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Abstract

This is a review of recent work on constructing and finding statistics of string theory vacua, done in collaboratio
Frederik Denef, Bogdan Florea, Bernard Shiffman and Steve Zelditch.To cite this article: M.R. Douglas, C. R. Physique 5
(2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Résultats élémentaires dans des statistiques de vide.Cet article est une revue de travaux récents sur la constructi
découverte de statistiques des vides de théories des cordes, réalisée en collaboration avec Frederik Denef, Bogd
Bernard Shiffman et Steve Zelditch.Pour citer cet article : M.R. Douglas, C. R. Physique 5 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Tout ce qui est simple est faux, mais tout ce qui ne l’est pas est inutilisable.
– Paul Valéry

1. Predictions from string theory

For almost 20 years we have had good qualitative arguments thatcompactification of string theory can reproduce the St
dard Model and solve its problems, such as the hierarchy problem. But we still seek distinctive predictions which w
regard as evidence for or against the theory.

One early spin-off of string theory, four dimensional supersymmetry, is the foundation of most current thinking
yond the Standard Model’ physics. Low energy supersymmetry appears to fit well with string compactification. But wo
discovering supersymmetry be evidence against string/M theory?

In recent years, even more dramatic possibilities have been suggested, which would lead to new, distinctive particles or
phenomena: large extra dimensions (KK modes); a low fundamental string scale (massive string modes); rapidly vary
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factors (modes bound to branes; conformal subsectors), and so on. Any of these could lead to dramatic discoveries. B
we expect string/M theory to lead to any of these possibilities? Would not discovering them be evidence against string

At Strings 2003, I discussed a statistical approach to these and other questions of string phenomenology. Over the
our group at Rutgers, and the Stanford group, have made major progress in developing this approach, with

– Explicit proposals for vacua with all moduli stabilized along the lines of KKLT [1] (work with Denef and Florea [2]);
– Detailed results for distributions of these vacua (with Shiffman, Zelditch and Denef [3,4]);
– Preliminary results on the statistics of the volume of the extra dimensions (in progress with Denef), and on supers

breaking scales [5–7].

These ideas have already begun to inspire new phenomenological models (for example [8,9]). Even better, if we
and the number of vacua is not too large (as we explain below), fairly convincing predictions might come out of this a
over the next few years. While much work would be needed to bring this about, we may be close to making some pre
those which use just the most generic features of string/M theory compactification, namely the existence of many hidde

2. Hidden sectors

Before string theory, and during the ‘first superstring revolution’, most thinking on unified theories assumed that
consistency of the theory would single out the matter content we see in the real world. In the early 1980s it was tho
d = 11 supergravity might do this. Much of the early excitement about the heterotic string came from the fact that it cou
produce the matter content ofE6, SO(10) or SU(5) grand unified theory.

But this was not looking at the whole theory. The typical compactification of heterotic or type II strings on a Cala
manifold has hundreds of scalar fields, larger gauge groups and more charged matter. Already in the perturbative
string an extraE8 appeared. With branes and non-perturbative gauge symmetry, far larger groups are possible, wi
simple factors. If we live in a ‘typical’ string compactification, it seems that there are many hidden sectors, not directly
to observation or experiment.

Should we care? Does this lead to any general predictions? Hidden sectors may or may not lead to new particles
But what they do generically lead to is a multiplicity of vacua, because of symmetry breaking, choice of vev of additiona
fields, or other discrete choices.

Let us say a hidden sector allowsc distinct vacua or ‘phases’. If there areN hidden sectors, the multiplicity of vacua will g
as

Nvac∼ cN .

While the many hidden sectors certainly make the detailed study of string compactification more complicated, w
consider the idea that they lead to simplifications as well. Thus we might ask, what can we say about the case of a larg
N of hidden sectors? Clearly there will be a large multiplicity of vacua.

We only live in one vacuum. However, as pointed out by Brown and Teitelboim [10], Banks, Dine and Seiberg [11],
doubt many others, vacuum multiplicity can help in solving the cosmological constant (c.c.) problem. In an ensemble ofNvac
vacua with roughly uniformly distributed c.c.Λ, one expects that vacua will exist withΛ as small asM4

pl/Nvac. To obtain the

observed small nonzero c.c.Λ ∼ 10−122M4
pl, one requiresNvac> 10120 or so.

Now, assuming different phases have different vacuum energies, adding the energies from different hidden se
produce roughly uniform distributions. In fact, the necessaryNvac can easily be fit withNvac∼ cN and the parametersc ∼ 10,
N ∼ 100–500 one expects from flux compactification of string theory, as first pointed out by Bousso and Polchinski [12

One might regard fitting the observed small nonzero c.c. inanyotherwise acceptable vacuum as solving the problem, or
might appeal to an anthropic argument such as that of Weinberg [13] to select this vacuum. In the absence of other
solutions to the problem, we might even turn this around and call these ideasevidencefor the hypothesis that we are in
compactification with many hidden sectors.

