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Abstract. We give a pedagogical introduction to the basic concepts of quantum fluids of light and to the
different techniques that are being developed to exploit driving and dissipation to stabilize and manipulate
interesting many-body states in quantum fluids of light in cavity configurations. In the weakly interacting
regime, this approach has allowed to study, among others, superfluid light, nonequilibrium Bose-Einstein
condensation, photonic analogs of Hall effects, and is opening the way towards the realization of a new family
of analog models of gravity. In the strongly interacting regime, the recent observations of Mott insulators and
baby Laughlin fluids of light are opening promising avenues towards the study of novel strongly correlated
many-body states.

Résumé. Nous donnons une introduction pédagogique aux concepts de base des fluides quantiques de
lumiere et aux différentes techniques qui ont été développées pour exploiter le pompage et la dissipation afin
de stabiliser et de manipuler des états a N corps intéressants dans des fluides quantiques de lumiére en cavité.
Dans le régime d’interaction faible, cette approche a permis d’étudier, entre autres, la lumieére superfluide, la
condensation de Bose-Einstein hors d’équilibre, les analogues photoniques des effets Hall, et ouvre la voie a
la réalisation d’'une nouvelle famille de modeles analogiques de la gravité. Dans le régime d’interaction forte,
les observations récentes d’isolants de Mott et de tout petits fluides de Laughlin faits de lumiére ouvrent des
voies prometteuses pour I'étude de nouveaux états a N corps fortement corrélés.
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1. Introduction

In the last decades, a most promising platform for many-body physics has emerged thanks to
the dramatic advances in the laser cooling techniques for dilute atomic gases. This has allowed
to reach unprecedented temperatures in the sub-nanokelvin range and has allowed the clean
observation of textbook many-body phenomena such as Bose-Einstein condensation (BEC),
the crossover from BEC to a Bardeen-Cooper-Schrieffer (BCS) superconductive state of Fermi
gases, and first realizations of strongly interacting states of matter such as Mott insulators and
fractional quantum Hall fluids [1-4]. As compared to traditional condensed matter systems
which are subject to sizable fabrication disorder and spurious additional effects, atomic gases
enjoy an extraordinary level of cleanness and control at the microscopic level, which permits a
quantitative comparison with ab initio theoretical calculations. Still, the available values of the
temperature are typically still too high to observe the most exciting strongly correlated states of
matter.

More or less in the same years, the merging of ideas from quantum optics and many-body
physics has led to the development of the concept of fluid of light, namely an assembly of
photons confined in suitable cavity devices where they display a finite effective mass and sizable
interactions mediated by the optical nonlinearity of the medium [5]. As a result of these features,
the photon gas starts displaying the typical collective properties of a standard quantum fluid such
as superfluidity and condensation and, by now, an active research is being devoted to the quest
for strongly correlated states of the fluid of light [6,7]. As a key difference compared to atomic
gases, fluids of light in cavity configurations are typically characterized by a driven-dissipative
nature, where the state of the fluid is not determined by a thermal equilibrium condition, but
rather by a dynamical balance of pumping and losses [8,9].

This was initially considered as a serious drawback, as it made it difficult to realize the most
celebrated textbook models of many-body physics. But over the years it has become clear that the
nonequilibrium nature of the fluid opens the way to new physical phenomena and offers a wide
variety of novel experimental tools for the stabilization, the manipulation and the diagnostics
of the fluid. In particular, very different states of matter can be realized by simply tuning the
properties of the laser beams used to generate the fluid of light. As the open nature of the fluid
of light naturally provides a way to exchange energy and particles with the external world, it can
be exploited to reduce the level of thermal-like excitation of the fluid. Rather than trying to cool
the system towards lower and lower temperatures, the idea is then to design driving and loss
mechanisms that autonomously stabilize the system into the desired quantum many-body state.

Quite interestingly, these efforts in the nonequilibrium stabilization of fluids of light go on
par with analogous developments in the context of cold atoms aiming at exploiting driving and
dissipation to stabilize interesting many-body states of atomic matter [10-12], also coupled to
optical cavities [13-15]. As a key difference, however, the typical dissipation schemes considered
for atoms do not involve a net flux of atoms through the system from/to external reservoirs.
Stimulated by recent pioneering experiments [16-18], it will be an exciting new frontier to explore
the new nonequilibrium physics of driven-dissipative cold atomic gases that can exchange
particles with one or more external reservoirs.

The goal of this article is to summarize the main ideas in the physics of fluids of light in cavity
configurations and introduce the reader to the different strategies that have been developed
in this context for the driven-dissipative stabilization of different quantum many-body states.
As several reviews are already available on this topic [5-9], our focus will be on a pedagogical
presentation of the main theoretical tools that can be used to describe the system under different
pumping conditions and to design schemes to exploit the driven-dissipative nature for novel
investigations of many-body physics. A brief discussion of some specific experiments will also
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be given, yet without the ambition of providing a complete bibliography on this wide and
active field of research. In particular, we will not dwell into the active research that is going
on in fluids of light in propagating geometries [19] and which has already led to a number of
recentlandmark experiments, ranging from superfluidity features [20,21], quantized vortices [22—
24], turbulent [25,26] and condensation phenomena [27-29], to the quantum dynamics past
quenches [30] and pioneering work on strongly interacting gases [31,32]. As the quantum
dynamics of the propagating fluid of light is an essentially conservative one, this area of research
is somehow disconnected from the driven-dissipative dynamics of cavity configurations that is
the focus of the present article.

In spite of these limitations, we hope that our presentation will be useful to those researchers
that wish to export ideas of quantum fluids of light into the field of cold atoms, so as to realize
driven-dissipative schemes that autonomously stabilize strongly correlated states of matter in
ultracold atomic gases. The structure of the article is the following. In Section 2 we give the
basic concepts in the field of fluids of light and we summarize the basic blocks of their theoretical
description. Section 3 is focussed to the regime of weakly interacting fluids where a mean-field
theory provides an accurate description of the system: after a brief summary of the theoretical
description, we will outline a few specific configurations where the driven-dissipative nature of
the fluid of light opens new exciting possibilities of stabilizing and manipulating many-body
states and gives rise to interesting new effects. In Section 4, we turn to strongly interacting
systems, with a special attention being paid to the stabilization and the manipulation of driven-
dissipative fractional quantum Hall states. In Section 5 we give our conclusions and we sketch our
vision of the perspectives of this field, with a special emphasis on transferring ideas of quantum
fluids of light back to atomic gases in novel driven-dissipative regimes.

2. Basic concepts of quantum fluids of light

In our intuitive picture, we are used to associate light to propagating electromagnetic waves or,
in a quantum description, to a stream of corpuscular photons that travel across space at a very
fast speed. The concept of Quantum Fluid of Light (QFL) defies this picture. Merging ideas from
condensed matter physics and optics, it deals with the collective behaviours that assemblies of
photons display when they are endowed of an effective mass and sizable inter-particle interac-
tions [5] and are then manipulated as a standard fluid of many interacting particles.

This section starts with a brief review of these basic concepts and, then, elaborates on the
intrinsically driven-dissipative nature of the fluid of light in cavity configurations and on the tools
that are needed for its theoretical description.

2.1. Conservative dynamics

2.1.1. Photon mass in cavity configurations

Within special relativity, massless particles travel at a constant speed ¢ and a finite mass is
required to put particles at rest. In vacuo, the photons that constitute light beams are massless
particles. The situation can dramatically change in spatially confined geometries, where photons
acquire a finite effective mass for their motion along some dimensions thanks to the spatial
confinement along the other dimensions.

The simplest case is the one sketched in the top panel of Figure 1, namely a cavity enclosed by
a pair of plane-parallel metallic mirrors located along the xy plane and separated by a distance L,
along z. As the tangential component of the electric field has to vanish at the metallic mirrors,
the z component of the wavevector is quantized as k;q) =mnq/L, according to the positive integer
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Figure 1. Light confinement in a planar microcavity (top) results in a relativistic dis-
persion for the in-plane motion of photons (bottom left). Feynman diagram describing
the Heisenberg—Euler photon-photon interaction processes mediated by virtual electron-
positron pairs in Quantum Electrodynamics (bottom right).

number g > 0 characterizing the number of field nodes along the z direction. On the other hand,
given the translational symmetry along the xy plane, the motion along these directions is free
and the corresponding component kj of the wavevector can have arbitrary values.

As a result, forgetting for simplicity the polarization degrees of freedom, electromagnetic
waves in a planar cavity filled of a material of refractive index n can be described in terms of a
massive relativistic-like dispersion,

2.2
(7@ )2 = (m@ 2% + 125 - )
n

where the finite effective mass of each g branch

e 1o @
n
arises from the zero-point confinement along z and grows with the quantum number g. As usual
in special relativity, the mass parameter m? encodes both a rest mass related to the energy hwi,q)
of a photon at rest in the zero-momentum kj = 0 state and a kinetic mass related to growth of
the energy of a photon when this is set into motion at a non-zero kj. In the bottom left panel of
Figure 1, the former can be read out as the energy gap below the dispersion, while the latter gives
the curvature of the dispersion around its bottom.
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Under a non-relativistic approximation, a parabolic form of the dispersion is obtained for each
g branch at small in-plane momenta,

@, " o
w(q) (k“) =w, + 2@ k” . 3)

Upon quantization, the electric field in the cavity can be expanded as

Erp,2)= Y, 842 4x) +E;(2) Pl @)
q=1

in terms of a set of quantum field operators @’q(r”) describing each g branch and satisfying
bosonic commutation rules,

[P0, UL, 0)] =844 0% @), 5)

The wavefunction of mode g around the bottom of the branch

4ﬂhw5,q) . (ﬂqz)
sin

& =
q(2) n2L L

(6)
displays nodes at z = 0, L and gives an energy hwf,q) per photon.

The form (3) of the dispersion suggests a straightforward way to generate an external potential
for photons. Replacing in (3) the explicit dependence of w(oq) on the cavity parameters (2), it is in
fact immediate to see how a slow lateral dependence of the refractive index n(rj) and/or of the
cavity thickness L(r) can be exploited to generate an effective in-plane potential profile

cnqg

V@ (r)) = ws)q) () = m

(7
Such a potential can be used, e.g., to exert uniform forces in the case of a uniform gradient or to
localize the photons in suitably defined potential wells. Of course, in order to avoid introducing
undesired losses due to the abrupt in-plane variation of the field mode, the r|-dependence of L
and 7 has to be sufficiently smooth to avoid non-adiabatic inter-branch transitions.

Even though these simple formulas have been obtained for the simplest case of metallic cav-
ities, qualitatively similar results hold for other kinds of planar microcavities with translational
symmetry along the xy plane, in particular semiconductor DBR microcavities enclosed by dis-
tributed Bragg reflectors [5,33].

