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Abstract. We discuss the effects of spin—orbit coupling and Rabi fields in Tomonaga-Luttinger liquids for
SU(2) and SU(3) Fermi systems. In the SU(2) case, we show that spin-orbit coupling and Rabi fields mix
separated spin and charge excitations producing helical massless bosons, which we call Weyl bosons in
analogy to their cousins, the Weyl fermions. We discuss the phase diagram and the velocities of bosonic
modes, showing where different flavors of Weyl bosons emerge. We suggest that the dispersion and helicity
of Weyl bosons can be detected through measurements of the the dynamical structure factor tensor. In the
SU(3) case, we preliminarily discuss the effects of spin—orbit coupling and Rabi fields, and conjecture that
the emergent collective modes have a scalar (charge), vector (spin) and tensor (quadrupolar) components,
suggesting that these modes are more complex than Weyl bosons. To describe spin—orbit coupling, we use
the terminology color-orbit coupling, where the three internal states are labeled as colors Red, Green and
Blue. We discuss the phase diagram and velocities of boson modes in the non-interacting regime and ponder
over several open questions that need to be addressed for SU(3) systems. Lastly, we make some concluding
remarks and suggest potential experimental candidates, with two and three internal states, where spin—orbit
or color-orbit coupling and Rabi fields could be used to investigate the emergence of unusual collective
modes with scalar, vector and tensor properties.

Résumé. Nous étudions les effets du couplage spin-orbite et des champs de Rabi dans les liquides de
Tomonaga-Luttinger pour les systemes de fermions de symétrie SU(2) ou SU(3). Dans le cas d'une symétrie
SU(2), nous montrons que le couplage spin-orbite et les champs de Rabi mélangent les excitations de spin
et de charge — autrement séparées — en produisant des bosons hélicoidaux sans masse, que nous appelons
bosons de Weyl par analogie avec leurs cousins, les fermions de Weyl. Nous déterminons le diagramme de
phase et les vitesses des modes bosoniques, en précisant dans quels secteurs émergent les différents types
de bosons de Weyl. Nous proposons d’extraire la relation de dispersion et I'hélicité des bosons de Weyl de
mesures du facteur de structure dynamique tensoriel. Dans le cas d’'une symétrie SU(3), nous effectuons une
premiere analyse des effets du couplage spin-orbite et des champs de Rabi, et conjecturons que les modes
collectifs émergents ont une composante scalaire (charge), vectorielle (spin) et tensorielle (quadripolaire),
ce qui suggere que ces modes sont plus complexes que les bosons de Weyl. Pour décrire le couplage spin-
orbite, nous utilisons la notion de couplage couleur-orbite, ol les trois états internes sont repérés par les
couleurs rouge, verte et bleue. Nous discutons du diagramme de phase et des vitesses des modes de bosons
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dans le régime sans interaction et réfléchissons a plusieurs questions ouvertes restant a traiter dans les
systemes de symétrie SU(3). Enfin, nous formulons quelques remarques finales et identifions des systemes
expérimentaux, a deux ou a trois états internes, dans lesquels le couplage spin-orbite ou couleur-orbite et les
champs de Rabi pourraient étre utilisés pour étudier I'émergence de modes collectifs inhabituels avec des
propriétés scalaires, vectorielles et tensorielles.

Keywords. Spin—orbit coupling, Color-orbit coupling, Rabi fields, Tomonaga-Luttinger liquids, Weyl bosons,
Interacting fermions, One dimension.

Mots-clés. Couplage spin-orbite, Couplage couleur-orbite, Champs de Rabi, Liquides de Tomonaga-
Luttinger, Bosons de Weyl, Fermions en interaction, Systémes unidimensionnels.
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1. Introduction

While spin and charge are intrinsic properties of elementary particles, in one dimension (1D),
interactions are responsible for the separation of spin and charge leading to spin-density (SDW)
and charge-density (CDW) waves that propagate with different velocities. Spin—charge separa-
tion is theoretically described by the Tomonaga-Luttinger liquid model [1-6] in condensed mat-
ter physics (CMP), but is regarded as a general phenomenon of a large variety of quantum fields:
non-Abelian Yang-Mills theory describing knotted strings as stable solitons [7-9], supersymmet-
ric gauge theory characterizing magnetic superconductors [10], and quark-lepton unification
theory suggesting the similarity between spinons and neutrinos [11]. A few experiments in con-
densed matter have claimed observing spin—charge separation: angle-resolved photoemission in
SrCuO3 [12,13] and tunneling spectroscopy in GaAs/AlGaAs heterostructures [14,15] at low tem-
peratures. Very recently, spin—charge separation was also observed in ultracold gases (°Li) as a
function of interactions and temperature [16,17]. A major experimental advantage of ultracold
gases over condensed matter and high energy systems is the tunability of interactions, tempera-
ture, density and external fields, permitting for a thorough exploration of spin—charge separation
and mixing [16,17]. This tunability potentially allows for investigations of the interplay between
spin and charge degrees of freedom in unprecedented ways like, for instance, as a function of
synthetic spin—orbit coupling, Rabi (spin-flip) fields, density or chemical potential.

In CMBP spin-orbit coupling (SOC) is a relativistic quantum mechanical effect that entangles
the spin of a particle to its spatial degrees of freedom. SOC plays an important role in spin-
Hall systems [18,19], topological insulators [20,21] and superconductors [22-24]. However,
tunability of SOC, spin-flip fields, density or chemical potential is limited. There are two common
types of SOC: the Rashba [25] and the Dresselhaus [26] terms, that have been discussed in the
context of semiconductors [27-32]. In ultracold atoms, SOC is synthetically created using two-
photon Raman transitions instead of originating from relativistic effects [33,34]. This makes
SOC tunable in bosonic [35-37] and fermionic [38-40] quantum gases, where equal mixtures of
Rashba and Dresselhaus (ERD) terms have been created [35], as well as, Rashba-only (RO) [41-
43]. Furthermore, Dresselhaus-only (DO) and arbitrary mixtures of Rashba and Dresselhaus
terms have also been suggested [44].

In particle physics, all known elementary particles obey Pauli’s spin-statistics theorem, that
is, particles are either fermions with half-integer spins or bosons with integer spins [45]. The
Standard Model is the theory that unifies electromagnetic, weak and strong interactions, by
invoking the existence of one scalar boson (Higgs), four vector bosons (gluon, photon, Z and
W), and twelve elementary fermions (six leptons and six quarks) [46,47]. All the currently known
elementary fermions have spin s = 1/2 and can be of three types at most: Dirac, Majorana or
Weyl fermions. The first type are Dirac fermions, which are massive and charged, reflecting
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the existence of particles and anti-particles, like the electron and the positron [48]. The second
type are Majorana fermions, which are also massive but neutral, such that the particle is also
its own antiparticle [49]. The third type are Weyl fermions, which are massless Dirac fermions
that become helical, as found by Weyl [50]. None of elementary Fermi particles described in the
Standard Model are Weyl fermions.

In condensed matter physics, observations of Majorana fermions have been retracted [51],
but there are reports that quasiparticles behave as Dirac or Weyl fermions in solid state materials.
Dirac fermions emerge in cuprate superconductors [52,53], iron-based superconductors [54-56]
and graphene [57]. Weyl fermions arise in the electronic structure of TaAs crystals [58,59] which
do not have inversion centers and are detected as noninteracting quasiparticles via angular-
resolved photoemission spectroscopy.

In solid-state condensed matter systems, one often relies on chance to discover materials with
unusual properties. In ultracold atoms, however, it is common to simulate Hamiltonians found in
condensed matter and particle physics, but it is also possible to design Hamiltonians possessing
collective excitations or quasiparticles that go beyond those existing in standard models of
condensed matter on in the Standard Model of particle physics. For example, it is possible to
prepare bosonic atoms with two internal spin states creating pseudo-spin-1/2 bosons [35,37]
or fermionic atoms with three internal spin states, producing pseudo-spin-1 fermions [60,61].
It is also possible to adjust the interactions of these atoms from weak (or zero) to strong using
Feshbach resonances [62].

In this article, we discuss the emergence of collective modes in interacting Fermi systems
that we call Weyl bosons: massless pseudospin-1/2 helical particles like Weyl fermions that arise
in relativistic field theories of spin-1/2 fermions. From a more general perspective, these new
types of excitations are potentially interesting, because they provide unconventional extensions
of ideas that exist in the Standard Model of particle physics. In principle, Weyl bosons emerge
in Fermi systems in one (1D), two (2D) and three (3D) dimensions, as a result of the existence of
spin—orbit coupling, synthetic or real, and Rabi or Zeeman fields. However, we confine ourselves
to the 1D case, where exact calculations can be performed in the long-wavelength-low-energy
regime using the bosonization method. We discuss the creation of Weyl bosons for SU(2) (two
internal states) when SOC and Rabi fields are active and conjecture the emergence of more exotic
bosons, with a tensor structure, in SU(3) (three internal states) interacting Fermi systems, when
color-orbit coupling and color-flip fields are present.

To explore the effects of SOC and Rabi fields on spin and charge density modes and their evo-
lution into spin—charge-mixed helical collective modes (Weyl bosons) for SU(2) Fermi systems,
as well as to investigate more exotic bosonic collective modes in SU(3) Fermi systems, we orga-
nize the remainder of this paper as follows. In Section 2, we discuss conventional spin—orbit cou-
pling in condensed matter and synthetic spin—orbit coupling in ultracold atoms. In Section 3, we
review briefly some aspects of spin—charge separation, in 1D for spin-1/2 Fermi systems, within
the Tomonaga-Luttinger description, discuss bosonization in the condensed matter context, and
mention some open questions that remain in this area. In Section 4, we describe SU(2) fermions
with two internal states. We explore how spin and charge recombine in the presence of SOC and
Rabi fields producing Weyl bosons with a maximum of two flavors, highlight experimental chal-
lenges in detecting such exotic modes in °Li, °K and !”®Yb via charge—charge, spin-charge and
spin-spin dynamical structure factors [16,17,63,64] and discuss some open questions. In Sec-
tion 5, we describe SU(3) fermions with three internal states (colors). We analyze the collective
modes and their quadrupolar tensor structure in the presence of color-orbit coupling and color
Rabi fields. We discuss open questions regarding the effects of SU(3) interactions, and possible
experimental signatures of the emergent tensor boson modes in !”3Yb and #7Sr. In Section 6, we
present some conclusions and discuss possible theoretical and experimental outlooks.
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We warn the reader that technical details, tedious derivations, and lengthy expressions are
not shown in this article. We rather just outline how results are obtained and illustrate their
consequences through figures. Furthermore, we set 77 = 1 throughout the manuscript.

2. Synthetic spin—orbit coupling in quantum gases

Synthetic spin-orbit coupling (SOC) in quantum gases is a rapidly advancing field that merges
the precise controllability of ultracold atomic systems with phenomena traditionally associated
with condensed matter physics. Standard spin—orbit coupling, due to relativistic effects, plays
a pivotal role in various quantum phenomena, including topological insulators, quantum spin-
Hall materials, and spintronic systems [18]. In ultracold atomic gases, synthetic SOC refers to
the coupling between the spin (pseudo-spin or internal state) of a particle and its center-of-mass
motion, usually created via counter-propagating Raman beams. Given that SOC in cold atoms is
artificially created [35,65], its highly tunable environment potentially allows for the exploration
of complex quantum phases and topological states.

