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Abstract. Disorder in atomic positions can induce a topologically nontrivial phase—topological Anderson
insulator (TAI)—for transverse electric optical quasimodes of a two-dimensional honeycomb lattice of im-
mobile atoms. TAI requires both time-reversal and inversion symmetries to be broken to similar extents. It
is characterized by a nonzero topological invariant, a reduced density of states and spatially localized quasi-
modes in the bulk, as well as propagating edge states. A transition from TAI to the topological insulator (TI)
phase can take place at a constant value of the topological invariant, showing that TAI and TI represent the
same topological phase.

Résumé. Le désordre dans les positions atomiques peut induire une phase topologiquement non triviale –
l’isolant topologique d’Anderson (TAI) - pour les quasi-modes optiques électriques transversaux d’un réseau
en nid d’abeille bidimensionnel d’atomes immobiles. Le TAI nécessite que les symétries de renversement
du temps et d’inversion soient brisées dans des proportions similaires. Il est caractérisé par un invariant
topologique non nul, une densité d’états réduite et des quasi-modes spatialement localisés dans le volume,
ainsi que des états de bord propagatifs. Une transition du TAI à la phase d’isolant topologique (TI) peut avoir
lieu à une valeur constante de l’invariant topologique, montrant que le TAI et le TI représentent la même
phase topologique.
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1. Introduction

Interaction of light with atomic vapors is a fascinating research field full of surprises [1]. On the
one hand, atoms scatter light thus affecting its propagation whereas on the other hand, light can
change the internal state of an atom and exert a mechanical force on it [2]. The most fascinating
example of the practical use of light-atom interaction is probably the cooling of atomic ensembles
to very low temperatures and reaching the thermodynamic phase of a Bose–Einstein condensate
(BEC) in which the majority of atoms are in the same quantum state [2,3]. The interaction of laser-
cooled atoms with light has become a research field on its own. Although its physics is, in general,
very complex, regimes can be identified when only one of the components—light or atoms—acts
on the other whereas there is no back action. One can, for example, consider atoms evolving in
an optical potential due to external lasers without the potential being affected by the atoms in
any way. Cold atomic systems, mainly BECs, in carefully engineered or random optical potentials
have recently allowed for studying several intriguing physical phenomena initially proposed in
the context of condensed matter physics: Anderson localization [4, 5], Mott–Hubbard transition
and other many-body phenomena [6], as well as phenomena related to the nontrivial topology
of energy bands [7]. Under different conditions, it is possible to achieve a situation in which light
is scattered by atoms with the latter staying immobile in space to a good approximation [8, 9]. In
this context, attempts to observe Anderson localization of light are underway [10], even though
they have to face additional difficulties due to the vectorial character of light [11, 12].

Topology is a branch of mathematics that revealed its full power for understanding physical
phenomena after the discovery of the quantum Hall effect (QHE) in 1980 [13, 14]. It turns out
that the precise quantization of Hall conductance in QHE finds a simple explanation in terms of
topology of electronic bands [15, 16]. Since that time, physicists realized that topology can pro-
vide a useful perspective in various domains ranging from the physics of cold atoms [7] to pho-
tonics [17, 18] and Earth sciences [19]. Moreover, the robustness of topological phenomena with
respect to moderate disorder and perturbations makes them attractive for applications in devices
where defects and various kinds of imperfections are unavoidable (e.g., in nanoelectronics). This
robustness was the main reason to discuss the impact of disorder in the context of topological
physics until 2009 when a possibility was discovered for disorder to play a constructive role and
to induce nontrivial topological phases instead of destroying them, leading to a topological phase
dubbed the “topological Anderson insulator” (TAI) [20]. First discovered in a system described by
a tight-binding Hamiltonian belonging to the symmetry class AII and uncorrelated on-site dis-
order [20], TAI phase has been later demonstrated to exist in systems of other symmetry classes
and with different types of disorder (including amorphous systems) as well [21–23]. Whereas a
topological insulator (TI) features edge states with frequencies inside a band gap of the infinite
system [24], TAI is supposed to exhibit the same behavior but only when disorder is introduced in
the system, which explains the reference to Anderson in its name. Spatially localized states arise
in the bulk, leading to a mobility gap in the spectrum. The concept of TAI has been extended to
optical systems [25–29].

