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When a film is strained in two dimensions, it can relax by developing a corrugation in 
the third dimension. We review here the resulting morphological instability that occurs 
by surface diffusion, called the Asaro–Tiller–Grinfel’d instability (ATG), especially on the 
paradigmatic silicon/germanium system. The instability is dictated by the balance between 
the elastic relaxation induced by the morphological evolution, and its surface energy cost. 
We focus here on its development at the nanoscales in epitaxial systems when a crystal 
film is coherently deposited on a substrate with a different lattice parameter, thence 
inducing epitaxial stresses. It eventually leads to the self-organization of quantum dots 
whose localization is dictated by the instability long-time dynamics. In these systems, new 
effects, such as film/substrate wetting or crystalline anisotropy, come into play and lead to 
a variety of behaviors.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Un film qui subit une pression selon deux dimensions peut relaxer cette contrainte en 
ondulant dans la troisième dimension. Nous analysons ici l’instabilité morphologique 
qui en résulte grâce à la diffusion de surface, l’instabilité d’Asaro–Tiller–Grinfel’d (ATG), 
en particulier sur le système paradigmatique silicium/germanium. L’instabilité est régie 
par l’équilibre entre la relaxation élastique liée à l’évolution de la surface, et son 
coût en énergie de surface. Nous nous focalisons ici sur sa manifestation aux échelles 
nanométriques dans les systèmes épitaxiés, quand un film cristallin est déposé sur un 
substrat de paramètre de maille différent, induisant une contrainte élastique bi-axiale. 
Cette évolution débouche aux temps longs sur l’auto-organisation de boites quantiques 
dont la localisation est dictée par la dynamique aux temps longs. Dans ces systèmes, 
des nouveaux effets entrent en jeu, comme le mouillage entre le film et son substrat 
ou l’anisotropie cristalline, et débouchent sur une diversité de comportements nouveaux.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Fig. 1. Seminal observation of the ATG instability on SiGe [14] and schematic representation of the strain relaxation allowed by a morphological evolution, 
from [18].

1. Introduction

Quantum dots are nowadays common objects, easy to fabricate, manipulate and use on an everyday laboratory life 
basis. These objects, which keep charge carriers in a structure with dimensions smaller or of the order of the de Broglie 
wavelength, exhibit quantum confinement effects. After the technological revolution introduced by the transistor in the 
late 1940s, which resulted in our information-based societies, the development of such quantum confining nanostructures 
contain the seeds of strong technologic and scientific progress [1–3] (and references therein).

The first quantum nanostructures to be proposed and realized are quantum wells that confine charge carriers in one 
dimension and led to the 2000 Nobel Prize awarded to Alferov and Kroemer [4,5]. They found many applications in laser 
diodes for, e.g., compact disc readers or fiber optic transmitters, and more recently in the blue laser diodes that led to 
the 2014 Nobel Prize awarded to Akasaki, Amano and Nakamura [6]. In a ‘quantum wire’, such as a carbon nanotube, 
electrons are confined in two dimensions, but are free to move in one direction; in a ‘quantum dot’ or ‘artificial atom’, 
electrons are confined in all directions, which leads to a discrete energy spectrum. Quantum dots are thence used in labs 
for producing single photons and entangled photons, quantum computing devices, single-electron transistors, and are even 
already embedded in television displays first commercialized in 2013.

Quantum dots (QD) may be produced with different techniques, in colloidal solutions or in semiconductor epitaxy. If 
lithography is used in relatively large structures, the control of crystal growth down to a few nanometers allows the in-situ 
self-organization of defect-free nanostructures when a thin film is coherently deposited on a substrate. This growth exem-
plifies the general trend towards self-organization in out-of-equilibrium systems, which is commonly associated with the 
so-called Stranski–Krastanov growth, specific to epitaxial systems and explained in the following. Its driving force is the 
relaxation of the stress induced by the lattice mismatch between a film and its substrate, while it is hindered by the surface 
energy cost and by wetting effects between a film and a substrate. At the temperatures where QD grow, only surface mass 
transfers are activated and lead to surface corrugation. This evolution should thence not be confused with the buckling of a 
strained film, which involves the movement of the full system.

In some growth conditions, QD growth occurs without nucleation and results from a morphological instability, the ATG 
instability, proposed by Asaro and Tiller [7] and then Grinfel’d [8]. It was experimentally demonstrated in 4He films in Bal-
ibar’s group [9–11], and also in polymer films [12]. In semi-conductors’ epitaxy, it was evidenced in indium–gallium–arsenic 
systems [13] and in silicium–germanium (SiGe) films [14,15]. However, QDs result mostly in the long-time dynamics of the 
instability, where numerous effects come into play, especially wetting interactions between the film and its substrate, crys-
talline anisotropy, but also non-linear effects. The goal of the present article is to review the different results that may be 
drawn theoretically for this instability, and to compare them with experimental knowledge.

