ACADEMIE
DES SCIENCES

INSTITUT DE FRANCE

Comptes Rendus

Physique

Ziv Landau and Ulf Leonhardt
Wigner function method for the Gibbons-Hawking and the Unruh effect
Published online: 18 November 2024

Part of Special Issue: Simulating gravitational problems with condensed matter
analog models: a special issue in memory of Renaud Parentani (1962-2020)
Guest editors: Jacqueline Bloch (Université Paris-Saclay, CNRS, Centre de
Nanosciences et de Nanotechnologies, Palaiseau, France),

Iacopo Carusotto (Pitaevskii BEC Center, INO-CNR, Trento, Italy) and Chris
Westbrook (Laboratoire Charles Fabry de I'Institut d’'Optique, Palaiseau, France)

https://doi.org/10.5802/crphys.201

[cOE=amm| This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.

<

MERSENNE

The Comptes Rendus. Physique are a member of the
Mersenne Center for open scientific publishing
www.centre-mersenne.org — e-ISSN : 1878-1535

http://creativecommons.org/licenses/by/4.0/


https://doi.org/10.5802/crphys.201
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

ACADEMIE Comptes Rendus. Physique
DES SCIENCES Published online: 18 November 2024
https://doi.org/10.5802/crphys.201

INSTITUT DE FRANCE

Research article / Article de recherche

Simulating gravitational problems with condensed matter analog
models: a special issue in memory of Renaud Parentani
(1962-2020) / Simuler des problemes gravitationnels avec des
modeles analogues en matiere condensée : un numéro spécial en
mémoire de Renaud Parentani (1962-2020)

Wigner function method for the
Gibbons-Hawking and the Unruh effect

Méthode de la fonction de Wigner pour Ueffet
Gibbons—-Hawking et Ueffet Unruh

Ziv Landau ¢ and Ulf Leonhardt *¢

@ Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot
7610001, Israel

E-mails: zivlandau.levy@gmail.com (Z. Landau), Ulf.Leonhardt@weizmann.ac.il
(U. Leonhardt)

Abstract. An observer at rest with the expanding universe experiences some extra noise in the quantum
vacuum, and so does an accelerated observer in a vacuum at rest (in Minkowski space). The literature
mainly focuses on the ideal cases of exponential expansion (de-Sitter space) or uniform acceleration (Rindler
trajectories) or both, but the real cosmic expansion is non—exponential and real accelerations are non—
uniform. Here we use the frequency-time Wigner function of vacuum correlations to define time-dependent
spectra. We found excellent Planck spectra for a class of realistic cosmological models, but also strongly non—
Planckian, negative Wigner functions for a standard scenario testable with laboratory analogues.

Résumé. Un observateur au repos dans I'univers en expansion est confronté a un bruit supplémentaire dans
le vide quantique, tout comme un observateur accéléré dans le vide au repos (dans I'espace de Minkowski).
La littérature se concentre principalement sur les cas idéaux d'une expansion exponentielle (espace de de
Sitter) ou d’'une accélération uniforme (trajectoires de Rindler) voire les deux, mais I’expansion cosmique
réelle n'est pas exponentielle et les accélérations réelles ne sont pas uniformes. Nous utilisons ici la fonction
de Wigner fréquence-temps des corrélations du vide pour définir des spectres dépendant du temps. Nous
avons trouvé d’excellents spectres de Planck pour une classe de modéles cosmologiques réalistes, mais aussi
des fonctions de Wigner négatives et fortement non planckiennes pour un scénario standard testable avec
des analogues de laboratoire.
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dependent spectra.
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2 Ziv Landau and Ulf Leonhardt