2.1.2. Photon-photon interactions

A superposition principle for light fields directly follows from the linearity of the classical
Maxwell equations in vacuo [34]: two light beams propagate independently of each other, and
a light beam cannot be used to modify the propagation of another beam. Quite remarkably, this
cornerstone of classical electrodynamics ceases to be true in quantum electrodynamics where
photons can be converted into electron-positron pairs and back.

Among a plethora of other effects, this interaction vertex results into the effective photon-
photon interaction process first pointed out by Heisenberg and Euler in the 1930’s [35] and
illustrated in the bottom right panel of Figure 1. As this process is mediated by the creation of
virtual electron-positron pairs, the effective scattering cross section is only significant for high
energy photons of energies comparable to the electron/positron rest mass of around 0.5 MeV,
while it is dramatically suppressed at lower energies according to

W B OV ho \°
ox a ( ) ( ) . 8)

meic) \mec?
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In addition to the squared electron Compton wavelength h/(m,;c) = 2.4 pm and the four fine-
structure a = e?/hic ~ 1/137 factors corresponding to the four interaction vertices, the main sup-
pression comes from the detuning of the virtual intermediate states due to the large rest mass of
the virtual electron-positron pairs compared to the incident photon energy. For visible light in the
eV range, this suppression factor can be as huge as 10736 making the observation of Heisenberg—
Euler photon-photon scattering processes in table-top experiments very difficult. Efforts are
in progress to observe photon-photon scattering in vacuo using strong laser beams [36] or y-
rays [37-39] and experimental results have been reported for a related effect of photons scatter-
ing off the strong electrostatic field surrounding a heavy-ion [40].

The microscopic mechanism of photon-photon scattering in vacuo suggests that a huge
reinforcement of the effect would be obtained if lighter particles were available as intermediate
states of the scattering process. This naturally occurs in solid-state insulating materials, whose
ground state consists of a filled valence band and an empty conduction band. Promoting an
electron from the valence to the conduction band can be reinterpreted as the creation of an
electron in the conduction band and a hole in the valence band [41]. The energy cost of this
process is roughly determined by the electronic energy gap of the material, typically in the eV
range. A naive translation of this result into the formula (8) predicts a dramatic reinforcement of
the photon-photon scattering cross section by a factor of the order 103 and suggests the actual
observability of photon-photon collision processes in material media.

This intuitive picture of photon-photon collisions can be put on solid grounds in the frame-
work of nonlinear optics [42,43]: here, binary photon-photon interactions are encoded in the y®
optical nonlinearity of the medium, which describes a dielectric polarization proportional to the
cube of the applied electric field. Such nonlinear optical processes occur in generic optical media
and strong efforts are presently being paid to realize materials where the strength of the optical
nonlinearities is reinforced well beyond the prediction of a naive extension of (8). Among the
most promising platforms for this purpose, we can mention superconductor-based circuit-QED
devices operating in the microwave range [7,44] or optically dressed atomic gases in the so-called
Rydberg-EIT configurations [6,31,32]: such exceptional media are at the heart of the recent devel-
opments towards the realization of strongly interacting photon fluids that we are going to present
later on in Section 4.

For the sake of simplicity, we will restrict our quantitative discussion of the photon-photon
interaction Hamiltonian to a simplest case that can be worked out in analytical terms. We model
photon-photon interactions as a normally-ordered, spatially local quartic term of the form

n N
Hin = % f &r: Em*: ©)

By equating’ the nonlinear frequency shift predicted by the Hamiltonian (9) for a given plane-
wave mode at k in a spatially uniform geometry when only this mode is coherently occupied
with amplitude @,

Sw=6g3q1&* al? (10)
with the amplitude of the nonlinear polarization at the frequency of the mode predicted by the
nonlinear optics formalism,

Py =3y 1618 al’ @, (i

we obtain that
(3)

=——. 12)
83d oh
IWe have assumed a spatio-temporally local nonlinearity, so the total nonlinear polarization is PlgtIOt] (r, 1) =

)((3) B3 (r, ). The uniform-space mode normalization is & = (27 hw/nz)l/ 2, The amplitude of the coherent state is nor-
malized as (a@y) = 2m)3 5k -K)a.
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Moving to a planar cavity geometry completely filled by the nonlinear medium and restricting
our attention to the lowest ¢ = 1 mode, we can insert the explicit expression for the cavity mode
profile (6) into (9) and integrate over z, so that we obtain a nonlinear interaction term of the usual
form

ng

Hine = 2“‘ f &y P ) P ) Py (13)

with an interaction strength gy that is related to the third-order nonlinear susceptibility y® of
the medium by [45]
1872 (Mwo)? )

n*L (1

8&nl = —
2.1.3. The Hamiltonian

Putting all these effects together, the dynamics of the quantum fluid of light in the lowest
energy states around the bottom of the g = 1 branch can be summarized by the following bosonic
Hamiltonian [5]:

H2 ~ ~ ~ ~
Ty V"‘I"T(l‘u) VY +AV(r)) ‘I’T(r”) Y(r))+

H:fdzr” [hwo‘iﬁ(r”)‘i’(r”) +

Rgnl ot ot
+%‘I’T(r”)\I’T(r“)‘P(r”)‘I’(rH). (15)

Here, the first and second terms respectively describe the rest energy of the photons and their
(nom-relativistic) in-plane kinetic energy, as defined in (1)-(2). The third term models the
external potential (7) acting on the photons and the fourth one accounts for the (contact) photon-
photon interactions mediated by the optical nonlinearity (14). All together, it is immediate to
recognize this Hamiltonian exactly corresponds to the one of a bosonic gas of material particles,
in particular of ultracold atoms [1].

2.2. Driving and dissipation

In contrast to fluids of material particles where the lifetime of the microscopic constituents is
typically very long compared to the many-body dynamics of interest, photons in the typical
cavity devices used for experiments on quantum fluids of light experience a significant decay
rate, due to a combination of non-radiative losses by absorption processes in the cavity material
and radiative ones through the cavity mirrors.

Two philosophies are then available to deal with these processes. On one hand, a part of the
community is making strong efforts to improve the cavity design to maximize the lifetime and,
in this way, the time-window available for the conservative many-body dynamics. In addition
to the optimized planar microcavity devices used to study quasi-equilibrium Bose-Einstein
condensation effects in polariton fluids [46,47], such a strategy is implicitly undertaken in many
experiments addressing the many-body physics of microwave photons in superconductor-based
circuit-QED platforms [48-50].

On the other hand, one can try to furn a bug into a feature and exploit the driven-dissipative
nature of the fluid of light to explore the new physics that arises from the interplay of driving and
dissipation with the conservative many-body dynamics. Some external pump is in fact needed
to overcome the effect of losses that would normally tend to dissipate the fluid: rather than
considering it just as an experimental complication, the presence of the pump opens a range
of new possibilities to manipulate the many-body state of the fluid. On top of this, one must not
forget that radiative losses transfer all properties of the in-cavity field to the emitted light [51], so
that the quantum state of the fluid of light can be reconstructed in real time just by looking at
the quantum optical properties of the emitted radiation. As we are going to see in what follows,
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these are crucial advantages of fluids of light as compared to, e.g., ultracold atomic systems where
experiments often require destructive imaging techniques.

Before dwelling into this rich physics, it is important to complete the theoretical framework by
discussing how the driving and dissipation processes can be included into the theoretical model.
This will be the subject of the next subsections.

2.2.1. Losses

Losses in usual devices are linear in the field amplitude and have an approximately frequency-
and wavevector-independent rate, so that they can be described at the level of the master
equation for the density operator

dp i .
£ - 1
az h[ pl+Z1pl (16)
by Markovian Lindblad terms of the form
Lross|P] = ”7 f ey 2P p P ) - P P p-p P Py a”n

While this theory is sufficient to deal with typical experimental configurations with moderate to
long photon lifetimes, one must not forget that some extra care has to be paid if the loss rate is
comparable to the frequency of the cavity mode and/or one is operating in the so-called ultra-
strong light-matter coupling regime where the quantum vacuum state of the cavity is strongly
distorted from the usual QED vacuum: in this case, non-Markovian terms are often needed to
avoid unphysical perpetuum mobile behaviours in the theory [52-54]. As the cavities that are
typically used for quantum fluid of light experiments are far from this regime, in what follows we
will safely stick to the form (17) of the loss term.

2.2.2. Coherent pump

The coherent pumping associated to the injection of photons by a coherent field incident on
the cavity mirror can be described within the input-output formalism [51,55] by additional terms
in the conservative Hamiltonian. In the simplest case where the transmission amplitude 1 of the
cavity mirror is flat in both frequency and wavevector, these have the simple form

Heop = f d2ry [N Einclry, ©) PF ) + A &5 (x), D P(xp)] (18)

in terms of the (fully arbitrary) space- and time-dependent amplitude of the incident field
&inc (1), 1) at the cavity mirror location.

While this formulation is sufficient to deal with the typical microcavity devices used in quan-
tum fluid of light experiments, more complicated situations can be described by replacing the
constant mirror transmission amplitude n with a convolution with a spatio-temporal kernel
n(ry, £) to account for the frequency- and wavevector-dependence of the mirror transmission am-
plitude. As usual in the input-output theory, such a generalized form of the transmission ampli-
tude must be associated to a corresponding frequency and wavevector dependence of the radia-
tive loss rate [53].

2.2.3. Incoherent pump

Incoherent pumping terms originate from an incident thermal radiation or from spontaneous
emission processes by some suitably excited medium embedded in the cavity. This can consist,
e.g., of population-inverted two-level systems or of an electrically-injected electron-hole gas. In
contrast to the coherent pumping described in (18), such incoherent processes are totally phase-
insensitive and do not inherit any coherence from the electric/optical mechanism used to excite
the two-level systems or inject the electron-hole gas. While coherent pumping processes may
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induce reversible oscillatory Rabi-flopping dynamics, incoherent pumping is characterized by
an intrinsic irreversible push towards the excited states.

At a simplest level of approximation, one may be tempted to describe the effect of incoherent
pumping within a Born and Markov approximation by including a Lindblad term of the form

ZpumpP] = @ fdzrn 2% e p P - Yap ¥ app-p P ¥y 19
into the master equation (16). This is a good approximation as long as the gain has a broad-
band nature and, more importantly, the pump rate remains below the loss rate ypump < Yioss- In
this regime, the effect of incoherent pumping is to sporadically inject some extra photon into
the cavity, which is then rapidly lost: in addition to spontaneous processes injecting photons
(almost) uniformly into all modes of the cavity, incoherent emission processes may also enjoy
bosonic stimulation so the emission will be reinforced into those cavity modes that already
contain photons.