3. Supersymmetry breaking

So can we go further with these ideas? Another quantity which can get additive contributions from different secto
scale of supersymmetry breaking. Let us call thisM2

susy(we will define it more carefully below).
We recall the classic arguments for low energy supersymmetry from naturalness. The electroweak scalemEW is far below

the other scales in natureMpl andMGUT. According to one definition of naturalness, this is only to be expected if a symm
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is restored in the limitmEW → 0. This is not true ifmEW is controlled by a scalar (Higgs) massmH, but can be true if the Higg
has a supersymmetric partner (we then restore a chiral symmetry).

A more general definition of naturalness requires the theory to be stable under radiative corrections, so that the small quant
does not require fine tuning. Again, low energy supersymmetry can accomplish this. Many theories have been cons
which

M2
H ∼ cM2

susy,

with c ∼ 1/10 without fine tuning. Present data typically requiresc < 1/100, which requires a small fine tuning (the ‘litt
hierarchy problem’).

On the other hand, the solution to the cosmological constant problem we accepted above, in terms of a discretuum
is suspiciously similar to fine tuning the c.c., putting the role of naturalness in doubt. What should replace it?

The original intuition of string theorists was that string theory would lead to auniquefour dimensional vacuum state, or
least very few, such that only one would be a candidate to describe real world physics. In this situation, there is no cle
the unique theory should be ‘natural’ in the previously understood sense.

With the development of string compactification, it has become increasingly clear that there is a large multiplicity o
The vacua differ not only in the cosmological constant, but in every possible way: gauge group, matter content, coupl
What should we do in this situation?

The ‘obvious’ thing to do at present is to make the following definition:

Definition 3.1. An effective field theory (or specific coupling, or observable)T1 is more naturalin string theory thanT2, if the
number of phenomenologically acceptable vacua leading toT1 is larger than the number leading toT2 [14].

Now there is some ambiguity in defining ‘phenomenologically acceptable’ (or even ‘anthropically acceptable’, a
would have it [15]). One clearly wantsd = 4, supersymmetry breaking, etc. One may or may not want to put in more de
information from the start.

In any case, the unambiguously defined information provided by string/M theory is the number of vacua and the dis
of resulting EFT’s. For example, we could define

dµ
[
M2

H,M2
susy,Λ

] = ρ
(
M2

H,M2
susy,Λ

)
dM2

H dM2
susydΛ =

∑
Ti

δ
(
M2

susy− M2
susy|Ti

)
δ
(
M2

H − M2
H|Ti

)
δ(Λ − Λ|Ti

)

a distribution which counts vacua with given c.c., susy breaking scale and Higgs mass, and study the function

ρ
(
104 GeV2,M2

susy,Λ ∼ 0
)
.

4. Statistical selection

Is this definition of ‘stringynaturalness’ good for anything? Suppose propertyX (say low scale susy) were realized by 1040

phenomenologically acceptable vacua, while�X (say high scale susy) were realized by 1020 such vacua. If by prediction w
mean not just a hunch or a reason to bet on a particular property, but a property whose observation would actually fals
theory (and this is what we really need in the end), we shouldnot conclude that string theory predicts low scale susy.

On the other hand, if the distribution is sharply enough peaked, and there are not too many vacua, it could well turn
some regions of theory space would haveno vacua, and we would get a prediction.

For example, suppose there were 10160 vacua with the propertyX (say low scale susy), and which realize all known phys
except for the observed c.c. Suppose further that they realize a uniform distribution of cosmological constants; then o
set we would expect about 1040 to also reproduce the observed cosmological constant. Suppose furthermore that 10100 vacua
with property�X work except for possibly the c.c.; out of this set we only expect the correct c.c. to come out if an add
10−20 fine tuning is present in one of the vacua which comes close. Not having any reason to expect this, and hav
vacua which work, we have reasonable grounds for predictingX, in the strong sense that observing�X would be evidence
againststring theory.

In a systematic approach, one would take all aspects of the physics resulting from each choice of vacuum, not just the
but couplings and matter content as well, and make the analogous argument. As discussed in [14], the rest of the in
at hand is comparable in selectivity to the c.c.; say a rough fraction 10−240 of vacua out of a fairly uniform ensemble mig
reproduce the Standard Model, and thus this is an important improvement. However the basic idea leading to pred
more or less the same.
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Upon considering the entire problem in this way, the most crucial advantage of the statistical approach becomes
It is that we can benefit by the hypothesis that some properties of the distribution of vacua are (to a good approx
statistically independent, in which case we can argue that vacua exist which realize a group of properties simultaneo
without finding explicit examples.

