped, anti-trapped, and marginally anti-trapped surface free initial data with one asymptoti-
cally flat end? What about the case of scattering initial data posed on past null infinity ¥~ ?

Note that every Cauchy hypersurface in a Schwarzschild or a Kerr black hole spacetime is
both two-ended and possesses either a trapped, anti-trapped, or marginally trapped surface. In
contrast, the natural setting for the study of gravitational collapse is in the evolution of Cauchy
data with one asymptotically flat end which is far from possessing any trapped or anti-trapped
surface.

Question 8 was answered positively by Christodoulou in the monumental work [33]. Moreover,
what is even more significant than the knowledge of a positive answer to Question 8, is that
the work [33] introduced an entirely new paradigm for understanding solutions to the Einstein
vacuum equations for (relatively) long times in certain large data regimes and with no symmetry.
In the following sections we will start with a brief description of [33] and then we will proceed to
describe various follow-up works which have introduced powerful new ideas and lead to many
extensions of the original result of Christodoulou. The end result is that we currently have a quite
sophisticated understanding of trapped surface formation even if we still do not quite have a
theorem for the Einstein vacuum equations which is as strong as Theorem 6. (It should be noted,
however, that it is far from clear that such an analogue can exist without symmetry assumptions.)

Christodoulou’s work [33] and essentially all of the follow-up works on trapped surface forma-
tion have worked with the Einstein vacuum equations expressed in a double-null gauge (note,
however, the interesting recent exception [34]). Many of these works have furthermore funda-
mentally exploited the characteristic initial value problem. We assume familiarity with these in
the following sections and have included brief reviews in Sections A-C of the Appendix.

3.1. The short pulse method of Christodoulou

In this section we will review the short pulse method introduced in the work [33]. For a more
thorough review of the original work [33] and a broader discussion of the relevant context, in
addition to the original text [33], we recommend the article [35].

A key idea in [33] was to consider a certain class of characteristic initial data for the Einstein
vacuum equations which allows for some “largeness” to be pumped into the system in a con-
trolled way. We now give a brief overview of this strategy. We consider a characteristic initial
value problem with data posed along two transversely intersecting null hypersurfaces {u = ug}
and {v = 0} for up < 0 and |up| > 1. In order to eventually obtain scattering data on .# ", one
should keep in mind that we will eventually take take the limit #y — —oo. Along the incoming hy-
persurface {v = 0} Christodoulou placed trivial Minkowskian data. Along {u = 1y}, we take Q = 1.
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The key starting point for the short pulse method is to choose the remaining characteristic data
along {u = up} so that, in orthonormal frames on S

—1o— v
Ran(0,.0%) = luol 67 fap 5,0°). 3.1

where 0 < § < 1 may be taken arbitrarily small, and fap(x,0%) is a smooth symmetric (0, 2)-tensor
compactly supported in (x,84) € (0,1) x $? and satisfying, for each 8¢ € S?,

1

where ¢y ~ 1 is a suitable §-independent constant and k is a suitably large 6-independent integer.
The gravitational radiation field along .#~ is given by lim, .o, ¥ a5 (¥, 0%)|ul, and, in the limit as
up — —oo, Equations (3.1) and (3.2) end up corresponding to a lower bound for the incoming
energy per unit solid angle in each direction in the advanced time interval [0, 6].

There are now two main interrelated issues to understand. First, what is the explicit mech-
anism we expect to lead to the formation of the trapped surface? Second, in view of the fact
that (3.1) manifestly puts us in a large data regime, why can we expect to construct enough of the
spacetime to show that this mechanism takes place?

The first step in the analysis is, still at the level of the initial null hypersurface {z = ug}, to
obtain suitable estimates for all of the Ricci coefficients and null curvature components. Given
the complexity of the equations of the double-null gauge (see Section A) this at first appears like
a task of daunting complexity. However, Christodoulou exploits a remarkable inductive structure
in the Einstein equations, which enables one to sequentially estimate all of the required terms in
terms by solving transport and elliptic equations only in terms of quantities already controlled. A
key point in this analysis is that while (3.1) is large in LS°, it is small in any L’; with p € [1,2), and
thus solutions to transport equations in this process often gain smallness in 6. We list here the
results of this analysis for the null curvature components:

lal S6732 w1, 18IS Y2 uel ™2, Ipl+ 1ol S luol ™3, (3.3)

1B S Sluol ™, lal S 6% |uol ™. (3.4)

We note that the 1y weights here reflect a hierarchy consistent with peeling (see the discussion
in [35]). It is also worth remarking that the powers of § one sees in (3.3) and (3.4) deviate from
what one would expect purely based on linear considerations.

The bulk of the technical work in [33] is concerned with showing that these hierarchies
of estimates understood for the characteristic initial data can, with a few modifications, be
propagated into the spacetime in a region {(u, v,0%) € [uy, 1] x [0,8] x S?}. Here i < 0 may be
taken arbitrarily small as long § is then taken sufficiently small depending on . In order to
prove this “semi-global” existence result, in addition to transport and elliptic equation estimates,
Christodoulou introduces an intricate scheme of energy estimates using weighted vector fields
in conjunction with the Bel-Robinson tensor. While we will not discuss these estimates in more
detail here, it is worth emphasizing that it is a remarkable fact that the structure behind the initial
data hierarchy can be exploited in evolution all the way from {u = ug} to {u = i}!

Now that we have discussed the spacetime construction, we can explain at a schematic level
how the formation of the trapped surface occurs. First we must guarantee that there is no trapped

surface in the initial data. In view of (3.1) and (3.2), we have that ||)Z||2oo 12 < coluol‘z. It then
2 “u=ug

follows by integrating Raychaudhuri’s Equation (A.3), the relation Z,, g = y, the fact that Q =1
along {u = up}, and the triviality of the data along {v = 0}, that we have, along {u = 1}
2 Co
try—-—| < —.
' P Tuol |~ Tuol?
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N trapped

Figure 5. Penrose diagram for short pulse spacetime.

In particular, it is clear that try > 0 and we are far from having a trapped surface along {u = ug}.
Next we would like to show that a trapped surface emerges at (u,v) = (&1,6). Our plan will be
again to eventually integrate the Raychaudhuri Equation (A.3); however, first we will show }
undergoes an amplification while evolving from u = uy to u = #i. In order to see we use the V3
propagation equation for § (A.5) as well as the following upper bounds which are a consequence
of the estimates in the aforementioned semi-global existence result:

2
trx-—‘éalurz, Q0| S 8l1ul™,  Inl+1ud"* 190l < 6" |ul™?,
- u
121 <822, 1logQl < 6lulS.
In particular we may write (A.5) as
Vs —(ul™ +0@1ul™)f = 0(lul™).

Keeping in mind that § may be assumed small depending on i, integrating from {u = up} to
{u = i} then yields, in an orthonormal frame
Ran (0,0 L = 11011672 fp (£,6€) + OCEl ).
Now we turn again to the Raychaudhuri Equation (A.3) which implies
3, Q7 try) < 1712 (3.5)

Since we have Minkowskian data along {v = 0}, we integrate (3.5) from v = 0 along {u = i} and
obtain
Q_ltrxl(u V)=(i,6) = i o = 1try <0.
U ) 2la
In view of the smallness of &t we have the formation of a trapped surface.

The initial data for Christodoulou’s short pulse spacetimes are given either on null hypersur-
faces, or, once the limit ©y — —oo is taken, on past null infinity. It is natural to also ask for a ver-
sion of this result with asymptotically flat initial data given along a spacelike hypersurface free of
trapped surfaces. Exactly this construction was achieved in [36]. The proof used both the geo-
metric information obtained from Christodoulou’s estimates as well as gluing techniques for the
constraint equations developed by Corvino-Schoen [37]. We close the section by noting the re-
cent work [38] which provides a new proof of the formation of trapped surfaces from trapped sur-
face free Cauchy data in the context of C? spacetimes. The proof is quite short compared to other
such results and employs a short pulse ansatz and null gluing techniques. An interesting aspect
of the proof is that the only estimates for the Einstein equations in evolution needed are those
following from Cauchy stability (in particular it bypasses any need to understand a semi-global
existence problem).

In Figure 5 we have drawn the Penrose diagram for Christodoulou’s short pulse spacetime.
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3.2. Arelaxed hierarchy and anisotropic trapped surface formation

Soon after Christodoulou’s original work [33], Klainerman-Rodnianski, focusing on the case of
fixed uy, introduced a new strategy for the semi-global existence result which leads to significant
simplifications and opens the door to considering trapped surface formation by anisotropic
initial data [39, 40]. The basic idea can be explain as follows (we take uy = —1 in what follows).
Christodoulou’s choice of data for § (3.1) leads to the following upper bounds for any pair of
integers n and m with n+ m < k (here k is as in (3.2))

"IV e S (3.6)

Klainerman-Rodnianski instead consider a wider class of initial data, where one only requires the
following weaker bound along u = —1:

5’”’"’2||vi;\77'";z||L%u?1 <1 3.7)

} ~Y
There are two main motivations for considering data of the form (3.7). First, the upper
bound (3.7) is consistent with considering an initial § along {u = —1} of the form

v 0¢
5 slz)

This allows one to consider initial data which is highly localized in a particular angular region of
the sphere. This is of interest in order to study various anisotropic phenomenon.

Before explaining the second motivation, we need to review the notion of signature for the
Einstein vacuum equations. For any Ricci coefficient or curvature component v, we define

R aB(1,0) :5_1/2fAB(

s(y) = Ny@) + 3 Na@) - 1,

where Ny is the number of times L appears in the definition of the component ¢ and N, is the
number of angular frames:

s(@)=2, s(p)=3/2, s(p,0)=1, s(f)=1/2, s(@)=0,

sw)=1, s,nn=1/2, s(y,w)=0,

s(Vap) =1+s(¢p), s(Vp)=1/2+5s(¢p), s(Vzep) =s(¢h).
We also set
s(p1 - p2) = s(¢1) + s(¢h2),

where - stands for any type of contraction. A key point behind the usefulness of the signature
concept is that the equations of the double-null gauge preserve signature in that all terms in any
given equation have the same signature. Signature is furthermore preserved upon commutation
with V4, V3, and Y. The weaker bound (3.7) turns out to mesh nicely with a hierarchy of d-
bounds which is based on signature, and this ultimately allows for many simplifications in the
corresponding semi-global existence result. We close by noting that this relaxed hierarchy turns
to not quite be strong enough to see the amplification of § discussed at the end of Section 3.1,
however, by interpolating the relaxed bounds with some other relatively straightforward bounds
based on (3.6), the work [39] is also able to recover the trapper surface formation result of
Christodoulou. The work [41] extended these methods to also allow for data on past null infinity
as in Christodoulou’s original work.

While the works [39, 40] allowed for highly anisotropic data (3.7) they were not quite able to
prove that trapped surfaces arise from such data (though they did show the formation of so-
called pre-scarred surfaces where try < 0 on an arbitrarily large portion of a sphere). In the
work [42] Klainerman, Luk, and Rodnianski were able to establish a fully anisotropic trapped
surface formation result. The assumptions of the main theorem can be taken to be the same as
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Christodoulou’s work [33] except with one significant change, namely that instead of the left hand
side of (3.2) holding for every point in S?, we only now require that

1
sup | (fap(x,0%)%dx ~1. (3.8)
04es2J0
The key idea in the work [42] was to look for a trapped surface lying along {v = 6} but with
respect to a foliation by a new function # as opposed to u. At a technical level, the work [42]
shows that if one perturbs the null coordinate u along {v = §} with the addition of a function
R (BA) defined along S?, then the outgoing second fundamental forms for the new spheres have
a transformation formula which involves an elliptic operator applied to the function R. It is
then shown that the assumption (3.8) is sufficient to find an R satisfying a corresponding elliptic
differential inequality leading to a trapped surface in the new foliation.

3.3. Renormalization: impulsive waves and applications to trapped surface formation

A connection can be drawn between the semi-global existence result underlying Christodoulou’s
trapped surface formation result and low-regularity well-posedness for the Einstein vacuum
equations. Namely, since the ansatz (3.1) corresponds to the data for the metric being large in
HS, when s > 1, bounded when s = 1, and small when s < 1, one is lead to ask, in general, what
type of initial Sobolev regularity is required for well-posedness of the initial value problem. As
it turns out, a large literature exists around low-regularity well-posedness results for the Einstein
equations which, in view of space constraints, we will not attempt to survey here. We will just
point out that the culmination of this line of research was the remarkable collection of works [43—
47] which, roughly speaking, establish that the Einstein vacuum equations are locally well-posed
when the initial spacetime curvature lies in L? along a Cauchy hypersurface. Moreover, in view of
forthcoming work of Luk-Moschidis (see Theorem 4.6 of [48]), this well-posedness result is sharp
when regularity is measured in standard Sobolev spaces.

The works [49, 50] by Luk and Rodnianski initiated a new paradigm for considering certain
classes of low-regularity solutions to the Einstein vacuum equations. These works were moti-
vated by the desire to establish a local well-posedness result for the propagation (and possible
interaction) of impulsive gravitational waves (see [51, 52]). Certain components of the curvature
tensors of such spacetimes possess 6 -function singularities which propagate along null hypersur-
faces; for one or two propagating impulsive waves in a suitable double-null foliation, the singular
curvature components correspond to @ and @. One key insight from [49, 50], which has played a
crucial role in many later developments, is that a and a can be removed from the Bianchi equa-
tions for curvature in such a way that the remaining system still allows for energy estimates (see
the equations of Section B). The upshot of this theory is that one has local well-posedness for
characteristic initial value problems when, schematically put, the shears § and j satisfy that

3 . 3 X
YV R, + X IV R, = () <co.
i=0 i=0 - -

Remarkably, Christodoulou’s initial data (3.1) exactly satisfies that </ (, ¥) < 1, and so from the
“renormalized” point of view, the semi-global existence result now becomes a question of local
existence. Using this, the work [50] is able to attain another proof both of Christodoulou’s semi-
global existence result and the corresponding trapped surface formation. Furthermore, this new
proof allowed, for the first time, for non-trivial data along the incoming null hypersuface {v = 0}.

One natural question left open by all of these various results on trapped surface formation,
is whether anything can be said about the short pulse spacetimes as the parameter § — 0. This
question has been addressed in [53] where the authors employ their renormalization techniques
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to understand the connection between certain types of high-frequency limits of the Einstein
equations and null dust solutions®. In particular, they show that one may take the § — 0 (weak)
limit of the short pulse spacetimes and obtain a solution to the Einstein-null dust system which
also exhibits the formation of a trapped surface.

3.4. Scale-invariant trapped surface formation

Christodoulou’s trapped surface criteria in Theorem 6 is scale invariant in that it is invariant
under the rescaling map (2.4). It is natural to ask if we can also have a scale invariant criteria
for trapped surface formation in vacuum, though first we must formulate the question more
precisely. In any given set of local coordinates {x%}, the analogue of the rescaling map (2.4) is
simply the map x® — Ax® for A > 0. The Sobolev space H>'? is the unique homogeneous Sobolev
space which is left invariant under this rescaling. Thus, we ask if one can find a trapped surface
formation criteria which only requires largeness of the initial data for the metric in H® for some
s=3/2.

The ansatz (3.1) leads to initial data which large in H 1+ for any € > 0. Thus a new type of data
is required. This new class of data was provided in the work [56] by An and Luk which succeeded
in establishing the desired scale-invariant trapped surface formation result. While the work [56]
in fact includes a large family of data which interpolates between Christodoulou like short pulse
data and scale-invariant data, here we will just describe an example of the scale-invariant like
data considered. Let A > 1 and B > 1 and then choose 0 < § <« 1, depending on A and B. We
then take the initial data along {v = 0} to be trivial, and suppose that } along {u = —1} satisfies the
following upper and lower bounds (see the discussion in the introduction to [57]):

5 ] 5
an’;zuLmz(gz_l S A infw€§26’1f0 17 (v,w)*dv = 4A%. (3.9)
i=0 v

Then the solution exists in a characteristic rectangle (u, 1,04 € [-1,-6BA] x [0,6] x S2, and the
sphere at (1, v) = (-0 BA, ) is trapped.

To see the connection to § being small in H/27S for s > 0 (and hence the characteristic data
being small in H3/2-%) it is useful to first imagine that j is a scalar function )Z(U,QA), in which
case, we could set ¥(v, 0 =CA f(v/6) for any smooth, non-zero, compactly supported function
f(x):[0,1] — R and suitable constant C (independent of §). This would satisfy (3.9), and we then
have, for any s € [-1/2,1/2]

“X“Hl/fo 5 ”X”}l£2+5”1”}{/12—s S (A61/2)1/2+S(5—1/2A)1/2—S 5 A(SS

To actually construct true scale-invariant characteristic initial data for }, one has to work a bit
harder since topological obstructions prevent the existence of a nowhere vanishing trace-free
(0,2)-tensor on $2. Nevertheless, it remains possible, see Appendix C of [57] for an explicit such
construction.

We close the section by noting the sequence of works [57-60] where An and collaborators
have studied the emergence of apparent horizons and further refined the various trapped surface
formation results discussed above. We note in particular the work [58] which by use of signature
considerations and a rescaling argument is able to provide new simpler proofs of the scale-
invariant trapped surface formation results from [56] and also to connect the analysis to the
peeling properties of the Einstein equations.

4These questions are motivated by Burnett’s conjecture [54]; see the survey article [55].
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Figure 6. Penrose diagram for vacuum naked singularity.

4. Self-similarity and naked singularities in vacuum

In view of Christodoulou’s construction [14] of a naked singularity for the spherically symmetric
Einstein-scalar field system, it is natural to try to construct naked singularity solutions for the
Einstein vacuum equations. Unfortunately, there is no direct way to import Christodoulou’s
construction to the Einstein vacuum equations in view of the following:

(1) Birkhoff’s theorem states that all spherically symmetric solutions to the Einstein vacuum
equations are isometric to Schwarzschild. Thus, we cannot expect to simply turn off the
scalar field in Christodoulou’s example.

(2) Christodoulou’s analysis relied heavily on the fact that the spherically symmetric
Einstein-scalar field system reduced, upon the imposition of self-similarity, to a two di-
mension autonomous system. There is no such reduction for the Einstein vacuum equa-
tions which is also consistent with asymptotic flatness.

Nevertheless, we have the following theorem:
Theorem 9. [61, 62] There exists naked singularity solutions for the Einstein vacuum equations.

In Figure 6 we have depicted a Penrose diagram of the naked singularity solution. (Note that
other than the use of different labels for the hypersurfaces, the diagram is the same as Figure 4.)
In the following sections we will describe in more details various properties of these solutions
and discuss some of the main ideas which go into their construction.

4.1. Qualitative properties and comparison with the solutions of Christodoulou

In this section we will compare the naked singularity solutions of Christodoulou with the solu-
tions produced by Theorem 9. When drawing analogies between solutions to the Einstein vac-
uum equations and solutions to the spherically symmetric Einstein-scalar field system, it is useful
to identify the following:
Oup—1, 0vp—1.

We will see that both classes of naked singularities share many qualitative properties.

As with Christodoulou’s naked singularities, the vacuum naked singularities arise from asymp-
totically flat data along a null hypersurface. We recall that for Christodoulou’s solutions, the initial



398 Yakov Shlapentokh-Rothman

characteristic data for the scalar field satisfies that (3,7) ™' 9,¢ is smooth except when it crosses
the past light cone of the singular point where it is Hélder continuous. The initial characteristic
data for the solutions of Theorem 9 can be considered analogous in that, with respect to a suit-
able v-coordinate and for any N € Z with N > 1, Theorem 9 produces solutions so that the initial
1 is CN except where it crosses the past light cone of the singularity. Across the past light cone
of the singularity, we have that § is Holder continuous. The loss of regularity for j is only with
respect to d,; it in fact is CISV2 Ci,‘y.

We cannot appeal to Christodoulou’s well-posedness result in BV in order to justify that this
class of initial data is “sufficiently regular”. Instead we start by observing that § being Holder
continuous is more than what it is needed for the local theory developed by [49, 50]. The analysis
from [49, 50] did not attempt to cover the solution near the “axis” but, for this type of data with a
Holder continuous §, one expects such a well-posedness result to hold.

We now turn to a discussion of the main singularity of the spacetime. We have already
mentioned that Christodoulou’s naked singularities cannot be extended to the singular point in
such a way as to remain a solution of bounded variation. One way to see this is to observe that
along the past light cone of singularity ¢ we have

f [0, ¢|du = oo.
€

For the naked singularities of Theorem 9 we have the following analogous fact. There exists (at
least one) null geodesic y converging to the singularity so that

fl)fldszoo.
Y

In fact, one can also check that there exists Jacobi fields which blow-up along y and that the
singularity is a strong singularity in the sense of Tipler [63].

4.2. Self-similarity for the Einstein vacuum equations

A fundamental role in the naked singularity construction is played by various types of self-
similarity. In Section 4.2.1 we discuss an important precursor, the self-similar spacetimes of
Fefferman—Graham. Then in Section 4.2.2 we will discuss a new type of self-similar spacetimes
and discuss why one could expect them to be useful for the construction of naked singularities.

4.2.1. The self-similarity of Fefferman-Graham

Fefferman—Graham [64, 65] were the first to systematically study a class of self-similar solu-
tions to the Einstein vacuum equations without any symmetry assumptions. Their class of space-
times was the following:

Definition 10. We say that a spacetime (./, g) is Fefferman-Graham self-similar (FGSS) if (/, g)
may be equipped with a double-null foliation (A.1) which covers u € (—oc0,0) and at least one of
(v/—-u) €[0,c) or (v/—u) € (—c,0] for some small constant ¢, and so that K = ud,, + vd, satisfies

ZLxg =28. (4.1

Using (4.1), a straightforward computation shows that the metric components Q, b, and g of a
FGSS spacetime must satisfy in coordinate frames that

Qw,v,0% = Q(g’BA)r bA(u,v,08) = u_ll.")A(gygB),
s, 1,00) = Pg (5’90), (4.2)

for some Q, b, and z.
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{u =0}

formal power series

Figure 7. Region covered the Fefferman—Graham formal expansions.

Fefferman—-Graham did not actually work in the double-null gauge, but it is possible to
translate their study of self-similar solutions to the double-null gauge. As a preliminary step
in their program to understand local conformal invariants, Fefferman-Graham studied formal
power series expansions for FGSS spacetimes. If we specialize their results concerning these
formal expansions to spacetime dimension 4 and recast them in the language of the double null-
gauge , we can informally® phrase their result as follows:

Theorem 11. For every smooth metric g, on S* and smooth g,-trace-free symmetric (0,2)-
tensor kg on S?, there exists a smooth FGSS metric g defined in the double-null gauge (A.1) for
{0<(v/—u) <1/2}n{u € (—o0,0)} so that g has a unique formal Taylor series expansion in v/—u,
g= Z‘]’.Ozl gj, and
(1) Theinduced metric g on §%M satisfies g|y—0 = u> g, in the coordinate frame, the quantities
b and logQ associated to g vanish along {v = 0}, and the restriction of {ap to {v = 0}
satisfies ¥ ap = u (ko) ag in the coordinate frame.
(2) For every sufficiently large positive integer n we have RiC(Z}Ll g N (X, Y)=0(v/ul™, for
X,Y €1{8,,0,, u"10pa}.

In Figure 7 we depict the region of spacetime formally covered by these expansions:

We note that if g, and ko are analytic, then the formal expansions produced by the above
theorem will actually converge (see [65]). If we leave the analytic category, then we can appeal to
the work [66] to show the existence of a true solution in the region to the future of {v = 0} provided
g and ko lie in suitable Sobolev spaces.

In particular, in view of (4.2) it is plausible that a FGSS spacetime cannot be extended in a
regular fashion to u = 0 along curves of constant v/u. Thus it may appear a reasonable strategy
to use a FGSS spacetime to try to build a naked singularity’. However, the formal theory of
Fefferman—Graham and its extensions in [66] only concern the description of the spacetime
locally near {v = 0}, while the construction of a naked singularity involves a global analysis, that s,
we need our spacetime to contain a hypersurface corresponding to complete and asymptotically
flat initial data. The global analysis turns out to be problematic because there is no known way
to extend a FGSS spacetime to the past of {v = 0} in such a way which is compatible with the
existence of a past complete Cauchy hypersurface other than by gluing a flat spacetime to the
past of {v = 0}. Unfortunately, such a flat extension to the past of {v = 0} prevents the resulting
spacetime from being considered (part of) a naked singularity for (at least) the following two
reasons:

5See [66, 67] for precise statements.

6We note that even if one did not know about the work of Fefferman-Graham, in view of the long tradition of the use
of self-similarity to produce singular solutions to PDEs in mathematical physics, it would be reasonable to try to search
for self-similar solutions of the Einstein equations as part of the pursuit of naked singularities.
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(1) Ifthe spacetime is flat to the past of {v = 0}, then it is a consequence of the formal theory
of Fefferman—Graham that in order for the spacetime to not be globally flat, we must
allow ¥ to have a jump discontinuity along {v = 0}. This lowers the regularity of whatever
we pick to be our Cauchy hypersurface, the resulting spacetime represents an impulsive
gravitational wave with an ingoing spherical front, and it is difficult to argue that the
“singularity” at {u = 0} represents a loss of regularity.

(2) If the spacetime is flat to the past of {v = 0} then any causal curve entering the “singular-
ity” at {u = 0} will only pass through a flat spacetime and thus not actually encounter any
truly singular behavior.

4.2.2. Twisted self-similarity

One of the key ideas in our work [61] was the introduction of a generalization of FGSS
spacetimes which is consistent with the possibility of non-flat, past complete extensions to the
past of {v = 0}. We will give a brief introduction in this section to this new type of self-similarity.
We direct the reader to the work [67] for a systematic treatment.

The rigidity of FGSS spacetimes that we have mentioned in the previous section has its source
in the following three closely related facts about the geometry of the null hypersurface {v = 0} in
the FGSS spacetimes:

(1) The induced (indefinite) metric along {v = 0} is u?g ,5(0¢)d04dAE. In view of the
uniformization theorem, we can write g ,5 = €**§ .5 where §,; denotes the round
metric on the sphere and ¢ is a function on $2. Then, defining a new coordinate i = ue?,
in the (i1,0%) coordinates, the induced metric along {v = 0} becomes @#?§ 4, d9* d05. This
is identical to the induced metric along {v = 0} in Minkowski space!

(2) A computation shows that all components of the curvature tensor which are tangential
to {v = 0} must vanish.

(3) The orbits of the restriction of the conformal Killing field K = ud,,+ vd, to {v = 0} coincide
with the orbits of the null generators of {v = 0}. Equivalently, the shift vector vanishes on
{v=0}.

In [61] we modified Definition 10 by only requiring that the double-null coordinate system
was valid for (v/—u) € (0, ¢) instead of [0, ¢). We then required that the spacetime extends to ¥ =0
in a new coordinate system (7, u, 04) where

D= VI—ZK
for some 0 < ¥ < 1. We refer to such a self-similar spacetime as a k-self-similar («SS) spacetime.
Of fundamental important for the construction is the ingoing Raychaudhuri Equation (A.4) along
the null hypersurface {0 = 0}. Iflim,_ Q2(v/—u)?* = 1, then this becomes the following equation
along {9 = 0}:

divb — Z,divb - 1 (divb)? = 1|V&b|* - 4x. 4.3)

The presence of the free constant —4«x turns out to allow us to find many solutions to (4.3) with
a non-trivial Y®b. If we can construct solutions with this new type of self-similarity and non-
trivial Y®b, then the vector field K will still extend to {# = 0}, but now the orbits of K will not
coincide with null generators of the null hypersurface {7 = 0}, and the intrinsic geometry of the
{0 = 0} hypersurface will not agree with the intrinsic geometry of a standard null hypersurface in
Minkowski space.

Under a suitable smallness assumption on b|, -, one may establish an analogue of the formal
expansions of Fefferman-Graham for xSS spacetimes. While a systematic discussion of these
formal expansions is outside the scope of the survey article we will observe here some of the
consequences of this analysis:
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{u=0}

Figure 8. Depiction of first constructed region of exterior of naked singularity.

(1) The best regularity in the »-variable we can expect for a kSS spacetime is C"Y for 0 <y <
1. This is compensated, however, by additional regularity in the u and angular variables
as long as we make certain specific (non-trivial) choices of the shift vector b; for any
N = 1, if the shift vector takes a certain specific form along {v = 0} (to leading order in €)
we expect that our spacetime is at least in the class C;’Y CLIZ e

(2) Akeyroleis played by developing an existence theory and a priori estimates for equations
which are of the form v + £xy + Wy = H, where v is an unknown tensor on $? and
(X, W, H) are given tensors satisfying a suitable smallness condition (cf. (4.3)). It is also
important to study the evolutionary analogue of these equations: (-v) %, ¥+ +Lxy +
W1y = H, where now all of the tensors additionally depend on v € (0, ¢) for some ¢ > 0.

(3) Asin the choice of (g, ko) in the Fefferman-Graham expansions, there is a certain set of
“free data” which parametrizes the expansions for «SS solutions.

Finally, we note that one may in fact consider versions of the above modification of FGSS
where we allow for the form of the regular coordinate # to be much more general than 7 = v =2,
We refer to this class of more general spacetimes as “twisted self-similar” (TSS) spacetimes, and
we systematically studied them in the work [67] (some specific instances of TSS spacetimes are
also important in [62], see Section 4.4 below).

4.3. The exterior

In this section we will discuss construction of the exterior region of the naked singularity which
was carried out in [61]. This is the region to the future of the past light cone of the singularity and
is labeled .#ey; in Figure 6.

Let 0 < € < 6 < 1. We start by constructing our desired spacetime in the region {(v/—u) €
[0,61} n{u € (0,—1]} as depictied in Figure 8. While our spacetime will not be an exact xSS
spacetime, it will be approximately xSS for x ~ €% as v — 0. As with true xSS spacetimes, we will
have a regular coordinate system (7, u,04) for v = v'=2¢ where the spacetime extends to {¥ = 0}.
Tangentially along {? = 0} the spacetime will be exactly xSS in that

(WXl p=0(,0%) = (—10)%, bAs=0(,0%) = u bAOF), gaplo=o1,0°) = ug ,5(0°),

for suitable b and g so that, in particular, the fundamental constraint Equation (4.3) holds. We
also require, further, that along {0 = 0}, |b| ~ €, and that b takes a certain precise form to leading
order ase — 0.

Our method for constructing this spacetime is to solve a characteristic initial value problem
with data along {# = 0} as described in the paragraph above, and data along {u = —1} as described
below. Then, the construction of the spacetime essentially boils down to suitable a priori
estimates. We do not have space in this survey article to discuss all of these, in the following
we will only discus some of the ideas involved in the energy estimates for curvature.
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In order to keep the presentation here simpler, in our discussion of the outgoing characteristic
initial data along {u = —1}, we will only discuss the choice of Q~! . Our a priori estimates will rely
on a renormalization scheme which in turn relies on our spacetime being self-similar to leading
order as (v/—u) — 0 (see the discussion below). In particular, it turns out to be necessary that
Q’lilu:_l =9ly=—1+ O (v? for suitable a 2 1 and where 9 must satisfy

v%Ls,948+ Ly, 98— (3divbly—o +2K)0 45 — ((W®b)|u:o)c(A 9 pyc = Hag, (4.4)

where Hyp is some tensor independent of v, which is determined in terms of b|,-¢ and satisfies
|H| ~ €. We also have that x ~ €2 and that the operator

0 — Lr),y0ap — 3divbly—g0 a5 — ((Wéb)lv:o)C(A 9pyc, (4.5)

is anti-symmetric with respect to L2(g).
Some of the key phenomenon ultimately associated with the solutions 9 to (4.4) can already
be understood if we examine the much simpler scalar equation:

vy, f— ef=e. (4.6)

One solution to (4.6) is
1- ¢
f=r—

Even though we will have that f ~ e~ when v = 0, we also have the bound |f| < ¢|log(v)|. For 9
we also obtain similar estimates; however, a significant additional difficulty, which is not present
in the scalar Equation (4.6), is that we also need to control angular derivatives of J, and naive
commutation of the Equation (4.4) destroys the underlying anti-symmetric structure. Thus a
careful commutation scheme must be designed.

We now briefly discuss the commutation scheme. The first key fact is that we consider charac-
teristic data which is almost axisymmetric. Thus, the commutation errors with the axisymmetric
vector field 04 will come with a small constant. The next realization is that one can commute
with the operator (4.5). The vector field b turns out to be linearly independent of 0, whenever it
does not vanish and it thus turns out these commutators suffice to control all derivatives of the
solution except at the points where 04 or b vanish. (We note, however, that in view of the fact that
|b| < € the estimates we obtain for higher derivatives have a very bad dependence on €7!.) At the
points where 0y or b vanish we simply commute with ¥ and the potentially problematic terms
that show up turn out to have a good sign.

A key idea to obtain the necessary a priori estimates is to subtract off the expected leading
order self-similar behavior of certain curvature and Ricci components before carrying energy,
transport, or elliptic estimates. For example, the leading order self-similar behavior of «a is
generated by a self-similar extension of the 9 we discussed above. We obtain a new renormalized
unknowns @ by subtracting off a self-similar extension of 9. In particular, with the renormalized
unknowns we may use weights are (mildly) singular as (v/—u) — 0. We note that one may
anticipate that the error terms generated by this renormalization procedure are small because
we know that we can produce formal power series expansions for xSS solutions which are valid
as (v/—u) — 0. Itis furthermore crucial for this scheme, that even though 9 is size ¢~ when v =0,
it quickly becomes size € once log(v) ~ 1. One particular consequence of these estimates will be
that along the hypersurface (v/—u) = § all curvature and Ricci components will be small in that
(letting ¥ denote a curvature component and i a Ricci coefficient)

1

|Vl s| Selul, |yl s Selur™.

The next region we study is the region where v/—u is bounded away from 0 and co. The
relevant Penrose diagram is depicted in Figure 9. The region covered by the dashed lines
corresponds to the previous section, and the light-gray filled in-region is what we will discuss in
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Figure 10. Penrose diagram for the third constructed region.

this section. In this region the estimates are considerably simpler than in the previous region; for
example, the key curvature bounds essentially follow from a Grénwell estimate with self-similar
weights.

Finally, we come to the construction of the solution up to the hypersurface {u = 0}. This
corresponds to the light gray region in Figure 10 (and the dashed region corresponds to the part
we have already constructed).

As a consequences of the of the analysis of the previous region we will already have suitable
estimates for all of the double-null quantities along {v/—u =6 ~11. We then extend data to an
asymptotically flat null hypersurface #'. As usual, the key to then constructing the spacetime to
the future of {v/—u = 6~'} and # is to establish suitable a priori estimates. (After constructing the
spacetime to the future of # we can rescale the u-coordinate so that # corresponds to {u = —1}.)

This region is, in many ways, dual to the region near {v = 0} that we discussed above. We
expect the geometry near {u = 0} to be modeled on a twisted self-similar solution (see [67]); in
particular, we expect to Q} to be, at best, Holder continuous at {u# = 0} and for @ to not lie in
I%. In the region near {v_: 0} there were similar difficulties for } and @ and we solved these
via a renormalization scheme which explicitly subtracted off from } and a a self-similar term
generated by the free data 9 which captured the singular and large parts of § and a. However, in
this region, because we are not posing initial data along {u = 0}, it is not possible to carry out such
an explicit renormalization procedure. Instead, we simply eliminate @ from our Bianchi system
using the renormalized Bianchi equations derived in [49, 50].

4.4. The interior

In this section we will discuss construction of the interior region of the naked singularity which
was carried out in [62]. This is the region to the future of the past light cone of the singularity and
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is labeled .y in Figure 6. Our plan will first be to construct the solution in a double-null gauge
which holds in a region

(u, u,eA)e{ue(—oo,O) and — e(—1,0)}, “.7)
—Uu

and where the self-similar vector field takes the form ud, + vd,. We do not expect this coordinate
system to be regular at {v = 0} (which will correspond to the past light cone of the singularity) or
along the “axis” {u = v}. In order to carry out this construction we start by identifying a subset of
the null-structure equations and use these to derive various equations for the metric components
Q, b, and g. (It is outside the scope of this survey article to describe these equations in specific
detail.) Using self-similarity we reduce these to a set of equations along the null hypersurface
{u = -1}, and then show the existence of solutions along this hypersurface with suitable boundary
conditions at {v = —1} and {v = 0}. After using self-similarity to expand our metric off of {z = -1}
to the entire region (4.7), the result will be a spacetime where a certain subset of the Einstein
vacuum equations hold. We then run a “propagation of constraints” argument to show that the
spacetime is actually Ricci flat. Finally, we then construct regular coordinate systems both at
{v = 0} and at the axis {v = u} and show that the interior spacetime may then be glued to our
previously constructed exterior spacetime.
Many of the equations we solve will be roughly of the following form”:

(-n)A;
+1

Here y(v,04) : (-1,0) x $> — R is the unknown, the A; are suitable constants, H and & can be
thought to be given tensors or represent nonlinear terms, (Q,b, g) will be assumed to satisfy
various bootstrap estimates, and A is the Laplacian associated to g.

A key difficulty is that because the shift vector b does not vanish identically when v = 0,
our equation is of a mixed elliptic-hyperbolic type. A relatively simple model equation for the
elliptic-hyperbolic aspects of the problem (4.8) is

()02 y + bV 40, + O+ A0,y + Q%A+ A3(v+ 1) 2)w=H, wly—o=h. (4.8)

(—0)5y +€dgp0, + aiw =0, Wly=—1=0, Yly=0=h,

where our unknown is ¢(v,¢) : (—1,0) x (-7, 71) - R, we have 0 < e < 1, and h : (-7, 1) — R is
given. We consider a suitable family of smoothing operators {I15}5-, on S? which converge to the
identity as § — 0, and then, for each 0 < § <« 1, introduce the regularized equation

(—0)05ys +€ll5 (00, ys) + 53#’5 =0, Ysly=—1=0, Ysly=—s5=nh,

for an unknown v : (—1,-8) x (—7,70) — R. This equation is elliptic® using —(edpys +ys) asa
multiplier, one may establish suitable a priori estimates which hold uniformly as 6 — 0. Then it
is relatively straightforward to establish the existence of a solution 15 and to obtain the solution
¥ as an appropriate limit 5 —5_¢ ¥. Though we will not discuss it in more detail, we note in
passing that another important difficulty in the analysis of equations of the form (4.8) is that they
are singular near v = —1, which corresponds to the breakdown of the double-null foliation at the
axis.

In order to construct a good coordinate system near the axis {z = v} we introduce self-similar
wave coordinates (¢r,¢x, ¢y, ¢2), in the region {(v/—u) € (-1, -6)} for suitable 6 > 0, which satisfy

Og&. =0, K& =¢, 4.9)

"These are relevant both for the original existence argument and for the “propagation of constraints” argument. Also,
though we suppress this feature for our survey article, many of the equations considered additionally involve various
projections on suitable spaces of spherical harmonics.

8Note that the principle symbol of the regularized equation is (- v)a%, +6$ and that —v is always positive in v € (-1, -0).
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as well as suitable boundary conditions. If we work sufficiently close to the axis, then K will be
timelike in the region we are defining ($;,¢x,¢y,¢;) and the system (4.9) reduces to an elliptic
equation. Since, as is well-known, the Einstein vacuum equations become quasilinear wave
equations in harmonic coordinates, we are eventually able to exploit various elliptic estimates
to show that g is smooth in these harmonic coordinates.

Near {v = 0} we cannot expect our self-similar wave coordinates to provide a good coordinate
system. The solution we construct in the interior region will not directly correspond to the xSS
solutions discussed in Section 4.2.2; instead it will be of the more general TSS solutions discussed
in [67]. The key good coordinate system turns out to be “lapse renormalized coordinates”
(0, u,04) where we define 7 by

v
D(v, u,QA)if Q% (D, u, 0 dp.
0

One shows that these coordinates allows for the exterior metric and interior metric to be glued
together along {# = 0} to produce a C'? metric (with additional regularity in the 64 and u
direction). The resulting spacetime is the desired naked singularity solution.

4.5. A few open questions

We close the section by quickly listing some open questions and further directions about naked
singularities for the Einstein vacuum questions:

(1) It will be interesting to study both the stability and instability problems of the solutions
produced by Theorem 9. Do there exists similar phenomenon to those discovered in
Singh’s work [19]?

(2) Can one construct naked singularities arising from smooth, or even C? initial data?

(3) Inhigher dimensions, naked singularities are expected to be much more ubiquitous [68,
69]. It would be very interesting to establish existence of asymptotically flat higher
dimensional naked singularities and to understand to what extent their presence is
generic.
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Appendix A. Equations of the double-null gauge

In this appendix we collect the equations of the double-null gauge for ease of reference and to
fix the notation. For a proper introduction to the double-null gauge we refer the reader to the
works [10, 33]. We will say that (.4, g) is in the double-null gauge with the shift in the u-direction
if

g=-20%due dv+dve du) + g ,5(d0” - b du) ® (d6® - bP dw), A.1)
holds, and that (4, g) is in the double-null gauge with the shift in the v-direction if (A.1) holds
with the roles of © and v interchanged. In the following, unless indicated otherwise, we assume
that the shift in the u-direction.

We define the null vector fields e4 and e3 by

e =079, e3=Q7'@a,+Db).

The §iyv—pr0jected derivatives in the e4 and es direction are denoted by V4 and V3. The induced
covariant derivative along each §i, , is denoted by V, * refers to the Hodge star operator on
(S?, g), slashed operators are defined with g, and we use K to denote the Gaussian curvature
of g. We will use £ to denote the Lie derivative.