2. Asaro–Tiller–Grinfel’d instability

The Asaro–Tiller–Grinfel’d instability occurs when a strained film relaxes by developing a surface corrugation, see, 
e.g., [16,17] for a review and Fig. 1. In hetero-epitaxial systems, strain occurs when a film is coherently deposited on a 
substrate with a different lattice parameter. Hence, the film experiences a bi-dimensional strain in the substrate plane that 
already leads to a Poisson dilatation in the growth direction. The morphological evolution then happens via surface dif-
fusion driven by elastic relaxation. The description of the ATG instability is merely ruled by surface diffusion enforced by 
the surface chemical potential density μ that includes capillary and elastic effects. We consider a regular film surface lo-
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cated at z = h(r, t), where r = (x, y). When atoms are deposited on the surface with a given flux F and then diffuse, mass 
conservation enforces the diffusion equation [19]:

∂h

∂t
= D

√
1 + |∇h|2�Sμ + F . (1)

Here, �S is the surface Laplacian [20] which is merely the bi-dimensional Laplacian � = ∂2/∂x2 + ∂2/∂ y2 in the small-slope 
approximation used in the following, which is relevant to the experiments described below. The diffusion coefficient D in 
(1) involves the atomic diffusion coefficient Da, but also the atomic volume � and the surface density of lattice sites ν

[21], D = Da
ν �2

kB T
, neglecting local lattice expansion effects and vacancy concentration [19]. In fact, D is supposed to be a 

constant in the derivation of (1) [19], independent, e.g., of the local surface orientation, or of the local strain. This strong 
hypothesis is also related to the continuum framework underlying Eq. (1) that is used here. It is justified in SiGe systems 
as the (001) substrate orientation on which the instability is observed always displays some roughness, see Fig. 3. It may 
be rationalized by the fact that this orientation is a stable but not a facet orientation, consistently with the nucleationless 
evolution of the ATG instability [22] explained in the following.

The chemical potential density used in (1) may be computed by a virtual addition of mass on the surface in terms of 

functional derivative μ(r) = δF
δh

(r), where the free energy F depends on the shape h(r). It contains two contributions, 

F = Fel + F s. The surface energy F s = ∫
γ d2 S with the surface area element d2 S , includes different effects. Its basic 

definition describes the energetic cost of creation of a surface when γ is constant. But γ is function of the local orientation 
of the crystal, describing the fact that different orientations do not have the same cost. This well-known property is usually 
associated at equilibrium with the Wulff construction [23]. In addition, the surface energy, which is an excess quantity, is 
also a function of the local environment of atoms. In the case of interest here, where an atomically thin film is deposited 
onto a substrate, the later environment naturally depends on the film thickness, γ = γ (h) [24,25]. This effect is at the origin 
of a critical thickness for the development of the instability and of the stabilization of a wetting layer between islands, as 
seen in the following. A priori, we stick in this section to the basic case where γ is merely a constant, so that one finds

μs(r) = γ κ(r) , (2)

where κ(r) is the mean curvature [26], which is −∂2h/∂x2 − ∂2h/∂ y2 +O(∇h3) when the surface slopes are small.
The elastic contribution Fel is a priori a non-local functional of the surface shape h(r), describing the long range of 

elastic interactions. The latter results from the lattice mismatch between the film and the substrate when the epitaxy is 
coherent, which is the case for thin SiGe systems, at least in the first stages of the morphological evolution (dislocation 
may occur in large domes or superdomes that arise for thick enough films). The dynamics occurs on time scales that are 
large compared to the time scales for relaxation towards mechanical equilibrium. Hence, one should look for the displace-
ments that solve the mechanical equilibrium equations. As a first and relevant approximation, one could consider in SiGe 
systems elasticity as linear and isotropic. Moreover, when the system is coherent, one should also impose the continuity 
of displacements and forces at the film/surface boundary, while the film’s upper surface should be considered as free of 
stress (neglecting also surface stress effects [27]). If one can find exact solutions for the elastic field in two dimensions 
using complex decompositions, see, e.g., [28], the solution for the elastic field is not known in the general case in three 
dimensions. However, one may find an exact solution when the surface slopes are small. This hypothesis is not very restric-
tive: it is certainly relevant to describe the instability initial stage where the surface departs only slightly from its initial flat 
configuration, but it is also at work in the mature stage of the instability where quantum dots arise that initially develop 
only slopes of at most 11◦ for (105) facets. In the small slope approximation, one may find the solution for the elastic 
displacements, and thence for the elastic chemical potential density at first order

μel = E0
{

1 − 2(1 + ν)
[
Hxx(h) +Hyy(h)

]}
, (3)

where ν is the Poisson’s ratio and E0 = Y m2/(1 − ν), the elastic energy density of a flat film with a Young modulus Y and 
a misfit m with its substrate. The Hilbert operators involved in (3) are given in the Fourier space along (x, y) by Hi j(h) =
TF−1 [

(kik j/|k|)TF[h]], with the 2D wave-vector k, so that Hxx +Hyy acts merely as Hxx(h) +Hyy(h) = TF−1 [|k|TF(h)].
ATG instability results from the competition between the elastic relaxation described by (3) and the capillary energy cost 

described by (2). It is already characterized by the length scale

l0 = γ

2(1 + ν)E0
, (4)

which is typically 13 nm for a Si0.7Ge0.3 film on Si [29]. It is associated with the time scale t0 = l40/Dγ , which is typically 
270 s in the same conditions. From now on, lengths and time are given in units of these scales. One may solve the evolution 
equation (1) by considering a linear analysis where the film-free surface is decomposed into Fourier modes along x and y. 
One finds an exponential growth h(r) = h̄ + h1e−ik·reσ(k)t with
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Fig. 2. (Color online.) (Left) Film/substrate geometry characterized by a flat interface and a corrugated free surface defined by z = h(r). (Right) Growth rate 
σ of an harmonic corrugation with a wavevector k as a function of k for different film thicknesses: the top curve corresponds to the generic ATG growth 
rate given in Eq. (5), corresponding to the thick film limit when wetting is at play; when the film mean thickness decreases while wetting is at play, the 
growth rate σ decreases and remains negative for a thickness lower than the critical thickness hc .

Fig. 3. (Color online.) STM image and line scan of the surface of a Si0.5Ge0.5 film on Si(001) displaying both the wetting layer and a small mound [22].