2.1. Typical Hamiltonian

For a particle of mass m and two internal states (spin 1/2), the Hamiltonian is
N "
Hy = — 1+ Hsoc, (1
2m

where k is the momentum operator, I is the identity matrix, and Hsoc is the spin—orbit coupling.
An external potential Ve (r) can also be present due to the underlying lattice structure for
condensed matter systems or due to harmonic, box or optical lattice confinement for ultracold
atoms. However, since we focus on the effects of spin-orbit coupling, for the reminder of
our discussion, we describe only the continuum regime, where the external potential is not
considered.

In the context of cold atoms, there are two types of SOC that are of general interest: the Rashba
and the Dresselhaus terms. Both types of coupling were first studied in solid state materials that
lack inversion symmetry and were realized synthetically in ultracold atomic systems.

In solid state materials, the Rashba SOC originates from structural inversion asymmetry,
which refers to the lack of inversion symmetry due to the external constraint on the material
rather than its intrinsic crystal lattice. The constraint is typically a surface or interface. At these
locations, the structural asymmetry creates an effective electric field E = Ee,, perpendicular to
the surface/interface, which causes inversion symmetry to be broken along the z-axis (normal to
the surface/interface). Due to relativistic effects, this electric field generates an effective magnetic
field B = —k x E/mc?, in SI units, at the rest frame of electrons. The B field couples with the spin
of electrons through the Zeeman coupling —p - B, where p is the magnetic moment, and results
in the Rashba SOC Hamiltonian

Hr=ap(kxe,) o =arlkyo,—k.0y), )

where ag is the Rashba coupling constant, and the electron momentum k in B is promoted to
the operator k. As seen in Equation (2), the linear coupling between momentum and spin of
electrons lifts the momentum degeneracy when k — —k in the Hamiltonian of Equation (1) using
Hsoc = H.

In contrast, for solid state materials, the Dresselhaus SOC arises from bulk inversion asym-
metry inherent in certain crystal lattices, particularly those lacking a center of inversion, such as
zinc-blende structures (e.g., GaAs, InAs). In these materials, the SOC Hamiltonian is constrained
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by the T,; (achiral tetrahedral) symmetry of the crystal, such that, close to the I point of the Bril-
louin zone, Hsoc takes the following form

Hp = ylky (6 - kD)0 + ky (S — kD)o y + ke (K - K)o, 3)

where vy is the Dresselhaus coupling constant, which is determined by the material’s band
structure. For a two-dimensional electron gas in the xy plane, where (k,) = 0 and (k2) # 0,
the Dresselhaus Hamiltonian can be separated into a linear term

ﬁg) :ﬁD(IACxe_]%yUy)» (4)
where fp = —y( IAcg) is the effective Dresselhaus coupling constant, and a cubic term
A =y(k ko - kyk2o,). 5)

In the low-momentum regime, only the linear term is generally considered, because it is typically
orders of magnitude larger than the cubic term. In the remainder of this article, the linear
Dresselhaus Hamiltonian HI()U is referred to as Hp without the cubic contribution.
A more general case in solid state materials includes both Rashba and Dresselhaus SOC
leading to
HSOC = aR(kay_Uykx) +,6D(kx0x_ky0y)- (6)
The special case of equal Rashba and Dresselhaus (ERD) SOC, that is, ag = fp = @, leads to
Hgrp = alky +ky) oy —0)). (7)

A global unitary SU(2) rotation U = I/v/2 +i(0y + oy)/2, where I is the identity matrix, brings the
Hamiltonian to Hgrp = —2ak.0;, where k. = (ky + k,)/v/2. In 1D systems, k. = ky/v/2, giving

Hgrp = —V2akyo . (8)

The ERD Hamiltonian has been synthesized in ultracold atomic systems [35,65], and are briefly
reviewed next.

2.2. Synthetic SOC via Raman coupling

Using pairs of Raman beams, spin-orbit coupling has been realized in 8’Rb Bose-Einstein
condensates [35], as well as, in fermionic systems like ®Li [38] and “°K [66]. Heating effects
can be substantial in ®Li, but may be manageable in “°K. While most experiments utilize two
internal states of the atoms to create an SU(2) SOC, it is also possible to create SOC for atoms
with N internal states and SU(N) symmetric interactions like in '”3Yb [67,68] and 87Sr [69]. Next,
we discuss the experimental realization of SOC in ultracold atoms with two or three internal
states, which is relevant for the posterior discussion of systems with SU(2) and SU(3) invariant
interactions.

We consider a cloud of ultracold atoms with two internal states labeled as |1), |]) and a
higher energy excited state |e). Two laser beams with frequencies w;, w, and wavevectors kj,
k, can couple to the atoms, driving Raman transitions between the pseudo-spin-1/2 states via
the excited state |e), as shown in Figure 1(a). The Hamiltonian describing the Raman coupling is

Hgc = -3 [Q1e/ 010 6y (1] + Qpel® ™20 |e) (|| + H.cl, 9)

where use the convention |1) is state |1) (low energy), and ||) is state |2) (high energy) for the
matrix notation of Hgc. Here, Q; and Q, are the Rabi frequencies, taken to be real, r is the position
of the atom, and H.c. denotes Hermitian conjugation. In the experimental setup, the one-photon
detuning |A| (the difference between the laser frequencies and the excited state’s energy) is large
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le) le1)
T T le2)
- == |B)
wz
QL2 22ty 23 Tassmes G)
wz wZi
I 6/2 ______ H) I 6 ______ |R>
(a) Two levels (b) Three levels

Figure 1. Energy level diagrams showing the Raman processes used to synthesize spin—
orbit coupling for (a) two-level (|1),1])) and (b) three-level (|R),|G),|B)) systems. The
frequencies w; are Zeeman shifts, 6 is the detuning and 7 is a reference energy, while
le),le1) and |e, ) are intermediate higher-energy states used by the Raman beams.

compared to |Q;] and |Q>|, allowing for the the excited state |e) to be adiabatically eliminated [70].
Then, the effective Hamiltonian in the rotating-frame becomes

1( -6 Qe ke
2 (Qei2krr 5 ’

where Q = Q1Q,/2A is the effective two-photon Rabi frequency, k1 = (k; —k»)/2 is a measure of

the momentum transferred to the atoms, 6 = w7 — w is the detuning from the Raman transition,

wz is the splitting between the two internal states and w = w; — w> is the two-photon detuning.
Using the kinetic energy operator Hy = (k2/2m)1, where I is the identity matrix, and perform-

ing a suitable global SU(2) transformation, leads to the standard Hamiltonian matrix with kinetic,

SOC and Rabi/Zeeman terms [35]

o _KI-ko)? 5 0 (ﬁ“"?),_(kr) :

6 Q
—0;+—0x= ‘ko,——-0,+—0y, 11
KS om 2 z 2 X z 2 z 2 X (11

f{ﬁfcf = (10)

2m

where k7 and —kr are the momentum transferred to the |1) and ||}, respectively, and {0y, 0,0}
are the Pauli matrices. The second term in Equation (11) explicitly shows the coupling between
the momentum operator k and spin matrix o ,, which corresponds to the ERD SOC introduced in
Section 2.1.

Spin-orbit coupling for three internal states can also be created experimentally using a pair
of counter-propagating Raman beams, as in 8’Rb at the F = 1 manifold of a Bose-Einstein
condensate (BEC) [71]. A pair of counterpropagating Raman beams along the x-axis with
frequencies w;, and wy + 6wy, are used to create the SOC. These beams couple atomic states
|mg, ky) that differ by one unit of internal angular momentum (% = 1). The Zeeman field By
is applied along the y-direction to produce the Zeeman shift wz = gugpBy = dwr. Then, the
Hamiltonian matrix with kinetic, SOC and Rabi/Zeeman terms is [60,61,70,71]

(he—kp)? | K o
sm T am 0 2 0
2 7. .2
Fxs = ()Y ko ki Q& , (12)
Ks 2 2m tam t 2
Or (kytkr)? | K
0 23 Tom tapto

where k L= (ky, l%z) is the transverse momentum (yz plane) of the atom, Qgp is the resonant Rabi
frequency, 6 = w7 — 6wy is the detuning from the Raman resonance, and 7 is a quadratic Zeeman
shift, and kr = 2kg, where kg is the wavenumber (momentum) of each Raman beam, is the
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magnitude of the momentum transferred to the lowest and highest energy state. In Figure 1(b),
we show the corresponding level diagram.

A similar three-internal-state Hamiltonian with SOC and Rabi fields was used to investigate
Fermi liquid properties for pseudo-spin-1 fermions [60] and exotic topological color superflu-
idity for fermions with SU(3) attractive interactions [61] in three dimensions. However, in this
manuscript, we concentrate on the effects of SOC in one dimensional systems for two reasons.
First, because we are interested in the emergence of bosonic helical modes (Weyl bosons) for
SU(2) Fermi systems with two internal states, where spin and charge are initially separated,
and analytical results can be obtained via bosonization. Second, because we are fascinated by the
potential realization of tensor bosons for SU(3) Fermi systems with three internal states, where
exact results may also obtained, via the bosonization technique, in the low-frequency and long-
wavelength regimes. For pedagogical reasons, we discuss first the interacting Fermi gas with two
internal spin states in 1D, without SOC and Rabi fields, to introduce the bosonization technique
that is later applied to the same system in the presence of SOC and Rabi fields.

3. Spin-charge separation in 1D interacting fermions

In conventional higher-dimensional (2D and 3D) systems, electrons are elementary particles that
carry both spin and charge densities that propagate with the same velocity. However, in 1D sys-
tems, electron-electron interactions may lead to the decoupling of spin and charge degrees of
freedom under certain conditions. This decoupling results in the emergence of separate collec-
tive excitations describing charge density and spin density waves that propagate at different ve-
locities. The physics of interacting 1D Fermi gases was explored early on by Tomonaga and Lut-
tinger [1,2], and later developed into the Tomonaga-Luttinger liquid theory, via the development
of bosonization techniques [3,72], which became a powerful tool for the discovery of spin-charge
separation in 1D Fermi systems. There have been claims of experimental observations of spin—
charge separation in semiconductor nanowires and quasi-1D organic conductors [12,73]. More
recently, claims of spin—charge separation have also been made in 1D ultracold atomic gases [16].
In this section, we review the basics of the bosonization method, that leads to spin—charge sepa-
ration in 1D continuum Fermi gases with sufficiently long-ranged interactions.

