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Abstract

We present a rigorous study of the perfect Bose-gas in the presence of a homogeneous ergodic random potential. It is
demonstrated that the Lifshitz tail behaviour of the one-particle spectrum reduces the critical dimensionality of the (generalized)
Bose—Einstein Condensation (BEC)te= 1. To tackle the Off-Diagonal Long-Range Order (ODLRO) we introducespiaee
averageone-body reduced density matrix. For a one-dimensional Poisson-type random potential we prove that randomness
enhances the exponential decay of this matrix in domain free of the Bic€ite thisarticle: O. Lenobleet al., C. R. Physique
5 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Condensation de Bose—Einstein dans des potentiels aléatoirdous présentons une étude rigoureuse du gaz de Bose
parfait en présence d'un potentiel aléatoire statistiquement homogéene. Nous démontrons que le comportement des ailes de
Lifshitz pour le spectre d'énergie a une particule, réduit-a 1 la dimensionalité critique de la transition de Bose—Einstein.

Pour étudier les corrélations non diagonales a longue portée, nous introduisomoyerene spatialee la matrice densité

réduite a un corps. En I'absence de condensat et pour un potentiel aléatoire undimensionnel de type Poissonnien, nous montrons
gue la décroissance exponentielle de la matrice densité est plus Rmideiter cet article: O. Lenobleet al., C. R. Physique

5 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

The Bose-Einstein condensation (BEC) of the ideal Bose gas has been actively studied in recent years. In particular, it is of
interest to consider the BEC in random media (see, e.g., [1,2]). In a simple-minded approach, where one just adds a random
external field to the Hamiltonian of the ideal Bose gas, the problem reduces to the Schrédinger equation with random potential.
It is known (see, e.qg., [3]) that in this case the BEC possesses certain peculiarities, related to the fact that the ground state and
nearby states are not extended; thus the effective density of particles is infinite in the thermodynamic limit. Hence, unlike the
Fermi case, where the one body theory with a random Schrddinger operator describes sufficiently well the quantum motion in
random media, in the Bose case the repulsive interaction between particles seems to be an important part of the Hamiltonian.
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Despite that, a rigorous study of the BEC of perfectBose-gas based on the random Schrédinger operator, is indispensable
as a first step to understanding this phenomenon in random media.

Let A; c R be an open bounded connected domain with unit volyrg = 1 and with a smooth boundaryA,
containing the origin. For ang > 0 we can define the domain

Ap = {xeRd: LilxeAl}, (2)

by the isotropic dilation, and we have for its volury | = L9.
We denote byH; := L2(A;) the Hilbert space of one-particle wave functions corresponding to the quantum problem with
the free single-particle Hamiltonian (fér=1, m = 1)

1 D
= (—EA>AL. 2)

Herer; is the self-adjoint operator, defined by A /2) in Ay, and by the Dirichlet boundary condition 6m ..
It is known (see, e.g., [4]) that the operatgr has a discrete spectrum(sz) = {Ex(L)};>1, consisting of isolated
eigenvalues (L):

vl = ExLyyP, k=1, @)

of finite multiplicity. Here{x//kD € Hp}x>1 are the corresponding normalized eigenfunctions. The eigenvalues can be ordered
such that

0< Ey(L) < Eo(L) < E3(L) < -+ @)

Remark 1. The rate of increasing of eigenvalues (4) is such that the operagtaenerates a Gibbs semigroup, i.e.,
exp(—pBtr) € Tr-clasg’H ) for any 8 > 0. Moreover, it is known (see, e.g., [5]) that f8r> 0 the single-particle partition
function

1 1

OL(B) = Ty &P = = 5 e PRD) (5)
ALl ALl i>1

is (uniformly) bounded:

_t
2rp)d/2’
and the limit limy _, 5o ¢ (B8) exists.

dL(B) < (6)

Since for anyL < oo the spectrun (¢7) is discrete, bounded from below, and consists of isolated eigenvalues of finite
multiplicity, one can introduce the following object.

Definition 1.1. The finite-volumeintegrated density of stai@gDS) of ¢; is the specific (by a unit volume) eigenvalue counting
function

1
NL(E) = A max{k: Ex(L) < E}. )

This allows us to rewrite (5) in the form:
o
$L(B) = / NpWE)e PE, )
0

where Ny (dE) is the positive measure, corresponding to the monotonous increasing functions (7). In other words, for any
L > 0 the single-patrticle partition function (5) is thaplace—Stieltjes transforwf the measuréV; (dE).

