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Abstract. In this paper, we investigate the quasi normal modes (QNMs) of static spherically symmetric black
holes in the Einstein-bumblebee gravity model, taking into account the effects of the field mass and the cos-
mological constant. Through separation of the angular components, the scalar field perturbations outside
the black hole are reduced to a purely radial main equation. We calculated the quasinormal modes using
the matrix method and the WKB approximation, and also studied the dynamical evolution of the purely ra-
dial main equation using the finite difference method in the time domain. The eigenfrequencies of the wave-
forms from the time-domain evolution are fitted to cross-validate the frequency-domain results. The Lorentz-
violating parameter ¢, cosmological constant A, and scalar field mass pM affect QNMs. Specifically, increas-
ing ¢ decreases both real and imaginary parts of the monopole modes, but in the dipole and quadrupole
modes, the real part remains nearly unchanged while the imaginary part drops rapidly; rising A reduces both
parts of QNMs; increasing p M raises the real part and lowers the imaginary part. Time-domain analysis con-
firms these findings, clarifying how Lorentz symmetry breaking impacts QNMs in de Sitter spacetime.

Résumé. Dans cet article, nous étudions les modes quasi normaux (QNM) des trous noirs statiques sphéri-
quement symétriques dans le modéle de gravité Einstein-bumblebee, en tenant compte des effets de la masse
du champ et de la constante cosmologique. Grace a la séparation des composantes angulaires, les perturba-
tions du champ scalaire a I'extérieur du trou noir sont réduites a une équation principale purement radiale.
Nous avons calculé les modes quasi normaux a I'aide de la méthode matricielle et de I’approximation WKB,
et avons également étudié I'évolution dynamique de I'équation principale purement radiale a I'aide de la
méthode des différences finies dans le domaine temporel. Les fréquences propres des formes d’onde issues
de I’évolution dans le domaine temporel sont ajustées afin de valider les résultats dans le domaine fréquen-
tiel. Le parametre de violation de Lorentz ¢, la constante cosmologique A et la masse du champ scalaire uM
affectent les QNM. Plus précisément, 'augmentation de ¢ diminue a la fois les parties réelles et imaginaires
des modes monopodles, mais dans les modes dipoles et quadrupoles, la partie réelle reste pratiquement in-
changée tandis que la partie imaginaire diminue rapidement ; 'augmentation de A réduit les deux parties
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des QNM ; 'augmentation de M augmente la partie réelle et diminue la partie imaginaire. L'analyse dans le
domaine temporel confirme ces résultats, clarifiant ainsi 'impact de la rupture de la symétrie de Lorentz sur
les QNM dans I'espace-temps de Sitter.

Keywords. Lorentz violation, black hole, quasinormal modes.
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1. Introduction

In the context of general relativity, Lorentz invariance is a fundamental principle that underpins
both general relativity and the standard model of particle physics [1-4]. However, at high en-
ergy scales, particularly within quantum gravity, Lorentz invariance may no longer hold [5,6].
This limitation has prompted a growing interest in investigating Lorentz violation as a key path
toward deepening our understanding of the fundamental principles of modern physics. The
standard model extension is an effective field theory that integrates general relativity with the
standard model, incorporating dynamic curvature modes and terms that account for Lorentz-
violating effects at the Planck scale [7]. Under the influence of the local Lorentz force, violation
of Lorentz symmetry can be detected by nonzero vacuum expectation values of these indices [8—
21]. A notable approach to exploring Lorentz violation is the bumblebee model, a variant of Ein-
stein’s aether theory, characterized by a potential function that minimally rolls towards its vac-
uum expectation values [22]. Initially proposed by Kostelecky and Samuel in 1989 as a model
for spontaneous Lorentz-symmetry breaking [23], this model has since been studied for its im-
plications in various contexts. Casana et al. identified an exact solution in the bumblebee grav-
ity model that resembles the Schwarzschild solution, examining its effects on general relativistic
phenomena such as planetary perihelion progression, light bending, and time delays caused by
curvature [24]. Additionally, the solution has been extended to incorporate a cosmological con-
stant by Maluf [25], a significant advancement that enables a deeper exploration of the effects of
Lorentz violation in both de Sitter and anti-de Sitter spacetimes. Given the accelerated expan-
sion of the universe, current models suggest that the universe is asymptotically de Sitter. Thus,
this paper aims to explore the effects of Lorentz violation on the dynamical properties of black
holes in an asymptotically de Sitter spacetime. Furthermore, within this framework, more black
hole solutions have been solved [26-30]. Since then, this solution has served as a foundation for
further research into related topics, including quasinormal modes (QNMs) [31-35], black hole
shadows [36-43], photon trajectories [44], and studies on entanglement degradation [45,46] or
particle creation [47], as well as the metric affine case [48-54], among others [55-58].