On the other hand, a most interesting physics occurs when incoherent pumping overcomes
losses and a coherent fluid of light is spontaneously generated in the cavity via a nonequilibrium
condensation mechanism analogous to lasing [8]: in this case, a naive use of (19) would lead to
a divergence of the in-cavity field amplitude so an accurate description of the steady-state of the
in-plane cavity field requires including gain saturation effects.

2.2.4. Gain saturation & frequency selectivity

A common strategy to account for gain saturation is to explicitly include the microscopic
dynamics of the emission process into the quantum theoretical description. Such an approach
dates back to early works in laser theory [56,57], where the emitters are described as two-level
systems driven in a population-inverted state by some external incoherent pumping.

In a simplest geometry where the field is discretized in a lattice of cavities each supporting a
single optical mode and embedding a single two-level emitter, the local Hamiltonian of each site
(to be supplemented by hopping terms in a full lattice model) has the form

Hsite = hwo@' @+ hwem 6, + hQgp[a'6~ + a6 | (20)

where the bosonic @ and the spin g®* operators respectively describe the photonic field (of

natural frequency wg) and the two-level emitter (of natural frequency wen). The population
inversion is enforced by an incoherent pumping acting on the emitter, as described by a Lindblad
term of the form

PR -

~ T ot A A
Lpump-em[p] = 7P [26*pG~ -0 G p-poa*]. (21)
which pushes the population towards the excited state.

Effective incoherent pumping rate. Emission by the emitters into the cavity occurs via the
light-matter coupling term in (20). If the pump rate I'p well exceeds the Rabi frequency Qp, the
dynamics of the emitter can be adiabatically eliminated and the coherent Rabi oscillations typical
of the Jaynes—Cummings model of cavity-QED [51,57] are replaced by an irreversible emission
into the cavity mode.

If we further assume that the in-cavity field is weak enough not to affect the population
inversion, gain saturation is not significant and we obtain an effective incoherent pumping of
the form (19) with a rate

2
eff,0 4QR

Ypump = F_P (22)
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Of course, such a rate is only obtained when the emitter is exactly on resonance with the photon
mode, otherwise the pumping rate is reduced according to a Lorentzian lineshape of width I'p
around the resonant point @ = wem,

_ eff,0 F%/4

= Ypump Yo r2/4°
Including this w dependence is straightforwardly done in a linear system: for each mode at
frequency w, one can write an incoherent pumping term of the form (19) with an effective
yle)flfmp (w) evaluated at the mode frequency w = w.

Things get more complex in interacting many-mode models, where different frequencies w
have to be considered for the different transitions between many-body eigenstates. At a simplest
level of approximation [58], the standard Lindblad term (19) can be replaced by a generalized
term in the form [59]

Yormp (@) 23)

eff,0
Yoump b b g
ZLem(p) = = Y |a)pai + @1 pa; - 4id;p - pdidy ), (24)
J

where the sum runs over the lattice sites j and the frequency dependence of the pumping process

is encoded by the modified jump operator Zi;r. such that

Tp/2
i(wf,f/ —Wem) +1'p/2

S1ajn = SF1ali (25)
for each pair of many-body states f, f’ with respectively N and N + 1 photons. Physically, this
means that the effective jump amplitude from the many-body state f with N photons to the
many-body state f’ with N + 1 photons under the creation of a photon in the j cavity mode
depends on the frequency difference w, r = @ ¢ — w ¢ of the many-body states.

Inserting the explicit expression (25) into the Lindblad term (24) leads to a Lorentzian depen-
dence of the f — f’ transition rate on the frequency difference wy s,

Foump(f = ) =Yoump@p, ) LN, (26)
I

to be compared with the frequency-independent transition rate due to the loss processes dis-
cussed in Section 2.2.1,

frloss(f,_’f):Yloss Z|<f|a]|f,>|2 27)
J

On top of this, the imaginary part of the resonance factor in (25) leads, upon substitution into
the Lindblad term (24), to an additional conservative Hamiltonian term giving a (typically small)
energy shift of the energy levels of the photonic system, which can be physically understood as a
consequence of the effective refractive index of the population-inverted emitters. In the simplest
case of a linear single-mode cavity, an explicit calculation leads to a frequency-shift of the cavity

mode by

1—‘P ygﬁglp 14

(Wem —w0)? +T%/4
note how this effect has an opposite sign compared to the usual refractive index of ground-state
atoms so, in contrast to the usual polariton splitting [5], it leads to the attraction of the cavity
mode towards the emitter in a sort of frequency pulling effect.

It is important to note that the generalized master equation (24) is only valid under a sort
of perturbative expansion in the strength of the driving/dissipation processes: the jump ampli-
tudes in (25) are in fact evaluated in terms of the energies of the conservative eigenstates. Writ-
ing master equations that go beyond this approximation and allow to deal with stronger driv-
ing/dissipation regimes is a topic of present-day research [58,60,61].

dwo = (Wem — wWo); (28)
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Gain saturation. As mentioned above, the effective description based on (24) also assumes that
the emission into the photon mode is weak enough not to deplete the population inversion in the
emitters. Of course, bosonic stimulation of the emission processes makes this constraint more
severe when there is a sizable population in the photonic modes, ygﬁmp nph < T'p.

In order to go beyond this assumption and account for those gain-saturation effects that play
a major role in many physical phenomena, one needs to fully include the back-reaction effect
of the emission onto the emitter dynamics. At the quantum level, this requires a complete de-
scription of the emitter and field dynamics: this is a challenging many-body task and typically
has to be carried out under some other simplifying hypothesis, e.g. mimicking gain saturation by
means of two-photon loss processes or performing some Gutzwiller site-decoupling approxima-
tion [62]. At the semiclassical level, instead, calculations can be performed in terms of general-
ized mean-field equations inspired by the semiclassical theory of lasers as we are going to see in
the next section.

Alternative configurations. To conclude this section, it is important to also mention that
different configurations to obtain a frequency-dependent pumping were proposed in [63] using
parametric emission processes. The key element of such schemes is to replace the two-level
emitter used in (20) with an additional ancilla cavity displaying strong losses I'anc described by a
standard Lindblad master equation. Parametric processes then generate pairs of photons in the
photonic mode and in the ancilla cavity according to

H = hwod' @+ hwae b b+ [i”iflpare*i“’l”'tﬁJr b+ hQ;areinaftZiE]; (29)
an effective irreversibility naturally arises if the ancilla decay rate I'y,c well exceeds the parametric
emission rate Qp,,. Right at the parametric resonance point, this gives an effective pumping rate,

2
efio _ 41Qparl

o = (30)

ranc

Such a value, together with the parametric resonance condition wpar — @ane = wo can be directly
inserted in the theory of equation (24) and leads to closely analogous results up to the many-body
level. Such a strategy was experimentally put into practice in [64] to generate a Mott insulator
state of impenetrable photons.

Alternative photon-number-conserving schemes to force microwave photons to scatter from
high- to low-momentum states and eventually accumulate into a condensate were proposed
in [65]. Interesting connections between nonequilibrium condensation and quantum transport
and non-Hermitian topology were then highlighted in [66]. The subtle interplay of dissipative
stabilization techniques with Floquet engineering was investigated in [67] with the goal of stabi-
lizing interesting states of a strongly interacting Bose gas in the presence of a synthetic magnetic
field. More generally, note how related techniques for autonomous dissipative stabilization of
desired quantum states are of widespread use beyond quantum fluids of light for various tasks in
quantum science and technology [68-72].

3. Weakly interacting fluid

The new possibilities opened for quantum fluids of light by the presence of the driving and
dissipation processes were first addressed in the context of weakly interacting fluids for which
a mean-field approximation is legitimate. Such regimes have been long studied in the context
of nonlinear optics and laser physics and, more recently, in the context of polariton fluids and
polariton condensates. The literature on this physics is immense and we refer the interested
reader to recent review articles [5,73]. With no hope of completeness, in what follows we will
focus on a few cases where the physics is—to our eyes—most clear and illustrative of the general
principles.



544 Tacopo Carusotto

3.1. Mean-field approximation

The key idea of the mean-field approximation is to write an approximate equation of motion
for the expectation value of the field operator w(ry, ) = (P (r), #)). Such an equation of motion
can be derived by taking the Heisenberg equation for the field operator and then factorizing all
operator products. Usually, this factorization assumption is accurate as long as the fluctuations
around the mean-field are small, which is generally the case if interactions between the particles
are weak.

Application of this procedure to the conservative Hamiltonian (15) leads to the Heisenberg
equation

. d(f’(l‘”, ) N ~ h® PP ~ o ~ ~
ih———=[¥Y,H] = hwo‘P(r”) - %V”\P(l‘”) + hV(l‘”) \Ij(l‘“) +hgnV¥ (x)) \P(l‘”) \Ij(l‘”), (31)

dt
on which the factorization approximation
(P ap @y Pap) = [y, o w0 (32)
gives the usual Gross—Pitaevskii equation for an interacting Bose-Einstein condensate,
Y o—iz YAV +gulylPy. (33)
ot 2m*

Necessary conditions for the validity of this mean-field approach can be obtained from the gen-
eral many-body theory of dilute Bose-Einstein condensates at equilibrium [1,74]. For instance,
for three-dimensional gases, the condition can be expressed in terms of a diluteness condition
nzq as, < 1, where ng, is the three-dimensional density and as. is the atom-atom collisional scat-
tering length, related to the interaction parameter by g, = 47h?as./m. More subtle conditions
have to be imposed in low-dimensional geometries, but a quite general formulation involves the
characteristic kinetic and interaction energies, €y, = B2n2d12m > e = gnih or, equivalently,
the number of particles per healing length, né? > 1 where 7 is the d-dimensional density and
& = \/h?/mgyn is the healing length characterizing the microscopic structure of the weakly in-
teracting fluid.

The same factorization procedure can be performed on the pumping and loss terms intro-
duced in Section 2.2. The coherent pump is straightforwardly included at the level of the Heisen-
berg equation. As the corresponding Hamiltonian term (18) is linear in ¥, no additional factor-
ization approximation has to be made. As a result, one obtains a forcing term in the equation of
motion for ¥ of the form:

...+T]éa(l‘||,t). (34)

The linear loss and incoherent pumping terms (17) and (19) give linear, phase-insensitive gain
and loss terms of the form
Yloss Y pump
Y+ —
2 v 2
from which it is immediate to see how an unlimited exponential growth may arise if Y pump > Y1oss
and no gain saturation mechanism is included in the model.

v, (35)

3.1.1. Gain saturation & frequency selectivity

Gain saturation can be included starting from the model of Section 2.2.4. In analogy to the
semiclassical equations of lasers [56,57], we have to write the equations of motions for the single-
mode field amplitude a = (@),

— =—iwga —iQgo a, (36)

da -_ Yloss
dt 2
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as well as for the expectation values of the emitter operators % = (+7%). Performing all the
factorization approximations of mean-field theory, we obtain
do? 2 , ¥ - %
i =I'p(1-0%)-2iQpc a-0c a’), (37)
49 iwemo — 2 o+ iQpo* 38)
—— =—iWem0 ——0 +iQro”a.
dr em 2 R

These equations for the single-mode configuration can be straightforwardly extended to spatially
continuous geometries with many uniformly distributed emitters of in-plane density nep,. For
this, we introduce space-dependent emitter spin variables 04 (r)) and we replace the localized
field amplitude a with the continuous field y (r)).

