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Superconductivity in the Bechgaard salts series of quasi-one-dimensional organic con-
ductors occurs on the verge of spin-density-wave ordering when hydrostatic pressure is
applied. The sequence of instabilities is intimately connected to normal state anomalies
in various quantities like the temperature dependence of electrical transport and nuclear
spin–lattice relaxation rate. We discuss how such a connection takes its origin in the inter-
ference between the different pairing mechanisms responsible for antiferromagnetism and
superconductivity, a duo that can be comprehended in terms of a weak coupling renormal-
ization group theory. The recent developments along this line of though are presented in
relation to experiments.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

La supraconductivité dans les conducteurs organiques quasi-unidimensionnels tels que les
sels de Bechgaard émerge sous pression hydrostatique au seuil d’instabilité de la mise en
ordre onde de densité de spin. Cette séquence d’instabilités est intimement liée aux ano-
malies rencontrées en phase normale pour la résistivité et le taux de relaxation nucléaire.
Nous discutons de l’origine microscopique d’un tel lien en termes d’interférence quantique
entre les mécanismes responsables de l’antiferromagnétisme et de la supraconductivité,
lesquels peuvent être décrits à l’aide de l’approche du groupe de renormalisation en cou-
plage faible. Nous résumons à ce propos les derniers développements théoriques et leurs
relations avec l’expérience.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Superconductivity in organic conductors was first observed more than three decades ago in the quasi-one-dimensional
metal (TMTSF)2PF6 (bi-tetramethyltetraselenafulvalene hexafluorophosphate), a member of the famous Bechgaard salt series,
(TMTSF)2 X (X = PF6,AsF6, . . .) [1]. Manifestation of superconductivity (SC) in this series emerges under pressure close by
a magnetic instability of the metallic state against the formation of spin-density-wave (SDW) order [2,3]. This sequence of
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phases along with its share of anomalies in the normal state, soon appeared rather unfamiliar and at odds with what was
found until then in classical superconductors. The closeness of antiferromagnetism and superconductivity was not unique to
the Bechgaard salts, but was also encountered in different classes of materials among which the little older ‘heavy fermions’
materials [4,5], followed later on by the high-Tc cuprates [6–8], layered organics [9–13], and more recently by iron-based
superconductors [14,15].

In spite of the considerable progress achieved in the understanding of correlated electron systems in the last decades, no
consensus is yet to be found about the role played by antiferromagnetism for Cooper pairing in each of the above categories
of materials, as well as about the possibility to extract some common view that would link pairing with magnetism across
them. In face of these difficulties, the study of low-Tc superconductors like the Bechgaard salts may represent a simpler
avenue of investigation, providing key insight into this enduring issue. Experiments in these molecular compounds are
generally compatible with the pronounced itinerant character of carriers and the existence of a well-defined quasi-one-
dimensional – open – Fermi surface. This provides substantial grounds for a relatively simple weak coupling formulation of
the problem of competing instabilities in these anisotropic electron systems. Its best formulation is given in terms of the
quasi-1D electron gas model whose consequences can be worked out fairly well by the renormalization group (RG) method
[16]. RG proved to be a successful strategy for taking into account the contribution of both particle–hole and particle–
particle scatterings responsible for SDW and SC pairings in the vicinity of the Fermi surface. Appearing simultaneously in
perturbation theory, these scattering processes interfere with one another at arbitrary order, which can lead for instance
to their mutual reinforcement. The consequences of this mixing are far from being trivial. Under certain conditions related
to nesting deteriorations in the particle–hole channel, resulting for example from the application of pressure, interference
acts as the mechanism of onset of magnetic pairing for d-wave superconductivity from an inhibited SDW instability. The
SDW-SCd sequence of transitions thus obtained versus nesting alterations has been found to capture the essentials of the
phase diagram of the Bechgaard salts under pressure.

The impact of interference between primary scattering channels is not restricted to the transition lines of the phase
diagram, but is found to affect the properties of the normal phase as well. It is where it can supply a consistent explanation
for the observation of a linear-T electrical resistivity [17,18], and a Curie–Weiss nuclear relaxation rate [19,20], whose
amplitudes show some amazing correlation with the superconducting instability line of the phase diagram under pressure.

The purpose of this capsule review is to discuss some recent experimental results about the phase diagram of the proto-
type organic superconductor (TMTSF)2PF6, alongside electrical resistivity and NMR relaxation rate anomalies of its metallic
state. We then summarize the latest theoretical developments of the renormalization group method in the framework of
the quasi-one-dimensional electron gas model, providing the logical link needed to understand these key features displayed
by quasi-one-dimensional organic superconductors.

