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Abstract. We collect in this note some observations on the role of symmetries in Bayesian inference problems,
that can be useful or detrimental depending on the way they act on the signal and on the observations. We
emphasize in particular the need to gauge away unobservable invariances in the definition of a distance
between a signal and its estimator, and the consequences this implies for the statistical mechanics treatment
of such models, taking as a motivating example the extensive rank matrix factorization problem.

Résumé. Nous regroupons dans cette note quelques observations sur le rôle des symétries dans les pro-
blèmes d’inférence Bayesienne, qui peuvent être utiles ou néfastes selon la façon dont elles agissent sur le
signal et les observations. Nous soulignons en particulier la nécessité de quotienter les invariances non-
observables dans la définition d’une distance entre un signal et son estimateur, et les conséquences que
ceci implique pour le traitement par la mécanique statistique de tels modèles, motivé par l’exemple de la
factorisation de matrices de rang extensif.
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1. Introduction

The notion of symmetry is a fascinating concept with a strong aesthetical appeal that influenced
several branches of science; for instance in mathematics it led to the development of represen-
tation and invariant theories [1, 2], while modern physics, and in particular high-energy physics,
used it as a guiding principle to build the standard model of particle physics [3]. It also played
a role in statistical mechanics, through notably the classification of phase transitions according
to the symmetry group of the order parameters, and its spontaneous breaking. In the context of
disordered systems Gérard Toulouse, to whom this article is dedicated, formulated his views on
glasses and spin-glasses in this group-theoretic language [4, 5]. The focus of this note is on the
effects of symmetries in inference and machine learning problems, and in particular on their sta-
tistical mechanics treatment. This topic has a long history rooted in classical statistics [6–8] and
in the early days of the development of neural networks [9], and has seen a more recent revival
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triggering a burst of activity on the role of invariances in modern architectures of machine learn-
ing [10, 11]. These invariances can be hard-wired in the form of equivariant networks [12] (gen-
eralizing the convolutional networks that are translationally invariant to arbitrary symmetries),
or exploited to perform “data augmentation” [13], namely creating artificial new samples by ap-
plying random transformations respecting the assumed invariance to observed data points. The
consequences of symmetries on the loss landscape of artificial neural networks have also been
studied, see for instance [14].

We shall not attempt in this note an exhaustive review of this rich and growing field of
research, but instead concentrate on a specific setting, namely the Bayesian inference problems
and their statistical mechanics treatment, and collect a series of simple observations on the
role symmetries plays in this context. We will argue that this role can be either beneficial or
detrimental depending, roughly speaking, on the relative strength of the action of the symmetry
on the quantity to be inferred and on the one which is observed. A particular emphasis shall be
put on the negative side of this dichotomy, where the non-trivial unobservable invariance of the
signal imposes to reconsider the definition of the distance between the signal and its estimation.
This point was of course noticed in previous works, but we believe its consequences may have
been underappreciated, in particular for the extensive-rank matrix factorization problem whose
invariance group is growing with the system size.

The rest of the manuscript is organized as follows. In Section 2 we define some notions
related to Bayesian inference, to symmetries, and to the interplay between the two. Section 3 is
then devoted to situations where symmetries are useful in the inference process, while Section 4
discuss the opposite case where they are detrimental. Further perspectives on possible ways to
handle these difficulties are given in the conclusions of Section 5.

2. Definitions

2.1. Bayesian inference

In an inference problem a signal of interest, denoted S, cannot be measured directly but has
to be determined from indirect observations, called Y in the following. In general S and Y
can have a rich structure, and should be thought of as vectors of arbitrary dimensions. The
Bayesian perspective on inference treats S and Y as random variables; one way to describe their
distributions is as follows. The signal S is drawn from a prior law PS (s) = P(S = s) (we follow
here the convention of denoting random variables with uppercase symbols, the values of their
realizations with the corresponding lowercase letters, and assume for notational simplicity that
the random variables take discrete values, we will later generalize to continuous ones). The
observation Y is then drawn conditionally on the signal, with the probability PY |S (y |s), which
can model the addition of noise to the true signal, or the flow of information contained in S
through an imperfect communication channel. From a probabilistic point of view it is however
equivalent, and sometimes more convenient, to think of the pair of variables (S,Y ) as drawn with
the joint probability law PS,Y (s, y) = PS (s)PY |S (y |s).

The goal of the observer is to propose an estimate Ŝ(y) of the true value of the signal, based
on the observation of the event Y = y , and assuming the knowledge of the probability laws
underlying this generation process, namely the prior distribution PS and the noisy channel PY |S .
In general the observer cannot be sure of the hidden value of the signal, and can only assign
an a posteriori probability to its possible values; according to the Bayes theorem this posterior
distribution PS|Y reads

PS|Y (s|y) = PS (s)PY |S (y |s)

PY (y)
, (1)

on which the computation of Ŝ(y) has to be based.
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The tools of statistical mechanics of disordered systems have been applied to a wide vari-
ety of such problems [15–19]. As a matter of fact the probability law (1) can be viewed as the
Gibbs–Boltzmann distribution for thermal variables s, with an Hamiltonian Hy (s) = − lnPS (s)−
lnPY |S (y |s), where y plays the role of a quenched disorder (with a so-called “planted” distribu-
tion), at inverse temperature β= 1. In this perspective the denominator in (1) is viewed as a par-
tition function ensuring the normalization of the law, PY (y) = Z (y) =∑

s PS (s)PY |S (y |s), and one
defines the quenched free-energy as E[ln Z (Y )] (which is the opposite of the Shannon entropy
of Y and can be related, up to a simple additive constant, to the mutual information between
S and Y ).

