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Abstract

Quadratic spatial solitons, beams that propagate unchanged in shape and magnitude, are supported by second order optical
nonlinearities and can occur in all wave mixing processes under appropriate conditions. They are multi-component, consisting of
all the frequency components that are coupled by a second order nonlinear interaction near a phase-matching condition. They have
been observed in a number of bulk crystalline media, in LiNbO3 slab waveguides and in arrays of parallel, weakly coupled, LiNbO3
channel waveguides. The properties of the solitons and their excitation will be reviewed. To cite this article: G.I. Stegeman, C. R.
Physique 8 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Solitons spatiaux quadratiques. Les solitons spatiaux quadratiques, rayons qui se propagent à forme et amplitude constantes,
sont gouvernés par les non-linéarités optiques du deuxième ordre et peuvent, dans des conditions appropriées, se produire dans
tous les processus de mélange d’ondes. Ils sont multi-composantes, constitués de toutes les composantes fréquentielles qui sont
couplées par une interaction non linéaire du deuxième ordre au voisinage d’une condition d’accord de phase. Ils ont été observés
dans un certain nombre de milieux cristallins en volume, de guides d’ondes planaires en LiNbO3 et sur des ensembles de guides
d’ondes canaux en LiNbO3, parallèles et faiblement couplés. Cet article fait le point sur les propriétés des solitons et leur processus
d’excitation. Pour citer cet article : G.I. Stegeman, C. R. Physique 8 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the evolution of nonlinear optics, second order nonlinear interactions (via the susceptibility χ(2)) have been
primarily concerned with generating new frequencies as efficiently as possible. Second harmonic generation (SHG) in
which the frequency of an input wave is doubled is by far the most frequent application since the inception of the field
in the 1960s [1]. Sum (SFG) and difference (DFG) frequency generation of two input beams of different frequency has
also been important, primarily because these two processes are the basis for optical parametric generation (OPG) and
amplification (OPA) [2]. These processes and their applications are dealt with in detail elsewhere in this special issue.
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Here the focus will be on a phenomenon well-known in wave science that all nonlinearities can support waves
that propagate without change in their shape and peak amplitude, i.e., spatial solitons [3]. The early history of spatial
solitons in optics has been dominated by investigations in Kerr or Kerr-like materials that support mono-frequency
solitons [4–7]. In Kerr media which can be defined by a local index change �n linear in the local intensity (i.e.,
�n = n2I ), self-focusing of beams is known to occur for n2 > 0. Bright Kerr solitons exist when this self-focusing
process is balanced by linear diffraction. In this case the diffraction referred to is in the plane of the waveguide and is
quantified by the diffraction length Ld. There is also a characteristic nonlinear length Lnl defined approximately by the
distance that the beam propagates to acquire a maximum nonlinear phase shift �φNL ∼= π/2 where �φNL = kvacn2I .
Spatial solitons can exist when Lnl � Ld, i.e., when the nonlinear process is dominant. But, such Kerr bright solitons
can only exist in slab waveguides (1D) [8]. Bulk Kerr media for which beams diffract in two spatial directions do not
support spatial solitons [8]. However, for any departure from the �n = n2I behavior, usually due to the saturation
of an electronic transition, bulk media do support 2D solitons and these have been observed [9]. Other nonlinear
materials in which bright spatial solitons have been observed in either 1D or 2D include photorefractive materials,
liquid crystals, active semiconductors, etc. [10–13].

For quadratically nonlinear media, it is known that there are mechanisms that effectively lead to self-focusing
of beams [14]. For example, for SHG it is known that nonlinear phase shifts are accumulated on propagation due to
‘cascading’ in χ(2), similar to those obtained in self-focusing Kerr media [15]. Furthermore, the nonlinear polarization
induced is given, for example for Type I second harmonic generation (SHG), by

P NL = ε0χ
(2)
eff

[
E2(ω) + 2E(2ω)E∗(ω)