2. Bechgaard salts: some background of experimental results

Although early band calculations predicted that these systems should be metallic, the first ambient pressure resistivity
measurements on the prototype compounds of the series, (TMTSF)2PF6 and (TMTSF)2AsF6, revealed instead the existence of
a metal–insulator transition at TSDW ∼ 12 K [21]. Contrary to the situation encountered in organic materials that preceded
the discovery of the Bechgaard salts, like the celebrated compound TTF-TCNQ [2], the low pressure state was not the result
of a charge-density-wave or a Peierls instability, but was rather magnetic in character caused by the onset of SDW order.
The fingerprints of long-range SDW correlations at the approach of TSDW have been evidenced by several techniques. The
Nuclear Magnetic Resonance (NMR) probe is one of them. At the approach of TSDW, critical SDW fluctuations give rise to
a singular growth of staggered local magnetic field resulting in a square-root singularity of the NMR spin-lattice relaxation
rate, T −1

1 , as shown by the 77Se NMR data of Fig. 2(b) for (TMTSF)2PF6 [20,22]. Furthermore, from the analysis of the proton
(1H) NMR line shape in the SDW ordered state of (TMTSF)2PF6, it was also possible to simulate the spatial distribution of
the dipolar field and then extract the SDW modulation wave vector q0 [23]. The value q0 = (2kF , 1

4 b∗) thus obtained for
the staggered magnetization in the ab plane coincides, within experimental accuracy, with the best nesting vector of the
Fermi surface found by band calculations [24]. This correspondence is of importance since it shows that the SDW transition
in (TMTSF)2 X is an instability of the electron system driven, besides repulsive interactions, by nesting of the Fermi surface
at the same q0, an important factor in favor of a weak coupling description of the SDW instability in these materials.

Under hydrostatic pressure, TSDW decreases smoothly and ultimately undergoes a rapid decline near a pressure threshold
of about 8 kbar for (TMTSF)2PF6. There, the resistivity first shows an insulating SDW behavior and then drops to zero
following the onset of superconducting order at the temperature Tc (Fig. 1(a)). Reentrant superconductivity within the SDW
phase is apparent over an interval of more or less one kbar in which SC coexists in a segregated form with SDW [25,26].
By increasing pressure up to some critical value Pc , Tc reaches a maximum (∼ 1.2 K) that defines the SDW-SC juncture
where TSDW ≈ Tc . Above Pc , reentrance gives way to a simple metal to SC transition characterized by a rapid downturn of
Tc toward very small values beyond 20 kbar (Fig. 1(a)). The nature of the superconducting order parameter in (TMTSF)2 X ,
either singlet or triplet, along with the presence of nodes or not on the Fermi surface, have been much debated. However,
the current experimental status appears to tip the scale in favor of a singlet order parameter with nodes [27–29].

A striking feature of the normal phase resistivity, close to Pc , is shown by its temperature dependence: the longitudinal
resistivity ρa accurately fits the non-Fermi liquid linear expression, ρa(T ) = ρ0,a + AT , where ρ0,a is the residual resistivity
and A > 0 [17,18]. In (TMTSF)2PF6 at 11.8 kbar for example, linear-T resistivity is detected from 8 K or so down to Tc ; it
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Fig. 1. (a) Pressure–temperature phase diagram of (TMTSF)2PF6 (after Ref. [17]); also shown the variation of the Curie–Weiss scale Θ under pressure
extracted from the NMR data of Fig. 2(b) [20] (owing to a different low temperature determination of pressure in these two sets of experiments, a rigid,
positive, shift of 3 kbar has been applied to the pressure scale of Fig. 2(b)); (b) Longitudinal resistivity vs temperature for (TMTSF)2PF6 at different pressures.

Fig. 2. (a) Pressure dependence of the resistivity coefficients A and B of the polynomial fit ρa(T ) = ρ0 + AT + BT 2 of the data of Fig. 1(b); after Ref. [18].
(b) Temperature dependence of spin–lattice nuclear relaxation rate T −1

1 in (TMTSF)2PF6 at different pressures; after Ref. [20].

even extends toward much lower temperature when a small magnetic field is applied to suppress Tc . Away from Pc , ρa
vs T modifies in a distinctive way. Resistivity ceases to be exclusively linear and acquires some curvature that satisfactorily
fits the polynomial form ρa(T ) = ρ0,a + AT + BT 2. This can be interpreted as a Fermi liquid component that sets in under
pressure, becoming in turn the main contribution to resistivity at very high pressure, namely where the linear-T resistivity
component, like Tc , becomes vanishingly small (Figs. 1(b) and 2(a)). This notable correlation between A and the strength
of superconductivity shows that inelastic scattering and Cooper pairing are interrelated. This feature turns out to be not
unique to the Bechgaard salts [17,18,7], but is also shared by other categories of unconventional superconductors showing
close proximity with antiferromagnetic ordering, especially in the pnictides [17,30] and high-Tc cuprates [31,32,7,33].