For example, it seems very likely that the value of the c.c. is independent of the number of Standard Model gen
in the sense that even if we restrict attention to vacua with a given numberNgen of generations we will still find a uniform
distribution of c.c.’s with cutoff independent ofNgen. Then, suppose for sake of argument that a fraction 10−4 of the vacua
haveNgen= 3. While not rare compared to other properties, this is sufficiently rare to make it significantly more diffic
find models with bothNgen= 3 and the small c.c. Rather than do this, we should study the larger population of mode
arbitraryNgenand check the hypothesis that these properties are independent. Having done this, we can argue that th
of vacua which realize both properties is the product of the fractions which realize each, without explicitly finding the vacu
which realize both. Of course, the independence hypothesis might turn out to be false; if we found evidence of a co
betweenNgenand the c.c., that would be even more interesting (and surprising).

We can go on to make the same type of analysis for each of the characteristic properties of the Standard Model (the ga
group, the hierarchy, the details of the couplings and so on). While any one of its specific properties is ‘rare’ in the se
the great majority of vacua do not realize it (most vacua will not have unbroken gauge symmetry at low energy, etc.),
unlikely that any one of them (even the c.c.) is so rare as to allow only a few candidate vacua. Multiplying the fractions
which realize the various properties leads to an estimated fraction of vacua which agree with the Standard Model, fin
small that the task of finding the vacuum which actually realizes all of its properties simultaneously is almost imposs
the other hand, by separating the various properties of interest into subsets, such that correlations are possible only within
subset, we can hope to divide up the problem into manageable pieces.

These arguments and examples illustrate how, under certain possible outcomes for the actual number and distribution o
vacua, we could make well motivated predictions. Of course the actual numbers and distribution are not up to us to c
one can equally well imagine scenarios in which this type of predictivity is not possible. For example,Nvac ∼ 101000 would
probably not lead to predictions, unless the distribution were very sharply peaked, or unless we make further assumpti
drastically cut down the number of vacua.

5. Absolute numbers

The basic estimate for numbers of flux vacua [16] is

Nvac∼ (2πL)K/2

(K/2)! [cn],

whereK is the number of distinct fluxes (K = 2b3 for IIb on CY3) andL is a ‘tadpole charge’ (L = χ/24 in terms of the
related CY4). The ‘geometric factor’[cn] does not change this much, while other multiplicities are probably subdominant t
this one.

Typical K ∼ 100–400 andL ∼ 500–5000, leading toNvac ∼ 10500. This is probably too large for statistical selection
work.

On the other hand, this estimate did not put in all the consistency conditions. Here are two ideas, still rather specul

– Perhaps stabilizing the moduli not yet considered in detail (e.g., brane moduli) is highly non-generic, or perhaps most o
the flux vacua become unstable after supersymmetry breaking due to KK or stringy modes becoming tachyonic. A
there is no evidence for these ideas, but neither have they been ruled out.

– Perhaps cosmological selection is important: almost all vacua have negligible probability to come from the ‘preferre
conditions’. Negligible meansP ≪ 1/Nvac, and most proposals for wave functions or probability factors are not so highly
peaked, buteternal inflation(as studied by Linde, Guth, Vilenkin and others) might be (work in progress with Silver
et al.).

Such considerations might drastically cut the number of vacua. While we would then need to incorporate these effe
distribution, it is conceivable that to a good approximation these effects are statistically independent of the properties o
tribution which concern us, so that the statistics we are computing now are the relevant ones. Even if not, it seems ver
to us that cosmology will select a unique vacuum a priori; rather we believe the problem with these considerations ta
account will not look so different formally (and perhaps even physically) from the problem without them, and thus we p
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6. Stringy naturalness

The upshot of the previous discussion is that in this picture, either string theory is not predictive because there are
vacua, or else the key to making predictions is to count vacua, find their distributions, and apply the principles of s
selection.

To summarize this, we again oversimplify and describe statistical selection as follows: we propose to show that a
�X cannot come out of string theory by arguing thatno vacuum realizing�X reproduces the observed small c.c. (actually, we
considering all properties along with the c.c.). One might ask how we can hope to do this, given that computing the
specific vacuum to the required accuracy isfar beyond our abilities. The point isthat it should be far easier to characterize
distribution of c.c.’s than to compute thec.c. in any specific vacuum. To illustrate, suppose we can compute it at tree lev
that these results receive complicated perturbative and non-perturbative corrections. Rather than compute these exa
vacuum, we could try to show that they are uncorrelated with the tree level c.c.; if true and if the tree level distribution is
(say uniform), the final distribution will also be simple.