1. Introduction

Imagine an observer at rest with the empty space of the expanding universe (Figure 1). Suppose
the observer is equipped with a sensitive spectrometer for detecting electromagnetic radiation.
The spectrometer picks up the noise of vacuum fluctuations and also some extra noise that
closely resembles the Hawking radiation of black holes [1, 2]. The extra noise depends on the
expansion, and it is due to a difference in the measure of time the observer and the vacuum
perceive. The spectrometer decomposes the field into frequency components with respect to the
proper time of the observer, whereas the fluctuations of the field (Figure 1) are continuously red—
shifted by cosmic expansion [3]. A similar difference in time appears in the opposite scenario:
an accelerated observer in a vacuum at rest [4-7] (in non—-expanding Minkowski space). There
the proper time of the observer differs from the time the vacuum experiences, too. The extra
radiation is related to the Hawking radiation of black holes [1], because in both cases the observer
is shrouded by horizons. In the expanding universe, it is the cosmological horizon [3] where
the expansion velocity reaches the speed of light. In the case of the accelerated observer, it is
the Rindler horizon [1] where the observer approaches the speed of light. For an exponentially
expanding, spatially flat universe (de-Sitter space) the cosmological horizon is light-like [2] as
the event horizon of an ideal black hole [1] and the observer would measure a perfect Planck
spectrum [2]. But the real evolution of the universe is not exponential yet [8]. What is the
spectrum there? The same question applies to the accelerated observer. A uniformly accelerated
observer would measure a true Planck spectrum. But real accelerations must begin and end some
time or may not be uniform at all. Is then the spectrum still Planckian?

Renaud Parentani [9-11] had worked out the precise condition when real black holes radiate
a Planck spectrum. These real black holes are black-hole analogues in Bose-Einstein conden-
sates [12]; they are real, because they are made in real experiments [12] and they correspond
to a wide class of regimes [13] likely to affect the emission of Hawking radiation from astro-
physical black holes. In an ideal gravitational black hole, the speed of light does not depend
on wavelength, even at the event horizon where light would stand still, oscillating with wave-
lengths shorter than any scale. For real astrophysical black holes, the wave velocity will eventu-
ally change with wavelength [13], releasing light from the grip of the horizon. In Bose-Einstein
condensates, the analogue of the speed light — the speed of sound — definitely depends on the
wavelength [14]. Analogues of cosmic expansion have been made as well and in those analogues
particle creation was seen [15, 16]. Almost arbitrary expansion histories of the universe can be
tested [17, 18] with Bose-Einstein condensates [15]. The related case of radiation perceived by
non-uniform acceleration has been a notoriously difficult theoretical problem [19-24] but can
be measured in analogues as well [25, 26].

In this paper, we hope to shed some light on the radiation spectrum in the expanding universe,
known as the Gibbons-Hawking effect [2], for non—-exponential expansion and on the radiation
perceived by accelerated observers, the Fulling-Davies-Unruh effect [4-7] or Unruh effect in
short, for non-uniform acceleration. The paper builds upon and corrects previous work [24, 27,
28] using the Wigner function [29-31] for defining and calculating time-dependent spectra. We
found excellent agreement with a Planck spectrum for one class of models, and poor agreement
for another. What the condition for thermality and the effective temperatures are remains a
mystery; it would probably take someone like Renaud Parentani to clarify it.

2. Correlation function

Consider a spatially flat universe expanding with scale factor a(t) where ¢ denotes the time per-
ceived by an observer at rest, the cosmological time. The quantum vacuum of the electromag-
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netic field propagates with conformal time [8] (Appendix A):

dt
T=| —. (1)

a

The difference between the time ¢ of the observer and the time 7 of the vacuum is the key to
the Gibbons-Hawking effect [28]. Consider the correlation function of the electromagnetic vector
potential at the two space-time points {f;,71} and {f», r»} in co-moving coordinates [8]. In an
isotropic and homogeneous universe [8], the two electromagnetic polarizations are independent
from each other [32] and have equal correlation functions:

EoC ~ o~ ~ o~
Ko = E<O|A1A2+A2A1|0) @)

where €y denotes the electric permittivity of the vacuum (c the speed of light and 7 the reduced
Planck constant) while the indices in ﬁl and ﬁg refer to the space-time points {#,r} and {f,, r»}
the field operators are evaluated at. The vacuum energy density and pressure of the field can be
calculated from Kj by differentiating with respect to the space-time coordinates. The correlation
Ky is the real part of the analytic function (gyc/h) (Olﬁl ﬁg |0y while its imaginary part corresponds
to the dissipation [32]:

To= 2 (A, A)] = (G, - GL) 3)
O_Zih 2» 1_20 + -

where the G, are the retarded and advanced Green functions. These Green functions are entirely
classical and independent of the quantum state. The advanced Green function G_ describes a
wave focusing at a point drain with unit strength, while the retarded Green function G, describes
the wave emitted from a point source of unit strength. The difference between the advanced and
the retarded Green function accounts for the dissipation. For analytic functions f with

K=Ref, T'=Imf 4)

the correlation K of the fluctuations is related to the dissipation I'. This is the fluctuation—
dissipation theorem [32]. Note that the correlation Ky depends on the quantum state, the vacuum
state in our case, while the dissipation is state-independent. For the electromagnetic vacuum,
we encode the state requiring that the Fourier transform of f with respect to conformal time (1)
contains only positive frequencies. This is the condition of the conformal vacuum and it comes
from the fact that the modes of the electromagnetic field are waves of positive frequencies with
respect to 7. From this condition follows the analyticity and decay of (goc/F) (Olﬁl EZIO) on the
lower half 7 plane and hence the Kramers-Kronig relation (known in mathematics as the Hilbert
transformation):

1 [+ Ty(7g)
KO(T):——][ 0% dy. (5)

T)ooo To—T
In a spatially flat universe, electromagnetic fields propagate with respect to conformal time (1)
like in Minkowski space [8]. We thus have G. = —(@Anr)7 18ty Fric) with 157 = 72 — 71 and

r = |ry — r1|. The Kramers-Kronig relation (5) turns each delta function in the dissipation to a
pole in the correlation:

1 ( 1 1
Ky =

8m2r \ctoy—1r cTo1471)° ©
This is the correlation function of the electromagnetic vacuum fluctuations (Figure 1). Note

that such a correlation function has been measured inside a dielectric material [33]. If we

divide the vector—potential component A of each polarization by the scale factor a we obtain

the conformally-coupled scalar field ¢ (Appendix A). It is the correlations of this field we are

considering here:

Ko 1

- apa, - - (2m)2s?

%)
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Figure 1. Visualisation. Space-time diagram of vacuum noise in the expanding universe.
An observer at rest samples the field (black curve on the left). Plot of 128 normalized modes
summed up with Gaussian random complex amplitudes for the model (19) with y = 3/2
describing the current era of the universe (transition from matter to vacuum domination).
One sees correlations in the noise — curves of equal amplitudes — along the light cones
s% = 0 [Eq. (8) with conformal time (1) given by Eq. (22)].

where we get from Eq. (6):
sf=arap [P(r2—11)* = (- 1)?]. ®)

We treat the observer as a point detector at rest, r; = r, = const, sampling the correlation
function K along the proper time of the observer, the cosmological time ¢. We thus obtain from
Egs. (1), (7) and (8):

1 B 1 1271
@m2ctaray(t2—11)2  (2m)2c? (12—11)2

9

with the dots denoting differentiation with respect to cosmological time. If we replace 7 by the
Mobius transformation

at+pf

- YT+

(10

with constant coefficients «, B, v, § the correlation function (9) remains unchanged. Note
that this feature is not related to Mdébius transformations of the cosmological time ¢ studied
elsewhere [34, 35] (despite using there the notation 7 for t).

As an example, take the standard case of exponentially expanding space, de-Sitter space.
There we have a = age”’ with Hubble constant H and get from Eq. (1) the conformal time
7=—(aH)™L. This gives for K formula (7) with

c?

sz—ﬁ4smh2 —0 and O0=6-1. (11
Consider now the thermal state in Minkowski space (a = 1) with temperature T written as
hH
kT = (12)

27r
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One gets from the fluctuation-dissipation theorem (4) with Kubo-Martin—-Schwinger rela-
tion [32] the correlation function:

Opln(eHe—aHp)(eHe—a_Hp) with pzw.

(13)
c

One verifies that K in de-Sitter space [Egs. (7) and (11)] agrees with Ky, in Minkowski space
for r; = r,. This shows that the observer at rest in de-Sitter space perceives the quantum vacuum
as a thermal state with Gibbons-Hawking temperature (12). Note that it has been essential here
to treat the observer as a point detector, as the correlation function K differs from Ky, for r; # r».
Nonlocal detectors will respond differently to cosmic expansion. For example, one may take
the ionisation of an atom by the expansion of space as a detection mechanism for Gibbons-
Hawking radiation [36]. As the released electron tunnels out of the atom to infinity, this is not
a local detection. For exponential expansion one gets exactly twice [36] the Gibbons-Hawking
temperature of Eq. (12) — presumably because the expansion does not only facilitate but also
accelerate the escape of the electron.