Connections between superconductivity and deviations from the Fermi liquid predictions in the same region of the
normal state are not restricted to electrical transport, but are also found in other quantities. The NMR spin–lattice relax-
ation rate T −1

1 is one of these [20,22]. If one first looks at the magnetic sector of the phase diagram of Fig. 1(a), T −1
1 of

Fig. 2(b) displays the characteristic square-root singularity ∼ (T − TSDW)−1/2, which confirms the onset of long-range three-
dimensional SDW correlations at the approach of TSDW [22,34]. In the superconducting sector above Pc , the critical behavior
is suppressed, but an anomalously large enhancement of T −1

1 remains (Fig. 2(b)); its amplitude is huge close to Pc and re-
duces progressively as pressure is raised. The origin of the anomaly lies in the presence of short-range SDW spin fluctuations
whose amplitude shows persistent growing down to Tc [35,16], that is in the same temperature region where linear-T re-
sistivity is seen (Fig. 1(b)). The temperature profile of relaxation rate differs there from the Korringa law, (T1T )−1 ∼ const.,
expected for a Fermi liquid; it rather exhibits an enhancement following the Curie–Weiss behavior (T1T )−1 ∼ (T + Θ)−1

[19]. The Curie–Weiss scale, Θ , linked to the amplitude of the anomaly and in a way to the characteristic energy scale of
spin fluctuations, is rapidly changing under pressure: close to the SDW-SC juncture, Θ is vanishingly small, indicative of
some critical suppression as P ≈ Pc . From Pc upward, Θ raises rapidly and reaches large values at high pressure (Fig. 1(a)).

The anomaly in the temperature dependence of the nuclear relaxation rate, along with its modification under pressure
hints at a direct participation of spin fluctuations in linear-T resistivity above Tc . Low-energy SDW fluctuations evidenced
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by the low-frequency NMR probe can act as an important source of scattering for electrons and can then influence the
resistivity in a significant way. At the same time, the same SDW fluctuations have the ability to promote unconventional
d-wave Cooper pairing. This may explain the amazing correlation between the non-Fermi liquid features of the normal state
and superconductivity whose importance is best meant by the size of Tc .

3. Theory of the quasi-one-dimensional electron gas model

3.1. Model

Despite the apparent molecular complexity of (TMTSF)2 X solids, their low energy electronic structure can be approached
in a relatively simple way by the aid of molecular orbitals. Dominant van der Waals bonding yields a strongly anisotropic
overlap of the highest occupied π molecular orbitals, the so-called HOMO’s of the TMTSF molecule. The HOMO is partly
filled owing to the charge transfer of one electron per two molecules towards the radical X , as indicated by the 2:1 stoi-
chiometry of the compound. An extended-Hückel analysis of the electronic structure reveals the presence of a single band
crossing the Fermi level [36,24]. A simple one-component quasi-1D open Fermi surface follows, which consists of two
warped planes centered at the one-dimensional Fermi wave vector ±kF of isolated chains. The TMTSF stacks, however, are
not uniform and display a slight dimerization which doubles the longitudinal lattice periodicity and then opens a small
gap, �D , at ±2kF , namely in the middle of the 3/4-filled band of the uniform limit. There is one hole per dimer in average
and the band can be considered as effectively half-filled at low energy or temperature compared to �D [37]. An important
outcome of the half-filled character of the band, though weak, is the possibility of electron–electron Umklapp scattering
along the stacks. This reinforces the impact of nesting, which is at the core of instabilities of the electron system toward
density-wave formation.

A suitable tight-binding quasi-1D model of the energy spectrum is given by

E p(k) = v F (pk − kF ) − 2t⊥b cos kb − 2t′
⊥b cos 2kb − 2t⊥c cos kc (1)

for which the longitudinal tight-binding part −2ta cos k has been linearized around the 1D Fermi points ±kF (±π/2); here
v F = 2ta (E F = v F kF ) corresponds to the longitudinal Fermi velocity (energy) and p refers to right (p = +) and left (p = −)
moving carriers. The anisotropy in the band structure is about E F ∼ 15t⊥b ∼ 450t⊥c , along the a, b and c directions, which
are taken orthogonal for simplicity [36,24]. A next-to-nearest neighbor hopping term of amplitude t′

⊥b � t⊥b along the
transverse b direction enters in the definition of E p(k). This term violates the electron–hole symmetry of the spectrum (1),
i.e., E p(k + q0) �= −E−p(k) at the nesting wave vector q0 = (2kF ,π,π). Deviations are introduced by a finite t′

⊥b , which
simulates the main influence of pressure on nesting.