If so, tractable approximations to the true distribution of vacua can estimate how much unexplained fine tuning is
to achieve the desired EFT, and this is theunderlying significance of the definition of ‘stringy naturalness’ we gave above.

Thus, we need to establish that vacua satisfying the various requirements exist, and estimate their distribution.
discuss results on these two problems, and finally return to the question of the distribution of supersymmetry breaking

7. Constructing KKLT vacua

The problem of stabilizing all moduli in a concrete way in string compactification has been studied for almost 20 years. On
of the early approaches was to derive an effective Lagrangian by KK reduction, find a limit in which nonperturbative eff
small, and add sufficiently many nonperturbative corrections to produce a generic effective potential. Such a generic
depending on all moduli, will have isolated minima. While the idea is simple, the complexities of string compactificati
the presence of hundreds of moduli have made it hard to carry out.

A big step forward was the development of flux compactification by Polchinski and Strominger [17]; Becker and
[18]; Dasgupta, Rajesh and Sethi [19], and many others. Since the energy of fluxes in the compactification manifold
on moduli, turning on flux allows stabilizing a large subset of moduli at the classical level. Acharya [20] has proposed t
in G2 compactification, all metric moduli could be stabilized by fluxes. However it is not yet known how to make exp
computations in this framework.

The most computable class of flux compactifications at present is that of Giddings, Kachru and Polchinski [21
orientifold compactification, because one can appeal to the highly developed theory of Calabi–Yau moduli spaces an
However the IIb flux superpotential does not depend on Kähler moduli, nor does it depend on brane or bundle mod
one can argue that the brane/bundle moduli parameterize compact moduli spaces (e.g. consider the D3 brane), an
will be stabilized by a generic effective potential. However, for the Kähler moduli, we need to show that the minimum
at infinite volume, or deep in the stringy regime (in which case we lose control). Thus we need a fairly explicit expres
their effective potential.

Kachru, Kallosh, Linde and Trivedi (KKLT) [1] proposed to combine the flux superpotential with:

– a nonperturbative superpotential produced by D3 instantons and/or D7 world-volume gauge theory effects. Thes
on Kähler moduli and can in principle fix them.

– energy from an anti-D3 brane, which would break supersymmetry and lift the c.c. to a small positive value.

However they did not propose a concrete model which contained these effects, and in fact such models are not so
find. The main problem is that most brane gauge theories in compactifications which cancel tadpoles, have too much
generate superpotentials. One needs systematic techniques to determine this matter content, or compute instanton correcti
and find the examples which work.

In [2], Denef, Florea and I found the first examples which work. Our construction relies heavily on the analysis of in
corrections in F theory due to Witten [22], Donagi and especially Grassi [23]. Their starting point was to compactify M
on a Calabi–Yau fourfoldX. This leads to a 3D theory with four supercharges, related to F theory and IIb ifX is T 2-fibered,
by taking the limit vol(T 2) → 0. The complex modulus of theT 2 becomes the dilaton-axion varying on the baseB.

In M theory, an M5 brane wrapped on a divisorD (essentially, a hypersurface), will produce a nonperturbative superpote
if D has arithmetic genus one:

1 = χ(OD) = h0,0 − h0,1 + h0,2 − h0,3.
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Each of these complex cohomology groups leads to two fermion zero modes; an instanton contributes toW if there are exactly
two. A known subset of these (vertical divisors) survive in F theory.

In the F theory limit, only divisors which wrap theT 2 contribute, and these correspond to D3-instantons wrapping sur
in B. Thus, we looked for F theory compactifications on an elliptically fibered fourfoldX with enough divisors of arithmeti
genus one, so that a superpotential

W = Wflux +
∑
i

bi e−�t ·Di

will lead to non-trivial solutions toDW = 0 by balancing the exponentials against the dependence coming from the K
potential.

In the math literature, there is a very general relation between divisors of a.g. one, and contractions of manifolds. I
that no model with one Kähler modulus can stabilize Kähler moduli (see also [24]), atleast by using a.g. one divisors. No
there may be ways beyond the a.g. onecondition: Witten [22] suggested thatχ(D) > 1 might work as well (without providing
examples); furthermore Gorlich et al. [25] have argued that flux lifts additional matter and relaxes some of these cons

In any case, there is no problem if the CY threefold has more than one Kähler modulus, as in the vast majority
Using the very complete study of divisors of a.g. one of A. Grassi [23], we have found 6 models with toric Fano threefo
which can stabilize all Kähler moduli, and could be analyzed in detail using existing techniques.