In this paper we explore the phenomenon of TAI in a system of cold, immobile atoms inter-
acting via the electromagnetic field. Our atomic system is obtained from a honeycomb lattice of
atoms studied in Ref. [30] by introducing disorder in atomic positions. The possibility of obtain-
ing a TAI in such a system has already been identified in our recent publication [31]. Here we pro-
vide its detailed characterization, identify the range of parameters suitable for its experimental
observation, and discuss its interplay with Anderson localization. Before presenting our results,
we would like to attract reader’s attention to the essential differences between solid-state (elec-
tronic) and optical systems that make a photonic TAI different from its electronic counterpart.
First, in contrast to electrons, photons do not have a charge and thus an external magnetic field
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can only act on the photons indirectly, by modifying the properties of the medium in which pho-
tons propagate. Second, optical systems are often open and thus non-Hermitian. Third, photons
have a polarization that is not simply an additional degree of freedom but can crucially modify
the impact of disorder on photon propagation by, e.g., preventing Anderson localization [11, 12].
All these particularities will play their role in the atomic system that we consider below.

2. The model

Figure 1. Schematic representations of disordered honeycomb atomic lattices studied in
this work (for the purpose of illustration, the lattices shown are much smaller than the
actual ones used in the calculations). Atoms A shown in red form a perfect triangular lattice
with a lattice spacing a

p
3. Atoms B shown in blue are displaced from their positions in

the second triangular lattice (obtained by translating the first lattice by a distance a along
the vertical axis y) by random distances ∆rm uniformly distributed between 0 and W a in
random directions (W = 0.4 in the figure). A constant, spatially uniform magnetic field B is
applied perpendicular to the plane of the atomic lattice. (a) A rectangular lattice used for
the calculation of Bott index. The lattice used for the calculations in this work consists of
N = 2244 atoms and is as close as possible to a square. (b) A lattice having the shape of a
hexagon with armchair edges that do not support edge states in the absence of magnetic
filed (i.e., for ∆B = 0). The lattice used for the calculations in this work consists of N = 4326
atoms. The edge of the lattice is defined by hedge = (Nedge−1)a

p
3/2 and the remaining grey

part is referred to as “bulk”. We use Nedge = 4 in this work.

We consider a two-dimensional (2D), planar lattice of N /2 unit cells composed of two atoms
A and B that may be different (see Fig. 1). The lattice is embedded in the three-dimensional
(3D) infinite free space. We denote resonance frequencies of atoms A and B by ωA and ωB ,
respectively; the natural decay rate of the excited state is assumed to be the same and equal to
Γ0 for all atoms. Each atom has a nondegenerate ground state of angular momentum Jg = 0 and
a three degenerate excited states of Je = 1 with projections Jz = 0,±1 of Je on the quantization
axis z. An external magnetic field B = {0,0,Bz } perpendicular to the atomic plane x y induces
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a dimensionless Zeeman shift ∆B = µB Bz /Γ0 (µB is the Bohr magneton) of energies of Jz = ±1
states in opposite directions. We assume that atoms A form a triangular lattice with a lattice
spacing a

p
3 and denote their positions by {rm} = {xm , ym}, m = 1, . . . , N /2. The atoms of the

sublattice B are located at {rm +am}, where am denotes the position of the atom B with respect
to the atom A of the same unit cell m. A honeycomb lattice is obtained when all am are the
same and directed along the y axis: am = a = {0, a}. We will consider a situation in which
am are independent identically distributed random vectors with a mean value 〈am〉 = a. This
corresponds to a randomized honeycomb lattice. The parameter ∆B describes the degree of the
time-reversal (TR) symmetry breakdown in the atomic system, whereas ∆AB = (ωB −ωA)/2Γ0

measures the breakdown of the inversion symmetry (i.e., the symmetry with respect to the
exchange of atoms A and B). Finally, the disorder in atomic positions leads to the breakdown
of the discrete translational symmetry. The interplay of these three symmetry breakdowns is at
the heart of the phenomenon of TAI studied in this work.

Consider now coupling between the atoms due to quasiresonant electromagnetic waves with
the electric field in the atomic plane—transverse electric (TE) modes. These modes will interact
only with atomic transitions from the ground state to the excited states with Jz =±1 whereas the
transition to Jz = 0 state will remain idle. Taking into account only these two transitions, we write
the effective Hamiltonian Ĥ of the system (in units of ħΓ0) as a 2N ×2N non-Hermitian matrix

Ĥ =


Ĥ 11 Ĥ 12 · · · Ĥ 1(N /2)

Ĥ 21 Ĥ 22 · · · Ĥ 2(N /2)

· · · · · · · · · · · ·
Ĥ (N /2)1 Ĥ (N /2)2 · · · Ĥ (N /2)(N /2)

 (1)

composed of 4×4 blocks [30, 31]

Ĥ mn = δmn

{[
i1 Ĝ(−am)

Ĝ(am) i1

]
+2∆AB

[
1 0
0 −1

]
+2∆B

[
σ̂z 0
0 σ̂z

]}
+ (1−δmn)

[
Ĝ (rm − rn) Ĝ (rm − rn −an)