3.1. Bosonization and spin—charge separation

For a comprehensive introduction to bosonization and spin-charge separation in 1D systems, we
refer the reader to standard textbooks [4,5]. Consider a 1D Fermi gas with mass m, two spin states
and kinetic energy operator

N k2
Hin =Y —cl(k)es(k), 13
in %chs( )es(k) (13)

where k is the one-dimensional momentum and s is the spin label. The Fermi surface for a
degenerate gas of fermions in 1D consists of points. For sufficient low energies, we linearize the
kinetic energy operator around the Fermi points (+kg) leading to

Hign = Y_{Ep +sgn(r)velk —sgn(r) keliel, (k) s (k) (14)

ksr

where r = {L, R} represents the linearized band on the left near —kg or on the right near +k,
Ep = k§/2m is the Fermi energy, and vr = kp/m is the Fermi velocity. The function sgn(r) gives
the sign of the slope and of the corresponding Fermi momentum: sgn(L) = —1, sgn(R) = +1. The
reference Hamiltonian Hy = ¥ ksr EFcIr(k) ¢sr(k), corresponding to the energy Ey = NEg, where
N is the total number of fermions, is set to zero without loss of generality. Thus, we drop this
reference term from the kinetic energy operator Hi, from now on.
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A typical interaction between the fermions can be modeled as
Hing = zi Y Vi@cltk—gycl (k' + g cg (Keg(k), (15)
b kk'qgss'
where V¢ (q) is the interaction with real (momentum) space range Ry (qo = 27t/ Ry) and dimen-
sions of energy times length, and Ly, is the length of the system. The interaction may have differ-
ent origins depending on the physics manifested in the system: for example, it can be Coulomb
interactions, involving direct and exchange contributions for charged fermions, effective interac-
tions with finite range for charged or neutral fermions, or SU(2) invariant interactions for neutral
fermions. In the analysis below the interactions are not too strong, that is, |V, ¢(q)|/L, < NEg
for all g. Furthermore, when the range Ry is sufficiently large, only small momentum transfers
g contribute significantly to the interaction Hamiltonian, that is, the terms with gRy <« 1 are
dominant. Furthermore,large momentum transfers are found to be irrelevant in renormalization
group approaches [4,5,74]. Thus, for spin-independent interactions V¢ (q) = V(q), the interac-
tion Hamiltonian acquires, in the long wavelength limits (g = 0), a density-density form [4,5]

int

Y. (845 (@D r (@) + 82D s (@) Py7(—q)], (16)

qss'r

:m

where ps(q) = Xk cir(k)csr(k + q) is the Fourier transform of the real-space spin-dependent
density operator in branch r. For spin-dependent interactions Vg (q), the terms g» — go5¢(q)
and g4 — gu45s(g) carry s and s’ subscripts and are proportional to Vg (q)/2. Here, g» and
g1 have dimensions of energy times length. In Equation (16), the term with coefficient g4
couples fermions on the same side of the Fermi surface, while the term with coefficient g»
couples fermions from one side of the Fermi surface with fermions on the other side. Both
g» and g4 are small-momentum-transfer (q = 0) scattering processes. We do not consider
large-momentum-transfer (g = 2kg) terms, called g;, because the finite-ranged interaction
produces g1 < min{g, g4}, which also becomes irrelevant from the renormalization group point
of view [4,5,74]. In passing, we note that for the Coulomb interaction g» = g4 and both terms
depend logarithmically in |g| [75], however for a more generic effective finite-ranged interactions
& — 8(q =0) and g4 — g4(g = 0), g2 also may be different from g4, a condition used in the
discussion below.

To obtain the spin and charge modes, we use the bosonization technique. Boson operators are

constructed as [4,5]
+ 27 R
bi(q) =1/ ——0(-sgn(r)q)psr(q), 17
lgILy

satisfying standard bosonic commutation relations. Here, ©(x) is the Heaviside step function.
Using these boson operators and defining the momentum g = k — sgn(r) kg, the kinetic part of
the Hamiltonian becomes

Ay, :ZVF|q|bI(q)bs(CI)- (18)
qs

This is not exactly the original kinetic energy operator, but is a valid representation of it in the
low-momentum limit, due to the commutation relation

[Hiin, bs(@)] = LA}, bs(@)] = —velqlbs(q), (19)

that secures the equivalency between Hi, in the fermionic representation and I:II,dn in the
bosonic one. Thus, we use the equivalence between FII’G , and Hyp, to write the full Hamiltonian
H = Hygn + Hine as a quadratic form of the bosonic operators:

8

A= Z{vﬂq@bﬁ(q)bs(q) Hal Y [E bl @be@ + E bl @bl (- +He | } 20)
7 3 K 43 47
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Next, we define boson operators in the charge and spin sectors
1 1
V2 V2
where b; (q) creates an excitation in the charge density sector and b:;(q) creates an excitation in

the spin density sector. In this basis, the Hamiltonian becomes block diagonal in the charge and
spin degrees of freedom, that is,

r— t 84 ot 82 1t pt T
= ;{VFIqup(q)bp(q) gl [ 5= Bh@bp(@) + 2 bh(@)bh(-q) +H.c.]}+; vl q1b5 () bo (),

(22)
indicating that spin and charge excitations are already separated. A simple Bogoliubov transfor-
mation in the charge sector leads to

bh(@) = —=b](@)+b] () and bl(q) = —=b](@)-b] (), 21)

H=Y [w,lqld} (q)dy(q) + velqld} (q)dy ()], 23)
q
where two different velocities arise for the final charge density d;;(q) and spin density d;(q)
excitations:
2 2
vp = \/(vF+ %) - (%) and vy = UE, (24)

with v, (vy) being the velocity for charge (spin) eAxcitations. This is the standard result found
in textbooks [4,5]. The low-energy Hamiltonian H, shown in Equation (23), is fully separated
into spin and charge excitations that have different propagation speeds. The spin excitation,
often called spin density wave (SDW), carries spin current but no charge, while the charge
excitation, often called charge density wave (CDW), carries charge current but no spin. This
phenomenon is highly non-trivial since the two quantum numbers spin and charge that are
both carried by one kind of elementary particle are fully dissociated into two independent
excitation (spin and charge) modes. The separation between spin and charge is a peculiarity
of one-dimensional systems in the absence of spin—orbit coupling and Zeeman fields, but in the
presence of interactions. When the interactions are zero g4 = g» = 0, the velocities v, = vy = VF,
that is, spin and charge excitations both travel at the Fermi velocity vr and thus are not separated.
The role played by interactions is crucial in separating charge and spin, that s, in creating v, # v;.
Although spin-charge separation in 1D is a very old topic, there are still several open questions,
which are discussed next.

3.2. Open questions for spin—charge separation

Spin-charge separation is a fundamental phenomenon in condensed matter physics, which
emerges for one-dimensional systems in the low-energy and long-wavelength regime, when
spin-orbit coupling and Zeeman fields are absent. So far, to our knowledge, there is no rigorous
proof that spin—charge separation occurs at all energies and wavelengths for arbitrary interac-
tion potentials in 1D. This seems to be the case both for continuum and lattice systems. Further-
more, we are not aware of Bethe-Ansatz-type solutions that prove spin—charge separation for an
arbitrary interaction, for either continuum or lattice models in 1D. Therefore, the question “Does
spin—-charge separation exist for 1D fermions at all energies, wavelengths and arbitrary interac-
tion potentials either in the continuum or in the lattice?” does not seem to have yet a rigorous
answer, and thus appears to be an open question’.

1This statement was triggered by a question that Yvan Castin asked, regarding C. A. R. S4 de Melo’s presentation at the
Institut Henri Poincaré, wondering if spin—charge separation in 1D is only a low-frequency-long-wavelength result or a
more general property.
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However, based on the Bethe Ansatz, it seems that a rigorous answer to the less general
question “Is there spin—charge separation for a zero-ranged potential in the 1D continuum?”
is now known theoretically [76]. While, Bethe-Ansatz solutions for the ground state energy
for contact (delta function) potential were explored by Yang [77] and Gaudin [78] long ago,
it was not until very recently that the charge and spin excitation spectra of such model system
were obtained [76]. Not long after these recent theoretical results, experiments claiming the
observation of spin-charge separation in ®Li emerged [16], but with some additional harmonic
confinement. It would be quite interesting to have experimental measurements of dynamical
structure factors in 1D box potentials to further verify the existence of spin and charge density
modes propagating with different velocities.

The related question “Is there spin—charge separation for the Hubbard model in the 1D
lattice?” appears to be still open. In the Tomonaga-Luttinger regime of the 1D Hubbard model,
spin—charge separation is well established [4], and in the limit of U — oo, a Bethe Ansatz analysis
suggests that spin—charge separation remains [79]. However, to our knowledge, there is no
Bethe-Ansatz solution that provides the answer to this question for arbitrary U. Nevertheless,
there seems to be recent experimental evidence that spin—charge separation occurs in strongly
correlated 1D conductors [80], which should stimulate the search for Bethe-Ansatz solutions for
arbritary values of U > 0 in the 1D Hubbard model.

In the absence of very general results, the separation between spin and charge in 1D was
discussed above in the low-energy and long-wavelength regime, for finite ranged interactions,
but without spin-orbit coupling and Rabi fields. However, an arbitrary small amount of SOC
and Rabi fields couple charge and spin excitations in SU(2) (spin-1/2) and produce more exotic
collective modes that we call Weyl bosons, as we discuss next.

4. SU(2) fermions with SOC and Rabi fields

Fermions with two internal states, attractive interactions, SOC and Rabi fields have been studied
theoretically in 3D [81-86], as well as in 2D [87,88] both at zero and finite temperatures, where the
focus was on superfluid properties. On the experimental side, a few ultracold Fermi systems with
SOC were preliminarily explored such as ®Li [38], °K [89] and '73Yb [39,68]. Here, we discuss
fermions with two internal states, repulsive interactions, SOC and Rabi fields in 1D, and make
direct connections to spin—charge separation in the absence of spin-orbit and Rabi couplings
and to the special mixing of spin and charge when SOC and Rabi fields are present.

Our discussion about spin-1/2 fermions with SOC and Rabi fields in 1D begins from the exper-
imentally realized Hamiltonian matrix in momentum space with kinetic, SOC and Rabi/Zeeman
terms discussed in Equation (11) by setting the detuning 6 to zero:

I:IKS = EkI— thx - hz(k)az- (25)

Here, k is the momentum along the real space x direction, €; = (k% + kZT)/Zm is the shifted
kinetic energy, kr is the magnitude of the momentum transferred, h is the Rabi field, and
h;(k) = kkkr/m is the momentum-dependent Zeeman field representing the SOC. Notice that, for
our 1D system, the SOC is the equal Rashba and Dresselhaus (ERD) type discussed in Section 2.1
and shown in Equation (8). In our 1D analysis, we converted the notation used in Equation (11)
via the following prescription: k — key, 6 — 0, Q/2 — hy, and ky -k/m — kkp/m = h;(k).
This notation highlights the role played by h, and h;(k) as a uniform Zeeman field along the
spin-space x direction and a momentum-dependent Zeeman field along spin-space z direction,
respectively.
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(a) E @O ® £ @) £ d) ) E
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Figure 2. Schematic plots of E4 (k) (green solid line) and Eg(k) (blue solid line) showing
effects of SOC (k1) and Rabi fields (/). The red solid lines are linearizations around Fermi
points, and the horizontal black dashed lines indicate the chemical potential p. In panels
(@), (b), (c) and (d), Ea(k) has double minima, since |hy|/ET < 2. In panels (e), (f), and
(g), E4(k) has a single minimum, since |hy|/Er = 2. In panel (h), hy = 0, and the system
is equivalent to no SOC due to the spin-gauge symmetry. We show relevant linearizations
inside the boxes. Case (I), with four Fermi points, is displayed in panels (a) and (e). Case
(I), with two Fermi points, is displayed in panels (b) and (f). Case (III), with four Fermi
points, is displayed in panel (c). The Roman numeral in the top-right corner of each box
indicates the associated linearization.