σ(k) = |k|3 − k4 , (5)

in dimensionless units (i.e. 1/l0 for k), see Fig. 2. This growth rate is positive for the full range of modulus |k| ≤ 1. Hence, 
an initial film corrugation with a white noise will amplify all the long-wave contributions, and especially the maximum at 
|k|max = 3/4. The resulting morphological configuration is typically displayed in Fig. 4, which corresponds to the solution 
for h given by (5) and an initial white noise. Similarly to experiments [17], one finds that the relaxation associated with 
the instability can be quite small, see Fig. 4, even though it drives the film’s evolution. Note that it can even be tailored, 
e.g., using tensilely strained pseudo-substrates, in order to prevent the instability development and grow coherent, thick and 
flat layers without a noticeable morphological evolution [30,31].

It should be noticed that in semi-conductors epitaxy, surface diffusion and strain relaxation may lead to two different 
phenomena that should not be confused, see Fig. 5: either the nucleationless evolution [32] described by the morphological 
ATG instability, or an evolution dictated by nucleation and characterized by an abrupt 2D/3D transition, see, e.g., [33,25,34]. 
The competition between the two pathways is dictated by the amplitude of the lattice misfit: nucleation occurs when the 
misfit is large enough to lead to a strong elastic energy relaxation, typically on Ge films on Si, while the instability occurs 
at low misfit, e.g., on a Si1−xGex film on Si(100) where x � 0.5. In the latter case, the elastic relaxation is too small so 
that the nucleation barrier for the nucleation of an island is too large. This competition was demonstrated in kinetic Monte 
Carlo simulations including elastic and capillary effects [35], and is also possible because the SiGe(100) surface is rough 
enough [22,36].

The instability linear regime mentioned above is relevant to describe the first stage of the morphological evolution of a 
strained film. However, the exponential solution to this linear regime cannot grow forever as slopes get larger and non-linear 
effects come into play. The fate of the instability is then singular in the basic description of the instability, i.e. with the 
ingredients mentioned so far to get (5) (i.e. in particular, with a constant γ , no wetting interactions, etc.). Both in 2D and 
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Fig. 4. (Color online.) Solution to the Asaro–Tiller–Grinfel’d instability problem given by the growth rate (5) and an initial white noise. The color field 
describes the strain level around −0.021, the strain corresponding to a Si0.7Ge0.3 film on Si, which displays only small variations.

Fig. 5. (Color online.) (a) and (b) ATG instability on a Si0.85Ge0.15 film on Si(100): (a) top view and (b) side view, from [37]; (c) nucleation of islands on a 
Ge film on Si(100), from [38].

3D systems, the film dynamics leads to cusps on the surface, which concentrate the elastic stress and allow the rest of 
the surface to relax its stress [28]. The surface evolution may be numerically integrated using either an analytic solution to 
elasticity in 2D [39], a 2D Green function valid in the small-slope approximation [40], or a weakly non-linear analysis in 
3D [41]. The different analyses lead to the formation of crack-like grooves that quickly transform into cusps and blow-up 
singularities on the surface for a finite time, see Fig. 6. These singularities are related to the occurrence in experiments of 
grooves, then cusps and dislocations, see Fig. 7, as evidenced in thick SiGe films [15] or in 4He films [10].

3. ATG instability and wetting

While the ATG instability is associated with a singular dynamics in thick films, it behaves differently in thin films. 
Indeed, in SiGe films thinner than at most a few tens of nanometers, the ATG instability leads conversely to a regular and 
smooth evolution that eventually leads to self-organized quantum dots separated by a wetting layer typically 3 monolayers 
(ML) thick. This striking difference is due mainly to the wetting interactions between the film and its substrate, which are 
naturally important at low thicknesses. Similar to the wetting interactions between a fluid and a solid, wetting between 
solids is related to microscopic interactions at the surface. The surface energy, which is an excess energy [42], is indeed 
function of the local environment around the surface atoms. When one considers the surface energy of a crystal film, one 
must consider that the environment of surface atoms is crucially dependent on the presence of a substrate a few monolayer 
beneath or not. Hence, one expects the surface energy to depend on the film’s thickness

γ = γ (h/δ) , (6)
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Fig. 6. Long-time dynamics of the ATG instability showing cusps for a finite-time, (left) in 2D [39] and (right) in 3D [41].

Fig. 7. (a) Dislocation development on top of the ATG instability in thick SiGe films [15], which correspond to cusp production (side view in inset); 
(b) formation of deep grooves in 4He films [10].

where δ is a few atomic distances and characterizes the interactions between atoms [25,24]. This property may be evidenced 
by microscopic calculation of surface energies, either based on so-called ab-initio calculations or by pseudo-potential models 
[43–45]. The results may be well fitted by an exponential decay γ = γf [1 + cw exp(−h/δ)], where γf is the film usual surface 
energy while cw and δ characterize the wetting effect. Note that a singular 1/hn dependence may be used, e.g., to model 
van der Waals bonding at not too small distances, but smooth variations are suited for semi-conductors and metals. Note 
that wetting introduces symmetry breaking in the problem in the direction of the growth, which is not present a priori in 
the ATG framework (except from a negligible h dependance that could arise when the film’s and the substrate’s Poisson 
ratio and Young modulus differ [26]). Eventually, when such an effect is at work, the functional derivation of the surface 
chemical potential includes an extra term and reads

μ(r) = γ (h) κ(r) + dγ

dh
nz + μel(r) + μ0 , (7)

where nz is the projection of the surface unit vector on the growth direction, while μ0 is the reference chemical potential. 
The consequences of such an extra dependance are non-perturbative.