Ĝ (rm − rn +am) Ĝ (rm − rn +am −an)

]
(2)

where 1 is the 2×2 unit matrix, σ̂z is the third Pauli matrix,

Ĝ(r) =−6π

k0
d̂ eg Ĝ (r)d̂

†
eg , Ĝ (r) =−e i k0r

4πr

[
P (i k0r )1+Q (i k0r )

r⊗ r

r 2

]
(3)

Here k0 =ω0/c = 2π/λ0, ω0 = (ωA +ωB )/2, P (u) = 1−1/u +1/u2, Q(u) =−1+3/u −3/u2, and

d̂ eg = 1p
2

[
1 i
−1 i

]
(4)

For m ̸= n, a 4 × 4 block Ĥ mn of the Hamiltonian Ĥ describes the interaction between
atoms in two different unit cells m and n. More precisely, the upper left diagonal 2 × 2 block
of Ĥ mn describes the interaction between atoms A and the lower right diagonal 2×2 block—the
interaction between atoms B . Off-diagonal 2×2 blocks of Ĥ mn describe the interaction between
atoms A and B . For m = n, Ĥ mm describes the interaction between atoms A and B belonging
to the same unit cell m (off-diagonal 2×2 blocks) and the evolution of isolated atoms (diagonal
2×2 blocks). The terms proportional to∆AB and∆B in Eq. (2) account for the difference between
resonance frequencies of atoms A and B and for the external magnetic field B, respectively. This
model is an extension of the one that was previously used to study the impact of disorder on the
photonic band structure of atomic lattices [32] and Anderson localization of light near their band
edges [33].
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Useful information about the behavior of the atomic lattice can be obtained from the eigen-
valuesΛα and right and left eigenvectors |Rα〉, |Lα〉 of Ĥ obeying

Ĥ |Rα〉 =Λα|Rα〉, 〈Lα|Ĥ = 〈Lα|Λα (5)

“Quasimodes” |Rα〉 and |Lα〉 can be normalized to obey 〈Lα|Rβ〉 = δαβ and thus constitute
a biorthogonal basis over which the dynamics of the atomic system can be expanded. ωα =
ω0 − (Γ0/2)ReΛα and Γα = Γ0ImΛα ≪ ωα are frequencies and decay rates of the quasimodes,
respectively. Imaginary parts of Λα arise because the considered atomic system is open and
energy of atomic excitations can be emitted in the 3D space surrounding the 2D atomic lattice in
the form of freely propagating electromagnetic waves.

The main difference between our model and the majority of other models used to study
topological phenomena in condensed matter physics is the coupling between all atoms and
not only between first- or second-nearest neighbors. This, in particular, complicates application
of periodic boundary conditions when studying disordered systems of finite size as we will
discuss below in Sec. 4. In addition, the non-Hermiticity and the long-range nature of coupling
Ĥ mn ∼ exp(i k0rmn)/(k0rmn) may give rise to difficulties in classifying the Hamiltonian (1) in a
particular symmetry class [34, 35].

3. Infinite honeycomb lattice without disorder

For the infinite lattice without disorder (N →∞, am = a), we can work in Fourier space. Hamil-
tonian becomes a 4×4 matrix Ĥ (k) with eigevanues Λ(k) =−2[ω(k)−ω0]/Γ0 + iΓ(k)/Γ0. When
a ≪ λ0, the imaginary part of Λ(k) is different from zero only in a small part of the spectrum
around Γ point of the Brillouin zone, for |k| ≤ k0, allowing for emission of electromagnetic waves
out of the atomic plane, as illustrated by Fig. 2(b). We thus ignoreΓ(k) and analyzeω(k). The latter
form four bands, see Fig. 2(b). For small lattice spacing a ≲λ0/10 and moderate |∆B|, |∆AB |≲ 10,
two of these four bands approach each other at K or K ′ points of the Brillouin zone. Depending
on whether ∆B and ∆AB have the same signs, these bands touch either at K or K ′ points when
|∆B| = |∆AB | [30, 31, 36]. Once this equality starts to be violated, a direct gap opens between the
two bands. Remembering that the Hamiltonian is non-Hermitian and that the spectrum is com-
plex, we note that this is a line gap according to the terminology of Ref. [34]: the complex eigen-
values split in two groups separated by a reference lineΛ=−2(ωc −ω0)/Γ0, with (ωc −ω0)/Γ0 ≃ 7
in Fig. 2. When ∆B and ∆AB have the same signs, the width of the gap is controlled by Λ(k) at K ′
point k = {−K ,0} (K = 4π/3

p
3a), where Ĥ (k) takes the following form [36]:

Ĥ =


H11 0 0 H14

0 H22 0 0
0 0 H33 0

H41 0 0 H44

 (6)

with

H11 = s +2(∆AB +∆B) , H22 = s +2(∆AB −∆B) , H33 = s +2(−∆AB +∆B) (7)

H44 = s +2(−∆AB −∆B) , H14 =H41 = p (8)

The values of s = −2(ωc −ω0)/Γ0 and p depend on the lattice spacing a. For a = λ0/20, for
example, we find s ≃ −13.9, p = 229.8 ≫ |s|, |∆AB |, |∆B|. The latter relation between p, s, ∆AB

and ∆B holds for other values of a as well.
The eigenvalues of Ĥ are

Λ1,4 = 1

2

(
H11 +H44 ∓

√
(H11 −H44)2 +4H14H41

)
= s ∓

√
4(∆AB +∆B)2 +p2 ≃ s ∓p (9)

Λ2 =H22 = s +2(∆AB −∆B) , Λ3 =H33 = s +2(−∆AB +∆B) (10)
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100

0
D

D D

Figure 2. Band diagram of the infinite honeycomb atomic lattice with interatomic spacing
a = λ0/20. Color code corresponds to the decay rate Γ of quasimodes (in units of Γ0).
Vertical dashed lines indicate the positions of Γ and K ′ points of the Brillouin zone. The
path M ′ → Γ→ K ′ → M ′ followed in the 2D Brillouin zone is shown in the inset of panel
(a). Panel (b) shows the full band diagram for ∆B =∆AB = 5, with a crossing of two bands at
K ′ point. Panels (a), (c) and (d) zoom on the band diagram around K ′ point to evidence
the opening of a gap (shaded in gray) of width ∆ω = 2Γ0|∆AB −∆B| for ∆B ̸= ∆AB , the
rest of the band diagram remaining very similar to the one in panel (b). Chern numbers
C calculated for bands below and above the gap are given in the figures. They show that the
gap is topological when |∆B| > |∆AB | and trivial otherwise.

The eigenvalues Λ1,4 are very different from each other and from Λ2,3 at K ′ point because p is
large, see Fig. 2. In contrast, Λ2 and Λ3 have similar values and coincide for ∆B = ∆AB . When
∆B ̸=∆AB but have the same sign, a gap opens between the second and third eigevalues:

Λ2 −Λ3 = 4(∆AB −∆B) (11)

The middle of the gap is
1

2
(Λ2 +Λ3) = s =−2

ωc −ω0

Γ0
(12)

The corresponding gap in frequencies of excitations is centered around ωc =ω0 −Γ0s/2 and has
a width ∆ω= 2Γ0|∆AB −∆B|.

Topological properties of wave excitations in periodic 2D lattices are commonly characterized
by a topological invariant known as Chern number C (see, e.g., Refs. [7] and [24] for definitions).
We evaluated C for our system using the approach developed in Ref. [37] and found that the gap
between the bands formed by the eigenvalues Λ2(k) and Λ3(k) when k varies, is topological (the
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sums of C of bands below or above the gap are different from 0) when |∆B| > |∆AB | and trivial (the
sums of C of bands below or above the gap are both equal to 0) otherwise. This property survives
a certain amount of disorder and, in particular, a topological gap preserves its nontrivial topology
until the disorder is strong enough to close it [31]. Below we show that when the gap is trivial in
the absence of disorder because |∆B| < |∆AB |, it is still possible to induce nontrivial topological
properties by introducing disorder in the atomic positions.

The long-range nature of coupling between atoms in Eq. (1) may lead to discontinuities in
Ĥ (k), which would complicate the analysis of its topological properties [35]. Our Hamiltonian (6)
indeed exhibits divergences at |k| = k0 but these are not due to the long-range nature of coupling.
The divergences can be traced back to the tacit assumption of instantaneous propagation of
excitations through the atomic array in Eq. (3). This assumption is justified when the size L of
the atomic array is smaller than c/Γ0 but leads to unphysical divergences in Ĥ (k) describing the
infinite lattice (L →∞), as explained in Ref. [38]. The divergences can be regularized by restoring
the finiteness of the speed of propagation of excitations and introducing an additional time scale
L/c, which, however, complicates the problem considerably. Luckily enough, the calculation of C
using the method of Ref. [37] can be realized even with a formally divergent Ĥ (k) provided that
the coarse mesh of k in the Brillouin zone avoids the points where Ĥ (k) diverges.