]
(1)

where χ
(2)
eff is the effective second order susceptibility for the particular interaction. Both the sum [E2(ω)] and dif-

ference [E(2ω)E∗(ω)] frequency processes are proportional to the product of two optical fields. Assuming beams
of finite transverse cross-section, the resulting nonlinear polarization source P NL is narrower in space than either
of the two fields and it generates narrowed fields at 2ω and ω respectively. Thus the total beams are narrowed on
propagation. These narrowing processes can counteract diffraction, leading to solitonic propagation. Based on these
processes, quadratic spatial solitons have been observed in χ(2)-active slab waveguides and bulk media [16–23]. The
newest geometries in which quadratic solitons have been observed have utilized arrays of weakly coupled channel
waveguides [24,25]. A selection of all of these cases, chosen to describe some fundamental properties, will be re-
viewed in this article.

2. 1D (slab waveguide) quadratic solitons

2.1. Theory

The discussion here will be focused on the simplest case of SHG in Type I or QPM (Quasi-Phase-Matched) config-
urations. Similar but more complicated results are obtained for Type II geometries, SFG, DFG, OPGs and OPAs [26].
The coupled wave equations, including 1D diffraction, are well known for Type I or QPM SHG [27]. Considering the
simplest case of a 1D slab waveguide with propagation along the z-axis and diffraction along the y-axis,
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with the normalized (to unity power) fundamental (p = 1) and harmonic (p = 2) fields given by ap , kp are the guided

wave propagation wave vectors with �k = 2k1 − k2, and Γ ∝ χ
(2)
eff [27]. Here χ

(2)
eff depends on the polarizations of the

interacting waves and is averaged by an overlap integral over the x-direction of the waveguide.
These equations, subject to the condition ∂|ap|/∂z = 0, do not have analytical solutions except for two very special

cases and need to be solved numerically to find the solitons which are the nonlinear eigenmodes of the SHG process
[28,29]. They satisfy the nonlinear polarization driven wave equation for each of the frequency components coupled
together via χ(2). For a given wavevector mismatch and total power there will be a unique spatial soliton. Thus there
are two governing parameters. For each of these parameters there are specific amplitudes, spatial widths and relative
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Fig. 1. The energy versus normalized wavevector mis-
match existence diagram for 1D (slab waveguide)
Type I quadratic spatial solitons.

Fig. 2. Variation in the fraction of power carried by the
fundamental (ω) and harmonic (2ω) components of a
1D quadratic soliton versus the normalized wavevector
mismatch.

phases associated with each of the frequency components present in the soliton. For Type I or Quasi-phase-matched
(QPM) SHG geometries the steady state solutions consist of in phase fundamental and harmonic fields. Note that this
contrasts strongly with the case of efficient frequency conversion, for example for SHG, which is optimized for a π/2
phase shift between the two fields. Furthermore, there is an additional nonlinear phase contribution to both steady state
fields which is linear with distance. It occurs under all phase-matching conditions [30,31]. This can be considered to
be an additional contribution to the propagation wave vectors. In fact, the only way to lock the two fields to be always
in phase even when there is an initial linear wavevector mismatch is for the effective nonlinear contributions to the
propagation wave vectors to be sufficiently different to also cancel out that initial linear wavevector mismatch.

Numerical results for the key soliton properties are shown in Figs. 1 and 2 [32]. The regions of parameter space
(normalized wavevector mismatch versus soliton intensity) that can support 1D quadratic solitons are shown in Fig. 1.
Quadratic solitons can exist at all intensities for positive wavevector mismatch and for negative wavevector mis-
matches above the solid line. Note that these thresholds are for the steady state solutions. The ratio of the peak
amplitudes of the two fields changes with wavevector mismatch. This behavior shown in Fig. 2 is typical, i.e., as
the wavevector mismatch decreases to zero and becomes progressively more negative, the fundamental contribution
decreases and the harmonic component increases. For large positive wavevector mismatch when the harmonic is neg-
ligibly small, this is the so-called Kerr or cascading limit in which the second order interaction leads to an effective
Kerr nonlinearity given by n2,eff = 2kvac[χ(2)

eff ]2/ε0cn
3�k and the solutions approach asymptotically those for 1D

Kerr solitons.
The steady state soliton solutions can be optimally excited at the input to a sample by injecting both the fundamental