The Ricci coefficients (w,w,( 4, nam XAB’lAB) satisfy

w=-1V4logQ, w=-1VilogQ, £, b*=-40Q%C4,
Na=Ca+ValogQ, n, =-(a+VslogQ (A.2)
Ler8ap=XAB Les8ap=X
We split y 45 and Xap into their trace and trace-free parts via

XAB=aB+ 50X g ap) Xapg=Xap™ X8 Ap-

The null curvature components (@4, Ba, p, 0, ,BA, a ) arerelated to the Ricci coefficients via
the various null-structure equations:

Vatry + 3 (try)? = - |71 - 20try, (A3)
Vai+tryf = —a-2wj,
Vstry + %(tr)()2 = —|f(|2 —2wtry, (A.4)
;gZ+tI‘;—X: —Q_—ZQZ, -
V392+%trl)Z:ZQ)Z+W®n+n®n—%trx5_(, (A.5)
Vstry + %tr}(trl =2p +2wtry + 2divn + 2in -4 -Z, (A.6)

Vi + 3ty f = 20 + Vén +nén - 3y,
Vatry + %trxtrl: 2p +2a)trl+2d,lVQ+2|Q|2 -i%
Van=—-x--n-p,
Vsn=—x-—-n+p,
cdrlp=0+ i A},
cuirlQ: —U—%_Z/\)Z,

Viw = 3p+200+ 3In* —1-1,

Vo = Lp+200+ P -n-n,

K=—-p+ %)Z-Z—{tr)(tr&,_
divg - 3Viry = -+ 3ty - 4,
divy — 3 Vg = -3t +(- 7,
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Finally we have the Bianchi equations for the curvature components:
Via+jtrya=V8f+40a-3(1p+"30) +( +4m&p,
Vaf+2tryf = diva —2wp+ 20 +n) - a,
V3f+tryf=Yp+2wph+ Yo +2%-f+3mp+"no),
Vio+3tryo = —div' f+ 3R Aa—{AB-2nAp,
V4p+gtrxp=d1vﬁ sh-a+l-p-2n-p
V3o +3tryo = —div' f- 3R Aa+{AB-2nAp,
V3p+%trlp= _d'iVE_QX‘QJr('éJFZQ'Er
Vaf+tryf=-Vp+20p+ Vo +2}-f-3mp-"n0),
Vsf +2tryf = —diva - 20wf - (=20 +1) - a,
Via+jtrya=-Y8f+40a-3(1p—"j0) - (= +4m&p.

Appendix B. The renormalized Bianchi equations from [49, 50]
We list here the renormalized Bianchi Equations from [49, 50]. We first define

5=

—3AA

Nl'—‘
I><>

pEp-311

2%

Then we have

VsB+tryf = Vp+ Vo +2wp+2§- f+3Mmp+ nd)
+3VE- D+ TYRAD+3ME- 2+ I AR,
v46r+%tr)(&:—d,iv*ﬁ—(’\ﬁ_zﬂ’\ﬁJ"%X’\(Wéﬂ)_%72’\(269@’
Vap+3tryp = divh+(-p+2n-f— 11 (V&m - Li-mém) + Lerylg12.
V36 + %trlé = le*E+C/\_E—277 AP+ %_Z/\ (W@n)_+_%1(n®n_),
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Appendix C. Characteristic initial value problem

In this section we will quickly review the well-posedness of the characteristic initial value prob-
lem for the Einstein equations. Choose real numbers uy, u, vy, and v; with 1y < u; and vy < v;.
We say a triple of (Q“n), [bA)(m) ,gg‘lg) defined along [ug, u;] x S?, a pair (Q("“t) (0“0) defined
along [vg, v1] x $2, and a 1-form ¢ 4 on $? form a characteristic initial data set if

(1) We have (Q(in)'g(in)) |u:uo — (Q(out)’g(out)) |v:v0

(in)

(2) We consider (Q“n),(bA)(in),g AB) as being defined along a hypersurface {v = vg} and

(Q(Out),g(/;’;t)) as being defined along a hypersurface {u = uy}. After defining o, w, ¥,
and y using (A.2), we require that the Raychaudhuri Equations (A.3) and (A.6) hold along
{u="up} and {v = vo} respectively.

We can now state a local existence theorem.
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Figure 11. Penrose diagram for spacetime arising from characteristic initial value problem.

Theorem 12. [70, 71] Let (Q(i“), ()™, g%)), (Q("“U, g(/;’;t)), and { 4 form an initial data set of

sufficiently high regularity. Then there exists a constant ¢ > 0 and a unique solution (., g) to the
Einstein vacuum equations expressed in a double-null gauge and defined in a region (u, v,04) €
(Tuo, ur] x [vo, vo + c] x S?) U ([uo, uo + €l x [vo, v1] x S?) so that

i (in) i
(Q(m); (bA) . ’8%13)) = (Qr bA»gAB) |U:I/0v (Q(Ouo"g(/?;t)) = (Q’gAB) |u:u0
Ca=Cali)=(ug,vo)-

In Figure 11 we have drawn a Penrose diagram depicting the range of the solution.
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The proving (or disproving) of [...] Cosmic Censorship in classical general rela-
tivity is perhaps the most important unsolved problem in that theory.
Penrose (1982), [1]

1. Introduction
1.1. Cosmic Censorship: from the absence of naked singularities to determinism

Penrose held the Cosmic Censorship hypothesis in such high regard because, in his words,
“unlike many other problems”, it has “genuine astrophysical significance” [1]. Cosmic Censorship
is indeed inextricably tied to the very question of Laplacian determinism in the general theory of
relativity; namely, is “the present state of the universe the effect of its past and the cause of its
future” [2]? Originally, the idea of Cosmic Censorship broadly asserts that should singularities
exist within general relativity, they ought to be confined inside a black hole and, thus, do not
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affect the observable universe!. In other words, a cosmic censor conceals any naked (that is

to say, visible to infinitely far-away observers) singularity within a black hole [4]. Very early on,
however, Penrose motivated cosmic censorship as a way to avoid “the unpredictability entailed by
the presence of naked singularities” [5]. In modern terms, the occurrence of a naked singularity
is indeed responsible for the formation of a Cauchy horizon (see [6,7] for a precise definition)
emanating from it. Should this Cauchy horizon be a regular hypersurface, the trajectory of
observers crossing it is no longer determined by their initial state. In Penrose’s words: “there
being no theory governing what happens as the result of the appearance of such a singularity,
this particular observer would not be able to account, in scientific terms, for whatever physical
behaviour is seen” [8]. In this situation, the future of spacetime itself beyond the Cauchy horizon
cannot, in fact, be predicted from its initial state, in patent violation of the spirit of Laplacian
determinism; such considerations will be discussed with greater depth in Section 2.

1.2. Locally naked singularities and early formulations of Strong Cosmic Censorship

Penrose realized that a breakdown of Laplacian determinism would also occur if the naked
singularity was covered by a black hole, an instance he calls “a locally naked singularity”, namely
a singularity that is still visible to observers falling into the black hole [5]. In his words, “cosmic
censorship [...] should [..] preclude such locally naked singularities” [5], a realization which
prompted him to introduce two distinct notions of cosmic censorship [9]:

« the absence of naked singularities in the process of gravitational collapse (the original
cosmic censorship [4]), dubbed Weak Cosmic Censorship by subsequent authors [10,11].

» the absence of naked or locally naked singularities (possibly inside a black hole) in
generic gravitational collapse, called by Penrose “Strong Cosmic Censorship” [5,9].

The terminology is fully justified in these original forms because the Strong Cosmic Censorship
statement implies that of Weak Cosmic Censorship (see [12], section 5 for a historical perspective
on this, but already contrast with the modern formulation of Strong Cosmic Censorship in
our Section 1.4 below). While originally, Cosmic Censorship concerned the problem of naked
singularities globally affecting the universe (especially idealized observers located at infinity),
the change of paradigm in Penrose’s work [5,9] refocused Cosmic Censorship on a failure of
Laplacian determinism, which can occur locally, with no reference to the observable universe
in its globality.

1.3. The interior of the Kerr black hole and the issue of Cauchy horizons

The interior of the (sub-extremal) Kerr metric (representing, at the time of Penrose, the most
appropriate known model for an astrophysical black hole), which also features a Cauchy horizon,
provides a striking case study. Contrary to Cauchy horizons emanating from a naked singularity,
the Kerr Cauchy horizon exists’ despite the absence of any singularity in its past. In retrospect, this
fact demonstrates that the study of determinism (or its breakdown) is not directly tied to naked
singularities and falls under more general considerations. That said, the Kerr metric interior
(analytically extended to the future of its Cauchy horizon) also features a timelike singularity,
which is locally naked from the viewpoint of in-falling observers crossing the Cauchy horizon, see
Figure 1. Penrose found such timelike singularities to be the most physically problematic issue

1 Before the 1960's, relativistic singularities were viewed as absurdities that could, however, be ignored providing they
were located inside a black hole, which was not then considered as a physically realistic spacetime, see [3], Chapter 3.2.

2The Kerr Cauchy horizon coincides with its inner horizon, and emanates from timelike infinity. This is another
common mechanism for the appearance of Cauchy horizons, see [13,14].
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Figure 1. Future analytic extension of the Kerr metric. €7 is a (smoothly extendible)
Cauchy horizon emanating from timelike infinity i*, and g~ a timelike ring singularity.

with the Kerr metric (see [12], Section 6). In [15,16], he discovered that the Kerr Cauchy horizon
suffers from a blue-shift instability (we will return to this in Section 4). This instability mechanism
gave credence to his original formulation of Strong Cosmic Censorship, which precisely aimed
at avoiding locally naked singularities. It is also important to note that the very existence of
the Kerr metric already demonstrates that Cauchy horizons (and the breakdown of determinism
they cause) cannot be completely ruled out from General Relativity, which mandates a genericity
conditionin the statement of Strong Cosmic Censorship (see Section 3), excluding the Kerr metric
(see the related discussion on blue-shift instability in Section 4).

1.4. The modern formulation of Strong Cosmic Censorship in terms of global hyperbolicity

Fifty years after its inception by Penrose, the statement of Strong Cosmic Censorship remains
true to its original spirit, while benefiting from the modern developments in the theory of the
initial value problem for the Einstein equations. In 1974, Penrose already proposed a connection
between Strong Cosmic Censorship and “Leray’s condition of global hyperbolicity” [9]. This
insight later allowed for a clear formulation of Strong Cosmic Censorship in terms of the maximal
globally hyperbolic development (MGHD), a concept introduced in the work of Choquet-Bruhat
and Geroch [17]. Given a suitable?® initial hypersurface (viewed as a snapshot of spacetime at
time zero), its MGHD represents the maximal spacetime that can be predicted by means of the
Einstein equations from the data posed on this initial hypersurface (see Section 2.3). A failure of
determinism, however, arises if the MGHD is extendible as a solution to the Einstein equations,
for such an extension would be, by definition, not predicted by the initial conditions generating
the MGHD. In light of these connections, Geroch and Horowitz [10] introduced the first modern
formulation of Strong Cosmic Censorship as the impossibility of extending the MGHD for generic
asymptotically flat* initial data. Such an approach excludes de facto timelike singularities since
they are incompatible with global hyperbolicity. Cauchy horizons, should they exist, are part
of the future boundary of the MGHD and, as such, the sole threat to Laplacian determinism

3By suitable initial hypersurface, it is meant a triplet (M, go, Kg), where (M, gp) a complete three-dimensional
Riemannian manifold, and Kp a symmetric tensor such that (M, go, Kp) satisfy the Einstein constraint equations.

4Asymptotic flatness is a natural assumption when studying gravitational collapse, our main focus in this review. In
the context of Cosmology, it is also interesting to study Strong Cosmic Censorship for compact initial data, see Section 7.
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by potentially allowing for spacetime extendibility. The MGHD viewpoint leads to various
similar formulations of Strong Cosmic Censorship [11,18-21], summarized in the following
conjecture.

Conjecture 1.1 (Strong Cosmic Censorship, modern formulation). For generic, asymptotically
flat, complete, and regular initial data, the Maximal Globally Hyperbolic Development (MGHD) is
inextendible as a solution to the Einstein equations.

” o«

The precise definitions of “generic”, “regular”, and “solutions” are left intentionally vague to
allow flexibility in solving the conjecture. It turns out that the validity of the conjecture varies
according to the precise meaning of a “solution” to the Einstein equations (and its regularity):
physically, this is interpreted as the fact that determinism only holds for spacetime metrics
belonging to an adequate regularity class [22-24]; we will come back to this in Section 2.3.

1.5. The modern Weak and Strong Cosmic Censorship as two independent statements

While the statement of Weak Cosmic Censorship, i.e., the absence of naked singularities in
generic gravitational collapse (see [10,11]), has remained essentially unchanged since its 1969
inception [4], the Strong Cosmic Censorship statement from Conjecture 1.1 no longer explic-
itly refers to locally naked singularities contrary to Penrose’s original version [9]. As such, the
modern approach to both Weak and Strong Cosmic Censorship renders both statements logi-
cally independent; in other words, Weak Cosmic Censorship does not follow from the resolution
of Strong Cosmic Censorship®. We note, however, that the presence of locally naked singularities
inside black holes (irrelevant to Weak Cosmic Censorship in the form the conjecture is currently
stated [10,11]) remains an obstruction to Strong Cosmic Censorship, both in its original formu-
lation [5,9] and its modern form adopted in Conjecture 1.1 (we will discuss this in more depth in
Section 5).

1.6. Strong Cosmic Censorship as a mathematical problem

Beyond the fundamental issue of determinism posed by Strong Cosmic Censorship, Conjec-
ture 1.1 turns out to be a source of profound mathematical questions at the crossroads of PDEs
and Differential Geometry. A foundational problem in evolutionary PDEs is well-posedness: does
there exist a unique solution to the equations with prescribed initial data (existence/uniqueness)?
Of course, in the context of the Einstein equations, one could interpret the existence of a unique
MGHD as settling this question. However, it is desirable to instead interpret the extendibil-
ity of the MGHD as a failure of global uniqueness for the Einstein equations—an idea first for-
mulated by Dafermos [21,25,26]—for there is no relativistic principle providing a canonical ex-
tension of the MGHD—should the MGHD be extendible: therefore, all possible extensions are
arbitrary.

We remark that, as abstractly formulated in Conjecture 1.1, the ontology of Strong Cosmic
Censorship is unrelated, prima facie, to singularities and black holes. However, it turns out
that an important obstruction to Strong Cosmic Censorship precisely originates in the interior of
black holes, as shown by the example of the Kerr metric that we now reexamine under a modern
light. In PDE terminology, the MGHD of Kerr initial data terminates at a Cauchy horizon, which
is future-extendible and, thus, would represent a counter-example to Conjecture 1.1 had we not
included the word “generic” in its formulation (see Section 3.3). It is precisely because the MGHD

5In Christodoulou’s words “‘strong’ and ‘weak’ in reference to the two cosmic censorship conjectures is not a happy
one, for it seems to suggest that the ‘strong’ conjecture implies the ‘weak’ one, which is not the case” [11].
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of the Kerr metric is singularity-free (hence extendible) that, ironically, determinism now appears
in jeopardy. Therefore, a restorationist strategy for determinism should involve showing that for
generic perturbations of the Kerr black hole, the MGHD features a singular terminal boundary,
across which no (future) extension is possible: this is indeed the hope entertained in the early
works on blue-shift instability of Penrose [15] and Penrose-Simpson [16] that we discussed
above. More generally, a resolution of Conjecture 1.1 would require showing the presence of a
singularity in the interior of a generic black hole and thus answering the following fundamental
problem:

Problem 1.2. In the context of generic gravitational collapse, is the terminal boundary of a black
hole interior singular and, if so, how strong is the singularity?

The strength of the singularity is crucial, moreover, in that it precludes a failure of deter-
minism in its corresponding regularity class [23,27,28]. The theme of singularities in the con-
text of black holes (and more broadly within general relativity) is indeed intimately connected
to Cosmic Censorship; we will discuss this, together with the celebrated singularity theorems in
Section 2.

Taking a step back, we may also connect such a mathematical endeavor with the more general
theme of dynamical singularity formation in evolutionary PDEs, a class of differential equations
to which the Einstein equations belong. Finally, we emphasize that the connection between a
singularity within the system of PDEs and the geometric inextendibility of the MGHD is subtle
due to the covariant nature of the Einstein equations®, which gives rise to fascinating geometric
problems (see, in particular, Sections 3 and 4).

We conclude this section emphasizing that Strong Cosmic Censorship, despite its concise
statement in Conjecture 1.1, encompasses a web of mathematical problems and provides a test-
ing field to rigorously understand deep physical concepts such as singularities or determinism.
The conjecture has nowadays become a field of research on its own and the source of many
exciting mathematical developments. Progress toward its resolution is poised to have reper-
cussions that extend far beyond applications in General Relativity, particularly within the field
of PDEs.

2. Initial value problem and global hyperbolicity
2.1. Laplacian determinism from Newtonian mechanics to general relativity

Newtonian mechanics has long been employed in the well-known classical theory of gravitation,
the predecessor of General Relativity. In Newtonian mechanics, the motion of a point-particle of
mass m in a gravity field g is governed by Newton’s second law giving rise to the following ODE:
2=
X .
m—— =mg(x(1), y(1),z(1),1),

de? @.1)

. dx L.
X(t=0) = (xo0, Yo, 20), E(t: 0) = (X0, Yo, Z0).

Equation (2.1) is par excellence deterministic in the sense of Laplace: indeed, for prescribed
initial positions (xg, yo,20) and velocities (%o, yo,Z0), (2.1) has a unique (possibly blowing-up
in finite-time) solution. Hence, the initial state of the test particle fully determines its future
evolution” Analogously in General Relativity, the motion of a freely falling test-particle (also

6The diffeomorphism-invariance of the theory indeed requires demonstrating the presence of a singularity in a
coordinate-independent fashion, which is a challenging task in general.

"For N particles, however, (2.1) becomes a system of nonlinear ODEs and its solutions may blow-up in finite time (e.g.
if two particles collide), which can cause a breakdown of determinism for this model if N = 3, see [29], Chapter III.
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known as a freely-falling observer) on a Lorentzian manifold (.#, g) is governed by the timelike
geodesic equation

_dzia.,_ a ( )d_j’c‘fd_jéﬂ_a
dr? o84 ar
- dx s
x(T = 0) = (xO)yOV 20, tO)y _(T = 0) = (xO)yO) 20, tO)) (22)
dx

—(T 0), (T 0)

where 7 = 0 represents the observer’s proper time (note that ¥ is now a four-dimensional
spacetime vector) and I'J ﬂ(g) are the Christoffel symbols of the spacetime metric g (see e.g. [6,7]).

Remark. A timelike geodesic represents the wordline of a freely falling massive test-particle. The
analogue for a massless test-particle (e.g. a photon) is provided by the null geodesic equation

dz"“+ra ( )dx" dxt 5,
a2 oS T qr
. dx L
X(T = 0) = (x0, Yo, 20, o), —(T =0) = (%o, Yo, Zo, fo), 2.3
dx

—(T = 0), (T =0)|=
Together, (2.2) and (2.3) provide the equation of a so-called causal geodesic.

It is possible for a causal geodesic to exit the spacetime (., g) in finite proper time 7yj; (ge-
odesic incompleteness, see Section 2.4). In this situation, Laplacian determinism begs the ques-
tion: do the equations predict what happens to this observer? We distinguish two possibilities:

(A) The observer encounters a terminal singularity, in the sense that (2.2) cannot be contin-
ued beyond the exit proper time 7¢yi;. This situation occurs for instance at the {r = 0} sin-
gularity in the interior of the Schwarzschild black hole (see Section 3 for further details).

(B) The observer does not encounter a terminal singularity, in the sense that (., g) can be
(future) extended as a Lorentzian manifold in which (2.2) makes sense for T > Teyjt. This
situation occurs at the Cauchy horizon in the interior of the Kerr black hole, see Figure 1.

A modern interpretation of Scenario (A) is that Laplacian determinism is respected in this
case [3,22,23,30], highlighting the significance of singularities for Strong Cosmic Censorship. Sce-
nario (B), however, is not entirely conclusive; indeed, unveiling potential violations of determin-
ism in this situation additionally requires examining the predictability issues associated with
equations governing the spacetime metric (e.g., Einstein equations), see Section 2.3. We note
that the situation of Scenario (B) underscores the primacy of spacetime extendibility in resolving
Conjecture 1.1, suggesting it is a more fundamental concept than the continuation of individual
worldlines solutions of (2.2) or (2.3), as we discuss in Section 2.3.

2.2. Cauchy surfaces and global hyperbolicity

We now return to formulating the previously-described failure of determinism in terms of space-
time extendibility. We first describe general Lorentzian-geometric notions that do not require the
Einstein equations (2.4) to be satisfied, starting with the concept of a Cauchy surface.

Definition 2.1 (Cauchy surface). A hypersurface X is a Cauchy surface for the Lorentzian mani-
fold (M, g) if it is met exactly once by any inextendible timelike curve.
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The concept of a Cauchy surface is crucial in making sense of determinism within General
Relativity for it provides an initial time hypersurface on which to prescribe initial conditions for
the Einstein equations (2.4) (we will come back to this in Section 2.3). A spacetime in which any
event is causally connected to such a Cauchy surface is called globally hyperbolic.

Definition 2.2 (Globally hyperbolic spacetime). The Lorentzian manifold (4, g) is called glob-
ally hyperbolic if it admits a Cauchy surface .

Note the region {f = 0} on the maximal analytically-extended Schwarzschild spacetime (see
Section 3.2) is globally hyperbolic, while the region {# = 0} on the maximal analytically extended
Kerr spacetime is not [6,31]. Not every spacetime (., g) is globally hyperbolic, however, it is
always possible [7] to construct a globally hyperbolic subset of (.#, g) by considering the (interior
of the) domain of dependence 2(Z) of an achronal hypersurface X: in the case of = {# = 0} in
the Kerr spacetime, (%) is the subregion of {¢ = 0} below the Cauchy horizon, see Figure 1.

2.3. The Einstein equations of spacetime dynamics and their initial value problem

The Einstein field equations. Contrary to Newtonian mechanics, the ontology of General Rela-
tivity is not about the trajectory of particles per sé, but instead about the dynamics of spacetime,
modeled by a four-dimensional Lorentzian metric (.#, g) governed by the Einstein equations

Ricyy (g) — $Scal(g) guv = 87T 1y, (2.4)

where Ric,y(g) is the Ricci curvature tensor of the spacetime metric g and Scal(g) its scalar
curvature. Here, T, is the stress-energy tensor of the matter in presence, with T, = 0 for the
Einstein vacuum equations.

The Energy conditions. The positivity of energy is reflected by the so-called energy condi-
tions [6,31], the weakest of which being the null energy condition for solutions of (2.4):

T(v,v) =0 for any null spacetime vector v. (2.5

Note that (2.5) can equivalently be formulated purely in terms of the spacetime metric g as
Ric(v, v) = 0 for any null spacetime vector v, independently of (2.4). Analogously, one defines the
strong energy condition (which indeed implies the validity of the weak energy condition (2.5)):

Ric(T,T) =0 for any timelike spacetime vector T. (2.6)

Classical solutions versus weak solutions. A classical solution g of (2.4) must possess twice
differentiable components g;,, in some appropriate coordinate system (dubbed a C? solution).
Interestingly, however, it is possible to make sense of weak solutions of (2.4) for continuous
metrics g with locally square-integrable Christoffel symbols [24] (dubbed a Hﬁ)c solution). These
notions play an important role in the formulation of Strong Cosmic Censorship, see below.

Initial value problem and maximal globally hyperbolic development. We are now ready to view
the Einstein equations (2.4) as an initial value problem analogously to (2.1). We call the following
a suitable initial data set for the Einstein equations (2.4) (say in vacuum, i.e., with T = 0).

(1) A complete three-dimensional regular Riemmanian manifold (%, gy), which will later be
viewed as the first fundamental form of the spacetime metric g with respect to X.

(2) Asymmetric regular two-tensor Ky, which will later be viewed as the second fundamental
form of the spacetime metric g with respect to X.

(3) Assume (go, Kp) satisfy the Einstein constraints equations induced by (2.4) (see e.g. [32]).
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To solve the initial value problem, one needs to treat X as a Cauchy surface and construct a
globally hyperbolic spacetime solution of (2.4) consisting of the wordlines of timelike curves
starting at X: the resulting Lorentzian manifold (.#, g) is the Globally Hyperbolic Development
(GHD) of the initial data (Z, gy, Kp), more precisely:

Definition 2.3. A globally hyperbolic development (GHD) (., g) of suitable initial data (Z, g9, Ko)
is a globally hyperbolic Lorentzian manifold (., g) satisfying (2.4) as a classical solution together
with an embeddingi: X — M such thati*(g) = gy, i* (K) = Ky, where K is the second fundamental
form of i(X) in . with respect to the future normal and i(Z) is a Cauchy surface in (A, g).

The cornerstone of the initial value problem for the Einstein equations is given by the following
result of Choquet-Bruhat and Geroch [17] stating that there exists a unique maximal GHD of the
prescribed initial data set (X, go, Ko), considered to be the solution of (2.4) for such initial data.

Theorem 2.4 ([17,33]). Given a suitable initial data set (X, go, Ko), there exists a GHD (., g)
that is an extension of any other GHD of the same initial data. This GHD (., g) is unique up
to isometry and is called the maximal globally hyperbolic development (MGHD) of the initial data
set (z) gO) KO)

Remark. In the above Theorem 2.4, we assumed regular initial data; however, rougher solutions
of (2.4) are of considerable mathematical and physical interest. The state of the art is given by the
Klainerman-Rodnianski-Szeftel bounded-L? curvature theorem [34] proving the existence of a
weak solution of (2.4) in vacuum for initial data with two square-integrable derivatives (i.e., leo c
in some coordinates). It is possible, however, to solve (2.4) for even rougher initial data, provided

they possess a special structure, for instance in the case of impulsive gravitational waves [35-39].

Returning to Laplacian determinism: inextendibility of the MGHD. The MGHD (.4, g) con-
structed in Theorem 2.4 consists of worldlines of inextendible timelike curves (i.e., observers).
But what if the MGHD (., g) itself was extendible, i.e., there exists a Lorentzian manifold (M, 2)
solution of (2.4) and a proper embedding J : .4 — .#? Due to the hyperbolic nature of (2.4), one
cannot expect such an extension to be unique [22,26], which already demonstrates a failure of
global uniqueness for the initial value problem described above. This failure is also accompanied
by a breakdown of Laplacian determinism, in the sense that the timelike curves which were in-
extendible in (.#, g) become extendible within (M, 8): since the extension (M, g) is arbitrary, so
is the fate of these observers, which is not uniquely determined by their initial conditions at the
Cauchy surface Z. The validity of Laplacian determinism thus mandates the inextendibility of
the MGHD as a solution to the Einstein equations, which motivated our formulation of Strong
Cosmic Censorship as Conjecture 1.1 in Section 1.4. To conclude this section, we will formulate
three physically-relevant notions of MGHD inextendibility of decreasing stength:

(I) (C° Strong Cosmic Censorship) The MGHD is inextendible as a C° Lorentzian manifold.
This is the strongest possible inextendibility requirement at present, which is a pointwise
failure of continuity/boundedness of the metric coefficients in every coordinate system.

(an (H* Strong Cosmic Censorship) The MGHD is inextendible as a C° Lorentzian manifold
with square-integrable Christoffel symbols. Inextendibility at the H' regularity precludes
any extension of the MGHD even as a weak solution to the Einstein equations (2.4).
(I (Cc? Strong Cosmic Censorship) The MGHD is inextendible as a C? Lorentzian manifold
with square-integrable Christoffel symbols. Inextendibility at the C? regularity precludes
any extension of the MGHD as a classical solution to the Einstein equations (2.4).

Remark. It might be possible, in principle, to prove directly that the MGHD is inextendible as a
(weak) solution to (2.4). Instead, however, all known works on this question prove inextendibility
as a Lorentzian manifold within a given regularity class such as the ones of Statement (I), (II), or
(I1I).
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2.4. Singularity theorems and the problem of geodesic incompleteness

If the Strong Cosmic Censorship of Conjecture 1.1 is true, then what is the mechanism leading
to the inextendibility of the MGHD? In most cases, MGHD inextendibility is caused by the
presence® of a singularity on its the terminal boundary. The celebrated Penrose singularity
theorem [41] shows that the presence of a (closed) trapped surface, namely a topological sphere
whose outgoing null mean curvature is negative (see e.g. [42]), leads to geodesic incompleteness.

Theorem 2.5 ([41]). If (4, g) admits a non-compact Cauchy hypersurface, contains a closed
trapped surface and satisfies the energy condition (2.5), then it is future-causally geodesically
incomplete.

Note that the singularity inside Schwarzschild’s black hole (which, of course, contains a
trapped surface) is indeed associated to causal geodesic incompleteness (see Section 3.2). Be-
cause a surface being trapped is a stable condition with respect to small perturbations, Theo-
rem 2.5 shows that geodesic incompleteness (interpreted as a form of singularity) “is a robust pre-
diction of the general theory of relativity” [43]. However, it turns out that Theorem 2.5 merely as-
serts the existence of incomplete causal geodesics, which is not necessarily associated to a blow-
up of curvature (or other gauge-invariant metric quantities): this is indeed what happens for the
MGHD of the Kerr spacetime, when incomplete geodesics reach its Cauchy horizon as depicted in
Figure 1 despite the absence of any singularity at the Cauchy horizon (Scenario (B) in Section 2.1).
For this reason, Theorem 2.5 is sometimes called the Penrose incompleteness theorem [23,30].

As a conclusion to this section, we emphasize that Conjecture 1.1 requires to go beyond the
statement provided by Theorem 2.5 and specify the nature of the geodesic incompleteness, par-
ticularly whether it is associated to a metric singularity strong enough to preclude extendibility
in the sense of statements (I), (I) or (IIT) described in the previous Section 2.3. Because trapped
surfaces are the precursor of black holes, this mathematical endeavor is naturally connected to
the fundamental Open Problem 1.2, which will require addressing in any resolution of Conjec-
ture 1.1.

3. Extendibility and singularity structure of particular solutions

While the extendibility properties of specific spacetimes technically has no bearing on Conjec-
ture 1.1, since it only concerns generic solutions of the Einstein equations (2.4), it is instructive to
examine well-known examples in the light of the concepts developed in the earlier Section 2.

3.1. Minkowski spacetime and other geodesically complete spacetimes

R3+1

The Minkowski spacetime ( ,m) is the flat solution to (2.4) in a vacuum given by

m:—dt2+dx2+dy2+dz2. 3.1)

(R3*1,m) is well-known to be causally geodesically complete, and stable to small perturba-
tions from the celebrated work of Christodoulou-Klainerman [44] and Lindblad-Rodnianski [45].
Since both the Minkowski spacetime and its pertubations are singularity-free and causally
geodesically complete, how do they fit in within the inextendibility requirements of Conjec-
ture 1.12 As it turns out, any timelike geodesically complete spacetime (including (R3*!, m)) sat-
isfies the most demanding notion of Strong Cosmic Censorship, i.e., Statement (I) in Section 2.3.

8Except if the MGHD is timelike geodesically complete, e.g. for Minkoski spacetime, in which case it is C° inex-
tendible [40] despite the absence of singularities, see Section 3.1 for a detailed discussion.
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L ={r=0 .

Figure 2. Schwarzschild as the MGHD of a two-ended asymptotically flat hypersurface X.

Theorem 3.1 ([40]). A smooth (at least C?) time-oriented Lorentzian manifold that is time-like
geodesically complete and globally hyperbolic is C°-inextendible.

Therefore, Theorem 3.1 shows that in proving Conjecture 1.1, one can now restrict our atten-
tion to timelike geodesically incomplete spacetimes, a large class of which is provided by space-
times with a trapped surface (including any sub-extremal black holes), by Theorem 2.5.

3.2. The Schwarzschild black hole

The Schwarzshild spacetime (R3*!, g5) is a one-parameter family of black hole solutions to (2.4) in

avacuum indexed by their mass parameter M > 0, which takes for following form when r # 2M:
2M 2M\ ™!
gs=— (1 - —) dr® + (1 - —J dr? + r?(d6? + sin?(@)d¢?). 3.2)
r r

The spacetime geometry of the Schwarzshild spacetime (R3*1, g5) is depicted in Figure 2, with the
event? horizon #* = {r = 2M} and the spacelike singularity ¥ = {r = 0}. The {r = 0} singularity
is known to be terminal, in the sense that the Kretschmann scalar is infinite [46] (curvature
blow-up): it is thus well-known that the Schwarzschild spacetime is C?-inextendible [42] and,
therefore, satisfies Strong Cosmic Censorship in the sense of Statement (III) in Section 2.3.
Moreover, it is also classically known [31,46] that in-falling observers reach . = {r = 0} in finite
proper time and experience infinite tidal deformations, which correspond, at least heuristically,
to a metric blow-up on the C° level. These considerations beg the following question [42]:
is the Schwarzschild spacetime inextendible in a stronger sense, e.g. as in Statement (I) of
Section 2.3? The affirmative answer to this longstanding question was obtained by Sbierski [47]
in the following theorem:

Theorem 3.2 ([47]). The MGHD of the (two-ended asymptotically flat) hypersurface {t = 0} of the
Schwarzschild spacetime gs is C°-inextendible (to the future).

3.3. The Reissner-Nordstrom and Kerr black holes

The Schwarschild spacetime (3.2) represents the simplest black hole, uncharged and non-
rotating. Its charged analogue is the Reissner-Nordstrém spacetime (R3*!, ggn) of charge e for
0 < |e| = M, which takes the following form when r # r.. (M, e), where r+ (M, e) = M+V M? — 2 > 0:

2M e oM e\
gRN = — (1 -+ e—z) dr? + (1 -+ e—z) dr? + r?(d6? +sin?(©)d¢g?) (3.3)
r r r r

9The event horizon #7* = {r = 2M} is a regular hypersurface for gg under the appropriate choice of coordinates [6,31].
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and is a solution of the Einstein-Maxwell equations:

Ricyy (g) — 1Scal(g) gy = 8 (g“ﬁFavFﬁ“ —1pPp,, g,w), VHE,, =0, o

:TEM

Note that 7. (M, e) correspond to the roots of (1-(2M/r) + e2/r?), with #* = {r = r. (M, e)} be-

ing the event horizon and €#" = {r = r_(M, e)} the Cauchy horizon: the MGHD of the Cauchy

surface {t =0} is {t = 0,r < r_(M, e)} and the Penrose diagram of the Reissner-Nordstrém space-

time is the same as that of Figure 1. The extremal Reissner-Nordstrém spacetime corresponds to

the case |e| = M. The rotating analogue of the Schwarzschild spacetime is the celebrated Kerr [48]
black hole of angular momentum 0 < |a| < M of the following form when r # r, (M, a):

_2M @ 1+ﬂ2L;2(m
r T 2 2 T 2
gk = ~—————(dt—asin®(0)dp)* + ——_—-dr
1+ €l -2 4
. 2 6
+2+ a2 cos2@)1d0? + — O dr- (2 + ad dol?, 3.5)

r2 + a? cos?(0)
and is a solution of (2.4) in vacuum (T = 0). Analogously, #* = {r = r. (M, a)} is the event horizon
and €#4" = {r = r_(M, a)} the Cauchy horizon, where r. (M, a) = M + v M? — a?; the MGHD is
{t=0,r <r_(M,a)} and the Penrose diagram of the Kerr spacetime is given in Figure 1. Finally,
the extremal Kerr spacetime corresponds to |a| = M.

As already discussed in Section 1, the MGHD of the Reissner-Nordstrom and Kerr spacetimes
are smoothly and non-uniquely extendible across the Cauchy horizon €#* and, therefore, do
not even satisfy the least demanding inextendibility of Statement (III). This smooth extendibility
makes for a serious threat to Laplacian determinism, all the more that the Kerr black hole is often
considered to be a realistic model for astrophysical black holes. However, we emphasize that the
Reissner—Nordstrom/Kerr spacetimes are not counter-examples to Strong Cosmic Censorship as
formulated in Conjecture 1.1, precisely because they are not generic solutions of (2.4), in view of
their stationary character. To prove Conjecture 1.1, one needs in particular prove the following:

Problem 3.3. Show that for generic and smooth small perturbations of the Reissner—
Nordstrom/Kerr initial data, the MGHD solving (2.4) is inextendible as a suitably regular
Lorentzian manifold.

This genericity condition may appear as an all-too-convenient fiat in order to restore deter-
minism. However, we emphasize that, in the Penrose blue-shift scenario [4,15], the Reissner—
Nordstrém/Kerr interior region (i.e., the region {r < r;} beneath the event horizon) is conjec-
turally unstable to small perturbations. Since a physically realistic solutions must be stable to
small perturbations, the Reissner-Nordstrom/Kerr interior region and their smooth extendibility
can be deemed to be unphysical and therefore, it is legitimate to exclude them from the picture
of gravitational collapse. That said, it is yet unclear to which extent Penrose’s blue-shift instability
operates as a restorationist of determinism; we will discuss this in more detail in Section 4.

3.4. The Oppenheimer-Snyder spacetime

The first description of gravitational collapse came with the celebrated Oppenheimer-Snyder [49]

black hole solution of (2.4) with dust (a pressure-less perfect fluid with velocity u®, density p)
To" = pugug. (3.6)

It consists of a ball of homogeneous dust of finite radius, outside of which the spacetime coin-
cides with the Schwarzschild (3.2) metric, and terminates at a spacelike singularity . = {r = 0} as
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Figure 3. Penrose diagram of Oppenheimer-Snyder [49] spacetime (gravitational collapse).

depicted in Figure 3. In view of Theorem 3.2, we may conjecture that the Oppenheimer—-Snyder
spacetime is also C°-inextendible. However, we emphasize that the Oppenheimer-Snyder space-
time does not represent a generic'? instance of gravitational collapse, due to its high number of
symmetries and the homogeneity of the dust ball, see Section 5 for further discussions.

3.5. The naked and locally naked singularities

In the seminal work [51], Christodoulou constructed examples of naked singularities solutions of
the Einstein-scalar-field equations, i.e., (2.4) with the following scalar field stress-energy tensor

Toh = 0,00, — 18P0, pdp) gy, Tgp=0, 3.7)

and moreover arising as a model of gravitational collapse (see Section 5). The Penrose diagram
of Christodoulou’s spacetime is depicted on the left of Figure 4, and br is a naked singularity.
Analogously [51] also constructs a locally naked singularity br inside a black hole region, see the
right panel of Figure 4: in both cases, a Cauchy horizon € #r emanates from the singular point
br and across it, the spacetime is extendible!! as a solution to (2.4), (3.7). The Christodoulou
spacetimes do not have smooth initial data (see the footnote below) and therefore, do not, strictly
speaking, pose a threat to Conjecture 1.1, which is formulated for solutions of (2.4) with smooth
initial data. The same is true for the recently-constructed naked singularity solutions of the
vacuum (2.4) in the breakthrough of Shlapentokh-Rothman-Rodnianski [54]. Within spherically
symmetric matter models, naked singularities with smooth initial data, however, have been
observed numerically [55,56]. They pose a threat to Strong Cosmic Censorship, similarly to the
Cauchy horizons discussed in Section 3.3. In Section 5, we will discuss strategies to show that
such (locally) naked singularities are non-generic solutions, in order to prove Conjecture 1.1.

1011 fact, even within the spherically-symmetric solutions of the Einstein-dust equations, the Oppenheimer-Snyder
solution is non-generic, and some of its perturbations actually feature a naked singularity [50]! The standard interpreta-
tion is that dust is an unphysical matter model in these circumstances in which the fluid density becomes large [13,42].

135 a solution of the Einstein-scalar-field equations in the (rough) BV class defined by Christodoulou in [52]. In fact,
the extension is C 1'6, which has the same regularity as the initial data on a suitable Cauchy surface [53].
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Figure 4. Left: Penrose diagram of a naked singularity spacetime. Right: Penrose diagram
of a spacetime with a locally naked singularity inside a black hole.

4. Cauchy horizons in dynamical black holes and blue-shift instability
4.1. Blue-shift instability: heuristics and numerics

The celebrated blue-shift instability mechanism at the Reissner-Nordstrém/Kerr Cauchy horizon
is the cornerstone of Strong Cosmic Censorship as already envisioned by Penrose [4].

Consider two freely-falling observers: an in-falling timelike incomplete geodesic A entering
the black hole region, reaching the Cauchy horizon €7 in finite proper time, and a complete
timelike geodesic B with infinite proper time remaining outside of the black hole forever. The
geometry depicted in Figure 5 is such that a pulse sent by B towards A with constant frequency
becomes infinitely blue-shifted as A reaches €. 7. The numerical study of linear fields on a fixed
black hole (see Section 4.2) confirms the blue-shift instability scenario, see [15,57]. How this blue-
shift mechanism impacts the Cauchy horizon stability for solutions of the Einstein equations (2.4)
(so-called back-reaction problem), however, remains to be seen, and will be discussed below.

4.2. Blue-shift in linear test-field theories on a fixed stationary black hole

Before turning to the full nonlinear dynamics of the Einstein equations (2.4), it is useful to first
consider the behavior of linear test fields on a fixed sub-extremal Reissner—Nordstrom (i.e., (3.3)
with 0 < |e| < M) or Kerr (i.e., (3.5) with 0 < |a|] < M) black hole, starting with the wave equation'?