Let us present a few examples that will be used for illustration in the forthcoming sections:

• The stochastic block model (SBM) is an ensemble of random graphs that was introduced
to study complex networks with a community structure [20–22]: its nodes (or vertices)
belong to “communities” and the probability of existence of an edge between a pair of
nodes (modelling for instance a social interaction between two individuals) depends
on the communities of the two nodes. In this context the signal S corresponds to the
communities of each node, and the observation Y to the graph structure (i.e. the edges
connecting some nodes), and the inference goal is to determine the hidden community
structure from the knowledge of the graph. More precisely, denoting N the number of
vertices and q the number of communities, one has S = (σ1, . . . ,σN ) whereσi ∈ {1, . . . , q} is
a label specifying the community of the i -th node. The prior law PS is a product measure,
each σi is drawn independently at random from the probability law η = (η1, . . . ,ηq ).
The observed graph Y is then generated by including each of the N (N − 1)/2 possible
edges 〈i , j 〉 between pairs of distinct vertices with probability cσi ,σ j /N , where c is a q ×q
matrix with non-negative real elements cσ,τ, the latter measuring the “affinity” between
individuals of communities σ and τ, and hence their tendency to create bonds between
them. This problem was studied with statistical mechanics techniques in [23], unveiling
phase transitions in the thermodynamic (large size) limit N → ∞: depending on the
parameters η and c it might be possible or not to infer S from Y with an accuracy higher
than a guess from the prior probability. Moreover the computational cost of this task can
go from polynomial to exponential in N , opening the possibility of a phenomenon known
as a statistical-computational gap when the algorithmic and information-theoretical
phase transitions do not coincide. Parts of this scenario were proven rigorously later on,
see [24, 25] for reviews of this research direction.

• In matrix denoising problems the signal and observation S and Y are both matrices;
in the simplest version they are real and symmetric, of size n ×n, and the observation
channel corresponds to the addition of an independent noise matrix Z , also symmetric,
namely Y = S + Z . The matrix character of the problem shows up in the structure of the
laws of S and Z , which for many natural ensembles of Random Matrix Theory (RMT),
and most famously the Gaussian Orthogonal Ensemble (GOE), enjoy some invariance
properties, for instance under orthogonal transformations. This inference problem was
in particular studied in the seminal paper [26], and revisited more recently in [27–32].

• A related problem is the matrix factorization one, where one observes a matrix Y =
X X T + Z , with X an n × r matrix and Z a noise, and the goal is to infer X from Y
(to avoid confusion with the matrix denoising problem the signal is denoted X in this
case). The matrix denoising problem can thus be seen as a simplified version of the
matrix factorization one, in which one only aims at reconstructing the product of the two
unknown factors (i.e. the Wishart matrix X X T) instead of the factor X individually. Matrix
factorization appears in various problems of machine learning [33–36], and has been the
subject of an intense research activity. The low-rank regime of the matrix factorization
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problem, when r remains finite in the large n limit, is now rather well understood [37–
42], with a precise characterization of the information-theoretical optimal accuracy of
estimation, as well as the performances of polynomial time algorithms for this task.
By contrast the extensive rank regime, with r proportional to n in the large size limit,
presents additional challenges that are not yet all resolved. The initial proposal of [43, 44]
was later unveiled to be incorrect [45], and despite a series of recent efforts [27–30, 46–51]
the current understanding of this regime is not satisfactory. We will propose in this paper
some observations that may shed some light on the roots of these difficulties.

• In the machine learning context one often faces variants of the following situation [52]:
from n examples of an input–output relation (x(i ), z(i )) with i ∈ [n] ≡ {1, . . . ,n} one would
like to generalize and predict the output z(new) corresponding to an input x(new) not
already seen. In a classical example of such supervised learning problems the inputs
are high-dimensional objects, i.e. x ∈ Rd with d ≫ 1, which could be the vectorial
representation of a high-resolution image, and the output is low-dimensional, e.g. z ∈ R
being a label characterizing the type of image in a classification task. Assuming the
existence of a function f such that z(i ) = f (x(i ),W ), with W some unknown parameters,
and of prior distributions on the x’s and W , this generalization problem falls under the
Bayesian inference setting of a correlated pair (S,Y ) of random variables, the role of the
signal being played by S = z(new), and of the observations by Y = (x(new), {(x(i ), z(i ))}i∈[n]).

2.2. Optimal estimators

We shall return now to the generic setting of a signal-observation pair of random variables (S,Y ),
and discuss the constructions of estimators Ŝ, which should be functions from the observation
space to the signal space, such that Ŝ(Y ) is “as close as possible” to the true signal S. Of course to
give a precise meaning to this notion we need to introduce a distance d(S, Ŝ) on the signal space
that measures the closeness of the signal to its estimation (we will not require d to be a distance
in the mathematical sense, namely we only ask that d is non-negative and that d(S, Ŝ) = d(Ŝ,S),
without imposing the definiteness and triangular inequality for d). The Bayesian risk of an
estimator is defined as its average distance to the groundtruth signal,

R(Ŝ) = E[d(S, Ŝ(Y ))], (2)

the average being over the joint law of (S,Y ) discussed above. A Bayes-optimal (BO) estimator,
for a given choice of the distance d , is then one which minimizes the risk, ŜBO ∈ arginf R(Ŝ).
Decomposing the expression (2) of the risk as an average over Y and a conditional average
over S|Y (with the law described in Equation (1)), one can perform this minimization for each
point of the observation space independently, and obtain formally the expression of the optimal
estimator as

ŜBO(Y ) ∈ arginf
x

E[d(S, x)|Y ], (3)

with x running on the signal space. We insist on the fact, that will play an important role in the
following, that the notion of optimality depends on the choice of d , i.e. on the way one measures
the accuracy of estimation. Two special cases are worth spelling out more explicitly:

• suppose that the signals are vectors of discrete coordinates, i.e. S ∈χN withχ finite (in the
SBM model one would have χ = {1, . . . , q}). Then a natural choice for d is the Hamming
distance, d(S, Ŝ) = ∑N

i=11(Si ̸= Ŝi ), that counts the number of indices for which Ŝ gives a
wrong answer. With this choice one can easily find from (3) that the optimal estimator
is, for each coordinate i ∈ [N ], ŜBO

i (Y ) ∈ argmaxx∈χ P(Si = x|Y ). This is called the symbol
Maximal A Posteriori (MAP) estimator in the coding theory literature, since it selects the
value with the maximum marginal probability in the posterior measure.
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• if the signals are continuous, S ∈RN , a common choice for d is the square of the L2 norm,
that we shall call the Square Error (SE) distance,

d(S, Ŝ) = ∥S − Ŝ∥2
2 =

N∑
i=1

(Si − Ŝi )2, (4)

which gives the Mean Square Error (MSE) expression for the risk, R(Ŝ) = E[∥S − Ŝ(Y )∥2
2].