In the so-called good-cavity limit where the emitter pump rate I'p is much faster than the field
dynamics and of the light-matter coupling Qp, one can eliminate the emitter degrees of freedom
and write an effective equation of motion for the field only,

;3 Vs Vs gyl + [ £ 2000 +nEnert)  (39)
i—=|wo— — | —- inc (T,
ot CRw— v Y+ EulVl™y 2| 1+ w2/ n, Yioss | ¥ + 1] Einc
where the cavity mode experiences an effective pumping
Nem Q4T
_ em=4pl P . (40)
(Wem — wo)? +T% /4
with a saturation density
(Wem —wo)? +T%/4
ng = em 0 P 1)

202
R
and a Lorentzian frequency-dependence of linewidth I'p analogous to the one of (26). In analogy

to what was found in (42), the presence of the emitters also leads to a frequency-pulling effect
towards the emitter of magnitude

2
Nem Q
5(1)0 = R

Wem — Wo). 42
(a)em—wo)2+l"§)/4( em 0) (42)
The formulas starting (39)-(42) implicitly assume that the cavity field dynamics takes place
in a very narrow frequency band around wp. At a slightly more sophisticated level, we can
Taylor-expand the frequency-dependence of the different quantities around wg. For instance,
the frequency-dependence of the pumping rate P can be effectively modeled [75] by replacing

2(wo — Wem) ( 0 \”
P—-P|1- I——w 43
(Wem — wo)? +T'%/4\ 0t 0 43)

and letting the last time-derivative to only act on the field . In some physical models of lasing,
such a frequency-dependence of gain is crucial to theoretically recover a stable laser operation at
the bottom of the photon band as observed in the experiment.

As afinal point, it is important to highlight that equations analogous to (39) have been derived
in several other contexts from different points of view. The approach of this article is inspired
from the many-body theory of dilute Bose gases: in this framework, it is then natural to call this
equation generalized nonequilibrium Gross—Pitaevskii equation. The very similar equations that
are considered in the context of nonlinear dynamics typically go under the name of complex
Ginzburg-Landau equations [76,77]. In the nonlinear optics literature, they go under the name
of Lugiato-Lefever equation: originally formulated in [78], this equation is still now a powerful
workhorse for the description of optical devices based on Kerr cavity solitons and frequency
combs [73].
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3.1.2. Quantum fluctuations beyond mean-field

Within a semiclassical approach, effects beyond the mean-field can be described within the
so-called truncated Wigner approximation [55,79] by adding a stochastic white noise term ¢ (x|, £)
on the right-hand side of the motion equation (39) so as to account, at least at a lowest order, for
quantum fluctuations. In the case of coherent pumping, the complex-valued noise term must
have a random phase and its variance is to be set to

(¢, D&y, 1)) = % 8@ ey - ot —1; (44)

this is the minimum noise level as determined by the quantum fluctuations associated to the
discreteness of the photon in the loss process. Of course, a higher noise level is found in
incoherent pumping configurations [80] where additional fluctuations are given by spontaneous
events in the pumping process,

Y pump

" 1
<§ (1'||,t)f(l‘i|,t,)>: 5 Yloss 1+|1//|2/n5

6@y —xpé—1). 45)

Further sources of quantum noise may stem from the interaction of the Bogoliubov modes of
the photon fluid with phonon modes in the solid-state crystal hosting the fluid of light [81].
Generalization of truncated Wigner methods to systems involving emitters as described e.g. in
the Hamiltonian model of (20) are under way [82].

As typical of Wigner representations [55], for any product of fields y (r) and y* (ril), the statis-
tical average over the noise provides information on the corresponding symmetrized product of
quantum operators ¥ (rj) and @T(rl’l), so commutators have to be subtracted to obtain the more
standard normal-ordered quantities. While this is a quite trivial step for single-time operator
products, it poses serious challenges for calculation multi-time quantities [83].

Interestingly, the driven-dissipative condition makes the truncated Wigner approach much
more stable than in the conservative case, as the field fluctuations get to a driven-dissipative
steady-state determined by the interplay of stochastic noise and dissipation well before ap-
proaching an inaccurate classical field thermal equilibrium state [84]. While this is often suffi-
cient to get physically reliable predictions for the field correlation functions [79], it is important
to note that the approximation of truncating higher-order noise terms [85] that underlies (45)
typically loses accuracy when strong interactions and/or very non-perturbative processes in the
quantum fluctuations are considered, such as quantum tunneling in bistable systems [86,87].
Quantitative studies of the limitations of the truncated Wigner approach [88] and of possible av-
enues to include the higher-order derivative terms [89] are the topic of current research.

3.2. Coherent pumping

The configuration where the new possibilities opened by driving and dissipations are clearest is
the coherent pumping one. This configuration was exploited in the first experiments demon-
strating superfluid light, as the flow speed and the density of the fluid can be directly controlled
by the incidence angle (i.e. the in-plane wavevector), the frequency and the intensity of the in-
cident field [90,91]. As a key difference from equilibrium condensates, the oscillation frequency
of the field is not bound to the chemical potential but is freely determined by the one of the in-
cident coherent field. As a result, the equation of state becomes richer and new phenomena can
be observed.
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Figure 2. Left panels: plot of the equation of state of the fluid of light, expressed as fluid
density as a function of pump intensity for two different incident frequencies in respectively
the optical limiter regime (top) and the bistable regime (bottom). The dashed line indicates
the dynamically unstable regions. Right panel: real part (top) and imaginary part (bottom)
of the excitation frequencies for the nonequilibrium Bogoliubov modes corresponding to
the points indicated as A, B’, C, C, D, E in the left panel.

3.2.1. Homogeneous fluid

In the simplest case of a monochromatic incident field at wi,. with a spatially homogeneous
profile, the fluid is at rest and the equation of state
y?
(w0 + gyl = wine)” + =2 | 1y? = I Einc (46)

gives a complex nonlinear dependence of the density |¢|? on the different parameters of the
incident field. Some of the peculiar features of these nonequilibrium fluids are visually illustrated
in Figure 2: the prediction of the equation of state (46) is displayed in the two left panels for the
two cases of a pump frequency respectively below winc < W (top) and above winc > wo (bottom)
the bare resonance frequency (we are assuming g,,; > 0): in the former case, the in-cavity intensity
(proxied by g|wexc|? in the figure) grows monotonically but sublinearly with the pump intensity
| Einc|?; in the latter case, bistability effects are apparent, with two values of the density |u/|2 being
available for the same value of the pump intensity | Ein¢ |2 (the intermediate branch is dynamically
unstable).

Further consequences of the nonequilibrium condition are visible in the right panels, where
the dispersion of the Bogoliubov modes on top of the homogeneous fluid [5,90] are plotted for
the different operating points indicated by the capital letters in the left panels. As the oscillation
frequency of the field v is not bound to wq + guly|? as in the equilibrium case but is freely
tunable via the incident frequency win¢, a wider range of behaviours can be observed depending
on the pumping conditions. In particular, the Bogoliubov modes display a sonic long-wavelength
behaviour w = ¢ |k| only for a very specific operating point (C) at the end of the upper branch of
the bistability loop. Away from this point, the dispersion may display finite gaps (D, E) and, even,
precursors (A) or fully fledged (B, C’) dynamical instabilities. Detailed experimental studies of the
Bogoliubov dispersion in the different pumping regimes have been carried out by pump-probe
spectroscopy in [92].

Going beyond mean-field, the consequences of the driven-dissipative condition are also
visible in the steady-state fluctuations of the field v, which are well larger than the zero-point
fluctuations of the Bogoliubov ground state of the corresponding equilibrium system. Within
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a Bogoliubov picture, the loss process for a particle at momentum k involves in fact either the
destruction of a quasi-particle at k or the creation of a quasi-particle at —k. The overall magnitude
of these fluctuations roughly corresponds to a temperature of the order of the interaction energy
gnlw|? and also display interesting correlation properties [93].

3.2.2. Acoustic horizons and analog Hawking radiation

This tunability of the Bogoliubov modes can be exploited to observe exciting new behaviours
in spatially inhomogeneous configurations when the spatial profile of the coherent pump is
suitably structured. In this perspective, a variety of configurations have been investigated in the
literature, for instance vortices and vortex lattices that appear under a coherent pump carrying
orbital angular momentum [94].

As a specific most exciting example, we focus here on configurations featuring a sonic horizon
separating an upstream region of sub-sonic flow ¢, > v, from a downstream region of super-
sonic flow v; > ¢4 where ¢, 4 and v, 4 are respectively the sound and flow speeds in the two
u,d regions. From the point of view of sound propagation, this configuration displays strong
analogies with light propagation in the neighborhood of a black hole in gravitational physics and,
upon quantization, sonic analogs of Hawking radiation have been anticipated to be emitted by
the acoustic horizon [95].

With a careful design of the coherent pump, such analog black holes naturally arise as the
driven-dissipative steady-state of a photon fluid. A natural possibility to achieve this [96] is
to use a monochromatic pump and to design its phase profile so as to have a small in-plane
wavevector in the upstream region and a larger one in the downstream region. Alternatively,
the downstream region can be left unpumped so that the photon fluid is able to ballistically
expand into this region. This latter configuration was experimentally realized in [97]. A spatially-
resolved experimental characterization of the Bogoliubov modes on the two sides of the horizon
has been performed in [98], explicitly showing the transition from a sub- to a super-sonic flow
as the horizon is crossed: in the experiment, a super-sonic flow is signalled by the positive-norm
branch of the Bogoliubov dispersion being pushed down to negative frequencies.

The on-going challenge is then to obtain experimental evidence of the analog Hawking emis-
sion by the acoustic horizon: to this purpose, numerical studies based on the Wigner formalism
have shown that a clear signature of the Hawking radiation is present in the correlation function
of density fluctuations on opposite sides of the horizon [96,97]. Physically, this correlation fea-
ture reflects the correlations between the Hawking phonon emitted outside the horizon into the
sub-sonic region and its partner that propagates inside the horizon into the super-sonic region.
Most interestingly, in contrast to atomic fluids where destructive measurements of atomic den-
sity profile are typically needed [99], intensity fluctuations are a quantity of direct and real-time
experimental access in driven-dissipative photon fluids: radiative losses directly transfer the cor-
relation functions of the in-cavity field into the ones of the emitted light, where the Hawking sig-
nal can be observed as peculiar intensity correlations of the emitted light.