The simplest,F18, has 89 complex structure moduli. According to the AD counting formula, it should have roughlε ×
10307 flux vacua with all moduli stabilized, where

ε = gs × |W |2
m6

s

∣∣∣∣
max

.

Models which stabilize all Kähler moduli using a.g. one divisors are not generic, but they are not uncommon either; t
are 29 out of 92 with Fano base, and probably many more withP

1 fibered base. This last class of model should be simple
part because they have heterotic duals, but analyzing them requires better working out the D7 world-volume theories
expect one can add antibranes or D breaking as in the KKLT discussion to get de Sitter vacua, but have not yet analyz

8. Flux vacua

We recall the ‘flux superpotential’ of Gukov, Taylor, Vafa and Witten in IIb string on CY,

W =
∫

Ω(z) ∧ (F (3) + τH(3)).

The simplest example is to consider a rigid CY, i.e. withb2,1 = 0 (for example, the orbifoldT 6/Z3). Then the only modulus i
the dilatonτ , with Kähler potentialK = − log Imτ , and the flux superpotential reduces to

W = Aτ + B; A = a1 + Πa2; B = b1 + Πb2

with Π = ∫
Σ2

Ω(3)/
∫
Σ1

Ω(3), a constant determined by CY geometry.
Now it is easy to solve the equationDW = 0:

DW = ∂W

∂τ
− 1

τ − τ̄
W = −Aτ̄ − B

τ − τ̄

soDW = 0 at τ̄ = −B/A whereτ̄ is the complex conjugate.
The resulting set of flux vacua forL = 150 andΠ = i is shown in Fig. 1. A similar enumeration for a Calabi–Yau withn

complex structure moduli, would produce a similar plot inn + 1 complex dimensions, the distribution of flux vacua. It co
(in principle) be mapped into the distribution of possible values of coupling constants in a physical theory.

This intricate distribution has some simple properties. For example, one can get exact results for the largeL asymptotics,
by computing a continuous distributionρ(z, τ ;L), whose integral over a regionR in moduli space reproduces the asympto
number of vacua which stabilize moduli in the regionR, for largeL,∫

R

dzdτ ρ(z, τ ;L) ∼L→∞ N(R).

For a region of radiusr , the continuous approximation should become good forL � K/r2. For example, if we consider
circle of radiusr aroundτ = 2i, we match on to the constant density distribution forr >

√
K/L, as we see in Fig. 2.
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d

oduli
Fig. 1. Values ofτ for rigid CY flux vacua withLmax= 150, from [4].

Fig. 2. Number of vacua in a circle of coordinate radiusR aroundτ = 2i, with R increasing in steps dR = 0.01. Light bars give the estimate
value, dark bars the actual value.

Explicit formulae for the continuous densities canbe found, in terms of the geometry of the moduli spaceC. The simplest
such result [16] computes the index density of vacua:

ρI (z, τ) = (2πL)b3

b3!πn+1
det(−R − ω · 1),

whereω is the Kähler form andR is the matrix of curvature two-forms. Integrating this over a fundamental region of the m
space produces an estimate for the total number of flux vacua. For example, forT 6 we foundI ∼ 4 × 1021 for L = 32. Since
r ∼ 1 in the bulk of moduli space, the conditionL > K/r2 for the validity of this estimate should be satisfied.
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Another example is the ‘mirror quintic’, with a one parameter moduli spaceMc(Q̃) [4]. The integral is

1

π2

∫
C

det(−R − ω) = 1

12
χ

(
Mc(Q̃)

) = 1

60
.

This density is ‘topological’ and there are mathematical techniques for integrating it over general CY moduli spac
Good estimates for the index should become available for a large class of CY’s over the coming years.

9. Distributions of flux vacua

In Fig. 3, we see the detailed of the distribution of flux vacua on the mirror quintic (K = 4 andn = 1), on a real slice
through the complex structure moduli space. Note the divergence atψ = 1. This is the conifold point, with a dual gauge theo
interpretation. It arises because the curvatureR ∼ ∂∂̄ log log|ψ − 1|2 diverges there. The divergence is integrable, but a fi
fraction of all the flux vacua sit near it.

Quantitatively, for the mirror quintic,

– About 3% of vacua sit near the conifold point, with an induced scale|ψ − 1| < 10−3.
– About 1% of vacua have|ψ − 1| < 10−10. More generally, the density and number of vacua withS ≡ ψ − 1 goes as

ρvac∼ d2S

|S logS|2 ; Nvac|S<S∗ ∼ 1

| logS∗| .

Writing S = e−1/g2
, this isρ ∼ d2g/|g|2.

– About 36% of vacua are in the ‘large complex structure limit’, defined as Imt > 2 with 5ψ = e2π it/5. Here ρ ∼
d2t/(Im t)2.