Lgp=0, with g=grn or g = gk. 4.1)

The first theoretical approach to establishing blow-up at the Cauchy horizon for solutions of
(4.1) (and their spin-weighted analogues, including electromagnetic and linearized gravitational
fields) is due to McNamara [59] using a scattering method. Initial data are posed to be trivial
at the past event horizon #~ and a fast-decaying radiation field at past null infinity .#~. The
key idea, clarified in [58], is to construct a transmission map taking the initial data on .#~ to the
Cauchy horizon €#*, and use the ¢-invariance of (3.3) (or (3.5)) to show that the local energy
of the transmitted solution ¢ blows up at the Cauchy horizon €.#7*; in other words, ¢ ¢ Hﬁ)c,
which is a linear analogue of the formulation (II) of Strong Cosmic Censorship from Section 2.3.
The rigorous construction of the transmission map and its non-trivial character were proved
in the work of Dafermos-Shlapentokh-Rothman [58] establishing the following linear instability
result!3:

12\e recall that (4.1) is often used as a linear toy model for the Einstein equations, due to their hyperbolic nature.
13 Anterior work of Sbierski [60] on Gaussian beams also provides solutions with arbitrarily large local energy at €. .
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Figure 5. Blue-shift effect at the Reissner-Nordstrom/Kerr Cauchy horizon, figure
from [58].

Theorem 4.1 ([58]). There exists a solution ¢ to (4.1) such that r¢| z- =0 and r¢,.»- decays at an
arbitrarily fast polynomial rate, yet the local energy of ¢ is infinite at the Cauchy horizon € #*.

How to reconcile the existence of merely one solution with infinite local energy at the Cauchy
horizon with the genericity requirement of Strong Cosmic Censorship? A well-known argument
(see e.g. [61]) shows that for (4.1), the existence of one blowing-up solution gives rise to blow-up
for all initial data (in the same regularity class) except a co-dimension one subset: blow-up is thus
generic in this sense. However, scattering-type blow-up arguments a la McNamara do not provide
a constructive condition to decide whether a given solution to (4.1) blows up at €. 7" or not. A
different approach to Cauchy horizon blow-up for (4.1), which relies on propagating inverse-
polynomial lower bounds in time, has been proposed by Luk-Oh [61] on the (sub-extremal)
Reissner—Nordstrom interior region (3.3), then by Luk-Sbierski [62] on the (sub-extremal) Kerr
interior (3.5), starting from characteristic initial data on the event horizon /7. See also the more
recent linear results for (4.1) by Ma—-Zheng [63] and Luk-Oh-Shlapentokh-Rothman [64].

Theorem 4.2 ([61-64]). If ¢ is a solution of (4.1) is such that its energy of along the event horizon
F obeys some polynomial upper and lower bounds then its local energy is infinite at € 7+ .

We also mention the recent work of Sbierski [65] establishing an analogous result to Theo-
rem 4.2 for the equations of linearized gravity; such results are poised to be used in an even-
tual proof of Strong Cosmic Censorship for the full (nonlinear) Einstein equations. We finally
emphasize that the assumptions of Theorem 4.2 can be shown to be satisfied for generic (suffi-
ciently regular and localized) initial data at the Cauchy surface {¢ = 0} for (4.1), which becomes
an asymptotic-in-time problem in the black hole exterior; we will return to this in Section 6.

4.3. Nonlinear dynamics and spherically-symmetric matter models

It is natural to consider Strong Cosmic Censorship for solutions to the Einstein equations in
vacuum, as we will discuss below. In order to understand delicate nonlinear issues like the
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ones associated to Strong Cosmic Censorship, it is useful to first look at spherically symmetric
models, which are simpler to track. However, the well-known Birkhoff theorem (see e.g. [6,31])
shows that all spherically symmetric solutions of (2.4) in vacuum are trivial, in the sense that
they are isometric to the Schwarzchild (3.2) or Minkowski metric (3.1). In other words: the
spherically-symmetric Einstein equations do not have a dynamical nature in vacuum and are
merely constraints. Therefore, to study spherically symmetric dynamical problems in General
Relativity, one must consider (2.4) coupled to a non-trivial matter model T. Ideally, the matter
model should reintroduce the wave degrees of freedom lost by imposing spherical symmetry to
the Einstein equations [11], which is what inspired Christodoulou to study the Einstein-scalar-
field model (2.4), (3.7) in spherical symmetry in his series of works [51,53,66]. We will give a non-
exhaustive lists of such scalar-field matter models, in increasing order of sophistication.

« (Einstein-scalar-field) The model (2.4), (3.7) was studied by Christodoulou in [52,53,66]
in his work on gravitational collapse already mentioned in Section 3.5. Note that the
Schwarzschild metric (3.2) is a solution of (2.4), (3.7) with ¢ = 0. The Einstein-scalar-
field spherically symmetric model does not allow for the presence of Cauchy horizons
emanating from timelike infinity i*, because of the absence of angular momentum or
electric charge, so we will not discuss it further in this section (see, however, Section 5).

+ (Einstein-Maxwell-scalar-field) To study Cauchy horizons while remaining in spherical
symmetry, Dafermos [25,67] considered (2.4) coupled with the stress-energy tensor

T =T +To, Ogp=0, VFE,, =0 4.2)
(recall Tf}l\,/l is defined in (3.4)). The Reissner-Nordstrom metric (3.3) is a solution of (2.4),
(4.2) with ¢ = 0. Note that the uncharged scalar field ¢ is not directly coupled to the
Maxwell field Fjy. In the absence of charged matter, F,, is subjected to a spherically-
symmetric rigidity analogous to Birkhoff theorem [13,25,67] and takes the trivial form

F= %deu Adv, where g = —Q%dudv + r2d0§z, (4.3)
r

and e # 0 is a constant. Importantly, and contrary to Christodoulou’s electromagnetism-
free model, it is not possible to study gravitational collapse spacetimes within this model
because such a situation requires the presence of a center I' = {r = 0} (see Section 5)
where both the spacetime metric g and the electromagnetic field F are regular. The rigid
form (4.3) and the e # 0 are obviously incompatible with such a requirement at r = 0.
« (Einstein-Maxwell-charged-scalar-field) To remedy the Maxwell field rigidity of (4.3),
one can study a charged scalar field [13,68], namely the coupled stress-energy tensor:
Tuy =T+ TSF, TEF = RDpDP - § (8 DatpDpd) g s
g’”DuDv(p =0, V”FHV =igoS(PDy ), D, =V, +iqyA,, F=dA,

where V, is the Levi-Civita connection of the spacetime metric g, go # 0 is a coupling
constant, and A, is the electromagnetic potential. Because the electromagnetic form F is
now coupled to the charged scalar field ¢, it is no longer subjected to the rigidity of (4.3).
Therefore, (4.4) is suitable as a spherically-symmetric model of gravitational collapse.

All the above spherically-symmetric models are generally considered as toy models for the Ein-
stein vacuum equations (i.e., (2.4) with T = 0). We emphasize that, strictly speaking, spherically-
symmetric solutions of (2.4) are non-generic and thus have no bearing to Conjecture 1.1;
nonetheless, one can formulate an analogous simplified version of Conjecture 1.1 within the class
of spherically symmetric solution.
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Finally, to complicate matters further, note that it is possible to study the massive Klein—
Gordon variant of all these models (see already Section 6.3), replacing [1g¢ = 0 by

Og¢p = m*¢, (4.5)

where m? > 0. The Einstein-Klein-Gordon equation, in contrast, is often viewed as a matter
model in its own sake (as opposed to a toy model for vacuum dynamics) which features different
phenomena than the Einstein vacuum equations [28,69-72].

4.4. Einstein dynamics: nonlinear stability of the Cauchy horizon

One of the key issues in resolving Strong Cosmic Censorship is to understand the consequences
of the blue-shift instability for dynamical perturbations of the Reissner-Nordstrom and Kerr
spacetimes solving the Einstein equations (2.4) either in vacuum or for a reasonable matter
model. In view of the examples of Section 3 (among the only examples known at the time
of Penrose, see e.g. [6]), it might seem reasonable to speculate that the blue-shift instability
“destroys the Cauchy horizon”, and causes the dynamical appearance of a terminal singularity,
the only known example of which being . = {r = 0} in the Schwarzschild black hole (3.2). In
the context of the vacuum Einstein equations, Penrose [5] writes “there are some reasons for
believing that generic perturbations away from spherical symmetry will not change the spacelike
of the singularity”. Interpreting this scenario in the context of Conjecture 1.1, one is tempted
to speculate about the validity Strong Cosmic Censorship in the C? sense, i.e., Statement (I) from
Section 2.3 for small perturbations of the Kerr black hole, which leads to the following conjecture.

Conjecture 4.3 (Spacelike singularity conjecture). The MGHD of small perturbations of the Kerr
metric (3.5) solving the Einstein equations (2.4) in a vacuum terminates at a spacelike singularity
& and has the same Penrose diagram as Figure 2. Moreover, the MGHD is C° -future inextendible.

Dafermos studied this problem in spherical symmetry for solutions of the Einstein—-Maxwell-
scalar-field system (4.2) converging to a sub-extremal Reissner-Nordstrom black hole, and sur-
prisingly proved that the Cauchy horizon ends up being stable to perturbations [25,67], blue-shift
instability notwithstanding! As a consequence, he also showed that the spacetime metric is con-
tinuously extendible, thus falsifying the spherically-symmetric version of Conjecture 4.3 and the
CY version of Strong Cosmic Censorship given in Statement (I) in Section 2.3. The author later [68]
established the Cauchy horizon stability for the more general Einstein-Maxwell-charged-scalar-
field system (4.4) under which the convergence to a sub-extremal Reissner-Nordstrom black hole
is slower (see below), which necessitates the use of different methods from [25,67]. Below and in
the rest of this review, we use the word “Cauchy horizon” for a null component of the MGHD ter-
minal boundary foliated by topological spheres of non-zero volume (see [13,14,22]).

Theorem 4.4. Consider spherically symmetric characteristic initial dataon C;, U /" as depicted
in Figure 6, and under the assumption that (g, ) converge to a sub-extremal Reissner—-Nordstrom
black hole with inverse-polynomial upper bounds for ¢ on the event horizon A+ .
e [25,67,73] For the Einstein—-Maxwell-scalar-field system (4.2), the solution admits a non-
empty Cauchy horizon € 7" across which the metric g is continuously extendible.
e [68] For the Einstein-Maxwell-charged-scalar-field system (4.4), the solution admits a
non-empty Cauchy horizon € 76~ .

The question of continuous extendibility for the Einstein-Maxwell-charged-scalar-field sys-
tem (4.4) is left open in Theorem 4.4; it is directly related to the pointwise boundedness of the
scalar field at the Cauchy horizon, i.e., is it true that ¢ € L*°? Because the decay assumptions
on the event horizon /" are weaker than in the uncharged-scalar-field case, this issue becomes
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Figure 6. Characteristic initial data in the black hole interior and continuous extension
across the Cauchy horizon € #" for Theorems 4.4, 4.5 and 4.6.

delicate and depends on the exact profile of the characteristic initial data ¢ #+ (see already The-
orem 4.5 below). More precisely, the decay assumptions in Theorem 4.4 take the following form
in an Eddington-Finkelstein advanced-time coordinate v on #* as v — +oo, for some s > 3/4:

1+ |v|“]¢>| e+ (v) and its derivative are bounded in an unweighted-in-v norm. (4.6)

For the Einstein-Maxwell-scalar-field system (4.2), one can prove (4.6) for s = 3 for spherically-
symmetric solutions with regular and localized initial data [74], while for the Einstein—-Maxwell-
charged-scalar-field (4.4), the conjecture [28] is that for black holes of asymptotic charge e # 0

s(qoe) =1+1/1-4(qoe)? iflgoel <3, s(qoe) =1 otherwise. 4.7

(we will discuss these decay rates in Section 6). In Theorem 4.4, continuous extendibility can
be proven!* provided (4.6) with s > 1 is assumed, which only makes sense for (4.2) or (4.4) if
|goel < 1/2. However, under the assumptions of Theorem 4.4, some solutions are C’-extendible,
but others are not [28], depending on the scalar field oscillations on #*: the author proved with
Kehle that

Theorem 4.5 ([28]). Under the same assumptions as Theorem 4.4 for the Einstein-Maxwell-
charged-scalar-field (4.4), assume additionally that § z+ oscillates sufficiently. Then ¢ € L*° and
(g,¢) are continuously extendible across the Cauchy horizon € 7" .

The oscillation condition of Theorem 4.5 involves the finiteness of integrals of the form

(o8] .
f ‘PIJﬁ(v)e_‘[‘“‘es“’(m”dv < 00, (4.8)
1

where wyes = qoell/ry —1/r_] € R; (4.8) is a semi-integrability condition in particular satisfied if
(4.6) holds for s > 1, but not necessarily otherwise. The oscillation condition (4.8) is conjectured
to be satisfied [75,76] for generic solutions of (2.4), (4.4), see the discussion in Section 6.

We now return to the vacuum Einstein equations (2.4) and discuss the breakthrough of
Dafermos-Luk [22] proving that vacuum black holes converging to Kerr (3.5) also admit a C°-
extendible Cauchy horizon, and thus offering a definitive disproof of Conjecture 4.3.

14For s > 1, continuous extendibility is deduced from a stronger extendibility property of (g, ¢) in a W1 -type norm.
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Theorem 4.6 ([22]). Consider characteristic initial data on C;, U /" as depicted in Figure 6, and
under the assumption that g converge to a sub-extremal Kerr black hole with inverse-polynomial
upper bounds on the event horizon #€*. Then, the resulting solution (., g) of (2.4) in vacuum
admits a non-empty Cauchy horizon € 76" across which the metric g is continuously extendible.

Together with the stability of the Kerr black hole exterior proven in [77,78] (see Section 6), The-
orem 4.6 also falsifies the C°-version of Strong Cosmic Censorship (statement (I) in Section 2.3).
However, despite Conjecture 4.3 being false, it is still possible that during gravitational collapse,
part of the terminal boundary is spacelike; this will a major topic discussed in Section 5.

4.5. Einstein dynamics: nonlinear instability of the Cauchy horizon and mass inflation

We now return to Open Problem 3.3, which is an essential piece in a potential resolution of
Strong Cosmic Censorship. The Reissner-Nordstrém/Kerr Cauchy horizons dynamical stability
obtained in Section 4.4 begs the question: what are the consequences of the blue-shift instability
discussed in Section 4.2 in the nonlinear dynamics picture? The falsification of Conjecture 4.3
already shows that the blue-shift instability does not destroy the Cauchy horizon, which remains
continuously extendible. Could it then be that it is also smoothly extendible as in the Reissner—
Nordstrom/Kerr cases discussed in Section 3? The key insight comes from the mass inflation
scenario of Poisson-Israel [79,80] and Ori [81] (see also their precursor [82]). They study (2.4)
in spherical symmetry coupled to a rudimentary matter model in which two clouds of dust are
transported in the ingoing and outgoing null directions. Their analysis involves the Hawking
mass, defined in terms of the area-radius function r of the spherically-symmetric metric g as
_r[1-g(Vr,Vr)]

pi=—— (4.9)

They showed that, for non-trivial ingoing and outgoing event-horizon radiation falling-off at an
inverse polynomial rate as in the theorems of Section 4.4, the Hawking mass p and the Riemann
curvature blow up at the Cauchy horizon. In summary, Strong Cosmic Censorship, at least in
the weaker sense of Statement (II) and Statement (III) from Section 2.3, can still be valid despite
the existence of Cauchy horizon in dynamical spacetimes. For the Einstein-Maxwell-scalar-
field system (4.2), Dafermos established the blow-up of p under the inverse-polynomial decay
assumption (4.6) together with an associated pointwise lower bound assumption [25,67]. The
blow-up of curvature was established by Luk-Oh [73] under a more relaxed inverse-polynomial
lower bound assumption on the energy of ¢+, while the blow-up of p was obtained under
similar assumptions in [64]. Curvature blow-up for the charged scalar field case (4.4) was
obtained in the author’s work [68,83]. All these results are summarized in the following theorem.

Theorem 4.7. In the setting and under the same assumptions as Theorem 4.4, assume additionally
that (4.6) also holds as a lower bound on the event horizon #* in a suitable norm.

e [25,64,67,73] For the Einstein-Maxwell-scalar-field system (4.2), the Cauchy horizon
€A is weakly singular, in the sense that p and certain curvature components blow-up.

» [68,83] For the Einstein—-Maxwell-charged-scalar-field system (4.4), the Cauchy horizon
€A is weakly singular, in the sense that certain curvature components blow-up.

We emphasize that lower bounds on the scalar field are essential in Theorem 4.7, since when
¢ = 0 (Reissner-Nordstrém case), the Cauchy horizon € " is not singular (recalling Section 3).
In Section 6, we will see that these lower bounds on the event horizon " are satisfied for
spherically symmetric solutions of (4.2) with generic, localized and regular Cauchy data in the
black hole exterior [84], thus connecting with Conjecture 1.1 restricted to spherical symmetry.
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Figure 7. Left: two-ended black hole with a Cauchy horizon but no spacelike singularity.
Right: two-ended black hole with a spacelike singularity ¥ and a Cauchy horizon €.
In both cases, the spacetime can be continuously-extended through €. 7#*.

In terms of inextendibility, Theorem 4.7 leads to the proof that there does not exist any C?
extension of the metric [68,73,83] across €7, consistently with Statement (III) in Section 2.3.

Finally, we return to the Einstein vacuum equations ((2.4) with T = 0) for which the first
examples of a black hole with a weakly singular Cauchy horizons were constructed by Luk [85].

Theorem 4.8 ([85]). There exists a class of black hole interior solutions of the Einstein vacuum
equation without any symmetry assumptions featuring a weakly singular Cauchy horizon € #* .

The stability estimates in Theorem 4.6 are consistent with Theorem 4.8 and suggest that a
generic perturbation of the Kerr black hole features a weak singularity similar to the constructions
of [85]. The analogous result to Theorem 4.7 for (2.4) in vacuum, however, is still open at present.

4.6. Strong Cosmic Censorship for two-ended spacetimes

The results in Section 4.4 are stated in terms of local regions of spacetime as depicted in Figure 6;
however, Conjecture 1.1 is stated in terms of global inextendibility. In Penrose’s original formu-
lation [4], Strong Cosmic Censorship is in the context of gravitational collapse. As we will see in
Section 5 when discussing the global structure of collapse, this involves a one-ended spacetime
with a regular center I'. However, outside of the study of gravitational collapse, it is also possi-
ble to consider the global structure of two-ended spacetimes, which also corresponds to that of
the Reissner-Nordstrém (3.3) or Kerr (3.5) spacetime (see Figure 1). The first global spherically-
symmetric result for (4.2) is due to Dafermos [21] who proved that for small perturbations of
Reissner-Nordstrom metric, there is no spacelike singularity at all and only a null Cauchy hori-
zon €77 as depicted in the left panel of Figure 7. However, it follows from [86] that there exists
large perturbations of the Reissner-Nordstrom metric obeying the assumptions of Theorem 4.4
featuring a non-empty spacelike singularity . = {r = 0}, as depicted on the right panel of Figure 7
(see Section 4.7). For (2.4) in vacuum, Dafermos-Luk [22] considered small perturbations of the
Kerr metric and also showed the absence of spacelike singularities in this case. These results are
summarized in the following theorem.

Theorem 4.9. (Two-ended dynamical black holes with no spacelike singularity).
e [21,87] Consider a bifurcate two-ended event horizon #€* on which the decay assump-
tions of Theorem 4.4 are satisfied, and assume additionally that (the characteristic data
induced by) (g, ) on F* is a small perturbation of (grn,0) in an appropriate norm. Then
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the solution to (4.2) (or (4.4)) has no spacelike singularity and its terminal boundary only
consists of the (bifurcate) Cauchy horizon € ", as depicted in the left of Figure 7.

e [22] Consider a bifurcate two-ended event horizon €+ on which the decay assumptions
of Theorem 4.6 are satisfied, and assume additionally that (the characteristic data induced
by) g on #* is a small perturbation of gg in an appropriate norm. Then the solution to
(2.4) in a vacuum has no spacelike singularity and its terminal boundary only consists of
the (bifurcate) Cauchy horizon € 7%, as depicted in the left of Figure 7.

Returning to the issue of Strong Cosmic Censorship, we finally state the only known definitive
statement of inextendibility for generic spherically symmetric two-ended solutions of (4.2).

Theorem 4.10 (C? Strong Cosmic Censorship in spherical symmetry [73,84]). There exists an
open and dense subset (for the topology induced by a smooth norm) within the set of admissible
spherically-symmetric initial data such that their MGHD for (4.2) is C? (future) inextendible.

The above result by Luk-Oh [73,84] can be interpreted as a full resolution of a spherically-
symmetric version of Conjecture 1.1 at the C? level (Statement (III) of Section 2.3) for two-
ended initial data. We emphasize that their C? extendibility result applies to both cases in
Figure 7. Furthemore, we note that a recent result of Sbierski [88] showing that the spacetimes
of Theorem 4.9 are also C! inextendible (which is an intermediate version of Strong Cosmic
Censorship between Statement (II) and Statement (III) in Section 2.3). Finally, the Hawking mass
blow-up (conditionally) obtained in Theorem 4.7 leads to conjecture the validity of a H' version
Strong Cosmic Censorship [26], i.e., Statement (II) from Section 2.3, still open at this time.

4.7. Two-ended black holes with a spacelike singularity and a Cauchy horizon

Interior of charged hairy black holes. The author’s works [86] and [89] with Li considered the
interior of black holes with a scalar hair- namely a non-trivial stationary scalar field on the event
horizon. These spacetimes are spherically-symmetric solutions of the Einstein—-Maxwell-scalar-
field equations (4.2) in [86] and Einstein-Maxwell-charged-scalar-field (4.4) in [89] and their
terminal boundary is entirely-spacelike, thus they do not possess any Cauchy horizon (compare
with Theorem 4.4). They have a two-ended R x $? spatial topology, but are not associated to an
asymptotically flat'® black hole exterior, and thus do not play any direct role in Strong Cosmic
Censorship as formulated in Conjecture 1.1. They will be used, however, in the asymptotically
flat black hole constructions discussed in the paragraph below. For now, we state the results
of [86,89].

Theorem 4.11 ([86,89]). There exists spatially-homogeneous solutions of the Einstein—-Maxwell-
(un)charged-scalar-field equations (4.2) or (4.4) with a constant scalar field datap =€ #0 on a
two-ended event horizon 1 U #r, whose MGHD terminates at a spacelike boundary & = {r = 0}.
(1) (violent collapse, [86]) For the Einstein—-Maxwell-scalar-field equations (4.2), & = {r = 0}
is approximated by a Kasner metric of exponents (1 —2Ce?, Ce?, Ce?) for a constant C > 0.
(2) (fluctuating collapse, [89]) For the Einstein—-Maxwell-charged-scalar-field equations (4.4),
& ={r =0} is approximated by a Kasner metric of positive exponents (1-2p(e), p(€), p(€)),
where p(€) € (0,1/2) is an algebraic function of a highly-oscillating quantity a(e) of the
form
a(e) = Csin(woe 2 + O(loge™ ) ase—0

for C #0 and wg € R— {0}. Moreover, for some values of ¢, a Kasner bounce takes place.

15However, Zheng recently [90] constructed a class of asymptotically AdS (the analogue of asymptotic flatness in the
presence of a negative cosmological constant) black holes to which Theorem 4.11 applies, see the discussion in Section 7.
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To clarify the terminology, we recall the Kasner spacetime [91], a solution of the Einstein
vacuum equations. For (py, p2, p3) € R® such that p; + p, + p3 = 1 (the Kasner exponents), define:

gk = —di? + 2P dxd + t2P2dx + 2P d . (4.10)

If (p1, p2, p3) = (1,0,0) (or perturbations), gk is flat (i.e., locally isometric to the Minkowski metric
(3.1)) but otherwise, . = {t = 0} is a spacelike singularity. In Theorem 4.11, the Kasner exponents
p; are all positive (which is consistent with the known stability results in this case [92], see
Section 7). Note, however, that in the uncharged-scalar-field case (4.2), the Kasner exponents
degenerate to the Minkowskian endpoint (p, p2, p3) = (1,0,0) when € becomes arbitrarily small.

The terminology “Kasner bounce” originates from the foundational works of BKL [93,94] on
Kasner dynamics for the Einstein equations. These celebrated heuristics proposed an instability
mechanism for Kasner metrics (4.10) with one negative p; leading to the transition (“Kasner
epoch”) to a stable Kasner metric with all positive p;’s. Statement (2) of Theorem 4.11 provides
the first rigorous quantitative study of the long-hypothesized Kasner bounce phenomenon.

Construction of asymptotically flat two-ended black holes. A gluing argument'® allows to con-
struct two-ended asymptotically flat black holes satisfying the assumptions of Theorem 4.4, but
whose terminal boundary features a spacelike component %’ isometric to a subset of & = {r = 0}
in Theorem 4.11 (see [89][Section 1.2] for details). In particular, one can in principle con-
struct spherically-symmetric asymptotically flat solutions of Einstein—-Maxwell-charged-scalar-
field equations (4.4) exhibiting the Kasner bounce described in the previous paragraph.

In the case of the Einstein-Maxwell-charged-scalar-field equations (4.4), however, one would
additionally require decay estimates in the black hole exterior to finalize the construction (see
the discussion in Section 6). For the Einstein—-Maxwell-scalar-field equations (4.2) case, these
estimates have been obtained in [74,84] and thus the gluing argument provides a large class of
two-ended asymptotically flat black holes with the rightmost Penrose diagram of Figure 7, where
part of the singularity . = {r = 0} is spacelike and described by the Kasner-like asymptotics of
Theorem 4.11.

We note that for such constructions, Theorem 4.11 only provides estimates near .¥ away from
the intersection € #* n .. However, the results of [95] apply to this situation and provide a
quantitative description of the null-spacelike transition region near €. #* n.#, see Section 5.4.

5. Gravitational collapse and (locally) naked singularities
5.1. Mathematical setting of gravitational collapse

Gravitational collapse is the widely-accepted theory accounting for the existence of astrophysical
black holes, as pioneered in the celebrated work of Oppenheimer-Snyder [49] (recall the discus-
sion in Section 3.4). In this astrophysical process, a star whose initial state is free of any trapped
surface develops a trapped surface at a later time. The mathematical setting for gravitational col-
lapse imposes!” an initial surface X that is diffeomorphic to R® and free of any trapped surface,
with the origin of R? corresponding to the center of the star I'. Of course, not all such spacetimes
undergo a gravitational collapse process (e.g. recall from Section 3.1 that perturbations of the
Minkowski spacetime do not admit any trapped surface). Nonetheless, in Definition 5.1 below,
we introduce spacetimes that are initially free of any trapped surface: thus gravitational collapse

18Wwhile the gluing argument of [89] only provides two-ended asymptotically-flat black holes featuring a piece of hairy
black hole singularity ., we conjecture that one-ended versions of such construction are also possible. Unlike their two-
ended counterparts, one-ended black holes play a major role in gravitational collapse, see Section 5.

17Topological censorship considerations regarding an initial hypersurface £ indeed indicate that = must have a trivial
topology (like R® in Definition 5.1) if it is free of any trapped surface, see [96] for interesting results in this direction.
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may take place if the conditions leading to the formation of a trapped surface'® are satisfied at a
later time. For simplicity, we restrict ourselves to the vacuum case ((2.4) with T = 0), keeping in
mind that Definition 5.1 generalizes in the presence of a suitable matter model (see e.g. [13]).

Definition 5.1. We say a Lorentzian manifold (., g) solution of (2.4) is a spacetime suitable for
gravitational collapse if it is the MGHD of suitable initial data set (Z, go, Ko) such that

o X is diffeomorphic to R® and free of any trapped surface.
* (8o, Ko) are asymptotically flat, i.e., tends to the Minkowski solution (m,0) as r — +oo.

The central axis T is defined as the wordline of the timelike geodesic starting at the (diffeomorphic
image of the) origin inR3 in the future normal direction to X.

Note that a spacetime suitable for gravitational collapse possesses one asymptotically flat
end (“one-ended spacetime”), as opposed to the two-ended spacetimes (including the Reissner—
Nordstrom (3.3) and Kerr (3.5) MGHDs) discussed in Section 4.6 whose topology is that of R x $2,

5.2. From Weak Cosmic Censorship to Strong Cosmic Censorship

In the celebrated series [11,51-53,66], Christodoulou studied a model of spherical gravitational
collapse in considering spherically symmetric solutions of (3.7) satisfying the conditions of
Definition 5.1. As we discussed in Section 4.3, such spacetimes cannot feature a Cauchy horizon
emanating from i*, but Christodoulou constructed [51] examples of (locally) naked singularity
solutions with a Cauchy horizon €.#’r emanating from the center I', as depicted in Figure 4,
with initial data in a Holder class. Christodolou specifically studied a rougher class of spherically
symmetric solutions of (3.7) within the BV (bounded variation) class in the series [51-53,66]. He
proved that (locally) naked singularities satisfying the condition p/r / 0 (recall the definition
in (4.9)) on their past light cone are non-generic, in the sense they have finite co-dimension
within this class. Combining the results of [51-53,66] with a sharp extension criterion given
in [11,53] that implies any naked singularity satisfies the condition p/r /4 0, results in the
following theorem.

Theorem 5.2 ([11,51-53,66]). For spherically-symmetric initial data belonging to the BV class,
the MGHD solution of (3.7) satisfy one the following:

(a) are geodesically complete, with the same Penrose diagram as the Minkowski spacetime.

(b) or possess a black hole region with a spacelike terminal boundary & = {r = 0} with the
Penrose diagram of Figure 3. In this case, the MGHD is C? (future) inextendible.

(c) or feature a (locally) naked singularity br with the Penrose diagram of Figure 4.

Moreover, for generic initial data within the above class, only options (a) or (b) are possible.

As is clear from Theorem 5.2, the only obstruction to determinism for the above model are the
Cauchy horizons € #r emanating from the center I' which are, in principle, extendible. In view
of Theorem 5.2 showing that spacetimes with €. # ¢ are non-generic within the (spherically-
symmetric) BV class, one can also interpret Theorem 5.2 as validating a version of Strong Cosmic
Censorship at the C? level (Statement (III) from Section 2.3) for rough and spherically-symmetric
initial data. We emphasize that, as in Section 4, Cauchy horizons constitute the main obstruction
to Strong Cosmic Censorship. However, contrary to the Cauchy horizon €7 emanating of i*
discussed in Section 4 that is subjected to a blue-shift instability, there is no such mechanism for
Cauchy horizons € .#’r emanating of I' and therefore, no hope for € #r to be singular. That is
why, should Strong Cosmic Censorship be true, it must be that €.#r = @ for generic solutions.

18There is a rich mathematical theory for the formation of trapped surface, see e.g. [24,66,97-101].
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Remark. The strategy employed by Christodoulou [52,53] to obtain €.#r = @ for generic
solutions is to perturb an hypothetical solution with € #r # @ in order to obtain a sequence
of trapped surfaces converging to br: it is then easy to see that € # = ¢ for the perturbed
solution [13].

While Theorem 5.2 only provides C? inextendibility, the spacelike nature of the terminal
MGHD boundary . = {r = 0} (and Theorem 3.2) leads to conjecturing that a generic spherically-
symmetric solution is C° inextendible. This expectation is reinforced by the fact that % = {r = 0}
is asymptotically Schwarzschild towards i* as proven in [102] (see also [103,104]). For the more
sophisticated Einstein—-Maxwell-charged-scalar-field model (4.4) which additionally allows to
study Cauchy horizons emanating from i* (as we explained in Section 4.3), the global picture of
spherically-symmetric gravitational collapse is more subtle and several aspects will be discussed
in Sections 5.3 and 5.4. We emphasize, however, that the Christodoulou argument showing that
6 7¢r = ¢ generically is local near I', and thus, independent of the dynamics near i*. We may
thus speculate [13,87] that € .#r = @ for generic spherically-symmetric solutions of the Einstein—
Maxwell-charged-scalar-field model (4.4) (see [97,105] for recent results in this direction).

5.3. The breakdown of weak null singularities

As we saw in Section 4 (Theorem 4.4), the MGHD terminal boundary is not everywhere-spacelike
for spherically-symmetric solutions of the Einstein—-Maxwell-charged-scalar-field model (4.4) (at
least, under decay conditions of the form (4.6) on the event horizon that are conjectured to be
satisfied for regular localized solutions). The falsification of Conjecture 4.3 for this model ironi-
cally begs the question: does there exist a spacelike singularity at all? The two-ended spacetimes
of Section 4.6 provide examples in which .# = @ and the Cauchy horizon €. 7#* “closes-off” the
spacetime, as depicted in Figure 7, but, as explained in Section 5.1, such spacetimes are not mod-
els of gravitational collapse and do not satisfy the assumptions of Definition 5.1. For one-ended
spacetime suitable for gravitational collapse, it is possible, in principle, that €. #* the Cauchy
horizon emanating from i* is the only component of the MGHD terminal boundary and thus
meets the central axis I at its endpoint br as depicted in Figure 8. In fact, an example of a space-
time with the Penrose diagram of Figure 8 has been constructed in [106] using a gluing procedure.
However, the author proved that, providing the Cauchy horizon €.7* is weakly singular, it can-
not “close-off” the spacetime, and therefore, the Penrose diagram of Figure 8 is impossible [87].

Theorem 5.3 (Breakdown of weak null singularities[87]). Let a spacetime suitable for gravita-
tional collapse in the sense of Definition 5.1 with a future terminal boundary 98 including a Cauchy
horizon € 76+ c 9B emanating from i*. Assume that € 76+ is weakly singular, in the sense of The-
orem 4.7. Then € #~* g A, i.e., the Penrose diagram of the spacetime is not given by Figure 8.

It is important to point out that the examples of [106] with the Penrose diagram of Figure 8
have a non-singular Cauchy horizon €7 (consistently with Theorem 5.3), a situation which
is conjectured to be non-generic. Indeed, in Theorem 4.7, we recall that € 7#* was shown to be
weakly singular under decay assumptions on the event horizon that are conjectured to be generic.
The main mechanism in Theorem 5.3—the “breakdown of the weak null singularity” € 7+ —
is proved by a contradiction argument, using the focusing properties of the Einstein equations
(notably the null constraint, so-called Raychaudhuri, equations) and taking advantage of the
strength of the singularity at ‘€ #* combined with the spacetime geometry near the central axis
I'. In view of the breakdown of €#*, there must be another (presumably spacelike, see Figure 9)
component of the terminal boundary; we will discuss this aspect in Section 5.4 below.
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Figure 8. Impossible Penrose diagram if € #" is weakly singular by Theorem 5.3.

5.4. The spacelike portion of the terminal boundary

Theorem 5.3 is consistent with a spacetime geometry whose Penrose diagram is the rightmost
in Figure 4, i.e., with a Cauchy horizon € #r emanating from a locally naked singularity br.
Barring this possibility, however, Theorem 5.3 shows that 8 — € #* = & = {r = 0}, where &
is not entirely null and presumably spacelike [87]. The conjectured non-genericity of locally
naked singularities discussed in Section 5.2 together with Theorem 5.3 then imply that a generic
spherically-symmetric black hole solution of the Einstein-Maxwell-charged-scalar-field system
(4.4) has the Penrose diagram of Figure 9, as was originally conjectured by Dafermos [26]. Note
the presence of two co-existing singular components of the terminal boundary of different
strengths, namely €., which is a weak singularity (blow-up of curvature) and % = {r = 0},
which is a stronger singularity. The quantitative study of the transition region between €. #*
and % in Figure 9 was carried out in the author’s recent work [95], under the assumption
that the scalar field oscillates weakly'? towards the Cauchy horizon €.#*. The main result is
that . = {r = 0} is indeed spacelike?” in the vicinity of €.#" and described by a Kasner-type
metric with variable Kasner exponents (see [95,107] for a definition) that degenerate towards the
intersection € #* N.% < {v = oo}, where v is the same advanced-time coordinate as in (4.6).

Theorem 5.4 ([95]). Assume the spacetime in Theorem 5.3 does not possess a locally naked
singularity, i.e., € /r = @, and denote & its terminal boundary. Then % contains a spacelike
singularity & # @ intersecting € #*+ < {v = oo} and the metric near € 7+ N is approximated by

a Kasner metric of v-dependent Kasner exponents (1-2p(v), p(v), p(v)) with p(v) = v as v — co.

Remark. Strictly speaking, the analysis of Theorem 5.4 is unnecessary to prove a spherically-
symmetric version of Strong Cosmic Censorship for the charged collapse model, since [13] the
only possible boundary components in spherical symmetry are the Cauchy horizon €#" and
boundary components on which r = 0 (excluding the conjecturally non-generic locally naked
singularities €.#7). C? extensions through €.7* are impossible by Theorem 4.7, and through

19Note that this assumption is always satisfied in the uncharged scalar field model (4.2), since ¢ is real-valued.
201n particular, there is no null ingoing boundary component F;+ on which r =0 and connected to €.#7, see [95].
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Figure 9. Penrose diagram of the one-ended black holes of Theorem 5.3, with . = {r = 0}.

components on which r = 0, due to the blow-up of the Kretschmann scalar [13]. However, a com-
plete resolution of Strong Cosmic Censorship without spherical symmetry requires a comprehen-
sive quantitative understanding of the co-existence of weak and strong singularities depicted in
Figure 9.

Theorem 5.4 provides the first examples of a null-spacelike singularity transition?! in a black
hole, together with the first construction a Kasner-like singularity with degenerating exponents
(see [107] for a very general construction of Kasner-type spacetimes, which however assumes the
Kasner exponents to be non-degenerating and thus does not cover the situation of Theorem 5.4).
Lastly, one may speculate that the results of Theorem 5.4 can be suitably generalized*? to
non spherically-symmetric spacetimes solving the Einstein-scalar-field system (2.4), (3.7). In
summary, it is conjectured that the geometry of generic (non spherically-symmetric) Einstein-
scalar-field solutions is as in Figure 9. The situation for the Einstein vacuum equations, however,
is more uncertain in that Kasner-type singularities are not expected to be stable, see [107,108].

6. Late-time tails in the black hole exterior and connections to black hole stability

In this section, we discuss decay results on the event horizon #* of the form (4.6). We have
emphasized in Section 4 that decay assumptions are essential in the black interior dynamics
(recalling Theorems 4.4, 4.5, 4.6 and 4.7). In particular, upper bounds are used in stability
results of the Cauchy horizon €.#* and lower bounds to show its (weakly) singular character.
Proving Strong Cosmic Censorship starting from generic initial data in the black hole exterior, as
prescribed in Conjecture 1.1, requires proving that such upper and lower bounds are satisfied on
the event horizon #* for generic (smooth) initial data. We discuss results in this direction below,
starting from the toy problem provided by linear wave-type equations on a fixed black hole.

21Theorem 5.4 is, in fact, the corollary of a more general local result in [95]. In particular, the Kasner-like quantitative
estimates of Theorem 5.4 also apply to the two-ended black holes with . # @ as in the rightmost diagram of Figure 7.

22The landmark result of Fournodavlos-Rodninanski-Speck [92] indeed proves that Kasner metrics with constant
positive exponents are stable to small perturbations. The Kasner exponents in Theorem 5.4 are also positive, thus the
spacetime is expected to be stable against non-spherical perturbations. However, the Kasner exponents in Theorem 5.4
are non-constant and degenerate as v — +oo, and therefore the techniques of [92] do not apply.
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6.1. Linear wave equations on a stationary black hole and Price’s law

Inverse-polynomial time decay for the wave equation
Ogp=0 6.1)

on a black hole spacetime has been conjectured since the numerics of Price [109] articulating
what is now known as Price’s law. Regarding mathematical works, boundedness and integrated
decay for (6.1) on a Schwarzschild g = gs or (sub-extremal) Reissner—Nordstréom g = grn black
hole were established in [110,111] and [27,42,111-114] on the (sub-extremal) Kerr black hole
g = gx. Decay upper bounds were proven on Schwarzschild/Reissner-Nordstrom [115,116]
and Kerr [113,117]. Precise asymptotic tails were subsequently obtained by Hintz [118] and
Angelopoulos-Aretakis—Gajic [119,120]. While these tails are valid throughout the black hole
exterior, we will only state them on the event horizon #* in the theorem below for simplicity,
using an Eddington—Finkelstein advanced-time coordinate v on #* as in Section 4.

Theorem 6.1 (Price’s law, [118-120]). Let g be either a Schwarzschild g = gs or (sub-extremal)
Reissner-Nordstrom black g = ggrn or (sub-extremal) Kerr g = gx black hole exterior and ¢ a
solution of (6.1) with smooth compactly supported initial data at {t = 0}. Then, there exists a
function Iy(0, ) on'S?, € > 0, such that ¢ obeys the following asymptotics as v — +oo:

P+ (0,0,9) = In(6,p)v > + O(w~>7). (6.2)
Moreover, 1y(0, @) # 0 for generic initial data.

The proof of (6.2) (and estimates for higher order derivatives) in Theorem 6.1 show that the
assumptions of Theorem 4.2 are satisfied for generic smooth and localized solutions of (6.1).

While (6.1) is often considered as a linear toy model for the Einstein equations (2.4) in a
vacuum, the equations oflinearized gravity around the Kerr metric (3.5) give rise to the celebrated
Teukolsky equations [121] which are spin-weighted analogues of (6.1) and have the following
form on (sub-extremal) Kerr spacetime (3.5), where the spin s takes the value {+2}.

2s ( a(r— M) v cos(0) )
r2+atcos?@) \(r—ry)(r—r_)  sin2@)) 7

Ugy + (r—M)o, +

r2 + a? cos2(0)
2s M(@?-a?)
+
r2+a2cos?2@\(r—r)(r—r2)

—r—iacos(@))6t+ (s—szcotz(e))] a;=0.

r2 + a2 cos2(0)
(6.3)

Boundedness and integrated decay for (6.3) have been established in [122-126], and late-time tail
results analogous to Theorem 6.1 were obtained in [127-129]; see [130-135] for analogous results
on Schwarzschild/Reissner-Nordstrom black holes (namely, the analogue of (6.3) with a = 0).