Note that the extra fluctuations induced by the driven-dissipative nature [93] lead to a stimu-
lation of the Hawking processes and, then, a reinforcement of the overall magnitude of the cor-
relation signal. While this makes the correlations easier to detect, the resulting stimulated rather
than spontaneous nature of the process may wash out the peculiar quantum entanglement fea-
tures of Hawking radiation predicted in [100] in the context of analog models based on atomic
condensates.

3.2.3. Integer quantum Hall effect

One of the most intriguing family of phenomena of quantum condensed matter physics is
the quantum Hall effect [101]. This effect was originally discovered in two-dimensional electron
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Figure 3. Left (a)-(b) panels: color plots of the numerically calculated steady-state intensity
distribution in a coherently pumped g = 5 photonic Harper-Hofstadter model. The pump
is localized on the central site and is resonant with the lowest photonic band. The loss rate
is taken to be larger than the bandwidth o5/ AWpand = 2, $0 as to be in the integer quantum
Hall (IQH) regime. In the upper (a) panel, no external force is present and the distribution
has a 7/2 rotational symmetry. In the lower (b) panel, a force along the negative y direction
is applied, so the intensity distribution moves leftwards along the transverse x direction.
The magnitude of this displacement agrees with the prediction of the driven-dissipative
IQH formula (48). Right panel: for a loss rate smaller than the bandwidth yjoss/ Awpand =
1/30 of the lowest band of a g = 3 Harper—Hofstadter, we are in the anomalous quantum
Hall regime and the displacement is determined by the average of the Berry curvature over
all states resonant with the pump frequency wj,.. Within a photonic band (white region),
the value of the Berry curvature extracted from the numerically calculated transverse shift
(green points) are in good agreement with the value of the Berry curvature extracted from
the Harper-Hofstadter band structure. Panels adapted from [102].

gases subject to strong magnetic fields and cooled to ultralow temperatures. While in room-
temperature metals the transverse Hall resistivity px, shows a structureless linear dependence
on the applied magnetic field B, the quantum Hall effect is visible as a series of plateaux in pyy
when the so-called filling factor
2nhnyp
y= 222D
eB
is in the neighborhood of integer (the so-called integer quantum Hall (IQH) effect) or fractional
(fractional quantum Hall (FQH) effect) values. In this section, we are going to focus on the IQH
effect, while a brief discussion of the FQH in an optical context will be given later on in Section 4.
Physically, the origin of the IQH can be traced to the complete and homogeneous filling of
all states in the v lowest Landau levels in the magnetic field B. In electronic systems where
the number of electrons is conserved, the value of v can be fixed by tuning the externally
applied magnetic field B or the electronic density nyp with suitable gates, so as to fix the Fermi
energy between two Landau levels. While this simple argument explains the quantized value
of the conductivity, the finite width of the plateaux results instead from a more subtle interplay

(47
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between localized and delocalized electronic states in the unavoidable disorder of any realistic
system [101].

In analogy to these advances in quantum condensed matter systems, a strong interest is being
devoted to the so-called topological photonic systems where new phenomena stemming from
the non-trivial band topology of the photonic states have been observed, e.g. unidirectionally
propagating chiral edge states [103]. In this context, a basic ingredient is the so-called synthetic
magnetic field acting on photons: in the presence of a strong and uniform synthetic magnetic
field, photonic modes closely resemble Landau levels and skipping orbits appear on the edges.

Even though in driven-dissipative photonic systems particles are continuously lost and re-
plenished and no Fermi-Dirac statistics is available to impose a uniform population, a recent
work [102] has pointed out that a spatially very localized coherent pump can be used to uni-
formly drive all states within a given Landau level. Even though the occupation is not pinned
to 1 as it happens in the electronic case, the uniformity of the population is sufficient to observe
a quantized response under the effect of a uniform force. In our photonic case, such a force—a
sort of synthetic electric field—is obtained with a uniform spatial gradient of the cavity resonance
frequency as described by a linearly varying potential term V (rj) = —F-r| in (39).

Focusing for concreteness on the square-lattice Harper-Hofstadter model at 1/g flux per
plaquette with a large g, the lateral spatial shift of the center of mass of the photon intensity
distribution was in fact predicted [102] to be

EF
Ax=12" 48)
TTY loss

where a force of magnitude F is applied along the direction y and 6 =1 is the Chern number
of the photonic band under examination: the driven-dissipative nature results in the transverse
susceptibility being proportional to the lifetime yl‘ols , times a quantized value.

While Landau levels in continuous space are perfectly flat in energy, the energy bands of
discrete topological models on a lattice (e.g. the Harper—Hofstadter or the Haldane models) may
display a significant bandwidth Awyp,nq in energy. In our driven-dissipative systems, this offers a
further knob to stabilize and manipulate different states of the quantum fluid: depending on the
relative value of the energy bandwidth Awpang and of the loss rate g, One can in fact transition
from a IQH regime where yoss > Awpang and the coherent pumping uniformly drives all states
within the band, to an anomalous Hall regime where yjoss < Awpang and the frequency of the
coherent drive specifically selects a set of resonant states. In this latter case, the lateral shift is
no longer quantized and is determined by the averaged value of the Berry curvature over the set
of resonant states. This provides a further example where the driven-dissipative nature of the
photon fluid can be exploited to stabilize interesting many-body states and probe their physical
properties.

An experiment that exploits driving and dissipation for a comprehensive study of anomalous
and integer quantum Hall effect in a photonic Haldane model using a frequency-encoded syn-
thetic dimension platform based on an optical fiber loop was recently reported in [104].

3.3. Incoherent pumping

In the previous subsection we have discussed coherent pumping schemes, where the phase
of the in-cavity field is locked to the one of the incident field. A different range of physical
phenomena are observed when an incoherent pump is used to inject photons in the system
in a phase-insensitive way: as a most significant example, we will focus on the spontaneous
generation of coherence via a nonequilibrium phase transition, a phenomenon that opens the
way towards the study of critical phenomena in a novel nonequilibrium setting. While the
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Figure 4. Left panels: plot of the real (a) and imaginary (b) parts of the dispersion of
the collective excitations of a nonequilibrium condensate under incoherent pumping at
P/Y10ss = 2 With Y105/ gn1 lw|> = 1. For small k values, the dispersion displays a diffusive
plateau with a zero real part and a quadratically growing imaginary part. The oblique
straight lines correspond to the Landau—Cherenkov w = kv condition for a particle moving
at v/c; = 0.7 (blue dashed) or v/¢; = 1.3 (red solid). Wavevector is measured in units of ky
such that hk%,/ 2m = y10gs- Right (c)—(h) panels: generalized Landau criterion for nonequi-
librium condensates. Panels (c)-(e) show the density perturbation induced in a fluid mov-
ing in the positive x direction by an impurity at rest. The different panels refer to different
values of the condensate velocity v/cg = 1.5, 1, 0.4 across the (equilibrium) speed of sound
¢s = v/ &u1 lW|?/ m. Panel (f) shows the (normalized) force exerted by the fluid on the defect
as a function of the condensate velocity v/c; for different values of the nonequilibrium pa-
rameter Yioss/ gnl |1//|2 =0,0.1, 1, 2. For the smallest y}445 values, the sudden onset of friction
that is visible in the vicinity of the critical speed v/c; = 1 is a nonequilibrium counterpart
of the Landau critical velocity of equilibrium superfluids [1,105]. Panels (g)-(h) show a cut
of the real and the imaginary part of the wavevector of the collective excitations emitted
in the negative x direction as a function of the speed for an intermediate loss case with
Y1oss/ &n1 lW|?> = 1. The sudden onset of friction in (f) corresponds to the singular point that
is visible in (g)-(h) slightly below v/c; = 1. Panels (c)-(h) are adapted from [75].

underlying physics is very similar in the different systems, this phenomenon takes distinct names
in distinct communities, e.g. laser oscillation in the optical literature or nonequilibrium Bose—
Einstein condensation in the polaritonic one. An interdisciplinary review of this physics can be
found in [8].

3.3.1. Mean-field effects

Restricting again to a weak interaction regime, a theoretical description of the field dynam-
ics can be obtained at the mean-field level starting from the generalized Gross—Pitaevskii equa-
tion (39). In the absence of any coherent incident field Ej,. = 0, the system displays a marked
threshold at P, = o5 between a trivial ¢ = 0 steady-state solution for a weak pump P < yjoss to @
condensed (or lasing) solution for a strong pump P > y}4. In this latter regime, the steady-state
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intensity is stabilized by nonlinear gain saturation effects to

ly|* = n( - 1) (49)

Yioss
but the phase of ¢ remains free and is randomly chosen at every instance of the experiment.
Under the Ej,¢ = 0 condition, the equation of motion (39) displays in fact a global U(1) symmetry
¥ — we'? for arbitrary ¢ and this symmetry is spontaneously broken above threshold where
the field v selects a specific and uniform phase across the whole system and its time-evolution
displays a monochromatic oscillation at the intensity-dependent frequency w = wg + glw|?. The
combination of a monochromatic oscillation in time and of a spatially uniform phase showcases
the interest of this configuration as a source of spatio-temporally coherent light.

Diffusive Goldstone mode. Even though the driven-dissipative steady-state shares many prop-
erties with a standard Bose-Einstein condensate at equilibrium, one must not forget that the
nonequilibrium condition is responsible for important deviations in the collective properties of
the fluid, in particular for what concerns the Goldstone mode that is associated to the spon-
taneously broken U(1) symmetry. As it is illustrated in Figure 4(a)-(b), the dispersion of the
long-wavelength, low-frequency collective excitations does not show the usual sonic behaviour
o = ¢, k| of equilibrium condensates with a speed of sound c;,, but rather displays a diffusive
plateau in the form w = —iak? with a real and positive @. The usual behaviour with propagat-
ing collective excitations is only recovered at shorter wavelengths. The transition between the
two regimes is typically associated to an exceptional point in the dispersion, whose position is
determined by the strength of the departure from equilibrium, namely by the value of the loss
rates: the larger Yo, the wider the diffusive plateau. The theoretical prediction of a diffusive
behaviour of the Goldstone mode of a nonequilibrium condensate has been recently confirmed
in a pump-and-probe experimental measurement of the dispersion of the collective modes of an
exciton-polariton condensate [106].

Generalized Landau criterion for superfluidity. This diffusive behaviour has been anticipated
in [75] to impact the conceptual meaning of the Landau criterion for superfluidity in the driven-
dissipative context. In stark contrast to the equilibrium case, it is shown in Figure 4(a) how the
real part of the dispersion has an intersection with the Landau—-Cherenkov w = k v straight line
for any non-zero value of v. A naive application of the Landau criterion for superfluidity [1,105]
would then predict that an impurity moving across a fluid will experience a significant friction
force for any value of the flow speed v, with no specific feature at the (equilibrium) speed of
sound cs = \/gn Y12/ m.