On the other hand, in black hole physics, interactions between black holes and matter fields
are crucial for understanding black hole stability, testing the no-hair theorem [59], and develop-
ing new black hole solutions [60]. To study these interactions, researchers often use the linear ap-
proximation of black hole perturbation theory [61,62]. Black hole perturbations can be divided
into two types. The first type involves perturbations of the black hole’s metric itself, where gravi-
tational radiation from black hole disturbances exceeds that caused by external fields [63], mak-
ing it a key measure of black hole stability. The second type involves perturbations within the am-
bient spacetime of the black hole, arising from disturbances caused by matter fields. These per-
turbations reflect the dynamic behavior of matter fields near the black hole and offer insights into
the interactions between black holes and their environment. Similar to ripples on water caused
by external forces, spacetime oscillations propagate as gravitational waves, with energy gradu-
ally dissipating during transmission. Perturbative fields in black hole spacetimes typically un-
dergo three stages: initial bursts, QNMs, and power-law tails [64]. The latter two stages, linked to
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the intrinsic properties of the black hole, are of particular interest. These stages, often described
as the “ringdown” of black holes, exhibit characteristics akin to the acoustic signatures of black
holes [65]. By analyzing these signatures, researchers can identify and categorize different types
of black holes.

This paper investigates the QNMs and the dynamic waveform evolution in de Sitter black hole
spacetimes within the Einstein-bumblebee gravitational model and contrasts these outcomes
with the results from traditional Schwarzschild-de Sitter spacetimes [66]. The impact of different
Lorentz violation parameters on the properties of black hole spacetimes is explored. Section 2
of this manuscript provides a brief overview of the Einstein-bumblebee gravity model and
its underlying geometrical background, and derives equations of motion for the scalar field.
Section 3 describes the WKB method [67], employs numerical techniques to find the scalar field
QNMs, and presents the associated numerical results. Section 3 briefly introduces the matrix
method [68-70] and the WKB method [67] to solve the quasinormal modes of the scalar field
and presents the corresponding numerical calculation results. In Section 4, we delve into the
dynamical evolution of the scalar field under a small cosmological constant, revealing significant
late-time behavior characterized by power-law tails. The final section offers a perspective on
potential future research directions for this topic.

2. Einstein-bumblebee gravity model

The action describing Lorentz symmetry breaking is expressed as:

S:fd4x\/—_g

where « is the gravitational coupling constant, R is the Ricci scalar, A is the cosmological
constant, and ¢ is a real coupling constant determining the nonminimal gravitational interaction
of the bumblebee field B,. The field strength of the bumblebee field is defined as B,y = 0, By —
0y By, and £y describes the matter. The potential V is givenby V = V(B,B¥ + b?), which provides
a nonzero vacuum expectation value (B,). Importantly, the selected potential V' is designed
to ensure that the bumblebee field (B,) = b, has a nonzero vacuum expectation value, which
triggers the spontaneous breaking of Lorentz symmetry. The potential V reaches a minimum at
B“BH + b?, where b is a positive real constant. The + sign indicates that, depending on whether
the bumblebee field is timelike or spacelike, different scenarios may arise.

By varying the action with respect to the metric tensor g, and the bumblebee field B#
separately, the equations of motion for the vacuum gravitational field and the bumblebee field
can be derived:

1
—(R—2A)+§B’"‘B"RW—V(B“BMib2)+$M , (@))]
2K

1 M B
Ry = 5 8uv(R=20) =X T + KTy, @)
VB, =2V'B, - EB“RW. 3)

Here, T,% is the energy-momentum tensor of the matter field and
1 ¢
TS, =B B% - ZBaﬁB“ﬁ +2V'ByBy — Vg + ~Buv, 4)
is the bumblebee energy-momentum tensor with
1 1
ggyv = EBaBﬁRaﬁgﬂv - B#BaRva - B"BaR#a + EVWVNBQBV