4. Topological properties of light in a disordered lattice

Using the standard definition of Chern number in terms of eigenfunctions |ψ(k)〉 of the Hamil-
tonian Ĥ (k) in a disordered system requires imposing twisted boundary conditions [39, 40],
which is not only quite expensive computationally, but also not straightforward in our sys-
tem with long-range coupling between atoms. Indeed, periodic boundary conditions amount
to putting the system on a torus, which would reguire a substantial modification of the Green’s
function Ĝ (r) in Eq. (3) and is likely to significantly alter system’s behavior. Various extensions of
the standard definition of C have been proposed to allow for its use in disordered lattices that can
also be of finite size, including real-space representations of C [41–43] and a recent proposal of a
local invariant based on the system’s spectral localizer [44]. Here we use yet another topological
invariant—the so-called Bott index CB [45]. Bott index has been used extensively in recent years
to characterize topological properties of photonic systems that lack periodicity [26–28, 46, 47]. In
a rectangular sample of sides Lx and Ly , it is given by [45]

CB (ω) = 1

2π
ImTrln

[
V̂ X (ω)V̂ Y (ω)V̂

†
X (ω)V̂

†
Y (ω)

]
(13)

where V̂ X ,Y (ω) = P̂ (ω)Û X ,Y P̂ (ω), Û X = exp(i 2πX̂ /Lx ), Û Y = exp(i 2πŶ /Ly ) and

X̂ =


x1 0 . . . 0 0
0 x2 . . . 0 0

. . . . . . . . . . . . . . .
0 0 . . . xN−1 0
0 0 . . . 0 xN

 , Ŷ =


y1 0 . . . 0 0
0 y2 . . . 0 0

. . . . . . . . . . . . . . .
0 0 . . . yN−1 0
0 0 . . . 0 yN

 (14)

A projector operator on quasimodes corresponding to frequencies ωα below ω is defined as
[31, 48]

P̂ (ω) = ∑
ωα≤ω

|Rα〉〈Lα| (15)

Bott index defined by Eqs. (13)–(15) has proved to be an efficient tool for characterization
of topological properties of non-Hermitian systems with open boundaries [49, 50]. The non-
Hermitian P̂ (ω) defined by Eq. (15) instead of the standard Hermitian P̂ Herm(ω) =∑

ωα≤ω |Rα〉〈Rα|
ensures integer values of CB and suppresses its fluctuations from one realization of disorder
to another, allowing for faster convergence of averaging over disorder. Apparently, using the
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Figure 3. (a) Absolute value of the average matrix element Pmσ,nρ of the projector (15) as
a function of the distance between atoms m and n. Parameters are chosen in the middle of
the TAI phase (violet “island”) in Fig. 4(c). Averaging is performed over the two polarization
components σ,ρ = ±1 and over 10 independent realizations of disorder. Dashed line
illustrates the exponential decay of |〈Pmσ,nρ〉|. (b) Chern number C of the two lower bands
and Bott index CB (ωc ) for (ωc−ω0)/Γ0 = 7 in the middle of the band gap between the second
and third bands (see Fig. 2), as functions of ∆B for a fixed ∆AB = 5. CB is calculated for a
square sample as in Fig. 1(a) made of N = 2244 atoms and without disorder (W = 0).

definition (15) allows for partially mitigating the effect of non-Hermiticity of the Hamiltonian
by preserving the idempotence of P̂ (ω).

For the Bott index (13) to make sense with the definition (15) of P̂ (ω), we have to ensure that
the latter is local [45]. To this end, we compute the average of the matrix element Pmσ,nρ over
polarizations σ,ρ =±1 and over disorder for typical parameters used in our further calculations.
The result is shown in Fig. 3(a) as a function of the distance between atoms m and n. |〈Pmσ,nρ〉|
decays exponentially with the distance, which validates the use Eq. (15).

Although the equivalence of Bott index CB and Chern number C has been proven [51], our
Hamiltonian Ĥ does not satisfy some of the conditions required by the proof. In particular, Ĥ
is non-Hermitian, long-range, and describes an open atomic lattice (because of both the open
boundaries in the plane of the lattice and the leakage of energy out of the plane), as we discussed
above. It is thus worthwhile to compare CB and C explicitly for an atomic lattice without disorder
(am = a) where both can be evaluated. We perform such a comparison in Fig. 3(b) and observe
excellent agreement. CB slightly overestimates the width of the topologically trivial region where
C = 0 but the difference between CB and C reduces when increasing the number of atoms N , and
we expect it to vanish in the thermodynamic limit N →∞.