Finally, we turn from the Gibbons-Hawking effect of the observer at rest with the expanding
universe to the Unruh effect of the accelerated observer. In the Unruh effect [4-7] a detector
moves in empty Minkowski space on the space-time trajectory £(r) and r(r) parameterized by
the proper time of the detector, 7 = [dr with dv? = d¢* — dr?/c®. Here the roles of ¢ and 7 are
reversed: the vacuum propagates with Minkowski time ¢ while the spectrometer of the detector
responds to the proper time 7. The detector thus samples the correlation function (7) with

82= [Cz(tz—tl)z—(rz—rl)z]. (14)

A uniformly moving detector would just measure vacuum fluctuations, as s? is invariant under
Lorentz transformations, but an accelerated observer would see some additional noise. In the
case of uniform acceleration we have [1] ct = {sinhn, x = {coshn, y = z = 0 for { = const.
The acceleration is given by a = ¢?/¢ while the proper time is described by the dimensionless
parameter i) as 7 = ({/c)n. We obtain s> = ¢24sinh?(1,/2 —11/2), which corresponds to the
de-Sitter correlation (11) and hence describes thermal radiation as well. Note that this result
depends on the number of spatial dimensions (in our case 3) and the spin of the field (for the
electromagnetic field spin 1) [7].

3. Wigner function

The spectrometer of the observer does two things: it decomposes the amplitude into spectral
components and it detects them. As the spectrometer is attached to the observer, the spectrum is
taken with respect to the proper time of the observer. This, in our opinion, is the most important
aspect of the Gibbons-Hawking and the Unruh effect, not the actual act of detection [25]. It does
not matter what exactly the detector does — it could measure the amplitude or count radiation
quanta—as long as it is a point-detector. The spectrum is assumed to be continuously measured
during the cosmic expansion or during the accelerated motion of the observer. For exponential
expansion or uniform acceleration the correlation function depends only on the time difference.
We could therefore describe the power spectrum by the Fourier transform with respect to that
time difference. But in general, the correlation function will depend on two independent times.
We could still define a time-dependent spectrum by Fourier-transforming with respect to the
time difference:

1 +o0 .
W= z_f 0K (11012, t—0/2)d6. (15)
T J-co

This is the chronocyclic Wigner function adapted from classical [37] to quantum fields, the
central subject of this paper. It was introduced before [24, 28], but in one study [24] it would
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produce highly oscillatory spectra when applied to cosmology and in the other [28] it was applied
incorrectly for working out the high—frequency asymptotics of the spectrum. Here we will argue
that it is a useful tool for low frequencies.

The Wigner function [29-31] was originally introduced [29] as a quasiprobability distribution
for the position and the momentum of a quantum particle (and first applied in thermodynam-
ics [29]). It can easily be generalized to other Fourier conjugates such as frequency and time, it
has been generalized to angular-momentum variables [38] and to discrete variables [39, 40], and
it is routinely measured in quantum state tomography [41-43]. For canonically conjugate vari-
ables, such as frequency and time, no proper phase—space distribution can exist, but the Wigner
function acts as a good compromise. Its marginal distributions do give the correct power spec-
tra or intensity distributions under linear transformations of the conjugate variables. This is its
defining property [43].