The presence of wetting interactions has a first crucial effect as regards the inhibition of the ATG instability below a 
given critical thickness hc, that is the usual Stranski–Krastanov critical thickness. The latter thickness is characteristic of 
the Stranski–Krastanov growth mode, which is particular to crystal films compared to liquid films, see Fig. 8. In this mode, 
growth occurs first as a 2D layer-by-layer growth as wetting interactions enforce a flat film; once the film is thick enough, 
these interactions vanish and elastic relaxation may occur when the surface morphologically evolves. This phenomenology 
is captured by the basic description of the ATG instability augmented by wetting interactions. Indeed, the growth rate (5)
is not stable with respect to the addition of a perturbation that should add an extra and leading k2 term in σ , due to the 
presence of the Laplacian in (1). When wetting interactions are considered, the linear evolution of a harmonic corrugation 
around h̄ with a wave-vector k is characterized by a growth rate
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Fig. 8. Different growth modes: (a) 2D layer by layer Franck-van der Merve mode, (b) dewetting and island growth (Volmer–Weber), (c) layer by layer then 
island growth (Stranski–Krastanov) [18]. The first two modes are similar to the phenomenology of liquid wetting films while the latter mode is particular 
to crystal growth.

σ = −d2γ

d h2
(h̄)k2 + |k|3 − k4 . (8)

The k2 term, related to wetting, is negative here when d2γ /dh2 > 0, which is the case for an exponentially or algebraically 
decaying wetting effect. Hence, this negative k2 term reflects the tendency for the film to wet the substrate and thence not 
to transfer matter on an island by pealing a 2D film. As shown in Fig. 2, which is plotted for an exponential wetting effect, 
the growth rate σ indeed shifts from a dependance where it is positive for the range of wave-vector where |k| ≤ 1, mainly 
for large h̄, to a dependance where it is negative for every k, i.e. for small h̄. In the latter case, the instability is inhibited as 
all perturbations shrink, so that the surface is not linearly inclined to undergo a morphological evolution. For exponential 
wetting, one finds a critical height hc = −δ ln(δ2/4cw) below which the instability does not occur and above which it does 
develop. This consequence is fully consistent with experimental observations. Similarly to the nucleation case, the ATG 
instability does indeed not occur below a given thickness. This critical thickness usually depends on strain, which may be 
adjusted by the composition x of the Si1−xGex film. Note that this thickness is usually much smaller than the Matthew’s 
length [46], which corresponds to the critical thickness above which dislocations nucleate in a strained film (i.e. when the 
elastic energy is too large and overcomes the energy cost for the nucleation of dislocations). In the Si1−xGex system, the 
Matthew’s length is large enough (typically 100 nm for x � 0.3) [47] and the morphological evolution is the only strain 
relieving mechanism for thicknesses between the Stranski–Krastanov critical thickness hc (typically 3 monolayers) and the 
Matthew’s length.

The second crucial consequence of wetting is the regularization of the instability at long time. Above the critical thick-
ness hc, the wetting interactions are no longer sufficient to enforce a 2D growth and the ATG instability develops. But as 
opposed to the thick film’s case, its development at long time is no longer characterized by finite-time singularities, cracks 
or dislocations. On the contrary, after the initial exponential increase, the instability smoothly transforms into islands sep-
arated by a wetting layer that continuously evolves. This striking difference was evidenced experimentally during the first 
observations of the ATG instability [14,48–51]. It occurs while the film is up to a few tens of monolayer thick and the 
wetting layer spreading between islands is 3 to 4 monolayer thick. For such thin layers, the wetting interactions should be 
important and naturally associated with the formation of a wetting layer.

On the modeling front, one should investigate the effect of the wetting interactions on the long-time dynamics of the 
instability, i.e. on the non-linear regime of the instability [52,27,53,54]. Non-linear effects arise in two effects: first, in 
the wetting potential in (7) if one considers, e.g., an exponentially decreasing wetting potential; second, in the elastic 
chemical potential, which can be solved exactly at the first non-linear order in the small-slope approximation [53]. The 
latter non-linear terms arise from the non-linearities associated with the free boundary condition within the linear elasticity 
framework, and should not be confused with non-linearities that could occur in elasticity at large strain. The non-linear 
evolution equation during annealing (i.e. without a deposition flux F ) eventually reads

∂h

∂t
= 	

{
−

(
1 + cwe−h/δ

)
	h − cw

δ
e−h/δ

(
1 − 1

2
|∇h|2

)

−Hii(h) + 2h	h + |∇h|2 + 2Hi j
[
h θi jklHkl(h)

] +Hi j(h)θi jklHkl(h)

}
, (9)

where θi jkl is a geometric tensor depending on the film’s Poisson ratio [53]. The elastic non-linear terms involve the non-
local Hilbert operators (3). The elastic contribution, second line in (9), is globally invariant by a shift in the reference height, 
even though it involves h	h terms, and symmetry breaking in the growth direction is entirely due to wetting. One may 
investigate numerically the solution to the evolution equation, considering some noise to initiate the instability, either in 
the initial conditions or during dynamical evolution. One finds that the evolution is regularized by the combination of the 
non-linear elastic and wetting effects [53]. The cusp-like solutions (Fig. 6), which tend to dig into the film, are avoided by 
the wetting interactions that prevent the film to be too thin. On the contrary, one finds a smooth and continuous evolution. 
The initial linear instability, characterized by growing mounds that go deeper into the film, slows down when the film 
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Fig. 9. Non-linear evolution of the ATG instability in presence of wetting, following Eq. (9). Contrary to the thick film case without wetting, the instability 
leads to the formation of self-organized quantum dots separated by a wetting layer. The snapshots correspond to t/t0 = 4 (left), t/t0 = 8 (center) and 
t/t0 = 14 (right), from [53].