We diagonalize the Hamiltonian matrix Hys via the momentum-dependent SU(2) rotation
matrix

_[coslO(k, kT, hy)/2] —sin[0(k, kT, hy)/2]
Uk, kr, hx) = (sin[G(k, kr,hy) /2] cos[O(k, kr, hy)/2] ) (26)
where the SU(2) rotation angle
hz(k) - heff(k) X
0(k,kr, hy) = 2arctan | ——— | = arctan |— 27
( T, Ny) arctan I arctan .0 27)

depends on momentum k, the SOC parameter k7 via h,(k), and the Rabi field h,. The resulting
dispersions of the energy eigenvalues are

Es(k) =€ — heg(k) and  Ep(k) = € + heg(k), (28)

where hegr(k) = \/h2+ h2(k) plays the role of a momentum-dependent Zeeman field. The
creation operators in the energy eigenbasis are

(a (k) af (k) = (] (k) ¢] () U (), 29)

where C;L (k) are the creation operators with momentum k and spin s = {{, |}. The operators a:rl (k)
create helical fermions, because the matrix U(k) has an SU(2) momentum-dependent rotation
angle 0(k, kr, hy) induced by SOC when both k7 and k, are non-zero. Thus, the diagonalized
kinetic energy operator in second quantization is
Hiin =Y Eq (k) a}, (k) aq (k). (30)
ka

In Figure 2, we show E4 (k) and Eg (k) in various situations [90]. When h, # 0, the eigenvalues
E4(k) and Ep(k) are non-degenerate with E4(k) having either double minima (|hy| < 2E7),
revealed in Figure 2(a,b,c,d), or a single minimum (|h,| = 2E7) displayed in Figure 2(e,f,g), where
Er = kZT/Zm. When hy = 0, we have heg(k) = |h,(k)| and the two bands intersect at k = 0, as
shown in Figure 2(h).

A natural question that arises is: How is the SOC-induced helicity of the fermions transferred
to the low-energy excitations of the interacting problem? To answer this question, we need to
investigate the effects of SOC on the interaction part of the Hamiltonian.
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Since, in this section, we are interested in spin-1/2 cold atom systems, we model interactions
for two-internal-state ®Li, °K or '"3Yb as

R Ly Ly
Hine = Vof dx’f dxay (0 (x) f(x-x)), (31)
0 0

where Ly, is the length of system, 75(x) = w;r(x)ws(x) is the local density operator with spin label
s=1{1,]}. The interaction in Equation (31) is SU(2) invariant and spin-dependent like the general
case mentioned in Equation (15) of Section 3. The dimensionless function f(|x — x'|) controls
the range Ry, and the parameter Vj, possessing energy dimensions, controls the strength of
interactions. A transformation to momentum space yields

~ Vi .
Hine=— Y p1(@)p) (- f (@), (32)
Ly 5

where p5(q) = Xk c;r(k) ¢s(k + q) is the Fourier transform of the local density operator 75(x), and
f(q) = [dye™i9Y f(|y]), with dimensions of length, is the Fourier transform of the dimensionless
function f(]yl). Since any finite-ranged real space interaction leads to the same low-energy
and long-wavelength effective interaction, we choose the dimensionless function to be the
Gaussian f(|yl) = 1/v2mexp —y?/2R5. The Fourier transform of f(|y), shown in Equation (32), is
f(@) = Ryexp—g°R2/2, having dimensions of length. The application of this approach to specific
ultracold fermions (°Li,*°K,'73 Yb) is discussed later.

When hy = 0, the spin-gauge transformation y{ (x) — eikT"WT (x), ¥ (x) — e‘ikau/ | (x) gauges
away k7 in the kinetic energy without changing the interaction V (spin-gauge symmetry). How-
ever, when both k7 # 0 and hy # 0, the interaction written in the basis of eigenstates of the kinetic
energy operator with SOC and Rabi fields acquires a much more complex structure controlled by
the unitary transformation U (k) that connects (a, (k) al;(k)) and (c;r (k) cf(k)). The bosonization
procedure must be performed in the eigenbasis (a:rq(k) a; (k)) of the kinetic energy operator Hin
and not in the starting basis (C;L (k) cf(k)), as discussed next.

4.1. Bosonization with SOC and Rabi fields

To describe low-energy excitations of the total Hamiltonian H = Aiin + Hin, we use the bosoniza-
tion technique presented in Section 3.1 and linearize the kinetic energy operator H, in Equa-
tion (30) around the chemical potential u for each energy dispersion E4(k) and Ep(k), given in
Equation (28). Linearization is only possible when p > min{E,4(k), Eg(k)}. However, the linear-
spectrum approximation is strictly valid only in the low-energy regime near the Fermi points
where curvature effects are negligible. When the Fermi velocities are non-zero, the curvature of
the dispersions are a second-order effect. A treatment of nonlinear (band-curvature) corrections,
without spin—orbit coupling and Rabi fields, can be found in the literature [91]. For h, # 0 and
arbitrary k, there are three typical linearization cases shown in Figure 2: (I) u intersects twice
E (k) and twice Eg(k), see Figures 2(a,e); (II) u intersects only E4 (k) twice, see Figures 2(b,f);
(ITD) p intersects E 4 (k) four times, see Figure 2(c). When p < min{E 4 (k), Eg(k)}, u does not inter-
sect either E4 (k) or Eg(k), thus no linearization is possible, see Figure 2(d,g). The special situa-
tion of h, = 0 and arbitrary k7 is shown in Figure 2(h). Intersections of y to either E4 (k) or Eg (k)
allows for linearization of dispersions, shown as red lines in Figure 2.
We label fermions via indices {r, a}, where r describes left (L) or right (R) moving particles and
a labels the band indices A or B indicating linearization of E4(k) or Eg (k). In the special case of
Figure 2(c), we set @ = A for the outer red lines and & = A® for the inner red lines, since only
E4(k) is crossed by . The linearized kinetic energy operator is
Fign = ) {u+sgn(ruglk —sgn(nkyeltal, (k) aqr (k), (33)

kar
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where u, is the Fermi velocity dE, (k)/dk at k = kyq, with k, being the positive momentum
where p intersects the band labeled by a. The operator a:&r (k) creates a fermion with momentum
k in band a and branch r. Both u, and ky, depend on kr, hy and pu. The function sgp(r)
refers to the sign of r, where sgn(R) = +1 and sgn(L) = —1. The reference Hamiltonian Hy =
Zkar,uazr(k)am(k), corresponding to the energy Ey = Nu, where N is the total number of
fermions, is set to zero without loss of generality. Thus, we drop this reference term from the
kinetic energy operator Hj, from now on.
We bosonize Hig, in Equation (33) using the transformation

2
bl@ =/ lm—ZZ@(—sgn(rm)ﬁm(q), (34)
r

where pqr(q) = Y& azr(q) aqr(k + q) is the fermion density operator for an r-moving particle in
band a, and ©(x) is the Heaviside step function. This leads to

Byin = Y |1quq|bl (q)ba(@)+Ka (35)
qa

for the kinetic energy in bosonized form, where Kq = Zq>0,a |quq|. Here, the bosonization of
the interaction is more complex because it requires four sets of momentum-dependent unitary
transformations, when writing the interaction Hamiltonian in terms of the creation ai‘, alg and
annihilation a,,ap operators. Using the appropriate momentum labels, the interaction in
Equation (32) is bosonized as

. 1
One=Y q®'(q)g®(q) = EZ 110" (q)g®@(q) + Va, (36)
q>0 q

where ®(q) is either a two-component vector or a four-component vector, g is either a 2 x 2 or
a 4 x 4 matrix representing the interaction strength of different scattering processes shown in
Figure 3, and Vo =} 4;;191gi;/2, with g;; being the elements of the matrix g. In case (I), where p
intersects bands A and B, there are four Fermi points, and

" (q) = (b}, (@) By(@) ba-q) bs(-)).

In case (II), where p intersects only band A, there are two Fermi points, and CI)T(q) =
(b;(q) b A(—q)) .In case (III), where p intersects only band A, there are four Fermi points, and
®"(g) = (b0, (@ bl (@) ban (a) b ().

The elements of the g matrix are g;; = 1;; f(g — 0), having dimensions of energy times length,
while 7;; has dimension of energy and depends on kr, hy and y via SU(2) rotation angles
0(k, kr,hy) and 8(k + q, kT, hy).

For case (I), the g matrix is 4x4 and depends on the angles 6 4 and 6, where 04 = 0(kq, kT, hx)
is the SU(2) angle defined in Equation (27) with k = k. For case (II), the g matrix is 2 x 2 and
depends only on 8 4 as

_fOVo [ sin®04  (1+cos?64)
T am \(Q+cos?0,) sin®60,4
For case (III), the g matrix is 4 x 4 and depends on the SU(2) angles 0 40) and 0 4. The g matrix
in cases (I) and (III) can also be obtained analytically [92], but for simplicity and brevity, we
discuss in detail only case (II) as an example [92]. In general, g44p (§24p) shown in Figure 3
are the diagonal (off-diagonal) terms of each 2 x 2 block of the g matrix, where the blocks
are labeled by a, . For instance, in case (II), ggaa = ( f (0) Vo/47) sin?6 4 are the diagonal and
a4 =( f (0)Vo/4m) (1 + cos? 6 4) are the off-diagonal elements of matrix g in Equation (37).
Only small momentum-transfer interactions (q — 0) are retained, since larger momentum-
transfer contributions g = 2k, are suppressed due to the finite range Ry of the interaction,

87
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k,«a k—q,a k,«a k—q,a
q
KB k' +q,8 K. .~ K +aq,8
< \\
(b) 84ap (©) 82408

Figure 3. Schematics of scattering processes. In panel (a), we show the scattering pro-
cess in the spin basis {f, |}. In panels (b) and (c), we show the low-momentum-transfer
scattering processes in the {a, §} basis after linearization, where {a, 8} = {A, B} for case (I),
{a, B} = {A} for case (II), and {a, B} = {A"V), AP} for case (III). The solid (dashed) lines repre-
sent right (left) moving fermions, and the wiggly lines represent the interactions.

and even when these terms are included they are irrelevant under the renormalization group
flow [4,6,92]. This is an important point in our discussion, because we use a finite-ranged
interaction. As an example, for the Gaussian-ranged interaction, f(0) = Ry. The limit of zero
interaction range is discussed later, when connections to ultracold atoms are directly made. The
bosonized Hamiltonian is now ready for diagonalization, as discussed next.