and harmonic in the proper ratio, and in phase [18]. The quadratic solitons are ‘robust’ in the sense that any strong
excitation of the fundamental and harmonic will evolve into the solitons, providing the initial conditions contain
enough total power for a soliton to exist. If they were not robust and instead required very well specified initial
conditions on the fields, they would be very difficult to excite. In fact, experimentally it is easier to inject only the
fundamental and rely on the fact that second harmonic can be generated with distance down the waveguide. The
problem, of course, is that the second harmonic will initially be π/2 out of phase with the fundamental where-as the
quadratic soliton require in-phase fields. Because the solitons are the nonlinear eigenmodes of the nonlinear medium,
the magnitude, width and phase of the generated harmonic field evolves with distance into the soliton field [33,34].
This does not occur adiabatically and some fundamental and harmonic are radiated away. An example of how the
magnitudes of the fields evolve is shown in Fig. 3 [17]. Note that there are radiation fields generated which propagate
away from the region of the soliton resulting in net losses between the input power and the final soliton power.
Hence the threshold intensities required for soliton excitation will be larger than those shown in Fig. 1. After a few
diffraction lengths, a very good approximation to a quadratic soliton is obtained. In general, the larger the second
harmonic needed, the longer the distance required for steady state to be reached by fundamental only excitation.

Having established the complexity of finding solutions and the field structure for quadratic solitons, the question
is whether there are any simple approximate ways to determine the powers etc. required for soliton excitation? In
fact one can develop “rule-of-thumb” estimates for the appropriate fundamental intensity incidence condition in terms
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Fig. 3. Simulations of the evolution of both the fundamental and har-
monic fields with propagation distance when a 1D quadratic soliton
is excited by the fundamental field only.

Fig. 4. The output beam profiles of the fundamental (FD) and second har-
monic (SH) components of a 1D quadratic soliton from a QPM LiNbO3
slab waveguide when excited right at phase-matching.

of the effective lengths associated with the different processes present. Quadratic solitons can be generated when
Ld � Lcoh > Lpg where the diffraction length is Ld = πw2

0n/λ,Lcoh is the coherence length associated with the

wavevector mismatch |�k| and Lpg ∼= cn/2ωχ
(2)
eff |a1(0,0)| is the parametric gain length associated with SHG, i.e., the

distance required for a substantial exchange of energy between the two frequencies.

2.2. 1D quadratic solitons

Experiments have been reported in LiNbO3 at 1550 nm with both Type I and QPM phase-matching using fun-
damental wave only excitation [16,17]. The sample length was 5 cm in these experiments and a narrow bandwidth
pulsed laser with pulse width of about 8 ps was used. The most detailed work was done for the QPM case utilizing
the large d33 coefficient and waveguides 5 cm long [17]. Shown in Fig. 4 are the intensity profiles of a soliton on
phase-match [17]. As predicted in Fig. 2, the fundamental beam contains about twice the energy of the harmonic for
this case. Note that the beam widths at the two frequencies are comparable for this case. What is most noteworthy
is that, despite the fact that the harmonic was generated by the fundamental which usually leads to a distortion of
the fundamental profile, both soliton components exhibit undistorted profiles. This is a direct consequence of soliton
formation!

Additional experiments were performed at a fixed value of the phase (wavevector) mismatch, 7.1π , and increasing
the input power [17]. The family of spatial solitons corresponding to a vertical slice in Fig. 1 was experimentally
obtained and is shown in Fig. 5. Note that the vertical axes are quoted in terms of pulse energies because the high
soliton powers required necessitated pulsed lasers. The trade-off between the soliton width and peak power is clear
although the product is not a constant as it is in the Kerr case. Furthermore, it can also be seen that the lower the
peak power of the soliton’s fundamental, the weaker the harmonic component. The agreement between experiment
and theory is good.