Proposition 1.2. There exists non-negative measw&® (dE) on R4 := {x € R: x > 0} such that we have the weak
convergence

lim N (dE) = N O E), 9)
L—>o0
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i.e., the convergence of; (E) to A O (E) in all continuity points of the limiting IDSV©@. Besides, we have for amy> 0:

o0 o0
d(B) := Lﬁinw/NL(dE)e*ﬂE :/N<°>(dE)e*ﬂE. (10)
0 0

The proof of the Proposition 1.2 is based on general properties of the Laplace transform of probability distributions [6] and
on the Feynman—Kac formula. It was shown that this proof can be generalized to the case of the single-particle Hamiltonian in
the presence aindom ergodic potentialsee [7].

The existence of the ID&(© and its properties are important for understanding of the thermodynamic behavioufretthe
Bose-gaserfectgas without external potential) and, in particular, of the Bose—Einstein condensation [6]. In the next sections
we discuss this first for the free Bose-gas and then for the perfect Bose-gas in random ergodic potentials.

Remark 2. The limiting IDS of operator (2) can be calculated explicitly. The famous Weyl theorem (see, e.g., [4]) implies that

lim E~4/2Nj_1(E)=Cy. (11)

E—oco

where(C,)~1 = (27)4/2I (1 + d/2). This, together with scaling property of the single-particle Hamiltonian (2) and definition
of the IDS (7), imply the relation:

NL(E) = L™N 21 (L2E),
which yields the limiting IDS for the operator (2):
NO(E) = lim N(E)=C, EY?. (12)
— 00

2. Condensation of the free Bose-gas

Now we can turn to the many-body problem of non-interacting bosons without external poté&etaB¢se-gas) in
containerAj .

We define the correspondirggand-canonical Gibbs distributio®s , (-) on theprobability spaceof (infinite) sequences of
non-negative integer numbe(r§+)N, N4 :=NU{0}. They correspond to configurations: (N+)N of the boson one-particle
guantum-state occupation numbers:

Q:{nk ::n(l//kD)}k>l, ng,=0,12,..., (13)

assuming that only a finite number of terms of the sequémgh, > 1 is non-zero. Then for a given temperatyie! > 0 and
chemical potentialt < 0 the grand-canonical Gibbs distribution has the form:

Pg (n) = {EL(.Bvﬂ)}ileXp{_ﬁ(TL(ﬂ) - //«NL(E))}~ (14)
Here the random variable
Tp(n):= Y Ex(L)ng (15)
k>1

is thekinetic-energywhereas
Np(n):=Y ng (16)
k=1

is thetotal number of particles the configuratiom. The normalizing factoE (8, 1) is the grand-canonical partition function
for the free bosons:

BB, 1) = Z e BTL(n)—puNL(n)) _ 1_[ {1_ e*ﬂ(Ek(L)*M)}*{ 17)
neNN+ k>1

which exists for allu < E1(L). The definition of thdinite-volumelDS (7) implies that the corresponding presspie(8, i)
and the grand-canonical mean-value of the total particle-depgsit§, 1) := 9, pr (8, 1) take the form:
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o
1 _B(E—
pL(Bo) == [ Ni@E) (- e PE), (18)
0
pL(B, W) :/NL(dE)m (19)
0
Then, by Proposition 1.2, the limiting pressure and density of the free Bose-gas exisifar @loo, 0):
1 o0
P ==3 [ NO@E) (e PED), 20)
0
T 1
_ (0) -
p(Bo 1) = / NOEE) . 21)
0
By definition p(8, 0) :=lim 10 p(B, n) and thecritical densityis defined as
pc(B) :=1im p(B, ), (22)
u10

if it is finite. We putp.(8) = co otherwise.

Remark 3. If p.(B8) < oo, then there is a room for the phenomenon known as the Bose—Einstein Condensation (BEC) in the
free Bose-gas. By virtue of (12) and (22) the boundedness of the critical density is equivalent to the following property of the
IDS:

s ©)
[z 2020

7(9315 —)z < (23)
for any 8 > 0. Therefore, one gejg (8) = oo, for d < 2, andp.(8) < oo for d > 2. Moreover,
NOE)
_ (0)
pe() =l / NOEE) / o (24)

Now we can formulate a mathematical statement concerning the existence of the BEC in the free Bose gas [6]:

Proposition 2.1.Let p.(B) < oo. For giveng > 0, p > 0 and L > 0 we denote byt (8, o) the unique root of equation

p=pL(B, W), (25)
see(19). Then

(@ for p < pc(B) the limit

lim wp(B,p)=mun(B,p) <0 (26)
L—o0
exists, and it is a unique negative root of the equafgee(21)):
p=p(B, 1); (27)
(b) for p > pc(B) the limit
lim wr (B, p)=0, (28)
L—oo

exists, and it is zero
(c) the BEC manifests itself in the following farm

o — pe(B) >0, (29)

&
. . 1
po(p. )= lim lim / NLE) Sy =
0

wherepg(8, p) is the BEC density.
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Remark 4. In fact Proposition 2.1 establishes a so-calietheralizedBEC [6]. This is in contrast to the conventional BEC,

which corresponds tmacroscopic occupatioof only one(ground-state) level:
= lim ! 1 30
PoB. o) = M FED o) —1° (30)

The macroscopic occupation ofily the ground-state level needs finer properties of the speqtEytL)} ;> 1.

Rewriting Eq. (25) in the form
1 1 1

1
P = A PED =B —1 1Ay k;z PEL —uLB.p) — 1’ (31)

one finds that to realize the case (30) it is necessary that the differeptes:= E (L) — E1(L), k > 2, go to zerocslower
than|A; |~1. ThenEq(L) — (B, p) is of the ordenA; |~1, that gives the one-level BEC condensation (30). This kind of
condensation occurs, for example, whép is the three-dimensional cube.

Remark 5. In fact a sufficient condition for macroscopic occupation arfly the ground-state level is rather simple:
E>(L)/(E2(L) — E1(L)) < ¢ < 00, d > 3, see [8]. More delicate is the question about existence afébend critical density
om(B) = pc(B) such that macroscopic occupation of single-levels states is only possibte i, (8), see [9,6,10].

On the other hand, if the differenceg(L) := Ex (L) — E1(L), k > 2, are of the orderALrl, then there areirfinitely)

manymacroscopicallyoccupied levels
k) o 1 1
po (B.p)i= M o FE Doy —17 ° 32

in addition to the ground-state.

Remark 6. If the number of these levels is infinite, this is (according to the nomenclature proposed by van den Berg—Lewis—
Pulé, see [11,9,6]) the type Il generalised BEC. (The type | is reserved for the case of finite number of levels.) The most unusual
is the type Il generalised BEC, when there are no macroscopically occupied levels but the limit in (29) is non-zero. It happens
when the differencesy, k > 2, go to zero faster tham ;. |*l.

The simplest model manifesting thgpe Il generalised BEC is the free Bose-gas in #r@sotropic prisms Ay =
[AL|%L x o X |Ap|% , withay 2 a0 > - > ag, 01+ a2+ -+ +ag=1andag > 1/2, see [11].

For detailed discussion of the generalised BEC and for examples other than free Bose-gas, including some models of
interacting Bose-gases, see [9,8,12—-14] and reviews [6,10,15].

3. Random Schrédinger operator and perfect Bose-gas

We discuss first the single-particle Schrodinger operator with random potential.

Definition 3.1. Random potentiab®) (-): 2 x RY — R, x — v®(x) is a random field on a probability space, F, P), such
that:

(@ v® is homogeneous and ergodic with respect to the gi{eup, .g« Of probability-preserving transformation&¢{-trans-
lations) on($2, F, P);
(b) v is non-negative: inf_ps {v”(x)} > 0.

By E{-}:= fQ P(dw){-} we denote the expectation with respect to the probability measyre,irr, P).

Definition 3.2. Random Schrddinger operator corresponding to a random potefttiaé a family of random operators
{h®}wen:
h® =t +0v%, (33)

wherer is the self-adjoint operatarA /2), acting inL2(RY).
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Notice that assumptions (a) and (b) of Definition 3.1 guarantee that there exists a@gliset with P(£2g) = 1 such that
operator (33) i®ssentially self-adjoindn domairCS"(Rd) for everyw € 29 (see, e.g., [7, Chapter 1.2]).