4.2. Diagonalization of bosonized Hamiltonian

To obtain the excitation spectrum of the bosonized Hamiltonian

I:I = ﬁkin + I:Iint;
it is necessary to diagonalize it via a Bogoliubov transformation 2 connecting ®(gq) in Equa-
tion (36) to ¥(q) = BP(q), leading to boson operators

¥ (q) = (d] (@) d}(q) dr(~q) do(~q)

for cases (I) and (III), where the number of collective modes is Nc = 2 and to ‘I’T(q) =
(d;r(q) dl(—q)) for case (II), where N¢ = 1. Barring any instabilities, Nc = Ng/2, where Nr is the
number of Fermi points at u. The Bogoliubov matrices 98 are 4 x4 in cases (I) and (III) and 2 x 2 in
case (II). This is a very standard procedure, so we do not dwell on the details. After implementing
the Bogoliubov transformations, the diagonalized Hamiltonian becomes

A=Y |qlved}(@)de (@) + wa, (38)
q?

where v, = 0 is the velocity of collective mode ¢ that depends on {kr, hy, u} for given V. The
ground state energy is wg = YX450,¢1qV¢|. Defining £ to be the set of collective modes, such
that ¢ € £, we have two modes for cases (I) and (III) with ¥ = {1,2}, and we have one mode for
case (II) with £ = {1}. The mode with ¢ = 1 has larger velocity and energy, while the mode with
¢ = 2 has smaller velocity and energy. The velocities v, can be obtained analytically, but have
complicated expressions in cases (I) and (III) [92]. For simplicity and brevity, we give analytical
results only for case (II), see Figures 2(b) and (f), where there is only one mode with velocity

v1=\/uA+f(o)vo\/uA—f(O)VOcoszQA. (39)
27 27
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kr/ k,l hy/u kr/ k/t

Figure 4. Phase diagram and velocities of collective modes. In panel (a), we show the
phase diagram of h./u versus kr/ky, for chemical potential 4 > 0 and k, = \/2mp.
The interaction parameter is chosen to be f 0 Vo/vy = 2, where vy, = k,/m. The pink,
yellow and orange regions represent phases with four (two), two (one), and four (two)
Fermi points (collective modes). These phases are separated by black solid lines, where
topological quantum phase (Lifshitz) transitions occur. The labels (a) and (e) in the pink
region, (b) and (f) in the yellow region, and (c) in the orange region refer to the cases
illustrated in the panels of Figure 2. The black dashed lines at |hy| = 2E7 separate regions
where E (k) has a single minimum (|hy|/E7 > 2) from regions where E,(k) has double
minima (|hy|/E7 < 2). In panel (b), we show the velocities v;/v, (solid lines) and v/ v,
(dashed lines) as functions of &,/ u for fixed values of kr/ k. The red curves correspond to
kr/ky = 0.5, and the blue curves to kr/k, = 1.5. In panel (c), we show the velocities v /v,
(solid lines) and v2/ v, (dashed lines) as functions of k7/k, for fixed values of h,/u. The red
curves correspond to h,/p = 0.5, and the blue curves to h,/p = 1.5.

In the expression above, for i, # 0 and kr # 0, the Fermi velocity is
2E7 ) kya

Up=(l- ——
4 ( heff(kuA)

) (40)
m

where E7 = szIZm is the momentum-transfer energy, hegr(ky4) = 1/ hi + h%(k,l 4) is the effective
Zeeman field at k4 with h;(kya) = kyakr/m being the momentum-dependent Zeeman field,

and with
kpA:\/Zm(u+ET+\/4uET+h,ZC) (41)

being the Fermi momentum for band A.

In Figure 4, we illustrate properties of our system in the plane h/u versus kr/ky, with g >0
and k, = \/2mu. Panel (a) shows a partial phase diagram for y > 0. Panel (b) displays the
velocities v,/ v, of collective modes with £ = 1,2 as a function of h,/u at fixed kr/k,. Panel (c)
reveals the velocity v,/ v, of collective modes with ¢ = 1,2 as a function of kr/ky at fixed h/pu.
We fix the chemical potential ¢ and, for simplicity, show only the case of p > 0, instead of fixing
the density n as was discussed in the literature [90].

In Figure 4(a), we show the phase diagram of h/u versus kr/ky, for u> 0, with k, = \/2my,
and f(0)Vo/v, = 1, where v, = k,/m. Case (I), where u intersects bands A and B as shown in
Figure 2(a,e), is represented by the pink region, with the number of Fermi points Nr = 4 and the
number of collective modes N¢ = 2. Case (II), where pu intersects only band A twice, as seen in
Figure 2(b,f), is represented by the yellow region with N = 2 and N¢ = 1. Case (III), where p
intersects only band A four times as shown in Figure 2(c), is represented by the orange region
with Ng =4 and N¢ = 2. For the vertex separating the pink, yellow and orange regions (h,/u =0
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and kr/k, = 1), Nr = 4 as in Figure 2(h) and N¢ = 2; at this location there is perfect spin-charge
separation. In fact, along the line h,/u = 0, there is spin—charge separation also in the pink and
orange regions, due to the spin-gauge symmetry.

Furthermore, in Figure 4(a), the lines or points separating different phases indicate topological
quantum phase transitions of the Lifshitz-type [93-95], where the Fermi surfaces change from
four to two to zero points, depending on h,/u and kr/ky. The black dashed lines (parabolas)
at hy = +2E7 separate regions where the lower band E 4(k) has two minima (| hy| < 2E7) from
regions where the lower band E,4 (k) has one minimum (|| > 2E7) and the line at h,/p =0
represents the locus of spin—charge separation.

In Figure 4, we also show the collective mode velocities v1/v, and va2/ vy, where vy, = k;,/m,
as a function of h,/u and fixed kr/k, in panel (b) or as a function of kr/k,, for fixed hy/u in
panel (c). Solid and dotted curves represent vy/v, and va/vy, respectively. In panel (b), the
red curves correspond to kr/ky, = 0.5, and the blue curves to kr/k, = 1.5; in panel (c), the red
curves correspond to hy/p = 0.5, and the blue curves to hy/u = 1.5. Both v;/v, and v/ v, vary
continuously but exhibit nonanalytic behavior at phase boundaries (black solid lines in panel
(a)). This nonanalyticity reflects a topological (Lifshitz) quantum phase transition, characterized
by a change in the number of Fermi points from Nr = 4 to Ng = 2. Additionally, at the phase
boundaries, the velocity of the second mode vanishes. This results from the linearization, where
the slope at a local maximum or minimum becomes zero. To obtain the next order correction
to the collective mode dispersion, it is necessary to include curvature effects as described in
Ref. [91]. However, we do not address the additional correction in this paper.

We notice that, in the limit hy/p — 0 for fixed nonzero kr/k,, the velocities approach
their theoretical values at h,/u = 0 due to spin-gauge symmetry, thereby restoring spin—charge
separation. When spin—charge separation happens at h, = 0, the higher-velocity mode (v;) is
associated with charge and the lower-velocity mode (v») is associated with spin. In the absence
of SOC (k7 = 0) with h, # 0, the collective modes are generally a mix of charge and spin density
waves, but are nonhelical. However, when both k1 # 0 and h, # 0, the collective modes are
a mix of charge and spin density waves with a helical structure, which is carried over by the
momentum-dependent rotation angles 0(k, kr, hy) of the SU(2) rotation matrices U (k) defined
in Equation (26).

To visualize helical modulations in the collective modes, we decompose

d}(q) =) [Aer(@pr( @) +Ber (@) -8, (q)] (42)
r
in terms of the Fourier transforms p,(g) and §,(q) of the charge-density 7, (x) =) 1//1, (XY (x)
anq spin-density Sr(x) = %Z ss/ wi,(x) (0)ss W (X) Operators, respectively. Here, the factor of 1/2
in S, (x) represents the angular momentum #/2 with # = 1, r labels right (R) or left (L) going
fermions, and 1//1, (x) is the creation operator for r-going fermions with spin projection s at
position x. The collective mode operators in real space are

2](x) = Z f dx'[ag, (x = x) A (x) + by (x = x) -8, (X)), 43)

where the spatial modulation and helicity of the vector fields b, (x — x’) are controlled by k7 and
hy [90,92]. When kt and hy are both non-zero, all the modes present are helical, with g > 0 (g < 0)
modes having positive (negative) helicity. The global helicity of the Hamiltonian in Equation (38)
is zero, such that g > 0 and g < 0 bosons for each mode are helical pairs. Given that these
bosons are massless and helical, we name them Weyl bosons in analogy to Weyl fermions [50],
which are massless and helical spin-1/2 particles. The helicity of Weyl bosons is like that of
circularly polarized photons, however unlike photons, in SU(2) Fermi systems, Weyl bosons can
have up to two flavors of right or left helicities. We emphasize that our flavored Weyl bosons
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are collective modes of interacting and spin—orbit-Rabi-coupled spin-1/2 fermions. They are
intrinsically pseudo-relativistic (relativistic) bosons due the presence of synthetic (real) Zeeman
fields and synthetic (real) spin-orbit coupling that provides relativistic corrections. They also
appear in 2D and 3D, but in 1D, analytical results are easily obtained via the bosonization method.
We also notice that the emergence of Weyl bosons in the context of particle physics corresponds
to an effect Beyond the Standard Model (BSM), thus the analysis above offers some hope for those
interested in simulating BSM effects with ultracold atoms.

The theoretical results described above need serious experimental testing, thus we discuss
next potential experimental systems that may reveal the existence of Weyl bosons.

4.3. Connection to ultracold Fermi atoms

For ultracold fermions such as °Li, °K and '"®Yb, with two internal states selected and SU(2)
invariant interactions, the zero-range approximation is typically used. Thus, the effective zero-
ranged interaction is replaced by the scattering length. To take the limit of zero range (Ry — 0),
we use the explicit Gaussian form f(|y|) = 1/v2mexp —y?/2R?, discussed right after Equation (32)
and connect it to the delta sequence &, (y) = (n/v/27) exp(—n?y?/2). With this connection, we
write the 1D interaction

Vix-x)=Vof(lx—x'), (44)
with range Ry, in the limit of Ry — 0, as the contact potential
V(x-x) = Vpd(x - x), (45)

where Vy = RyVj,, with dimensions of energy times length, is held constant as Ry — 0. Notice
that Vj is also equivalent to f(0)V; discussed in the previous sections, where f(0) = Ry. The
corresponding 1D scattering length a;p is defined by the relation Vy = —2h?/mayp > 0 (with h
restored to make units clear) [96]. The relationship between a;p and the 3D scattering length asp
is [16,96]

asp

1-C—
aj

ai

ap = — ) (46)

asp

where C = |{(1/2)|/ V2 is a constant with {(1/2) being the Riemann zeta function {(z) evaluated
atz=1/2, and a; = \/h/muw, is the transverse confinement length with w, being the frequency
of the transverse harmonic potential [96].

Given that ®Li experiences substantial heating due to the Raman beams [38] that produce SOC
and Rabi fields, the effects proposed above are more likely realizable in *°K or "3Yb. So, we
choose to give numbers compatible with “°K as an illustration, since typical SOC and Rabi fields
are known [89]. We envision using optical boxes in 1D with dimensions ranging from 10 um to
100 pum [97], and number of atoms varying from a few [98] to thousands [99]. As an example,
we consider a 1D optical box with length L;, = 25 um, a tight transverse confinement frequency
w, = 27 x 227.5 kHz, similar to confinements achieved in ®Li [16], number of atoms N = 400,
interaction parameter Vo = RV = vy in the zero-range limit Ry — 0. For 40K, the momentum
transfer chosen is k7 = 27t x (768.86 nm) ™! [89], the density is 7 =400/25 um = 1.6 x 10°/cm, and
the 3D scattering length from Equation (46) is asp = 1344y, where qay is the Bohr radius. Other
examples can be found in the literature [90].