The optimal estimator is then well-known to be the posterior mean ŜBO(Y ) = E[S|Y ];
this result is easily derived from (3) by noting that the optimization can be performed
independently for each i ∈ [N ], and that the latter can be done explicitly:

ŜBO
i (Y ) ∈ arginf

x∈R
E[(Si −x)2|Y ], E[(Si −x)2|Y ] = E[S2

i |Y ]−2xE[Si |Y ]+x2, (5)

the minimum of this quadratic function on x being easily found to be reached in x =
E[Si |Y ].

In the continuous case this choice of d can be viewed as rather arbitrary: one could take more
generically d(S, Ŝ) =∑

i |Si − Ŝi |p , with no compelling reason to favour p = 2 with respect to other
values of p. The very important advantage of the choice p = 2 is however the simple analytic
expression it yields for the corresponding optimal estimator, namely ŜBO(Y ) = E[S|Y ]. For generic
values of p the optimal estimator can be seen as a Fréchet mean of the posterior distribution, but
it does not admit an explicit formula in general (for p = 1 the conditional median replaces the
conditional mean, for generic p [53] discusses specific priors such that the optimal estimator is
linear in Y ). We will come back later on this point, arguing that symmetries may force one to
abandon the usual square error distance for d , and as a consequence loose the simplicity of the
corresponding optimal estimator.

2.3. Symmetries

The notion of symmetry is formalized mathematically in terms of a group, namely a set G
endowed with an associative multiplication rule admitting a neutral element e with eg = g e = g
for all g ∈G , and such that each element g admits an inverse g−1 with g g−1 = g−1g = e. A group
G is said to act on a set U if there exists an application that associates to each g ∈ G and u ∈ U
an element of U denoted g ·u, interpreted as the image of u under the transformation g , that
respects the multiplication rule of the group, in the sense that g · (h ·u) = (g h) ·u, and such that
the neutral element of G leaves U unchanged, e ·u = u. Linear representations are an important
special case of such group actions, when U is a vector space and the group elements g acts on
U by application of linear operators ρ(g ). A trivial action can always be defined for any group
on any set, by g ·u = u. One defines the orbit of an element u under the action of a group G by
G ·u = {g ·u : g ∈ G}, that contains all possible images of u under the transformations of G . A
function f : U →V , where U is endowed with an action of G , is said to be invariant if f (g ·u) = f (u)
for all g ∈ G and u ∈ U . If in addition the set V also admits an action of the same group G
(that we shall denote with the same symbol · even if in general the underlying applications are
distinct), one says that the function f is equivariant (or covariant) if f (g · u) = g · f (u). The
definition of invariant functions is thus a special case of the equivariant ones, when the action of
G is trivial on V . The characterization of invariant and equivariant functions, and most notably
polynomials, is an important branch of mathematics known as invariant theory [2], with many
results in particular when G is the symmetric group of permutations acting on the coordinates of
a function of several variables [54], or other classical groups like the orthogonal one [55].
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2.4. Symmetries of inference problems

Putting together the two ingredients introduced above, we shall say that a group G is a symmetry
of an inference problem if it acts on both the signal and observations spaces in such a way that

(g · S, g ·Y )
d= (S,Y ) for all g ∈ G , with

d= denoting equality in distribution of random variables.
Let us insist on the facts that in this definition the same g acts simultaneously on the signal and
on the observations, and that even if one uses the same symbol · the two actions are in general
distinct (even the two spaces of signal and observations are generically different). In terms of the
two laws PS and PY |S we used above to define the random variables, this definition amounts to
PS (g · s) = PS (s) and PY |S (g · y |g · s) = PY |S (y |s) for all g ∈G .

In the next two Sections we shall explore the consequences of such symmetries in inference
problems, arguing that they can be helpful in some cases, or detrimental in others. In colloquial
terms, the fuzzy boundary between these two sides depends on the “relative strength” of the
actions on G on the signal and observations spaces: as an oversimplified rule of thumb, the more
G acts on the observations (i.e. the bigger the orbits it induces in this space), the better, while on
the contrary the more G acts on the signal, the worst. We will give more flesh to these imprecise
statements in the rest of the manuscript, at this point an intuitive justification can be provided as
follows: the action of G on S can be interpreted as a blurring of the sought-for signal, hence as a
loss of information, if it does not come along with an action on the observations Y , that are the
only directly accessible sources of knowledge on S.

3. Symmetries as an asset

In all this Section we assume that the signal is continuous, S ∈ RN (even if in some cases S can
have an internal structure, like matrix indices, it can always be seen as a vector), and that the
quality of estimation is measured in terms of the Square Error distance d defined in Equation (4).
We further assume that a group G is a symmetry of the inference problem, in the sense defined
above, and that its action on the signal space is a linear isometric representation (i.e. g ·S = ρ(g )S,
with ρ(G) an N ×N orthogonal matrix).

As discussed previously this choice of d implies that the Bayes-optimal estimator is the
posterior mean, ŜBO(Y ) = E[S|Y ]. It is a simple exercise to check that the symmetry hypothesis
leads to the equivariance of this optimal estimator, i.e. ŜBO(g ·Y ) = g · ŜBO(Y ). If the problem is
sufficiently simple for the conditional mean to be computable exactly (or at least asymptotically
exactly, for instance in a large dimension limit), this equivariance property is merely a sanity
check of the correctness of the result. There are however problems where a direct computation
of ŜBO is challenging; we shall describe now an alternative approach, known as the low-degree
polynomial strategy [31, 42, 56], that can be useful in such cases, and where the symmetries play
a very helpful role.