In our case, the correlation function K given by Eq. (9) is an even, real function with respect to
the time difference 8 = 1, — t;. From this follows that the Wigner function (15) is real and identical
for +w. The same is true for the Wigner function of the accelerated observer. For an exponentially
expanding universe (de-Sitter space) we get [24]:

1 w w

= i (E+62”w/H—l) for w>0 (16)
independent of time ¢, and the same expression with w replaced by |w| for w < 0. We may interpret
this Wigner function as being proportional to the thermal energy of a bosonic point particle: the
/2 term describes the zero—point energy and the other term the Planck distribution of a thermal
state with temperature (12). The point detector acts as a point particle in thermal equilibrium
with Gibbons-Hawking temperature (12). Mathematically, the zero—point term appears due to
the double pole of the correlation function (9) at 6 = 0: applying for r # 0 Cauchy’s theorem
through the single poles on the real 8 axis and taking the limit r — 0 produces this term. This is
true not only for exponential expansion, but for any a(#), which is consistent with the physical
picture of this term describing the vacuum noise floor of the detector. We may remove the
vacuum term by moving the integration contour in formula (15) infinitesimally above the real
axis (Figure 2) for w > 0 (or below it for w < 0) as this contour does not cross the poles and hence
does not produce the vacuum term.

Moving the integration contour has another advantage [28]. At the beginning of time, say at
t =0, the scale factor must develop a branch point [44] for a realistic universe such that a is no
longer real or positive for r < 0 — there was no discernible universe before the beginning of time.
This would restrict the integration interval in the Wigner function (15) to [-2t,+2¢]. However,
we may analytically continue the correlation function K beyond the physically relevant interval
[-2¢,+2¢]. As the spectrum should primarily depend on cosmologically short times around ¢
this extension should not affect it much. But there is a problem. Suppose that a o< /7 with
constant y = 1 for ¢ ~ 0. From this follows [Eq. (9)] that K o (¢ + 0/12)~ Y 4+ (£-0/2)"V7 as leading
contribution near 6 = +2¢. We obtain from Wigner’s formula (15):

cos (2 tw— %)

We thus get spectral oscillations. Fourier transformations are known to generate oscillations
near sharp features; in our casethese originate from the branch points in the integrand of the
Wigner function. Moving the integration contour slightly above or below the real axis avoids the
branch points (Figure 2) and thus removes this artefact. In a previous study [24] the integration
was left on the real axis, which would have produced highly oscillatory, meaningless spectra
if they were actually calculated, whereas for our integration contour we may get physically
meaningful spectra of the extra noise due to cosmic expansion.

W for y=1. a7
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Figure 2. Contour. Amended integration contour of the Wigner function (15) for complex
time difference 8 = t, — t;. For w > 0 the contour (red) should lie above the real axis
avoiding the singularities (dots) and branch cuts (zigzags) between the branch points (stars)
of the correlation function K. For w < 0 the contour lies below the real axis. The figure
corresponds to the model of Eq. (19) with y = 3/2 describing the current cosmological era
(as in Figure 1). For other y > 1 the structure of K is similar.

Suppose, hypothetically, the universe were filled with one ideal fluid of energy density € and
pressure p with the equation of state p = we and w = const. From thermodynamics follows [44]
de/da=-3(e + p)/a=-3(1 + w)e/ a. Solving this differential equation gives £ oc a~2" with

y=2(1+w). (18)

From the Friedmann equation [44] follows that a 1Y, This is the case considered above.
The amended Wigner function would be exactly zero, which is consistent with summing up all
the phases in a cascade of Gibbons—-Hawking processes at cosmological horizons [28]. They also
give net zero radiation for a universe filled with a single fluid.

Consider now the realistic case of a fluid plus the cosmological constant (often called “the
vacuum”). In this case the Friedmann equation [44] reads

H*=H%(1+a™®) (19)

with y given by Eq. (18) and H being the Hubble parameter

a
H=—. (20)
a

The constant H,, amounts to the Hubble parameter infinitely in the future when a — oco. For

w = 0 and hence y = 3/2 this model describes the current era of the universe turning from matter

to vacuum domination. We obtain from Eq. (1) for the conformal time and definition (20) of the
Hubble parameter:

t:f;l—z[ —  a=(sinhyHyt)"". 1)

In the special case of y = 1/2 the scale factor turns into the square of the sinh of Hy¢/2 and

so the conformal time [Eq. (1)] becomes T = —2H ! coth(Hy,¢/2). This is a M6bius transforma-

tion (10) of the conformal time for exponential expansion, 7 = —Hgole’Hwt . We thus conclude
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that the Wigner function gives a perfect Planck spectrum for y = 1/2. For general y we obtain
from the definition (1) of conformal time

da qat 11 13 1
T= 2_=H00 TZFI ST T T ,—a (22)
a-H y—-1 22 2y 2 2

in terms of Gauss’ hypergeometric function , F;. We calculated numerically the Wigner function
with the amended integration contour (Figure 2) for a range of y parameters (with y > 1) and
times ¢, and found excellent agreement with Planck spectra for low frequencies.