In a quadratic soliton the different frequency components are locked together in space, i.e., have the same direction
for their group velocities. For the two LiNbO3 geometries studied extensively, Type I and QPM, the solitons were
generated primarily along a crystal axis so that the group velocities were collinear. However, by tuning the fundamental
input direction away from a crystal axis by tilting the sample relative to the input beam, different group velocity
directions can be induced for the fundamental and harmonic [35]. Shown in Fig. 6 are simulations for the fundamental
and harmonic when the fundamental is excited at a few degrees from the crystal axis. At low powers, the fundamental
would diffract and propagate in a direction orthogonal to the transverse axis. In Fig. 6(a), the direction that a soliton’s
fundamental beam propagates is shown to be deflected from the low power case. Fig. 6(b) reveals the direction into



G.I. Stegeman / C. R. Physique 8 (2007) 221–233 225
Fig. 5. The trade-off between the pulse energy in the fundamental (FW) and harmonic (SH) components of a 1D quadratic soliton and the full width
half maximum width of the components for QPM LiNbO3 slab waveguides at 1550 nm for a low power phase mismatch of 7.1π . Shown in the
inset is a typical set of intensity profiles.

Fig. 6. Simulation of the propagation of (a) the fundamental beam and (b) the second harmonic of a quadratic soliton with walk-off. No seed beam
for the second harmonic was launched. The weak, diffracting, freely propagating part of the second harmonic was radiated at the walk-off angle
indicated by the dashed line in (b). A low power (no soliton locking) fundamental (not shown) propagated as shown by the dashed line in (a).
Both the fundamental and second harmonic soliton components propagated together in a direction intermediate between the freely propagating
fundamental and harmonic.

which the (non-soliton) freely propagating (and diffracting) harmonic component is radiated from the input interface
and the direction of the soliton’s harmonic component. At the high powers associated with soliton formation, the
two beams are pulled towards each other where they spatially lock together and propagate in the same direction. The
experimental deflection of the fundamental component of the soliton from the direction of the freely propagating
fundamental beam is shown in Fig. 7 for three cases. Note that the walk-off length, Lw must be shorter than the Lpg
for the spatial locking to take place.

When the power in an input fundamental beam of fixed width is increased to powers higher than those required for a
single soliton, filamentation can eventually occur [36,37]. This occurs due to a process called ‘modulational instability’
and is a consequence of the same trade-offs between diffraction and self-focusing known for soliton formation. An
example of the evolution is shown in Fig. 8 for a Type I birefringence phase-matched sample [37]. In Fig. 8(a), there
are three superimposed curves. The input beam is the dashed line, the diffracted beam is the wide solid line and the
soliton, obtained at an input power of 2.4 kW, is the solid dark line. Note that the low power tails of the soliton are
wider and more intense than those on the input beam. This is a consequence of using pulsed excitation and these low
power tails are too weak to participate in the soliton process and undergo linear diffraction. For peak input powers
about twice the soliton power, a strong side lobe appears on each side of the main soliton peak, innermost curves in
Fig. 8(b). These side lobes are not quite intense enough to form solitons and they eventually radiate away to the sides
of the waveguide. At four times the soliton power, four peaks appear whose position and relative peak power varies
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Fig. 7. Fundamental output beam profiles when a quadratic soliton is generated in a 1D LiNbO3 slab waveguide along the crystal axis, and at
angles (denoted by α) on either side of the crystal axis. The position zero corresponds to the output position of each low power fundamental, i.e.,
no soliton formation.

(a) (b)

Fig. 8. Intensities of fundamental beam profiles. (a) Dashed line—a 74 µm wide FW input beam injected into a QPM Ti:indiffused, LiNbO3 slab
waveguide; wide dark line—diffracted beam; heavy dark line—1D quadratic spatial soliton. (b) Three-peaked line—output at twice the single
soliton power threshold showing the soliton and two weaker filaments; similar dashed, dotted and solid lines—multi-filament outputs which vary
from shot-to-shot.

from shot-to-shot of the pulsed laser. This corresponds to noise-initiated modulational instability which was predicted
many years ago for the quadratic case [36]. More detailed experiments with much wider input beams have established
that the spacing between the filaments decreases with increasing power and that the ‘gain’ coefficients associated with
filament formation from noise agree well with theory [38]. For propagation distances much longer than the samples
used, these beams would separate laterally and eventually evolve into individual solitons. For very wide input beams,
many filaments occur and continue to interact semi-chaotically for long propagation distances [39]. In the infinitely
wide beam case, these filaments never evolve into individual solitons.