The idea of this method is to look for an approximation of ŜBO in a variational way, considering
the estimators of the form

Ŝ(Y ) = ∑
β∈A

cβbβ(Y ), (6)

where the bβ are simple functions from the observation space to RN , A is a finite index set, and
the cβ are free parameters in this linear combination. The latter are chosen to minimize the risk of
Ŝ, which corresponds here to the MSE R(Ŝ) = E[∥S − Ŝ(Y )∥2

2]. Inserting the variational expression
(6) one obtains R(Ŝ) = E[∥S∥2

2]+ cTM c −2RTc, where c = {cβ}β∈A and R are vectors of size |A |,
M is a square matrix of the same size, the elements of R and M being given by

Mβ,β′ = E[〈bβ(Y ),bβ′ (Y )〉], Rβ = E[〈S,bβ(Y )〉], (7)
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where 〈S,T 〉 = ∑N
i=1 Si Ti is the canonical scalar product in RN . The optimal estimator, within

this restricted variational space of linear combinations of trial functions indexed by A , is thus
obtained by minimizing the quadratic function of the free parameters c, yielding the linear
system of equations M c = R. In general it is not too difficult to compute the elements of M

and R, the complexity of this approach can thus be much lower than the direct computation of
the conditional mean. In practice the determination of the elements of M and R is reduced to
the computation of (joint) moments of S and Y when the basic functions bβ of the decomposition
are taken as polynomials in the observations (assuming Y is a vector of real random variables).
This explains the name “low-degree polynomial” of the method (which initially emerged in the
context of hypothesis testing problems, see [57, 58]).

It should be clear that the quality of the approximate estimator Ŝ obtained in this way improves
(i.e. that its MSE decreases) if one includes more and more functions in the trial set {bβ}β∈A ; at
the same time the complexity of the computation, and in particular the size of the linear system
of equations M c =R, also increases along the way, requiring to settle for a compromise between
these two considerations. It turns out that symmetries have a very beneficial consequence here:
one does not pay any price in terms of quality, and may gain a lot in terms of complexity, by
focusing on equivariant basic functions bβ. This statement is quite intuitive: since our objective
was to emulate ŜBO, which is itself equivariant, it is not so surprising that its best approximation
is generated by linear combinations of equivariant functions. One can give a formal proof of
this fact (see Appendix B.3 in [42], where it is called the Hunt-Stein lemma, and Section III.C
of [31]), by first showing that for any estimator the risk cannot increase under symmetrization:
R(Ŝeq) ≤ R(Ŝ), where Ŝeq is the equivariant function defined by

Ŝeq(Y ) = Eg [g−1 · Ŝ(g ·Y )], (8)

the expectation being on the invariant (Haar) measure on G . The mapping Ŝ → Ŝeq defined in
(8) is a linear transformation in the space of functions from observations to signals, that projects
onto the subspace of equivariant functions. Since R(Ŝeq) ≤ R(Ŝ) the MSE reached by a variational
family {bβ}β∈A cannot be strictly better than the one of {beq

β
}β∈A ; the latter can nevertheless

be of a strictly smaller cardinality, if originally distinct bβ are projected to the same element by
the symmetrization (8), hence a reduction of the computational cost with no loss in estimation
accuracy.

Let us give a few examples of this phenomenon:

• The first one is almost trivial but has some pedagogical virtue. Consider indeed a
scalar denoising problem: both signal and observation are real random variables, and
the observation channel is Y = S + Z ∈ R with the noise Z independent of S. The
Bayes-optimal estimator ŜBO(Y ) = E[S|Y ] has no closed form expression in general (an
exception arising when S and Z are both Gaussian), one can thus try a polynomial
approximation of degree D with Ŝ(Y ) = c0 + c1Y + ·· ·+ cD Y D . According to the generic
formulation above the optimal value of the coefficients c will be obtained from the
solution of M c = R, where M is a (D + 1) × (D + 1) matrix with elements Mp,p ′ =
E[Y p+p ′

], and R the vector with Rp = E[SY p ]. Suppose now that the signal and noise

have even distributions, in the sense that S
d= −S, Z

d= −Z . As a consequence (S,Y )
d=

(−S,−Y ), which shows that the multiplicative group G = {−1,1}, acting on the signal
and observation space by multiplication, is a symmetry of the inference problem. The
equivariant functions in this toy model are odd in the usual sense (they are such that
f (−Y ) =− f (Y )), the symmetry considerations allows us to reduce a priori the variational
functions to the odd monomials and work with Ŝ(Y ) = c1Y + c3Y 3 + ·· · ; equivalently,
the even monomials vanish under the symmetrization by Equation (8). In other words
the use of the symmetry divides the number of the trial functions by 2, for the same
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maximum degree D , and hence the same quality of approximation. Of course in this
trivial case one could have considered all polynomials, and discovered very easily that
c2 = c4 = ·· · = 0 in the minimizers, but in more complicated situations the identification
of the relevant terms is not so obvious, and the gain in the size of the trial set can be much
more substantial.

• Such non-trivial simplifying aspects of symmetries have been exploited in the low-rank
matrix factorization problem in [42], and in the matrix denoising one in [31]. Recall that
in the latter case one has also Y = S + Z , but now these objects are n ×n matrices, and
the objective is to send the size n to infinity. In this context a polynomial estimator Ŝ(Y )
is a matrix whose elements Ŝ(Y )i , j are multivariate polynomials in the entries of Y , i.e.
in Y1,1,Y1,2, . . . ,Yn,n . One thus faces the difficulty that, even for a fixed maximal degree
D , the number of such monomials increases with n, and as a consequence the size |A |
of the matrix M and vector R of the variational approach diverges in the large n limit,
making the whole procedure quite impractical. Fortunately symmetry considerations
allow to escape this deadend: the probability laws of several classical ensembles of RMT
are invariant under the conjugation by the orthogonal group (i.e. under M → OMOT

for all O with OOT = OTO = 1). If S and Z enjoy this invariance in law then the
orthogonal group becomes a symmetry of the inference problem. One can then restrict
the polynomial estimators Ŝ(Y ) to the equivariant ones, without loosing on the accuracy
according to the generic discussion above. This is actually a strong requirement (in
colloquial terms, the action of this group induces “big enough” orbits) and the number
of equivariant polynomials is drastically reduced with respect to the number of arbitrary
ones. One can indeed show that the equivariant polynomials of degree at most D are
linear combinations of

Y p (TrY )q1 (Tr(Y 2))q2 · · · (Tr(Y D ))qD , (9)

for non-negative integers p, {qi }, the total degree of the polynomial being p +∑
i iqi ≤ D .