This prediction is shown in Figure 4(f) to disagree with a full numerical solution of the
generalized Gross-Pitaevskii equation (39): for small or moderate values of the nonequilibrium
parameter Yo/ gnl [Y|?, the friction force exerted by an impurity at rest onto a moving fluid
displays in fact a sudden upwards kink at a value of v/ ¢, close to the (equilibrium) critical velocity
Ver = Cs. Such a change in behaviour can be associated to the singularity in the wavevector of
the collective excitations emitted by the impurity shown in Figure 4(g)-(h): at low speed, this
wavevector is purely imaginary, so the collective excitation generated by the impurity does not
transport momentum; at large speeds, instead, this wavevector acquires a finite real part, which
is directly associated to the momentum dissipated by the impurity into the fluid.

Spatial structure of the condensate and supersolid behaviours. While thermodynamical ar-
guments impose that equilibrium condensates form in the lowest-energy single-particle or-
bital [1,107], exciting features are observed in the spatial structure of finite-size nonequilibrium
condensates. For instance, restricting the incoherent pump to a limited region of space allows to
control the shape of the condensate via the so-called volcano effect: condensation mostly occurs
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at the center of the pump spot, and then the coherent particles get expelled by the repulsive in-
teractions and form a macroscopic outward-expanding radial flow. Originally observed in [108],
this effect was theoretically interpreted in [109] and fully confirmed experimentally in [110].

While this is the typical behaviour of spatially homogeneous systems, even more intriguing
phenomena are observed in spatially periodic lattice geometries [111]. Here, condensation into
an excited state at the top of a photonic band is favoured by the interplay of a positive interaction
energy and a negative effective mass which result in effectively attractive interactions. These keep
the condensate localized in space with a soliton-like shape [112,113] and, in this way, reduce the
condensation threshold with respect to condensation into the expanding positive-mass states at
the bottom of the band.

A presently very active direction of research concerns the realization of quantum fluids of
light that simultaneously display a long-range coherence and a spontaneously formed spatially
periodic density modulation. This physics has been recently investigated in both theory and
experiments [114,115] using devices displaying several photonic bands in the same energy range.
While the main condensation process occurs at the top of a photonic band, a spatial modulation
of the condensate density spontaneously appears as the result of coherent parametric scattering
processes into finite wavevector modes in the side photonic bands. Such configurations can
be seen as photonic analogs of the so-called supersolid states of matter as recently observed in
atomic condensates [116].

With a proper design of the device geometry, e.g. in ring resonators, related parametric pro-
cesses can be induced into modes at different frequencies: in this case, the density modulation
continuously moves in space and gives temporally periodic oscillations in the emitted light in-
tensity, while preserving a long-time phase coherence of the emission. The importance of such
optical comb generators for a number of opto-electronic applications [117,118] suggests that the
new insight on the stabilization of complex states of matter offered by the use of many-body
physics concepts in the novel driven-dissipative context will open interesting perspectives also
for opto-electronic technologies.

3.3.2. Fluctuation and quasi-condensation effects

Going beyond the mean-field approximation, it is interesting to look at the process of con-
densation from the point of view of statistical mechanics and, in particular, highlight the role of
quantum and thermal fluctuations. In this context, a natural question is to assess under which
conditions the nonequilibrium steady state can recover a thermal equilibrium case: as a general
trend, a quasi-equilibrium state is approached if the rate of thermalizing collisions between par-
ticles within the fluid is faster than their decay rate [8]. While early works have assessed ther-
mality in terms of the momentum distribution approaching or not a Bose-Einstein distribution
at a well defined temperature? and chemical potential [119,120], recent works have highlighted
the need to establish thermalization in terms of rigorous fluctuation-dissipation relations and
frequency-dependent observables [121]. As we have mentioned from the beginning of this ar-
ticle, this departure from equilibrium is a key asset rather than a hindrance and underlies the
exciting developments that we are reviewing here.

In full generality, condensation in a spatially uniform geometry is typically associated [1,107]
to the appearance of a sharp and macroscopic k = 0 peak in the momentum distribution rn(k) =
(‘i’T(k) ‘i’(k)) where ¥ (k) is the Fourier transform of the quantum field Pr). Equivalently, from a

2Note that the fluid of light may well thermalize at a temperature different from the one of the solid-state device that
is hosting it.
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real-space perspective, condensation is instead signalled by the onset of long-range order in the
correlation function

GV = (P mPa)) (50)

which tends to a non-zero value at long distances |r—r'| — co [122].

This criterion for condensation can be physically understood in analogy with ferromagnetism
where the ferromagnetic transition is characterized in terms of the magnetization correlation
function

GV (x,r) = (M) Mx)). @)

In the high-temperature disordered state, the correlation function only displays short-range
correlations and quickly tends to zero at long distances. On the other hand, long-range order
is visible in the low-temperature ferromagnetic state where the correlation function tends to a
finite value at long distances signalling a uniform magnetization throughout the whole system?.

More formally, the SO(2) rotational symmetry that is spontaneously broken by the ferromag-
netic transition of the xy model is mathematically equivalent to the U(1) group describing the
¥ — ¥e!% symmetry that is spontaneously broken at the condensation transition. As the spe-
cific direction of the magnetization is randomly selected at every instance of the experiment, the
average value of the magnetization M is zero by symmetry unless some external magnetic field
is present to pin its direction. In this case, the reduced symmetry makes a gap to open in the
dispersion of the soft magnon branch associated to the spontaneous symmetry breaking [123].

A similar phenomenon is expected to take place for the condensation phase transition: in the
absence of external fields, the U(1) symmetry guarantees the presence of a soft Goldstone mode
such that limy_,gw(k) = 0 in both its real and imaginary parts. On the other hand, when the
U(1) symmetry is explicitly broken by some external field, a gap opens in the Goldstone mode
dispersion. While particle-number conservation makes it difficult to verify this prediction in
atomic condensates at equilibrium [124], the phase of an optical condensate can be pinned by
an additional incident coherent laser [125] and a clear gap in the Goldstone mode dispersion is
clearly observed in experiments [106]. Differently from the equilibrium case, however, the gap
may open in the imaginary and/or in the real parts of the Goldstone mode dispersion depending
on the specific system parameters.

Quasi-condensation effects in low-dimensions. While three-dimensional geometries are the
most natural ones in condensed matter systems, standard optical systems are typically limited
to a maximum of two dimensions. In analogy to the bounds imposed on phase transitions
by the Hohenberg—-Mermin-Wagner theorem of equilibrium statistical mechanics [107], it is
then natural to wonder whether the reduced dimensionality has a similar impact also on the
nonequilibrium phase transition. Even though the general theorem cannot be directly applied
to the nonequilibrium context, specific calculations have predicted [126] that in one dimension
the long range order does not survive the long-wavelength fluctuations and is replaced by an
exponential decay of the same-time coherence, yet on relatively long distance scales. As a
rough estimate, the fluctuations in this one-dimensional quasi-condensate can be interpreted
as a temperature on the order of the loss rate kg T ~ iy [127]. Even more subtle features have
been pointed out for the intermediate two-dimensional case where the Berezinskii-Kosterlitz—
Thouless transition typical of equilibrium systems [128,129] may be replaced by a Kardar-Parisi—
Zhang (KPZ) physics [130-132].

3Itis interesting to note that a three-dimensional easy-plane (in the xy plane) model of ferromagnetism subject to an
orthogonal magnetic field (along z) is expected to display a steady rotation of the magnetization rotation along z. As a
result, the x and y components of the magnetization display monochromatic oscillations as it happens to the field v of
the optical model.
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A common tool for the theoretical study of these phenomena is offered by the stochastic
Gross—Pitaevskii equation discussed in Section 3.1.2. From an experimental standpoint, a very
important asset for the study of the critical properties and of the spatio-temporal correlation
function in the different regimes is provided by the radiative loss channel: as the coherence prop-
erties of the in-cavity field are imprinted into the one of the emitted radiation, their measurement
can be straightforwardly performed with standard optical techniques. This feature has been ex-
ploited in experimental studies of the correlation properties across the phase transition and, in
particular, for the recent observation of KPZ universal behaviours in a one-dimensional configu-
ration [133].

While moving up to two-dimensional systems is not expected to pose additional conceptual
challenges to optical experiments, three- and higher-dimensional configurations require the
use of synthetic dimension schemes where extra spatial dimension are encoded in some other
degrees of freedom of the photon, e.g. the different cavity modes of a ring resonator [134—
136]. Pioneering experimental work on the collective dynamics arising from the combination
of gain with one synthetic dimension in a ring laser was reported in [137,138]; an extension to
a topological two-dimensional array of coupled ring resonators was presented in [139]. As next
steps, we anticipate the possibility of extending this idea to study condensation in novel high-
dimensional contexts and, in this way, unveil peculiar statistical behaviours resulting from the
interplay of KPZ physics with the roughening transition [140-143].

4. Strongly correlated systems

In the previous sections we have discussed the physics of dilute driven-dissipative systems:
for sufficiently weak interactions, a mean-field theory based on (stochastic) partial differential
equations for classical fields provides an accurate description of the steady-state and of the
dynamics of the system. In this last section, we briefly summarize the state-of-the-art and some
future developments in the direction of realizing strongly correlated states of photonic matter
that can be observed in systems with strong optical nonlinearities.

4.1. Coherent drive

4.1.1. Photon blockade in a single-mode cavity

The first proposal in this direction [144] was the so-called photon blockade effect. The dynam-
ics of the quantum electromagnetic field in a nonlinear single-mode cavity can be described by a
nonlinear oscillator Hamiltonian of the form

hw
H=hw,a'a+ T“‘a*a*aa (52)
where the anharmonicity is quantified by the parameter w, proportional to the y® optical

nonlinearity of the nonlinear medium embedded in the cavity. In a planar geometry, we can
make use of (15) to get

wpy = 22 (53)
where the effective mode area . is defined as
2 2)?
(farylapl’)
R S (54)

Ja2r|&apl*

in terms of the mode profile &) (r)) along the cavity plane.
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Figure 5. Left panel (a): sketch of the photon blockade mechanism for a single-mode cavity
under a coherent pumping exactly on resonance with the bare cavity frequency, winc = -
Because of the strong nonlinearity wy > y)ess, transitions to all N > 1 states are non-
resonant and the dynamics is confined to the N = 0, 1 states, giving effectively impenetrable
photons. Central panel (b): sketch of the coherent pumping scheme to selectively excite a
N = 3-photon state via a three-photon transition. Top-right panel: generation of a Tonks—
Girardeau gas of fermionized photons under coherent pumping. Spectrum of total photon
number nr as a function of the incident frequency Awj, = winc—w, for different values of the
pump intensity, F/yjoss = 0.1, 0.3, 1, 2, 3. Photons are assumed to be perfectly impenetrable
Ulvy10ss = 0o and losses small enough to resolve many-body states J/yjoss = 20. The
vertical dotted lines indicate the theoretical prediction for the position of the N-photon
resonance peak corresponding to each many-body state; the label indicates the orbitals
filled in the corresponding fermionic wavefunction. Bottom-right panel: second order
photon correlations in the emission from the same (black) and from different (red) sites as
a function of the interaction constant wy/Y)0ss- At each point, the coherent drive is set on
resonance with the lowest two-photon state of a 3-sites chain. The right panels are adapted
from [145].