1 a 1 2 1 anpp
+5VaVyB By = SV2BuBy — - guVaVpB BL.  (5)
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By solving this system of differential equations, one can obtain curved spacetime metrics
with asymptotically de Sitter (dS) or anti-de Sitter (AdS) properties under the influence of the
bumblebee field. These can also be referred to as Einstein-bumblebee black hole metrics, and
their line element is given by:

ds® = —F(r)de* + (1 + OF(r)"" dr? + r* d6* + r’sin® 6 dg?, 6)

where F(r) represents the metric function, specifically given by F(r) =1 - @ - %rz. The

factor denoting Lorentz symmetry breaking, symbolized by ¢, indicates the level of spacetime
symmetry disruption. This factor is determined jointly by the coupling constant ¢ and the
nonzero vacuum expectation value of the bumblebee field b, with the formula ¢ = {b?. Notably,
Aegr is the effective cosmological constant, which is defined as Aefp = A—¢& b?,and A is the Lagrange
multiplier field [31]. Together with the constraint B'“Bu + b? = 0, it ensures that the cosmological
constant can be reasonably accommodated within the bumblebee gravity model. In other words,
a direct relationship exists between the effective cosmological constant and the cosmological
constant, as defined by the constraint:

A=14+0) At (7)

The metric function in references can thus be rewritten as F(r) = 1— @ - ATr, which is consistent

with the Schwarzschild-de Sitter case. However, the asymptotic behavior of the metric at infinity
is not consistent with the Schwarzschild—de Sitter case, and the influence of Lorentz violation also
needs to be considered. When the cosmological constant A is zero, the resulting metric coincides
with the results obtained by Casana in 2018 [24]. When the Lorentz violation parameter ¢ = 0,
the metric simplifies to Schwarzschild—(A)dS. The incorporation of the cosmological constant
modifies the structure of spacetime, resulting in a dual horizon configuration that encompasses
both the black hole event horizons and cosmological horizons. This means that the metric
function can be reformulated as [71-73]:

3
In this manuscript, r; and r. represent the black hole event horizon and the cosmological
horizon, respectively [66,74]. Our universe is situated between these two horizons, specifically in
the exterior communication region where r;, < r < r.. This region is causally disconnected from
both the interior region of the black hole, where r < rj, and the external region of the universe,
where r > r.. Consequently, the exterior communication region is causally independent in its
structure.

A T
F(r):—(1—7)(rc—r)(r+rh+rc). 8)

2.1. Massive scalar field perturbation equation

The equation of motion for a massive scalar field is described by the Klein—-Gordon equation:

1

——0,(\/~gg""0,®) = °, 9)
\/_—g ,Lt( v )

where g denotes the determinant of the metric. We employ spherical harmonics Y (8, ) to
separate variables in the scalar function ®:

o(t,1,0,¢) = %w(t, nY ™, ¢). (10)

Inserting equation (10) into equation (9) yields a mixed equation for the radial and angular com-
ponents. By utilizing the associated Legendre equation in spherically symmetric coordinates, we
can rewrite the angular part as an eigenvalue expression as follows:

0 0 1 0
—(sin@—) +

JE— Lm _ Lm
sin6 00 00 LL+ 1Y, ub

sin? 0 d¢?
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where L represents the angular quantum number [75]. The angular component from the mixed
equation can be eliminated by substituting into the eigenvalue equation (11), resulting in a purely
radial master equation given by:
F(r)za—2 - +€)6—2 +F(r)F’(r)i -V(r)

ar? or? or
where the prime notation (') indicates differentiation with respect to the radial coordinate, and
V (r) represents the effective potential for scalar perturbations, expressed as

V(r) = 0 M 2Ar” .
r2 3

The equation can be transformed into a form akin to the Schrédinger equation by applying a
tortoise coordinate transformation. Continuing from the previous transformation,

w(t,r) =0, (12)

A+OLL+1)+ 1+ 0r°u* + (13)

1
T's :fmdr:nhln(r—rh)+ncln(rc—r)+17iln(r+rh—i-rc), (14)

where n; = -ny, — 1., and
3y 1 1
Mh= 3~ (re=rp) " (rp+2re) 7,
(15)

3r, -
Ne= Tc(r}zﬁ rhrc—er) L

Substituting the transformed time coordinate ¢, = t/v 1+ ¢, the reformulated master equation is

expressed as:

0> 0°

32 a2~ V|wen=o. (16)
We can use standard methods to solve the eigenfrequencies of the equation, such as the matrix
method [68-70]. It is worth noting that if the field mass is not considered, we can also use the
WKB method to verify the results [67,76]. Meanwhile, we plotted the potential V (r) against r for
various parameters in Figure 1. From the potential plot, when p = 0, we can see that it satisfies

the criteria required by the WKB method.