Fig. 10. Different non-linear regimes of the evolution (Eq. (9)) as a function of the deposition flux for (a) low flux Ft0 = 4·10−4, (b) intermediate flux 
Ft0 = 0.04 and (c) large flux Ft0 = 0.4, from [53].

is only a few atomic lengths thick. Then, non-linear wetting effects enforce the spreading of a wetting film between the 
mounds that evolve into well-defined self-organized islands separated by a wetting layer similarly to experiments, see Fig. 9. 
As described below, these islands undergo a non-interrupted Ostwald coarsening [53], where the smaller ones disappear to 
the benefit of the larger ones.

A noticeable feature associated with the symmetry breaking of the dynamical equation (9), is the explicit dependance of 
the growth on the deposition flux. Indeed, if a deposition term F is added in the r.h.s. of Eq. (9), one finds different growth 
regimes characterized by a different self-organization, see Fig. 10. When Ft0 � 1, the islands resulting at large time are 
scattered across the surface similarly to the islands that occur during annealing when F = 0. However, as F increases, the 
islands exhibit progressively spatial correlations and gather into clusters, which are well defined when Ft0 � 0.1, see Fig. 10. 
This behavior, which is similar to the trend observed in nucleating islands when F/D increases, does not share the same 
origin. In the diffusion/nucleation regime, as the diffusion flux increases, the adatoms diffusion length between deposition 
and nucleation decreases, so that the island density increases with F [55]. In the instability regime however, where the 
island density results from the balance between the elastic and capillary energies, the increase in the deposition flux acts 
on coarsening: When growth proceeds quickly, surface diffusion is not active enough to allow the mass transfer between 
islands that nearly all survive, with an order reminiscent of the initial stages.

4. Crystalline anisotropy

The previous descriptions do not include a crucial factor in crystal growth: crystalline anisotropy. This anisotropy is 
already responsible for the equilibrium shapes of crystals thanks to the Wulff construction [23], which relates the shape of 
a crystal to the dependance of its surface energy on the local orientation. This anisotropy may be included in the continuum 
framework appropriate to describe the instability, by including a surface dependance γ = γ (n), where n is the local normal 
to the surface [56,16]. In the presence of such a dependance, the functional derivative leads to extra terms in the surface 
chemical potential that reads,

μs(r) = γ κ(r) − 2√
1 + |∇h|2 h jhi j

∂γ

∂hi
−

√
1 + |∇h|2 hij

∂2γ

∂hi∂h j
. (10)

A first consequence of this anisotropy on the ATG instability is the dependance of the growth rate σ on the sub-
strate’s stiffness. Indeed, the −k4 capillary term in (5) becomes −γ̃ k4 in the presence of anisotropy, with stiffness 
γ̃ = [

γ + ∂2γ /∂h2
x + ∂2γ /∂h2

y

]
/γ . Hence, a large stiffness value will diminish the growth rate σ and may kinetically pre-

vent the instability from occurring. Because of the initial exponential increase in the instability, the dependance of the 
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Fig. 11. Typical time td for the onset of the instability (defined by a given threshold for the surface roughness) as a function of the surface stiffness γ̃ , 
from [37].

Fig. 12. Evolution from rough mounds to a pyramids on a SiGe film on Si(100), from [60].

instability onset on the surface stiffness is quite important, see Fig. 11. This result may be used to support the experi-
mental difference between the growth on Si(100) and on Si(111). Indeed, one finds that the ATG instability develops on 
Si(100), while it is inhibited on Si(111), during growth and even during long-time annealing [50,37]. One knows that the 
(111) orientation on SiGe systems is much stiffer than (100) orientation, which displays an intrinsic roughness [57,58,22,59]. 
The inhibition on Si(111) may thence be attributed to such a retardation due to the surface stiffness, contrary to the easy 
evolution on (100).

A second consequence of this anisotropy concerns the island shapes in the ripening regime. If the first islands to grow 
on Si(100) are rough and rather isotropic mounds, called pre-pyramids, they evolve after some time into square-base and 
rectangular-base pyramids with (105) facets [48,50,32,60], see Fig. 12. The resulting (105) pyramids are similar to the ones 
observed in the seminal work on the nucleation regime on pure Ge on Si [61], see Fig. 13. This pre-pyramid-to-pyramid 
transition corresponds to a first-order transition that occurs when the island volume is large enough (which occurs as 
coarsening leads to the growth of some islands) [22]. Depending on the growth parameters, the pyramids may then evolve 
into domes and super-domes when the film is thick enough and/or during a long-enough annealing time [17], similar again 
to the islands grown in the nucleation regime [62], see Fig. 14.

In order to describe the formation of faceted objects in the ATG instability, one can include an ad-hoc dependance of γ
on n with specific orientations [64–69]. The latter should account for the intrinsic roughness of the (100) orientation [22], 
together with the presence of the well-defined (105) facets. Thanks to the Wulff construction, one knows that facets are 
associated with cusps in the γ -plot of the materials, i.e. in the function γ (n). Such singularities cannot be described within a 
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Fig. 13. Pyramid island with (105) facets nucleated on a Ge on Si film, from [61].

Fig. 14. Different shapes of self-organized quantum dots on SiGe, from [63].

Fig. 15. (Color online.) Typical gamma-plot for SiGe systems displaying the dependance of the surface energy γ on the local orientation given by the slopes 
hx and hy , from [70].

differential framework, but singular orientations can nevertheless be described with ad-hoc regularizations amenable within 
a differential framework, see, e.g., [64–69]. In order to describe SiGe systems, one may consider a regularized gamma-plot 
with a shallow minimum near (100) and stiff minima for the (105) orientations [70], see Fig. 15.