Note that the dimension of this subspace of equivariant polynomials depends on D but
not on n, which allows to perform the large size limit in the variational approach with
M and R of fixed sizes. The hypothesis of invariance under orthogonal conjugation
is violated for some ensembles of random matrices, like the arbitrary Wigner ones
with i.i.d. non-Gaussian matrix elements, that however preserves a weaker subgroup
of the orthogonal one, namely their laws are invariant by permutation of the row and
column indices. The equivariant polynomials under the permutation group are more
numerous than those under the orthogonal group written in (9), but their number is still
independent of n for a fixed degree, and they can be indexed by suitable finite graphs;
see [31, 42] for more details on this point, and [59] for an extension to the tensor case.

• Symmetries can also play a simplifying role in the machine learning setting defined in
Section 2, where S = z(new) is to be inferred from Y = (x(new), {(x(i ), z(i ))}i∈[n]). In this
context it is indeed natural to assume that the function z = f (x) is invariant under the
action of a group G on the inputs x: for image classification the label z should not
change if the input image x is translated, or slightly deformed. In the language of the
present paper this means that G is a symmetry of the inference problem with a trivial
action on the signal and a non-trivial action on the observations. This is somehow the
ideal situation, in the sense that the reduction of the number of candidate variational
functions is the strongest possible and collapse to a projection on the invariant functions.
There is in addition a permutation symmetry on the indices i of the sample pairs
{(x(i ), z(i ))}i∈[n] that can be further exploited. This phenomenon was studied and put on a
quantitative basis in [60], through the definition of the degeneracy of a group in terms of



Guilhem Semerjian 207

Figure 1. A sketch illustrating the definition of the quotiented distance of Equation (10).

the asymptotic reduction in the number of invariant polynomials compared to arbitrary
ones. To be precise the study of [60] does not treat the Bayes-optimal estimation, but
shows the reduction of sample complexity or network width induced by the degeneracy
for some specific architectures (random features and ridge kernel regression).

4. Symmetries as a nuisance

We will now describe somehow opposite situations, in which the presence of a symmetry induces
difficulties in the inference problems. According to the informal discussion above this is to be
expected when the action of G is stronger on the signal than on the observation. We shall in
fact make in this section the drastic assumption that G acts trivially on the observations, i.e. that

(g · S,Y )
d= (S,Y ) for all g ∈ G , with a non-trivial action on S. In terms of the laws defining the

process this means that the prior is invariant, PS (g · s) = PS (s), and that PY |S (y |g · s) = PY |S (y |s).
It should be clear that the “signal” that can be recovered in such a situation is not S itself, but
rather the orbit G · S = {g · S : g ∈ G}, since all the points of this orbit generate observations
with the same law, and are thus perfectly indistinguishable from the knowledge available to the
observer. An example that is visually easy to grasp is provided in Figure 1: the signal space is here
S = (S1,S2) ∈R2, and G = SO(2) acts by rotating this plane, in such a way that the orbits are circles
centered on the origin.

We insisted in Section 2.2 on the crucial role played by the choice of the distance d(S, Ŝ), and
in particular on the dependency of the optimal estimator on d . This point is particularly relevant
here: if for instance one uses the SE distance in the problem sketched in Figure 1 one obtains as
an optimal estimator ŜBO(Y ) = E[S|Y ] = 0, since the posterior is uniform on the circles and then
averages out to the origin of the plane. This apparent contradiction that the “optimal” estimator
is a trivial constant even if Y contains a non-trivial information arises from the incorrect choice
of the distance d used. In this very simple example the way out is easy to find: one can use polar
coordinates (r,θ) in the plane instead of the cartesian ones (S1,S2), notice that the orbits are in
bijection with the radius r , hence take for d(S, Ŝ) any distance between r and r̂ , independently
of θ and θ̂. However for high-dimensional signal spaces, and complicated group actions on
them, it is not obvious to find an explicit parametrization of the space that allows to separate the
coordinates of the orbit from the coordinates inside an orbit. In this case a generic prescription
is to start from a distance d (possibly too fine, i.e. that separate points of the same orbit), and to
quotient it by the action of the group, defining a new distance dG with

dG (S, Ŝ) = inf
g∈G

d(g ·S, Ŝ). (10)
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We assume that d and the action of G are such that d(g · S, Ŝ) = d(S, g−1 · Ŝ), which yields the
symmetry dG (S, Ŝ) = dG (Ŝ,S), and the independence of dG on the orbit representant, namely
dG (g · S, Ŝ) = dG (S, Ŝ). In the example of Figure 1 the quotient of the SE distance d(S, Ŝ) =
(S1 − Ŝ1)2 + (S2 − Ŝ2)2 by the rotation group according to Equation (10) yields dG (S, Ŝ) = (r − r̂ )2, a
valid distance between orbits in agreement with the intuitive reasoning above.

We emphasized in Section 2.2 that very few choices of the distance d yield a closed-form
expression for the corresponding Bayes-optimal estimator ŜBO. As a consequence the presence
of a symmetry, and hence the need to trade the distance d by its coarse-grained version dG , will
in general complicate the resolution of such inference problems (even when the initial distance
measure was the SE or Hamming ones). We will present later on a series of explicit examples, but
before that we point out some previous works where this phenomenon was already discussed.