L=2, A=0.01 and M=1.

0.4f .
0.3F 1
E 0.2}F . - (’:O
= =05
=1
0.1f 1
0.0
2 4 6 8 10

r/M
Figure 1. The effective potentials for L =2 and A = 0.01 are shown.

In such black hole spacetime systems, the dissipation of energy primarily arises from the
imposition of fully absorbing boundary conditions. Specifically, this includes two requirements:
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at the black hole horizon, the perturbation must be an incoming wave, and at infinity, it should
be an outgoing wave. These boundary conditions apply to asymptotically flat spacetimes. More
precisely, the boundary conditions encompass two stipulations: perturbations must manifest as
ingoing waves at the black hole horizon and as outgoing waves at infinity. However, in de Sitter
or anti-de Sitter spacetimes, the choice of boundary conditions differs. In de Sitter spacetimes,
the de Sitter horizon replaces the role traditionally played by spatial infinity; in anti-de Sitter
spacetimes, the requirement for the convergence of solutions at spatial infinity supersedes the
condition for outgoing waves. These distinct boundary conditions reflect the unique properties
of different types of spacetimes. If equations in the frequency domain are considered, one can
separate variables in the wave function, allowing for v (t,r) = w(r)e~'“?, the so-called harmonic

ansatz, leading to
2

d 2
Pu/(r)+ [1+OHw” =V ()]y(r) =0. (17)

The quasinormal mode problem fundamentally represents a frequency eigenvalue problem for
the wave equation. The real and imaginary parts of the quasinormal mode frequency w = wr+iw;
each have distinct physical meanings expressed by e ?“? = ¢7i@r!g®I! The real part wg clearly
represents the oscillation frequency of the perturbation mode, whereas the imaginary part w;
indicates the rate of exponential growth or decay of the perturbation. If w; is negative, it
indicates that the perturbation decays over time, suggesting that the mode is stable; conversely,
a positive w; signifies an unstable mode, under which the black hole spacetime might undergo
substantial changes.

3. Numerical methods and quasinormal modes

To determine the frequencies of quasinormal modes, one must impose physically meaningful
boundary conditions on the solutions of the wave equation in black hole spacetimes. These
conditions dictate the asymptotic behavior of the scalar field, which varies depending on the
spacetime geometry. In general, the field’s asymptotic form is expressed as:

GO I's — —00,
w(r)~ FOK@I oo (18)

where G(w) and K(w) are functions governed by the spacetime’s asymptotic properties, specif-
ically the effective potential near the boundaries, and a reflects the physical system’s charac-
teristics [77,78]. In Einstein-bumblebee black holes with massive fields, for example, we set
G(w) = —iV1+/lw and K(w) = £1/(1+ ¢)(w? — p?). Here, solutions with Re[K(w)] > 0 represent
quasinormal modes with outgoing behavior at infinity, while those with Re[K(w)] < 0 indicate
exponentially decaying quasibound states, the latter being outside this study’s scope [77]. These
distinct spectra coexist, each influencing the field’s evolution differently, with quasibound states
notably linked to superradiant instabilities. By contrast, in Einstein-bumblebee de Sitter space-
time, where the effective potential diminishes at both the event and cosmological horizons, we
adopt G(w) =—iv1+¢w and K(w) = iV1+ fw, yielding oscillatory solutions at both limits:

e~ iV1+lor, e — —00
1//(r) . » ’

el 1+lwry ,

(19)

s — 00,

irrespective of the field’s mass, thus eliminating the quasibound spectrum. In what follows,
we will explore three distinct approaches to calculate the quasinormal frequencies in Einstein-
bumblebee de Sitter black holes.
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3.1. Matrix method

The Matrix Method (MM) offers a versatile approach to solving eigenvalue problems by employ-
ing an interpolation strategy that avoids reliance on a structured grid. This technique transforms
the perturbation equations, together with their boundary constraints, into a homogeneous ma-
trix equation through the discretization of the underlying linear partial differential equation [69].
At the core of this method, the unknown eigenfunction is approximated using Taylor series ex-
pansions, constructed up to the Nth order around N selected points within the domain. These
points, while capable of being irregularly spaced to optimize precision versus computational
cost, are in this instance chosen to form a uniform grid over [0, 1]. Solving the resulting system of
linear algebraic equations yields the desired eigenvalue.
To simplify the radial domain, a change of variable is introduced:
r—rp