The evolution of the ATG instability accounting for such a surface energy anisotropy [71] captures the experimental 
evolution. The first islands to grow are mainly isotropic mounds. Some of them grow and increase their aspect ratio and 
side slopes. When the slopes are large enough, near 11◦ , which corresponds to the (105) facets, the islands quickly transform 
into (105) pyramids, see Fig. 16, with square bases or rectangular bases depending on the film’s thickness (the latter occur 
at larger thicknesses). After some possible coarsening, these islands do no longer coarsen and are ‘frozen’ in a stationary 
state, see below. Another remarkable correspondence concerns the correlated growth for thick-enough films (nevertheless 
thin enough to lead to quantum dots and not dislocations). One finds that both experimentally and theoretically in some 
conditions, faceted islands grow in groups at some locations while the instability initial corrugation is still developing on 
the rest of the film. Islands will eventually grow all over the surface [17], but this kind of intermediate state can be found 
even after 18 h of annealing, see Fig. 17. It may be attributed to the energy barrier between (100) and (105), which must 
be overcome when the local slopes are large enough, which is the case in the vicinity of large fluctuations. The islands 
correlations thence keep track of the local fluctuations in the initial linear regime. Note that other anisotropies, such as 
diffusion or elastic anisotropies, are not considered here as they are expected to contribute more weakly than the surface 
energy anisotropy.
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Fig. 16. (Color online.) Evolution of the ATG instability with an anisotropic surface energy γ (n) dedicated to SiGe, as depicted in Fig. 15.

Fig. 17. (Color online.) Intermediate stage of the self-organization dictated by the ATG instability where some quantum dots grow in groups while the linear 
instability is still growing on the rest of the film (a) in theory and (b) in experiments for a 5-nm Si0.7Ge0.3 film on Si(100) annealed for 18 h [17].

Fig. 18. Atomic force microscopy image of a 5-nm-thick Si0.75Ge0.25 film on Si(100), from [72].

5. Directed self-organization

Self-organized quantum dots are investigated for their potential spatial order and uniformity without a potentially 
detrimental external action. However, the quantum dots resulting from the ATG instability display poor spatial order and 
significant size dispersion, see, e.g., Fig. 18, which is a serious drawback for their use in large assemblies [2]. Their order 
and uniformity is poorly enhanced compared to the dots resulting from the intrinsically stochastic nucleation growth. This 
disappointing result originates from the low order of the ATG linear regime of the instability. Indeed, the ATG growth rate 
is isotropic and does not lead to a periodic structure, but rather to an initial morphology with already some disorder, see 
Fig. 5. In addition, after the initial linear regime, the islands undergo some partial coarsening, which favors large islands at 
the expense of the smaller ones, so that size dispersion again increases.

In order to improve the quantum dot morphological features, growth was processed either on stress pattern, see, e.g., 
[73], or on morphological patterns [17]. In the latter case, the resulting islands self-organize dramatically in quite perfect 
arrays, forming meta-crystals of quantum dots [74]. But, at least in the nucleation regime where it was most studied, 
contradictory experimental results were found in similar conditions on pit-like patterns or on mesas. Islands were found 



752 J.-N. Aqua, T. Frisch / C. R. Physique 16 (2015) 741–757
Fig. 19. (Color online.) Evolution of the ATG instability on a pattern with a wavelength equal to the maximum of the ATG growth rate. The film surface, 
which initially wets the substrate, skips from an in-phase geometry to an out-of-phase geometry, which relaxes the elastic energy more efficiently. From 
[85].

on the top or at the edge of the pattern in [75–78], on the pattern sidewalls in [79] or inside pits in [79–81]. They 
were also found inside pits at low temperatures and between pits at high temperatures in [82]. The evolution on top 
of a morphological pattern results from different and contradictory driving forces. On the one side, the elastic energy 
minimization for a given island favors its location onto a pit [83,84]. On the other side, growth is dictated by gradients 
in the surface chemical potential, which includes capillary and elastic contributions. If the elastic contribution from the 
patterned film/substrate interface is indeed minimum on the top of a pit, the elastic contribution from the free surface 
is minimum on the top of a corrugation and maximal in its valleys. On the contrary, the surface energy contribution is 
maximal on the top of a corrugation and minimal in its valleys. Finally, the wetting effects tend to force the film to follow 
the pattern’s shape. Hence, the quantum dot growth on a pattern results form the dynamical competition between these 
opposite driving forces, whose balance is a priori non-settled.

To investigate these systems, the ATG dynamical equation was generalized in the presence of a patterned film/substrate 
interface. Similar to the elastic relaxation induced by the surface corrugation that is the ATG driving force, the film/substrate 
interface introduces elastic dipoles and creates an elastic field that propagates up to the surface. If the interface is located at 
z = η(r), one finds an extra contribution in the surface elastic chemical potential, which reads at linear order in the slopes 
of η [85,86]