A well-known case where this kind of symmetry occurs is the SBM introduced in Section 2.1,
in particular in its symmetric version where the prior distribution of the labels is uniform,
η = (1/q, . . . ,1/q), and where the elements of the affinity matrix cσ,τ only depend on whether
σ = τ or not (i.e. c is constant on the diagonal, and off-diagonal). In that case it is easy to check
that G = Sq , the symmetric group of permutations of [q], acting on the labels S = (σ1, . . . ,σN )
by π · S = (π(σ1), . . . ,π(σN )), and leaving the observed graph untouched, is a symmetry of the
problem. This was of course noticed in [23], which used as a measure of the distance between
the signal and its estimation the quotiented version of the Hamming distance, according to
the definition (10) with G = Sq . A non-trivial estimation, in the large size limit, is obtained if
this (normalized) quotiented distance is strictly smaller that what can be achieved by a dummy
estimator that does not access Y , and only uses the prior information on S. There has been some
discussions, see in particular [25], on the appropriate generalization of this definition when the
parameters η and c are only partially symmetric. In [25] it was emphasized that the definition
(10) with G = Sq was not satisfactory in this case, and proposed an alternative definition based
on the possibility to partition the vertices in two sets which have a different empirical content of
at least two communities. We believe that (10) could also be used in the partially symmetric case,

provided one takes in this definition G as the largest subgroup of Sq with (g ·S,Y )
d= (S,Y ) for all

g ∈G (which will be a proper subgroup of Sq if there is only a partial symmetry in the parameters
of the SBM). In the statistical mechanics treatment of [23] the symmetry difficulty was bypassed
thanks to the spontaneous breaking of the posterior measure into various “pure states” related
one to the other by the action of G , i.e. by the permutations of the labels; in technical terms the
cavity (or Belief Propagation) equations admit a trivial symmetric solution, that would yield the
Bayes optimal estimator if the naive Hamming distance were to be used, and several symmetry
breaking solutions (corresponding to each pure states). Picking one of the latter allows to solve
the Bayes-optimal estimation with the quotiented distance (10). Notice that here the size of the
symmetry group is at most q !, and thus remains finite in the large graph limit (we will see later on
an example where this will not be the case).

We would also like to mention here the research field called orbit recovery, or estimation
under a group action, see for instance [61, 62] and reference therein, that is tightly related to the
present discussion (see also [63] for computational aspects of related problems). In this setting
one generates an observation Y = (Y1, . . . ,Yn) through

Yi = gi ·S +ξi , (11)

with gi i.i.d. copies of an uniformly chosen member of a group G (i.e. the gi are drawn from
the Haar measure on G), and ξi some i.i.d. noise variables, with intensity controlled by a pa-
rameter ∆. The motivation for these studies comes from applications to cryo-electron mi-
croscopy (cryoEM) [64, 65], an experimental method where successive projections of randomly
rotated molecules are observed, or its abstraction called multi-reference alignment (MRA) [66].
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As discussed above the signal S is here indistinguishable from any member of the orbit G ·S, since
the gi ’s are uniform on G . There is however an important difference in the perspective taken by
these works, which concentrate on the dependence of the sample complexity on the noise inten-
sity ∆, i.e. on how large n should be when ∆ diverges in order to recover the orbit of S within a
fixed accuracy. On the contrary here we consider a single sample, and focus on the Bayes-optimal
estimation one can extract from it.

The procedure to achieve this task is in principle clear: inserting the definition (10) of the
quotiented distance in the expression (3) of the Bayes-optimal estimator yields

ŜBO(Y ) ∈ arginf
x

E

[
inf
g∈G

d(g ·S, x)
∣∣∣ Y

]
; (12)

note that by definition this optimal estimator is not unique, if Ŝ(Y ) minimizes the average
quotiented distance (for a given Y ) this will also be the case of all members of the orbit G · Ŝ(Y ).
The actual computation of (12) seems daunting in general, as it relies on two extremizations (over
g and x) intertwined with an average (over S|Y ). We shall now consider a few concrete examples
where one can give more explicit expressions of dG and of the corresponding ŜBO.

• Our first example will be elementary; we consider a scalar signal S ∈ R, and the SE
distance d(S, Ŝ) = (S − Ŝ)2 as the naive measure for the accuracy of estimation. The
multiplicative group G = {−1,1}, acting by multiplication on S (i.e. g ·S = g S for g =±1),
induces the quotiented distance

dG (S, Ŝ) = min((S − Ŝ)2, (S + Ŝ)2) = S2+ Ŝ2−2max(SŜ,−SŜ) = S2+ Ŝ2−2|S||Ŝ| = (|S|− |Ŝ|)2,

(13)

which one recognizes as a valid distance between the orbits G ·S = {|S|,−|S|} and G · Ŝ. To
obtain the Bayes-optimal estimators for this quotiented distance we compute

E[(|x|− |S|)2|Y ] = x2 −2|x|E[|S||Y ]+E[S2|Y ], (14)

which is minimized in x = E[|S||Y ] and x = −E[|S||Y ]. This yields the two optimal
estimators,

ŜBO(Y ) = E[|S||Y ] and ŜBO(Y ) =−E[|S||Y ], (15)

as could be expected intuitively. As an example of a pair (S,Y ) admitting this symmetry

one can take for S a symmetric real random variable (i.e. with S
d= −S), and observe it

through a multiplicative noise with symmetric distribution, namely defining the obser-

vation as Y = Z S with Z independent of S, and such that Z
d= −Z . As in the example

of Figure 1 the Bayes-optimal estimator for the naive SE distance d is trivial, E[S|Y ] = 0,
even when Y contains a lot of information on the orbit of S (and potentially allows to
determine it exactly, as for example when Z =±1 with equal probabilities 1/2).

• The example above was very simple, and led to an optimal estimator which could be
expressed in terms of a posterior mean, not of the signal itself, but of a simple function
of S (here the absolute value). It is however instructive as it shows that such a situation
should be considered as a fortunate coincidence. Consider indeed the following slight
variation of the previous example: now S ∈ RN with N ≥ 2, with d(S, Ŝ) = ∥S − Ŝ∥2

2 and
again G = {−1,1} acting multiplicatively on S. The quotiented distance thus reads

dG (S, Ŝ) = min(∥S − Ŝ∥2
2,∥S + Ŝ∥2

2) = ∥S∥2
2 +∥Ŝ∥2

2 −2|〈S, Ŝ〉|. (16)
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At variance with the N = 1 case the absolute value of the scalar product S1Ŝ1 +·· ·+SN ŜN

cannot be factored as the product of a function of S and one of Ŝ. As a consequence in
the expression of the optimal estimator

ŜBO(Y ) ∈ arginf
x∈RN

(
∥x∥2

2 −2E
[
|〈S, x〉|

∣∣∣ Y
])

, (17)

the minimization on x cannot be performed explicitly (for a generic posterior law of S|Y ),
and ŜBO(Y ) is not expressible as the posterior mean of some simple function of S.