6.2. Charged scalar field equation

Motivated by the study of the Einstein—-Maxwell-charged-scalar-field equations discussed in
Sections 4 and 5, we introduce the charged scalar field equivalent of (6.1) on a fixed black hole
consisting of the following nonlinear Maxwell-charged-scalar-field system of equations:

g"'DuDyp=0, VFE,, =iqeS@Dyp), Dy=V,+igoA, F=dA. (6.4)

For spherically-symmetric solutions of (6.4) on a black hole metric g (like (3.2) or (3.3)), we define
the local charge Q (a function on spacetime) and the asymptotic charge e € R as follows:

e= UEer Q7+ (), whereF = %deu Advand g = -Q*dudv + r?(d6? +sin®(0) dg?). (6.5)
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One should expect e # 0 generically. As it turns out, for g = gs or g = grn (in the sub-
extremal case), gt'¥ D Dy ¢ = 0 asymptotically resembles a wave equation with an inverse-square
potential [136,137], where the potential is of the schematic form V(r) = igpe r~2. Heuristics in
the physics literature [75,76] have led to the following conjectured asymptotic tail for solutions of
(6.4)

¢+ (1,0,9) = Cpy - e V. 1mVIRA@e? | o m1e), (6.6)
where Cp # 0 for generic solutions and € > 0. Note that the decay condition of the second part of
Theorem 4.4 is satisfied by (6.6), as is the oscillation condition (4.8) required in Theorem 4.5.
While the proof of (6.6) is still open for spherically-symmetric solutions of (6.4), sharp upper
bounds corresponding to (6.6) have been established in the limit |gge| < 1 by the author [136].

Theorem 6.2 ([136]). Spherically-symmetric solutions of (6.4) on a sub-extremal Reissner—
Nordstrom metric g = ggn With smooth, localized and small initial data at {t = 0} obey decay upper
bounds of the form (4.6) for some s(qope) > 1, and s(qpe) — 2 as gpe — 0.

We also refer to [137] for the proof of late-time tails of the form (6.6) for a toy-model of (6.4).

6.3. The Klein—-Gordon equation for massive scalar fields

We now turn to the Klein-Gordon equation (4.5) (with m? > 0), which is the massive variant of
the wave equation (6.1) (noting that Theorems 4.4, 4.5 and 4.7 still apply to this case). We em-
phasize that the picture of Strong Cosmic Censorship for the Einstein—-Klein—-Gordon equations is
conjectured to be qualitatively different from the vacuum case. Some solutions of (4.5) on a (sub-
extremal) Kerr spacetime indeed do not decay, but instead grow exponentially in time (growing
mode solution), as proven by Shlapentokh-Rothman [69] (see also [138,139] for pioneering works
in the Physics literature, together with the review [140]).

Theorem 6.3 (Kerr superradiant instability, [69]). Fix a sub-extremal Kerr (3.5) metric. For an
open set of m? > 0, there exist growing mode solutions of (4.5) with smooth, localized initial data.

In view of the instability of the Kerr metric, one would need to identify an (hypothetical)
generic endstate®® of Klein-Gordon collapse and show its inextendibility as a first step to proving
Conjecture 1.1, a problem which is completely open at present. However, the Klein-Gordon
equation (4.5) on a Schwarzschild (3.2) or (sub-extremal) Reissner-Nordstrom (3.3) black hole,
in contrast to the Kerr case, decays on the event horizon #* at an inverse-polynomial rate of the
form (4.6) with s = 5/6 as proven by Pasqualotto, Shlapentokh-Rothman and the author [70,143].

Theorem 6.4 ([70,143]). Let ¢ be a solution of the Klein-Gordon equation (4.5) with m?> >0 on a
fixed Schwarzschild (3.2) or (sub-extremal) Reissner-Nordstrom (3.3) black hole with smooth and
compactly supported initial data at {t = 0}. Then for everye > 0, there exists D > 0 such that:

b+ |(0,0,) < D- V8.
Moreover, there exists C € R such that, if ¢ has spherically-symmetric initial data, for every § >0

|70+ (1,0,9) — F)v™8 | < D-v71%9,

Wi

mq’ vs +¢_(M,e,m?) + O(v™3),
(6.7)

F()=CEi%y1 g3 cos(Pq ), ¥q(v) = mv—3[2nM)
wherely|(M, e, m?) <1 and¢_(M,e, m?) € R. Moreover, C # 0 for generic initial data.

231t has been debated [138,139,141,142] whether the Schwarzschild black hole may be a possible endstate. Note
also that the non-trivial stationary black holes solutions of the Einstein—Klein-Gordon equations (so-called “hairy black
holes”) constructed by Chodosh-Shlapentokh-Rothman [71,72] are also hypothetical endstate candidates. Lastly, it is also
possible that some sub-extremal Kerr black hole are immune to the superradiant instability, and thus could be stable [69].
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In the spherically symmetric case, ¢ 7+ satisfies decay upper and lower bounds analogous to
the ones required in Theorem 4.4 and Theorem 4.7; moreover, the leading order term F(v) p~5/6
satisfies the oscillation condition (4.8) (with wes = 0, since g = 0 in Theorem 6.4) corresponding
to the one required in Theorem 4.5. In view of Theorem 6.4, we conjecture that (6.7) also holds for
spherically-symmetric solutions for the Einstein—Klein-Gordon model with regular and localized
initial data; proving such a statement is indeed key to a complete resolution of the spherically-
symmetric version of Strong Cosmic Censorship for the (massive) Einstein—-Klein-Gordon model.

6.4. Wave equations on dynamical black holes and black hole stability

An important pre-requisite to Strong Cosmic Censorship in the form of Conjecture 1.1 is the
proof of asymptotic stability of the black hole exterior region. In the simpler setting of spherical
symmetry, this was achieved by Dafermos—Rodnianski [74] for the Einstein-Maxwell-scalar-field
system (4.2), who also proved upper bounds (Price’s law) analogous to (6.2) on the event horizon
that are sufficient to satisfy the assumptions of Theorem 4.4. Luk-Oh [84] subsequently proved
that (L?-averaged) inverse-polynomial lower bounds hold on the event horizon, thus showing
that the assumptions of Theorem 4.7 are satisfied for spherically-symmetric solutions of (4.2)
with generic, smooth and localized initial data at {t = 0}. Recently Luk-Oh [144] obtained
asymptotic point-wise tails (hence point-wise lower bounds). We summarize these results below.

Theorem 6.5 ([74,84,144]). Given any asymptotically flat, spherically symmetric, admissible data
on R x S?, the MGHD (4, g,}) for (4.2) converges to a Reissner-Nordstrom black hole at the
following rate: there exists D€ R, € >0, C € R such that

|7+ (v,0,0) —D-v 3| <C- v, (6.8)
Moreover, D # 0 for generic initial data.

Remark. Note that no smallness assumption is imposed on the initial data in Theorem 6.5.
However, the admissibility condition requires the presence of a trapped surface at {r = 0},
therefore the dynamical solution cannot disperse to the Minkowski spacetime.

Returning to the vacuum Einstein equations without symmetry, the proof of stability of the
Kerr black hole exterior (3.5) was obtained in the case |a| < M in the work of Giorgi, Klainerman,
Shen and Szeftel [77,78,145-148]; see the closely related work of Dafermos-Holzegel-Rodnianski—
Taylor [149] on the stability of Schwarzschild, as well as [112,122-124,135,150-152] for related
linear and nonlinear black hole stability results. The decay upper bounds obtained on the
event horizon #* of the dynamical Kerr perturbations satisfy the assumptions of Theorem 4.6:
therefore, small perturbations of the Kerr exterior (3.5) (for |a|] < M) admit a CP-extendible
Cauchy horizon as depicted in Figure 6. Linearized results [122,123] on solutions of (6.3) indicate
that the assumptions of Theorem 4.6 are also satisfied for small perturbations of the Kerr exterior
(3.5) in the full sub-extremal range |a| < M. We emphasize, however, that a full resolution of
Conjecture 1.1 requires to understand the generic endstate of gravitational collapse, which may
involve several black holes. In that respect, we mention the celebrated final state conjecture [1],
postulating that a generic solution of (2.4) consists of finitely many Kerr black holes moving away
from each others. Understanding spacetimes with multiple black-hole exterior regions is thus a
necessary preliminary step prior to a full proof of Strong Cosmic Censorship.

We have already emphasized that decay lower bounds on a black hole’s event horizon are
necessary to prove the (weakly) singular character of Cauchy horizon € *: proving such lower
bounds naturally requires to understand the late-time tail of wave equations on a dynamical
black hole, an endeavor going beyond the problems of Section 6.1. For (6.1), it is known that the
Price’s law asymptotics of Theorem 6.1 also hold on a class of dynamical black holes [117,144].
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However, it turns out that for other wave equations, the late-time tails are in general different on
dynamical black holes (atleast in odd space-dimensions) as recently established by Luk-Oh [144].
While their result provides late-time asymptotics for a general class of wave equations in odd
space dimensions, for concreteness, we focus on the following example of (6.1) on a spherically-
symmetric dynamical black hole g converging (sufficiently fast) to the Schwarzschild exterior gs
(in (3+1) spacetime dimensions). Defining 1., as the projection on spherical harmonics of order
¢ and higher and assuming compactly supported initial data, the result of Luk—Oh [144] provides
the following dichotomy, under the assumption that the metric g is non-stationary and ¢ = 1:

e IfOg¢p =0, then Il o 7+ (1,0, ) ~ Cp (0, ) v=2-2¢ and Cy # 0 for generic initial data.
e If[gs¢p =0, then IIs p¢py 7o+ (1,8, ¢9) ~ Cp (0, ) v=3-2¢ and Cy # 0 for generic initial data.

The asymptotics of higher order spherical harmonics have no direct relevance to Strong Cosmic
Censorship. However, there is a strong resemblance between by I1-,¢, where ¢ solves (6.1) and
the Teukolsky equation (6.3) for s = +2. Motivated by this analogy, Luk-Oh conjectured [144] that
generic black hole solutions of the vacuum Einstein equations approaching a sub-extremal Kerr
metric decay at the rate v~ on the event horizon /", as opposed to the v™7 rate proven for
solutions of (6.3) on the exactly stationary Kerr exterior [129]. Proving such asymptotic tails on a
dynamical black hole will be a crucial step towards a proof of Conjecture 1.1.

7. Strong Cosmic Censorship conjecture beyond the context of gravitational collapse

We have focused so far on aspects of Strong Cosmic Censorship in generic (3 + 1)-dimensional
gravitational collapse (except in Sections 4.6 and 4.7), the context in which it was originally for-
mulated by Penrose [4]. In this section, we discuss Strong Cosmic Censorship in other contexts,
together with related questions that are in principle excluded by the genericity condition in Con-
jecture 1.1, but still relate to the dynamics of black holes and their interior singularities.

7.1. Exceptional dynamical black holes arising from finite co-dimension initial data

We start remarking that the one-parameter Schwarzschild family (3.2) is a co-dimension three
(respectively one) sub-family of the Kerr family (3.5) (respectively the Reissner-Nordstrom family
(3.3)) corresponding to a = 0 (respectively e = 0). Similarly, the extremal Reissner-Nordstrom
(lel = M) and Kerr (Jal = M) solutions have co-dimension one within their respective families. In
view of this, it is reasonable to conjecture that black holes converging to an extremal Reissner—
Nordstrom/Kerr solution (asymptotically extremal black holes) or Schwarzschild (asymptotically
Schwarzschildean black holes) have non-generic initial data within the moduli space of regular
solutions, which is why they should not play a major role in a proof of Conjecture 1.1.

Asymptotically extremal black holes. The recent constructions of Kehle-Unger [106,153] suggest
that asymptotically extremal black holes indeed arise for a finite codimensional subset of asymp-
totically flat initial data, at least within spherically symmetric models. Spherically-symmetric
asymptotically extremal black hole solutions of (4.4) (with a small charge) were studied by Gajic—
Luk [154] (see also previous linear results by Gajic [155,156]) showing that under a decay con-
dition like (4.6) on the event horizon, the spacetime admits a non-trivial Cauchy horizon € 7"
(like in Theorem 4.4) and the metric is C°n Hﬁ)c-extendible across the Cauchy horizon (in contrast
to Theorem 4.7). This shows that one can extend the metric as a weak solution to the Einstein—
Maxwell-charged-scalar-field system of equations (recall the discussion in Statement (II) of Sec-
tion 2.3). An analogous statement for asymptotically extremal solutions of the Einstein vacuum
equations (without any symmetry assumptions) remains open.
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Asymptotically Schwarzschildean black holes. Within spherical symmetry, black hole solutions
of (3.7) with localized initial data are all asymptotically Schwarzschildean (this follows from [74])
and the MGHD features a spacelike singularity . = {r = 0}, as discussed in Section 5.2. For
spherically-symmetric models with charge, in which asymptotically Schwarzschildean black
holes are non-generic, it is shown in the author’s [157] that asymptotically Schwarzschildean
spherically-symmetric solutions of (4.4) have no Cauchy horizon (€#* = @) and the MGHD
terminal boundary is foliated by spheres of area-radius r = 0. For the Einstein vacuum
equations, the result of Dafermos—Holzegel-Rodnianski-Taylor [149] shows that asymptotically
Schwarzschildean black holes arise from a co-dimension three subset of initial data close to
Schwarzschild. For these asymptotically Schwarzschildean black holes, the spacetime supre-
mum of Kretschmann curvature blows up [22,149] in the black hole interior, which suggests that
the MGHD is future-inextendible. However, the causal nature (null or spacelike) of the singular-
ity, and quantitative estimates in its vicinity, however, remain open, even within spherical sym-
metry.

7.2. Spatially-compact spacetimes and cosmological analogues of Cosmic Censorship

Hawking singularity theorem and timelike incompleteness. Spacetimes admitting a compact
Cauchy surface are particularly relevant to Cosmology as models of a finite universe and are
subjected to the celebrated Hawking singularity theorem [158] (compare to Theorem 2.5 which
is, in contrast, more suitable to the context of gravitational collapse).

Theorem 7.1 ([158]). If (#,g) admits a compact Cauchy hypersurface with positive mean-
curvature and satisfies the energy condition (2.6), then it is future-timelike geodesically incomplete.

Similarly to Theorem 2.5, however, Theorem 7.1 does not provide any information on the
cause of geodesic incompleteness or the singular nature of the MGHD terminal boundary.

The rigidity of compact Cauchy horizons. As in the gravitational collapse case, Cauchy hori-
zons?* can be a cause for MGHD extendibility, and thus constitute the main obstruction to Strong
Cosmic Censorship. A possible proof strategy of Strong Cosmic Censorship for spatially-compact
spacetimes is to show that for solutions to the Einstein vacuum equations, any compact Cauchy
horizon is a Killing horizon, as conjectured by Isenberg—-Moncrief [159]. Such ridigity results show
that Cauchy horizons only exist in spacetimes with an extra symmetry and thus are non-generic.
See [160,161] for a partial resolution of the Isenberg-Moncrief problem.

Strong Cosmic Censorship in vacuum under Gowdy-symmetry. Strong Cosmic Censorship was
studied for a class of spacetimes with a compact spatial topology T3, S° or S$? x S' admitting
a two-dimensional isometry group U(1) x U(1) with spacelike orbits, under an additional two-
surface orthogonality condition (Gowdy-symmetry, see [162-164]). The Gowdy polarized sub-
case is defined as the instance in which the two independent Killing vector fields generated
by the isometry group are orthogonal. In view of Theorem 7.1, one may expect these space-
times to feature a spacelike singularity at {¢ = 0}. A version of Strong Cosmic Censorship within
polarized-Gowdy solutions of the Einstein vacuum equations was proven by Chrusciel-Isenberg—
Moncrief [19] for any T3, S or $? x S! topology. Strong Cosmic Censorship within the more gen-
eral unpolarized-Gowdy class was subsequently proved by Ringstrém [165,166] in the T topol-
ogy. Both unpolarized and polarized results proceed proving the blow-up of the Kretschmann
scalar along incomplete geodesics, employing asymptotic expansions in the vicinity of the sin-
gularity at {t = 0}. The unpolarized case is significantly more involved on a technical level due

2475 an example, the Taub-NUT spacetime has both a compact Cauchy surface and an extendible Cauchy horizon [6].
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to the presence of so-called spikes [164,165] which occur when the limit of some renormalized
metric components (more precisely, their time-derivative) as ¢ — 0 is a discontinuous function
on {t = 0}. A key element of the proof in [165,166] is to construct a subset of regular initial data ¢
for which only finitely-many spikes occur in evolution and such that ¢ is both dense in a smooth
topology and open in a (possibly weaker) regular topology (this is the definition of ¢ being a
“generic set”).

Strong Cosmic Censorship with collisionless matter under surface symmetry. Dafermos—
Rendall [167-169] and Smulevici [170] considered solutions of the Einstein-Vlasov equations for
surface-symmetric spacetimes with topology S' x X, where X is a 2-dimensional compact surface
of constant curvature k € {—1,0, 1} (note that the Gowdy symmetry class with $2x sl topology is
a subclass of the k = 1 case). They established the C? inextendibility of the MGHD (both for van-
ishing A = 0 and positive A > 0 cosmological constant), thus proving a version of Strong Cosmic
Censorship for collisionless matter within the surface-symmetry class. It is remarkable that, con-
trary to Gowdy-symmetric vacuum spacetimes, precise asymptotics near the singularity are not
essential in the case of collisionless matter considered in [167-170] and inextendibility instead
follows from softer geometric arguments, in particular the extension principle of [168].

Strong Cosmic Censorship in the vicinity of Kasner spacetimes. Recall the Kasner metric (4.10)
from Section 4.7 is an anisotropic spatially-homogeneous spacetime with compact spatial topol-
ogy T° and a spacelike singularity at {f = 0}. Its perturbations for the Einstein vacuum equa-
tions may have very intricate dynamics (BKL heuristics [93,94,171]). However, in the presence of
a scalar field (i.e., for solutions of (2.4), (3.7)) or within U(1)-polarized solutions of the Einstein
vacuum equations, there exist Kasner metrics (4.10) with positive exponents (p1, p2, p3). The
work of Fournodavlos—Rodnianski-Speck [92] proves the stability of such solutions, and one can
thus infer a version of Strong Cosmic Censorship in a vicinity of these Kasner spacetimes for the
Einstein-scalar-field equations (or the vacuum Einstein equations in U(1)-polarized symmetry).
The results of [92] were recently generalized by Groeninger-Peterson-Ringstrém [172] proving
the stability of a larger class of so-called “quiescent singularities” that includes Kasner metrics
(4.10) with positive exponents p;. Thus, an analogous statement of Strong Cosmic Censorship
can be obtained in the vicinity of the larger class of initial data considered in [172].

7.3. Strong Cosmic Censorship in higher-dimensional gravity

Higher-dimensional black hole stability. There are higher-dimensional analogues of the
Schwarzschild (3.2) and Kerr (3.5) black holes, so-called Myers—Perry black holes [173]. The
techniques used for black hole exterior stability in (3 + 1)-dimensions discussed in Section 6 do
not apply to the higher-dimensional case; see, however, [174-178] for interesting recent progress.

Extra stationary black holes: black rings. The Schwarzschild and Myers-Perry solutions are not
the only stationary asymptotically-flat higher-dimensional black holes in view of the celebrated
black ring solutions [179], which possess an event horizon with $2xs! topology. However, the
black ring is subjected to the celebrated Gregory-Laflamme instability [180] taking the form of
exponentially growing modes for (6.1), see [181] for a proof of this instability in (4+1) dimensions.
Additionally, stable trapping takes place for (6.1) if g is a black ring, leading to a slow logarithmic
decay-in-time [182], a potential source of further (nonlinear) instabilities.

Open problem. To summarize, even the conjectured endstate of higher-dimensional gravita-
tional collapse appears to be more intricate than its (3+ 1)-dimensional counterpart; thus, an hy-
pothetical higher-dimensional analogue of Conjecture 1.1 remains completely open at present.
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7.4. Non-vanishing cosmological constant

Positive cosmological constant. The Schwarzschild-de-Sitter and Kerr-de-Sitter (respectively
Reissner—Nordstrom-de-Sitter) spacetimes are black hole solutions of the Einstein vacuum (re-
spectively Einstein-Maxwell) equations with a positive cosmological constant A > 0. Their
Cauchy surface (for a region inside the cosmological horizon, thus excluding the cosmological
region, see e.g. [42]) is compact with the topology of $2xS! thus the de-Sitter black holes are not
asymptotically flat (their interior region, however, is similar to their A = 0 counterparts).

Consequently, solutions of the wave equation (6.1) do not decay at an inverse-polynomial
rate (in the style of (4.6)) on the event horizon, but instead at an exponential rate [183-186], see
also [187-189] for such results on nonlinear wave equations. At the level of the Einstein-vacuum
equations, the stability of the Kerr-de-Sitter black holes (with |a| < M) at an exponential rate was
proven in the celebrated work of Hintz—Vasy [190], reproved in [191]. We note that Theorem 4.6
only requires decay upper bounds on the event horizon (compatible with an exponential rate)
and thus applies mutatis mutandis to small perturbations of Kerr-de-Sitter black holes with
|al < M, which therefore possess a CY-extendible Cauchy horizon.

However, due to the fast exponential decay in the A > 0 case, the singular character of
the Cauchy horizon, and thus the validity of the H' formulation of Strong Cosmic Censorship
appears in doubt (see [192] and the appendix of [21]). Heuristics and numerical works on the
wave equation (6.1) indeed indicate that solutions with smooth and localized initial data are
actually Hlloc-bounded at the Cauchy horizon of a Reissner-Nordstrom-de-Sitter hole [193] or
Kerr-Newman-de-Sitter [194] for sub-extremal parameters sufficiently close to extremality (in
contrast to the combined result of Theorem 6.1 and Theorem 4.2 in the A = 0 case); however, on a
Kerr-de-Sitter?® black hole, solutions to (6.1) seem to blow-up in H' norm at the Cauchy horizon
[195].

At the nonlinear level, spherically-symmetric Einstein—-Maxwell-(charged)-scalar-field solu-
tions of (4.4) approaching a (sub-extremal) Reissner-Nordstrém-de-Sitter black hole were stud-
ied in [196-198]. Under the assumption of exponential decay of the scalar field on the event hori-
zon, the stability of the Cauchy horizon was obtained analogously to Theorem 4.4. For a suffi-
ciently rapidly-decaying scalar field on the event horizon, however, the Cauchy horizon is not
weakly singular and the Hawking mass remains bounded in this case (in complete contrast to
Theorem 4.7 obtained in the A = 0 case). Whether or not generic spherically-symmetric solu-
tions decay sufficiently fast on the event horizon for this scenario to materialize remains open,
however.

Negative cosmological constant. On the Schwarzschild/Kerr-anti-de-Sitter black hole (solutions
of the vacuum Einstein equations with A < 0 analogous to (3.2) and (3.5)), solutions of the wave
equation (6.1) decay at a slow inverse-logarithmic rate [199,200]. On a Reissner—Nordstrom-
anti-de-Sitter black hole, a recent result of Zheng [201] shows the existence of non-trivial sta-
tionary solutions of (6.1) (see also previous heuristics works [202,203] in the context of AdS-
CFT) and exponentially-growing modes (the former also being associated to asymptotically-AdS
hairy black holes [90]). Excluding these, Kehle proved that solutions to (6.1) are (point-wise)
bounded at the Reissner—Nordstrom-anti-de-Sitter Cauchy horizon [204], although generically
their H' norm blows-up [205]. On a Kerr-anti-de-Sitter black hole, in contrast, Kehle surprisingly
showed [206] that solutions of (6.1) blow up point-wise at the Cauchy horizon, for black hole pa-
rameters (M, |al, A) belonging to a Baire-generic subset (of zero Lebesgue measure) of Ri. The
exact repercussions of these instabilities on the Einstein-vacuum dynamics, however, are unclear
in view of the conjectured nonlinear instability of the Kerr-anti-de-Sitter exterior spacetime [207].

25The numerics of [193-195] thus surprisingly suggest that Strong Cosmic Censorship (at the H! level, i.e., State-
ment (II) of Section 2.3) for A > 0 may be violated in the presence of charge (Maxwell field), but respected in its absence.
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8. Summary and future directions

This review explores the burgeoning field of Strong Cosmic Censorship research, which has
developed its own momentum within the mathematics landscape of General Relativity, while
remaining faithful to Penrose’s original spirit. The understanding of its key features were indeed
made possible thanks to advancements in the theory of quasilinear waves, started in the 1990s,
which drove immense progress in the study of spacetime dynamics in General Relativity.

We highlight a few of these essential realizations which are all connected to breakthroughs in
the understanding of black hole dynamics, towards a resolution of Problem 1.2:

o The Kerr Cauchy horizon is stable against dynamical perturbations, thus the singularity
inside a generic black hole arising in gravitational collapse is not entirely-spacelike.

¢ The blue-shift instability, a linear mechanism on a stationary black hole with a smooth
Cauchy horizon, does not destroy the Cauchy horizon when backreaction is included,
but instead makes it weakly singular (proven only in spherical symmetry at present).

¢ Ablack hole formed in gravitational collapse features a spacelike singularity . that dif-
fers significantly from the singularity inside Schwarzschild/Oppenheimer—Snyder space-
times and whose endpoint intersects the null Cauchy horizon € 7" (proven only in the
charged gravitational collapse of a spherically-symmetric scalar field at present).

We also emphasize the remarkable developments in the understanding of spacelike singulari-
ties dynamics. While the mathematical confirmation of the mixmaster/BKL heuristics for the
Einstein vacuum equations remains an open problem, the important progress positions us
well to tackle the challenges spacelike singularities pose within the resolution of Strong Cosmic
Censorship.

Moreover, and despite the independence of the Weak and Strong Cosmic Censorship conjec-
tures highlighted in Section 1.5, it is clear that a complete resolution of Conjecture 1.1 will re-
quire comprehensive knowledge of the dynamics of (locally) naked singularities in gravitational
collapse, most notably their non-generic character: in other words, it is likely that a proof of
Weak Cosmic Censorship will provide essential insights to the proof of Conjecture 1.1. Even a
complete understanding of all the above phenomena without any symmetry assumption, how-
ever, would still not be sufficient to prove Conjecture 1.1, because it is tied to the comprehen-
sion of every generic endstate of gravitational collapse, and therefore the final state conjecture
needs to be resolved first. Despite this obstacle, progress on the mathematical program and par-
tial steps towards Conjecture 1.1 outlined in this review would have significant ramifications for
understanding black hole dynamics and the field of General Relativity as a whole.

Among future directions, the study of multiple-black-holes dynamics, and whether they
respect Strong Cosmic Censorship will be essential. Beyond the Einstein equations in vacuum,
incorporating realistic astrophysical fluids, though presenting its own mathematical challenges,
holds immense potential for a more comprehensive physical understanding. As a steppingstone,
studying a massive (Klein-Gordon) scalar field will already reveal a drastically different picture of
Strong Cosmic Censorship compared to the simpler (electro)-vacuum case.

Strong Cosmic Censorship research stands as a vibrant frontier, pushing the boundaries of
both general relativity and mathematical analysis. Significant progress has been made, yet cap-
tivating challenges remain. As we delve deeper into this captivating domain, we stand to unlock
a wealth of knowledge about the nature of gravity and the enigmatic realm of black holes.
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1. Introduction

From Einstein’s attempt to find a static model of the universe; to Friedmann’s discovery of ex-
panding solutions; Lemaitre’s conclusion that the universe is expanding, based on a combina-
tion of observations and expanding solutions; and Hubble’s observations, the initial history of
general relativistic cosmology was long and complicated, and we refer the interested reader to [1]
for a detailed discussion. Once it becomes clear that the universe is expanding, it is natural to
trace that expansion backward in order to find an origin. However, even if one finds models
with a corresponding cosmological, or “big bang”, singularity, it is not clear if that is the only
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explanation, nor is it clear that such a singularity would persist when relaxing the symmetry as-
sumptions associated with the model. Hawking’s theorem gives one indication that cosmological
singularities are a general feature of solutions to Einstein’s equations; see [2, 3] for original refer-
ences and [4, pp. 431-434] for a textbook presentation. Moreover, the discovery of the cosmic
microwave background (CMB) radiation by Penzias and Wilson [5] gives clear observational cor-
roboration to the idea of a big bang. However, in spite of the importance of Hawking’s result, it
does not say much about the nature of singularities. Does the gravitational field generically blow
up in the direction of the singularity? Is the spacetime inextendible? In order to answer these
questions, it would seem to be necessary to carry out a more detailed analysis of solutions. More-
over, the high degree of isotropy of the CMB cannot be explained by a thermal equilibrium having
been established prior to the surface of last scattering due to the causal structure of the standard
models of the universe. For this reason, either more sophisticated models of the universe or more
exotic models of matter (inducing, e.g., inflation) would seem to be necessary.

Already at this point, the necessity for a deeper understanding of the space of cosmological
solutions to Einstein’s equations is apparent. This can be viewed as a mathematical problem,
and the purpose of this review article is to give a rough idea of the developments in this subject
since the appearance of Yvonne Choquet-Bruhat’s seminal paper [6]. Due to the number of
results that have been obtained, giving a complete description is not possible. In fact, this review
article describes a small subset of the results, and the limited selection is due to the knowledge
(or absence thereof) and interests of the author. We begin the discussion in the next section by
highlighting some of the questions. In the following sections, we describe results.

2. Cosmology, conjectures

Before describing the objects of study, it is natural to note that there are at least two fundamental
problems in the subject of cosmology: we cannot carry out experiments; and we only observe a
small part of the universe. Deducing the global properties of the universe on the basis of observa-
tions might therefore even in principle be impossible. In cosmology, it is common to compensate
for the lack of knowledge by imposing philosophical principles. One example is the Copernican
principle, a strong version of which states that there are no privileged observers in the universe.
This principle does not require the universe to appear the same to all observers. Nevertheless,
the currently preferred so called cosmological principle, states that the universe can be modeled
by a spatially homogeneous and isotropic solution. In such solutions, one cannot distinguish be-
tween two points in space, nor between two directions. This quite extreme assumption reduces
the possibilities for the geometry to a choice of a 3-dimensional Riemannian manifold of con-
stant curvature and a scalar function of time, describing the expansion and contraction of space.
Physicists largely restrict themselves to this situation and are more likely, when problems arise, to
introduce exotic matter models than to consider more general geometries. In the mathematical
study of cosmology, we do want to consider more general geometries. On the other hand, we are
not interested in, e.g., asymptotically flat solutions, in which there are clearly preferred asymp-
totic regimes. Using the fact that there is a well posed Cauchy problem for Einstein’s equations,
see e.g. [6-12], itis natural to describe the conditions in terms of initial data. We do not attempt to
give a formal definition of the meaning of a cosmological spacetime here (where by a spacetime,
we mean a time oriented Lorentz manifold). However, we have a spacetime in mind in which the
geometry and matter fields in different parts of the initial hypersurface are qualitatively similar.
In particular, initial data on a closed manifold such that the mean curvature is negative on some
parts and positive on others is not of the type we wish to consider here; this would mean that
some observers experience expansion and some contraction. In particular, that the initial mani-
fold is closed is neither a necessary nor a sufficient condition for the corresponding spacetime to
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be cosmological. In fact, we are mainly interested in initial data sets for which the mean curvature
is bounded away from zero by a non-zero constant, in analogy with the conditions of Hawking’s
theorem.

Next, we describe some of the questions of interest.

2.1. Strong cosmic censorship, curvature blow up

As mentioned in the introduction, Hawking’s singularity theorem, see e.g. [4, Theorem 55A,
p- 431], ensures that singularities appear naturally in general relativity. On the other hand, the
only conclusion provided is that there are incomplete timelike geodesics. Moreover, letting N
be the timelike future of a point in Minkowski space, letting g denote the Minkowski metric
restricted to N, and foliating (N, g) with hyperboloids, the conditions of Hawking’s theorem are
satisfied (and indicate the occurrence of a singularity), even though (I, g) is simply a subset of
Minkowski space. Clearly, it is desirable to obtain more information. At the very least, it would be
desirable to prove that if one traces a causal geodesic in an incomplete direction, then a curvature
invariant, such as the Kretschmann scalar (i.e., the Riemann curvature tensor contracted with
itself), becomes unbounded. Unfortunately, such a statement cannot hold for arbitrary initial
data. However, one can conjecture that for generic initial data in an appropriately chosen class,
the Kretschmann scalar is unbounded in the incomplete directions of causal geodesics in the
corresponding maximal Cauchy development; this is the curvature blow up conjecture. 1t is
natural to try to prove the corresponding statement in symmetry classes of solutions. This
conjecture is related to the strong cosmic censorship conjecture, stating that for generic initial
data (in an appropriate class), the corresponding maximal Cauchy development is inextendible.
This would mean that, even though Einstein’s equations are not deterministic (in the sense that
one cannot determine what spacetime one is in on the basis of initial data) they are generically
deterministic. In order to obtain mathematical results, one of course has to give a precise
definition of the class of data considered and the meaning of the word inextentible.

2.2. Vacuum evolution and geometrization

In [13], Eardley and Moncrief suggested one way to address the strong cosmic censorship con-
jecture: by proving global existence results for constant mean curvature (CMC) foliations. Their
hope was that the CMC foliations should avoid the singularities and cover the spacetimes out-
side the singularities. More specifically, and focusing on the expanding direction, there are, due
to the work of Fischer and Moncrief on the one hand, see [14-22], and Anderson on the other,
see [23, 24], quite detailed conjectures concerning the future asymptotics of solutions to Ein-
stein’s vacuum equations (with a vanishing cosmological constant) in the cosmological setting.
In these conjectures, the initial manifold is assumed to be closed and to not admit a Riemannian
metric of positive scalar curvature. Moreover, the authors focus on CMC foliations. Since the vol-
ume of the leaves of the CMC foliation is expected to tend to infinity in the expanding direction,
it is natural to carry out an expansion normalization of the metric. In the work of Fischer and
Moncrief, the authors rescale the Riemannian metrics on the leaves by multiplying them by the
mean curvature squared. Anderson rescales by dividing by the proper time squared (where the
proper time is measured to a fixed Cauchy hypersurface). Considering the rescaled metrics as a
family of Riemannian metrics on a fixed closed manifold, the idea is that in the limit, this family
implements a geometrization of the manifold. In particular, it converges to complete hyperbolic
metrics of finite volume on the hyperbolic pieces and collapses on the Seifert fibred pieces. In
this sense the evolution leads to an isotropization, on average, in the expanding direction. As
will become clear below, there are many results confirming this picture. However, the results are
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either in symmetric settings or concern perturbations of symmetric settings. This means that the
initial manifold must admit a symmetric metric, so that the geometrization must be trivial. In
other words, confirming the conjectured picture in a non-trivial setting can be expected to be
quite difficult.

2.3. Cosmic no-hair conjecture

Turning to cosmological solutions with a positive cosmological constant, the cosmic no-hair
conjecture states that, in the expanding direction, spacetimes should asymptote to de Sitter
space. More specifically, fixing, e.g., a future complete timelike geodesic, say y, then the behavior
in J™(y) should asymptotically be indistinguishable from de Sitter space. For a more formal
definition, see [25, Definition 1.8, pp. 1573-1574] and [25, Conjecture 1.11, p. 1574]. Again, there
are many results confirming this proposal in specific situations.

2.4. The BKL proposal

This review article is focused on mathematical results. However, the questions that are addressed
in the mathematical literature are at least partially inspired by heuristic arguments and proposals
arising in the physics literature. One such proposal is due to Belinskii, Khalatnikov and Lifschitz,
BKL for short, and dates back to the 60’s, 70’s and 80’s; see, e.g., [26-31]. The rough statement of
the BKL proposal is that generic cosmological singularities are spacelike, local and oscillatory
(with the exception of matter models such as scalar fields and stiff fluids). More specifically,
distinct causal curves typically lose the ability to communicate in the direction of the singularity;
each causal curve evolves as its own universe in the direction of the singularity; and the local
behavior is modeled by the dynamics of Bianchi type VIII or IX (mixmaster) spactimes, which are
expected to exhibit (chaotic) oscillatory behavior in the direction of the singularity. A related
idea arising from the BKL proposal is that spatial derivatives should be dominated by time
derivatives in the approach to the singularity. From this perspective, it is natural to drop the
spatial derivatives in the equations, which leads to an interpretation of Einstein’s equations as
a family of ODE’s (one ODE for each spatial point). Two examples of attempts to make this
perspective more precise are given by [32,33]. See also Section 2.5 below for a more detailed
discussion. The ideas of BKL have later been developed further in the physics literature, see,
e.g., [34-37]. More mathematical results, deriving conclusions from a priori assumptions, can be
found in, e.g., [38-40]. In the next subsection, we try to make the ideas of BKL more precise in the
non-oscillatory setting.

2.5. Initial data on the singularity

One of the ideas of BKL is that the dynamics of nearby observers decouple and that time
derivative terms (or “kinetic terms”) asymptotically dominate over spatial derivative terms (or
spatial curvature terms) in the direction of the singularity. In [32], the authors discuss ideas of this
type in terms of asymptotics of the geometry, and they speak of velocity-dominated singularities.
A related perspective is developed in [33], in which the authors introduce the terminology that a
spacetime can be asymptotically velocity term dominated (AVID) near the singularity. The idea
in [33] is to introduce a truncated set of equations, the velocity term dominated (VID) system,
and to say that a solution is AVTD if it asymptotes to a solution to the VID system; see [33] for
details. Unfortunately, the VID system has no covariant formulation. On the other hand, the
evolutionary part of the VID system consists of ODE’s for each spatial point. This means that
the VID system is significantly easier to solve than the original equations. Moreover, in [41] the
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authors prove that, given a real analytic solution to the VID system in the 3 + 1-dimensional
Einstein-scalar field or Einstein-stiff fluid setting (satisfying certain conditions), there is a unique
corresponding solution to the actual equations. The authors of [41] call the resulting singularities
quiescent, a terminology that goes back to [42]. In the 3 + 1-dimensional vacuum setting, the
behavior in the direction of the singularity is expected to be oscillatory (in accordance with
the BKL proposal), in which case it is, at this time, not clear how to specify initial data on the
singularity. However, in higher dimensions (more specifically, for n + 1-dimensions with n = 10),
quiescence is expected even in the vacuum setting; see [43]. Accordingly, [41] is generalized
in [44] to higher dimensions and more general matter fields.

The solutions constructed in [41] and [44] are expected to be robust. In other words, pertur-
bations of the corresponding initial data are expected to lead to maximal Cauchy developments
with similar singularities; see Section 5 below for a partial justification of this expectation. How-
ever, in situations with symmetry, e.g., even singularities in 3+ 1-dimensional vacuum spacetimes
can be quiescent; see, e.g, [45-53]. The reason for this is that the symmetry type can eliminate
the mechanism causing the oscillations. One can also impose conditions on data on the singu-
larity that eliminate this mechanism. One corresponding result in the real analytic setting, but
in the absence of symmetries, is obtained in [54]. A more general result in the smooth setting is
contained in [55].

The VTD solutions in [41, 44] can be interpreted as initial data on the singularity. However,
there are many other notions of initial data on the singularity arising when studying symmetry
classes of solutions as well as in results such as [54, 55]. For this reason, it is of interest to try to
find a unifying perspective. This is the goal of [56]. In particular, [56, Definition 10, p. 5] yields
the following definition of initial data on the singularity in the Einstein-scalar field setting with a
cosmological constant:

Definition 1. Let3 <neN, A e R, &, A) be a smooth n-dimensional Riemannian mani-
fold, % be a smooth (1,1)-tensor field on £ and ®y and ®, be smooth functions on X. Then
(2, A, % ,®y,P1) are non-degenerate quiescent initial data on the singularity for the Einstein-
scalar field equations with a cosmological constant A if

(1) tt & =1 and X is symmetric with respect to 7 .

) % +®?=1anddivy X = 01dd.

(3) The eigenvalues of X, say {p a}, are distinct.

(4) O vanishes in a neighborhood of % € X if 1 + pa(X) — pg(X) — pc(X) < 0, where O, :=
(Y5c)%: Ve is given by (X, Xcl = Yo% a; and Z 4 is an eigenvector field corresponding
to pa such that |\ Xl z = 1.

The reader interested in a justification of why this is a natural notion of initial data on the
singularity is referred to [40, 56]. That the solutions to the VID equations that are used in [41]
as a substitute for data on the singularity are equivalent to data on the singularity in the sense
of Definition 1 is demonstrated in [56, Section 1.5, pp. 7-9]. That the notion of initial data used
in [55] is a special case of Definition 1 is demonstrated in [56, Section 1.5, pp. 7-9]. That the
notion of initial data on the singularity used in [45,47] in the case of T3—G0wdy is a special case of
Definition 1 is demonstrated in [57]. It would be of interest to show that all the notions of initial
data on the singularity used in the literature (in the Einstein-scalar field setting) are special cases
of Definition 1. In [58], Andrés Franco Grisales demonstrates that data as in Definition 1 give
rise to unique developments in the 3 + 1-dimensional Einstein-non-linear scalar field setting. In
particular, ignoring the condition of non-degeneracy (i.e., the requirement that the eigenvalues
be distinct), [58] simultaneously generalizes [41] and [55].