Armed with a reliable tool to characterize the topological properties of our photonic system,
we turn to a study of the impact of disorder. Fig. 4 shows the average Bott index in a disordered
atomic lattice for four values of ∆B around ∆B = ∆AB = 5. When ∆B > ∆AB , the lattice exhibits a
topological band gap already in the absence of disorder, which yields 〈CB 〉 ̸= 0 in a narrow band of
frequencies on the vertical axis W = 0, see Figs. 2(a) and 4(a). The impact of disorder is to reduce
the width of the gap and to close it eventually, as we discussed in detail in Ref. [31]. Notice that
the gap shifts to lower frequencies with disorder but its width is hardly affected up to W ≃ 0.3,
which can be seen as a sign of robustness of the topological band gap to disorder. In this regime,
our system is a disordered TI.
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0

̶ 1

Figure 4. Average Bott index 〈CB 〉 calculated for four different values of ∆B around ∆B =
∆AB = 5 for a = λ0/20 in a rectangular sample shown in Fig. 1(a). The white contour shows
the boundary 〈CB 〉 = −0.5 between the topologically nontrivial region where 〈CB 〉 = −1
(violet) and the trivial region where 〈CB 〉 = 0 (red). Ensemble averaging is performed over
60 independent realizations of disorder for each graph.

At a smaller ∆B = ∆AB , there is no band gap for W = 0 as we show in Fig. 2(b) but Bott index
signals topologically nontrivial properties to arise starting from W ≃ 0.1, see Fig. 4(b). These
topological properties are induced by disorder and are therefore a signature of TAI. They persist
up to a relatively large disorder W ≃ 0.35, after which the spectrum becomes trivial again. It
may appear surprising that the topologically nontrivial region does not start immediately once
W ̸= 0 and require a threshold value of W to develop already for ∆B = ∆AB . However, this
may be an artifact of finite sample size in our calculations. In a finite sample, the spectrum is
discrete and a band gap or any frequency-dependent property can be identified robustly only on
scales superiour to mode spacing. The region with nontrivial topological properties in Fig. 4(b)
opens near (ω−ω0)/Γ0 = −s/2 ≃ 7 where the density of states (DOS) is particularly low and
hence the mode spacing is large. In fact, DOS = 0 in the absence of disorder (W = 0) at exactly
(ω−ω0)/Γ0 =−s/2 and ∆B =∆AB .

Fig. 4(c) illustrates a less ambiguous situation of∆B <∆AB . In this case, there is a topologically
trivial band gap centered at (ω−ω0)/Γ0 ≃ 7 and having a width∆ω/Γ0 = 2 on the vertical axis W =
0 [see Fig. 2(c)] but, as expected, it is not visible in the Bott index. The latter becomes different
from zero for W between roughly 0.2 and 0.32 signaling TAI phase in this range of disorder
strengths. Finally, when the difference between ∆B and ∆AB increases further, TAI becomes less
pronounced. For the parameters of Fig. 4(d), for example, CB is found to be significantly different
from zero only for particular realizations of disorder and its average value never decreases below
−0.5. Thus, TAI phase only exists when |∆B| is not too different from |∆AB |.
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Figure 5. Average full (a), bulk (b) and edge (c) DOS in a hexagon-shaped sample shown
in Fig. 1(b) for a = λ0/20, ∆AB = 5 and ∆B = 4. Average IPR of bulk modes is shown in (d).
Ensemble averaging is performed over 200 independent realizations of disorder for each
graph. The white contour in (a–d) shows the boundary of the topologically nontrivial region
from Fig. 4(c).

Figs. 4(a–d) exhibit a topologically nontrivial artifact around (ω − ω0)/Γ0 ≃ 10.5 at weak
disorder. It is due to modes that arise in the corners of the rectangular atomic lattice used for
the calculation of CB [see Fig. 1(a)]. Other artifacts around (ω−ω0)/Γ0 ≃ 13, 0 and −3 are also due
to the finite size of the considered atomic lattice.

5. Bulk and edge modes

The key property of TAI is their ability to host propagating states at the edges while being
insulating in the bulk. It is important for experimental observation of TAI as well as for their
potential applications. Let us explore how this property is realized for optical modes of our cold-
atom lattice. We focus on the case of∆AB = 5,∆B = 4 for which the Bott index is shown in Fig. 4(c).
To examine phenomena due to edge modes separately from those associated with the bulk of the
sample, we separate a hexagon-shaped sample in bulk and edge parts as illustrated in Fig. 1(b).
Quasimodes |Rα〉 that have more than 50% of their weight 〈Rα|Rα〉 inside the bulk part of the
sample are considered as “bulk modes” whereas quasimodes with more than 50% of their weight
coming from the edge of the sample are called “edge modes”.

Figs. 5(a), (b) and (c) show the average DOS of all, bulk and edge modes, respectively. We see
that, clearly, the topologically nontrivial region delimited by the white line in Figs. 5(a–d) does
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not correspond to a gap in the full DOS shown in Fig. 5(a). Bulk DOS in Fig. 5(b) exhibits some
reduction with respect to Fig. 5(a) but no gap opens in the spectrum. The result for the average
DOS of edge states in Figs. 5(c) clearly indicates that for W between 0.2 and 0.32, the frequencies
of edge states are concentrated inside the topologically nontrivial region where 〈CB 〉 = −1. Thus,
the edges of the sample indeed host edge modes when 〈CB 〉 ̸= 0.