To discuss the properties of the perfect Bose-gas in the presence of the random potential one has (as in the preceding section)
to start with the bounded domain; c R“. Below we suppose thdtd; ;- are cubes centered at the origin. Then (see
[7, Chapter 11.5], or [16]) one has the following statement:

Proposition 3.3.1f a random potential verifies the conditio(e) and (b) of Definition3.1, then

(1) The restriction of the random Schrddinger operab?’} . 2, to domainA;, subjected to the Dirichlet boundary condition
ond Ay is the set of self-adjoint operators

1 D
he = (—EA—}-U‘”) (34)
AL
for P-almost allw € £2.
(2) The spectrun (1) is almost-surely discrete, bounded from below, and consists of isolated eigenVEfids) > 0};>1
of finite multiplicity.
(3) For P-almost allw operators(34) are generators of the Gibbs semigroups, iexp(—Bh?) € Tr-clasg’H, ) for any 8 > 0.

Remark 7. (a) In fact the proposition is valid for some wider class of self-adjoint boundary conditiofgi pr{7].
(b) For bounded random potentials the random Schrédinger operator (34) takes the form:

D

hf::(—%) e, (35)

Ap
In fact one can consider first (35), then extend the results to more general cases (&-mtefiaction) by taking limits [7].

Notice that Proposition 3.3 and Definition 1.1 motivate definition of

1
NP(E) = mmax{k: EP(L)<E}, wef. (36)
L
This is fandon) finite-volume IDS corresponding to the random Schrddinger operators (34) or (35).
Now we are in position to discuss the Bose—Einstein condensation of the perfect Bose-gas in presence of a random potential.
First, using the random measures generated by IDS (36), one gets for the corresponding finite-volume pressure and the total
particle density (cf. (18) and (19)):

PY(B.w) = —% / NPE) In(1— e PE1), (37)
0

(38)

PCLU(ﬁs w) :/Nf(dE)m,
0

forall 8 > 0, u <0, and any realizatiow € £2.
To take the thermodynamic limit we use the following fact concerningmbakconvergence of random IDS measures [7].

Proposition 3.4.Let 1¢ be defined in(34), where the random potential verifies the conditigayand (b) of Definition3.1
Then there exist a nonrandom measiWfgdE) and a set2g C F of full probability, P(£29) = 1, such that for everyw € 2¢
the convergence

lim NP(E)=N(dE) (39)
L—oo
holds on the whole spectral axis except taemost countableset of discontinuity points of". We have also
N(E) =E{&»(dE;0,0)}. (40)

Here &,0(dE; x, y) is the kernel of the spectral decomposition measure of the random Schrédinger opkfatsee
Definition 3.2 Moreover, the spectrurs (h*) of 1% is almost-surga.s) nonrandom and coincides with the support/dt
o (h®) = suppV.
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Remark 8. In fact the nonrandomnesse(f-averaging of the limiting IDS is known under much weaker conditions on random
potential. Besides, the limiting IDS is independent of the boundary conditions for a sufficiently wide class of them, see [7,16]
and a recent review [17].

Let inf, _pa{v®(x)} = 0 in condition (b) of Definition 3.1. Suppose for simplicity that tmeiirandon) lower edgeEq of
the spectrunw (h?) is zera This yields

Corollary 3.5. Let the random potential verify the conditioeg and (b) of Definition3.1 Then forP-almost every € 2 (a.s)
the limits

)
. w 1 _B(E—
a.SrLlﬂ;noopL(,B,,u):—B/N(dE)|n(l—e B(E /L))Ep(ﬂ,u)7 (41)
0

= p(B. W, (42)

o0
. w — 1
ase Im (g0 = [ NEE)
0

exist for allg > 0 andu < Eg = 0. Moreover, the convergence is uniformiron compacts iff—oo, 0).

It follows from Corollary 3.5 and (42) that the definition of critical density for the Bose-gas in the random potential is the
same as in the nonrandom case (22):

. T 1
0

Again the crucial for the existence of the BEC is the boundedness of the critical density, which, in its turn, is determined by the
behaviour of the IDSV(E) near the lower edg& of the spectrum (see Remark 3). If this edgeeasy then we have to know

the asymptotic form of IDS foE — +0. A favorable forp.(8) < oo is the case of the IDS decreasing at least aBY0¢),

¢ > 0. Random Schrédinger operators supply examples of this kind eveh<d. Below we consider one of them, verifying
conditions (a) and (b) of Definition 3.1.

Example 1.Letu(x) >0, x € R4, be continuous function with a compact support. We call it a local single-impurity potential.
Let {u% (dx)}yes be random Poisson measureRf with intensityr > 0, i.e.,

P({w € 2: u?(A)=n})

A n
:ueﬂmy neNy =NU({0}, (44)

for any bounded Borel set c R?. Then the non-negative random potential generated by the Poisson distributed local impurities
has realizations

v () == / pEAyux —y) = u(x = %), 45)
R4 J
where impurity position$yj?} c R are the atoms of the random Poisson measure. Since the expetiguinn)) = r|Al,

the parametet is concentration of impurities i<.