In 3+ 1-dimensions, one way to avoid the condition of non-degeneracy in Definition 1 is given
in [56, Remark 26, p. 9]. It is also of great interest to generalize Definition 1 to other matter fields.
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Partly, this has already been done in [44]; the VID solutions in [44] can presumably be used to
this end. However, there are many matter models of interest that are not covered in [44].

The relation between solutions and data on the singularity are the following. Assume (M, g, ¢)
to be a solution to the Einstein-scalar field equations with a cosmological constant A. Assume,
moreover, that there is a partial foliation of (M, g,¢) by spacelike Cauchy hypersurfaces, say
{Z;} for t € (0, ;) and assume that the mean curvature of X;, say 8, is such that 8, converges
uniformly to oo as ¢ | 0. Define £} to be the expansion normalized Weingarten map of Z;, i.e.,
the Weingarten map of X, divided by 6;. Define #; := g, (6}1/‘ : 9‘{% -), where g; is the Riemannian
metric induced on X;. Note that .%; is an operator on the tangent space of X; and that 6; can be
assumed to be strictly positive, so that

oo I
K (In6y)' %,
07 =) : i
1=0
Finally, let ¢, be the scalar field induced on X, ¢ be the future unit normal derivative of ¢atXy,
@y, := /0, and Dy ; := P, + D1 ;InB;. Then (M, g,¢) is said to be a development of initial data
(2,7, X , Dy, D) on the singularity if

S — 0, Ki— K, Dor— Dy, P ;— Dy (1

as t | 0, where the topology defining the convergence should be adapted to the situation.

The notion of initial data on the singularity serves many purposes. First, the definition is
covariant. Second, that a solution is a development of initial data on the singularity can be
interpreted as saying that it is AVID, in accordance with the BKL proposal and [33]. Third,
if there are initial data on the singularity in a certain symmetry class, then it is natural to
conjecture that the behavior is generically quiescent in this symmetry class, and that generic
solutions are developments of initial data on the singularity. Conversely, if there are no initial
data on the singularity, it is natural to conjecture that the generic behavior is oscillatory. Fourth,
in quiescent settings, initial data on the singularity can potentially be used to parameterize
solutions. In such settings, they thus fill a double role: they both provide as detailed information
concerning the asymptotics as one could wish and parameterize solutions. However, there are
at least two caveats to keep in mind. First, the formulation of the limits in (1) introduces a
foliation dependence. It is natural to interpret this dependence as a lack of covariance. On
the other hand, in many situations there are foliations that are uniquely determined by the
spacetime. Assume that (M, g) is a globally hyperbolic spacetime with closed spacelike Cauchy
hypersurfaces; satisfies the timelike convergence condition (this holds for the Einstein-scalar
field equations with a vanishing cosmological constant); and has a crushing singularity (in the
sense that there is a foliation by a family of Cauchy hypersurfaces whose mean curvatures diverge
to infinity uniformly). Then (M, g) has a unique CMC crushing foliation in a neighborhood
of the singularity. One natural covariant relation between the data on the singularity and the
development is then to require that (1) holds for the uniquely determined CMC foliation. The
notion of a cosmological time function, see [59], can be used similarly. Nevertheless, it is of
interest to ask if the existence of one type of foliation inducing initial data J on the singularity
leads to the existence of other types of foliations inducing the same data J.

Second, even though a certain combination of matter model and symmetry class admits
initial data on the singularity, it is unlikely that all solutions are developments of initial data
on the singularity. In particular, a generalization of the notion of spikes appearing in the T3-
Gowdy symmetric setting, see Section 3.2.1, can be expected to be relevant in the spatially
inhomogeneous setting. Nevertheless, one can hope that these exceptional features only occur
along hypersurfaces on the singularity; see [57] for an example.
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3. Solutions with symmetry

One approach to the study of cosmological solutions to Einstein’s equations is to start by studying
solutions with a high degree of symmetry and then to gradually relax the symmetry conditions. In
view of the fact that the starting point in standard cosmology is the cosmological principle, this is
a quite natural way to proceed. The disadvantage of studying classes of symmetric solutions
is that they are automatically non-generic. On the other hand, within a symmetry class, it
might be possible to obtain a global understanding of the dynamics and to discover unexpected
phenomena. Most, though not all, results in the absence of symmetry are stability results. In this
case, the advantage is that one obtains results for open sets of initial data. On the other hand, in
order to obtain results, one normally has to prove that the perturbed solutions remain close to
the background. This means that one is unlikely to discover new phenomena.

3.1. Spatially homogeneous solutions

For a solution to be spatially homogeneous, it has to arise from homogeneous initial data. This
means that the isometry group of the initial data has to be transitive. If the initial manifold X
is 3-dimensional, this means that the universal covering manifold of Z is either a 3-dimensional
Lie group, or it is $? x R. In the latter case, which is referred to as Kantowski-Sachs, the isometry
group of simply connected initial data is the isometry group of the standard Riemannian metric
on $? x R (note that this isometry group does not have a 3-dimensional transitive subgroup). If
G is a 3-dimensional Lie group and g is the corresponding Lie algebra, let, for X € g, adx : g — ¢
be defined by adx (Y) = [X, Y]. Define n¢ € g* by n¢(X) := tr adyx. If ng = 0, then the Lie group
is said to be unimodular (or of Bianchi class A in the cosmology literature). If ng # 0, the Lie
group is said to be non-unimodular (or of Bianchi class B in the cosmology literature). Bianchi
class A/B initial data are left invariant initial data on a Bianchi class A/B Lie group. Bianchi class
A/B solutions are solutions arising from Bianchi class A/B initial data. In what follows, we do not
discuss the Kantowski-Sachs setting but rather focus on the Bianchi solutions. Imposing spatial
homogeneity typically means that the combined Einstein-matter equations reduce to a system
of ODE’s. However, in the case of kinetic theory (the Einstein-Vlasov and Einstein-Boltzmann
equations, e.g.), the equations are still PDE’s.

As far as formulations of the equations are concerned, an important step in obtaining a unified
framework for discussing Bianchi spacetimes was taken in [60], see also [61]. Many subsequent
formulations, such as [62,63], used to prove several of the results mentioned below, are based on
the ideas of [60].

Since the literature in the spatially homogeneous setting is vast, we can here only mention
an extremely limited selection of the results. Nevertheless, we refer to [60, 61, 64, 65] and the
references cited therein for a description of the state of the art prior to the mid 90’s; here our
main focus will be on results obtained thereafter.

3.1.1. Thedirection of the singularity

Once the occurrence of a big bang and the high degree of isotropy of the CMB was established,
a fundamental question immediately presented itself:

... if the 3 °’K background radiation was last scattered at a redshift z = 7, then the
radiation coming to us from two directions in the sky separated by more than
about 30° was last scattered by regions of plasma whose prior histories had no
causal relationship. [...] Robertson-Walker models therefore give no insight into
why the observed microwave radiation from widely different angles in the sky has
very precisely (0.2%) the same temperature;
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see [66]. In order to address this problem, Misner suggested considering Bianchi type IX space-
times. These are special examples of Bianchi class A spacetimes arising from left invariant initial
data on a Lie group with a Lie algebra given by that of SU(2). Misner hoped that such spacetimes
would have a different causal structure, allowing the establishment of a thermal equilibrium prior
to the surface of last scattering. Beyond having the maximal number of degrees of freedom in the
spatially homogeneous setting, and beyond playing a central role in the BKL proposal, Misner’s
expectation was thus that the Bianchi type IX spacetimes should play a central role in resolving
the problem with high degree of isotropy of the CMB. In addition, there are vacuum Bianchi type
IX solutions (namely the locally rotationally symmetric ones) such that the maximal Cauchy de-
velopment can be extended through Cauchy horizons. In fact, there are two inequivalent max-
imal extensions, indicating that the initial data do not determine the spacetime; see [67, 68] for
the original articles and [69, Theorem 25.4, p. 262] for a textbook presentation. Proving that inex-
tendibility holds for initial data that are not locally rotationally symmetric is thus a natural goal
and would correspond to proving strong cosmic censorship in the corresponding symmetry class.

The oscillatory setting. In the BKL proposal, the vacuum Bianchi type VIII and IX solutions are
models for the expected oscillatory behavior (Bianchi type VIII solutions arise from left invariant
initial data on Lie groups with a Lie algebra equal to that of SI(2,R)). That oscillations are to
be expected in the vacuum Bianchi type VIII and IX settings can also be seen directly from
Definition 1; there are no vacuum Bianchi type VIII or IX initial data on the singularity in the sense
of Definition 1, since the Lie algebras in these cases are such that the pp occurring in Definition 1
have to satisfy 2pa =1+ p4 — pp — pc > 0 for all distinct A, B and C, which is not consistent with
the requirements that the sum of the pp equals one and the sum of the pjzj equals one. In spite
of extensive discussions in the physics literature, the first mathematical result concerning the
singularity in Bianchi type IX spacetimes was obtained in [70] (to the best of our knowledge).
In particular, [70] contains a proof of the fact that, with the exception of the known locally
rotationally solutions that give rise to Cauchy horizons through which the spacetimes can be
extended, all Bianchi type VIII and IX vacuum initial data give rise to developments such that the
Kretschmann scalar is unbounded in the incomplete directions of causal geodesics. This verifies
both the curvature blow up conjecture and the C2?-version of the strong cosmic censorship
conjecture in this setting. Moreover, the expansion normalized eigenvalues of the Weingarten
map do not converge. In this sense, the solutions exhibit the oscillatory behavior conjectured by
BKL. On the other hand, the result does not resolve the issue of the causal structure. Moreover, it
does not yield the conclusion that solutions asymptote to an orbit of the BKL map.

Next, consider Einstein’s equations coupled to an orthogonal perfect fluid with a linear equa-
tion of state p = (y — 1)p, where p denotes the energy density, p the pressure and y is a constant
(here assumed to satisfy y € (2/3,2)); the orthogonality assumption corresponds to the condition
that fluid vector field be perpendicular to the hypersurfaces of spatial homogeneity. In this set-
ting, generic Bianchi type IX solutions converge to an attractor on which the dynamics are de-
termined by the BKL map; see [71] as well as [72, 73] for an overview of the state of the art in
2009. This is an indication that the BKL map is a good model for the dynamics. Unfortunately,
the methods of [71] do not seem to be well suited to proving a similar result for Bianchi type VIII
solutions. Nevertheless, in [74], the author proves that generic Bianchi type VIII and IX vacuum
solutions converge to an attractor. Moreover, he proves that there is a set of initial data of full
measure such that the corresponding solutions have particle horizons. On the other hand, he
conjectures that for a Baire generic set of initial data, the corresponding solutions do not have
particle horizons. The issue of the causality is thus quite subtle.

Turning to the question of whether solutions asymptote to an orbit of the Kasner map, the first
results were obtained in [75, 76]; see also [77]. In these results, one fixes an orbit and then proves
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that there are solutions converging to the orbit. In fact, in the first two results, the authors prove
that there is a co-dimension one Lipschitz submanifold of the state space such that initial data in
the submanifold yield solutions converging to the given orbit. Similar results were later obtained
in the magnetic Bianchi type VI, setting in [78]. These results are certainly very interesting.
However, they do not imply that there is a set of initial data of positive measure such that the
corresponding solutions asymptote to an orbit of the Kasner map. However, in [79], the authors
prove that there is a subset of the Kasner circle, say S, of full measure such that for each orbit
originating with a point in S, there is a co-dimension one Lipschitz submanifold of the state space
such that initial data in the submanifold yield solutions converging to the given orbit. Moreover,
they prove that the union of all these Lipschitz submanifolds yields a subset of the state space
with positive measure. The argument is long and technical, but in the end, one concludes that
the set of initial data such that the corresponding solutions asymptote to an orbit of the Kasner
map has positive measure. Clearly, this is an important step forward. However, it is still unclear
if a similar statement holds for a subset of the state space of full measure.

Even though much attention has been devoted to Bianchi types VIII and IX, Bianchi type VI_ /9
is an equally general class of spatially homogeneous spacetimes. In fact, it can be argued that it is
amore relevant model for oscillatory behavior in lower degrees of symmetry. However, due to the
difficulty of analyzing the asymptotics of solutions to the relevant systems of ODE'’s, so far there
are, to the best of our knowledge, no results. See, however, [80] for a formulation of the equations
and a heuristic discussion of the asymptotics.

Oscillatory behavior can arise for two reasons; either because there are enough degrees of
freedom (as in the case of Bianchi types VI_j/9, VIII and IX) or because of the presence of
appropriate matter models. For examples of the latter, the reader is referred to, e.g., [78, 81, 82].

The convergent (or quiescent) setting. The behavior in the direction of the singularity can be
convergent/quiescent mainly for two reasons. One possibility is that the matter fields are such
that solutions naturally become convergent; this happens, e.g., in the presence of a scalar field
or a stiff fluid. Another possibility is that the geometry is such that the mechanism causing
oscillations is absent; this corresponds to condition (4) in Definition 1. In the case of orthogonal
perfect fluids and Bianchi class A types different from VIII and IX, the situation was quite well
understood already in [64, 83]. On the other hand, [63, 84] gives a good understanding of
Bianchi class B orthogonal perfect fluid solutions which are not of type VI_;;9. In particular,
[64,70,71,84,85] yield the C?-version of strong cosmic censorship for non-stiff Bianchi class A and
B spacetimes different from VI_y 9. The stiff fluid case is addressed in [71, 86, 87]. It is reasonable
to expect convergent/quiescent solutions to arise from initial data on the singularity; see [57] for
ajustification of this statement in the Bianchi class A orthogonal stiff fluid setting.

Recollapse. Under certain circumstances, spacetimes are expected to recollapse, meaning that
there is a singularity both to the future and to the past. More specifically, if the spatial topology
of the spacetime is S3 or $2 x S!, then the universe is in [88] conjectured to recollapse. This
expectation goes under the name of the closed universe recollapse conjecture. In [89], the authors
prove the closed universe recollapse conjecture in the case of diagonal Bianchi type IX universes
satisfying the dominant energy condition and with non-negative average principal pressures. See
also [24] for a discussion of this conjecture in more general settings.

3.1.2. The expanding direction

Turning to the expanding direction, it is natural to distinguish between non-accelerated
expansion and accelerated expansion.
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Non-accelerated expansion. For simple matter models with non-negative pressure and satisfy-
ing the dominant energy condition, one expects recollapse in the case of Kantowski-Sachs and
Bianchi type IX. What remains to be considered is thus Bianchi class A types different from IX as
well as Bianchi class B types. The Bianchi class A vacuum setting is discussed in [90-92]. Note
that [91, 92] contains a discussion of the relation between the asymptotics and the conjectures
formulated in Section 2.2. Since the relevant manifolds in the Bianchi class A setting are Seifert
fibred, one expects collapse of the fibres after appropriate expansion normalization, and this is
what happens.

Itis also of interest to study the future asymptotics of solutions in the presence of matter fields.
There is a very extensive literature on this subject. We here give a few examples. A fundamental
question in cosmology is if one can deduce isotropy of the universe from the isotropy of the CMB.
There is a result of this nature, due to Ehlers, Geren and Sachs, and referred to as the EGS theorem,
see [93]. However, the theorem states that if the universe has a perfectly isotropic CMB, then the
universe is spatially homogeneous and isotropic. It would be more interesting to know that if the
CMB is almost isotropic, then the universe is almost isotropic. Such a result would be referred
to as an almost-EGS theorem. However, that such a result cannot hold follows from [94-96] in
which the authors study Bianchi type VIIj solutions; see also [97]. In the above discussions, we
have focused on orthogonal perfect fluids. However, it is also of interest to consider tilted perfect
fluids; see [98-105] for some examples of results in this setting. For results in the presence of
kinetic matter, see, e.g., [82,106-110].

Accelerated expansion. The fundamental paper [111] on the asymptotics of Bianchi solutions to
Einstein’s equations with a positive cosmological constant establishes that, with the exception of
Bianchi type IX, solutions asymptote to de Sitter space. Concerning the matter, it is only neces-
sary to assume that the stress energy tensor obey the strong and dominant energy conditions.
In the case of Bianchi type IX, a similar conclusion holds, assuming the cosmological constant
is initially large enough relative to the spatial scalar curvature. This would seem to establish the
cosmic no-hair conjecture in the spatially homogeneous setting. However, such a conclusion
presupposes that the solution exists globally to the future. In the case of a specific matter model,
this has to be established; see, e.g., [112]. After the appearance of observational support for ac-
celerated expansion in the late universe, interest in mechanisms yielding accelerated expansion
increased. In the mathematical literature, some corresponding examples of studies are given
in [113-115].

3.2. Spacetimes with a 2-dimensional isometry group

A natural next step is to consider spacetimes with a 2-dimensional group of isometries. In this
setting, even the issue of global existence of solutions is non-trivial, and the corresponding
problem is a natural starting point. Once global existence has been established, it is then natural
to try to analyze the asymptotics, prove strong cosmic censorship in the corresponding symmetry
class etc. In what follows, when we speak of strong cosmic censorship, we always have the C?-
version in mind.

3.2.1. Global existence, strong cosmic censorship

One of the first examples of global existence for arbitrary initial data (in a symmetry class of
the type of interest here), is the one concerning Gowdy spacetimes obtained in [13]. However,
it was followed by a large collection of results, proving global existence of geometrically natural
foliations for several different matter fields; see, e.g., [116-127]. The symmetry classes studied are
Gowdy symmetry, T2-symmetry and surface symmetry. In the first two cases, the basic symmetry
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assumption is that there is a compact and connected 2-dimensional Lie group of isometries
acting effectively on the set of initial data on a closed 3-manifold. Due to [128, 129], this means
that the group has to be T2. Moreover, the initial hypersurface must be T3, 52 xS, S3 or one of
the Lens spaces (which means that a covering space of it is S, so that we ignore Lens spaces from
now on); see [117]. The 2-torus action on the initial hypersurface gives rise to two Killing vector
fields of the corresponding development, say X;, i = 1,2. Then J; := eaﬁng{" Xf V?’Xl‘.s are the
associated fwist constants, where €,p,s are the components of the volume form and V is the Levi-
Civita connection of the development. In the vacuum setting, the twist constants are constants,
but for general matter models they are functions. The Gowdy setting corresponds to demanding
that the twist constants vanish (this happens automatically in the case of $? x S! and $® spatial
topology); see [130] for the original article by Gowdy. The possible topologies (ignoring the Lens
spaces) are thus T3, $?x S! and S® in the Gowdy setting. The general case that the twist constants
do not vanish is referred to as the T?-symmetric setting. In this case, the relevant spatial topology
is T3. One can take a slightly more general perspective, insisting on only local Killing vector fields;
see [123,131]. In the surface symmetric setting, the topology of the spacetime is R x S! x [F, where
F is a closed 2-manifold. Letting G denote the universal cover of F, the isometry group of one of
the standard metrics on 2-dimensional Euclidean, spherical or hyperbolic space should act on
the last factor of R x S! x G by isometries of the lifted spacetime metric. The surface symmetric
setting is only interesting outside of vacuum. Even though it is of course interesting to know that
there is a global constant mean curvature foliation, for example, the corresponding results should
be understood as a first step to analyzing the asymptotics in general and proving strong cosmic
censorship in particular.

Strong cosmic censorship in the Gowdy setting. In [132] (see also [33]), the authors prove
strong cosmic censorship for polarized Gowdy spacetimes. The Gowdy spacetimes have a two
dimensional group of isometries, but the additional requirement of polarization means that the
essential equations that need to be solved are linear. This significantly simplifies the analysis.
Nevertheless, there are infinite dimensional sets of initial data leading to maximal Cauchy
developments that are extendible. Proving that there is an open and dense subset of initial data
whose maximal Cauchy developments are inextendible is therefore non-trivial.

A proof of strong cosmic censorship in the general T3-Gowdy symmetric vacuum setting
can be found in [133-137] (these results can also be used to deduce strong cosmic censorship
in the polarized T3-symmetric Einstein-Maxwell setting, see [138]). In this case, the essential
equations can be thought of as wave map equations with hyperbolic space as a target. In
particular, the equations are non-linear, and this causes substantial complications and rich
dynamics. In particular, spikes appear. These features were first discovered numerically, see
below, and later understood analytically, see [139] and [140]. Moreover, they are expected to be
important more generally. Nevertheless, it is possible to prove that there is an open and dense
set of initial data such that the corresponding maximal Cauchy developments are inextendible.
In fact, quite detailed information can be derived concerning the asymptotics; see also [57] for
an interpretation of the asymptotics in the direction of the singularity in terms of data on the
singularity. Note, however, that strong cosmic censorship has neither been demonstrated in the
$? x S! nor in the S® vacuum Gowdy-settings.

Strong cosmic censorship in the T2- and surface symmetric settings. In the vacuum T?-
symmetric setting there are no results concerning strong cosmic censorship. This is due to the
expectation that the behavior in the direction of the singularity should be oscillatory and there-
fore much more complicated; see the discussion of numerical work below for details. However,
in the expanding direction there are some partial results as well as numerical simulations, see
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below. On the other hand, including matter sometimes improves the situation. In order to un-
derstand why, it is useful to recall that in the case of Bianchi type IX vacuum spacetimes, e.g., the
locally rotationally symmetric solutions are such that the maximal Cauchy development can be
extended in inequivalent ways. They are therefore counterexamples to determinism. Due to the
existence of these examples, proving strong cosmic censorship in the vacuum Bianchi type IX set-
ting is subtle. Considering, on the other hand, Bianchi type IX solutions with non-trivial orthog-
onal perfect fluid matter, it can easily be demonstrated that the Ricci tensor contracted with itself
blows up in the direction of the singularity for all solutions. Proving strong cosmic censorship in
this setting is therefore trivial. In this sense, including matter can simplify the situation. Similarly,
the reason proving strong cosmic censorship in the T3-Gowdy symmetric vacuum setting is non-
trivial is that there are counterexamples to extendibility in that setting as well. Results concerning
strong cosmic censorship in the surface symmetric setting with collisionless matter can be found
in [141], see also [142,143]. See also [144] for a future inextendibility result which covers, e.g., the
Einstein-Vlasov equations in the T2-symmetric setting, including vacuum. A proof of strong cos-
mic censorship in the T?-symmetric Einstein-Vlasov setting with non-trivial Vlasov matter can
be found in [145]. Finally, [146] extends this result to the case of a positive cosmological constant.
Note, however, that [146] actually also covers the vacuum setting, assuming the area element of
the group action does not vanish in the limit (in the direction of the singularity).

One bounce in the T3-Gowdy symmetric vacuum setting. To the best of our knowledge, there
are no results in the oscillatory and spatially inhomogeneous setting. However, Warren Li recently
proved a result describing one BKL bounce in the T3-Gowdy symmetric vacuum setting; see [147].

3.2.2. The expanding direction

Beyond proving strong cosmic censorship, it is of interest to derive detailed asymptotics in
the expanding direction; in particular, it is of interest to verify the conjectures formulated in
Section 2.2. In the case of polarized T3-Gowdy symmetric vacuum spacetimes, such an analysis
can be found in [148, 149]. In fact, the asymptotics derived in [148] are detailed enough that
they uniquely determine the solution, see [149]. The reason the analysis is so complete in
this setting is that the essential equation is linear in this case. Note also that the conclusions
follow as a very special case of the theory developed in [150]. In the case of general vacuum
T3-Gowdy spacetimes, the future asymptotics are analyzed in [133, 151] (see also [138] for
corresponding conclusion in the polarized T3-symmetric Einstein-Maxwell setting). In the T2-
symmetric vacuum setting, there are general results that do, however, not provide very detailed
information, see [152]. In the polarized T?-symmetric vacuum setting, there are results providing
more detailed information, assuming one starts out close enough to an asymptotic regime, see
[153]. There are also numerical studies of this situation, see below.

Including matter, there are results in the case of the Einstein-Vlasov equations with hyperbolic
symmetry, see [126, 154]. In the case of the Einstein-Vlasov equations with surface symmetry
and a positive cosmological constant, there are results in [155, 156]. In [25], the authors derive
detailed information concerning the future asymptotics in the T3-Gowdy symmetric Einstein—
Vlasov setting. In particular, the authors prove the cosmic no-hair conjecture in this setting.

3.2.3. Specifying data on the singularity

There is an extensive literature on specifying data on the singularity for classes of spacetimes
with a 2-dimensional group of isometries, see, e.g., [45-51]. It would be interesting to relate
these results to Definition 1. This has been done in [57] in the case of T3-symmetric Gowdy
spacetimes. However, it remains to be done for the other cases. Related results concerning
isotropic singularities can be found in [157-160].
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3.3. TheU(1)-symmetric setting

Finally, it is of interest to discuss the U(1)-symmetric setting; see [161] for a general review.
3.3.1. Existence results and future asymptotics

For general ideas concerning the reduction of the equations in the U(1)-symmetric setting, the
reader is referred to [162]. The question of local existence, using variables that can be expected
to be useful to treat global issues, is discussed in [163, 164]. Global existence is then discussed
in [165]. In [166] (see also [167]), the authors prove a small data future global existence result
which includes a proof of future causal geodesic completeness; the existence of a CMC foliation
covering the causal future of the initial hypersurface; and the conclusion that the geometry
asymptotes to that of a model spacetime. This result treats the so-called polarized case. An
extension to the non-polarized case is given in [168, 169].

3.3.2. Data on the singularity

In the direction of the singularity, it is in the generic vacuum setting natural to expect oscilla-
tions, see the below discussion of numerical work. However, in the polarized setting, it is natural
to expect quiescent asymptotics. In [53], the authors construct real analytic solutions satisfying
these expectations using Fuchsian techniques. See also [52].

4. Future global non-linear stability in the expanding direction

In the cosmological setting, spacelike Cauchy hypersurfaces with mean curvature bounded away
from zero appear naturally (in the absence of an asymptotically flat regime, hypersurfaces with
vanishing mean curvature are, for many matter models, expected to be surrounded by hypersur-
faces with mean curvature bounded away from zero, and hypersurfaces with significant positive
mean curvature on some parts and significant negative mean curvature on other parts are un-
natural in cosmology for the reasons given in the introduction). For a hypersurface satisfying this
condition, the volume form is increasing (or decreasing) everywhere on the hypersurface. More-
over, due to Hawking’s singularity theorem, the corresponding spacetime is either past or future
timelike geodesically incomplete (assuming appropriate matter content). For these reasons, it
is, when studying stability, natural to consider future expanding and future causally geodesically
complete spacetimes and past contracting and past causally geodesically incomplete spacetimes
in cosmology. When we speak of stability in the expanding direction, we typically assume that
the background solution is future causally geodesically complete and has a foliation of the causal
future of a Cauchy hypersurface such that each leaf of the foliation has strictly positive mean
curvature. It is natural to divide the results that have been obtained according to the rate of the
expansion, in particular according to whether the expansion is accelerated or not.

4.1. Non-accelerated expansion

In the case of non-accelerated expansion, it is, in accordance with the ideas described in Sec-
tion 2.2, to be expected that the most favorable situation is when the spatial geometry is close
to hyperbolic. Accordingly, the first future global non-linear stability result is the stability of the
Milne model in the vacuum setting, see [170]; the metric of the Milne model is —dt? + t?y on
(0,00) x Z, where (Z,7y) is a closed hyperbolic 3-manifold. The argument is based on considering
energies arising from the Bel-Robinson tensor. This result was later generalized to higher dimen-
sions in [171] using rougher energy estimates, and to different matter models, see, e.g., [172-174].
It is also worth noting that while asymptotic stability is obtained in [170], only stability is obtained
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in [171], since there in higher dimensions is a non-trivial moduli space of negative Einstein man-
ifolds; this adds an additional complication to the problem.

4.2. Accelerated expansion

The first result on future global non-linear stability in the cosmological setting is due to Helmut
Friedrich, see [175]. In [175], the author proves, among other things, the global non-linear
stability of de Sitter space. The method of proofis to derive a set of conformal field equations with
respect to which the global stability problem becomes a local problem. However, this method
is based on conformal invariance of the equations. The stability result [175] is extended to the
Einstein-Maxwell-Yang-Mills setting in [176]. Similar methods have been used to obtain, e.g.,
the results [177-179].

The methods developed in [175] apply to specific matter models and specific spacetime di-
mensions. However, future global non-linear stability is expected to hold more generally. In [180],
future global non-linear stability is demonstrated in the Einstein-non-linear scalar field setting.
The particular situation considered in [180] is that of a potential with a strictly positive non-
degenerate lower bound. However, the methods apply in any spacetime dimension = 4. More-
over, they are based on coordinates similar to those used by Choquet-Bruhat to prove local ex-
istence in [6]. However, modifications are necessary; the contracted Christoffel symbols are re-
placed by appropriately chosen so-called gauge source functions and additional correction terms
are added to the equations. Using the resulting equations, stability can be demonstrated using a
bootstrap argument. Moreover, due to the causal structure of solutions, it is possible to prove sta-
bility results that are future global in time given only local assumptions in space. Consequently, it
is possible to prove future global non-linear stability results for all spatially locally homogeneous
solutions that exhibit de Sitter like expansion at the same time. The results in [180] were later
generalized in [181] to the case of an exponential potential using similar methods. After [180]
appeared, related results using similar methods (with additional complications due to the mat-
ter fields) appeared in, e.g., [25,182-187]. In most of these references, the authors prove future
global non-linear stability of specific spatially locally homogeneous solutions. However, in [25]
the authors prove future global non-linear stability of arbitrary T3-Gowdy symmetric solutions
to the Einstein—Vlasov system with a positive cosmological constant. In other words, the back-
ground solutions in this case do not only exhibit substantial anisotropies initially, they also ex-
hibit substantial spatial inhomogeneities. Next, [186] contains, beyond stability results, a proof
of the fact that for any choice of closed manifold for the spatial topology and any given choice
of currently preferred standard model, there is a solution to the Einstein—-Vlasov equations with
a positive cosmological constant and the prescribed spatial topology such that observers in the
corresponding spacetime cannot distinguish between their universe and the prescribed standard
model; see [186] for details. In other words, given the currently preferred standard models of the
universe, it is not possible to determine the global shape of the universe on the basis of observa-
tions.

Later, different methods were developed to prove future global non-linear stability in the
presence of a positive cosmological constant, see [188]. In [188], the arguments rely on a
conformal rescaling of the metric, but are still based on a particular choice of wave gauge, in
analogy with [180]. The advantage of the methods developed in [188] is that the proof becomes
substantially shorter. Moreover, the methods apply to perfect fluids with a linear equation of state
of the form p = Kp, where 0 < K < 1/3. In other words, as opposed to earlier results concerning
perfect fluids, the methods immediately include the radiation case. The methods developed
in [188] have then been applied in, e.g., [189-191].
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5. Big bang formation in the absence of symmetries

Prior to the work of Rodnianski and Speck, results concerning big bang singularities in the
absence of symmetries were restricted to the ones obtained by specifying initial data on the
singularity, see Section 2.5. The first stability result was obtained in [192], based on a study of
the linearized equations in [193]. In [192], the authors prove that the occurrence of big bang
singularities in spatially flat and isotropic solutions to the Einstein-scalar field equations (and to
the Einstein-stiff fluid equations) is a past globally non-linearly stable phenomenon. The gauge
used in the proof is determined by setting the shift vector field to zero and demanding that the
time coordinate ¢ equal 1/6, where 0 is the mean curvature of the constant-¢ hypersurface (we
here use the opposite sign convention to that of [192] concerning the mean curvature). However,
the geometric objects are expressed with respect to coordinate vector fields. The result [192] was
later extended to prove past (future) global non-linear stability of the big bang (big crunch) in the
case of spatially homogeneous and isotropic solutions with spherical spatial geometry and scalar
field matter, see [194]. In [195], stable big bang formation is obtained in the case of hyperbolic
spatial geometry. Moreover, the authors in this case also prove future global non-linear stability.
In [196], the authors extend the results of [192] to cover the case of moderate anisotropies. In
particular, [196] yields stable big bang formation for solutions to Einstein’s vacuum equations
with TP spatial topology, assuming D = 38. In [192, 194, 196], the arguments are based on using
a CMC foliation. This is very useful since it synchronizes the singularity. On the other hand,
the CMC condition leads to an elliptic equation for the lapse function. In this sense, the gauge
is non-local. On the other hand, the causal structure is such that particle horizons appear. In
other words, two causal curves going into the singularity typically asymptotically lose the ability
to communicate. This means that, from a causal point of view, the behavior localizes. It would
therefore be of interest to prove a past global non-linear stability result which localizes in the
spatial directions. This is done in [197]. In this paper, the authors use a different gauge which
makes it possible to localize the analysis. The foliation the authors use in this case is determined
by the condition that the scalar field be constant along the leaves of the foliation. In particular, the
result requires the presence of a scalar field and therefore does not apply in the vacuum setting.
In [198], the authors generalize this result to the presence of a perfect fluid with a linear equation
of state p = c2p, where 1/n < ¢? < 1 and n is the spatial dimension (note that for n = 3, the case
0< c? < 1/n is expected to be unstable in the direction of the singularity due to [199]). From
these results, it is clear that the borderline case of a radiation fluid is of particular importance. It
is therefore of interest to note that [200] yields stable big bang formation of the FLRW solutions
to the Einstein—Vlasov-scalar field equations (the result simultaneously covers the spatially flat,
hyperbolic and spherical settings); note that Vlasov matter behaves as a radiation fluid in the
direction of the singularity.

In spite of the interest of the results mentioned above, they do not cover the regime one
would naturally expect from, e.g., Definition 1; i.e., that a sufficient condition should be that
the eigenvalues, say ¢ 4, of the expansion normalized Weingarten map satisfy 1+ 4 —¢p—¢c >0
for B # C. However, this is remedied in [201]. In this article, the authors prove stable big bang
formation for the full range of spatially homogeneous and spatially flat solutions to the Einstein-
scalar field equations for which one expects stability (in the polarized U(1)-symmetric setting,
the conditions can even be relaxed, in accordance with condition (4) in Definition 1). Again, the
authors use a CMC gauge with vanishing shift vector field. However, in [201] the authors use
a Fermi-Walker propagated frame as opposed to considering the components of the geometry
with respect to coordinate vector fields. Moreover, the equations are for the components of the
second fundamental form with respect to the Fermi-Walker propagated frame, the connection
coefficients of the frame, the components of the frame (and co-frame) with respect to coordinate
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vector fields, the scalar field and the lapse function. The unknowns and the equations are
therefore quite different from the ones in [192]. The advantage of the formulation in [201] is that
the variables are such that one can formulate (and improve) quite mild bootstrap assumptions.
Since the bootstrap assumptions are not very strong, it is easier to improve them. On the other
hand, the conclusion that the bootstrap assumptions are satisfied does not yield that much
information. Nevertheless, the information is sufficient to conclude that the eigenvalues of
the expansion normalized Weingarten map converge, that the expansion normalized quantities
associated with the scalar field converge and that the curvature blows up.

All the results mentioned above are stability results. In other words, the starting pointis a given
background solution (or family of background solutions). The conclusions of the results are then
that perturbing initial data corresponding to the relevant background solution yields solutions
that also have big bang singularities. In analogy with Hakwing’s theorem, it would be desirable
to prove that there is a general condition, which does not refer to a specific background solution,
ensuring big bang formation with curvature blow up. Such a result is obtained in [202]. The
result is in the Einstein-non-linear scalar field setting and the assumptions involve: bounds on
the potential; the expected bounds on the eigenvalues of the expansion normalized Weingarten
map; and, for a fixed bound on suitable Sobolev norms on the expansion normalized quantities
(introduced in connection with (1)), a corresponding lower bound on the mean curvature (the
conditions are such that, in particular, they are satisfied for all solutions with a CMC foliation that
induce data on the singularity). The conclusions include past causal geodesic incompleteness
and curvature blow up; see [202] for details. Since the results of [202] hold in the case of the
Einstein-non-linear scalar field equations, they can be combined with the future global non-
linear stability results in this setting, described in Section 4.2, in order to conclude past and
future global non-linear stability of a large class of spatially locally homogeneous solutions. In
particular, [202] applies in all the Einstein-scalar field settings in which stable big bang results
were previously obtained. Many of the methods used in [202] are inspired by those developed in
[201]. However, there are also significant differences. In particular, in [201] there is a background
solution to prove stability of, and in the main theorem of [202] there is not. One important step
in [202] is therefore to construct a substitute for a background solution.

6. Linear equations on cosmological backgrounds

There is a growing body of work concerning linear systems of wave equations on cosmological
backgrounds. There is of course a vast physics literature on this subject, but we here focus on
mathematical results. Some very early work is contained [203]. Since the central equation in the
case of polarized Gowdy is linear, [132, 148, 149] are, simultaneously, studies of linear equations
on cosmological backgrounds are directly relevant for the behavior of solutions to Einstein’s
equations. In [204], the authors study scalar perturbations of the Einstein—Euler equations.
Further studies, mainly of the Klein—-Gordon equation on spatially homogeneous backgrounds,
are contained in, e.g., [85,205-214]. Most of the results concern the equations on background
geometries with convergent asymptotics. However, it is worth noting that [211] contains results
in the case that the background geometry has chaotic dynamics. In [150], a general theory
for linear systems of wave equations on cosmological backgrounds is developed. However,
the geometries have to be such that the resulting equations are separable. The corresponding
results cover many, though not all, of the previously mentioned results. For example, geometries
which are similar to those of Kasner spacetimes are included (and solutions to systems of wave
equations on such backgrounds are analyzed, both as far as past and future asymptotics are
concerned). The main goal in [150] is to derive optimal energy estimates. This is done both
with and without derivative losses. Moreover, in some situations it is demonstrated that there
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is a homeomorphism between the regular initial data and asymptotic data. In [215], the case
of spatially inhomogeneous backgrounds is considered. In this case, a priori assumptions
concerning the geometry in the direction of a crushing singularity are made. Systems of linear
wave equations on the corresponding backgrounds are then studied. In particular, optimal
energy estimates and expansions of the solutions in the direction of the singularity are derived.
However, the assumptions are general enough that the limits of the coefficients of the equations
need not be continuous. This means that one has to localize along the causal future of a causal
curve going into the singularity in order to derive detailed asymptotics.

In [216], conformal scattering of the Maxwell-scalar field system on de Sitter space is studied.
Some aspects of [150] are improved in [217] and then applied to Maxwell’s equations on a
Kasner background (in the direction of the singularity). As already mentioned, the linearized
Einstein-scalar field equations are studied in [193]. A scattering theory for the linearized Einstein-
scalar field equations on a generalized Kasner background is developed in [218]; see also [219]
for a result on scattering for the wave equation on de Sitter backgrounds in even spacetime
dimensions.

7. Numerical work

There is a substantial literature of numerical results concerning cosmological solutions to Ein-
stein’s equations. It is not realistic to do it justice here. However, we wish to give some references
that can be used as a starting point for those who wish to acquaint themselves with the literature.

7.1. Results in symmetric settings

Some of the early numerical work was carried out in [220], concerning Bianchi type IX solutions,
and [221], concerning solutions with a 1- or 2-dimensional symmetry group. In fact, the numeri-
cal studies of solutions with symmetries ran in parallel with the mathematical studies described
in Section 3.2 and 3.3. Moreover, the mathematical studies benefited from the numerical studies
and vice versa. In [222], the algorithms in the Bianchi IX setting are improved and in [223] the au-
thors probe the BKL proposal with numerical techniques. More detailed studies of quiescent and
oscillatory behavior for cosmological singularities can be found in, e.g., [224-229]. Some studies
concerning the future asymptotics in the T?-symmetric setting are to be found in [230,231].

The idea that spikes, appearing, e.g., in T3-symmetric Gowdy spacetimes, occur naturally in
the direction of the singularity arose due to numerical studies (the importance of spikes was later
confirmed in mathematical results; cf., e.g., [137,139]); see [140,225,232-237] for some references
concerning spikes.

7.2. Results in the absence of symmetries

By now there is also a substantial literature in the absence of symmetries. Some of the early
examples can be found in [238-241]. See [242,243] for two more recent examples.
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1. Introduction

The author of the present text is more than honored to celebrate Yvonne Choquet-Bruhat’s legacy
in the field of mathematical general relativity, a field that, one could say, she launched in her
seminal article of 1952 [1]. There, she built a local existence theory for the Einstein equations
of general relativity. Of course, she did not stop there and went on to achieve an incredibly
diverse career in general relativity, analysis and mathematical physics over more than 60 years.
Her book [2] is the concrete proof of that, and fifteen years after its publication, this scientific
testament still contains hidden treasures and research directions only waiting to be explored (see
Section 6 for an example linked to this survey’s topic). The goal of this survey is to present the
mathematical literature on the so-called Burnett conjecture in general relativity. At this stage,
we state the conjecture in the roughest way possible: weak limits of solutions to the Einstein
vacuum equations can be identified with solutions to the massless Einstein-Vlasov system. Our
first introductory task is to explicit the nature of the link between this conjecture and Choquet-
Bruhat’s work.

At first glance they seem rather unrelated, since the 785 pages of [2] don't contain any
reference to Burnett himself, his conjecture or his original 1989 article [3]. However, and this
may appease the reader rightfully questioning the presence of this text in this volume, Burnett’s
article [3] does contain a reference to Choquet-Bruhat’s article [4] from 1969. In this article,
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Choquet-Bruhat, following an approach pioneered by some physicists [5-8], has put on a solid
mathematical footing an approximate geometric optics construction for these equations. Since
an oscillating behaviour in the limit where the frequency tends to infinity is the simplest example
of weak convergence in the mathematical sense, the approximate solutions of [4] fit into Burnett’s
abstract framework and provide a precursory and neat illustration of the so-called backreaction
phenomenon, i.e. the effect of small scale inhomogeneities on a background. This connects
Choquet-Bruhat’s [4] and Burnett’s [3] through the description of a common physics. But the link
between these two works has recently been strengthened. Indeed, after being almost completely
silent for decades, the mathematical activity around Burnett’s conjecture has been revived by the
first rigorous result obtained by Green and Wald in 2011 [9]. Since then, Choquet-Bruhat'’s early
approximate construction from [4] has been revisited and its rigorous justification has proved to
be an efficient way of attacking Burnett’s conjecture.