• We will now present another fortunate case in which analytical simplifications are pos-
sible even though the action of the group is much less trivial than above. We con-
sider vectorial signals, S ∈ RN , with the usual SE distance d(S, Ŝ) = ∥S − Ŝ∥2

2, and as-
sume now that the symmetry group of the inference problem is G = SN , the group of
permutations of [N ], acting on vectors by permutation of the coordinates: for π ∈ SN ,
(π · S)i = Sπ−1(i ). This is indeed an action, isometric with respect to d in the sense that
d(π ·S, Ŝ) = d(S,π−1 · Ŝ). We consider the quotiented distance dG from Equation (10), that
reads

dG (S, Ŝ) = min
π∈SN

N∑
i=1

[(Sπ−1(i ))
2 + (Ŝi )2 −2Sπ−1(i )Ŝi ] (18)

= ∥S∥2
2 +∥Ŝ∥2

2 −2 max
π∈SN

N∑
i=1

Si Ŝπ(i ). (19)

It turns out that the last maximization can be performed rather explicitly, thanks to
the so-called rearrangement inequality, see for instance theorem 368 in [67]. To state
this result let us denote S[1] ≤ S[2] ≤ ·· · ≤ S[N ] a permutation of S1, . . . ,SN that puts the
coordinates in non-decreasing order, and S↑ the corresponding vector, with (S↑)i = S[i ].
The same notation will be used for Ŝ as well. The rearrangement inequality states that the
maximum in the last term of (19) is reached when π orders the elements of Ŝ in the same
way as the one of S. More explicitly, assuming without loss of generality that S1 ≤ ·· · ≤ SN ,
the maximum is reached for π such that Ŝπ(i ) = Ŝ[i ]. We can thus write

dG (S, Ŝ) =
N∑

i=1
[(Si )2 + (Ŝi )2 −2S[i ]Ŝ[i ]] = d(S↑, Ŝ↑), (20)

in other words the quotiented distance coincides with the usual SE distance on the
ordered version of the vectors.
As a consequence the Bayes-optimal estimator for this dG can be computed explicitly,

ŜBO(Y ) = E[S↑|Y ], or in components (ŜBO(Y ))i = E[S[i ]|Y ] (of course any permutation of
this estimator achieves the same risk and is also optimal). This provides another example,
less trivial than the one above, of a quotiented distance whose optimal estimator can be
expressed as a posterior mean of some function of the signal (here the order statistics
of S). The practical implementation of such a formula might still be complicated, in
particular in the large N limit, but at least one has an explicit expression to start with.
To complete the discussion of this example let us now define a pair of random variable

(S,Y ) that fulfils this symmetry assumption. We shall take S1, . . . ,SN as independent
identically distributed copies of an absolutely continuous random variable (hence with
probability 1 the Si are distinct, which simplifies the discussion below). The law of
S is clearly invariant under SN . Consider in addition the observation channel Y =
(Y1, . . . ,YN ), where for p ∈ [N ]:

Yp =
N∑

i=1
(Si )p . (21)
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The Yp ’s are deterministic functions of S, invariant under the permutations of coordi-

nates of S, hence one has indeed (π·S,Y )
d= (S,Y ). The theory of symmetric functions [54]

(in which the Yp ’s are known as the power sum symmetric polynomials) demonstrates
that the knowledge of Y allows to determine the set {S1, . . . ,SN } (but of course not the or-
dered vector). The posterior law P (·|Y ) is thus the linear combination of N ! atoms, with
equal weights, on the permutations of the vector S corresponding to this realization of
Y . The risk of the Bayes-optimal estimator for the quotiented distance thus vanishes,
since the orbit of S is perfectly reconstructed from Y . On the contrary if one had used the
naive SE distance the optimal estimator would have been (ŜBO(Y ))1 = ·· · = (ŜBO(Y ))N =
(1/N )Y1, giving a risk proportional to the variance of the law of the Si ’s.

• The last example of a detrimental symmetry we shall consider now is motivated by the
extensive rank matrix factorization problem [27–30, 43–51] we mentioned in Section 2.1.
We recall that in this setting the signal, denoted X to avoid confusion with the matrix
denoising problem, is an n × r matrix observed through the channel Y = X X T + Z , the
observation Y being an n ×n matrix, and Z modelling an additive noise independent of
X . Denoting Xi ,µ the matrix elements of X , one has more explicitly

Yi , j =
r∑

µ=1
Xi ,µX j ,µ+Zi , j , (22)

for i , j ∈ [n]. Suppose now that in the prior law on X the elements Xi ,µ are i.i.d.
random variables (one could actually make the weaker assumption that the vectors
Xµ = {Xi ,µ}i∈[n] are i.i.d. vectors in Rn); then the permutation group G = Sr , acting on
X as (π · X )i ,µ = Xi ,π−1(µ) for π ∈ G , is a symmetry of the inference problem in the sense

that (π · X ,Y )
d= (X ,Y ). Since its action is trivial on the observation this is an example of

a detrimental symmetry in which the distance measuring the accuracy of estimation has
to be amended in order to gauge the non-trivial unobservable orbits of the signal (this
symmetry acting on the “internal” indices µ of X should not be confused with the one of
the “external” indices i , that was shown to be beneficial in the matrix denoising problem
in Section 3).
The natural naive distance is here the squared Frobenius norm of the difference between
X and its estimator X̂ , or in other words the sum of the SE for each matrix element,

d(X , X̂ ) =
n∑

i=1

r∑
µ=1

(Xi ,µ− X̂i ,µ)2. (23)