Remark 9. The random potential (45) is obviously homogeneous and ergodic (even strongly mixing), i.e., it verifies the
conditions (a) and (b) of Definition 3.1. Less trivial, see, e.g., [18,19] and [7, Chapter 11.5], is that:

(8) The almost-sure nonrandom spectrati®) = R4.. This means, in particular, that
a.s.-L lim EP(L)=0. (46)
—> 00

In other words, the lower edge of the spectrum of the random operéter Eq = 0, i.e., it coincides with the lower edge
of the spectrum of the nonrandom operatasee (33).
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(b) The asymptotic behaviour ¢¥'(E) asE — 0 has the form (the Lifshitz tail):
¢q d/2
In/\f(E)'v—r(E) , EO, 47)

with ¢; > 0. Recall that in the nonrandom case (12) one NagE) ~ E4/2, E | 0.

4. Bose—Einstein Condensation in random potentials

The suppression (47) of the IDS in the vicinity of the lower edge of the speclgm 0 (the Lifshitz tail(47)) makes the
critical density (43Xinite for all 4 > 1. This means that the presence of a random potential may change the mechanism and the
nature of condensation of the perfect Bose-gas. To make this clear, first we need an analogue of Proposition 2.1 for the random
Schrddinger operators.

Theorem 4.1.Let o’ (B, 1) be defined as if38) and p.(8) by (43). Assume that the lower edge of the spectiignof the
random Schrddinger operator & and thatp. (8) < co. For giveng > 0, p > 0and L > 0 denote by.? (8, p) the unigue root
of equation

p=0{(B. 1), (49)
for a realizationw € £2, see(38). Then

(@ for p < pc(B) the limit

as: lim uf (B, p)=p(B,p) <0 (49)
L—oo
is the unique root of equation
p=p(B, 1), (50)
see(42);

(b) for p > pc(B) the limit

and the almost-sure nonrandom BEC manifests itself in the following form

=p—pc(B) >0, (52)

&
1
T T () - -
it =liplase [ 00t
0

wherepg(8, p) is the BEC density.

Proof. Since the critical density is bounded, we have by (42) and (43)

pe(B)=p(B, n=0). (53)
Notice that Eq. (48) implies the following inequality for eveoye £2:
1 1 P2 (B) BuL(B.p) 54
p= AL I; BEPWL)—uPB.p) _ 1 1 _ g BEYL)—niB.0)’ (54)
where
l o
P2 i=—— Y e PED) = /N‘”(dE) e PE 55
L= k>21 L (55)
Z 0

is the random single-particle partition function, cf. (5). On the other hand, fowany2 solution of Eq. (48) is bounded from
above:

19 (B p) < EL(L). (56)
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Inequalities (54), (56) yield the estimate
]
pe PED 1+ g0(p)

foranyw € £2 andL > 0. Then by Proposition 3.4, Remark 9 and estimate (57) we obtain

_ P e . w
B 1|nr¢(ﬁ)<|ILnlIQ£uL(ﬂ,p)<|ILmjouopML(ﬂ,p)<0 (58)

for P-almost allw. We denote this set hg.

ﬁ_lln

<GB p) < EL_y(L) 57)

(@ By (58) it follows that for eachw € £2g the sequencé.{ (8, p)}.~0 has at least one accumulation poip’ (8, p).
Suppose thaps (8, p) = 0, and Iet{u‘i’j (B.P)}L;>0 be a subsequence converging to this point. Since by (42) for

p < pc(B) the unique solutionu(B, p) of Eq. (50) is strictly negative, by monotonicity @f’(8, 1) as a function of
u, we get

L (B (B p)/2) < P (B. L (B.P)) =p (59)

for all L; greater than somd.. On the other hand by Corollary 3.5 and by the same monotonicity we get
limy 00 07 (B, 1(B, p)/2) > p that contradicts (59). Thereforgy’ (8, p) < 0. Then by (59) and by uniform convergence
in (42) this accumulation point is a solution of Eq. (50). Sincedot p.(B) this equation has a unique solution, we obtain
uL(B, p) = (B, p) < 0 for almost allw.