Because of these two links, an early one from physics and a modern one from mathematics,
the narrative of Burnett’s conjecture will start in Section 2 by a description of [4]. Another, more
prosaic, explanation behind this choice lies in the author’s personal interests and his will to
honor in this volume a relatively unknown, at least from the mathematical community, aspect
of Choquet-Bruhat’s work (corresponding to the eleventh chapter of [2]). We also refer the reader
to her autobiography [10], where her work on high-frequency gravitational waves is mentioned
several times.

Needless to say that the Burnett conjecture and its literature are also connected to many more
areas of the mathematical theory of general relativity and of the partial differential equations’
world. To highlight the richness of these connections is also one of the objectives of this text,
which should be viewed as a complement to other reviews on Burnett’s conjecture like the
recent [11].

2. Choquet-Bruhat’s article from 1969

As early as [12], physicists have tried to linearize the equations of general relativity around simple
exact solutions of the Einstein vacuum equations, such as the Minkowski spacetime. This has led
early general relativity physicists to think that spacetime itself could be a potential medium for
a new kind of waves, called gravitational waves. We refer to Part VIII of [13] for a rich discussion
of how gravitational waves propagate, how they are generated and how one can detect them.
Chapter 35 of [13] is particularly relevant for the present discussion.

The obvious drawback of any linearization procedure is that it assumes that the perturbation
is small, as well as all its derivatives, thus forbidding the description of more interesting physical
situations where the gravitational field is strong. Moreover, the linearization procedure rules
out the possibility of describing the “energy” of the gravitational waves themselves, since such a
quantity, though complicated to define in general relativity, must be of quadratic nature. This has
led physicists to imagine various averaging schemes (see for instance [5-8]) unfortunately lacking
a rigorous mathematical framework. Thanks to her (at the time) recent experience in nonlinear
geometric optics (see [14,15]1), Yvonne Choquet-Bruhat was the first to rigorously applied the
WKB expansion method to the Einstein vacuum equations themselves in the article [4]. We will
discuss in more details the general strategy of geometric optics in Section 4.1.1, but for now we
summarize the approach and main outcomes of this pioneer article.

In [4], Choquet-Bruhat considers a family of metrics of the form

4

g1=g0+ 18" (£)+ 1% (%), M)

1This paper appears to be related to two other versions by the same or similar title, one earlier and one contempora-
neous with the present entry. They are, respectively: [16] and [17].
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where g is another metric, the phase ¢ is a scalar function and where by g (¢/A) we actually
mean g (x,(x)/1). Note that we adapt her original notations in order to ease the comparison
with more modern results on Burnett’s conjecture (in particular those of Section 4.1). We assume
moreover that each g'”) is periodic with respect to the second variable. The metric g; should
be thought as describing a vacuum spacetime in which a gravitational wave of wavelength A is
propagating. Crucially, the geometric optics expansion (1) allows the perturbation to be small
but its derivatives to be large in the high-frequency limit A — 0. The goal is to find conditions on
¢, g, gV and g? such that g, is an approximate solution of the Einstein vacuum equations at
order 1, that is R, (g1) = O(A). For that, we compute the Ricci tensor of the metric g, defined
by (1), and because of the curvature being second order with respect to the metric, it is of the
form

1
Ruv(g)) = ZR};V” +R)+0(A), )

where R{," depends on gy and g and R}y depends on gy, g’ and g. In order to formulate
the main result of [4], we introduce the polarization tensor of a tensor T with respect to a phase

’ P[TIp], =8 (0upTva— 3000 Tyv). 3)
Theorem 1 ([4]). Considerg, defined by (1) and RL}D and Rﬁ? asin (2).
0y R,f;,l) =0 ifand only ifg, L(de,d¢p) = 0 and gV satisfies the polarization condition
PgPlp]=0. (4)
(i) IfRI(;VU =0, then Rﬁ? =0 ifand only if g satisfies

Ruv(80) = (4857 85” (908pado8l) ~ $00800008L) ), 0uwdve, (5)
g\ satisfies the transport equation
20 pDog" + Cegp)g? =0, (6)

andg® satisfies a polarization condition of the formP [g? |p] = gV xgV), where x denotes
some tensor contractions.

In (5), 0y and )y denote respectively a derivative and the average with respect to the oscillat-
ing variable. Note that in Theorem 1, the case g, 1 (de,de) # 0 is excluded for physical reasons,
since in this case a high-frequency change of variables can remove g'V’. Though Theorem 1 only
produces approximate solutions to the Einstein vacuum equations, it provides a more rigorous
averaging scheme than the results [5-8]. It shows how one can describe high-frequency gravi-
tational waves in the nonlinear regime while still retaining some surprising linear features. For
instance, as in the linearized gravity setting, the wave propagate along a null direction and the
polarization condition 4 is actually equivalent to the TT-gauge conditions of linearized gravity
which imply in particular that a gravitational wave has two degrees of freedom. Moreover, the
(surprisingly linear) transport equation (6) is shown to propagate the polarization condition (4),
so that the wave retains its form! Physically, this distinguishes greatly gravitational waves from
other kind of waves, say in fluids, since it shows that the former don’t self-steepen while the latter
usually can accumulate and form shocks.

In addition to exhibiting this exceptional linear structure, Theorem 1 also shows the nonlinear
effects caused by the wave on the background spacetime gy. Indeed, even though g; solves
(approximately) the Einstein vacuum equations, this is not the case of gy which “sees” the
presence of the wave propagating, via the non-zero stress energy tensor in the right hand
side of (5) (note that this expression, here derived rigorously, matches those found with other
averaging schemes). In this sense, theorem 1 clearly prefigures Burnett’s conjecture, which aims
at characterizing completely the backreaction phenomenon (see Section 3 below).
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We also mention subsequent works in the framework of [4], most of them being by Choquet-
Bruhat herself. All these works show how important to her this direction of research was, from
early to later stages of her career. High-frequency waves in relativistic fluids are considered
in [14,15,18]. The coupling between gravitational waves and electromagnetic or fluid waves are
the objects of [19] and [20] respectively. The case of a charged scalar field is considered in [21]
and the one of the Yang—Mills equations in [22]. She even considers high-frequency gravitational
waves with Gauss-Bonnet corrections or with stringy effects in [23] and [24] respectively. As
we will see, the results on Burnett’s conjecture discussed in Section 4.1 can also be thought
as extensions of the pioneer work of Yvonne Choquet-Bruhat on high-frequency gravitational
waves.

3. Statement of Burnett’s conjecture

In this Section, we first introduce the massless Einstein—Vlasov system, state and discuss concep-
tualy Burnett’s conjecture, and present the first rigorous result on the conjecture.

3.1. Relativistic kinetic theory

Relativistic kinetic theory is the name given to the physical description of a system of particles
living in a spacetime described by general relativity, see the tenth chapter of [4] or [25]. While
in classical kinetic theory the particles in consideration are most often gas or liquid particles, in
general relativity, this perspective is adopted to describe “particles” at very different scales, such
as stars, galaxies or even clusters of galaxies. Nevertheless, the framework of relativistic kinetic
theory is identical to its classical counterpart: particles are described by a density function de-
fined in phase space and solving a PDE encoding the interactions between the particles, and in-
tegrating this density with respect to the momentum variable provides macroscopic information
on the system of particles.

If (/,g) is a Lorentzian manifold, we first look for an equivalent of the classical phase space
encoding both position in space and time and velocity or momentum. Since tangent vectors to
curves are represented by vector fields in differential geometry, the phase space in relativistic
kinetic theory will be a particular subset of the tangent bundle T.#, the latter consisting of pairs
(x, p) where x € /4 and p € Ty.#4. More precisely, for m = 0 we define the mass shell at a point x
by

Pmyc={peTxt g} (p,p)= -m? and pis future oriented.
If we set Py, := Lye.r Pm,x, then a density f describing particles of (rest) mass m is simply
a function f : &, — R4, and f(x, p) is the “number” of particles at position x € .# with
momentum p € Ty.#. To lighten the notations, in what follows we don’t write down the measure
on #, ; induced by the metric g.

We will assume here the absence of collisions between the particles in the system, so that the
particles interact with each other only through their interaction with other fields. If moreover we
neglect the charges of the particles, the only reasonable such field is the gravitational one and
such a matter model is sometimes referred to as self-gravitating. This means that each particle
is following a geodesic on .4, which is equivalent to the following Vlasov-type equation for the
distribution function f:

p*0af —Tpp"p Opaf=0. (7)
If (/,g) is given, the behaviour of the solutions to this equation is of tremendous physical
importance. However, as always in general relativity, we can also describe the effect of a matter
model on the Lorentzian metric g itself by plugging its stress energy tensor into the right hand
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side of the Einstein equations. In the case of kinetic theory, the stress energy tensor is simply the
second moment of the density f, which leads us to the so-called Einstein—Vlasov system with rest
mass m:

1
Ruv(®) ~ S R(®)guv = f%,x fpupv,

p 0af T p"p 0pef = 0.
In the context of (8), the Vlasov equation for f can also be interpreted as the condition for
the stress energy tensor to have zero divergence. In the case m = 0, i.e. when the particles in
consideration have zero rest mass, the system (8) is called the massless Einstein—-Vlasov system.
Note that in this case, the mass shell 27 is simply the collection of null cones for the metric g over
each point of the manifold.

The literature on the system (8) is very rich and is nowadays concerned with global existence
results, stationary solutions etc. Note that an important step was the proof of well-posedness in
wave coordinates in [26]. Finally, as is standard in general relativity, we expect the limit ¢ — +oo
to correspond to the classical Newtonian gravity. This is indeed true for relativistic kinetic theory,
since it is proved in [27] that the famous Vlasov-Poisson system is the Newtonian limit of (8).

8)

3.2. First discussion of the conjecture

We are now ready to state Burnett’s conjecture from [3]. For that, fix a manifold .# and consider
sequences of metrics (g3)1¢(0,1; solving the Einstein vacuum equations

Ry (82) =0, C)]

and such that there exists another metric gy such that in some coordinates system (x%)4=0,1,2,3 On
A we have

8V ap — (8)ap — 0 uniformly, 0, ((81)ap— @)ap) — 0 weakly, (10)

when the parameter A tends to 0. Note that instead of the second assumption in (10), one can ask

the sequence of first order derivatives [OH (81 a ﬁ) A€0.1] to be bounded.

Conjecture 2 (Burnett’s conjecture). One conjectures that:

o If(ga)ac0,1) andgo are as above, then gy is a solution to the massless Einstein—Vlasov system
(8) for a suitable density.

o Conversely, ifgo is a solution to the massless Einstein—Vlasov system (8), then there exists a
sequence (83) 1¢(0,1] as above and with limit gy.

The above conjecture aims at completely describing backreaction for the Einstein vac-
uum equations, i.e. the effect of small scales inhomogeneities onto a background spacetime.
These inhomogeneities are described by the lack of strong convergence of the first derivatives
0. (81 ap — (80)ap). In his original article, Burnett refers to this weak convergence as being the
trace of some high-frequency oscillations in the metric itself. However, this regime also includes
concentration effects, and only two references in the sequel of this text will allow for concentra-
tion effects, while all the others will be concerned with a true high-frequency regime, meaning
where (10) is replaced by the stronger

)a’c (@Vap - (go)aﬁ)| <Ak k=0,..K

for some K = 2.
The core idea behind Conjecture 2 is the following. If first order derivatives of gy converge only
weakly, then products dg,dg, of these derivatives don't necessarily converge to dgy0gp, and since
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the Ricci tensor contains such semilinear terms, passing to the limit in (9) does not lead a priori
to Ryyv(go) = 0 but rather to

’

R,uv (8o) — %R(go) (gO)uv = Tﬁgective

where can be called the effective stress energy tensor of the inhomogeneities. The first
part of Conjecture 2 can be thus rephrased as: there must exist some density function f defined
on %, (defined with the metric gp) such that

Tﬁf/fective:f@ fpypv- (11)
0,x

effective
Tt

effective
Tef

The effective stress energy tensor is thus caused by the lack of convergence of the semi-
linear terms 8g)dgy. This shows that in the particular case (obviously included in Conjecture 2)
where the convergence of 9, ((g,l)aﬁ - (go) aﬁ) is actually strong, then we can pass to the limit in
(9) and gp thus solves the Einstein vacuum equations.

As explained in the introduction of [3], the fact that backreaction is necessarily of kinetic
nature can be first observed on plane wave solutions to (9), where g, is explicitly given by

—dudy+ B,l(u)z (e/la(u) cos[%)dXZ 4 e—la(u)cos(u//l)dyZ) i
where a is a given function of u and where B, needs to solve an ODE. One can show that g,
converge in the sense (10) to g satisfying R, (go) = 1/20426” udyu. Formally summing such
plane waves gives rise to the integrated expression in (11). However, and though Burnett does
not mention it, the same kind of “discrete” effective stress energy tensor is obtained in the
approximate geometric optics construction of [4] described in Section 2 (recall (5)). Burnett’s
explicit example has the benefit of being a family of exact solutions to (9), while Choquet-
Bruhat’s approximate solutions have the benefit of living outside any symmetry class. Moreover,
as Section 4.1 will show, Choquet-Bruhat’s strategy can be extended to produce exact solutions.
However, Burnett’s and Choquet-Bruhat’s concrete examples of backreaction have one thing in
common: the background kinetic spacetime metric gy is a particular measure-valued solution
of the massless Einstein-Vlasov system. More precisely, by considering several solutions of the
eikonal equations (up)aes for of a finite set, we can consider the density function f(x,p) =
Yacw FAx)® 6 p=(duy)*» Where §,,_ 4.+ denotes the Dirac measure at (dua)” in each tangent
space and where the Fp’s are scalar functions. In this case the massless Einstein—-Vlasov becomes
the so-called Einstein-null dusts system:
R,y (g0) = Z FﬁayuAavuA)
Aco
g, (dua,dup) =0, forallAe o, (12)

2820 051p0, Fa + (Ogyua) Fy = 0, forall A€ o,
The system (12) can be viewed as a “discrete” version of the massless Einstein—Vlasov system
(8), but it also corresponds to the Einstein equations coupled to a perfect null fluid with zero
pressure. Other examples of weak limits of vacuum spacetimes have been considered with two-
dimensional symmetry, such as the T? symmetry in [28].

3.3. What does it say about the structure of the Einstein vacuum equations?

Even before discussing actual results on Conjecture 2, we wish to reflect here on its significance.
We start by noticing that, as it is apparent from its statement, Conjecture 2 is a double conjecture.
Its two parts are of very different mathematical nature.

The first part, referred to as the direct Burnett conjecture, aims at describing the generic
behaviour of sequences of solutions to the Einstein vacuum equations. In particular, it shows
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that this set is not closed for the topology of (10). Since this backreaction is due to a lack of strong
convergence, results on the direct Burnett conjecture fall into the scope of homogenization
theory (we refer to [29] for an introduction to this field, which can be roughly defined as the study
of averaging processes in disordered media), and the direct Burnett conjecture is an instance of
compensated compactness. On the other hand, the second part of Conjecture 2, referred to as the
reverse Burnett conjecture, aims at constructing solutions to the Einstein vacuum equations that
converge in the sense of (10) to a given kinetic target. If it holds together with the direct part, then
the set of massless kinetic spacetimes completely characterizes the closure of the set of solutions
to the Einstein vacuum equations for the topology of (10). Therefore, if Burnett’s conjecture is
true, the Einstein vacuum equations stand in between two kinds of PDEs:

* PDEs for which the set of solutions is weakly closed, such as semilinear wave systems
with the classical null condition of [30,31]. In this case, compensated compactness can
be seen as a consequence of the famous div-curl lemma (see [32,33]). Such PDEs are said
to display rigidity.

¢ PDEs for which weak limits of solutions are somehow arbitrary, such as incompressible
fluid equations. In the case of incompressible Euler, weak limits of solutions are shown
to solve the Euler-Reynolds system (see [34] or the survey [35]), which plays there a
similar role as the massless Einstein—Vlasov. As opposed to the latter, the Euler-Reynolds
system is underdetermined, thus leading to the display of flexibility (see the resolution of
Onsager’s conjecture in [36] for a consequence of this flexibility).

Therefore, one could say that the Einstein vacuum equations display some flexible rigidity or rigid
flexibility (we let the reader decide which one is more accurate).

Not only does Burnett’s conjecture distinguish the Einstein vacuum equations from incom-
pressible fluid equations, in the sense that the failure of convergence satisfies a transport equa-
tion, it also reveals a hidden linear behaviour, despite the equations being very much nonlinear
(already observed by Choquet-Bruhat in [4], see the discussion after Theorem 1). Indeed, the fact
that backreaction can be described by the massless Einstein-Vlasov system, i.e. a self-gravitating
matter model, shows that small scale inhomogeneities don't interact directly but only through
their impact on the background metric. In other words, the linearity of the Vlasov equation with
respect to the density, or the fact that no collision operator shows up in the right hand side, is
a second feature of the Einstein vacuum equations. Depending on the context, these surprising
nonlinear cancellations can be related to compensated compactness again (for instance in [11]
it is described as a secondary form of compensated compactness), to the classical null condi-
tion and Shatah’s normal form approach (see [37]) in semilinear waves or to transparency in geo-
metric optics (see [38]). The deep link between all these approaches is discussed in depth in the
Bourbaki seminar [39].

However, it is very well-known from the works on stability of Minkowski (see [40,41]) that the
Einstein vacuum equations don't satisfy the null condition in wave coordinates. It is complicated
to directly compare the structure of the Einstein vacuum equations in different gauges, but
if Burnett’s conjecture were to be true in full generality, it would show that they don’t satisfy
the null condition in any gauge or setting, since otherwise backreaction would not occur and
vacuum spacetimes would not approach anything else but other vacuum spacetimes. Burnett’s
conjecture thus hints at a very fine structure: semilinear terms in the Einstein vacuum equations
fail to satisfy the null condition (otherwise there would be no backreaction) but the failure of the
null condition has a unique structure still leading to some cancellations (otherwise the Vlasov
equation would be nonlinear).

In [42], Choquet-Bruhat introduced gauge-invariant definitions of the null condition and
of a relaxation of it, but perhaps the most famous relaxed version of the null condition in
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wave coordinates is the weak null condition introduced in [43]. One could then wonder if the
aforementioned unique structure of the failure of the null condition is precisely Lindblad and
Rodnianski’s weak null condition. This is in fact not the case and if true, Burnett’s conjecture
thus demonstrates that the Einstein vacuum equations possess an even finer structure, strictly in
between the null condition and the weak null condition. This last fact actually brings Burnett’s
conjecture closer to the bounded I2? curvature theorem proved in [44], which (to the best of
the author’s knowledge) is the only other instance where the Einstein vacuum equations behave
better than a system satisfying the weak null condition. The link between Burnett’s conjecture
and low-regularity solutions in general relativity is actually even stronger, but we postpone this
discussion to Section 3.5.

3.4. First rigorous result in the context of cosmology

Before discussing in the rest of this survey the “PDE” results on Conjecture 2, we start with a
result coming from the physics community. Obtained by Green and Wald in [9], this is the first
mathematically rigorous result on Conjecture 2 since Burnett’s original article [3].

Their motivation comes from cosmology, where a wealth of literature has been produced on
the question of the effect of small scale inhomogeneities in the universe we live in. In particular,
backreaction from these inhomogeneities onto the cosmological background has been believed
to be a potential explanation of the presence of dark matter in our universe, in replacement
of the standard explanation via the presence of (so far undetected) weakly-interacting “dark
particles” or modifications of Einstein’s gravity, see for instance [45,46]. However, if small scale
inhomogeneities are described by sequences of metrics with the convergence regime (10), then
Burnett’s Conjecture 2 contradicts this belief, since the effect of backreaction is characterized by
amassless Vlasov field. This motivated the work [9], where the authors get the following theorem:

Theorem 3 ([9]). If(gn)nen is a sequence of solutions to

Ryv(gn) — %R(gn) &) v + Agn)pv = (T,

where each Ty, is trace free and satisfy the weak energy condition with respect to g,, and if (8,) nen
converges to someg as in (10), then

Ryuv(80) — 5 R(80) (80) v + A(80) v = (To) v

where Ty is trace free and satisfy the weak energy condition with respect to g.

The conclusion of Theorem 3 completely rules out the possibility of dark matter being de-
scribed by backreaction under the convergence regime (10) (see also [47] where the authors pro-
vide interesting explicit examples of such regime). Note also that the conclusion of Theorem 3 are
in accordance with Burnett’s conjecture, since the stress energy tensor of a massless Vlasov field
isindeed traceless and satisfies the weak energy condition. Moreover, Theorem 3 fails to describe
precisely the structure of the effective stress energy tensor, or the fact that the Vlasov transport
equation is satisfied. However, some features distinguish it from the “PDE” results described in
Sections 4 and 5 below: it allows for both cosmological constant and sequences of non-vacuum
spacetimes, it does not require any symmetry nor gauge choice, it allows for both concentration
and oscillation. For all these reasons, Theorem 3 reaches a high level of generality compared to
the PDE results.

In the physics community, the article [9] has led to strong debates on the nature of backreac-
tion, see for instance [48,49]. It also provoked an important increase in the number of citations
of Burnett’s original article [3], and it raised the interest of mathematicians and analysts working
on the Einstein equations.
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3.5. Low-regularity and two different strategies

In Sections 4 and 5 below, we will present the results [50-57] on Burnett’s Conjecture 2. In order
to motivate the splitting of the results between these two sections and their inner structures, we
need to address a crucial feature of Burnett’s conjecture, already hinted at in Section 3.3. To
put it plainly, Burnett’s conjecture is intrinsically a low-regularity phenomenon from the point
of view of the Einstein vacuum equations. Indeed, the most generic well-posedness result for
the Einstein vacuum equations is the celebrated bounded I2 curvature theorem, which can be
formulated as follows:

Theorem 4 ([44]). The time of existence, with respect to a maximal foliation, of a classical solution
to the Einstein vacuum equations depends only on the L?> norm of the curvature and second
fundamental form of the initial data set and on a lower bound of its volume radius.

In other words, the Einstein vacuum equations are well-posed in H® if s = 2. Theorem 4 is
expected to be sharp, meaning that the if in the previous sentence is supposedly an if and only
if?. However, in order to produce a nontrivial backreaction, a sequence (gj) 1e0,1) of solutions
to the Einstein vacuum equations must necessarily be unbounded in any H*® for s > 1, since
otherwise the convergence of 0;1 ((g;t)aﬁ - (go)aﬁ) would be strong. This shows that Burnett’s
conjecture is a low-regularity phenomenon and that the mere existence of sequences (g1) 10,1
of solutions converging to some gy on a time interval uniform in 1 and being unbounded in H*®
for s > 1 is not at all guaranteed by the general theory (said differently, the best we can do a priori
is a time of existence of order A). Since such sequences are the starting point of any theorems on
the direct conjecture, they might be empty theorems. This leaves us with two possible strategies:

o First, if in a given setting (either a symmetry class or a particular gauge choice), no
improvement of Theorem 4 is available, then one needs to construct concrete examples
of such sequences unbounded in H* for s > 1 bypassing the general obstruction, which is
equivalent to proving the reverse conjecture! This motivates discussing first the reverse
conjecture in the two frameworks fitting this category, and then the corresponding results
on the direct conjecture (which are then ensured to be non-empty).

¢ Second, if in a given setting it is possible to somewhat improve Theorem 4, in the sense
that the time of existence of a solution in this setting can be shown to depend only on the
H' norm of the data in some directions, then the existence of the unbounded sequences
would be ensured. As we will see, in this case proving the full Conjecture 2 actually
reduces to proving its direct part.

Section 4 will present the results fitting into the first category, i.e. [50-54,56,57], in which Burnett’s
conjecture is studied in U(1) symmetry and generalized wave coordinates. Section 5 will present
the only result fitting into the second catagory, i.e. [55], which is concerned with angularly regular
spacetimes in double null gauge.

4. The U(1) symmetry and generalized wave coordinates
In this section, we discuss first the results [51,54,56,57], which attack the reverse conjecture

via multiphase geometric optics constructions, and then the results [50,52,53], which prove the
direct conjecture by means of microlocal defect measures.

2The presence of symmetries can lower the regularity threshold, see for instance Christodoulou’s BV theory in
spherical symmetry [58].
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4.1. The reverse conjecture

As explained in Section 3.5, without any improvement of the general theory, proving the reverse
conjecture amounts to the construction of particular solutions defined by special ansatz. As
mentioned in Section 3.2, oscillation and concentration are the two different phenomena that, if
present at the level of the first order derivatives of the metric, can cause boundedness in H' and
unboundedness in H* for s > 1 as required by the Burnett regime (10). If one chooses oscillation,
then one actually studies the geometric optics approximation for the Einstein vacuum equations
already considered by Choquet-Bruhat in [4].

4.1.1. Geometric optics

Broadly speaking, the field of geometric optics is concerned with the propagation of waves,
and in particular with the description of rays out of it (see [59,60] for a more in depth introduction
to this field). Concretely, the goal is to construct high-frequency solutions to nonlinear hyperbolic
systems. These solutions are defined via multiscale asymptotic expansions of the form

ut ~ P Ze"Un(t,x,f), (13)
n=0 €

where ¢ is a small parameter and where the U,, are periodic with respect to their third variable.
This ansatz is very much in the spirit of WKB expansions (after Wentzel, Kramers and Brillouin)
from the 1920’s used to recover classical mechanics from quantum mechanics. In the case
considered in [61,62] of a linear hyperbolic system, the oscillating profiles U, can be shown
to solve a hierarchy of transport equations along the “rays” defined by the phase ¢, which
needs to solve the eikonal equation associated to the differential operator. The first to have
considered nonlinear systems is actually Yvonne Choquet-Bruhat herself, after having followed
Leray’s (“mon maitre”, as she calls him in [10]) lectures at Princeton, see [14,15]. Of course,
the article [4] is another instance of a geometric optics being applied to a nonlinear system,
but with the subtlety that for the Einstein vacuum equations true hyperbolicity comes at a cost
of a gauge choice. See also [63,64] for examples of geometric optics constructions on gauge-
invariant semilinear systems. Given a nonlinear system, the basic questions are: can we construct
formal solutions of the form (13)? are these approximate solutions stable, i.e. can we solve for a
remainder in the expansion and transform them into exact solutions? In general, this is a very
difficult problem strongly depending on the system and on the strength of the wave.

The parameter p = 0 in (13) describes the strength of the wave. If p is too large, no nonlinear
effects will be observed in the transport hierarchy for the profiles. If one decreases the value of p,
one can reach a particular value where nonlinear interactions terms enter the transport equation
for the first profile, thus making it nonlinear. This is the regime of weakly nonlinear geometric
optics, see [65,66] for classical results. For quadratic systems such as the Einstein equations,
the critical value is p = 1. We remark crucially that [4] considers precisely the weakly nonlinear
regime for the Einstein vacuum equations, and that if p = 1 then an ansatz of the form (13)
precisely enters Burnett’s convergence regime (10). In conclusion, we see that proving the reverse
Burnett conjecture via oscillations is equivalent to proving the stability of the geometric optics
approximation for the Einstein vacuum equations in the weakly nonlinear regime.

4.1.2. TheU(1) symmetry

The first setting where the reverse Burnett conjecture has been studied is the one of U(1)
symmetry, that is when the spacetime has a spacelike Killing vector field. The reduction of the
3+1 Einstein vacuum equations in this case can be deduced from the general Kaluza—Klein theory
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(found for instance in Appendix VII of [2]). A general metric on a 3 + 1 manifold with 9,3 Killing is
of the form

g=e 2Pg+e’” (dx’ + Agdx),
where g is a 2+ 1 Lorentzian metric, ¢ is a scalar function and A a 1-form. One can prove that
the Einstein vacuum equations for g as above are equivalent to the following Einstein-wave map
system in 2 + 1 dimension

Ogp = -3¢ (dw, dw),
{ Ogw = 487 (dw, dy), (14)
Ruv(g) = 20,¢0,¢ + %e"l‘papwayw,

where w is related to A. This system has been studied for instance in [67,68], motivated by its
connection with cosmology, and the constraint equations for (14) are solved in [69]. Several
choices of gauge are possible for (14), for instance generalized wave coordinates in [70] or null
geodesic in [71], but it is the elliptic gauge which proves to be useful for Burnett’s conjecture (or
other low-regularity problems such as [72,73]). It is defined in the following way: after having
decomposed g with lapse and shift, we ask its spacelike part to be conformal to the Euclidean
metric (thanks to the uniformization theorem of surfaces) and each time slice to be maximal, i.e.
with zero mean curvature. We now state the main result of [51] by Huneau and Luk:

Theorem 5 ([51]). If (g0, @0, o, Fa, ua), with A belonging to a finite set, is a generic solution on
[0,1] x R? of the Einstein-null dusts system in U(1) symmetry in the elliptic gauge and close to
Minkowski, then there exists a sequence (83,9, ®1) 1e(0,1] Of solutions of (14) in the elliptic gauge
on [0,1] x R? and such that (gy,081, 9, w1) — (g0,080, 0, wo) uniformly and (8¢y,0w,) —
(0o, 0wy) weakly when A tends to 0.

The Einstein-null dusts system in U(1) symmetry mentioned in Theorem 5 is the equivalent of
(14) with the addition of the stress energy tensor of the null dusts system, see (12). The existence
of the background solution (go, @9, wo, Fa, ua) follows from a low-regularity existence result in
elliptic gauge from [74]. If we denote by g either the lapse, the shift or the conformal factor, and
by v either ¢ or w, the system (14) in elliptic gauge can be rewritten in the following schematic
form

{Dgw = g~ '(dy,dy), 15

Ag = (0y)* + (Vg)*.
The sequence (ga, ¥ 1)1¢(0,1; is defined by a high-frequency ansatz, a simplified version of which
being

u u upr+u _
va=wo+AY wl (TA) A2 (wa) (TA) + ) 1//1(\21’;) (%)) +remainder,
A A A#B,t

g1 = go+A° (ngf) (%) + Y g ( 1A j 1B )) +remainder,
A A#B,:

where, for instance, by f (ua/A) we mean that f is a quantity depending in a periodic manner
on up/A (as the profiles Uy, in (13)). By plugging (16) in (15), we derive transport equations for
the profiles ) and “algebraic” equations for the profiles g'”) (the solvability of the latter requires
a coherence assumption on the ua’s, as it is common in multiphase geometric optics). Solving
for the remainders in (16) over the required time scale is the most technical part of the proof
and relies crucially on the structure of (15). From the present perspective, this structure can
be summarized as follows: the dynamics and the geometry are completely decoupled into a
quasilinear hyperbolic system with the null condition and a semilinear elliptic system without
the null condition. This observation explains why there is no A term in g,, or equivalently why
0g, converges strongly, as opposed to 0y . It also sheds light on the discussion of Section 3.3: the
lack of null condition is compensated here by an elliptic operator, very much in the spirit of the

(16)
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Coulomb gauge used in [44]. To conclude the discussion of Theorem 5, let us clarify how dust-like
backreaction can arise. If say u/(l) (ua/A) = cos(ualA) IZI(U, then the quadratic term 0,y 30,%, in
(14) or (15) becomes

1
020 = Oupaduyo+ 5 - (75

) 0H MAOV Uua
AB

__ZSIn( )WA O(uWolv)u __2(1/71(;)) (ZZA)apuAavuA

+A§Bsin( i )sm( )wg)wg)a#uAaquO(A).

Thanks to the coherence assumption, the last two lines converge weakly to 0 when A tends to 0,
showing how a new resonant term appears in the high-frequency limit.

In the forthcoming [54], Huneau and Luk prove that it is possible to rigorously send the num-
ber of dusts to infinity. Relying on an improved existence result in this setting [75], they perform a
double limit argument, i.e. construct ansatz of the form (16) with uniform estimates with respect
to both 1 and the number of dusts. In particular, this allows to target general solutions to the
massless Einstein—-Vlasov system, by approximating any measure which is absolutely continuous
with respect to the Lebesgue measure by sums of Dirac measures.

4.1.3. Generalized wave coordinates

In this section, we discuss results on the reverse Burnett conjecture for the Einstein vacuum
equations in generalized wave coordinates. To define them, we give the expression of the Ricci
tensor in any coordinates system:

2Rop(8) = ~Ug8ap + 8o (a0p) H + HP0,p8ap + Pop(8)(08,08), (17)

where ﬂg =gha,0,, H° := g“VFZV and P,p(g)(0g, dg) contains every quadratic semilinear terms.
Constructing coordinates such that H = 0 while simultaneously solving the reduced equations
ﬁggaﬁ = Pap(g) (0g, 0g) has been shown to be possible in the pioneering [1]. Since HP = —Dgxp,
such coordinates are called wave coordinates. They are in fact a special instance of the so-called
generalized wave coordinates, where instead of asking H = 0 we allow H to be equal to a non-zero
quantity depending on g and not on dg. In the literature, this extra freedom has been used for
instance to help determine some spacelike or timelike asymptotic behaviour in stability proofs
such as [70,76-78] or even in numerical simulations [79]. In the context of Burnett’s conjecture,
the role of H is somewhat different. First, the main result of [57] by the author of this review:

Theorem6 ([57]). If(go, Fh, uA), with A belonging to a finite set, is a generic solution on [0, 1] x R3 of
(12) in wave coordinates and close to Minkowski, then there exists a sequence (81) ye(0,1] 0f solutions
of the Einstein vacuum equations in generalized wave coordinates on [0,1] x R® and such that
g1 — 8o uniformly and 0g), — 0gy weakly when A tends to 0.

The existence of the background solution (go, Fa, uA) is proved in [80], and the case of a single
null dust is considered in [56,81]. Theorem 6 is the strict equivalent of Theorem 5 without any
symmetry assumption and the multiphase geometric optics strategy is also followed as g, is of
the form

g = g0+/lz (1)( ) Az(z (2)( ) > gféi)(@))+remainder. (18)
A#B,+

Note that if we forget about the remainder and consider only one dust, the ansatz (18) is precisely
the one considered in the approximate construction [4]. By plugging (18) into (17) and asking
for Ry5(g1) = 0, we derive a system of transport equations and polarization conditions for the
profiles g, the former coming from the truely hyperbolic terms in (18) and the latter from
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the gauge terms 0H. Contrary to the elliptic gauge in U(1) symmetry and because of the
absence of decoupling, the transport equations and polarization conditions must be shown to
be compatible at any order in A. The polarization conditions are of the schematic form

Plein] =0, P[e1n] - [e]]

where the * denotes some tensor contractions and P has been defined in (3). The first condition
in (19) is the equivalent of Choquet-Bruhat’s (4) and the non-trivial RHS’s of the last two condi-
tions are due to the lack of null condition of the semilinear terms in (17). The solvability of the
last two conditions in (19) is a structural miracle, in some sense equivalent to the ellipticity of the
equations for g in (15). However, as opposed to [51], here the metrics g) don't satisfy the same
gauge conditions as their limit gy, precisely because of the last two conditions in (19), showing
that H plays the role of a bin in which we hide undesired terms. Note that the first condition in
(19) still implies that

dupa ®dua, gfl’;i)—P gfl';i)luAiuB :gl(\l)*g(l), (19)

H(gy) — H(go), uniformly, and 0H(gy) — 0H(gy) weakly, (20)

when A tends to 0.

As explained in Section 3.5, the existence of an exact solution of the form (18) up to time 1
does not follow from any general result. This can be directly seen on the wave equation satisfied
by the remainder in (18), which, due to the quasilinearity of the wave operator in (17) is coupled
to the transport equation for g, ultimately leading to the apparent loss of one derivative (in
consistence with Burnett’s regime living one derivative lower than what Theorem 4 provides).
Regaining this derivative makes crucial use of the high-frequency ansatz (18).

4.2. The direct conjecture

In this section, we review the results in [50,52,53] on the direct conjecture in U(1) symmetry or in
generalized wave coordinates. These results will assume the existence of a sequence of vacuum
metrics (g1)1e(0,1) converging in some sense, actually in a stronger compared to (10), to a given
metric gy. Their goal is then to compute the Einstein tensor of gy and show that it satisfies a
transport equation. The main tool are microlocal defect measures and the structural miracle is
compensated compactness.

4.2.1. Microlocal defect measures

Microlocal defect measures (sometimes also called H-measures) have been introduced to
detect the lack of strong convergence of a sequence in L2. We refer to [82] for a nice introduction
to these measures and to their semi-classical counterparts. Introduced in [83,84], microlocal
defect measures are associated to sequences (1) ey Of functions in I2 (Rd+1,C) and converging
weakly to 0, and in these references it is shown that there exists a non-negative complex-valued
Radon measure u (the so-called microlocal defect measure) such that

kETw<Auk, Uk) 2 Rd+1 ¢y = fS*Rdﬂ a(x,¢)dy, 21)
for all order 0 pseudo-differential operator A with principal symbol a homogeneous of degree
0, and where S*R%*! is the cosphere bundle of RA*1, For instance, if uy(x) = kd+1/2)((k(x — X))
(with y compactly supported) then du is of the form 6, ® dv, and if u(x) = ¢(x) cos(x - w) then
du = |p|>dx ® §,,. These two simple examples illustrate respectively lack of strong convergence
by concentration and oscillation and the second one reminds us of the backreaction’s dust
nature obtained via geometric optics (see Section 4.1). Microlocal defect measures satisfy several
important properties, the first of them being localization: if P is an order m differential operator
with principal symbol p, and if (P (u)) ken is relatively compact in H; * then pdyu = 0. This shows
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that du is supported (in phase space) on the zero set of the symbol p. In the context of Burnett’s
conjecture, P will always be a wave operator associated to a Lorentzian metric, and the zero set
of p in this case is precisely 2, the zero mass shell! The second key property of microlocal defect
measures in the context of wave equations is that they propagate. This has been first proved in
the linear case in [85]. As a toy model, consider a sequence u; such that duy and U, 1 (where
m is the Minkowski metric) converge respectively weakly and strongly to 0 in L2, it can be shown
that the microlocal defect measure associated to derivatives of uy satisfy

{maﬁfafﬁ, a} Ii_lvz =

for all a homogeneous of degree 1, and where {-,-} denotes the Poisson bracket in the (x,¢)
variables. The relation (22) is a weak formulation of the Vlasov equation (7).

Note that microlocal defect measures are only sensible to the direction ¢/|¢| of the lack of
strong convergence, and in this regard semi-classical defect measures are more precise. Both
types of defect measures are powerful tools with applications in the theory of homogenization
but also to the control of wave equations, see for instance [86,87]. However, as mentioned earlier
in this text, the phenomenon at the heart of Burnett’s conjecture is compensated compactness,
the most famous example of which is the div-curl lemma (see [32,33]). Generalized in [83], it
stipulates that one can pass to the limit in particular quadratic expressions. For the application to
Burnett’s conjecture, one would like a similar statement for cubic interactions. Prior to the results
discussed in the sections below, the only known example of trilinear compensated compactness
was the result [88], where it is shown that ug) ugcz) uf’) converges weakly to uélo) ué? ug) if u,(ci)
converges weakly to u) in 12 and if there exists vector fields X ¥ satisfying a particular coherence
condition and such that X ug) is bounded in 2.

As geometric optics is the perfect tool to prove Burnett’s reverse conjecture, it turns out that
microlocal defect measures are the perfect tools to prove Burnett’s direct conjecture, as we will
now show.

0 (22)

4.2.2. TheU(Q1) symmetry

In this section, we describe the work [52] and the subsequent [50], which consider spacetimes
enjoying U(1) symmetry in the elliptic gauge, a framework already described in Section 4.1.2. To
state the main theorems of these works, we first define the kinetic spacetimes under consider-
ation. If dv is a non-negative Radon measure on S*R?*!, we say that (g, ¢,®,dv) is a radially-
averaged measure solution to the massless Einstein—Vlasov system in U(1) symmetry if the first
two equations in (14) hold, if for all vector field X smooth and compactly supported we have

1 dv
Myt — 2, Za4e 2 2
j.;gzﬂ Ruv (@) X" X fRM (Z(X(p) + ¢ (Xw) )+‘[S*Rz+lg(f,X) REX (23)
if for all f compactly supported on .# we have
dv
P ép—s =0, 24)
Joen T8 atiri
and if for all a defined on T*R?**! and homogeneous of degree 1 we have
1 dv
ap _ -5, o%B =
fS*[RZH (g faaﬁa Zaug 5a£ﬁ05pa) RE 0. (25)

Note that, when put together, Equations (23)-(25) are a weak formulation of the massless
Einstein—Vlasov system in U(1) symmetry. The following is the main result of [52] by Huneau
and Luk and of [50] by Guerra and Teixeira da Costa:

Theorem 7 ([50,52]). Let (gn,¥n, Wn)nen a sequence of solutions to (14) in the elliptic gauge
such that there exists (gy, o, Wo) satisfying the elliptic gauge conditions and such that (g, Pn, wy)
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converges to (o, Po, wo) uniformly and weakly in WP for some p > 2, then there exists dv a non-
negative Radon measure on S *R2*L such that (80, Yo, wo, dv) satisfy (23) and (24). If moreover there
exists a sequence (1) yen converging to 0 such that for all compact K < R*™! we have

q
> A 08 (@ @m0 - (G0, 00,00))| . =Cx, (26)
k=0 L>®(K)

with q =4 in [52] and q = 2 in [50], then (g0, o, wo, dV) satisfy (25).