Independently of the specific geometry, the eigenstates of (52) are labelled by the photon
number and have an energy

nn-1)

E, = nhwy + howp (55)

As it is sketched in the left-most panel of Figure 5, the energy separation E,, 41 — E;, = iw, + nhwy
is a growing function of n. As such, a coherent incident field resonant with the 0 — 1 transition
will not be able to further excite the system to the n = 2 states as the corresponding transitions
are no longer resonant. For instance, the 1 — 2 transition is detuned by an effective interaction
energy wyy: as soon as this exceeds the cavity linewidth wy) > y)4g, the coherent field is not able
to efficiently drive this second transition, so the cavity system ends up behaving as an effective
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two-level system. In physical terms, this can be understood as photons becoming effectively
impenetrable objects, a situation that is in stark contrast with the prediction of the linear Maxwell
equations where photons are rigorously non-interacting particles.

4.1.2. Many-body states

A straightforward generalization of this pumping scheme can be exploited to generate strongly
correlated many-photon states in spatially extended geometries such as cavity arrays. The key
idea, sketched in the central panel of Figure 5, is to resonantly drive a N-photon transition to
bring the system from its zero-photon vacuum state to the desired N-photon eigenstate of the
conservative many-body Hamiltonian: the crucial requirement for an efficient selectivity of this
preparation scheme is that the energy gap between the desired N-photon eigenstate and its
neighbors exceeds the linewidth of the N-photon states, which typically grows as N yjoss.

As a first example, this idea was theoretically explored in view of realizing a Tonks-Girardeau
gas of impenetrable photons in a one-dimensional chain of coupled cavities [145]. This is
described by a Hamiltonian in the form

H:Zhwoa;aﬁ@a}a}ajaj—m Z aajy (56)
J Gin
where the indices j, j' run over the sites of the chain, assumed to have periodic boundary
conditions, and the hopping terms of amplitude J > 0 are restricted to next-neighbor sites. The
impenetrability condition is enforced by assuming wy,; > J. A coherent pump is assumed to drive
all sites according to the discrete version of (18),

Heon = RY_[Fj(0) @l + hF;(n* aj]. 57)
j

In what follows, we assume that all sites are driven in a monochromatic way with the same
amplitude F and frequency winc, that is F;(f) = F e”iwinc!  Ag the master equation is in the
Lindblad form, the steady-state and the dynamics of the system can be calculated with standard
numerical tools, e.g. by projecting the master equation on the basis of number states. Note that
efficient high-level numerical libraries are nowadays available for these tasks [146].

Examples of spectra of the steady-state total population nr = Y. j(Zi’;. d;) as a function of the
incident frequency winc are shown in the upper-right panel of Figure 5 for growing values of
the incident intensity |F 12: at low intensity (blue line), the spectrum is characterized by a single
main peak corresponding to the 1-photon transition to the k = 0 orbital. At growing intensities,
additional peaks at frequencies corresponding to the higher N = 2,3,... photon transitions
appear. As expected, the position of each of these peaks matches the frequency of the N-photon
resonance from the vacuum state (at zero energy) to some N-photon state of energy wf, within
the k = 0 sector,

Winc = WY/ N. (58)

In the specific Tonks-Girardeau case, the different excited states are labeled by the quasi-
momenta of the (fermionized) particles and their energy can be analytically calculated [147]. The
expected position of the resonances is indicated in the Figure by the vertical lines, which indeed
match well with the position of the numerically calculated resonance peaks.

In order to be able to selectively drive the desired many-body state, the frequency separation
from the neighboring states has to exceed the linewidth: as the separation is typically set by the
hopping J and interaction wjn; energies and the broadening grows as NYjess, the requirement on
the linewidth ), becomes more and more stringent as larger NV states are targeted. On top of
this, one must not forget that for growing values of the drive amplitude F, each peak eventually
displays a sizable power-broadening on top of its natural linewidth.
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As it is well known from atomic physics [148], a coherent illumination leads to a reversible
oscillatory dynamics between the different states, with absorption processes followed by stimu-
lated emission ones until a steady-state is enforced via spontaneous emission processes. In par-
ticular, for very strong incident intensities, the steady-state tends to an equidistribution of the
population among the different states. As such, a continuous-wave excitation can hardly be used
to transfer all the population to a given excited state, but more complex pulsed schemes have to
be adopted to generate, e.g., a state with a well-defined N.

Nonetheless, as the steady-state population of many-body states is typically a decreasing
function of their photon number N, this difficulty can be circumvented by specifically looking at
N-photon observables. Such observables are in fact strictly zero on all lower N’ < N photon states
and, up to moderate values of the incident intensity, only receive a sub-dominant contribution
from the higher N’ > N ones. A concrete example of application of this idea is illustrated in
the bottom-right panel of Figure 5, where we specifically look at N = 2 observables such as the
second-order correlation function of the emission

(@) al ai,ai)

g (i1,ip) = 59)

@ ai,)al,ai)
Depending on the relative value of the interaction and hopping parameters wy,//, the N = 2-
photon eigenstates go from being delocalized, approximately non-interacting-photon states to
fermionized, impenetrable-photon states. This key difference directly translate to the shape
of g (i1, iy): for non-interacting photons it has a position-independent value equal to 1; for
impenetrable photons, its same-point value is much suppressed with respect to its different-
point value, g(Z)(il =) < g(z)(il # i2). This illustrates how a coherent drive followed by a
measurement of a N-photon correlation function allows to obtain interesting information on
the many-body eigenstates of a strongly interacting system. A conceptually related experiment
was reported using a superconducting circuit-QED platform in [149].

Further theoretical work [150] has extended this idea to a two-dimensional lattice geometry
where impenetrable photons are also subject to a synthetic magnetic field. In this geometry, the
optical transitions occur from the vacuum state to strongly correlated N-photon states analogous
to the ones of fractional quantum Hall systems. An example of the peculiar physics of this regime
is illustrated in the top-left panel (a) of Figure 6. Here, we show how tuning the coherent pump
frequency on the lowest N = 2-photon resonance peak, one can extract information on the
complex microscopic structure of the Laughlin states from the two-photon correlations of the
emitted light: even in a small 4 x 4 lattice, we recognize in the wavefunction a clear antibunching
feature between pairs of strongly interacting photons as well as a complex phase profile as a
function of the relative position.

A closely related idea has been experimentally explored in a recent experiment [152]: strong
interactions between photons are obtained by coupling light to optically dressed atoms in a
Rydberg-EIT configuration [31,153]; a synthetic magnetic field in a cylindrically symmetric ge-
ometry is obtained by using a twisted optical ring-cavity [154]. Combining these elements, a
two-photon Laughlin state is selectively created using a coherent laser pump with finite angular
momentum and its microscopic structure is probed by looking at the correlation functions of the
emitted light at different spatial positions and in different orbital angular momentum channels.

Scaling up the idea to larger photon numbers is naturally the next goal, but several challenges
are still present along this way. As it was mentioned above, an obvious difficulty comes from
the decreasing value of the spacing between many-body resonances which imposes stricter con-
straints on their linewidth. An even more serious challenge comes from the quickly decreasing
value of the matrix element for driving a N-photon transition from the trivial vacuum state to a
topologically non-trivial FQH state with a coherent light beam formed by uncorrelated photons.
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Figure 6. Top-left panel (a): reconstruction of the two-particle wavefunction of a Laughlin
state from the two-photon correlations of the light emitted by the two-photon FQH state
generated under coherent pumping. The marker indicates the position of one photon;
the xj,y; coordinates on the plot correspond to the second photon’s position: the red
arrows indicate the two-photon emission amplitude, the black ones indicate the value of
the complex-valued Laughlin wavefunction discretized in the lattice. Bottom-left panel (b):
frequency-shift of the two-photon resonance peak under the effect of the braiding of a
quasi-hole. The continuous blue line is the spectrum for a single quasi-hole braided around
the cloud at a radius r/¢ = 0.4; the dashed red line spectrum includes also a stationary
second hole located at r = 0, as indicated in the sketch in the inset. Right panel (c): sketch
of the frequency-selective incoherent pumping scheme to stabilize a N = 3 FQH state. The
non-Markovian nature of the pump prevents excitation across the many-body gap. The
(Markovian) photon losses cannot lead to states above the many-body gap. All together,
this restricts the dynamics to states with NV < 3 photons below the many-body gap. Panel (a)
is adapted from [150]. Panel (b) is adapted from [151].

4.1.3. Signatures of the braiding phase

In spite of these difficulties, an intriguing new possibility offered by the driven-dissipative con-
dition is illustrated in the bottom-left panel (b) of Figure 6. One of the key feature of a topological
state of matter is encoded in the so-called braiding phase that the many-body wavefunction ac-
quires when two quasi-holes are made to adiabatically move through the fluid and encircle each
other as sketched in the inset. While the braiding phase is a mathematically well defined con-
cept [101,155], an experimental observation of the overall phase of a quantum wavefunction re-
quires to design some interference process between different quantum states [156-158]. Quan-
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tum superpositions of the vacuum state and the desired many-body state are naturally generated
by a coherent pumping process, so any extra phase acquired by the many-body wavefunction
may be observed as a shift in the resonance frequency of the corresponding transition.

A concrete implementation of this general idea to measure the braiding phase in driven-
dissipative fractional quantum Hall fluids of light was proposed in [151]. In the presence of
one or more localized repulsive potentials, the lowest energy two-photon eigenstate consists of
a Laughlin state pierced by quasi-holes pinned at the position of the potentials. When a single
quasi-hole is braided around the fluid at a radius r, from the center with a constant angular
velocity Q, the many-body wavefunction acquires at each roundtrip a phase given by the flux of
synthetic magnetic field enclosed by the trajectory. This phase, of geometric origin, is responsible
for the shift Aw, ofthe main N = 2-photon peak visible on the blue spectrum of Figure 6(b). When
a second hole is present at the origin, the shift Aw,, acquires an additional contribution due to
the braiding of one quasi-hole around the other,

Q
Awyo — Aw, = (pB,E. (60)

where @, is the braiding phase accumulated at each round trip and 27/Q is the time needed for a
round-trip. The frequency shift observed in the numerical simulation in Figure 6(b) is in excellent
agreement with the value theoretically extracted from a microscopic calculation of the many-
body braiding phase for this configuration. As it is discussed in detail in [151], the value of the
braiding phase tends to the topological value 7 as soon as the cloud has a macroscopic size and
edge effects can be neglected. In principle this requires a number N > 1 of particles; interestingly
in view of experiments, a qualitative effect is already visible for N = 3 and the asymptotic value is
closely approached for N ~ 10.