2.3. Quadratic solitons in bulk media

The power versus wavevector of the soliton existence region for 2D is similar to the 1D case. The major difference
is that the boundary of the existence region rises from zero at the origin with increasing positive wave vectors, as
shown in Fig. 9 [40]. This last feature differs from the 1D case in which there is no threshold for positive wavevec-
tor mismatch. Most of the other properties such as the power and wavevector dependence of the beam composition,



G.I. Stegeman / C. R. Physique 8 (2007) 221–233 227
Fig. 9. The energy versus normalized wavevector mismatch existence diagram for 2D Type I quadratic spatial solitons in bulk media.

Fig. 10. The SHG angle tuning response of the KNbO3 crystal versus
angle of incidence for the NCPM geometry.

Fig. 11. The fundamental beam threshold (pulse energy) for the gen-
eration of NCPM quadratic solitons in KNbO3 at 985 nm versus
incidence angle.

widths, locking into a common propagation direction in the presence of walk-off, etc. are generically the same, al-
though different in details [26,41]. Another interesting difference occurs due to the crystalline nature of many of the
media used for second order nonlinear interactions, namely that diffraction is anisotropic. That is, a low power circular
cross-section input beam evolves into an elliptic beam on propagation, which in turn leads to elliptically polarized spa-
tial solitons at high powers [42,43]. The resulting soliton ellipticity is small and has not been measured yet. However,
as will be discussed later, this crystal anisotropy impacts strongly the generation of multiple solitons with fundamental
only inputs.

Many experiments on quadratic soliton generation were reported in the 1990s. The materials used were KTP,
LiIO3, BBO and periodically poled KTP and LiNbO3 [18–23]. Fundamental wave only excitation was invariably used
in SHG geometries. As mentioned previously, essentially any doubling crystal which can be used to demonstrate SHG
will also lead to quadratic solitons at sufficiently high power levels. Discussed next will be a number of interesting
peculiarities observed in experiments performed on bulk crystals.

A number of features were observed in experiments on non-critically phase-matched (NCPM) KNbO3 [22]. Shown
in Figs. 10 and 11 are measurements of the angle tuning dependence of the SHG response (bandwidth) at low powers
for comparison with the bandwidth for soliton generation [22]. The NCPM SHG bandwidth is quite broad to start
with, namely about 7 degrees. However, note that for the 1.1 cm long crystal the soliton threshold power bandwidth is
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Fig. 12. Intensified image of a 985 NCPM quadratic soliton propagating in a NCPM KNbO3 crystal, excited by a 36 GW/cm2 incident beam.

Fig. 13. (a) to (d) are output patterns from a NCPM PPKTP crystal at different input intensities of the 985 fundamental beam. (e) is a simulation
for the conditions in (d). (f) is the harmonic intensity pattern corresponding to (d).

much larger, about 25 degrees. The reason is quite simple. The SHG bandwidth is associated with efficient generation
integrated over the full crystal length which is then approximately equal to Lpg. However, a soliton is fully formed at
the crystal’s output facet and occurs at the much higher powers for which Lpg is only a fraction of the crystal length
and the soliton bandwidth reflects this smaller Lpg.

Also obtained at very high powers in NCPM KNbO3 was a direct image of quadratic soliton propagation inside
the crystal [22]. It is shown, as photographed from above the crystal, in Fig. 12. In fact the scattering image had to be
electronically intensified since it was just barely visible to the eye. The dashed lines have been added to show how the
diffracting low power beam should appear. For that case the scattering was much too faint to be obtained.