Note that the existence of sequences (g5, ®,,w,)nen as in Theorem 7 and moreover un-
bounded in W*P if s > 1 (so that the measure dv obtained has a chance to be non-zero) is a
consequence of [51]. As it can be seen in Theorem 7, the existence of the measure dv such that
(80, o, wo, dv) satisfy (weakly) the Einstein equations with a massless kinetic stress energy ten-
sor only follows from the Burnett convergence regime (10) (allowing both concentration and os-
cillation), while the fact that dv solves (weakly) a Vlasov equation requires the stronger high-
frequency assumption (26). We now discuss these two parts of Theorem 7 successively, using
again our concise notations (g,w) from Section 4.1.2.

The existence of the measure dv follows from the general existence results [83,84] applied
to the sequence (0(y, — o)) aene Which by assumption converge to 0 only weakly. We wish
now to pass to the limit in the system (15) that (g, v,) satisfy. For the wave map system,
this is possible thanks to standard bilinear compensated compactness applied to the null form
g ' (dy,,dy,). For the Ricci equation, the elliptic gauge allows to improve weak convergence
to strong convergence for Vg,, so that we can deal with (Vg)?, and thanks to the equivalent
of (21) here, the term (01#,1)2 converges weakly to (6w0)2 + &2dv/|é%. The support property
of dv follows again from bilinear compactness used together with the localization property of
microlocal defect measure and the wave maps system for 1y, —¢. In conclusion, we have proved
the first part of Theorem 7.

The most difficult part of [50,52] is to deduce the weak Vlasov equation (25) from the additional
high-frequency assumption (26). We repeat that a similar statement was known for linear
wave equations, while here a quasilinear hyperbolic-elliptic system is considered and trilinear
compensated compactness needs to be uncover. The derivation relies fully on the wave map
structure of the equations for y, both for the semilinear terms satisfying the null condition and
for the coupling between the two components of the wave map, and on the coupling to the elliptic
equations for the metric in order to handle quasilinear terms.

4.2.3. Generalized wave coordinates

We describe now the work [53], which proves Burnett’s direct conjecture in generalized wave
gauge. This framework has already been discussed in Section 4.1.3 above. In consistence with
Theorem 6 and in particular (20), [53] considers sequences (g;),en Of solutions to the Einstein
vacuum equations satisfying two sets of assumptions (27) and (28) below, with gy a given metric

|87 —80lloo + | H(8r) ~ H(g0) [ oo < An, |08 = C. @7)
A||0%gnllo +|0H @ |, = C. (28)

where C > 0 and (A,),en is a given sequence converging to 0. The following result from [53] is
due to Huneau and Luk:

Theorem 8 ([53]). Let (g,) nen be a sequence of solutions to the Einstein vacuum equations and gy
a metric. If (27) holds, then there exists a non-negative Radon measure du on T*R3*! supported
on the zero mass shell of gy and such that

| vRate= [ weutudu
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for all function v smooth and compactly supported. If moreover (28) holds, then for any a
ap _
homogeneous of degree 1 we have {g," ¢4¢p, atdp =0.

Theorem 8 is the equivalent of Theorem 7 in generalized wave coordinates, which in particular
removes any symmetry assumption. Its conclusions are the same, and it splits similarly into two
parts. First, getting the existence of du and the Ricci equation for (gp, du) requires only (27) and
follows again from [83,84]. More precisely we set du := ggpgoﬁa (1/4dpppac — 1/12dppeps) where
each du,pqc is associated to d(g, — go) in the following way

im0y (8n —8o)ap, A0 (8n ~80)po )2 = LRM asyéodhappo-

The measure dyu is tuned to match the exact expression of the semilinear terms in the Ricci
tensor that don’t satisfy the null condition. Thanks to the div-curl lemma applied to the null
form g~ (d¢,dy) and to estimates from [89] applied to the null forms 0,90y — 0, p0y¢ (which
are new compared to the U(1) symmetry setting), one shows that the semilinear terms without
the null condition are the only one contributing when passing to the limit in Ryy(g,) = 0.
The proof of the propagation property of dy, i.e. the fact that under the stronger assumption
(28) we have {ggﬁ ¢alp,atdu = 0, requires to compute the weak limit of terms of the form
(0(8n—80), A(0(8r — 80),0(8n —80))) 2. One of the new issue compared to the U(1) symmetry are
the semilinear terms not satisfying the null condition, and trilinear compensated compactness
for these terms can be shown using the generalized wave coordinates condition |0 H(g,)llco < C.
This shows again that the failure of null condition can be tamed by gauge terms in the Ricci tensor.

5. Angularly regular spacetimes

As explained in Section 3.5, the article [55] deserves its own section because it is very different
in spirit from the articles discussed in Section 4 above. In particular, it provides an analytical
framework where both parts of Burnett’s conjecture can be studied, and in fact the reverse part
will be deduced from the direct part.

This framework is the one of angularly regular spacetimes in double null gauge. Requiring
no symmetry assumption, the double null gauge has proved very flexible over the years, see for
instance the important works [90-92]. If S is a compact 2-surface and u., u, > 0, the Lorentzian
manifold ([0, u,] x [0,u,] x S,g) is said to be in double null gauge if

g=—4Q%dudu +yap (0" - b du) (d6® - bBdu), (29)

where Q > 0 is a function, y is a Riemannian metric on S, (61,02) are coordinates on S and b
is vector field tangent to S. The local existence of spacetimes in double null gauges is usually
formulated with a characteristic initial value problem, where characteristic data are put on two
intersecting null hypersurfaces Hy = {0} x [0, 1, ] x S and H, = [0, u.] x {0} x S, see [93]. In [94],
motivated by the study of impulsive gravitational waves (see also [95]), Luk and Rodnianski prove
a low-regularity local existence result in double null gauge where the d,, and d,, derivatives of the
metric coefficients in (29) are allowed to be only in L2, while the 0ga derivatives must be more
regular than H'. Compared to Theorem 4, the spacetimes produced by [94] are more regular in
the angular directions 84 but require one derivative less in the null directions u and u, the higher
regularity compensating for the lower regularity. The details of the proof of the main result in [94]
are out of the scope of this text, let us just say that the structure of the Einstein vacuum equations
is exploited at its fullest and that ellipticity in the angular directions plays again a significant role.

Since in the framework of [94] derivatives in the null directions u and u are allowed to be only
in L?, the Burnett convergence regime (10) (and thus Burnett’s conjecture itself) is in some sense
no longer a low-regularity phenomenon, if we restrict ourself to the situation where derivatives
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in the null directions are the only ones lacking strong convergence. This allows for a very soft
proof of both sides of the conjecture with the only restriction that the kinetic spacetimes under
consideration must be two null dusts propagating in the u and u directions. More precisely, there
target kinetic spacetimes are angularly regular weak solutions to the Einstein-null dusts system
of the form (g, dv, dv) where dv and dv are two non-negative Radon measures such that

f (divXdivY - D, X" D, Y*)dVolg = f (Xw)(Ywdv + f (Xw) (Y wdy,

/4 /4 M 30)
f g '(du,dp)dv :f g '(du,dp)dv =0,
M M

for all smooth X, Y and ¢. Note that the equations in (30) are respectively the weak formulation
of the first and second equations in (8) in the case of two null dusts. We gather in the following
statement rough versions of the main results of [55] by Luk and Rodnianski:

Theorem 9 ([55]). The following hold:

(i) Any sequence of characteristic angularly regular vacuum initial data satisfying uniform
bounds gives rise to a sequence of angularly regular vacuum spacetimes in double null
gauge (with a common region of existence). Up to a subsequence, this sequence converges
in the sense (10) to an angularly regular weak solution to (30).

(ii) Any angularly regular weak solution of (30) in double null gauge can be approximated in
the sense (10) by a sequence of angularly regular vacuum spacetimes in double null gauge.

(iii) Any characteristic angularly regular initial data for (30) gives rise to a unique angularly
regular weak solution of (30).

The three points of Theorem 9 address respectively Burnett’s direct conjecture, Burnett’s
reverse conjecture and the local theory for angularly regular measure-valued null dusts. As we will
see, points (ii) and (iii) are consequences of point (i), so we first discuss point (i). The existence
part of point (i) is a direct consequence of the local existence result of [94], as does the existence of
the limit, with the help of standard compactness arguments using the uniform bounds provided
by [94]. The fact that the limit is an angularly regular weak solution to (30) follows from a careful
analysis of each quadratic products T'T® in the structure equations of the double null gauge,
where the T'?’s denote Christoffel symbols in the null frame. It turns out that the only such
products for which?

w-lim (F(UF(Z)) # (w-liml“m) [w-liml“m)
are |f|> and |§|?> in the Raychaudhuri equations, where § and j§ are the shears of the null
hypersurfaces. These products, which fully characterize the lack of null condition for the Einstein
vacuum equations in this setting, have the additional property to have a sign and to satisfy
elliptic equations (the so-called Codazzi equations), two facts that should not surprise the reader
anymore. The Radon measures representing the two dusts are then roughly defined by

dv := w*-lim|§|? - [w-lim§|?, dv:=w*-lim|{|* — |w-lim{/°.

Once point (i) of Theorem 9 is proved, points (ii) and (iii) are reduced to initial data statements.
Indeed, given a solution of (30), if we are able to explicitly (say with oscillations) approach its data
by vacuum data, then point (i) and a uniqueness low-regularity statement implies point (ii). Point
(iii) follows from similar arguments, and is the first local theory for measure-valued null dusts, in
particular allowing the construction of null dust shell solutions (see [96,97] for their significance).

Appart from the fact that the kinetic spacetimes considered in the framework of angularly
regular spacetimes in double null gauge are restricted to only two null dusts, Theorem 9 is much
more powerful then the statements in Section 4 and we would like to discuss further some aspects

3Here w-lim denotes the weak limit.
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ofit. In addition to providing a unified treatment of both parts of Burnett’s conjecture, Theorem 9
completely drops geometric optics as a tool to construct examples. As a consequence, the target
kinetic spacetime can be very rough, while the justification of geometric optics expansions in
Section 4.1 relies strongly on the smoothness of the target. Moreover, the target kinetic spacetime
can be far from Minkowski, while some smallness is required in Theorems 5 and 6. Lastly, as
opposed to Theorems 7 and 8 who needed oscillations in order to get the Vlasov equation, lack of
strong convergence by concentration is allowed in Theorem 9.

6. Conclusion

In this section we highlight interesting future directions of research on Burnett’s conjecture. The
review [11] already offers a very rich list of such directions, and we start by briefly presenting
some of them.

Even though they clearly give Burnett’s conjecture some validity, the various results presented
in Sections 4 and 5 have serious limitations. Most of these results concern kinetic solutions close
to Minkowski spacetime, with exception Theorem 9 but which is restricted to two null dusts, and
dropping the smallness assumption in U(1) symmetry or generalized wave coordinates would be
very interesting. All of these results are local in time, and one could imagine considering as target
kinetic spacetimes a global perturbation of Minkowski as constructed in [98,99] and obtaining
a global-in-time Burnett approximation result. Opposite to this scenario, the approximation by
vacuum spacetimes of the static spherically symmetric self-gravitating solutions of [100] doesn’t
seem to be true globally in time, in view of the final state conjecture, but perhaps it is for large
times. More generally, given any “exotic” solution to the massless Einstein—Vlasov with particular
properties, the question of its approximation by vacuum in the spirit of Burnett’s conjecture is an
interesting one.

By transforming the early [4] into more analytical theorems, the results of Section 4.1 bring
mathematical general relativity closer to the vast geometric optics literature. However they
represent only the very first step and many more phenomena remain to be explored, such as
caustics, diffractive effects etc. Because of the beautiful transparency properties of the Einstein
vacuum equations, one could also try to go beyond Burnett’s regime and construct stronger
oscillations by concretely lowering the value of p in (13). This would correspond to the strongly
nonlinear geometric optics regime, used for instance to prove ill-posedness of some supercritical
wave equations by Lebeau [101]. In this spirit, the approximate constructions of large amplitudes
gravitational waves in [102,103] are definitely of interest, also since they seem to be stronger short
pulses than what exists in the mathematical general relativity literature (see [71,90,104,105]).

We conclude this text by coming back to Yvonne Choquet-Bruhat, in honor of which this text
has been conceived. In the 90’s, she explored with her collaborators alternative formulations
of the Einstein vacuum equations, and in particular higher order formulations built with first
or second order derivatives of the Ricci tensor. For instance in [106] they give a fourth-order
system (with respect to the metric), equivalent to the Einstein vacuum equations, and show that
without any choice of gauge this system still retains a very weak form of hyperbolicity [107]. In
Remark 6 of the review [108], Choquet-Bruhat even hints that this fourth-order system would
enjoy better structural semilinear properties than the Einstein equations, in link with the relaxed
null condition introduced in [42]. She repeats this remark in Chapter VIII Section 4 of [2], sending
the reader to Chapter XI where high-frequency waves are studied. However, no mention to this
exotic formulation is made in Chapter XI, let alone to its application to high-frequency waves, the
nature of which thus remains a mystery.
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1. Introduction

The aim of this review is to give an overview of important spectral and microlocal methods that
have been applied to questions in Mathematical General Relativity over the last decades. We will
try to explain some of them using the wave equation on the De Sitter Schwarzschild metric as a
leading example.

It is hard to say exactly when spectral and microlocal methods appear first in the context
of General Relativity. Their application was certainly pushed by the desire of understanding
quantum fields on a curved background starting in the 1970s. Right from the beginning the
interaction was very rich, not only existing methods were applied in a new context, but also
this new context contributed to developing new methods. For example in their celebrated paper
Fourier Integral Operators II [1] Duistermaat and Hérmander cite the construction of Feynman
propagators for the Klein Gordon equation on a general Lorentzian manifold as a motivation.
It later turned out that an important condition on states on curved spacetime, the so called
Hadamard condition, is naturally formulated in terms of microlocal analysis, see the work of
Radzikowski [2]. Today these states have been constructed by pseudodifferential calculus, see
Gérard and Wrochna [3].

In the construction of preferred quantum states on a curved background scattering theory
plays an important role and a whole program concerning scattering theory on black hole type
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backgrounds was initiated by Dimock and Kay in the 1980s, see e.g. [4]. This program was later
pushed forward by Bachelot in the 1990s, see e.g. [5] and culminated in his rigorous proof of the
Hawking effect in the spherically symmetric setting in 1999 [6]. This picture was later completed
by Dappiaggi, Moretti and Pinamonti [7] who showed that the Unruh state which is linked to the
Hawking effect fulfills the Hadamard condition. Today our understanding of quantum fields is
also very complete for fermions on the Kerr spacetime, see Hafner [8] for the Hawking effect and
Gérard, Hafner and Wrochna [9] for the Hadamard property of the corresponding Unruh state.
These results rely on classical asymptotic completeness results obtained by Hiafner and Nicolas
in [10]. For bosons the picture is less complete, but see Klein [11] for the Hadamard property
of the Unruh state in the De Sitter Kerr metric. Whereas classical asymptotic completeness
results are also known for Klein Gordon fields on the (De Sitter) Kerr spacetime (see Hafner [12],
Dafermos, Rodnianski, Shlapentokh-Rothman [13] and Gérard, Georgescu, Héfner [14]), the
results of Klein rather use decay estimates as obtained e.g. in Hintz and Vasy [15].

Scattering theory for hyperbolic equations is very much linked to dispersive properties of
these equations. The importance of these estimates for non linear problems becomes manifest
in the fundamental work on the non linear stability of Minkowski spacetime by Christodoulou
and Klainerman [16].

It is very fortunate that the so complicated Einstein equations have explicit solutions like the
(De Sitter) Kerr family of solutions describing rotating black holes. However to be sure of the
physical importance of these solutions, one has to show that these families are stable as solutions
of the Einstein vacuum equations. Again dispersive estimates for the linearized problem play a
key role in this context.

Whereas the scattering theory developed in the 1980s and 1990s only showed that the local en-
ergy of the underlying equations decays to zero, quantitative decay estimates were now needed.
Roughly speaking decay of the solution translates to regularity properties of the underlying re-
solvent and vice-versa. A particular favorable situation in this context is the case when the re-
solvent in suitable function spaces has a meromorphic extension in a strip beyond the real axis.
The poles of this extension are then called resonances. It turns out that this is the case for the De
Sitter Kerr metric.

The mathematical study of resonances for black hole spacetimes was initiated by Bachelot
and Motet-Bachlot in 1993 [17]. A bit later S4 Barreto and Zworski [18] succeeded to localize
the high frequency resonances of a De Sitter Schwarzschild black hole. Later on Bony and
Héfner [19] obtained an expansion of the local propagator of the wave equation on the De Sitter
Schwarzschild metric. This expansion in particular gives very precise dispersive estimates. The
analysis of Bony and Héfner was extended to include also the horizon by Melrose, S4 Barreto and
Vasy [20]. Dyatlov then obtained similar results for the De Sitter Kerr metric [21,22]. The most
general version of this theorem including De Sitter Kerr spacetime for small angular momentum
of the black hole is due to Vasy [23]. The work of Vasy is an important breakthrough in this context
as it doesn’t use the symmetries of Kerr spacetime a part from the time invariance. More generally
it develops a robust Fredholm theory for non elliptic problems, that turned out to be crucial in
the following. This came out as a kind of surprise since Fredholm theory so far seemed to be
reserved for elliptic problems. Not surprisingly, these new methods rapidly also gave interesting
results in quantum field theory, see e.g. Vasy and Wrochna [24].

An important obstacle for showing dispersive estimates on black hole spacetimes is trapping
that appears in these spacetimes. More precisely to show the resonance expansion theorems one
has to control the high energy regime of the resolvent which is directly linked to the trapping.
Fortunately the trapping on (De Sitter) Kerr spacetimes is very mild, more precisely it is r-
normally hyperbolic. Suitable resolvent estimates in the presence of r-normally hyperbolic
trapping have been shown by Wunsch-Zworski in [25] and Dyatlov [26], see also Hintz [27].



Dietrich Hafner 3

The program on dispersive estimates on the De Sitter Kerr family culminated in the proof of
the non linear stability of this family for small angular momentum of the black holes by Hintz
and Vasy in 2016 [28]. Whereas the restriction to small angular momentum has been removed
in the linear framework, see Petersen and Vasy [29], it remains for the non linear framework,
because growing modes for the linearized problem can'’t be excluded so far, but see Hintz [30] for
important progress in this direction.

In the context of the Kerr family new difficulties appear. On the linear level, the underlying
resolvent can’t be extended any more meromorphically beyond the real axis. This is a low
frequency problem and very close to what happens when considering evolution equations on
an asymptotically euclidean manifold. It turns out that the resolvent has nevertheless certain
CF properties down to the real axis permitting to show polynomial decay for several evolution
equations, see e.g. the series of papers by Bony and Héfner [31, 32]. However, for the wave
equation the low frequency analysis becomes significantly simpler if one uses a hyperboloidal
foliation, see Vasy [33,34]. We also refer to Baskin, Vasy and Wunsch [35,36] for the asymptotically
Minkowskian context. Let us also mention the work of Gajic and Warnick [37] and Stucker [38]
about the definition of quasinormal modes in this context. The above mentioned low frequency
problems are very different from the above mentioned high frequency problems and one of
the advantages of spectral and microlocal analysis is that these problems can be very clearly
separated and then treated by very different methods.

All this has then been used to show linear stability of the Kerr family for small angular
momentum, see Hafner, Hintz and Vasy [39]. Recall that most black holes are rapidly spinning,
see e.g. Thorne [40], such that it would be important to remove the restriction to small angular
momentum. The very robust Fredholm framework makes that the restriction to small angular
momentum only comes from the mode analysis. Indeed all essential features for the analysis like
the structure of the horizon or the nature of trapping are the same in the case of large angular
momentum (see e.g. Dyatlov [41]). In contrast to the De Sitter Kerr case, mode stability for the
Teukolsky equation on the Kerr background is known in the full subextreme range in the Kerr
case, see Whiting [42]. This was then used by Andersson, Hiafner and Whiting [43] to give a full
analysis of the mode solutions for the linearized Einstein equations. As an illustration how the
whole analysis can be carried out in the full subextreme case we cite Millet [44] who obtains
optimal decay results for the Teukolsky equation on the Kerr background, see also the work of
Hintz [45] in this context.

The relatively weak decay for linearized gravity' makes the analysis of the non linear prob-
lem for the Kerr family more difficult than for the the De Sitter Kerr family. In a series of papers
Klainerman-Szeftel [46-48] and Giorgi-Klainerman-Szeftel [49] give a proof of non linear stabil-
ity of the Kerr family in the case of small angular momentum, see also Shen [50]. We also refer
to the work of Dafermos, Holzegel, Rodnianski and Taylor [51] for the non linear stability of the
Schwarzschild metric.

Let us also briefly mention the case of negative cosmological constant. If one imposes for
example Dirichlet boundary conditions for the Klein Gordon equation on the Anti De Sitter Kerr
metric, the trapping becomes more severe. As a consequence the decay for the equation becomes
weaker, see e.g. Gannot [52] and Holzegel, Smulevici [53].

Microlocal methods also play an important role in the context of strong cosmic censorship
in particular in the case of positive cosmological constant. Considering a (De Sitter) Kerr or
(De Sitter) Reissner—Nordstrom black hole, one can see that there exists a stabilizing effect at
the black hole horizon, often called redshift effect and an inverse effect at the Cauchy horizon,
called blueshift. It is interesting to see that these redshift and blueshift effects are directly linked

IMore precisely the solution of the linearized problem will decay to some linearized Kerr plus gauge terms.
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to radial point estimates which play an important role in establishing the Fredholm setting for
linear equations on the background, see Hintz and Vasy [15]. In the case of zero cosmological
constant the asymptotic behavior of the metric at infinity leads to only inverse polynomial decay
at the black hole horizon and the blueshift effect at the Cauchy horizon seems to be stronger
leading in the end to an instability of the Cauchy horizon, see the work of Dafermos [54] as well
as Luk and Oh [55,56]. In the case of positive cosmological constant there is a subtle competition
between both effects. For example the question if the solution of the wave equation is H' near
the cosmological horizon is directly linked to the distance to the real axis of the resonance which
is closest to the real axis?, see Cardoso, Costa, Destounis and Hintz [57]. Unfortunately the
exact position of these low frequency resonances is very hard to compute. Nevertheless it is
possible that strong cosmic censorship fails for certain black hole parameters. Interestingly, it
seems that it is always valid on a quantum level, see the work of Hollands, Wald and Zahn [58].
At first glance it might be surprising that only the resonance position that comes somehow
from the analysis outside the black hole determines what is going on on the Cauchy horizon.
There is indeed a scattering process between the black hole horizons and the Cauchy horizons
and scattering theory for the wave equation has been developed in this context by Kehle and
Shlapentokh-Rothman [59] in the spherically symmetric case. Remarkably as already observed by
Chandresekhar and Hartle [60] the poles of the corresponding scattering matrix can be computed
and they lie too far from the real axis to contribute to the instability although one can give data
on the black hole horizons which lead to certain instabilities. Note that asymptotic completeness
results inside the black hole can also be obtained by time dependent methods, see the work
of Héfner, Nicolas and Mokdad [61] and Mokdad and Provci [62]. However this doesn't give a
scattering matrix which is needed to study the behavior in the directions transverse to the Cauchy
horizon.

We concentrate in this review on spectral analysis, resolvent analysis and Fourier transform.
This however doesn’t mean that microlocal analysis cannot be applied in non stationary situa-
tions. Indeed in general one will be faced with situations where the operators are not stationary
but settle down in some sense to a stationary situation. In this situation the here described anal-
ysis is the first of two ingredients for the global analysis of the operator. The second ingredient is
a control of regularity of solutions of the non stationary equation and requires in addition other
techniques which can however be fully microlocal, see e.g. the recent work of Hintz [63]. We also
refer to Hintz and Vasy [64] in this context.

In the above review we have concentrated on the mathematical literature on the subject. There
is also a very important physics literature that unfortunately we can’t review here. Also it goes
without saying that only some of the aspects of microlocal analysis in General Relativity can
be treated in this review and inevitable important aspects and important contributions will be
missing. We hope that the review gives nevertheless an idea of some of the important ideas that
have been developed over the last years.

The review is organized as follows. In Section 2 we review some of the important aspects of
the (De Sitter) Kerr family of spacetimes which are used in the microlocal approach. A few of
the above mentioned results are presented in some detail in Sections 3, 4 gives some minimal
notions of mircolocal and semiclassical analysis. In Section 5 we discuss the wave equation on
the De Sitter Schwarzschild metric. Through this relatively simple example we try to explain two
of the main ideas for showing decay estimates for hyperbolic equations via microlocal methods.
Firstly the Fredholm setting and the underlying estimates (in particular radial point estimates)
and secondly the high frequency estimates in the presence of trapping.

2There is in fact a zero resonance but which is not included in this discussion.
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Figure 2.1. Choice of coordinates, source: [28].

2. Black hole spacetimes
2.1. The De Sitter Schwarzschild metric

We first consider the De Sitter Schwarzschild metric in Boyer Lindquist coordinates. For m > 0 we
put by = (m,0). The manifold and metric (M, g) are then given by
' 2m  Ar?
M=R;xX, X=9y,xS5, Ip=(r_,11), g§=Fpd®~F,'dr*-r’de®, Fy(r)= -
Here m > 0 is the mass of the black hole and A > 0 is the cosmological constant. We require
9m?A < 1 in the following. Fj, then has two positive roots that we call r_, r. The potential
Vi () = Fp, (r)/r* has a unique maximum on (r_,r,) given by ro = 3m. The Regge-Wheeler
coordinate r, is defined by the requirement dr,/dr = Fl;ol and that r.(3m) = 0. The coordinate
t«(ry) is defined as a smooth function of r, such that
_|t+r.e r<=3m,
Tt r=4m.
We find in the coordinates (Z., r,w) and for r < 3m:
g = Fp,dif —2dt, dr - r* dw?
as well as a similar formula for r = 4m. This shows that the metric extends for some € > 0
to M =Ry, xX, X =(r_—¢€714+6€) X Sﬁ). The null hypersurfaces #* = Ry, x {r_} x S(ZU and
Jf+ =Ry, x{ry}x Si are called the future event horizon and the future cosmological horizon,

see Figure 2.1. A similar construction can be performed in the past, constructing then the past
event horizon /#~ and the past cosmological horizon .#—.

2.2. The De Sitter Kerr metric

The De Sitter Kerr metric describes black holes with non zero angular momentum. Form >0, a €
R3 we put b = (m,a). Let also a = |al. We again start with Boyer Lindquist coordinates. For a

suitable interval .#}, c R defined below the metric takes the form
Fp .2 2
= —————(dt—asin“0d¢)” —
8= W atel| ¢

Kpsin® 6

dr?  de?
1+ %07 By

(adt - (r* + a®) d¢p)? —pi( )

Ar? Aa?
Fp = (r*+a% (1— T) —2mr, pi =r’+a’cos’0, Ap= = Kp=1+Acos?6.

Under suitable conditions F;, has two positive roots 7y, 15 + and %, = (rp,—, rp,4) in this case.
We can construct a similar coordinate ¢, as in the De Sitter Schwarzschild case. If one also
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changes the coordinate ¢ to some coordinate ¢*, then the metric g can be extended in the new
coordinates (., 1,6, ¢*) to the manifold 4 =R;, x X, X = (rp_ —€,1p4 +€) % Sg .. Event horizons
and cosmological horizons are defined in a similar way to the De Sitter Schwarzschild case.

2.3. Schwarzschild and Kerr metric

In Boyer-Lindquist coordinates the Schwarzschild and the Kerr metric are formally obtained by
putting A = 0. Note that the interval .#},, then becomes .#;, = (2m,00) in the Schwarzschild case
and the interval .#;, becomes .%, = (m + Vm?2 — a2,00) in the Kerr case. The spacetimes are now
asymptotically Minkowskian, no cosmological horizon exists. We then have .4 =R;, x X, X =
(m + vVm? — a2 —€,00). Passing to the conformally rescaled metric g = r2 g, one can construct
future and past null infinity in a similar way to the construction of the cosmological horizons. In
the Kerr case we will also need the coordinate t which equals ¢, near the future event horizon and
t near infinity.

2.4. Some important properties of black hole spacetimes

2.4.1. Asymptotic behavior

The fundamental difference between positive and zero cosmological constant is that the
spacetimes are asymptotically De Sitter in the first case and asymptotically Minkowskian in the
second case. In the asymptotically Minkowski case we have more precisely:

&by = 8(0,0) +00r Y, gp= &h, +0(r %), r—oo.
Here by = (m,0), b = (m,a) and g(o,0) is the Minkowski metric. As we will explain in the next sec-

tion, the different asymptotic behavior has important consequences for the dispersive properties
of solutions of the wave equation.

2.4.2. Superradiance

It is easy to see that the vector field 6; becomes spacelike in a region outside the horizon if
the rotation a is non zero. This holds for the De Sitter Kerr as well as for the Kerr case. More
generally there doesn't exist a global timelike Killing vector field. As a consequence there doesn't
exist a positive conserved quantity for the wave equation and the evolution can’t be described by
a selfadjoint hamiltonian.

2.4.3. Trapping in the De Sitter Schwarzschild case

We first consider the De Sitter Schwarzschild case. The associated wave operator is
1
—142 2 -2
Dy, = Fpy 07— " 0,1 Fp 0y — 1 “Ag2.

Let P(o) = Fb0|jgb0 (o), where |jgb0 (0) is the Fourier transform of Llg, with respect to z. Then
P(0) has symbol

p =&+ VyInl* - o?,
where o, £, are dual to 7,7, w and Vj,, = Fy,/r?. The projections of the bicharacteristics of p on
M are null geodesics, but it is actually more interesting to consider the bicharacteristics them-
selves. The quantities o and |n|? are clearly conserved along the evolution and the Hamiltonian
equations reduce to

Fo=26, E=-Vj P
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A solution is clearly given by (r.,¢) = (0,0). Linearization around this solution leads to the
equation:

Fe=28, &= =V InlPr..

The matrix

vz
=V n? 0

has eigenvalues 1, = +,/-2 VI;; (0)Inl. The point (0, 0) is therefore a hyperbolic fixed point of this
reduced system.

2.4.4. r-normally hyperbolic trapping

In this subsection we describe the trapping arising in black hole spacetimes in a more general
framework. We follow closely Dyatlov [26]. Let X be a compact manifold, p: T*X — R a
Hamiltonian with associated Hamiltonian vector field H,. We mimic infinity by an absorption
operator Q with semiclassical symbol ¢, see Section 4.3 for the definition. We define the
backward/forward trapped sets I'y and the trapped set K in the following way

(1) T4 are codimension 1 orientable C* submanifolds of T* X such that '+ n{p =0}n{g = 0}
are compact.

(2) if (x,6) € {p = 0} \I'y, then e™'Hr (x, &) € {g > 0} for some ¢ = 0;

(3) HpistangenttoI'..

(4) T4 intersect transversely, K = I'y nT'_ is called the trapped set, and we assume that
WF (Q)nKn{lp| < 6} = @ for § > 0 small enough, see Section 4.3 for a definition of
WFb(Q).

h
(5) K is a symplectic codimension 2 submanifold of T* X.
(6) if v € TxT+, then de¥*"» v exponentially approaches TK < TxT '+ as ¢t — co.

We furthermore define 0 < Vhin < Vimax as the maximal and the minimal numbers such that for
each € > 0 there exists a constant C such that for each v € TxT +«

Cle=vmatO ()| < |rt(deT P v)| < Ce=Vmin =9t | (v)|, =0,

where 7t : TxI'. — TxI'. is any fixed smooth linear projection whose kernel is equal to TK.
In other words, Vmin and vmax are the minimal and maximal expansion rates in directions
transversal to the trapped set. In the above situation we will speak about normally hyperbolic
trapping, see Figure 2.2. The notion of r-normally hyperbolic trapping requires in addition that
the rate of expansion transversal to K is much larger than the rate of expansion on K. More
precisely the trapping is r-normally hyperbolic, if vimin > 7tmax, Where pmax is the maximal
expansion rate along K, namely

Ide 7| x|l = 6 (eHmatOl) as || — oo

for all € > 0. It can be shown that the trapping on the (De Sitter) Kerr metric is r-normally
hyperbolic for all r, see Dyatlov [41]. This is a structurally stable property, see Fenichel [65] as
well as Hirsch, Pugh and Shub [66] for details.

3. Stability results obtained via mircolocal methods

In this section we recall some linear and non linear stability results which have been obtained via
microlocal methods.
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N . / /

Figure 2.2. Normally hyperbolic trapping, source: [26].

3.1. The Cauchy problem in General Relativity

We consider the Einstein vacuum equations
Ric(g) + Ag=0. (3.1

Initial data for this equation are a triplet (Z, h, k) consisting of a 3-manifold Z, a riemannian
metric & on X and a symmetric 2-tensor k on X subject to the constraint equations, which are
the Gauss—Codazzi equations on X implied by (3.1). Let us fix £ as a submanifold of .#. For a
Lorentzian metric g on .# we define 7(g) = (—gls, H‘g), where Hg is the second fundamental for
of X within .#. A metric g is said to solve the initial value problem with data (Z, k, k) if

« X is spacelike with respect to g;

o 7(8) = (hk).
The pioneering work of Choquet-Bruhat [67] shows that the Einstein equations have a local
solution for smooth data fulfilling the constraint equations. The non linear stability problem
for black hole solutions consists now in slightly perturbing initial data of these solutions and to
ask if the initial value problem has a global solution which stays close to one of the members of
the family. This is an orbital stability. Note that because of energy radiation each member of the
family is not expected to be individually stable.

3.2. The global nonlinear stability of the De Sitter Kerr family

The first non linear stability result for black holes was obtained by Hintz and Vasy in 2016 for
slowly rotating De Sitter Kerr family. We state it here in its easiest form, see [28] for the full precise
formulation of the result. Let us fix a De Sitter Schwarzschild spacetime (.#, gp,). Within this we
consider a compact spacelike hypersurface Xy c {t. = 0} ¢ ./ extending slightly beyond the event
and cosmological horizons. Denote by Z;, the translates of Xy by 0;, and let Q = U, >0 2, © A
be the spacetime region swept out by these, see Figure 2.1.

Theorem 3.1 (Hintz-Vasy 2016). Suppose that (h, k) are smooth initial data on X, satisfying the
constraint equations, which are close to the data (hy,, ky,) of a De Sitter Schwarzschild spacetime
in a high regularity norm. Then there exists a solution g of (3.1) attaining these initial data at X,
and black hole parameters b which are close to by, so that

g§-8p=01(

*(ll’*)
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for a constant a > 0 independent of the initial data; that is, g decays exponentially fast to the De
Sitter Kerr metric gp.

Note that data for slowly rotating De Sitter Kerr black holes are included so that the above
result is a non linear stability result for the De Sitter Kerr family in case of slow rotation of the
black holes.

3.3. Linear stability of the Kerr family

As seen above, the decay in the De Sitter Kerr case is very fast. As a consequence passing from the
linear to the non linear stability result is not too difficult. This is different in the Kerr case and the
full non linear stability of the Kerr family has not been shown so far via spectral and mircolocal
methods, but see the series of papers by Klainerman-Szeftel [46], Giorgi-Klainerman-Szeftel [49]
for a proof via different methods. However a linear stability result has been obtained by Hafner—
Hintz-Vasy via spectral and microlocal methods which we state now in its easiest version. Again
we refer to the original version [39] for full details®. Consider black hole parameters b close to
b() = (mo, 0).

Theorem 3.2 (Linear stability of the Kerr family, H-Hintz-Vasy 2019). Lety', k' be symmetric
2-tensors on X = t~1(0) satisfying the linearized constraint equations and
YIS KIS 0<a<,
(and similar bounds for derivatives d,,, 10, up to order 8). Then there exists a symmetric 2-tensor
h on M such that
Dg,Ric(h) =0, Dg,t(h)=(y,k),
which decays to a linearized Kerr metric,

P .o d
h=gy(b)+h, |hl S, 8D = T-8p.sh

)

Note that Andersson et al. [69] also obtained a linear stability result for the Kerr family, but
their decay assumptions on the data are stronger, which eliminates the linearized Kerr solution.
Earlier results by Dafermos, Holzegel and Rodnianski [70] as well as Hung, Keller and Wang [71]
establish linear stability of the Schwarzschild solution.

3.4. Remarks on gauge issues

To carry out the analysis in the linear or non linear case one has to fix a gauge and one usually
then considers a gauge fixed operator. On the linear level one can then consider this gauge fixed
operator with general initial data. This is an advantage in an iteration scheme to solve the non
linear equation because one doesn’'t have to worry about the linearized constraint equations at
each step. On the other hand the gauge fixed linear operator can now have growing modes which
are not physical in the sense that they are not solutions of the linearized Einstein equations
without gauge. Unfortunately this kind of scenario is produced when one uses the usual wave
map gauge. In the De Sitter Kerr case one even expects exponentially growing modes. In the Kerr
case the situation is more favorable and only generalized quadratically growing modes can arise.
The handling of these gauge issues is beyond the scope of this review. Let us just say that in the
Kerr case one can get rid of these modes by the so called constraint damping, we refer to [28] for
the De Sitter Kerr case. In the Kerr case once the constraint damping implemented we obtain a
linearized operator Lj; and the gauge fixed version of Theorem 3.2 is the following.

3Note that a small error in [39] has been corrected in [68], the main theorem remains unchanged.
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Theorem 3.3 (H-Hintz-Vasy 2019). Leta € (0,1), and let hy, h; € €°°(Z; s2 TS M),
lhol <7770, I <r 2% 0<a<1

(and similar bounds for derivatives). Let

Lyh =0,
{(hlz,fathlz) = (ho, ).
Then there exist b € R x R® and vector fields W,V € on M such that
h=g,(b)+Lvgy+Lwgp+h, |RSETY, | Lwegpl S0

Here g;j(b) is a gauge fixed version of g,(b) and V lies in a fixed 7-dimensional vector space
consisting of asymptotic translations, asymptotic boosts and a Coulomb type vector field.

A part from the Coulomb type solutions, the vector field V lies exactly in the space one would
expect. In principle one can read off the change of the black hole parameters and the movement
of the black hole in the given gauge. Let us also mention that one can get rid of the gauge solution
2w gp by admitting a gauge source term.

3.5. The large a case

As will be explained later on, the proof of these theorems relies on a very robust Fredholm
framework. The only ingredient which is not stable with respect to perturbations is the mode
analysis. This mode analysis for the linearized Einstein equations has been carried out by
Andersson, Hafner and Whiting [43] also in the large a case. Precise decay estimates for the
Teukolsky equation (including the computation of the leading order term) have been obtained by
these techniques by Millet in [44]. We give here a rough version of the theorem without defining
precisely the Teukolsky operator Ts. We refer to [72] for a review of the geometric background for
the Teukolsky operator.

Theorem 3.4 (Millet 2023). Let0<a<m. Wefixse {0,£1/2,+1,+£3/2,+2}. Let up, u; smooth
and compactly supported on Xy. The solution u of the Cauchy problem

Tsu=0
u(t = 0) = u(]
0
S =0 =1
satisfies: )
—1-s—|s
o | T
[u(r, te,0,P) = Puy,u, (1, £4,0,P)| < crit £ 2—|s]+s—€ (T +1
wheree > 0. We have
2 1
—3-2|s] 2ls| +2) (tT*) +|sl+s +20s—s+1) (%) +|s|+s
p ) t* Fuo,u1 ’

(tT* +2)2+\s|+s
where Fy, 4, (1,0,¢) can be expressed in terms of hypergeometric functions and spin weighted
spherical harmonics. The hypotheses of the above theorem can be relaxed. In particular HV
regularity for N sufficiently large is sufficient. Also the compact support of initial data is not
necessary, inverse polynomial decay can be permitted and the exact decay rate then depends on
the exact decay rate of the initial data. We refer to [44] for details. Similar results also in the large a
case have been obtained by Shlapentokh Rothman and Teixeira Da Costa [73, 74] but the precise
decay rates are weaker. For entire spin and small a the above result has been obtained before by
Ma-Zhang in [75]. The leading order term has already been computed for the wave equation by
Hintz [45] in the large a case.
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4. Microlocal and semiclassical analysis

In standard microlocal analysis the asymptotic parameter is given by |¢|, where ¢ is the fiber
variable. We start our representation with a review of that theory. In the semiclassical theory
a small parameter h is added to measure the wave length of oscillations. We are then concerned
with asymptotics as h — 0, { — co and to make the link with standard microlocal analysis h can
be thought as i = 1/|{|. A fundamental reference for the subject is Hérmander [76]. We also
refer to Zworski [77] for the semiclassical part. Our presentation owes a lot to the lecture notes of
Wunsch [78] and Hintz [79] as well as to the thesis of Hintz [80].

4.1. Microlocal analysis

In this section we present some of the main objects of microlocal analysis we will need. Let us
start with a differential operator on R” of order m,

A=) aq(x)D§ € Diff"([R").
lalsm
We can rewrite this expression using the Fourier transform &:
1 .
A = Y. agF 'EHFWE) = — f eV Y aa(0)E*aE) dé = (Op(@yw)(x),

lal<m @m" lal=m

where a(x,¢) = ¥ q1<m @a (x)€¢ is the symbol of the operator. The above writing suggests that one
can permit more general symbols a(x,¢) and then define the corresponding operator Op(a) by

[ awpiwa= L ([ roawounaya. @y

A smooth function a on T*R" is a symbol of order m if the following estimate holds:
1020 a(x, &)1 < Cap@™ ¥, va,pen.