(b) Now letp > p-(B) and suppose that the accumulation point is strictly negati&s, p) < 0. Then again by the uniform
convergence in (42) we get:

p=lim o7, (B, 1L; (B, ) = p(B, 1S (B, P)) = pe(B). (60)

Sinceud (B. p) < 0, the monotonicity impliep (8, u% (B, p)) < p(B, n =0) = p(B). By (58) and by contradiction with
(60) we conclude that$ (8, p) = 0 and that

as. lim 12 (B, p = pe(B)) =0. (61)

To prove the last statement (52) we rewrite Eq. (48) in the form:

& o0
1 1
— (0} (0}
p_/NL (dE)eﬂ(Ef/L‘L“w,p)) -1 +/NL (dE)eﬂ(Ef/L‘L“w,p)) _1 (62)
0 &
Then by (61) and by the uniform convergence in (42) we find:
. o © I S G 1
Iglrfg){a-s. LL'TO/NL (dE)eﬁ<E—ﬂ°E<ﬂ»P>> _1} L'?E)/N(dE)eaE — = re(P). (63)
& &€

Therefore, by virtue of (62) and (63) on gets that there is a macroscopic accumulation of bosomginitasimalband in
the vicinity of the lower edge of the spectrufig = 0:

&
: . o 1 3
!Ji“o{a-s-'LL'”;f M <dE>W} == re®. (©9
0

This proves (52). O

Remark 10. Condensation established by (52) is a priori a generalized BEC. To prove the conventional type | condensation in
the ground state, or the type Il condensation, one needs detailed information about distribution of the level spacings distances
in the neighbourhood of the lower edge of the single particle spectrum, see Remarks 5, 6.

Remark 11. In contrast to the nonrandom case (see Remark 3) the suppression of the IDS in the neighbourhood of the lower
edgeEq = 0 of the spectrum of the random Schrédinger operator (the Lifshitz tail (47)) makes the BEC (52) possible even for
d =1, 2. Itis true for any non-zero concentration of the impuritie$47).
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Remark 12. The one-dimensional case is instructive, since it makes evident another difference in the nature of the BEC in
random and nonrandom cases. It is known that in general the whole spectrum of the one-dimensional random Schrddinger
operators with weakly correlated random potential is pure point and the eigenfunctions are exponentially localized (see, e.g., [7,
Chapter VI.15], and [20] for the Poisson potential of Example Lfer 1). If the lower edge of the spectrum is zero (as for the
potential of Example 1), the perfect bosons condense in the ‘package’ (52) of localized states in the vidiniy0ofThis is

in contrast to the free perfect bosons: fbt 2 they have the (generalized) BEC into extended states (29).

In fact the Lifshitz tail for the IDS near edges of the spectrum is a fairly generic phenomenon for random Schrddinger
operators [7].

Example 2. Take one-dimensional random potential correspondiriglazalized impurities with amplitude > 0:

v (x) 1= / ng dy)ad(x —y) =a Z 8(x — yj”) (65)
R4 J
where{yj?}j c R1 are the atoms of the random Poisson measure (44). This random potential is not included into the case (45),
but behaviour of the IDS at edge of the spectrum is known [21,19], [7, Chapter II1.6]:
T

V2E

askE | 0. Hence, again the corresponding critical dengit{8) < oo, and one gets a generalized BEC proved in Theorem 4.1.
Notice that the Lifshitz tail (66) does not depend on the finite amplitude0 in (65). In the limita — +oo the IDS is
known explicitly for all values of':

e—nr/«/ﬁ
1_e7t/vV2E’

INN(E) = ——= (14 O(EY/?)), (66)

N(E)=1 (67)

The BEC of the one-dimensional perfect Bose-gas in the random potential corresponding to (67) was studied for the first
time in [3].
5. Off-Diagonal Long-Range Order

Above, our criterion of the BEC was based on boundedenegs (@). It gives almost no information on the nature of
condensation, see Remarks 10-12. More insight into this question may give so-called local observables, in partangar, the

body reduced density matrj22,23].
For the free Bose-gas (3), (15), it has the form (see, e.g., [24]):

1 _
pL(B, s x,y) = Z mlﬁkl)(x)l/fkl)(y)- (68)
k>1

Its diagonal part is thiocal particle number density

C ) - . _ 1 D 2
oL(B, 1; x) ~:PL(,37M7X7X)—ZW‘W]< (X)‘ . (69)
k>1
Then thespace averagdensity
1
pL(B, W) = —— / dxpp (B, w; x) (70)
IAL\A
L

coincides with (19).