Just as in the 1D case discussed previously, when the input fundamental beam power is increased beyond that
needed for a single soliton, a form of filamentation and radiation losses also occur in 2D. Shown in Fig. 13 is a collage
of outputs from a PPKTP crystal for increasing fundamental intensity input into the crystal on phase-match [43,44].
Fig. 13 (upper row) shows in sequence: (a) the fundamental diffracted beam, (b) the fundamental component of the
spatial soliton just above threshold, and (c) the fundamental component of the spatial soliton at two times threshold
with a ‘halo’ due to radiation around it. The appearance of two additional solitons at an input intensity three times
that of the single soliton threshold is shown in Figs. 13(d) and (f) respectively [43,44]. These results are in excellent
agreement with simulations of the propagation equations, as shown for the fundamental in Fig. 13(e).
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Fig. 14. Illustration of the radiation cones given off when quadratic solitons are excited with a fundamental only beam at input intensities above the
single soliton threshold. The formation of solitons due to a coalescence of the fields are also shown along directions corresponding to the weakest
diffraction.

Fig. 15. Multifilament patterns observed from NCPM KNbO3 at 985 nm with input fundamental intensities of 36 GW/cm2.

The physics of multi-soliton generation can be easily understood from the simulations [43,45,46]. For fundamental
beam excitation, both the fundamental and harmonic oscillate with propagation distance. This leads to the emission of
radiation in the form of diverging cones, Fig. 14(a). Typically the first cone diverges very quickly where-as the second
one (shown), generated some distance into the sample, diverges slowly. The crystal anisotropy leads to a preferred
transverse axis along which the diffraction is smaller than the orthogonal axis, as indicated in Fig. 14(b). The simu-
lations show that when the radiation is sufficiently intense, radiation along the axis exhibiting the slowest diffraction
coalesces into additional solitons, leading to the three soliton pattern along a line [44,45]. Another effect which has
been shown to lead to lines of multiple solitons is input beam asymmetry [45]. Since the rate of diffraction along a
given axis is inversely proportional to the input beam size along that direction, solitons are expected to coalesce out of
the radiation cones along the lines of the major axes of elliptical beam inputs. In fact that has also been demonstrated.

When input beams have peak intensities many times the threshold intensity for a spatial soliton corresponding to
that input beam width, filamentation occurs driven by the noise on the input beams [46,47]. Examples of such filaments
at input intensities ten times that of the soliton threshold are shown in Fig. 15 [47]. When the input is obtained from
pulsed lasers whose noise distribution varies from pulse to pulse, the output patterns from the crystal also vary from
shot-to-shot.

An important question is whether soliton generation is useful for efficient second harmonic generation, i.e., in
commercial doublers. The largest advantage afforded by quadratic solitons is that the field profiles of all of the fre-
quency components are essentially perfect [48]. However, the ‘price to be paid’ for this attractive feature is quite high.
The structure of the solitons, i.e., the fundamental to harmonic ratio is fixed so that the maximum SH conversion is
typically 50%. Furthermore, that conversion efficiency is achieved over only a fraction of the crystal length and the
remaining length is used to reach a steady state soliton. Indeed, if efficient frequency conversion is the primary goal,
soliton generation is not the optimum choice.

3. Discrete quadratic solitons

A new research direction has recently emerged in which spatial solitons have been investigated in discrete (instead
of continuous) systems [49]. As has frequently occurred in the history of spatial solitons, the initial work was reported
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Fig. 16. (a) An array of parallel, weakly coupled PPLN waveguides. Also shown is the effect of discrete diffraction of the fundamental. (b) Field
profiles of an individual channel for the fundamental (upper) and harmonic (lower) guided waves. (c) Dispersion relation for kz versus kx for the
fundamental. Regions of normal, zero and anomalous diffraction are identified.

in Kerr media [50]. This led to a flurry of activity in photorefractive, liquid crystal and quadratic media [24,51,52].
Here some of the recent progress in quadratic media will be discussed [24,25,53]. All of the work reported to date has
been performed in periodically poled PPLN channels arrays, 7 cm long and designed for efficient SHG at 1550 nm.