Fe—Th

mapping the interval r € [ry, r¢], which represents the outer communication region of a black
hole, onto x € [0,1]. The function y(x) is defined to vanish at the boundaries, i.e., y(0) = 0 and
x(1) =0, and is linked to the wave function wli (x) via:

P ) = x(1 - x) (1 — ) VOFOOne = IVIROm, (), @1

The perturbation equations are then reexpressed in a compact differential form:
75 (0" () + A3 (0 () + 55 () (x) =0, (22)

where the coefficients ra—’ (%), /13’ (x), and sa—’ (x) are numerically evaluated based on the effective
potentials, the coupling parameter ¢, and the black hole horizons r, and r.. These horizons
depend on the mass M, the effective cosmological constant A, and the multipole number ¢.

For numerical solution, the differential equation is discretized across a uniform set of grid
points in [0, 1]. Around each point, y(x) is expanded via Taylor series, enabling the construction
of differential matrices. This process converts the differential equation into a matrix system:

(Mg +wM{)x(x) =0, (23)

where y is a vector containing the values of y(x) at the grid points, and M; and M;" are matrices
built from the coefficients and differential operators. The QNM frequencies w are determined by
finding the values that satisfy:

|Mg +wM; | =0. (24)

A distinguishing feature of the MM is its adaptability: the placement of interpolation points
can be tailored to enhance accuracy in critical regions, though here a uniform distribution is
adopted for simplicity. This flexibility makes the method particularly effective for balancing
computational efficiency with the precision required in complex physical systems like black hole
perturbation analyses.

3.2. Wenzel-Kramers—Brillouin (WKB) approximation method

Alternatively, to verify the results of the matrix method, we can employ the WKB method to cal-
culate the quasi-normal modes when p = 0. In 1926, Wenzel, Kramers, and Brillouin introduced
a semiclassical approximation method for solving the Schrédinger equation. In the field of quan-
tum mechanics, this method is extensively used for semiclassical calculations, such as calculating
the penetration rates of bound state potential barriers. The WKB approximation integrates ele-
ments of both classical and quantum theories, offering an effective tool for addressing challenges
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Figure 2. Complex massless scalar frequencies for the n = 0 mode for varying values of ¢.

that are difficult to resolve through purely classical or quantum approaches. This is particularly
advantageous in dealing with potential barrier penetration and quantum tunneling effects.

For a general effective potential Veg(r), the formula for the sixth-order WKB approximation is
as follows [67,76]:

W' -V 1
l——Ag—Ag—A4—A5—A6:I’l+E, (25)
!
A
where Vo = V;, -, is the peak position of the effective potential, and Vé’ = ;—;Vr*:rmax denotes

the second derivative of the potential with respect to the tortoise coordinate at ryay, which cor-
responds to the maximum value of the potential V. n is the overtone number, and A; represent
the correction coefficients in the WKB method. The order of these corrections determines the
precision of our numerical results. Owing to their complexity, the methodology and the specific
forms of the coefficients are described in reference [67].

3.3. Quasinormal mode numerical results

Scalar modes exist for any angular quantum number L, with particular attention given to three
modes: L = 0 for the monopole mode, L = 1 for the dipole mode, and L = 2 for the quadrupole
mode. The impact of the Lorentz violation parameter, ¢, on the frequencies of these quasinormal
modes is detailed for each mode.

Figures 2(a)—(f) show the QNMs of a massless scalar field using the WKB method. As the
Lorentz violation parameter ¢ increases, both the real and imaginary parts of the quasinormal
modes in the monopole modes tend to decrease. In dipole and quadrupole modes, changes
in the real part of the quasinormal modes are not significant, but the imaginary parts decrease
rapidly. Additionally, when the cosmological constant A increases, the overall behavior of the
quasinormal modes tends to decrease. The impacts on the dipole and quadrupole modes are
similar in trend but different in magnitude. Anomalous behavior is observed in the monopole
mode, where the cosmological constant A seems to have a negligible effect on the imaginary
part. The validity of these results will be verified in the next section through fitting dynamical
waveforms.
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Figure 3. Complex massive scalar frequencies for the n = 0 mode for varying values of M.