Remark 13. The mathematical result, which makes a contact of the one-body reduced density matrix with BEC in the free
Bose-gas is due to [24]. Take the origin= 0 as the point of dilation ofA4. In this case the BEC is of the type | only in
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the ground state, see Remark 5. (For exampledlebe a cube irfR3.) Then the limiting one-body reduced density matrix
(B, u(B, p); x,y) =liMp_ o0 pp (B, (B, p); x,y) has the form:

00
. 112
Z(Zﬂﬁs)*d/zeéﬁﬂ(ﬁno)*”)c*}|| /2Bs. 0 < pe(B),

p(B (B, p)ix,y) =1 =t (71)

o0
2 _ r—vll2
poB, PV | 1O+ (@rps) /2e I8 p > pe(p),
s=1
wherepg(B, p) = p — pc(B) is the condensate density am,f:l 1—1(0) is the ground state eigenfunction (3) in domain
evaluated at the point of dilation= 0. The limit '

ODLROB, p):= lim  p(B. u(B. p): x. ) (72)

[x=yll—00

is called the Off-Diagonal Long-Range Order (ODLRO).

Since the both sums in (71) decay exponentiallyjas- y|| — oo, one gets nontrivial ODLRO only fop > p.(8). For
example, whemw < pc(8), i.e.,u(8, p) <0, we get the following estimate:

p(B, 1t <0;x,y) < Callx — yll, B, w) € VA1 4 O(j1x — yI72)), (73)
with
1 @)y d=3/4

Ca(llx =yl B, 1) = ) @D72g r — |2 (74)

Notice that non-zero value of the ODLRO in the case of the ground state BEC depends on the profile of the corresponding
eigenfunction. That is why even non-zero BEC of tiyge | does not guarantee the ODLRO and casts a doubt on the common
belief that the condensation is governed by asymptotic behaviour of the one-body reduced density matrix, see discussion in
[24,25]. The ODLRO in thenisotropicprisms, i.e., in the case of the BECtgpe Il or Ill, is more complicated. It is related to

the second critical density, (8) > pc(8), see [10] and Remark 5.

Remark 14. Generalization of the one-body reduced density matrix to the perfect Bose-gas in a random potential is
straightforward:

) 1 D, D,
p‘LU(,Bs Wi X, y) = Z WW;{,LCU(X)W]@LCU()’% (75)
k=1

where{z//,?}“”}k>1 are eigenfunctions of operator (35). Then as in (69) the local particle density has the form:

1 D 2
0] . . - ,

PEB )= ), iy Ve @I (76)

k>1
Notice that the position dependence of (75) and (76) make tiewself-averagingln contrast the space average density

1

o7 (B p) = —— / dxp? (B, w: x) (77)

IAL\A

L

is self-averaging, since it simply coincides with (38).

This motivates us to introduce tlspace averagene-body reduced density matrix

1

~
oL (B x,y)i=——
L |AL

/dapi”(ﬂ,u;era,waa) (78)

AL

as a measure of ODLRO for the Bose-gas in an ergodic random potential. It is assumed in (78) that the integrand is extended by
zero if spacial arguments leave domai .
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Lemma 5.1.Let the random potential verify the conditions of Propositiof Then forP-almost allw € £2 the limit
a.s: lim 528, u;x,y) =p(B, s x — y), (79)
L—oo
exists for anyB > 0, u < 0, and for any fixed:, y € R4, and it is nonrandom.

Proof. It essentially follows the idea, which goes back to [26]. Sipce 0, by virtue of definitions (75) and (78) we obtain

o0
. 1 _BH®
p‘f(ﬂ,u;x,y):Zesﬁ“m/da(e BIL)(x +a,y +a). (80)
s=1 L A
Using the Feynman—Kac formula (see, e.g., [5]) we get the representation
1 ©
AL / da(@ ML) x a,y -0 (81)
AL
1 iy —vl12 1 _ B w
= G =yl /Zsﬂm/da / AP (5 () e S AW EO RO, () 4 x 1 a).
AL Qéﬁv—\‘

Here we denote bywd (-) the normalized Wiener measure on the set of trajectories
24, =8 £60=0 &T)=2z}

sp

and byx 4, 7 (n(-)) the characteristic function of the set of Wiener trajectofig$0, T]) C A }. Since for eacl(-) € 2 yx

we have

lim —— =1 2
Am oA, ‘/daXAL BEO+x+a)= (82)
the non-negat|V|ty and ergodicity of random potentidlimply the limits

sp ®
M AL / da / dv (£()) e Jo VEOTFO Y ) b (5 + 3+ a)