Discrete quadratic systems consist of parallel, weakly coupled arrays of channel waveguides as shown in Fig. 16(a).
The field distributions for the fundamental and harmonic fields for the individual channels are shown in Fig. 16(b).
The evanescent tails of the fundamental field overlap the adjacent waveguides which gives rise to weak coupling. On
the other hand, the harmonic field is much better confined to the waveguide and there is essentially negligible coupling
to the adjacent channels at this frequency. Thus the discrete equations describing the peak channel fields are given
by [54]

−i
dan

dz
+ βan + C(an+1 + an−1) + Γ a∗

nbn = 0, −i
dbn

dz
+ β ′bn + Γ a2

n = 0 (3)

Here an and bn are the peak fundamental and harmonic fields in channel n respectively, β and β ′ are the iso-
lated fundamental and harmonic propagation wave vectors in each channel, C is the inter-channel coupling con-
stant for the fundamental fields and Γ ∝ χ

(2)
eff . Assuming ‘plane wave’ solutions for the fundamental of the form

exp[i{kzz + nkxd}] where kx is the Block momentum wavevector and kxd is the relative fundamental phase be-
tween adjacent channels, the dispersion relation governing the linear (Γ = 0) FW propagation in the array is given
by kz = β + 2C cos(kxd). Fig. 16(c) illustrates this dispersion relation which is periodic in kxd . Since the angle of
propagation relative to the z-axis is small, i.e., the inter-channel hopping (discrete diffraction) occurs slowly over
a wavelength, the ‘discrete’ diffraction coefficient by which the fundamental spreads throughout the array is given
by D = d2kz/dk2

x = −2Cd2 cos(kxd). As shown in Fig. 16(c), depending on the relative fundamental phase be-
tween adjacent channels kxd , the diffraction can be either normal (D < 0 for π/2 >| kxd|), anomalous (D > 0 for
π >| kxd| > π/2) or zero (D = 0 for |kxd| = π/2). Note that the harmonic is generated separately in each individual
channel by the fundamental in that channel.

This diversity in the diffraction phenomenon in such arrays leads to new quadratic solitons that do not exist in
continuous media [54,55]. They are found by solving Eqs. (3) including the second order nonlinear coupling between
the fundamental and harmonic in each channel. There are two stable solitons, an ‘unstaggered’ one (D < 0) in which
all of the channels are excited by fundamental beams in phase, and a ‘staggered’ discrete soliton (D > 0) in which
the fundamental phase varies by π from channel to channel. Experimental verification of both is shown in Figs. 17(a)
and (b) respectively. The continuous curves are the experimental data where-as the envelope field is described by the
discrete points [24]. Note that although the low power diffraction patterns do not necessarily agree with theory, the
actual discrete soliton fields agree very well.

A number of new effects have already been observed in such discrete arrays and this is an exciting area for future
research [24,25,53,56].
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(a) (b)

Fig. 17. Excitation of (a) a discrete quadratic unstaggered soliton and (b) a discrete quadratic staggered soliton. Diffracted profiles with open circles
calculated and dashed lines measured. Soliton profiles with solid circles calculated and solid line measured.

4. Summary

This review has dealt with a fascinating area of nonlinear interactions via the second order optical nonlinearity χ(2)

involving multiple waves. Under appropriate conditions, solitons are formed, even when only a fundamental beam is
injected into a crystal. These quadratic solitons occupy a unique place in soliton science because they consist of two
or three different frequency components. This leads to new features such as spatial locking through which all of the
components share a common group velocity direction. Furthermore, in contrast to the Kerr 1D case, there are two
governing parameters, not just the power but also the linear wavevector mismatch for the components in the soliton
structure. These solitons are the eigenmodes of media with second order nonlinearities. As eigenmodes they are very
robust and can be excited under input conditions that are far from ideal.

Soliton formation and properties are well-understood in continuous 1D and 2D media. Quadratic solitons in discrete
systems represent a new area of research and, although the key experiments may have already been done, solitons
involving the interface between a continuous and discrete medium offer an exciting and unexplored area of soliton
science. Preliminary results indicate that such solitons can be excited [57].

This review has not included temporal or spatio-temporal solitons. This is currently a very active area being spear-
headed by Paolo DiTrapani and colleagues.
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