To understand the nature of bulk modes in the TAI phase, we compute their inverse participa-
tion ratio (IPR),

IPRα =
∑N

m=1

(∑
σ=±1 |Rαmσ|2

)2(∑N
m=1

∑
σ=±1 |Rαmσ|2

)2 (16)

where Rαmσ is the amplitude of theσ-polarized component of quasimode |Rα〉 on the atom m. In
the notation introduced in Sec. 2, all components of |Rα〉 are organized in a vector of length 2N ,
so that Rαmσ is the [2m + (σ−1)/2]th component of the vector |Rα〉: Rαmσ = (Rα)2m+(σ−1)/2. IPR
defined by Eq. (16) quantifies the spatial localization of the quasimode |Rα〉 with account for both
polarization states. For a mode localized on a single atom, IPR ∼ 1 whereas for a mode extended
over M atoms IPR ∼ 1/M . An estimate of the localization length ξ of a mode can be obtained from
its IPR as ξ∼ a × IPR−1/2.

The average IPR of bulk modes is shown in Fig. 5(d). We see that the modes with frequencies
inside the topologically nontrivial region of parameter space have a tendency to have larger
IPR than the modes outside this region. This observation is consistent with the fact that the
topologically nontrivial region corresponds to a mobility gap, which is a distinctive property of
TAI [20, 28, 42]. Some of the modes with large IPR arise in the topologically trivial region as well,
likely because of inaccuracies in determination of the precise location of the phase boundary
due to finite-size effects. Simultaneous analysis of the four graphs of Fig. 5 suggests that our
results exhibit all the properties characteristic of TAI: a topologically nontrivial region with a
topological invariant CB ̸= 0 arises due to disorder and favors the appearance of edge modes and
the spatial localization of bulk modes. Thus, an optical transport experiment is expected to show
propagation of optical energy along edges and bad optical conductance of the bulk, as expected
for TAI.

Our approach to distinguishing bulk and edge modes is not perfect because some of the
strongly localized modes that do not require a sample edge for their existence, may accidentally
arise close to an edge and be identified as edge modes. Such modes then contribute to edge
DOS in Fig. 5(c). However, there is no reason for strongly localized modes to concentrate near
edges and they are likely to be distributed uniformly over the sample area. Thus, although edge
DOS in Fig. 5(c) can be contaminated by localized states, the difference between edge DOS in
Fig. 5(c) and bulk DOS Fig. 5(b) is due to genuine edge modes only. The comparison of Figs. 5(c)
and (b) shows that edge DOS is enhanced mainly in the spectral regions where bulk DOS is
suppressed, confirming the ability of our approach to distinguishing bulk and edge modes. Note
also that in small lattices where the edge region constitutes a considerable part of the system [as
in the illustration of Fig. 1(b), for example] some of weakly localized or extended modes can be
mistaken for edge ones. However, the probability of this decreases with the increase of lattice size
(at a constant hedge) and becomes negligible for lattices for which our calculations are performed
and which contain almost 20 times more atoms than the lattice in Fig. 1(b).

6. Discussion

Instead of showing the boundary 〈CB 〉 =−0.5 between topologically trivial and nontrivial regions
of parameters as a line in (W , ω) plane for given ∆AB and ∆B as in Fig. 4, it is instructive to show
it as a surface in a three-dimensional (3D) parameter space (W , ω, ∆B) for a given ∆AB . This
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results in a blue surface in Fig. 6(a). Such a representation clearly shows that one can go from
TI phase for ∆B > ∆AB (and possibly W = 0) to TAI phase for ∆B < ∆AB (and W exceeding some
threshold value depending on ∆B, ∆AB ) without changing the value of the topological invariant.
Thus, no topological phase transition separates TI and TAI, which therefore correspond to the
same topological phase. This is in contradiction with the (erroneous) impression that one can get
from Fig. 4 and with some initial expectations [20] suggesting that TAI and TI might correspond
to two different topological phases. In a broader context, the fact that TAI is connected to TI and
that the two represent the same topological phase has been previously established for models of
QSH insulators [52, 53].

Figure 6. (a) Phase diagram of the 2D disordered honeycomb atomic lattice in the 3D
parameter space (W , ω, ∆B) for a = λ0/20 and ∆AB = 5. The blue surface shows the
boundary between the topologically nontrivial (inside, 〈CB 〉 = −1) and trivial (outside,
〈CB 〉 = 0) regions of the parameter space. The orange plane∆B =∆AB separates the TI phase
for ∆B >∆AB from TAI phase for ∆B <∆AB . (b) 3D density plot of average bulk IPR with the
orange plane separating TI and TAI as in (a). For clarity, the values less than 0.006 are not
shown (transparent).