0.1

Figure 3. Planck spectra. Wigner function (15) [in units of 1/(27)?c?] with integration
contour (Figure 2) calculated numerically for the model (19) with y = 3/2. Frequency w and
time ¢ are given in units of Hy, and 1/ Hy, respectively. For different y > 1 we get similar
results. a shows the numerical Wigner function (dots) for Ht = 0.5, a characteristic time
during the transition from matter to vacuum domination. The Planckian fit (gray curve) of
Eq. (23) agrees well with the data for Hegr = 1.155H,, and prefactor A = 0.6327. b: Wigner
function for a range of frequencies and times. One sees that the Planck spectrum hardly
varies in time.
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Figure 3 shows the results for the physically most relevant case, y = 3/2 (the current era of
transition from matter to vacuum domination). The numerical data points agree with a Planckian
fit well into the exponential tail of the spectrum (Figure 3(a)). We use as fit

A w

= (2]-[)202 e2mw/Het _ 1"
characterized by the effective Hubble parameter Heg for H in the Gibbons-Hawking tempera-
ture (12) and the prefactor A. The effective temperature depends on time, but it does not vary
much. If the spectra would vary rapidly in time, one could question whether they do represent
actual spectra. Let us estimate this. The characteristic time At over which the spectrum (23)
varies is given by 1/At ~ |0; Heffl/ Hegr. The characteristic variation Aw of the frequency in the
Planck spectrum (23) is Aw ~ Hegr. The spectrum would be affected by frequency-time uncer-
tainty if At Aw ~ 1. However, our numerical results show that IOHE}%/ 0t| < 1 by about 1072 and
so At Aw > 1. The Planck spectra captured by the Wigner function (Figure 3) are genuine for low
frequencies.

For high frequencies, the spectrum becomes exponentially decaying and oscillatory. This is a
remnant of the oscillations due to the branch point at the beginning of physical time, Eq. (17).
By moving the integration contour away from the real axis we have eliminated this feature in the
main part of the spectrum, but it reappears in the exponential tail. Figure 4 shows why. The
integration contour can be deformed to go around the singularities and the branch cuts. The
latter are situated on the lines Red = +2¢, Im0 = 2n/y. The singularities produce, via Cauchy’s
theorem, a geometrical series that sums up to a Planck spectrum with H = Hy:

(23)

—2710/ Hoo 1 w
= (27'[)262 Z i (2]-[)2(:2 e2nw/Ho _ 1" (24)
Im 6
®
\Z/ \*/
% @ ke
Re 6

Figure 4. Contour deformation. The integration contour (red) of the Wigner function
(Figure 2) is deformed to go around the singularities (dots) and branch cuts (zigzags). For
high frequencies the Fourier factor e“? in the integral (15) decays rapidly on the upper half
plane. Above the real axis, the lowest branch point lies lower than the lowest singularity and
therefore dominates the spectrum.

The branch cuts generate the corrections Weyis to W, (as W = W, + Weyys). For high frequen-
cies and complex 0 the Fourier factor e/ in the Wigner integral (15) becomes exponentially de-
caying. For y > 1 the lowest branch point lies lower than the lowest singularity and so dominates
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the spectrum. Its imaginary part, 27/y, gives an exponential decay, and its real part, 2¢, an oscil-
lation. These features appear to be artefacts indicating the limitations of our Wigner method, but
they only affect the exponential tail of the spectrum (Figure 3).

0.1

~0.1-
0.0 0.5 1.0 1.5 w

Figure 5. Non-Planckian example. a: Space-time diagram of the analogue of the scale
factor a evolving in time according to Eq. (25). The Wigner function (15) is numerically
calculated for two times (black and red dot) and shown in b. For Hyt = —2 (black) one gets
a good Planck spectrum, but for Hyt = 1 the Wigner function is non-Planckian and partly
negative.