The partition function of the quasi-1D electron gas model, Z = ∫∫
Dψ∗DψeS0+S I , when expressed as a functional inte-

gral over fermion fields, is parametrized by an action S whose quadratic part, S0, for free electrons is given by

S0
[
ψ∗,ψ

] =
∑

p,σ ,k̄

[
G0

p(k̄)
]−1

ψ∗
p,σ (k̄)ψp,σ (k̄) (2)

where

G0
p(k̄) = [

iωn − E p(k)
]−1

(3)

is the bare fermion propagator and k̄ = (k,ωn = ±π T ,±3π T , . . .). The interacting part S I takes the form

S I = − 1

TLN⊥

∑
{k̄,σ }

[
g{σ }

(
k′

b1,kb1,kb2
)
ψ∗

+,σ ′
1

(
k̄′

1

)
ψ∗

−,σ ′
2

(
k̄′

2

)
ψ−,σ2(k̄2)ψ+,σ1(k̄1)

+ 1

2
g3

(
k′

b1,kb1,kb2
) (

ψ∗+,σ1

(
k̄′

1

)
ψ∗+,σ2

(
k̄′

2

)
ψ−,σ2(k̄2)ψ−,σ1(k̄1) + c.c.

)]
δk̄1+k̄2=k̄′

1+k̄′
2(±Ḡ) (4)

In the g-ology prescription, the electron–electron interaction separates into normal and Umklapp processes. The former part,

g{σ }
(
k′

b1,kb1,kb2
) = g2δσ2σ

′
2
δσ1σ

′
1
− g1δσ ′

1σ2
δσ ′

2σ1
(5)

retains the backward (g1) and forward (g2) bare scattering amplitudes between right and left moving carriers. As for Umk-
lapp scattering, for which Ḡ = (4kF ,0), it is defined by the bare amplitude g3(k′

b1,kb1,kb2) = g1�D/E F , which is small
for weakly dimerized chains. This is the situation that prevails in the Bechgaard salts where one has typically �D/E F � 0.1
[37]. All the above scattering amplitudes are independent of the momentum at the bare level. They are commonly expressed
in terms of the one-site and nearest-neighbor site couplings parameters U and V of the extended Hubbard model in the
continuum (electron gas) limit, namely g1 = U − 2V , g2 = U + 2V , and g3 = g1�D/E F .

The range of various band and coupling parameters of the above quasi-1D electron gas model can be fixed from various
sources. Band calculations, as well experiments are compatible with the following typical set of values for the kinetic part of
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Fig. 3. One-loop RG flow equations for the normal g1,2 (open square) and Umklapp g3 (full square) scattering amplitudes. Here C and P stand for the
Cooper and Peierls loops. The continuous (dashed) lines refer to right going electron.

the Hamiltonian, E F 	 3000 K, t⊥b 	 200 K and t⊥c � 10 K. As for the bare amplitude of the gi ’s, the observed enhancement
of uniform magnetic susceptibility can be called for to fix the range of the backscattering amplitude g1 [34]. The analysis
of the temperature dependence of susceptibility is consonant with a value revolving around g̃1 ≡ g1/π v F ∼ 0.3 (henceforth
normalized by the longitudinal bandwidth). Given the size of the dimerization gap �D , this fixes the amplitude of Umklapp
scattering at a small, but finite value, g̃3 	 0.02. Finally, the bare g̃2 can be estimated by the value needed to match the
calculated scale for the optimal TSDW, as obtained from RG with the above set of figures in the limit of small t′

⊥b . Thus the
maximum T 0

SDW (∼ 25K) found on experimental grounds in the cousin compounds (TMTTF)2 X [38], yields g̃2 ∼ 0.6.

3.2. One-loop renormalization group results

Long-distance correlations and the propensity for ordering in the most conducting – ab – plane can be studied by the
RG method [39,40,16]. In this approach, one proceeds in the partition function Z to the successive integration of electronic
degrees of freedom ψ(∗) , from the high energy cutoff E F down to the energy distance E F e−
 above and below each Fermi
sheet at step 
 � 0. Constant energy surfaces at 
 are divided into a number patches [41,40], each being indexed by a
particular kb value for the momentum along b.