Keeping in mind this connection to ultracold atoms, we discuss next the dynamical structure
factor tensor, which can potentially be measured using Bragg scattering techniques to detect the
dispersion, spectral weight and helicity of the collective modes that we call Weyl bosons.
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Figure 5. Dimensionless dynamical structure factor (DSF) tensor S; i(q,0)=S;j(q,w)ul K2,
with energy broadening 6/u = 0.05. The parameters used are h,/p = 1.5 for the Rabi
field, kr/k, = 0.5 (Er/p = 0.25) for the SOC, Vo/ vy = f(0)Vo/ vy =2 (asp = 134ay) for the
interaction and k, L;, = 408.60. These are typical values for 40K, at density n = 1.6 x 10°/cm,
in a 1D box potential of length L; = 25 pm. These parameters correspond to a point in the
yellow region of the phase diagram of Figure 4(a) leading to a single collective mode (Weyl
boson). Panels (a), (b) and (c) show the charge-charge and spin-spin responses -9, §x-Sx
and §;-§, respectively. Panels (d) and (e) display the charge-spin p-$; and p-5_ responses,
respectively, and (f) shows the difference of (d) and (e). The gray dashed lines show the
dispersing helical collective mode (Weyl boson).

4.4. Dynamical structure factor tensor

Bragg scattering techniques have been used to measure velocities of charge and spin density
collective modes [63,64], as well as to identify spin—charge separation [16,17] in °Li. These
experiments traditionally measure either charge or spin dynamical structure factors (DSF). Here,
we investigate not only spin—-spin and charge—charge, but also spin—charge responses at T = 0 via
the DSF tensor

Sij(q,w) =21y (QIOi(q)|p,€) (p,l10;(=q)IQ) 6 (w~epe +wa), 47
pl

for the ground state |Q2), in the Killén—-Lehmann spectral representation [100,101]. The operators
0i(g), with i = {c, x, y,z}, are the charge G.(q) = p(g) and spin G4 (q) = $4(q) operators, where
a = {x, y, z}. The eigenstates of the bosonized Hamiltonian H given in Equation (38) are |p, ¢) with
corresponding eigenenergies £ ,¢ = |plvg, while wq is the ground state energy discussed following
Equation (38). We emphasize that, in our units (% = 1), both f(g) and $,(g) have dimensions of
inverse length and S;(q,w) has dimensions of mass; these properties are used in the plots of
Figure 5.
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To calculate S;;(g,w), we use the decomposition 6i(q) = Gir(q) +0;1(q) in Equation (47), and
implement the Moore-Penrose inverse [102,103] of Equation (42) to write the operators 0;,(q) as
alinear combination of the boson creation d; (¢) and annihilation d,(—¢q) operators. When g > 0,
we obtain
Iq1L

6ir(q) = o

Y (Fire(@dy(@) +Gire (@) e (~q)), (48)
¢

where the expression relating g > 0 and g < 0 is Gir(—q) = @jr(q). Currently, there is no
simple analytical form of the tensors F;,,(gq) and G;;¢(g), so we do not show their complicated
structure here, but rather we perform the Moore-Penrose inverse numerically to obtain the
matrix elements (Q|6;(g)|p,¢) and (p,¢ I@j(—q)|Q>. Summation over p in Equation (47) (only
the terms with p = g survive) leads to

Sij(q,0) =) ije(@S(w—eqge +wa), (49)
l

where «/;;,(q) plays the role of the spectral weight tensor with dimensions of squared-density
(squared-length in 1D), €4, = Iqlv, is the collective mode energy, and we set the ground state
energy wq = 0 as our energy reference in Figure 5. The spectral weight tensor is

Aijo(q) = Ao (@)OG) + A jo—(q)O(=q). (50)

where Aijer (@) = 1qILY G,-,g(q)G;fr,l(q) is the spectral weight for g > 0, ije-(q) =
[GILY. Fi*r[(—q)Fj,rg(—q) is the spectral weight for g < 0 and ©(g) is the Heaviside step func-
tion. The spectral weight tensor is even in g obeying the relation <f; o (—q) = </;j,(q), implying
that of; o+ (—q) = i j0-(q).

The symmetry properties obeyed by </; j,(q) are important in establishing the general Onsager
reciprocal relation [104,105] satisfied by the DSF tensor

Sij(q,w,kr,hy) =€i€;Sji(-q,w,—kr,—hy), (51)

where ¢; is the parity of operators @i (x, ) under time-reversal. For i = ¢ (charge density),
€; = +1, and for i = {x, y, z} (spin density), €; = —1. We verified analytically and numerically this
fundamental symmetry relation regarding the dynamical structure factor tensor.

In Figure 5, we show matrix elements of the dimensionless DSF tensor §,~ jqw) =
Sij(q,a))u/kﬁ = S;j(q,w)/2m with energy broadening 6/ = 0.05. Th(i parameters used are
hy/u = 1.5 for the Rabi field, kr/k, = 0.5 (E7/u = 0.25) for the SOC, Vy/v, = f(0)Vo/v, = 2
(a3p = 134ay) for the interaction, and kL, = 408.60 corresponding to typical values for 40K with
density n = 400/25 um = 1.6 x 10°/cm, in a 1D box of length L;, = 25 um. These values represent
a point in the yellow region of Figure 4(a), where there is only one collective mode (Weyl boson).

In all panels of Figure 5, the gray dashed lines represent the dispersing helical mode (Weyl
boson). We emphasize that both p(g) and $,(g) have dimensions of inverse length in our units
(7 = 1). We use either the standard index a = {x, y, z} for the spin components or a = {+, —, z}, with
+ (—) labeling the spin raising (lowering) operator § (3-).

In panel (a), we illustrate the charge—charge response p- 9, while in panels (b) and (c) we show
the spin-spin response §x-$, and §;-$,. In panels (d) and (e), we display the charge-spin p-3;
and p-§_ responses, respectively. To reveal the helicity of the modes, we show the difference of
0-8+ and p-5_ in panel (f). Since the difference of -3, and p-3- is small, we use a different scale
to help visualization in (f). We verified that for hy # 0 and kr = 0, the modes are non-helical,
and that the only non-zero responses are p-g, Sx-$; and p-$,. Furthermore, for i, = 0 and any
kr, there is spin—charge separation, and the only non-zero responses are p-p, and §;-§;. The
Weyl bosons with g > 0 and g < 0 are helical pairs representing special spin-charged mixed states
introduced by SOC and Rabi fields.
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Apart from Weyl modes with one flavor illustrated in Figure 5, there are also examples of Weyl
modes with two flavors, existing in the pink region of Figure 4(a), which can be found in the
literature [90]. Having completed our analysis of what is known about SU(2) fermions with spin—
orbit coupling and Rabi fields in 1D, we discuss next a few open questions.

4.5. Open questions for SU(2) fermions

Before listing a few open questions for SU(2) fermions in the presence of spin-orbit coupling
and Rabi fields, we summarize briefly the main results discussed above. We analyzed the phase
diagram and collective modes of interacting one-dimensional SU(2) Fermi systems with spin—
orbit and Rabi coupling. We have shown that Lifshitz-type topological quantum phase transitions
occur in the plane of spin-orbit versus Rabi coupling, where there are quantum phases with
two, one or zero helical collective modes (Weyl bosons) depending on the topology of the
Fermi surface. We demonstrated that the velocities of the collective modes are continuous, but
nonanalytical as topological phase boundaries are crossed. We also identified the locus of spin—
charge separation, and demonstrated that, when spin—orbit and Rabi couplings are both non-
zero, the collective modes are helical with mixed spin and charge density components. Lastly,
we obtained the dynamical structure factor tensor for charge—charge, spin—charge and spin-spin
responses, revealing the dispersions, spectral weights and helicities of collective modes (Weyl
bosons). These results pave the way for their experimental detection in systems like ®Li, °K and
173yh, but there are a few open questions that we present below.

The discussion above highlights exciting predictions about the creation of Weyl bosons and
their possible detection in SU(2) Fermi systems not only in solid state materials and ultracold
fermions such as ®Li, °K and '73Yb in one dimensional, but also in two- and three-dimensional
systems. The one-dimensional case is quite appealing because analytical results for the collective
mode dispersion and velocity are obtained via the bosonization method in the long-wavelength
regime. However, as far as we know, there are currently no experiments either in condensed
matter with real spin-orbit and Rabi (Zeeman) fields or in ultracold atoms with synthetic spin—
orbit and Rabi (Zeeman) fields that probe the effects proposed. So, there are not only open
theoretical questions, but also experimental ones, both in the context of condensed matter and
ultracold atoms.

In condensed matter, one important open experimental question is: are there solid state
materials in one, two or three dimensions, where real spin—orbit coupling and Rabi (Zeeman
fields) can be manipulated to probe the expected theoretical phase diagram and the emergence
of Weyl bosons with one or two flavors? Can measurements of the charge—charge (density—
density) dynamical structure factor be achieved, using for instance, inelastic neutron scattering
or inelastic X-ray scattering? Can the spin—-spin dynamical structure factor be measured for solid
state systems with spin-orbit and Zeeman coupling using techniques such as inelastic neutron
scattering, resonant inelastic X-ray scattering, muon spin resonance, and spin-polarized neutron
scattering? Are there any techniques that can probe the charge—spin or spin—charge dynamical
structure factors to extract the helicity of the collective modes?

In ultracold atoms, there are several open experimental questions. Can spin-orbit and Rabi
coupling be realized and studied experimentally in interacting Fermi systems of °Li, °K and
173Yb in one, two and three dimensions? Would box trapping potentials help in realizing such
systems? If experimental realization is possible, would the tunability of spin—orbit and Rabi fields
be sufficient to probe the theoretical phase diagrams and the topological phases transitions pre-
dicted? Would Bragg spectroscopy be sufficient for measuring charge-charge (density—density)
and spin-spin structure factors and identify Weyl bosons? Is there a technique that can measure
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the charge-spin (density-spin) and spin-charge (spin—density) structure factors to elucidate the
helicity of the collective modes (Weyl bosons)?

On the theoretical front, we also list a few open questions for interacting SU(2) fermions with
spin-orbit and Rabi (Zeeman) coupling. Are there qualitative differences between the collective
modes (Weyl bosons) in one, two and three dimensions? What is the interplay between the
continuum of excitations and Weyl bosons? What are the lifetimes of Weyl bosons? Are there
stable higher-energy helical collective modes in one, two and three dimensions? Are there any
fractionalization effects in the charge (density) and spin sectors that arise from spin-orbit and
Rabi (Zeeman) coupling beyond the long-wavelength regime?

Although there are many open questions for SU(2) fermions, an inquisitive mind may also
wonder about additional generalizations. An intriguing possibility is the investigation of SU(N)
fermions such "®Yb and ®7Sr in the presence of SOC and Rabi fields, where Fermi liquid proper-
ties [60] and color superfluidity were investigated [61] in 3D for SU(3) fermions. Thus, driven by
curiosity, we discuss next the effects of SOC and Rabi fields on SU(3) fermions with three internal
states, focusing again on one dimensional systems.

5. SU(3) fermions with SOC and Rabi fields

Ultracold atomic physics has emerged as a versatile platform for simulating complex quantum
systems due to the high degree of control over atomic interactions and internal degrees of
freedom. Particularly, fermionic atoms with multiple internal states can emulate and break
higher symmetries beyond the conventional SU(2) spin symmetry as discussed in Section 4. In
this context, SU(3) fermions, with three internal states, have garnered significant interest for their
potential to simulate exotic quantum phases [60,61] and for applications in quantum information
processing [106].

In systems with full SU(3) symmetry, both the kinetic energy and interactions are invariant
under global transformations belonging to the SU(3) group. This symmetry arises naturally
in ultracold gases of alkaline-earth-like atoms, such as '”3Yb or 8/Sr, where the nuclear spin
degrees of freedom are decoupled from the electronic states due to the zero electronic angular
momentum in the ground state. Consequently, atoms can occupy multiple hyperfine states that
interact identically, realizing an SU(N) symmetry with N up to the number of accessible hyperfine
states.