0\ X
= lim / dvxf’(g(.))i/‘dae*fosﬂdtv”(é(t)ﬂw)
L—o0 AL
2y
— / dvsﬂ(f( )) ( fgﬂdlvw(é(t))) (83)
2y

In view of (80) this proves the lemma and gives for the right-hand side of (79) the explicit representation:

p(B, s x —y) = ZWGW lx=ylI?/2s8 / dv* (£())E(e e Jo’ dro®E M)y, (84)
s

foru<0. O

Corollary 5.2. For u < 0 the space average one-body reduced density matik «; x — y) of the perfect Bose-gas in a
non-negative ergodic random potential verifies the inequalities

p(B,—Ti;x —y) <pB, s x —y) < p(B, us x — ),
wherep (8, u; x — y) is the one-body reduced density matrix of the free Bose-gas.
Proof. Indeed, by virtue of (71) and (84) for non-negative random potentfaiwe get
PB, 1 x —y) < p(B, 3 x —y). (85)
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On the other hand, by the Jensen inequality and (45) one gets
IE(e_ fgﬁ dtv‘”(é(t))) Se fé‘f‘ drEv?(£(r)) _ efsﬂna (86)
where we pufi := [p1 dru(x). This implies the estimate of (84) from below:
B wix —y) = p(Bu—tit;x —y). O (87)
Since the BEC exists in the presence of random potential evedifitension ongbelow we reduce our study of the

asymptotic behaviour of the one-body reduced density matrix only to this case. To make the upper bound estimate more precise
than (85), we consider the case of the Poisson potential of Example 1 withk&pp [-5/2, 5/2].

Theorem 5.3.Letd = 1and letj := 1 — e~ Then
A(B.1wix —y) < p(B. pix — y)e TV (W=yI=0) (88)

P-almost sure for any. < 0.

Proof. Choosex < y and let x|, ) be characteristic function of the interval, y]. We denote byw¢ , := v* x|y y), the
restriction of the random potential to this interval. Then non-negativity(e§ implies (cf. (84))

IE‘,(e_ fgﬁ drv“’(é(f)""x)) < E(e_ féﬁ drvﬁ},(g(r)+x)). (89)

Let n®(x + 6§/2,y — §/2) := card{{y;f’}j C [x +68/2,y — 8/2]} be fandon) number of Poisson points in the interval
[x +8/2, y — 8/2] for configurationw € §2. Then

E(e 5P drvﬁ},(g(r)+x)) < E(efn“’(x+8/2,y78/2)12). (90)
By virtue of the Poisson distribution (44) we get
o 5 n
E(efnw(x+8/2,y76/2)12) < Z {t(lx —y| —8)} g TUx—y|=8) g—nii _ o=ty (Ix=y|-8) (91)
= n!
Therefore, by (84) and estimates (89)—(91) we obtain:
o
- 1 2
S8 vy e TP—y=O N L spu—ix—yI?/2s8 / sB
pB i x —y)<e > PRTE e’ dv*? (£(v)). (92)
L y—x

This gives (88), because the sum in the r.h.s. coincides with the one-body reduced density matrix for the free Bose-gas in one
dimension, see (71) fqr < 0,d =1, and the Wiener measures are normalized.

Corollary 5.4. Inequalities(73) and (88) show that the presence of random potential enhances the exponential decay of the
one-body reduced density matrix by a supplementary exponential factor with the exponential proportional to the impurity
concentratione.

Remark 15. Notice that for concentration | 0 our lower (87) and upper (88) estimates of the space average one-body reduced
density matrix (78) give a plausible result:

ﬂ%ﬁ(ﬂ,u«;x =) =p(B. i x — y). (93)

This convergence to the one-body reduced density matrix of the free Bose-gas bolsters our definition (78).

6. Conclusion

The present paper is essentially initiated by mathematical results about the random Schrddinger operator and about the BEC
in the perfect Bose-gas. We show that fladf-averagingof the pressure and of the mean particle density irthbemodynamic
limit allows us to make rigorous the corresponding physical arguments (see, for example, [3]) concerning the BEC in random
potentials. In fact the nonrandomness of the IDS of the random one-particle Schrédinger operator in this limit offers the means
for rigorous analysis of the gas without interaction. On the other hanselfi@veragings a quite general property of random
systems to give a basis for reexamination of some physical results in this directionei@cting boson models in random
external potential, see, e.g., the recent paper [2].
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