At the one-loop level, the partial integration leads to successive corrections to the scattering amplitudes g̃i as function
of 
 and for a given temperature T . These come from the logarithmically singular loops of particle–particle (Cooper) and
particle–hole (Peierls) scattering channels. Both contributions generate momentum dependence for the couplings, which is
retained for the b direction only. This leads to the flow equations of Fig. 3 [40,39], which are written in the schematic form

∂
 g̃i=1,2
(
k′

b1,kb2,kb1
) =

3∑
n,n′=1

{
εn,n′

C,i

〈
g̃n · g̃n′ · ∂
LC

〉
kb

+ εn,n′
P ,i

〈
g̃n · g̃n′ · ∂
L′

P

〉
kb

}

∂
 g̃3
(
k′

b1,kb2,kb1
) =

2∑
n=1

ε3,n
P ,3

〈
g̃3 · g̃n · ∂
L P

〉
kb

(6)

where the momentum dependence of various products has been masked for simplicity. Here the Cooper and Peierls loops
L P (kb,qP , t′

b) = T
∑

ωn

∫
dE P [G0

p(k̄)]
[G0−p(k̄ − q̄P )]× and LC (kb,qC ) = T
∑

ωn

∫
dE P [G0

p(k̄)]
[G0−p(−k̄ + q̄C )]× are evaluated

at qP = kb1 − k′
b1 and qC = kb1 + kb2, respectively. These are expressed as integrals over products of propagators on ([G0−p]
)

and above ([G0−p]×) the energy shell at E F e−
 . Here 〈. . .〉kb stands for an average over kb and εnn′
C,P ,i are the coefficients

that fix the sign of closed loops (εnn′
P ,i = −2), vertex corrections (εnn′

P ,i = 1) and ladder graphs (εnn′
C,i = −εnn′

P ,i = −1). These

different contributions will then interfere with one another as a function of 
 or the energy distance E F e−
 from the Fermi
surface. For small �D and then weak initial Umklapp term, interference for high energy – 1D – degrees of freedom where
E F e−
 > tb , give rise to coupling constant flows differing very little from those obtained in the 1D (Luttinger liquid) limit.
As E F e−
 < tb , however, sensitivity to the warping of the Fermi surface develops and interference modifies accordingly,
becoming non-uniform along the Fermi surface. The g ’s then acquire a kb dependence and their flows can be governed by
a strong coupling fixed point where the g ’s become singular, signaling an instability of the metallic state against ordering.

For the above model of a quasi-1D metal with repulsive intrachain interactions and weak dimerization, long-range order
can only occur in the SDW and d-wave SC channels [40,39], as shown by a singularity in the corresponding static response
functions denoted by χSDW(q0) and χSCd(0), respectively. In the RG framework, we have

χμ(qμ,0) = (π v F )−1
∫ 〈

fμ(kb)z2
μ(kb)

〉
kb

d
, (7)





C. Bourbonnais, A. Sedeki / C. R. Physique 12 (2011) 532–541 537
Fig. 4. (a) One-loop RG phase diagram of the quasi-one-dimensional electron gas model versus the ‘pressure’ antinesting parameter t′
⊥b ; also shown

the variation of the Curie–Weiss (C–W) temperature scale Θ and the C–W temperature domain. (b) Calculated nuclear spin–lattice relaxation rate T −1
1

versus temperature for different t′
⊥b . Inset: temperature dependence of the inverse SDW susceptibility (π v F χSDW)−1 versus temperature showing the C–W

behavior at low temperature (dashed lines). After Ref. [16].

whose kb average expression depends on the vertex renormalization factors zμ(kb) and the form factors fSDW = 1 and
fSCd = 2 cos2 kb for the SDW and SCd channels, respectively [40,39]. The zμ ’s obey the flow equation

∂
zμ(kb) = 〈
(∂
Lμ)g̃μzμ

(
k′

b

)〉
k′

b
, (8)

which is governed by the combinations of momentum dependent couplings g̃SDW = g̃2(kb,k′
b,kb +π)+ g̃3(kb,k′

b +π,kb +π)

and g̃SCd = −g̃1(−k′
b,kb,−kb) − g̃2(−k′

b,−kb,kb). A singularity in g̃SDW (resp., g̃SCd) is synonymous with a singularity in
χSDW (resp., χSCd) at the ordering temperature TSDW (resp., TSCd).

3.3. Phase diagram, pairing and spin correlations

From the solution of Eqs. (6) and (8) and the initial conditions of the model, one can follow the evolution of the ordering
scale Tμ as a function of the antinesting parameter t′

⊥b simulating the influence of pressure. In the calculated phase diagram
of Fig. 4(a), we observe that at small t′

⊥b , nesting is weakly affected and an instability toward the formation of an SDW
state follows at the wave vector q0 = (2kF ,π) and temperature TSDW ∼ 20 K, which is of the order found in systems like
(TMTSF)2 X in normal pressure conditions [2,3,38]. It should be stressed, here, that the above one-loop calculation yields
a TSDW that is strongly reduced compared to the mean-field limit for which only the singularity of the Peierls scattering
channel is retained. This reduction is caused by the influence of the Cooper channel in (6), whose primary interfering effect
is to prevent degrees of freedom in the 1D energy range (E F e−
 > t⊥b) to produce any instability of the electron gas, in line
with the absence of long-range order in one dimension.