The optimal estimator with respect to d is as usual the posterior mean X̂ (Y ) = E[X |Y ];
its components X̂i ,µ(Y ) are independent on µ because of the invariance under G , which
would yield a rather unsatisfactory estimate X̂ (Y ) of rank 1 (that would actually vanish

identically if in addition the law of X is assumed to be even, i.e. if X
d= −X , since Y is

invariant under a change of sign in X ). As explained in generic terms above one should
use instead the quotiented version of d , according to the definition (10) for the group
G =Sr , that reads (see also Section V of [32] for a discussion of this distance)

dG (X , X̂ ) =
n∑

i=1

r∑
µ=1

[(Xi ,µ)2 + (X̂i ,µ)2]−2 max
π∈Sr

n∑
i=1

r∑
µ=1

Xi ,µ X̂i ,π(µ). (24)

The last term is of the form

max
π∈Sr

r∑
µ=1

Tµ,π(µ), with Tµ,ν =
n∑

i=1
Xi ,µ X̂i ,ν = 〈Xµ, X̂ν〉, (25)

where in the last equality we used 〈·, ·〉 to denote the standard scalar product in Rn . One
can recognize here a famous optimization problem, known as the bipartite matching, or
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linear assignment problem. This can be solved in a time polynomial in r [68] (in [32] a
greedy procedure was used to approximate this optimization), but in general does not
admit an explicit analytical solution (one cannot use the rearrangement inequality any-
more, apart from the trivial case n = 1). As a consequence the Bayes-optimal estimator
for the quotiented distance takes its generic form (12), which reads here

X̂ BO(Y ) ∈ arginf
x∈Rn×r

{
n∑

i=1

r∑
µ=1

(xi ,µ)2 −2E

[
max
π∈Sr

n∑
i=1

r∑
µ=1

Xi ,µxi ,π(µ)

∣∣∣ Y

]}
, (26)

with a priori no simplification in terms of the conditional expectation of some explicit
function of X . As we shall discuss further in the conclusions this seems a particularly
challenging problem in the extensive rank case with r proportional to n in the large size
limit, that is not expressible in terms of local marginal laws of the posterior probability
PX |Y .

5. Conclusions

We have collected in this paper a series of simple observations on the effects of invariances in
Bayesian inference problems. We have argued that their consequences depend on the relative
strength of the actions of the symmetry group on the hidden signal and on the observed quan-
tities. When the latter are sufficiently affected by the symmetry one can exploit the constraints
induced on the candidate estimators to reduce the complexity of the low-degree polynomial ap-
proach; on the contrary an invariance of the signal without observable effects imposes a revision
of the notion of distance between an estimator and the groundtruth, that should be invariant on
the orbits of the group.

We believe that this last point may have been overlooked and would deserve deeper investi-
gations, in particular in the context of the statistical mechanics approach to inference problems.
As briefly sketched in Section 2.1 the latter envisions the posterior probability (1) as a graphical
model with dynamical variables in the signal space, the observations corresponding to a planted
quenched disorder. The typical properties of such a model, and in particular the quenched free-
energy or mutual information I (S;Y ), are then obtained via the replica or cavity method, while
single-sample quantities (i.e. for one given realization of the disorder Y ) like the marginal prob-
abilities of a finite number of variables are accessible by their algorithmic counterparts, namely
the Belief Propagation or Approximate Message Passing techniques (we refer the reader to [15–
19] for reviews of these methods). The latter allows to compute Bayes-optimal estimators for
the Hamming or SE distance, that are indeed expressible in terms of the local marginals of the
posterior, the former giving access to the corresponding average risk (in particular thanks to the
I-MMSE relation [69] for Gaussian noise channels). Unfortunately these connections break down
when other distances between the signal and its estimation are used, and in particular when a
non-trivial group action on the signal space imposes to quotient the distance according to Equa-
tion (10): the mutual information I (S;Y ) can no longer be related to the average risk, and the
optimal estimator is not anymore expressible in terms of local posterior averages.

When the order of the group remains finite in the thermodynamic limit, as is the case in the
symmetric SBM, one can rely on the spontaneous breaking of the posterior measure in pure
states that shows up in the statistical mechanics treatment as symmetry breaking solutions of
the replica or cavity equations and allows to compute (10) from (1). It is much less clear that
such a phenomenon can occur when the symmetry group grows in the thermodynamic limit, in
particular in the case of extensive rank matrix factorization, an observation that could constitute
the starting point for future research. We believe that in such a case the computation of Bayes-
optimal estimators should instead start from the formula in (12) (or (26) in the special case of
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matrix estimation problems invariant under column permutation), and not from the graphical
model interpretation of the posterior (1). This is a much more challenging “three-level problem”:
for a given value of x and S in the signal space one has to solve a minimization problem over
g ∈ G , for instance by considering d(g · S, x) as an energy function and introducing a fictitious
temperature ultimately sent to 0. The solution of this “inner problem” would then provide a
function of (S, x), which should be averaged over S according to the posterior law S|Y , and
finally minimized over x. Multi-level problems of a similar kind were studied with statistical
mechanics methods in [70, 71]: the inner problem is solved by a message passing algorithm (for
the assignment problem of (26) this could be done with the BP approach of [72]), these messages
constituting the degrees of freedom of the next-level problem. In principle this approach could
be followed for the quotiented distance of (26) in the extensive rank matrix factorization problem,
with the hope that incorporating explicitly the unobservable symmetry in such a way may
alleviate the difficulties encountered by the formalism of [43, 44]. We leave this specific question,
as well as the more generic problem of the possibility of spontaneous breaking of an extensive
symmetry group of a posterior measure into pure states, as open issues for future works.

Let us finally underline that even if we concentrated in this work on a static, Bayes-optimal
approach to inference problems, symmetries also play a role in the dynamical studies of learning
algorithms, see for instance [73–78] and references therein. In this context they can again be
beneficial, allowing in particular to project a dynamical evolution in a high-dimensional space
down to a finite number of order parameters, or detrimental whenever the non-trivial recovery of
the groundtruth signal requires the breaking of symmetries present in a random, uninformative
initial condition.
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