μel/E0 = 1 − 2(1 + ν) [Hii(h) − B[Hii(η)] , (11)

with summation over repeated indices i = x, y. The damping operator is merely given in the Fourier space by B(h) =
exp(−|k|h̄)h(k), where h̄ is the mean film thickness. This exponential damping in the growth direction occurs over a length 
scale equal to the horizontal wavelength, as a result of the absence of a length scale in elasticity. The extra term B[H]
acts as a forcing term on the dynamical equation of the surface. Moreover, the influence of the patterned interface is also 
at work in two other effects. First, the wetting interactions that are dependent on the film thickness may be locally given 
through γ = γ [h(r) − η(r)], which forces the wetting film to follow the morphology of the pattern. Second, the deposition 
initially occurs on the patterned substrate so that the film initially follows the pattern’s morphology. Hence, the pattern 
shape η also corresponds to the film initial condition h(r, t = 0), which may be more or less amplified depending on the 
growth rate σ , which is a function of the pattern’s typical length scale and spectrum η(k). As a result, the linear evolution is 
characterized by the ratio between the pattern wavelength λη and the natural instability wavelength λATG = 8π l0/3, which 
corresponds to the maximum of σ(|k|). Two typical cases arise [85,86]. When λη � λATG, the evolution is mainly dictated by 
the λATG mode. The initial condition where the film wets the substrate corresponds to a maximum of elastic energy where 
the film surface is in phase with the substrate. The minimum of energy corresponds to a configuration where the film is 
out of phase with its substrate [83]. Hence, when the film’s thickness is large enough so that wetting effects are negligible, 
the film skips at a given time tex from an in-phase geometry to an out-of-phase geometry. This shift occurs for a geometry 
with a single k through the vanishing of the corrugation amplitude, even though the growth rate σ is maximum for this 
wavelength, see Fig. 19. On the other hand, when the substrate wavelength is not in the vicinity of λATG, the maximum 
mode grows faster and leads after some time tmax to a surface morphology that is quite similar to the morphology in the 
absence of the forcing term.

After the initial linear regime, the growth of the quantum dots on a pattern is given by its non-linear evolution. It 
may be described by an evolution equation similar to the one on a flat substrate (9), but with (i) a forcing term, which 
can be computed at orders η and η2, (ii) with a coupling proportional to h η, and (iii) a wetting effect depending on 
h(r) − η(r) [87]. One may first study a sinusoidal pattern so that the pattern’s effect is governed only by its wavelength λη

and by the film’s thickness h̄ that rules the exponential damping of the interface dipoles. When one also adds an ad-hoc 
anisotropy to describe SiGe systems, one finds again that the islands grow, develop (105) facets, before their coarsening 
interrupts. The geometric uniformity of the resulting islands can be spectacular. Even with a shallow pattern (i.e. for a 
pattern slope as small as a few percent), one finds in some conditions a self-organization in meta-crystals of quantum 
dots, see Fig. 20a–b. However, in some other conditions, the self-organization leads to a poor order similar to the one on 
a flat substrate, see Fig. 20c. The summary of the localization of the dots when they no longer coarsen is given in the 
kinetic phase diagram in Fig. 21. The islands’ localization can be rationalized kinetically as it coincides with the geometry 
of the surface when the islands arise from the initial linear instability, i.e. when the linear instability nearly touches the 
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Fig. 20. (Color online.) Quantum dots resulting from the growth of the ATG instability (with a natural wavelength λATG) on top of a sinusoidal pattern (with 
a wavelength λη ) for (a) λη � λATG, (b) a large λη/λATG and thin film and (c) for a thick film but λη/λATG � 2, from [87].

Fig. 21. (Color online.) Kinetic phase diagram giving the localization of the quantum dots with respect to a sinusoidal pattern as a function of the ratio 
λη/λATG of the pattern to instability wavelength and of the film’s thickness, from [87].

Fig. 22. (Color online.) Island size distribution resulting from the growth on a pattern for the growth (gray) (a) in the valleys and (b) on the hills of the 
pattern, and (green) on a flat pattern with otherwise similar parameters, from [87].

substrate so that the non-linear growth proceeds. When λη/λATG � 1, the fastest growing mode is driving the evolution 
fast; as described above, the linear instability shifts from an in-phase one to an out-of-phase one so that the quantum 
dots arise when the instability is already out of phase and the dots naturally grow in the valleys of the pattern. For larger 
λη/λATG but smaller than ∼2, the localization depends on film thickness: when h̄ is small, the linear instability promptly 
approaches the substrate while it is still in-phase, and the dots grow on the top of the pattern; for a larger thickness, the 
linear instability has time to shift before it approaches the substrate, and the dots grow in the valleys. Finally, for large 
λη/λATG, the influence of the pattern is rather small and a mainly disordered geometry is found, similar to the one on a 
flat substrate, except for quite thin films where the dots still grow on the top of the pattern and gather in clusters of 2 or 3 
islands on each top. Note that in some conditions, one may find islands that grow both on the hills and in the valleys of the 
pattern, the former disappearing to the benefit of the latter, which have a lower elastic energy. The island size distribution 
in the meta-crystal structures is plotted in Fig. 22, and shows a peaked distribution, significantly improved compared to the 
case of a flat substrate. Finally, one also finds that the kinetic competition exemplified above for a sinusoidal pattern may 
rationalize the growth on pit-like patterns by considering the kinetic phase diagram (Fig. 21) with the appropriate length 
scales [88].
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Fig. 23. (Left) Island density as a function of time for (from bottom to top) an increasing film thickness (the arrows show when deposition is stopped and 
when annealing begins), from [70]. (Right) Island density in the stationary state as a function of film thickness (black) in experiments on a Si0.7Ge0.3 film 
and (red) in the ATG theory with wetting and anisotropy, from [29]. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)

6. Coarsening

Coarsening is a key issue in quantum dot growth. Usually, large islands have a lower chemical potential, which is already 
understandable with only capillary effects, as large objects have a lower surface-to-volume ratio. As a consequence, large 
islands drag matter from the smaller ones and the number of islands decreases with time while their average size increases. 
This stochastic process is a source of non-uniformity that may be detrimental for the use of assemblies of quantum dots. 
Its understanding involves the account of dynamical and long-range effects in epitaxial films. However, as explained in the 
following, the coarsening of the quantum dots enforced by the ATG instability is non-standard and does not follow the 
classic laws of Ostwald coarsening [89,90].