As t′
⊥b is raised, TSDW first smoothly decreases until nesting deterioration approaches the threshold t′∗

⊥b where TSDW
falls sharply (Fig. 4(a)). However, the TSDW instability line, instead of dropping toward zero – in which case it would lead
to a quantum critical point – terminates at the beginning of a different transition line, Tc , marked by a singularity in the
SCd response χSCd of the superconducting channel. The quantum critical point is therefore avoided by the occurrence of
superconductivity. As for the amplitude of Tc , it is maximum at the juncture with the SDW phase, giving a ratio T 0

SDW/T 0
c ∼

20 between the optimal T 0
SDW at zero t′

⊥b and the maximum Tc at t′∗
⊥b . Combining these results with those obtained

beyond t′∗
⊥b where Tc is steadily decreasing, yields the phase diagram of Fig. 4(a). Singular attractive Cooper pairing is here

fed by strong SDW correlations through the interference presented in Eqs. (6). The d-wave character of the superconducting
transition marks the onset of an SCd order parameter �(k⊥b) = � cos k⊥b + O(cos 2k⊥b), which indicates that singlet Cooper
pairs are essentially formed by electrons of neighboring chains [42,43]. Identifying in first approximation the antinesting
parameter t′

⊥b as being proportional to real pressure, the essential features of the calculated RG phase diagram of Fig. 4(a)
compare favorably with the sequence of transitions found on experimental grounds (Fig. 1(a)) [2,17].

The impact of interfering SDW-SCd correlations is not limited to the sequence of instabilities lines, but its influence
extends also in the normal phase. This is particularly noticeable when one considers the temperature dependence of SDW
susceptibility in the superconducting sector of the phase diagram [16]. Insert of Fig. 4(b) shows for example that χSDW(q0)

still increases at the approach of Tc , showing the Curie–Weiss enhancement χSDW(q0) ∝ (T + Θ)−1 below 10 K or so. The
origin of the enhancement comes from the positive feedback of SCd Cooper pairing on SDW correlations, which reinforces
staggered spin fluctuations over a Curie–Weiss temperature interval of about ten times Tc . The Curie–Weiss scale Θ for SDW
fluctuations displays a particular variation with ‘pressure’ t′

⊥b: it starts from zero at t′∗
⊥b and then raises rapidly as t′

⊥b > t′∗
⊥b ,

showing that SDW fluctuations decreases in amplitude, which in turn correlated with the decline of Tc . Considering the
point t′∗ at zero temperature as quantum critical in the absence of superconductivity, Θ can be seen as a characteristic
⊥b
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Fig. 5. Two-loop RG flow equation for the one-particle self-energy Σ+ .

energy scale for SDW fluctuations that increases to some power of the tuning parameter t′
⊥b . In the usual terminology

of quantum phase transitions, one can write Θ ∼ ξ−z , where ξ ∼ (t′
⊥b − t′∗

⊥b)
−ν is the zero temperature SDW correlation

length close to t′∗
⊥b . In the one-loop approximation, the exponents are ν = 1/2 for the correlation length and z = 2 for the

dynamics [16], which leads to a linear variation of Θ with t′
⊥b in the vicinity of t′∗

⊥b .

3.4. Nuclear relaxation rate

The Curie–Weiss behavior of χSDW has also an effect on the temperature dependence of other quantities sensitive to
staggered spin fluctuations. This is the case of the NMR spin–lattice relaxation rate T −1

1 , whose expression can be written
as an integral over the imaginary part of the spin response at all wave vectors q,

T −1
1 = T

∫
|Aq|2 χ ′′(q,ω)

ω
ddq (9)

The T −1
1 calculation using the above one-loop RG results [16], leads to

T −1
1 ≈ c0T + c1T

χSDW(q0)√
1 + ξ2

c

(10)

where ξc (∝ √
χSDW ) is the SDW correlation length along the third direction; c0 and c1 are positive constants. The expres-

sion for T −1
1 then superimposes a linear-T Korringa like contribution coming from uniform (q ∼ 0) spin fluctuations, which

dominates at large temperature, and an anomalous one coming from SDW (q ∼ q0) fluctuations, which eventually takes
over at lower temperature. In the SDW sector of the phase diagram where both χSDW and ξc become singular at TSDW,