Vacua close to conifold degenerations are interesting for model building, as they provide a natural mechanism for g
large hierarchies. We have found that such vacua are common, but are by no means the majority of vacua. Note tha
cases they have a dual gauge theory interpretation, while in other cases they should be thought of as supergravity backgro
possibly leading to Randall–Sundrum phenomenology [27].

The question of which interpretation is appropriate depends on the local parametergsN whereN is the specific flux dual to
the number of branes, and on the embedding of the Standard Model. It would be very interesting of course if one or
alternative were strongly favored in the vacuum counting. Assuming the uniform distributions dgs and dN , one might expect a
preference forgsN > 1 and Randall–Sundrum, but the ratio would seem to be at most of order 102–103 which could easily be
outweighed by other considerations. To do this right, one should also factor in the (model-dependent) relation betweengs and
the known (string scale) Standard Model couplings, which probably lowers the expectedgsN .

Fig. 3. The susy vacuum number density per unitψ coordinate volume,πρgψψ̄ /12, on the realψ -axis, for the mirror quintic.
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Fig. 4. The number density of susy vacua with positive mass matrix, per unit coordinate volume, on the realψ -axis, for the mirror quintic.
Compare to Fig. 3.

Fig. 5. Left: Vacuum number densities (true and absolute value of index) in the large complex structure limit (F = 2/
√

3), as a function of
cosmological constant value, from [4]. Right: Same near the conifold limit (F = 100 for this example).

Suppose we go on to break supersymmetry by adding an anti D3-brane, or by other D term effects. The previous
applies (since we have not changed the F terms), but now it is necessary that the mass matrix at the critical point is
The resulting distribution of tachyon-free D breaking vacua is given in Fig.4. In fact, most D breaking vacua near the conifo
point have tachyons (for one modulus CYs), so we get suppression, not enhancement. This is not hard to understan
the mechanism is a sort of ‘seesaw’ mixing between modulus and dilaton, which seems special to one parameter mod

In Fig. 5 one sees the distribution of (negative) AdS cosmological constantsΛ̂ = 3eK |W |2, both at generic points (left) an
near the conifold point (right). Note that at generic points it is fairly uniform, all the way to the string scale. On the othe
imposing small c.c. competes with the enhancement of vacua near the conifold point. The left hand graph compares
number of vacua (green) with the index (red). The difference measures the number of Kähler stabilized vacua, vacua w
exist because of the structure of the Kähler potential, not the superpotential.

10. Large complex structure/volume

Another simple universal property: givenn � 1 moduli, the number of vacua falls off rapidly at large complex structure
in a IIa mirror picture at large volumeV , as∫

V>V

ρ ∼ V
−n/3
0 .
0
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To see this, first note thatR ∼ ω in this regime, so the distribution of vacua is determined by the volume form derived
the metric on the space of metrics,

〈δgij , δgkl〉 = 1

V

∫
CY

√
ggikgjlδgij δgkl.

The 1/V factor (which compensates the
√

g) comes from the standard derivation of the kinetic term in KK reduction on
Because of the inverse factors of the metric, this falls off with volume asV −1/3. Since the volume form is

√
G, this factor

appears for each modulus. For largen, N ∼ V −n/3 is a drastic falloff, and (as we saw explicitly in an example in [2]) typica
there are no vacua in this regime.

A possible physical application of this: we know how to stabilize complexstructure moduli using fluxes in IIb. Suppose w
can use T-duality to get a corresponding class of models in IIa with stabilized Kähler moduli. Then, the mirror interpretation o
this result is the number of vacua which stabilize the volume of the compact dimensions at a given value. Clearly large
is highly unnatural in this construction, but doany vacua reach theV ∼ 1030 of the ‘large extra dimensions’ scenario [28]?

Writing V ∼ R6, we find a number of vacua

N ∼ (2πL)KR−K

K !
so largeK disfavors large volume in this case, and the maximum volume one expects is of order

V ∼
(

2πL

K

)6
,

where the parameterL = χ/24 in F theory compactification on fourfolds.
In fact the maximal value we know of forL is L = 75852 [29], but this comes with a largeK as well. Now the effectiveK

might be reduced by imposing discrete symmetries, so a few large volume flux vacua might exist. But the general con
that large volume is highly disfavored within this class of vacua.