Let us give another example showing a peculiar feature of the Wigner function (Figure 5).
Consider an analogue of cosmic expansion where the scale factor a turns from a near—constant
ayp to another near—constant a; (Figure 5(a)). For example, suppose

_age ! 4 gy efh! 25)
a= e—HO t + eH() t
with Hy = const. In this case, we obtain for the conformal time (1):
(ap+ a))Hot + (ag — ay) In (ag e 0t + g, eHo?
T= ( ) . (26)

2apa; H()

For Hyt < —1 the conformal time approaches t/ay and for Hyt > +1 it tends to t/a;, both as
it should for constant scale factors a, according to definition (1). Figure 5(b) shows the Wigner
function. For Hyt < —1 we get a good Planck spectrum, but for Hyt = +1 the Wigner function
becomes negative. In quantum optics [31], negative regions of the Wigner function indicate
nonclassical features [43]; we are not sure what they mean here.
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4. Conclusions

We applied an amended [28] Wigner function [29-31] for calculating the spectrum of vacuum
fluctuations for an observer at rest in the expanding universe or, equivalently, for an accelerated
observer in a space at rest (in empty Minkowski space). The literature mostly focuses on expo-
nential expansion (de-Sitter space) and uniform acceleration (Rindler trajectories) because these
are the ideal cases where the cosmological or the Rindler horizons are genuine event horizons.
Here we have developed tools for addressing the real cases of non—-exponential expansion and
non-uniform acceleration. The key feature that allows the calculation of physically meaning-
ful spectra is the modification of the integration contour in the Wigner function [28]. Otherwise
the spectra would be highly oscillatory and meaningless. For a class of models that includes the
model describing the current cosmological era, we found excellent fits with Planck spectra. The
vacuum noise in the expanding universe appears as thermal noise. However, we were not able
to derive a simple analytic formula for the radiation temperature; a previous formula [28] for the
high—frequency limit turned out to be incorrect. For high frequencies in the exponential tail of
the spectrum, the Wigner function exhibits spurious oscillations, and the Wigner method seems
to fail there. For another type of cosmic evolution that can be experimentally tested in laboratory
analogues [15-18] we found non-Planckian, negative Wigner functions. In quantum optics [31]
negative Wigner functions indicate non-classical features. What are they in our case? When is
the spectrum Planckian? What is the temperature? When science answers one question, many
more questions arise. We leave it to future readers to find some of the answers.
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Appendix A.

In this appendix we present an elementary derivation of the relationship between electromag-
netic waves and conformally coupled scalar fields [45] propagating in a spatially flat, expand-
ing universe. The line element of the space-time metric, the Robertson-Walker-Friedmann-

Lemaitre metric, reads [44]:
ds? = c2d* - a*dr?. €))]

For light rays ds = 0, and so we may divide the metric (1) by a® with the result
2

ds2, = < dt* —dr?® = ¢*dr?* —dr? )

em ™~ 2
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according to the definition (1) of the conformal time 7. As Maxwell’s equations are conformally
invariant [45] the metric (2) remains valid for full electromagnetic waves and their fluctuations.
Each component A of the vector potential thus satisfies the same wave equation in conformal
time 7 and comoving coordinates r as in Minkowski space. There we have in Coulomb gauge:

0= (0% - c*V?) A= (ad,ad, - c*V?) A. 3)

Let us define the differential operator
2

D:é(6%+3H6t)—% (4)
in terms of the Hubble parameter (20), and also the quantity
R=-2 (H+2H?) (5)
c2
and the field A
¢= = (6)

From definitions (4)-(6) follows by elementary calculations
R 1 2 o
(D—g)¢:m(aataat—c v )Azo (7)

according to the wave equation (3). The important point of this relationship is the geo-
metrical meaning of [ and R: O is the d’Alembertian [44] D,D® = \/L_fgda \/—_gg“ﬁaﬁ with
respect to the Robertson-Walker-Friedmann-Lemaitre metric (1) with g = —a® and g =
diag(l,—a‘z,—a‘z,—a‘z). One verifies that R is the corresponding curvature scalar [44]. The
resulting wave equation (7) is the equation of a conformally coupled scalar field [45]. Q. E. D.
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