Let S™(R") be the set of symbols of order m. If a € S we define Op(a) by (4.1). If S™ is the set of
symbols of order m, we define the set of pseudodifferential operators of order m as

Y™ (R") = {Op(a), ac S™R™)}.

(Op(@u)(x) =

For symbols in $” one can define other quantizations, for example the Weyl quantization

w — 1 ff i((x—y),&) x+y
(@ @D = || e a5 &) undyde

is often used. If A€ ¥ (R") we define the principal symbol o, (A) € §”*/S™~! by

o m(A) =: a(x,&) mod ™.

The principal symbol is independent of the choice of coordinates and it doesn’'t depend on the
particular quantization we use. We now collect some important properties of pseudodifferential
operators.

Theorem 4.1 (Fundamental properties of pseudodifferential operators). (1) Algebra
property. W™ is a vector space for each m € R. If A€ Y™ and B € W' then
AB € wmtm' Ax ¢ wm_ The composition of operators is associative and distributive.
The identity operator is in o (X).
(2) Boundedness. [fAc VY™, then Ae £L(H®, H™™) forall se R.
(3) Principal symbol homomorphism.

O mim (AB) = 01 (A)0 1y (B), om(A") = (A).



12 Dietrich Hafner

(4) Symbol of commutator. If Ac ¥Y"(X), Be W™ (X), then [A, B € ¥ ~1(X) and we have
Om+m'—1([A,B]) =i{om(A), 0, (B)} = Hgb, ifa=0pn(A),b=0,(B).
Here{.,.} is the Poisson bracket and H, the hamiltonian vector field associated to a.

Definition 4.2. (1) Thesymbol ac S™ is elliptic at a point (xy, o) € R" x (R*\0) if there exists
¢, R > 0 and a conic (in the & variable) neighborhood U of (xg,¢&g) inR™ x (R™\ 0) such that
la(x,&)| = c(&)™ for all (x,&) € U, |&| = R. The set of all points at which a is elliptic is called
the elliptic set Ell(a), and its complement the characteristic set Char(a). We say that a is
uniformly elliptic if it is elliptic at every point with constants R and c uniform in x.

(2) The essential support ess supp of a € S™ is the complement of the set of all (xy,¢&p) €
R” x (R"\0) for which a € S~ in a conic neighborhood of (xy, o).

(3) For A= Op(a) we define its wavefront set as W F' (A) := ess supp a.

(4) Letue2'(R"™). We define the wave front set of u as follows. (x,¢) is not contained in W F(u)
ifand only if there exists an operator A € W° which is elliptic at (x, &) and a smooth cut-off
W e CPRY), w(x) #0, such that A(yu) € C°[R").

We need two additional important results
Theorem 4.3. Let P € Y™ be a uniformly elliptic operator. Then there exists Q € ¥~ such that
QP-1e¥™™, PQ-1e9¥ ™.
Another important result is the sharp Garding inequality.
Theorem 4.4. Letac S*™*! andRa =0, then we have for ue & :
Re{Op(@)u, uy = —Cllull?m.

_ We now radially compactify each fiber of T*R" to obtain T*R" and we will denote by S*R" =
0T*R" the cosphere bundle, which we thus view as a boundary at fiber infinity of 7*R". We will
sometimes also need classical symbols. A classical symbol of order m is then (£)" times a smooth
function on T*R". For a classical symbol a we can write down the Taylor series near 1/|¢| = 0 to
obtain -

a(x,)~ Y am-j(x,OIE™ T, am-je COR" xS"Y),
j=0
and where the tilde denotes an asymptotic expansion-truncating the expansion at the ||~V
term gives an error that is @(|&]™~N=1).

Suppose that A € ¥ has compactly supported Schwartz kernel supported in U x U. Then
under a coordinate change x : U — V, the principal symbol of an operator a = 0 ,,(A) transforms
as a function on the cotangent bundle and the Hamiltonian vector field is invariantly defined
under change of coordinates. This allows to define pseudodifferential calculus on a compact
manifold X and the above properties remain valid. In the non compact case, some care has to
be taken for example by imposing some control at infinity or by requiring that the operators are
properly supported.

4.2. Propagation of singularities

Let P € ¥"(X) be a classical operator with real homogeneous principal symbol p,, = 0,,(P) €
Shom (T X). Fix a boundary defining function p of fiber infinity in 7* X. We rescale the Hamil-
tonian vector field Hp,,, = p™ "' H,,, € 7(S*X) and also rescale the principal symbol p = p™ p,, €
C®(S* X). Within the characteristic set Char(P) = p‘1 (0), the rescaled vector field induces a flow
which is merely a rescaling of the Hamiltonian flow of p,, if we identify the subset Char(P) c $* X

with the corresponding conic set of 7* X\ 0. We remark that H,,, vanishes at a point { € §* X if
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Figure 4.1. Propagation of singularites, source: [80].

and only if Hp,, is radial at { (i.e. at the ray in T* \ 0 associated to {), and in this case the integral
curve through ( is constant.

We suppose in the following that {y € S* X is such that Hp,, |z, # 0, hence the hamiltonian flow
in Char(P) starting at { is non trivial; denote by y : [0, T] — S* X a segment of a null bicharacter-
istic, i.e. an integral curve of Hy,, in Char(P) starting at y(0) = {o. The following theorem was first
proven by Duistermaat and Hérmander in [1] (Figure 4.1 illustrates this theorem):

Theorem 4.5. Lets,NeR. Let E, B, G € ¥°. Assume that E is elliptic at {y, B is elliptic at y(T),
and G is elliptic at y ([0, T1), such that every backward null bicharacteristic starting at a point in
W F'(B) reaches EI(E) in finite time. Then

|Bull s = CUGPull gs-m+1 + | Eutll s + luell o).

Remark 4.6. (1) The estimates holds in the strong sense that if u € &' (X) is such that the right
hand side is finite, then so is the left hand side and the estimate holds. The theorem shows
that H® regularity propagates along null bicharacteristics in the following sense. Assuming
that we have microlocal H® control at y(0), we conclude microlocal H® control at y(T)
provided Pu stays in H~"™*! along the way.

(2) The hypothesis excludes radial points, we come back to radial points in the special setting
of the De Sitter Schwarzschild metric in Section 5.3.2.

Sketch of the proof. We sketch the proof in the case when P is selfadjoint, P = P*. We assume
further Pu = 0. We can suppose T = 1. We begin by straightening out the flow of H,,,. We
introduce local coordinates (q;, ') € RxR?"~2 on S* X near {( such that ¢, = (0,0) and Hp,, =0g4.
Letfor 6 >0, Us = {lq1l,1q’| < &}. We start with a formal computation and discuss regularity issues
later. For a commutant A = Op(a) € ¥25~*! such that A= A* to be chosen later we compute:

0=23(Pu, Au) = i(PA— AP)u, u) = (i[P, Alu, u). (4.2)
Leta= p?* "1 ge C®(S* X). We claim that we can arrange
Hp,a= —b2—Ma+e, (4.3)

where b € C*°(S* X) is non negative, and positive in {q; € (6,1 + 8),|q'| < 6}, while e € C*®(S* X)
is supported in the neighborhood Us and M > 0 can be chosen large. We define a as a product
a=a;(g1)a'(q), where a; and a’ are constructed in the following way. Let

v e CPR*"2), suppw < {lq'| <28}, w(gh=1 forlq'|<é,

11 € C®(R), supp x1 < (—=8,00), supp(l — x1) = (—00,8) (turn off function),
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F
_Je o g <149,
XO(ql) { 0 ql21+6,
a1(q1) = yo(qx3(q), a'(q)=v*q).

It is not difficult to check that (4.3) can be achieved for M > 0 given if we choose F sufficiently
large. Going back to a we compute

Hy,a=p "™"H,, (0" 'a)=p > H,,a- 2s—m+1ap 'Hy, p). (4.4)

Noting that p~'H pm P is bounded and choosing M in (4.3) sufficiently large we see that
Hp,a=-b*+e—Ma+ra, 4.5)
where b= p~*b,e = p~?%¢,@=p ""a,r € S°. Let A be a quantization of @ and suppose that we
arrange A = C*C. Then —M(Au, u) + (Op(rd@)u, uy < C|| ullip,(l,z). Let B € ¥¥(X) and E € y>5(X)

be quantizations of b and e, respectively. We then obtain:
(B*Bu,u) < (Eu,uy +Cllul® . (4.6)
H2

It has to be pointed out that the integration by parts above are not justified at the level of
regularity supposed in the hypothesis. The above argument therefore needs a regularization
procedure and this can be done for u € Hs1/2 microlocally near y([0, T]), see [79] for details.
Supposing this done, then the estimate (4.6) implies Bu € L?(X), therefore u € H® microlocally
near y([0, T]). Thus starting with the a priori knowledge u € H" (X), one can iteratively improve
the regularity by 1/2 in each step, until one obtains H*-regularity as desired. g

4.3. Semiclassical analysis

We briefly introduce some elements of semiclassical analysis that we will need in the following.
We refer to Zworski [77] for details. We start by introducing the algebra ¥} (X) of semiclassical
pseudodifferential operators, depending on a parameter /. The corresponding symbols a(x,¢; h)
(denoted a € Shm(X)) satisfy a(:,-; h) € 8" (X) uniformly in h as h — 0, with §”*(X) defined in Sec-
tion 4.1. The semiclassical symbol of A € ‘I’Zﬂ denoted o, (A), lies in the space SZ1 X)/ hS;l"‘1 (X).

We will be concerned in particular with the class ‘P%(X). We moreover require that symbols of
the elements of ‘I’%(X) are classical in the sense that they have an asymptotic expansion in non
negative powers of . More precisely we require that a € \If‘;l writes

5 N-1
6%0gr (a— > h’aj)
j=0
for all multiindices @, f and N € N. For A, A’ € \I’% (X) with principal symbols a, a’ we have

on(AoA)=ad, opA*)=a, o,(h ' [AA)={ad}=H,d.

&8} .
a~ Z h'aj, meaning < CayﬁhN@)*N*‘ﬁl

j=0

In the context of semiclassical analysis we will mostly use the Weyl quantization:
1 X+y iiee
w — (x=1,6)
a’ (x, hD)u(x) (Zﬂh)”ﬂa( 5 ,f)eh u(y)dyd<.

Moreover each A = a"(x, hD) € ¥ (X) acts L*(X) — L*(X) with norm uniformly bounded in h.
In fact we have the bound [77, Theorem 13.13]

h—0 T*X

Each Ae \PZ(X) has a semiclassical wave front set WF; (A), a closed (and not necessarily conic)
subset of the fiber-radially compactified cotangent bundle T* X; a point (x,&) € T* X does not
lie in WF}’Z (A) if and only if the full symbol of A satisfies a(x’,¢') = G(h*(&'Y~*) for h small
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enough and (x',¢’) € T* X in a neighborhood of (x,¢) in T* X. We will mostly use the subalgebra
of compactly microlocalized pseudodifferential operators ‘I’Zomp(X) c ‘P(;Z(X). For Ae ‘I’Zomp(X)
the wave front set is a compact subset of T* X. We say that A = B + 0 (h*°) microlocally in some
setUc T*Xif WF;I(A—B) NU = @. We will often consider sequences u(h;) € L?(X), where hj—0
is a sequence of positive numbers; we typically suppress the dependence on j and write u = u(h).
For such a sequence, we say that u = O (h®) microlocally in some set U ¢ T* X, if || Aull;2 = o (h%)
for each A € ¥7""P(X) such that WF; (A)  U. The notion u = o(h?) is defined similarly.

4.4. Semiclassical defect measures

Definition 4.7. Assume that hj — 0 and u = u(h;) € L2(X) is uniformly bounded as j — co. We
say that u converges to a non-negative Radon measure y on T* X if for each A= A(h) € ¥,"™(X),
we have

(A(hpu(hj), u(hj)) —».[T*Xah(A) dy asj— oco. (4.8)
See [77, Chapter 5] for an introduction to defect measures, in particular,

(1) for each sequence u(h;) uniformly bounded in L2, there exists a subsequence h ji Such that
u(hj,) converges to some u [77, Theorem 5.2];
(2) we have w(U) = 0 for some open set U c T* X if and only if u = o(1) microlocally on U.

The following basic properties of microlocal measures are easy to prove, see e.g. [26].

Lemma 4.8 (Ellipticity). TakeP € ‘P?Z(X) and denote p = o, (P). Assume that u = u(h;) converges
to some measure |1 and Pu = o(1) microlocally in some open set U < T*X. Then p(Un{p #0}) =0.

Lemma 4.9 (Propagation). Take BPW € ‘P%, denote p = g, (P), w = g, (W), and assume P* = P.
Assume that u = u(h;) converges to some measure |1 and denote f := (P —ihW)u. Then for each
a€ CP(T*X) and foreach Y € ¥;"" (X) such that Y = 1+6 (h™) microlocally in a neighborhood
of suppa we have,

f X(Hp —2Rw)ady| < 2|Ia||oolimsup(h_1 Y fllz2llYull2). 4.9)
* h—0

In particular, if f = o(h) microlocally in a neighborhood of suppa, then

f (Hy —2Rwa)dp=0.
T*X

5. The wave equation on the De Sitter Schwarzschild metric

In this section we explain the general strategy for showing decay estimates via microlocal meth-
ods for a simple example: the wave equation on the De Sitter Schwarzschild metric. Let .4 =
Ry xX, X=(r_—¢€,ry+€)x Si. Near r = r_ resp. r = r; the metric is given by

g=Fdt?-2dt.dr—-r’*dw® resp. g=Fdt?+2dt,dr-r?dw?

where F(r) =1-(2m/r) - (1/3)Ar?. Recall that the surface gravities are given by x4+ = (1/2)F'(r4).
The wave operator is given near r = r_ resp. r = ry by

1 1
Og=2Dy, D, + ﬁDrrzFDr —r?Ag> tesp. Og=-2D; D+ ﬁDrrzFDr -1 ?Age.
Fourier transforming this with respect to t,, i.e. putting
Clg(o) = e 0ge 7.
then gives

. 1 . 1
Cg(0) =-20D, + ﬁDrrzFDr —r?Ag> tesp. Ug(o)=20D,+ ﬁDrrzFDr -1 ?Age.
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We will consider in the following the forward problem
Ugu=f, (6.1

where f € Cg" («#) and we require that suppu c {t, = — T} for some T > 0. Let HS(X) resp. HS(X)
be the Sobolev spaces based on extendible resp. supported distributions. Initial value problems
can easily be transformed into forward problems and vice versa, see e.g. [44]. The existence of a
forward solution is assured by the global hyperbolicity of the spacetime.

5.1. A key theorem

A first important result is that the Fourier transformed wave operators form an analytic family of

Fredholm operators. Let y = max{(1/x_), (1/x4)}. We have

Theorem 5.1. Lets=1/2, & ={ue H (X); ﬁg(O)u € HS71(X)}, 51 = A5 Y(X). The operators
Oe(0): XS — !

form an analytic family of Fredholm operators of index 0 for all 0 € € such that
1-2s
2y

So > (5.2)

Moreover g (o) is invertible if So > 0.

Theorem 5.2. Let ty € R. Thereare C, v > 0 such that for0 <6 < C and s > (1/2) +y6 any solution
to (5.1) with f € e~ HS"™V(M) and with supp(u) Usupp(f) < {t. > to} has an asymptotic
expansion
N kj _
ut,rw) =Y. Y the it q; 1 (r,w) ee 0™ HS (M), (5.3)
j=1k=0
whereo,...,0 N are the (finitely many) quasinormal mode frequencies with

Qoj>-6
and k; their multiplicities, and where e 19t qy j are the C* generalized quasinormal modes with
frequency o ;.

Remark 5.3. (1) Quasinormal mode frequencies are also called resonances, they corre-
spond to those o such that [] ¢(0) has a non trivial kernel. By analytic Fredholm the-
ory one obtains a meromorphic family of operators ﬁgl (0) : ¥S~! — %S, Resonances or
quasinormal mode frequencies are then the poles of this family of operators. These poles
may be of higher order which gives rise to the ¢ coefficients.

(2) Note that close to the black hole horizon, ﬁg(a) = eloTs ﬂg(a)e’i‘”*, where Eg(a) Ais the
Fgurier transformed operator with respect to t. Therefore v is mode solution for [] g(0)
(g (0)v = 0) if and only if u = e™?"* v is mode solution for [l (o) and the requirement
that v is smooth at the horizon translates to the usual outgoing condition u ~ ™",
r, — —oo for u.

(3) The analogue of Theorem 5.1 is false in the Schwarzschild case. Nevertheless the resol-
vent has good regularity properties down to the real axis, see Vasy [33,34]. This can then
be used to show polynomial decay estimates, see Hafner, Hintz, Vasy [39], Hintz [45] and
Millet [44].

(4) There exists a generalized version for the De Sitter Kerr metric (see Vasy [23], Petersen-
Vasy [29]), but a priori nothing is said about the existence of resonances with strictly
positive imaginary part. The non existence of mode solutions with positive imaginary
part of o has been shown by Whiting in the whole subextreme case for the Kerr solution.
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The analogue question for the De Sitter Kerr case remains open, but see Hintz [30] for
results in this direction.

(5) High frequency resonances (meaning for large real part of o) are well approximated by so
called pseudopoles which can be computed and which are given by

V1-9Am? _
——— (0 +1/2)-i(1/2+n)), €eN,neNp.
32m
These resonances are very closely linked to the trapping of the hamiltonian flow.

(6) As[lg(0)1 =0, 0is aresonance, in particular the solution does nor decay. However it can
be shown (see [19]) that this is the only real resonance. Together with the high frequency
analysis of Section 5.4 this gives the existence of a strip beyond the real axis in which the
only resonance is zero. As a corollary one obtains the existence of a constant ¢ with

u(ty,r,0) — cee 2 {75 (M).

The first version of Theorem 5.2 was shown by Bony and Héfner in [19]. This was formulated
in the original Boyer Lindquist coordinates and excluded the horizons. A generalization of this
including the horizons was subsequently obtained by Melrose, Sd-Barreto and Vasy in [20]. Later
on the theorem was generalized by Dyatlov to the De Sitter Kerr case in [21,22]. The most general
version of this was obtained by Vasy in [23] first in the small a case and later generalized to the
large a case in collaboration with Petersen [29].

In the remaining of this section we will explain some of the principal ideas in the proof of
Theorems 5.1 and 5.2. Since .# is globally hyperbolic there exists a unique forward solution of
(5.1). Standard energy estimates give a first control of the solution of the form

lu(ts, r,0)] S e,

It is then easy to see that the Fourier transform of u
(o) = f e u(t,)dt.
is holomorphic in So > C. We now take FourilR;r transform of Equation (5.1) to obtain:
Og (@) i(o) = f(o).

We then can write

1 o .
u(ty, x)= — e 471 (g) f (o) do.
21 Jso=C+1 g !

This doesn't give so far any better behavior of u, but ﬁgl (o) is a meromorphic family of bounded
operators and we can shift the contour to So = —6. The residue theorem then gives the expansion
in (5.3). The most delicate part is the estimate of the error, which requires in particular high
frequency estimates of the resolvent ﬁgl (o).

Remark 5.4. By choosing slarge enough the strip where the operators form an analytic Fredholm
family can be made arbitrarylarge. For So = —C and C large enough this line lies below an infinite
number of resonances. The sum in (5.3) is then infinite, but still converges in some appropriate
sense, see [19].

5.2. Fredholm operators

Let us recall that a Fredholm operator T : X — Y is a bounded operator with closed rank such
that kernel and cokernel coker = Y/range(T) are finite dimensional. The index is then defined as
indT = dimkerT — dimcokerT. The situation is particularly interesting when we have an analytic
family D 5 z— T'(z) of Fredholm operators. The index is then a continuous function of z and the
Fredholm alternative says that either 7'(z) is invertible forno z€ D or F ~1(z) form a meromorphic
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family of operators. Typically elliptic operators are Fredholm between suitable Sobolev spaces
and vice versa the Fredholm property between these Sobolev spaces requires ellipticity. We refer
to [76, Section 19.2] for details.

The operators P(0) we are interested in are not elliptic. An analytic Fredholm theory can
nevertheless be developed as observed by Vasy [23]. A central observation is that the Fredholm
theory follows from suitable estimates. A general setting is the following, see e.g. [44, Lemma
6.23]:

Lemma 5.5. Let Xy € X; € X, and Yy c Y, c Y» be Banach spaces (with continuous dense
inclusions). Let P : X — Y» be a bounded operator such that P|x, is bounded from Xy to Y1. We
assume that both inclusions X, c X, and Yy c Y1 are compact and that there exists C > 0 such that
forallue Xy andallve Y*:

lulx, = ClPully, +llulx,),
Ivllyy = CUP*viix; +lvilyy).

Under these assumptions, P is Fredholm as an operator between the Banach space & = {u €
X1; Pu€ Y1} (endowed with the norm || ull5, = ||u||§(1 + IIPuII%) and Y.

Let f = min{(1/x_),(1/x4)} if So = 0, f = max{(1/x_),(1/x4)} if o < 0. We will obtain the
following global estimates.

(1) Let s> syp> (1/2) — fSo. Then we have

Nl gsx) < C(|I|jg(0)ul|HS—1(X) + llull gso (x)- (5.4
(2) Letsy<s' <(1/2)+ So. Then we have:

el gyt () < C(llmg(U)ullgs—l(x) + el gso x))- (5.5)

The compact Sobolev embedding H*(X) — H*(X) and Lemma 5.5 then imply the Fredholm
property. In the following we will only show (5.4), the arguments for (5.5) are quite similar.

5.3. Bounded frequency analysis

Let us recall that we have near r = ry:
ﬁg(a) = r_ZDrrZFDr ﬁ_LZUr_ZDrr2 - r_2A§z.

We will apply the unitary transform U : L2((r_, ry) x $?, r>dr dw) — L?((r_, 1) xS?,dr dw), u— ru
and then work with the operator

rﬁg(a)r_1 =r 'D,r*FD,r ' +20r7'D,r - r_2A§2,

which we call again [] ¢ (0) in the following. The above operator has principal classical symbol (¢
is now dual to r):

02(04(0)) = FE® +r72n|* =: p.

The operator is therefore elliptic over all points (7, w) of the base manifold with r_ < r < r;. We
will distinguish the elliptic and non elliptic regions.

5.3.1. Elliptic type estimates
Proposition 5.6. Lery € C°(r- +6,r, —6) for somed > 0. Then we have

lxull gs S N10g @) ull gs—2 + lull g
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Proof. Let ¢ € C3°((—1,1)) with ¢ = 1 in a neighborhood of 0. We write

x(x) = x(x)p(p) + x(X) (1 — Pp(p)).

Note that y(r)¢p(p) € S, x(x)(1 — ¢(p)) € S°. By pseudodifferential calculus we only have to
consider the second term. Now,

Op(x(x)(A—¢p(p))) =0p (x(x)

1_¢(p))ﬁg(a) +R,Rev L
p

The estimate for s = 0 then follows by pseudodifferential calculus. Higher order estimates are
obtained by applying Op(¢2 + |n|?). O

5.3.2. Radial point estimates

The characteristic manifold is
E={rw&n e T " X\0;p(r,w,&n) =0}
and it splits into positive and negative energy shells:
T=X,UZ_, %, =2XN{+E>0}.

As F(r_) = 0 there is a lack of ellipticity at r = r_. Note also that we have

Hy = (=F'&+2r7°In*)0; + 26 Fo, + 1" Hype.
The

AL ={(rs,0,8,0;{ eR*, e S* N2,

are the radial points of H,. The lower index indicates the point on the base manifold, the upper

index the energy level. It is not difficult to see that A* and A; are sources of the hamiltonian
vector field whereas A~ and AT are sinks.

Proposition 5.7. Suppose that u € H® with s > (1/2) — (1/x+)S0. Let y+ € Col(r = 6,1+ +6)).
Then for & > 0 sufficiently small we have:

Iyl gs S N0g @) ull s + Ilullgs_%.

Remark 5.8. (1) The condition s > (1/2) — (1/x4)S0o gives the condition (5.2) in Theorem
5.1.
(2) Letus try to understand where the condition s > (1/2) — 3¢ comes from. As a toy model
we consider
Py,=DyxDy—0Dy, x€(-1,1).
In this case f = 1. We have
Py(x+i0)1 = 0.
We have (x +i0)i% € H1/2-39)~ byt not in H® for s > (1/2) — So. Imposing Sobolev
regularity s > (1/2) — So thus excludes these solutions.

(3) The estimate is a very simplified version of the radial point estimate obtained by Vasy,
see [23, Proposition 2.3]. This kind of estimates goes back to Melrose, see [81]. They are
central in Vasy’s method concerning the Fredholm theory for non elliptic problems. We
also refer to Zworski [82] for a review of this method.

Main ideas of the proof. We will prove the proposition only for a model problem. We will
consider the operator which is given near r = r. by

P(o) = rilDrrzFDrrf1 iZUrilDrT
and P(o) actson L2((r_ —¢, 14 +€);dr).

Also to avoid technical issues we will suppose u € Ci°((r- —¢, r+ +¢€)). We prove the proposition
at r = r_, the proof at r = r; being essentially the same. We also put x =r —r_. Let y_ be as in
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the hypotheses with xy” (x) < 0. We drop the index—in the following. Let w € C*°(R), y(x) = 0 for
x<0and w(x)=1forx=1.

A=C*C, C=0p(), c:=& ty@yw.
Let a:=025-1(A). Now,
23(P(o)u, Auy = (i(P*(0)A— AP(0))u, u)
= (i[P(0), Alu, u) + (i(P* (0) — P(0)) Au, u)
= (i[P(0), Alu, uy — 430 (r ' D1 Au, u). (5.6)
The symbolic calculation gives

Hpa=-2s—DEY*OF y2 (x) - 2F w(Oy (O y2 (x) + 485y (O Fy (0 (x). (5.7)
Note that the second term is in S and that the third term is negative.
We have
(ilP(0), Alu, u) = (Op(Hpa)u, u) + (Ru,u), Re P>
Applying the sharp Gérding inequality, Theorem 4.4, we find

(i[P(0), Alu, u) =430 (r~ ' Dyr Au, uy < (- (25— 1)2k - +E(8) —430) | Opy (O y (D ullF, + lul®
A2

where é(6) — 0, § — 0. Here and in the following H® = H*((r_ —¢, - +¢)).
We also have

1280 (P(0)u, Au)| < Cell P(@)ull%,, +E10p@ ) () ully, + CllulF,-

Putting everything together and choosing d, € small enough gives:
10p@W @ x Ul < CIP@ UG, +lul? | (5.8)
H2

We now want to obtain the same estimate with Op(y () x(x)) replaced by y(x). To show the
estimate for Op(y(—¢)y(x)) we can replace a(x,¢) by a(x,—¢), then the above proof works for
—P(0) instead of P(0). Writing 1 = w(&) + (=) + 9o (¢) and using that v (¢) € S~ we see that
we can indeed replace Op(y (&) x (x)) by y(x). O

Remark 5.9. Using a regularization procedure one can show that it is sufficient to suppose
Cu € L?. What is usually called a radial point estimate is rather (5.8), the important property of
B = Op(w(&)x(x)) is that backward bicharacteristics starting in WF' (B) tend to A*, where C has to
be elliptic. In this very simplified model this is used in the proof via the sign of 45y (&) Fy (x) x' (x)

in (5.7). Also P(0) can be replaced by GP(0) with G e WO elliptic at AT as long as the closure of all
backward bicharacteristics starting in W F'(B) is contained in the elliptic set of G. We refer to [23]
for details.

5.3.3. Proof of Theorem 5.1

Putting the estimates in Sections 5.3.1 and 5.3.2 together we obtain the following global
estimates:

Proposition 5.10. Let u€ H® and s > 1/2— So. Then we have
lul s = € (g @)l ooy + el oy ).
Proof. Let us first choose y. as in Proposition 5.7 and y+ = 1 on (ry — (6/2),r+ + (6/2)). We
then choose }. with suppf- < [r- —¢,r- —(6/2)), suppi+ < (r+ +(6/2),ry + €]l and yo € C3°(r- +
(6/2),r4 —(0/2)) with Y- + x— + Yo+ x+ + ¥+ = 1. We then use Proposition 5.6 on suppyo and
Proposition 5.7 on sup y-. Concerning suppf - let us observe that the symbol p = FE? +r2|n|? is
hyperbolic there, because F is negative on this interval. The estimate follows then from classical
hyperbolic estimates, we refer to [44] for details. O
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Proof of Theorem 5.1. We obtain in a similar way a suitable estimate also for the adjoint opera-
tor. The two estimates then give the Fredholm property. To show that the operators are invertible
for So > 0 we have to show that kernel and cokernel are empty. We only consider the kernel, the
proof for the cokernel is similar. Let So > 0, u € H* and [] g(@)u=0.Then

Fﬁg(a)e_i"h(r)r*(r) u(r,w) =0,

where h is some smooth function with i(r) =1 for r < 3m and h(r) = -1 for r = 4m and ﬂg(a)
denotes the Fourier transform with respect to ¢:

FOg(0) =r *FD,(r*F)D; — r *FAg2 — 0°.

Fﬁg(O) is a selfadjoint positive operator on L2((r_, r1) xS%;, F1r2dr dw?). But for So > 0 we have
e I0hr (N yp ) € I2((r_, ry) x $%; F~1r2 dr dw?), which is a contradiction. Thus Ul ryxsz =0.
To see that u really is zero on the whole manifold (r— —¢, 74 +€) x $2 we can follow [82, Lemma 1],
see [43, Proof of Theorem 4.5] for details. The index 0 property then follows from the continuous
dependence of the index on o. O

5.4. High frequency analysis: trapping

Whereas the bounded frequency analysis is sufficient to prove Theorem 5.1, the proof of Theorem
5.2 requires a precise control of the estimates when Ro — oco. This requires a precise analysis
of the semiclassical flow whose projection on the base manifold gives the geodesic flow. The
analysis then becomes more complicated, but the general structure of elliptic, propagation and
radial point estimates remains similar. However there is a new aspect which we want to discuss in
this subsection which is trapping. To analyze the trapping it is easier to go back to the initial Boyer
Lindquist coordinates. We will present a toy model, the proof for the existence of a resonance free
strip follows very closely the proof of Dyatlov [26] for the general situation.

5.4.1. Resonance free strip

Fourier transforming with respect to ¢ and fixing the angular momentum ¢ leads to consider-

ing the operator:

- F

Py—0*=D% + Vel +1)-a?, V=3 (5.9)
We introduce the semiclassical parameter h? = 1/£(¢ +1). As explained in Section 2.4.3 trapping
is concentrated at 7, = 0. We introduce a Taylor development of V at r,. = 0. We will put x = r. in

the following. This leads to considering the local model
P-A=h’D>-x*-A, A=0(h), (5.10)

which we will use as a toy model in the following. Note that in the model (5.9) the critical energies
are 0> ~ V(3m)£ (¢ + 1), after rescaling this becomes A ~ v/V(3m). In the toy model however the
critical energy is zero, we therefore consider A = @ (h). We obtain semiclassical estimates that can
be translated into high frequency estimates in the original scaling.
The symbol writes &2 — x? = (¢ — x) (€ + x) which suggests that the operator is unitary equivalent
to P = h(xD, + Dyx). We can indeed introduce the transform
2

Uu(x) = Le_i)chhfei@e_ig u(yd

It can be checked that U : L2(R) — L2(R) is an isometry and that PU = UP. We will in the
following consider the operator P = (h/2)(xDy + Dy x). Note that

op(P)=x§=:1p, Hp=-E{0;+x0y.
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Thus the Hamiltonian equations can be explicitly solved, &(s) = e~ &g, x(s) = e’ xp, where (xp, &o)
are the initial data. In the abstract setting of Section 2.4.4 this means that we have:

Ii={¢=0, I'-={x=0}, K={x=¢{=0}.

To analyze the situation near the trapped set, we will consider the situation on a compact
manifold and add an absorption operator. Concretely, we put X = S! =R/ (6Z); we view X as the
interval [—3, 3] with the endpoints glued together. We add an absorption operator Q = Op(q), q €
C™(T* X) such that g(x,¢) = 0 for all |(x,¢)| <1 and g(x,¢) =1 for all |(x,¢)| = 2. We will now
consider the operator P—iQ — A on X. Let R(A) = (P—iQ-A1)~L.

Lemma5.11. Foreache >0 and h small enough depending on e we have
IRM 22 =0(h™?) if IAl=@(h), SA> —(% —e)h. (5.11)

Remark 5.12. Let us note that the same bound on the resolvent holds in general situations of
normally hyperbolic trapping as described in Section 2.4.4, see [26]. We will give here the same
proof for the model operator, which has the advantage of avoiding the technical issues while
keeping the main ideas of the proof. Further gaps can be obtained for r-normally hyperbolic
trapping, see also [26].

To prove the lemma we will proceed by contradiction. Suppose that (5.11) does not hold. Then
for some € > 0 small enough, there exist sequences hj, h; — 0, A(h;), u = u(h;) € L2 with the
following properties

lulz=1, Al=6(h), SA>-(3-e)h (5.12)
and
P-iQ-Nu=06Hh?). (5.13)
The interesting properties are obtained when commuting (P — 1) u with the defining functions
of I'.. Indeed we have
hDy(P-ANu=(P—-ih—-A)hDyu.
Now suppose that A = —((1/2) —e) h for some € > 0. Then h + A = ((1/2) +¢€) h and we can write
hDyxu=(P—ih—2A)""hD(P-A)u. (5.14)
A simple application of the spectral theorem gives
IRDxull < B~ IRDx(P = Aul. (5.15)
Note that the corresponding commutation relation with x
x(P-A)=(P+ih-A)xu.

doesn't give an analogous estimate because of the different sign.
The estimate (5.15) can be microlocalized. Let for 6 «< 1

Us =1l < 8,1x] < 6}.
Note that
(P — A\)u = @ (h?) microlocally on Usg. (5.16)

Let ¢ € C§°((—46,46)),</) =1on [-36,36], 6+ = {P(x)Pp(&), B4 = Opy(64). Applying O, to (5.16)
and using that [0+, P] =ihOpy(Hp0-) +0(h%) = —-ih®,. +0(h?) microlocally on U, together with
(5.16) gives an appropriate microlocalized version of (5.15):

O,u=0(h), microlocally on U,s. (5.17)

A central lemma is then the following:
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Lemma 5.13. There exists a constant C such that for each 6y > 0,
w(Us n{lx| < bp}) < Cdy. (5.18)

Proof. We first note that for a € Cgo(l“+ N Us) we have:

f Hyp,adp
I'+nUs

This follows indeed from Lemma 4.9 and (5.17). Now choose a = ad(x)y(), with y €
C5°((=6,6)), x(0) =1 and

= Clallco- (5.19)

2 1
suppac (—28¢,01), lladleo<1, 0yad=-—, 0ra=—— ~for|x|<dy
01 36

for some fixed 6 € (0,9) independent of §y. Noting that 6, = ¢ on Us we find
1 2

f Hp, adp = —ullx| =6o}) — —p({do = x| = 61}).
I.nUs 300 01

The LHS is bounded by a §-independent constant by (5.19); so is the second term on the RHS
(since p is a finite measure). Multiplying both sides by 36 we obtain (5.18). g

Lemma 5.14.
pUs\Ty) =0, u(Us)>0.

Proof. The lemma follows from two type of estimates
(1) Take Ae ‘I’%(R) such that WF, (A)n{p =0} NT; = @. Then
lAull 2 < Ch™HI(P =iQ = Dull2 + 0 (h™) |lull 2.

This follows from the elliptic estimate [83, Proposition 2.4] and propagation of singu-
larities with a complex absorbing operator [83, Proposition 2.4], since for each (x,¢) €
WF;l(A), there exists ¢ = 0 such that e”Hr (x, &) e{p—iq#0}.

(2) Let Be ¥,”™P(X) such that 0, (B) #0 on {p = 0} N K:

lullz < Ch™ (P =iQ - A)ull ;2 + | Bull 2.
To prove this second estimate we use the elliptic estimate and propagation of singular-
ities, noting that for each (x,¢) € T*R, there exists ¢ = 0 such that e *» (x,&) € {p—iq #
0}u{op(B) #0}, see [41, Lemma 4.1].
g
Proof of Lemma 5.11. Starting with (5.13) and passing to a subsequence, we may assume that
u—pu, hlSA—wee.

By Lemma 5.14 we know that
uUs) >0, puUs\I'y)=0.

We can now apply Lemma 4.9 to see that for each a € Cj°(Us) we have

f Hpady=2%wf adp.
I'ynUs I'ynUs

For t = 0, since e “»(I', N Us) c T, N Us, we have
pe™" (Uy)) = €5 u(Us).
By Lemma 5.13, as t — oo
pe e (Us) < wUs n{lx] < de™'}) < Ce™".

However, since Sw = —(1/2) +¢, we see that e?’> decays exponentially slower than e/, as t — oo.
Since u(Us) > 0 we arrive at a contradiction, finishing the proof of the Proposition. O
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5.4.2. Approximation of resonances generated by the trapping

As we have just seen the relatively mild trapping leads to a resonance free strip. Nevertheless
the trapping creates resonances that we now want to compute in a high frequency limit. The res-
onances can be computed as the eigenvalues of a scaled operator which is no longer selfadjoint.
The operator P coming from the De Sitter Schwarzschild metric is an operator with holomorphic
coefficients

P(w,hDy; h) = (hD,)? + V(w, h); V(w,h) = Fr 21+ h*rd, F). (5.20)

Here w replaces the Regge-Wheeler coordinate r.. We put I'y = e R and we parametrize T'y by x,
w = ex. The scaled operator is then defined by Py (x, hDy; h) = P(w, hDy; h)|r,. Note that the
RHS of this equation is well defined because all the coefficients are holomorphic. The important
proposition is the following (see [18]):

Proposition 5.15. For —260 < argz < 2m— 20 the operator
Py(x,hDx; h) — z: H*(Tg) — L*(Tp),

is a Fredholm operator of index0. The eigenvalues of Pg(x, hDy; h) in —20 < arg z < 2mt—20 coincide
with the poles of the meromorphic continuation of (Pg(x, hDy; h) — z)~! there.

To figure out what is a good choice for & we come back to our toy model P = h?D2 — x? in
the previous section. We then see that a good choice is 8 = 7t/4. Indeed we then find Py =
—i(thi + x2), which is just —i times the (semiclassical) harmonic oscillator and its eigenvalues
are of course known. Putting all this together leads to the following characterization of the high
frequency resonances in the De Sitter Schwarzschild case (see [18]):

Proposition 5.16. There exists K > 0 and 0 > 0 such that for any C > 0 there exists an injective
map, b, from the sets of pseudo-poles
No + 1))
072

(1—9Am2)”2( 1 .1
—— [N+ = —i-
into the set of poles of the meromorphic continuation of (P — )~ such that the poles in

2 2

3
3z2m

Qc={0:30>-C,|o|>K, So>-0|Ro|}
are in the image of b and for b(v) € Qc,
b(v)=v—0, when|v|— oo.

If Rv = (1 =9AmM?)Y2/3320my (10 + (1/2)), ¢ = 1,2,..., then the corresponding pole, b(v) has
multiplicity 26 + 1.

5.5. More general situations

5.5.1. De Sitter Kerr metric

The proof for the equivalent of Theorems 5.1 and 5.2 for the De Sitter Kerr metric follows
the same lines as in the De Sitter Schwarzschild case. The radial point estimates are now
formulated in terms of propagation estimates which permit to propagate regularity out of these
points. As already mentioned the trapping keeps the same structure and the proof for the high
energy resolvent estimates follows the same lines. At first glance the new aspect seems to be
superradiance. Nevertheless thanks to the very robust Fredholm setting this point is now reduced
to the analysis of mode solutions.



Dietrich Hafner 25

5.5.2. Kerr metric

The Kerr case is asymptotically Minkowskian and one has to deal with this aspect. As an
immediate consequence, the underlying resolvent doesn’t possess a meromorphic extension in a
strip beyond the real axis. It has nevertheless good C¥ properties down to the real axis, see [33,34]
and [39]. Another important aspect is that we find a radial point structure of the Hamiltonian flow
also at infinity.

5.5.3. Other fields

As long as the fields are massless and not charged, most of the here presented aspects remain
valid also for other hyperbolic field equations than the wave equation. Note that the presence of
mass or charge of the field can also create growing modes, we refer to Shlapentokh-Rothmann for
the Klein Gordon equation on the Kerr metric [84] and to Besset—Héfner [85] for the charged Klein
Gordon equation on the De Sitter Reissner-Nordstrom or De Sitter Kerr Newman black hole. In
the case of linearized gravity, one has of course to deal with the gauge. The presented methods
are well adapted to generalized wave map gauges. In these generalized wave map gauges the
Fourier linearized Einstein operator fg (0) will have a kernel for o = 0 consisting of linearized (De
Sitter) Kerr solutions and some special gauge solutions. The existence of this kernel makes the
analysis of fgl (0) more delicate close to o = 0.

5.5.4. Perturbations of the (De Sitter) Kerr metric

As long as the metric remains stationary and the important structure of radial points, trapping
etc. is not changed the analysis remains more or less the same on the linear level. Note
that in contrast to the trapping the radial point structure is a priori not stable with respect to
perturbations; however the estimates are, see [23, Remark 2.5] for a discussion of this point. A
delicate part is the analysis of the mode solutions which most often is analyzed on the exact
spacetimes by separation of variables and ode techniques. This can however often be analyzed
in a perturbative regime.

If the spacetime itself is not stationary but say decays to a (De Sitter) Kerr solution, the here
presented analysis has to be completed by a second step. Note however that this second step can
be purely microlocal, see [63]. These aspects go beyond the scope of this review.
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