T −1
1 ∝ (T − TSDW)− 1

2 develops a square-root singularity (Fig. 4(b)), a characteristic of a 3D critical behavior known to be
consonant with the experimental situation of Fig. 2 [20,34]. As one reaches the superconducting region, from t′∗

⊥b upwards

in the phase diagram, T −1
1 , albeit non-longer singular, is strongly enhanced signaling marked deviations from the linear-T

Korringa behavior predicted for a Fermi liquid. The anomaly extends deeply in the 2D metallic phase (ξc � 1), up to at
least 20Tc . According to (10), the amplitude of the enhancement is correlated to the one of SDW fluctuations and in turn
to the size of Tc as a function of t′

⊥b . The Curie–Weiss behavior of χSDW is found for (T1T )−1 ∼ (T + Θ)−1 as well, so that

the scale Θ extracted from the T −1
1 data (Fig. 2(b)) [20,19,22] coincides with the one governing the behavior of χSDW in

the present theory. The interference induced reinforcement of SDW correlations by SCd Cooper pairing thus appears as the
mechanism responsible for the Curie–Weiss behavior observed in T −1

1 [16].

3.5. Quasi-particle scattering rate and resistivity

Carrying out the RG transformation up to the two-loop level introduces a renormalization of the inverse one-particle
propagator [G0

p]−1 → [G0
p]−1 − Σp , in the form of Matsubara self-energy corrections Σp (Fig. 5). On the Fermi surface

kF (kb), the self-energy takes the form

Σp(k̄b) = iωn
[
1 − z(k̄b)

] − z⊥(k̄b) (11)

where z and z⊥ are renormalization factors evaluated at k̄b = (kF (kb),ωn). The corresponding flow equations obtained in
Ref. [44], can be written schematically as

∂
 ln z(k̄b) =
3∑

i=1

∑
n,n′

〈g̃n · g̃n′ · ∂
Ti〉k′
b,q′

b
(12)

∂
z⊥(k̄b) = z−1(k̄b)

3∑
i=1

∑
n,n′

〈g̃n · g̃n′ · ∂
T⊥,i〉k′
b,q′

b
(13)

where Ti,(⊥) = ±T 2 ∑
{ω}

∫
Di,(⊥)

dE p [G0
p]
[G0−p]×[G0−p]× corresponds to the expressions of the two-loop diagrams of Fig. 5,

whose sign is fixed by their topology. Solving the equations for z and z⊥ , consistently with those at the one-loop level for
the g̃n , yields Σp(k̄b) on the Fermi surface for all ωn . Using a Padé procedure, the Matsubara self-energy can be analytically
continued to the retarded form of self-energy, which consists of a real [Σ ′

p(kF (kb),ω)] and imaginary [Σ ′′
p (kF (kb),ω)] parts
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Fig. 6. (a) Averaged electron–electron scattering rate versus temperature calculated for different superconducting Tc of the RG phase diagram (Fig. 3(a)).
The continuous lines correspond to the polynomial fit 〈τ 〉−1

kb
= aT + bT 2 below 4 K. (b) Variation of the coefficients for a linear-T and Fermi liquid terms

of the polynomial fit versus Tc .

at real frequency ω. These two ingredients enter in the determination of spectral properties of the quasi-1D electron gas
model [44].

Among quantities of interest that can be extracted from the imaginary part is the electron–electron scattering rate on
the Fermi surface

τ−1(kF (kb)
) = −2Σ ′′(kF (kb),ω → 0

)
(14)

In the relaxation time approximation for conductivity, the average scattering rate 〈τ 〉−1
kb

for an open, strongly anisotropic,
Fermi surface will give the contribution of the singular scattering channels to the temperature dependence of electrical
resistivity. By excluding the impurity contribution, the latter reads

�ρ = 4π

ω2
p
〈τ 〉−1

kb
(15)

where ωp is the plasma frequency, e.g., along the chains. The calculated low temperature dependence of 〈τ 〉−1
kb

down to
Tc is shown in Fig. 6(a), as a function of Tc(t′

⊥b) in the superconducting region of the phase diagram of Fig. 4(a). Close to

the critical point t′∗
⊥b , where Tc approaches its maximum, the behavior of 〈τ 〉−1

kb
, though metallic, does not follow the T 2

law expected for a Fermi liquid above Tc . A strict linear behavior 〈τ 〉−1
kb

= aT is instead seen up to four times Tc or so,

namely within the temperature range where the Curie–Weiss behavior takes place for χSDW and T −1
1 . We have seen that

by moving toward t′∗
⊥b from above, SDW correlations, stimulated by Cooper pairing, grow in amplitude; the characteristic

energy scale of spin fluctuations then decreases to ultimately attain thermal energy. In two-dimensional systems, these
conditions are particularly favorable for the emergence of a linear T -behavior in the scattering rate [45], which the above
two-loop RG calculations confirm. By treating density-wave and Cooper pairings on the same footing, the RG also provides
an explanation of the origin of the linear T -resistivity term seen in compounds like the Bechgaard salts (Fig. 1(b)), and
shows how interfering orders connect the amplitude a to t′

⊥b and in turn to the size of Tc .