11. Supersymmetry breaking

Given a precise ensemble of effective field theories, such as the ensemble of IIb theories on CY with flux [21] in w
assume that the effective potential is given by the standard supergravity formula,

V = eK
(
gij̄DiW �Dj̄W∗ − 3|W |2) + D2,

the problem of counting supersymmetry breaking vacua and finding their distribution is a problem in mathematics, ver
to the problems we just discussed of counting supersymmetric vacua. We just want to count critical pointsV ′ = 0 with V ′′ a
positive definite matrix (so the vacua are metastable). One of course needs to justify the assumptions, but we return to

D breaking vacua (withDW = 0) are described by the earlier results, just we require the vacua to be tachyon free an
near zero c.c. Some results forF breaking flux vacua appear in [4], and we are continuing this study [6]. As we discu
the flux vacua which stabilize near conifold points are dual to the hierarchically small scales arising from gauge theory
vacua should also include the traditional scenario in which such effects drive susy breaking at small scales. While our resu
are still preliminary, they are consistent with the idea that this is a generic class of vacuum.

However, our results also describe another generic class of vacuum not much discussed in previous literature, in
distribution of supersymmetry breaking scales is uniform with a fairly high cutoff, possibly of orderM2

str and possibly lower
(for example, see Eqs. (4.31) and (4.32) in [4]).

While this remains to be verified in detail, the likely picture of the distribution of supersymmetry breaking scales in
parameter model is the sum of uniform and hierarchically small components, which we could model by the ansatz

dµ [Msusy] ∼ c d(M2
susy) + (1− c)d logMsusy,

with a parameterc ∼ 0.5–0.9. The intuition which leads to this is simply that there is nothing inherent in the proble
supersymmetry breaking which favors low or high scales (as long asMsusy� MPlanck), so we should expect to see a distributi
much like what we saw in Fig. 3 for the scales which appear in supersymmetric vacua.

Now, once one believes in the existence of a significant population of vacua with high scale supersymmetry bre
becomes conceivable that stringy naturalness will not favor supersymmetry as a mechanism for solving the hierarchy
After all, the largest possible factor we could imagine gaining through supersymmetry is about 10100 (from mitigating the c.c.
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and hierarchy problems, as suggested in [14,30,31]), and if the ratio of high scale to low scale vacua was larger than
stringy naturalness would favor high scale breaking.

In fact, the factor by which supersymmetry improves the hierarchy problem is much less than 10100, as argued in [5,7,32]
This argument is already subtle and interesting. We can phrase it in terms of an estimate for the joint distribution of vac
Eq. (3.1), which one might naively guess goes as

dµ
[
M2

H,M2
susy,Λ

] ∼ dM2
H

M2
susy

dΛ

M4
susy

dµ
[
M2

susy
]

(?) (1)

leading to the 10100 factor. However, both explicit factors in this formula are incorrect.
One way to see that the factor dΛ/M4

susyis not right, is to realize that it is based on the intuition thatΛ → 0 asMsusy→ 0,

but in supergravity this is of course not true. Rather, one needs to know the distribution of the parameter 3eK |W |2 which tunes
away the vacuum energy from supersymmetry breaking,

V = M4
susy− 3eK |W |2 =

∑
i

|Fi |2 +
∑
α

D2
α − 3eK |W |2. (2)

As we saw in Fig. 5, in flux vacua the parameter eK |W |2 is fairly uniformly distributed, from zero all the way to many tim
the string scale [4]. This means that an arbitrary supersymmetry breaking contribution to the vacuum energy, even on
below the string scale, can be compensated by the negative term, with no preferred scale.

The physics behind this is that the superpotentialW is a sum of contributions from the many sectors. This includes su
symmetric hidden sectors, so there is no reasonW should be correlated to the scale of supersymmetry breaking, and no r
the cutoff on theW distribution should be correlated to the scale of supersymmetry breaking. Such a sum over randomly
complex numbers will tend to produce a distribution d2W , uniform out to the cutoff scale. For fluxes this is the string scale,
this is plausible for supersymmetric sectors more generally. Finally, writingW = eiθ |W |, we have

d2W = 1

2
dθ d

(|W |2) = 1

2
dθ d

(|W |2)
(3)

leading very generally to the uniform distribution for 3|W |2. Thus, the corrected version of Eq. (1) goes as dΛ/M4
str, and the

need to get small c.c.does not favor a particular scale of susy breakingin these models [5].
Next, the idea that a fractionM2

H/M2
susyof models will fine tune the Higgs mass is very likely incorrect as well, as poi

out by Dine, Gorbatov and Thomas [32]. This is because soft masses in models with a high scale of supersymmetry brea
are naturally of the orderM2

3/2 = M4
susy/M

2
Planck(through non-renormalizable operators; gravitino loop effects and so forth

A plausible summary of the current understanding of this distribution is as follows:

– If the model contains no mechanism for solving theµ problem, supersymmetry does not help at all (there is a super
metric mass termµH1H2), and we expect a fractionM2

H/M2
st of models to realize the observed Higgs mass.