Fig. 6(b) shows the average IPR of bulk states as a function of W , ω and ∆B for ∆AB = 5. We
see that 〈IPR〉 remains consistently large inside the topologically nontrivial part of the parameter
space. On the one hand, Fig. 6(b) illustrates an important difference between TAI and TI in the
clean limit: whereas a clean TI (W = 0) has no modes in the bulk for frequencies inside the band
gap, the bulk of TAI contains spatially localized modes. On the other hand, we see that localization
properties of modes in the bulk of a sufficiently disordered TI (W ≳ 0.1) are very similar to those
of TAI and that the transition between TI and TAI does not lead to any significant modification of
mode extent ξ∝ IPR−1/2.

Whereas the behavior of the topological invariant shown in Fig. 4 resembles the one found
previously for other topologically nontrivial systems with disorder [20, 25–27, 41, 42, 54] the be-
havior of 〈IPR〉 and the corresponding localization properties of quasimodes in our system re-
quire special attention. We remind that in models intended to describe electrons in 2D disordered
solids [20, 41, 42, 54] or light in a given polarization state [25–27], strong disorder is expected to
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result in spatial localization of all states apart from those near the topological phase boundary in
the parameter space [41,42,55]. In particular, the states belonging to the topologically trivial part
of the phase diagram are expected to be localized at strong disorder. On the contrary, light in an
ensemble of atoms at random positions exhibits Anderson localization neither in 3D [11, 12] nor
in 2D for the TE polarization considered here [56]. Unfortunately, the system considered in the
present work is somewhat intermediate between 2D and 3D and does not correspond exactly to
either of atomic ensembles of Refs. [11, 12, 56]. In addition, our results do not allow us to make
a definitive conclusion about localization properties of quasimodes at strong disorder. We thus
leave this question for a separate future study but note here that the peculiarities of Anderson lo-
calization of light may have an impact on the properties of the topological phase transition taking
place at the surface in parameter space shown in Fig. 6(a).

Finally, we comment on the possible experimental observation of phenomena reported in
this work. 2D lattices of cold atoms can be realized by loading atoms in an appropriate optical
interference pattern in which the atoms experience a force that pushes them towards maxima
(or minima) of optical intensity [57, 58]. However, the spacing a between atoms in such lattices
cannot be made less that λ/2, with λ ∼ λ0 the wavelength of light used to create the lattice. The
figures of this paper correspond to a much shorter spacing a = λ0/20 and we expect our results
to hold up to a ≃ λ0/10 but not beyond [31, 36]. Such subwavelength spacings between atoms
require more sophisticated approaches to be realized. Notable examples of the latter are schemes
based on spin-dependent optical lattices with a time-periodic modulation [59], on resonantly
Raman-coupled internal degrees of freedom [60], or on a combination of a “magic” wavelength
with long-wavelength dipolar transitions [61].

The Hamiltonian considered in this work is a very good approximation for two-level atoms
that are much smaller than the optical wavelength. Beyond cold-atom optics, it can also be used
to predict, at least to some extent, the optical properties of lattices of dielectric resonators of finite
size near geometrical (Mie) scattering resonances. Such lattices have been recently used to study
topological phenomena with microwaves [27,62–65]. A response to an external magnetic field can
be introduced by using a gyromagnetic material (such as, e.g., YIG) for some of the components
of the lattice [64]. In particular, this approach has recently allowed to realize a microwave TAI [27].
We believe that lattices of microwave resonators is a promising experimental platform for studies
of topological phenomena with electromagnetic waves.

7. Conclusions

A 2D honeycomb lattice of cold atoms with subwavelength interatomic spacing is a promising
candidate for realizing a photonic TAI. We use Bott index CB to characterize the topological
properties of the lattice for in-plane polarization of propagating light, establish its topological
phase diagram, and determine the ranges of parameters for which the system is a photonic TI or a
photonic TAI. A transition between TI and TAI can take place at a constant value of CB , confirming
that TI and TAI correspond to the same topological phase. Our calculations show that the bulk
DOS is suppressed for TAI although not enough to open a gap in the spectrum. The suppression
of bulk DOS is accompanied by an increase of the number of edge modes and spatial localization
of modes in the bulk of the lattice, leading to the opening of a mobility gap. The interplay between
disorder-induced (Anderson) localization of modes and topological phenomena in photonics
may present a number of differences with respect to the better studied case of electronic or
scalar-wave systems due to the possible suppression of Anderson localization even at strong
disorder [11, 12]. A detailed study of this issue remains to be performed.
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