Moving away from the SDW-SCd juncture along the t′
⊥b axis, the 〈τ 〉−1

kb
temperature dependence starts to display some

upward curvature (Fig. 6). It turns out that within a temperature interval of at least four times Tc , the overall temperature
dependence is adequately fitted by the polynomial expression

〈τ 〉−1
kb

≈ aT + bT 2 (16)

which can be interpreted as the superimposition of two scattering channels for electrons under ‘pressure’. The onset of a
Fermi liquid component in the scattering rate results from the continuing stiffening of spin fluctuations, whose spectral
weight moves to higher frequencies, as shown for example by the evolution of Θ in nuclear relaxation rate under ‘pressure’
(Fig. 4(b)). The scattering of electrons on higher energetic modes compared to temperature favors the onset of a T 2 com-
ponent in 〈τ 〉−1

kb
[45,46]. In Fig. 6(b), the variation of the linear and quadratic coefficients a and b is shown as a function

of the ratio Tc/T 0
c for Cooper pairing tied by interference to the strength of SDW correlations. When Tc/T 0

c � 1, namely for
t′
⊥b � t′∗

⊥b , b is vanishingly small and the behavior of the scattering rate is essentially linear in temperature. However, as
Tc decreases, a falls approximately as a ∼ T 2

c , while b initiates a steep growth reaching a maximum at intermediate Tc/T 0
c

to finally decrease substantially in the limit of small Tc . Such a behavior for b vs Tc results from the balance between the
rapid increase of the characteristic energy scale of SDW fluctuations (compared to temperature) on the one hand, and the
decrease in the amplitude of the same fluctuations on the other [Fig. 4]. The former is responsible for the presence of a
Fermi liquid component, whereas the latter governs the decline of both the Fermi liquid and linear contributions over the
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entire range of t′
⊥b where Tc takes appreciable values. The fact that Cooper pairing reinforces SDW correlations by interfer-

ence, makes existence of a linear component not limited to the very close proximity of t′∗
⊥b , as it would be expected for a

quantum critical point, but is stretched out over the whole interval where Tc is discernible.
The features depicted by a and b in Fig. 6(b) find a favorable echo in electrical resistivity of (TMTSF)2PF6 under pressure

(Figs. 1(b) and 2(a)). The results also supply a direct connection between scattering and spin fluctuations on one hand, and
Cooper pairing on the other.

4. Summary and conclusion

Antiferromagnetism bordering on superconductivity certainly stands out as the most representative feature of the phase
diagram of the Bechgaard salts series of organic conductors under pressure. Far from being unrelated the two types of
orders prove to be intimately connected, a connection shown to be suitably formulated by the weak coupling renormaliza-
tion group theory of the repulsive quasi-one-dimensional electron gas model. At the heart of this formulation resides an
accurate integration of the two interfering nesting and Cooper pairing mechanisms, which condition the instability of the
metallic state towards the onset of long-range order. By tuning the amplitude of nesting alterations, interference controls
the sequence of spin-density-wave and d-wave superconducting instabilities, a structure that matches fairly well the one
displayed by the phase diagram of the (TMTSF)2 X . Mixed pairings not only exert influence on instability lines, but also
affect short-range spin correlations whose amplitude is strengthened by Cooper pairing in the normal state. Mutual pairing
strengthening results in the Curie–Weiss enhancement of staggered spin fluctuations which governs, for instance the tem-
perature dependence of the nuclear spin–lattice relaxation rate above Tc , in agreement with experimental situation in the
Bechgaard salts. The mark left by spin fluctuations can be found in other quantities like the electron–electron scattering rate
which is relevant for the temperature dependence of electrical resistivity. It was shown that it is within the Curie–Weiss
domain of spin correlations that a linear-T dependence for the scattering rate takes place. Its amplitude correlates with the
strength of Cooper pairing or Tc , in line with the evolution of linear-T resistivity seen under pressure in the Bechgaard salts.

The adherence of the above ideas with experimental facts indicates that the problem raised by magnetism and Cooper
pairing in unconventional superconductors like the Bechgaard salts can be approached in a unified fashion by means of a
weak coupling scaling theory. From a broader viewpoint, this brings us to ask in conclusion whether the same mechanisms
are at play in other series of higher Tc unconventional superconductors for which striking similarities with the Bechgaard
salts can be found.
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