– If Msusy> (MHMpl)
1/2 ∼ 1010 GeV, then

dµ
[
M2

H,M2
susy

] ∼ M2
H

M4
susy/M

2
pl

, M2
susy> MHMpl

in a relatively model independent way.
– If Msusy� (MH Mpl)

1/2 ∼ 1010 GeV, we are in the situation of ‘gauge mediation’, in which the leading couplin
supersymmetry breaking to the soft masses is model dependent. While we would need information about the dis
of matter theories to say anything precise about this, it is reasonable to assume thatMH is roughly independent ofMsusy,
and

dµ
[
M2

H,M2
susy

] ∼ ε ∼ 1, M2
susy� MHMpl.

While this is already a bit complicated, we can draw from it the conclusion that if the number of vacua grows fas
supersymmetry breaking scale thanM2

susy,

dµ
[
M2

susy
] ∼ M2α

susyd
(
M2

susy
)
, with α > 1,

thenhigh scale breakingwill be favored. While there would be many further points to make precise, this would start to b
gist of an argument predicting thatwe would not see superpartners at LHC.

What makes this observation particularly interesting is that there is in fact a very simple mechanism which could l
power law growth of the number of vacua with supersymmetry breaking scale [7,5]. It is that the total supersymmetry b
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scale (which entersM3/2 for example) is the sum of positive quantities (as in Eq. (2)). Not only is there no possibility o
cancellations which led to Eq. (3), one can easily imagine that such a sum could produce a rapidly growing distributio

For example, convolving uniform distributions for each of the individual breaking parameters, d2F and dD, gives

ρ
(
M2

susy
) =

∫ nF∏
i=1

d2F

nD∏
α=1

dD dM4
susyδ

(
M4

susy−
∑

|F |2 −
∑

D2
)

∼ (
M2

susy
)2nF +nD−1 dM2

susy.

Now the inequality 2nF + nD � 2 is surely satisfied by almost all string models; indeed we see that even the distributio2F

(in obvious analogy to Eq. (3)) would already be on the edge.
While all this oversimplifies the real distributions, I believe it does make the point that very simple and natural assu

– specifically, the existence of many hidden sectors, and the factthat supersymmetry breaking can receive independent co
butions in each – might in principle lead to so many high scale models that high scale supersymmetry breaking bec
natural outcome of string/M theory compactification.

As I mentioned, Denef and I hope to get more definite results for the distribution of susy breaking scales in flux vacu
long. There are of course many more issues to consider: it might be that physics we neglected also puts a lower cut
maximal flux for supersymmetric vacua, it might be that theµ problem is hard to solve, there might be large new classe
nonsupersymmetric vacua (as suggested in [33]), etc.

12. Conclusions

We have gone some distance in justifying and developing the statistical approach to string compactification.
We have specific IIb orientifold compactifications in which all Kähler moduli are stabilized, and vacuum counting estimat

which suggest that all moduli can be stabilized. So far, it appears that such vacua are not generic, but they are not uncom
either: about a third of our sample of F theory models with Fano threefold base should work.

We have explicit results for distributions of flux vacua of many types: supersymmetric, non-supersymmetric, tachyon-fre
They display a lot of structure, with suggestive phenomenological implications:

– Large uniform components of the vacuum distribution.
– Enhanced numbers of vacua near conifold points.
– Correlations with the cosmological constant.
– Falloff in numbers at large volume and large complex structure.

There are intuitive arguments for some of the most basic properties. For example, the−3eK |W |2 contribution to the super
gravity potential is uniformly distributed with a large (at least string scale) cutoff, because of contributions from supersym
hidden sectors. Thus, the need to tune the c.c. does not much influence the final numbers.

We start to see the possibility of making real world predictions:

– Large extra dimensions are heavily disfavored with the present stabilization mechanisms.
– Hierarchically small scales (gauge theoretic or warp factor) are relatively common.
– Uniform distributions involving many susy breaking parameters, favor high scales of supersymmetry breaking.
– This may imply that the gravitino and even superpartner masses should be high, thanks to supersymmetry breakin

hidden sectors.

While various assumptions entered into the arguments we gave, the only essential ones are that

• Our present pictures of string compactification are representative of the real world possibilities.
• The absolute number of relevant string/M theory compactifications is not too high.

With further work, all the other assumptions can be justified and/or corrected, because they were simply shortcuts in the pr
of characterizing the actual distribution of vacua.

Since interesting results already follow from general properties of the theory, and we now have evidence that the
distribution of string/M theory vacua has many simple properties, we are optimistic that a reasonably convincing pi
supersymmetry breaking and other predictions can be developed in time for Strings 2008 at CERN.
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