This theoretical prediction shows how the quantum superposition nature of the state that is
naturally generated in a coherent pumping process is not only a limitation of the preparation
process, but can be exploited as a new asset to observe the peculiar properties of the many-body
wavefunction of topological states of matter.

4.2. Incoherent pumping

In the previous subsection we have seen how the reversible nature of the coherent pumping pro-
cess makes the driven-dissipative steady-state to typically consist of a superposition of differ-
ent number states. If one wishes to concentrate the population on a single excited state, many-
photon generalizations of the n-pulses used in the coherent manipulation of the internal state
of atoms [148] can be envisaged. As the many-body states are very close in energy, sophisticated
quantum control techniques may be required to achieve a good selectivity, which furthermore
rely on some preliminary theoretical knowledge of the system.

An alternative way, inspired to population inversion in laser physics, is to exploit an incoherent
pumping scheme to irreversibly push the population upwards towards higher-N states. In its
simplest formulation with a broad-band incoherent pump as described within the Markovian
setting of (19), this incoherent pump scheme allows to efficiently push the population upwards
but the absence of energy-selectivity makes the population spread among the different many-
body states forming each N-photon manifold, typically in a uniform way [59]. As a result, the fluid
ends up displaying an effectively infinite temperature which prevents observation of interesting
quantum many-body effects.

A promising way-out is to introduce a frequency-selectivity of the pumping scheme which
provides non-Markovian features in the irreversible coupling between the system and the exter-
nal bath used for pumping. A simple implementation of this idea is sketched in the right panel
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of Figure 6 in the context of generating a FQH fluid of light: provided the spectrum of the inco-
herent pump is narrower than the many-body gap protecting the target FQH state, the pumping
cannot lead to states above the many-body gap. As states above the many-body gap cannot be
reached by loss processes either?, the population remains concentrated within the states below
the many-body gap. If the geometry of the fluid has periodic boundary conditions, the incom-
pressibility of the bulk puts an upper bound to the number of particles that can be accommo-
dated in a non-interacting state before one has to cross the many-body energy gap, e.g. a maxi-
mum of N = 3 particles for the configuration illustrated in the sketch. If the incoherent pumping
rate Ypump e€xceeds the loss rate y14¢5, the population is irreversibly pushed up along the ladder
of N states and gets eventually concentrated in the upmost available state which is indeed our
target FQH state.

The situation is slightly more complicate if the periodic boundary conditions are replaced by
a finite geometry with physical edges, e.g., when the fluid is subject to a confining potential [159]
or has open boundary conditions [160,161]. In these cases, the energy gap to the lowest edge
excitation is typically much smaller than the many-body gap in the bulk and scales inversely to
the cloud perimeter. This puts more and more severe constraints on the energy selectivity of the
pumping process that is required to suppress spurious edge excitations. However, since these
excitations are confined on the edge of the cloud, they do not create any harm to the topological
properties of the bulk which remains well stabilized in a very pure fractional quantum Hall state.

In order to put these qualitative arguments onto solid and quantitative grounds one needs
to develop a theoretical description that is able to account for the non-Markovian features
associated to the frequency-dependence of the pumping process. In [62,162], this was done
by explicitly introducing into the model two-level emitters that provide a frequency-dependent
injection of photons as discussed at the beginning of Section 2.2.4. This allows to reformulate
the frequency-dependent incoherent pumping in terms of a master equation in the Lindblad
form, which can then be solved with standard methods, e.g. using one of the numerical libraries
that are available for these tasks [146]. In the fast repumping regime where the emitters can be
adiabatically eliminated, a simplified photon-only description based on generalized Lindblad
master equation can be used, as presented in Section 2.2.4. This has provided interesting insight
both in lattice and in continuum geometries [63,163]. On top of these numerical works, some
analytical results have also been obtained in specific limiting cases [164], further confirming
the promise of this framework for the autonomous stabilization of FQH states. On top of
these feasibility studies, interesting consequences of the driven-dissipative nature of the fluid
have also been pointed out in theoretical works. While isolated quasi-holes in the bulk of a
standard equilibrium FQH fluid move along deterministic trajectories, typically with very low
speeds, a recent work [165] has anticipated that repeated loss and repumping processes in the
neighborhood of a quasi-hole give rise to an effectively stochastic motion of quasi-holes.

The conceptual facility of this mechanism for the autonomous stabilization of a fractional
quantum Hall fluid of light is a consequence of the peculiar structure of the many-body spectrum
and of the many-body eigenstates. Something similar occurs for the deep Mott insulator state,

4This is easy to see on the analytical form of the Laughlin wavefunctions of FQH states [101],

Y(zy,...,2N) = Pa1,...,2n) [] (2 - 2))P e~ Lilzil®
i>j
where P is an arbitrary symmetric polynomial in the normalized complex z; = (x; +i y;)/¢g coordinates of the i = 1,..., N
particles and p is an integer (even for bosonic particles like photons and odd for fermionic particles like electrons)
characterizing the specific FQH state under consideration. The non-interacting nature of this state is enforced by the
presence of factors (z; — z;) for any pair i, j of particles, which give zeros in the wavefunction for overlapping particles.
This impenetrability condition is preserved when a particle is removed from the system.
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whose stabilization was experimentally demonstrated [64] using a superconductor-based circuit-
QED platform operating in the wy > J regime (in the notation of the lattice Hamiltonian (56)).
In this limit, the thickness of the band of hole states (on the order of J) is much smaller than the
energy separation (on the order of wy,) from excited states featuring some doubly occupied site:
choosing a repumping rate J < I'p < wy; then guarantees an effective replenishing of any hole,
while suppressing the creation of unwanted doublons.

An even richer physics occurs when J and wy have comparable values, so that the driven-
dissipative condition interplays with the superfluid-insulator quantum phase transition occur-
ring at a finite critical value of J/wy [3]. In [166,167], a square-like form of the incoherent
emission spectrum, arising e.g. from an inhomogeneously broadened distribution of emitters,
was considered, that leads to an equilibrium-like superfluid-insulator transition. The case of a
Lorentzian spectrum was instead considered in [162] and specific nonequilibrium features were
pointed out for the superfluid-insulator transition. Beyond the steady-state, the spectrum of the
collective excitations on top of the driven-dissipative steady state was studied across the differ-
ent regimes in [62]: similarly to the equilibrium case, gapped particle-hole excitations are found
in the insulating state and a gapless Goldstone mode in the superfluid state. As a typical feature
of driven-dissipative systems, this latter was predicted to have the same diffusive properties as in
the weakly-interacting case discussed in Section 3.3.

5. Conclusions and perspectives

In this article we have reviewed the basic concepts of the driven-dissipative many-body physics
of quantum fluids of light and we have summarized the main theoretical tools used for their
description. A special emphasis has been given to those new effects and those new tools that
the driven-dissipative nature introduces for the stabilization and the manipulation of interesting
states of photonic matter.

As illustrative examples, in the weakly interacting regime, a suitable coherent pump can be
used to generate inhomogeneous flows displaying acoustic horizons; in topological photonic
systems, the interplay between the bandwidth of energy bands and the loss rate can be exploited
to smoothly transition from an anomalous Hall to a quantum integer Hall regime in the transverse
drift under crossed synthetic magnetic and electric fields. In the strongly interacting regime,
spectroscopical signatures of the anyonic braiding phase in fractional quantum Hall fluids of light
have been anticipated under coherent pumping and promising incoherent pumping schemes to
stabilize macroscopic strongly correlated fluids are being actively investigated.

These advances are opening exciting perspectives in a number of interdisciplinary directions,
at the crossroad of many-body physics, nonlinear statistical mechanics, and quantum simula-
tion of gravitational problems. As we have mentioned along the article, acoustic horizons in in-
homogeneous flows have been predicted to give acoustic analogs of Hawking radiation, which
could be experimentally detected in the intensity correlations of the emitted light. The flexibility
in the generation and the manipulation of different flow geometries is of utmost interest in view
of studying more complex phenomena where, e.g., Hawking radiation interplays with superradi-
ance and localized quasi-normal modes [168] of the underlying space-time. The coherence prop-
erties of condensates and quasi-condensates display universality features that fall in the frame-
work of the Kardar-Parisi-Zhang framework: going beyond the one-dimensional geometries con-
sidered so far in experiments, the combination of condensation with synthetic dimensions opens
the way to studies of nonequilibrium statistical mechanics and many-body effects in high dimen-
sional geometries beyond the three dimensions of our physical space [169]. Finally, application
of the frequency-dependent incoherent pumping techniques to strongly interacting photons in
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complex geometries and/or in the presence of non-trivial band topologies offers promising av-
enues towards the driven-dissipative stabilization of strongly correlated states of photonic mat-
ter and the observation of their peculiar collective excitations, including those Abelian and non-
Abelian anyonic statistics that are of interest for topological quantum computing [170].

Beyond quantum fluids of light, driven-dissipative schemes are presently attracting a growing
interest also in the context of ultracold atomic gases. A well-established direction is to design dis-
sipation channels that tend to push the atomic gas towards a desired many-body state [10-15]. A
more recent research avenue focuses on configurations where a net particle flux is established by
letting the system exchange atoms with several suitably designed reservoirs, either in an incoher-
ent way via inter-atomic collisions or in a coherent way via internal transitions driven by incident
electromagnetic fields. Examples of this strategy are the engineered evaporation leading to con-
densation into a (topological) excited state observed in [171] and, even more directly, the continu-
ously loaded Bose-Einstein condensate that was generated in the driven-dissipative steady-state
of a complex atom cooling apparatus in [16]. Taking inspiration from fluids of light [106,133], a
natural next question is to explore the consequences of the nonequilibrium nature on the coher-
ence and on the collective modes of the driven-dissipative atomic condensate. On the coherent
pumping side, macroscopic atomic reservoirs involving a condensate have been used to realize
atomic analogs of the coherent pumping schemes: first experiments have demonstrated bista-
bility effects in single mode geometries [17,18]; along the lines of the recent experiments demon-
strating baby fractional quantum Hall fluids of light [152], analogous work is in progress in the
direction of stabilizing strongly correlated states of atomic matter.
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