In this article, we are particularly interested in 1D interacting Fermi systems and on the effects
of spin—orbit coupling and Rabi fields. For fermions with three internal states, we introduce spin—
orbit coupling and Rabi fields similarly to the spin-1 case discussed in Section 2. However, we use
the terminology of color-orbit coupling to describe how the center of mass momentum couples
with internal states (colors). Thus, we call the internal states Red, Green and Blue (R, G, B) as in
SU(3) quark systems, and write a general momentum-space Hamiltonian matrix as

R er(k) Qrc Qrp
Hys(k) = | Q¢ €6(k) Qg |, (52)
Qg Qgp €(k)

where €,(k) = (k—ko)2/2m + 7¢, with color ¢ = {R, G, B}. This is a particular example of the 3D
case discussed in the literature [60,61]. Considering the experimentally realizable Hamiltonian
described in Equation (12) of Section 2, we simplify the general Hamiltonian in Equation (52) by
letting Qprp =0, Qre = Qg = Q6B = Qi = Q, kr = k1, kg = 0, kg = —kr, and we set the reference
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energies . to ng = —6, ng =1, N = 0. This choice sets the independent-particle Hamiltonian
matrix to

er(k) Q 0
), (53)

Hgs (k) = ( Q &b Q

0 Q eplk)
where e = (k- kr)2/2m -8, eg = k*/2m +1n, ep = (k+ kr)2/2m + 8 are the dispersions of
the Red, Green and Blue states. Here, k1 is the momentum transfer, and E7 = kZT/Zm is the
associated transfer energy. The notation used here is similar to that described in the spin-1
matrix of Equation (12) and in the illustration shown in Figure 1(b): Q describes a Rabi coupling,
6 represents the detuning, and 7 is a reference energy. In our 1D analysis, we converted the 3D
notation used in Equation (12) via the following mapping: k. — k, k; — 0, and kr — k7 for
momenta, as well as § — §, n — 1 and Qr/2 — Q for energies.

Using a compact notation, we rewrite

Hys(k) = e(k)I - hyJx — hz ]z + b, )%, (54)

where I is the identity matrix and J, are spin-1 angular momentum matrices

L (010 L [0 10 100
Je=—|101|, Jy=—|-10 1|, J,=|000 |.
\/5010 V2i 0 -10 00 -1

The coefficients that multiply the matrices are £(k) = k?/2m +n corresponding to a shifted
kinetic energy, h, = —v/2Q describing a color-flip (Rabi) field, h(k) = 2kkr/2m + § reflecting
the color-orbit coupling, and b, = sz/ 2m — 1 representing the quadrupolar field. Notice that
the quadrupolar term b, J2 lies beyond the realm of the angular momentum SO(3) Lie Group for
the spin-1 representation (the 3-representation of SU(2), also called the ajoint representation),
requiring the larger SU(3) Lie Group to cover the Hilbert space of the Hamiltonian. As discussed
later, we do not use directly the eight Gell-Mann matrices to cover SU(3), but rather use three
angular momentum matrices J, and five quadrupolar tensor matrices J,J,» (from the set of nine)
to cover the SU(3) space, where {¢,¢'} € {x, y, z}.
We write the independent particle Hamiltonian in second-quantized notation as

Fhin = Y F' (k) Axs (K)F(k), (55)
k

where the spinor operator Fl(k) = ( f; (k) f(‘;(k) fg(k)) creates fermions with colors {R, G, B} and
momentum k. The SU(3)-invariant interaction Hamiltonian has the structure

L L
Hne=Vo Y, f ’ dX'f ' dxie (%) At (x) g (lx — x')), (56)
c#c' /0 0

where Ly, is the length of system, 71.(x) = wi(x)wc(x) is the local color density operator with color
label ¢ = {R, G, B}, V} is the interaction strength with dimensions of energy, and g(|x — x'|) is a
dimensionless function that controls the interaction range Ry.

As we shall see next, color-orbit coupling and color-flip fields change dramatically the eigen-
values and eigenstates of the Hamiltonian in Equation (55).

5.1. Color-orbit-mixed energy dispersions

The independent-particle Hamiltonian in Equation (55) is diagonalized via a change of basis
implemented by a unitary matrix R(k) satisfying R(k)R'(k) = I. Defining the new basis state by
the labels {f},0, |}}, then the new creation operators are

' (k) = (¢} (k) P (k) (0] = (£5 k) £k o) R G,
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Figure 6. Schematic plots of the dispersion relations &y (k), with a € {f},0, |}, for various
hy!Et, where Er = kZT/Zm. The unit of momentum is k7 and the unit of energy is Ert.
The values of h,/Er are indicated in each panel. In (a), the eigenmodes are the same
as the internal states {R,G, B}, and are color-coded as red, green and blue solid lines
correspondingly. In (b), (c) and (d), the eigenmodes are labeled by {f},0, |}, and are color-
coded as blue-green, yellow-green, and magenta solid lines respectively.

where R(k) written in matrix form is
Ryr(k) Ry (k) Ryp(k)
R(k) = | Ror(k) Rog(k) Rop(k) |.
Ryr(k) Ryg(k) Ryp(k)

Due to the presence of the quadratic term b,J2 in the Hamiltonian, R(k) is a general SU(3)
matrix and cannot be expressed as a linear combinations of angular momentum operators. The
diagonalized independent-particle Hamiltonian matrix is

&y(k) 0 0
Avc(k) =R As(WR (k)= 0 & o |,
0 0 &k
where &, (k) are the eigenenergies with a € {},0,}. These results are analogous to the 3D
case [60,61]. In the mixed-color basis, the second-quantized kinetic energy Hamiltonian be-
comes

(67

(58)

Fiin =Y @' (k) Anc (K @(k) = Y & ()L, (K)o (k). (59)
k k

In Figure 6, we show schematically the eigenvalues (dispersion relations) &, (k), using Et =
sz/ 2m as the unit of energy and k7 as the unit of momentum, for various h,/Er. There are four
qualitative different cases illustrated in panels (a), (b), (c) and (d).

In Figure 6(a), there is no Rabi field hy/E7 = 0, but the momentum transfer is for + kr for the R
band, zero (0) for the G band, and — k7 for the B band. In this case, the system is equivalent to the
situation where there is no SOC and the {R, G, B} bands are triply degenerate due to a color-gauge
symmetry, where the momentum shifts +k7 and —kr can be gauged away in analogy with the
lattice case [107,108].

In Figure 6(b), the dispersions of the {f}, 0, |} bands are shown for &, /Er = 0.35, where the Rabi
field is relatively weak in comparison to E7. In this case, the lowest band (f}) has triple minima
and double maxima (blue-green solid line), the middle band (0) has double minima and single
maximum (yellow-green solid line), and the highest band (|}) has a single minimum (magenta
solid line). For the lowest band (f}), the energy at k = 0 is always lower than the local energy
minima at k = +kpin, provided that |hy|/ E7 < 0.544.
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In Figure 6(c), the color-flip (Rabi) field h, is comparable to the momentum transfer energy
Er, thatis, hy/E7 = 1, such that the lowest band (f}) has a single minimum, the middle band (0)
has double minima and a single maximum, while the highest band (|}) has a single minimum.
This behavior occurs in the range 0.544 < | hy|/ ET < 2.000.

In Figure 6(d), the color-flip (Rabi) field h, is sufficiently strong in comparison to Er, that is,
|hx|/ ET >2.000, such that all three bands {{},0, |}} have single minima.

In summary, when the color-flip (Rabi) field h, is zero, the system has spin-gauge symmetry
and is equivalent to the situation without SOC. However, when the color-flip field &, exists there
are qualitative changes in the eigenenergies. The highest band (|}) has always a single minimum
as shown in panels (b), (c) and (d) of Figure 6. The middle band (0) has double minima and a
single maximum when |h,|/ET < 2.000, as shown in panels (b) and (c) of Figure 6, and has a single
minimum when ||/ ET > 2.000, as shown in panel (d) of Figure 6. The lowest band (}) has triple
minima and double maxima when |hy|/ ET < 0.544, as illustrated in panel (b) of Figure 6, and has
a single minimum when |h|/ ET > 0.544, as seen in panels (c) and (d) of Figure 6. Now that we
have identified the regimes where the eigenvalues &, (k), &y (k) and & (k) change qualitatively, we
discuss next the phase diagram and the velocities of the collective (boson) modes.

5.2. Phase diagram and velocities of boson modes

In our analysis of the phase diagram for SU(3) fermions, we use E7 = k% /2m and k7 as our energy
and momentum scales, respectively, and discuss initially the case of no interactions. For our
Fermi system with three internal states, the phase diagram of chemical potential pu/E7 versus
Rabi field h,/E7 is obtained by monitoring the topology of the Fermi surfaces associated with the
energy eigenvalues &y (k), & (k) and & (k). Similarly to the SU(2) case, as the chemical potential
varies, the change in the number of Fermi points Nr determines the number of collective modes
N¢ = Np/2 and defines topological quantum phase transitions of the Lifshitz-type [93-95].

In Figure 7(a), we show the phase diagram of p/ ET versus hy/ET, which is obtained similarly
to the SU(2) case, that is, by tracking the topology of the Fermi surfaces and the number of Fermi
points Ng. The black solid lines separate phases where the number of collective modes N¢ = Ng/2
is different, the gray dashed lines describe the locations where the number of minima for the
two lowest-energy bands changes, as seen in Figure 6, and the red solid line represents a fixed
density curve for n = 1.2kr, where 7 is the total density in 1D. Long-wavelength and low-energy
properties of the collective modes arise from the linearization around the Fermi points and the
bosonization process discussed next.

When three degenerate bands are involved, that is, in the absence of color-orbit coupling and
color-flip (Rabi) fields where SU(3) is fully preserved, it is natural to seek for analogous effects
to spin—charge separation found in SU(2) invariant Tomonaga-Luttinger liquids. Furthermore,
when SU(3) symmetry is explicitly broken, due to color-orbit coupling and color-flip fields (see
Figure 6), the Fermi system becomes a non-degenerate three-, two- or one-band Tomonaga—
Luttinger liquid, depending on the location of the chemical potential. The properties of this
three-band Fermi system is explored via a generalized bosonization technique that allows for
an analysis of its collective modes. Similar to the standard bosonization technique [4,5], as well
as the SU(2) case discussed in Section 4.1 and found in the literature [90], we linearize Hi, in
Equation (59) around the chemical potential giving

Hign = Y_{u+sgn(r)velk— sgn(r)kua]hbl;, (K)par (k). (60)

kar
Here, r € {L, R} represents left-going or right-going fermions with sgn(L) = —1 and sgn(R) =1,
Vg is the velocity at the positive momenta k,, where the chemical potential y intersects band
@, that is, vy, = d&q(k)/dk, and the operator qb];,(k) creates a fermion with momentum k in
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Figure 7. Phase diagram and velocities of collective modes. In panel (a), we show the phase
diagram in the plane of u/Et versus hy/Er. The black solid lines separate phases with
different number of collective modes N¢. The values of N¢ are indicated by the circled
numbers. The gray dashed lines show the location where the number of minima of the two
lowest-energy bands changes: the lines at ||/ ET = +2.000 separate double minima and
single maximum (| hx|/ ET < 2.000) from a single minimum (| |/ ET < 2.000) for the middle
band (0), and the lines at |hy|/ Er = +0.544 separate triple minima and double maxima
(Ihxl/ ET < 0.544) from a single minimum (|hix|/ ET > 0.544) for the lowest band (f}). The red
solid line represents a constant density curve with n = 1.2kr, where n is the total density in
1D. In panel (b), we show the collective mode velocities v4, vg and vy along the red curve,
shown in panel (a), for non-interacting fermions with energy bands labeled by {1,0, §}. The
orange dashed line indicates vy, the green dot-dashed line describes vy, and the purple
solid line represents vy. In panel (b), the blue dotted lines show the locations where the red
solid and the black solid lines intersect in panel (a), revealing a phase change. The number
of collective modes changes from N¢ =2 to N¢c =3 at hy/Er = —1.340 and from from N¢ =3
to Nc =2 at h,/Er = +1.340.

band & and branch r. Both v, and k. depend on kr, hy and u. The reference Hamiltonian
Hy =Y rar ,u(pj”(k)(pm(k), corresponding to the energy Ey = Ny, where N is the total number
of fermions, is set to zero without loss of generality. Thus, like in the SU(2) case, we drop this
reference term from the kinetic energy operator Higp, from now on.