Ostwald ripening is generally characterized by power laws that depend on the physics at work. In the seminal article by 
Lifshitz and Slyozov where diffusion is the limiting process [91], the particle mean size increases as tα , with α = 1/3, while 
the particle density decreases as 1/tζ , with ζ = 1. In fact, their analysis concerns 3D objects evolving due to capillary effects 
and with a diffusion that occurs in 3D, but it was extended to 2D objects and/or 2D diffusion [91–94]. For the coarsening 
of 3D objects via 2D diffusion, one finds ζ = 3

4 and α = 1
4 .1

As regards ATG instability, its evolution on isotropic systems does indeed lead to a non-interrupted coarsening where 
large islands grow, see, e.g., Fig. 9. But the resulting ripening deviates from the usual laws of Ostwald’s coarsening and is 
significantly faster. The standard non-linear analysis described by (9) with regular wetting interactions leads to ζ = 1.3 and 
a surface roughness w that increases as tβ with β = 0.7 [53].2 The increase in the coarsening speed compared to the laws 
of Ostwald ripening is not surprising due to the presence of elasticity, which introduces long-range effects and a subtle 
dependence of the islands’ energy on their volume. Especially, as the islands grow, their aspect ratio (height to base ratio) 
increases so that the larger islands relax the elastic strain more efficiently [53]. As a consequence, in addition to capillary 
effects, elasticity adds in strained films another driving force when the island shape is free to evolve.

An entirely different picture is found however as soon as anisotropy comes into play. Indeed, the islands shapes are 
then dictated by surface effects and given by the materials properties: (105) pyramids, then domes and super-domes with 
(113) and (15 3 23) facets. The evolution between these shapes was first argued to be a first-order transition [96] before 
experimental real-time analysis exhibited a rather anomalous coarsening [97]. But we focus here on the first anisotropic 
shapes that are (105) pyramids that solely occur when the film’s thickness is not too large. As described in Section 4, 
when one considers a surface energy that favors (105) facets in the ATG evolution, one finds the self-organization of (105) 
pyramids. But contrary to the isotropic ones, after some partial coarsening, these pyramids no longer coarsen, see, e.g., 
Fig. 23. This interruption for moderate film thicknesses (not too large so that domes do not form) was also found in 
experiments, even for annealing times as large as three days [47,29]. As a result, the pyramid density in this stationary 
state is given merely by film thickness, see Fig. 23. The coarsening interruption or significant slowdown may be related to 
different effects. On the one side, when the pyramids are well defined, elasticity is no longer a driving force for coarsening. 
Indeed, when the pyramid shape is given, its volume can increase only by a self-similar evolution so that the elastic energy 
is exactly proportional to the volume. Consequently, the elastic chemical potential does not depend on the volume and does 
not contribute to surface chemical potential gradients. On the other side, capillary effects, which should a priori favor large 
islands, also involve here wetting interactions. If one computes the energetic pathway that describes coarsening between 
two islands, accounting for an elastic energy proportional to the volume and a surface energy with wetting effects, one finds 
the energetic profile typically depicted in Fig. 24. The energy landscape is noticeably characterized by a valley of states as 
the total energy increases due to wetting interactions when large volumes start to consume the wetting layer. In this valley, 

1 Note that when coarsening is limited by attachment/detachment one finds 〈R〉 ∼ t1/2 [95].
2 A weakly non-linear analysis coupled with singular 1/h2 wetting interactions lead to β = 2.8 [27].
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Fig. 24. (Left) Two islands of volumes V 1 and V 2 sitting on a wetting layer of thickness h; (right) energy landscape as a function of V 1 and V 2 accounting 
for elastic, surface and wetting energies, from [70].

the true minimum is well for a vanishing V 1 or V 2 (complete coarsening); but the energy differences are so small in this 
valley that the islands are likely to be glued in this valley [70]. Note that when the film thickness is large enough, some 
large islands transform into domes and coarsening acts again, as domes have lower chemical potential.

7. Conclusion

We describe in this article the self-organization of quantum dots resulting from the Asaro–Tiller–Grinfel’d instability. The 
latter is driven by the misfit strain relaxation allowed by surface morphological evolution. We describe how its development 
into quantum dots in epitaxial strained films is captured in some conditions by the basic mechanisms of the instability, 
but involves ingredients specific to these systems, such as wetting interactions or crystalline anisotropy. Their account 
allows us to rationalize experimental outcomes: quantum dots vs. dislocation, critical thickness for evolution, formation of 
faceted objects, dependance on substrate orientation, effects of patterns, coarsening dynamics etc. If the basic aspects of the 
quantum dot growth are now rather well understood, many questions are still left open:

• (i) coupling between alloying effects and the dynamical evolution: how the latter drives composition inhomogeneities 
in the dots but also how composition differences may drive the morphological evolution. This issue is crucial for the 
use of quantum dots in devices as inhomogeneities may significantly modify the dots’ properties;

• (ii) crossover between the nucleation and the instability regimes, which are clearly different initial stages that however 
lead to subsequent similar evolutions;

• (iii) the influence of geometry on long-range elastic interactions, especially on geometries under scrutiny in experiments, 
nano-membranes, nano-wires, etc. The latter are investigated not only for the use of new geometries, but also for the 
potential control over the nanostructures electronic properties. The improved control over the promising quantum dots 
properties clearly appeal for a better understanding and control of their growth.
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