To bosonize Higy,, we first define the standard density operator in the momentum space

Par(@ =Y. b, (K par (k+q), 61)
k

where a € {f},0, |} and use the commutation relation
[Aiin, Par (@)] = —sgn(r) Ve GPar (q)- 62)

Combining the last two expressions gives

. 27 R .
Hyin = L_ Z VaPar(q)Par(q) (63)
b g>0,ar
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in terms of density operators defined in Equation (61), where Ly, is the length of the system. The
kinetic energy operator is bosonized via the relation

27

bl(q) = Y O(-sgn(rq)par(@), (64)
|q|Lb r
where 0(z) is the Heaviside step function, leading to
Hiin =Y valqlbl(@)ba(q)+Ka, (65)
qa

where v, represents the velocity of the collective mode, labeled by the band index a, in the
absence of interactions, and Kq = Zq>0,a |qvgl. As expected, without interactions, the collective
mode velocities are just the Fermi velocities v, at k = k4, but they are functions of the color-flip
(Rabi) fields hy, color-orbit coupling parameter k7 and chemical potential u or density 7.

In Figure 7(b), we show the velocities of the collective modes as a function of h,, at a fixed
density n = 1.2kr, corresponding to the red solid curve in Figure 7(a). The orange dashed line,
the green dot-dashed line and the purple solid line indicate the collective mode velocities vy, vy,
and vy, respectively. The blue dotted lines show that the number of collective modes changes
from N¢ =2 to N¢c =3 at hy/Er = —1.340 and from N¢ =3 to N¢ =2 at hy/ Ey = +1.340.

Having discussed the bosonization procedure for non-interacting SU(3) fermions in the pres-
ence of color-orbit coupling and color-flipping (Rabi) fields, it is clear that among the open ques-
tions is the effect of SU(3) symmetric interactions in changing the collective mode velocities,
spectral weight and internal properties (quantum numbers), as discussed next.

5.3. Open questions for SU(3) fermions

Without SU(3) symmetric interactions, the emergent boson modes b:; (¢) and by (q) are simply re-
lated to the density operators ﬁ;r(q) and pqr(q), as seen in Equation (64). However, SU(3) sym-
metric interactions Flint, given in Equation (56), are expected to introduce additional bilinears
involving ﬁ};, (g) and p,r(qg) that require a generalized Bogoliubov transformation to diagonalize
the total Hamiltonian H = Hyg, + Hine. In analogy to the SU(2) case, we identify the eigenmodes
of A with the final bosonic operators d}(q) and d,(q), but now ¢ can have a maximum of three
flavors, thatis, ¢ = {1,2,3}.

As discussed in Section 4.2, for fermions with two internal states, the boson operators d}(q)
and d,(q) covered the SU(2) space and were decomposed into charge (scalar) and spin (vector)
sectors. When Rabi fields and SOC are zero, the degenerate Fermi bands and the SU(2) invariant
interaction lead to the standard spin—charge separation, and when Rabi field and SOC are non-
zero, the bosonic modes become Weyl bosons, with a helical structure expressed in terms of
a mixture of charge- and spin-density operators. The coverage of the SU(2) Lie group leads
to a singlet sector that transforms like the identity (charge density), and a triplet sector that
transforms like angular momentum (spin density).

In the SU(3) case, it is natural to conjecture that the final bosonic operators d;(q) and dy(q)
are decomposed into singlet (charge density), triplet (spin density) and quintet (quadrupolar
density) sectors. Hence, the set of operators {p,J, K}, where p is the density, J is the angular
momentum, and K is the symmetric quadrupolar tensor quintet

K= (LU0 dyh 30y Ja A0 2 - 10,2 1p)", (66)
provide a physically transparent coverage of SU(3), which is preferable, instead of using the Gell-
Mann matrices used for quark SU(3) physics. Here, {A, B} represents the anti-commutator of
operators A and B. Hence, the final boson operators may be decomposed as

dy(@) =Y [Aer(@pr(@) +Ber (@) 31 (@) + Cor (@) - K ()], 67)

T
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where p(q), §(¢), and K(g) are second-quantized momentum-space fermionic representations of
{ﬁ,f, K, respectively, and the label r represents either left (L) or right (R) going fermions.

Ifthe conjectured decomposition above holds for bosonic eigenmodes of SU(3) Fermi systems,
several open questions arise both with and without color-orbit coupling and color-flip (Rabi)
fields: If no color-orbit or color-flip fields are present, is there spin—charge-quadrupole separa-
tion when interactions are included? Is there an expanded analogy to spin—charge separation
found for SU(2)? Are there separated charge, spin and quadrupolar density modes? Furthermore,
if color-orbit coupling, color-flip fields, and interactions are present, what are the extensions of
Weyl bosons to the SU(3) case? Do helical or nematic modes arise due to the spin or quadrupolar
sectors?

Since there the quadrupolar operator has a tensorial structure, what experimentally measur-
able response functions can reveal this feature? Is there an extension of the dynamical structure
factor tensor S; (g, w), found for SU(2) systems, that can be measured for the SU(3) case? Selec-
tion rules involving quadrupolar operators are different from those involving angular momen-
tum operators: can they be used to detect the tensorial nature of the bosonic modes??

Given the expected tensorial, vector and scalar components of the SU(3) bosonic modes dy(q)
is there a closer connection to spin-squeezing [109], magnetization [110], and topology [111] of
condensed spin-1 bosons?

Experimental studies of SU(3) fermions with color-orbit and color-flip (Rabi) fields remain
challenging. However, recent advances have realized SU(3) color-orbit coupling in a laser-
trapped ultracold gas of 8”Sr [112]. Moreover, the development of box potentials offers promising
prospects for trapping fermions with three internal states [97]. These developments suggest that
similar investigations using other atomic species, such as 173yp, may become feasible in the near
future.

Having discussed several open questions for SU(3) fermions in the presence or absence of
color-orbit coupling and color-flip (Rabi) fields, we present, next, our conclusions and general
outlook.

6. Conclusions and general outlook

We have discussed the current research status and open questions regarding the effects of spin—
orbit coupling and Rabi fields for SU(2) Tomonaga-Luttinger liquids and color-orbit coupling
and color-flip fields for SU(3) Tomonaga-Luttinger liquids. In this article, we focused on one di-
mensional systems realized in ultracold fermions, but some of the current status results and open
questions when spin—orbit (color-orbit) and Rabi (color-flip) fields are present are also applicable
to standard condensed matter and to two-dimensional and three-dimensional systems. We con-
centrated on one-dimensional systems, because several intermediate and advanced analytical
results can be obtained using the bosonization method.

For SU(2) systems, the emergence of Weyl bosons, that is, helical, massless pseudo-spin 1/2
bosons, is not a phenomenon only restricted to one dimension, but also arises in two and three
dimensions. The helicity induced by the spin-orbit and Rabi fields created by Raman processes
and affecting fermionic states is transferred to the charge and spin density sectors creating helical
collective excitations. The analysis in one dimension is more beautiful, because we can start from
charge and spin separated systems, and create Weyl bosons by coupling these two channels via
spin—orbit and Rabi fields. However, we expect that in two and three dimensions, where charge
and spin densities are not separated, Weyl bosons will also emerge due to spin—orbit coupling and

2This question was inspired by a related question that Wolfgang Ketterle asked, regarding C. A. R. S4 de Melo’s
presentation at the Institut Henri Poincaré, covering the atomic processes and the selection rules that are needed to
detect experimentally SU(3) tensorial modes.



510 Xiaoyong Zhang and Carlos A. R. Sé de Melo

Rabi fields and could be detected by measuring the components of the dynamical structure factor
tensor, just like in one dimension. Currently, in any dimension, the experimental exploration of
this phenomenon for °Li, 4°K, !”3Yb and ®Sr is very difficult, because of difficulties associated
with specific atomic properties or technicalities that prevent the creation of simultaneous spin—
orbit coupling and Rabi fields at sufficiently low temperatures.

For SU(3) systems, the ideal candidates are !’3Yb and 7 Sr, where the interactions are naturally
SU(N) symmetric, with N < 6 in the former and N < 10 in the latter. When N = 3, both candidates
are SU(3) symmetric without color-orbit and color-flip (Rabi) fields. The existence of up to three
collective modes with scalar (singlet), vector (triplet) and tensorial (quintuplet) components are
expected when expressed in terms of the charge, spin and quadrupolar densities. Thus, the
collective bosonic modes are anticipated to be much more exotic that the Weyl bosons found
in the SU(2) case. Although one dimensional systems allow for several analytical results and
transparent symmetry considerations arising directly from bosonization, similar results are also
envisaged in two and three dimensions. However, experimental investigations of color-orbit
and color-flip (Rabi) fields of interacting SU(3) fermions, in any dimension, have not yet been
performed due to technical difficulties.

Due to the absence of experiments exploring interacting SU(2) or SU(3) fermions in the pres-
ence of spin—orbit and Rabi fields or color-orbit and color-flip fields, the entire presentation
above is currently only of theoretical interest. However, as an outlook, it is important to em-
phasize that SU(2) or SU(3) symmetric interactions are not necessary for the emergence of Weyl
bosons or tensorial collective bosonic modes in one, two or three dimensions. This means that
for any interacting ultracold Fermi system with two or three internal states, it is sufficient to cre-
ate spin-orbit and Rabi couplings or color-orbit and color-flip couplings to produce the exotic
collective modes discussed above. Furthermore, in the context of standard condensed matter
systems, it is also sufficient to find a material, with either two or three bands, and essentially any
kind of spin-orbit coupling and Zeeman fields to produce similar types of collective modes.

On the one hand, the experimental outlook for ultracold fermions is to find a way to overcome
the difficulties in standard systems such as °Li, 4°K, 173Yb and 8"Sr or to explore novel systems
such as '"'Dy or '®Dy; on the other hand, the experimental outlook for standard condensed
matter, is to find solid state materials that meet the appropriate theoretical requirements. In the
mean time, while we await experimental progress, there are plenty of open theoretical questions
that need to be addressed.
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