Figures 3(a)-(f) illustrate the variation of the real and imaginary parts of QNMs with increasing
field mass under different Lorentz-violating parameters in the presence of a cosmological con-
stant using the MM method with N = 30. For the dipole and quadrupole modes, the influence
of the field mass on the frequency is monotonic: the real part increases and the imaginary part
decreases as the field mass grows. It is worth noting that all parameters investigated in this work
reduce the imaginary part of QNMs; however, while the Lorentz-violating parameter leads to a
relatively mild suppression, the field mass produces a more rapid decay, as clearly shown in the
figures.

In contrast, the monopole mode exhibits significantly different behavior. For small masses
satisfying uM < 0.1, the field mass appears to have almost no effect on the QNM spectrum,
whereas in the larger-mass regime its influence becomes similar to that of higher multipole
modes. This anomalous “bump,” as seen in Figures 3(a)—(b), is not a numerical artifact but a
genuine physical effect. The key reason lies in the absence of the angular momentum barrier
for L = 0 perturbations, which makes the effective potential predominantly governed by the
cosmological constant at large scales. In the small-mass regime, the scalar field mass modifies the
asymptotic fall-off of the effective potential in such a way that it partially cancels the A-induced
contribution, thereby generating the observed non-monotonic behavior. As the field mass
increases further, the mass term gradually dominates over the cosmological constant, and the
frequencies return to the monotonic trend found in the dipole and quadrupole cases. Therefore,
this “bump” phenomenon reflects a subtle but important interplay between the cosmological
constant and the scalar field mass in the monopole sector. It highlights that the L = 0 mode is
qualitatively different from higher multipole perturbations, which are stabilized by the angular
momentum barrier and hence do not display this non-monotonic feature.

4. Dynamical evolution

In a finite time domain, the numerical evolution of an initial wave packet governed by the time-
dependent Schrodinger equation (16) can be considered [67]. Using the Eddington-Finkelstein
coordinates, the following coordinate transformation is applied to the equation [79]:

U="t,—Ty, V=1t + Ty, (26)
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where the time-dependent Schrédinger equation can be rewritten as:
vy (u,v)

0,0,

Using light-cone coordinates simplifies the analysis of the wave function [80], as the equation
adopts a simpler form in these coordinates. In particular, the equation transforms into a wave
equation in the variables u and v, which can be addressed via standard methods such as the
finite difference method (FDM) [81-83]. The waveform of v (u, v) is determined by applying the
following initial conditions to equation (16):

4 -V(u,Vw(u,v)=0. 27)

(v— Vc)z
2y?
Here, (0, v) represents a Gaussian wave packet with width y at v.. The observer’s position is set
at ten times the radius of the black hole’s event horizon, defined as rp = 20M. The dynamical
evolution waveform is subsequently obtained by numerically solving the partial differential

equation.

w@,0=0,  y(0,v)=Exp : (28)
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Figure 4. The time evolution of the wave function 1 corresponds to the scalar perturbation
in the L =2 mode.

Figures 4(a)-(i) display the dynamical evolution waveforms of scalar field perturbations under
various black hole parameter conditions. Here, we perform a coordinate transformation (u, v) —
(t«,7+) on the result obtained for v (u, v) from equation (27) to restore it to the same spacetime
coordinates used during the calculation of QNMs. These waveforms correspond to cases where
the cosmological constant A takes values of A =0, A = 1073, and A = 1072 and where the
Lorentz violation parameter, ¢, is set to £ =0, £ = 0.5, and ¢ = 1, under the quadrupole mode
(L = 2). We have added the logarithmic evolution plot of the scalar perturbation wave function
for the L = 2 mode in Figures 5(a)-(i), where the linear decay of the amplitude |1//(t)| directly
corresponds to the extraction of the imaginary part of the QNMs, w;. When the cosmological
constant A is zero, the images generally exhibit significant tailing phenomena. However, for
moderate values of the cosmological constant, tailing only occurs when the Lorentz violation
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Figure 5. The time evolution of the wave function || corresponds to the scalar perturba-
tion in the L = 2 mode (logarithmic version).

parameter ¢ is small. Under conditions of a relatively large cosmological constant, the tailing
phenomenon completely disappears. This finding indicates that in de Sitter spacetimes, the
magnitude of the cosmological constant substantially dictates the occurrence of tailing, whereas
Lorentz-symmetry breaking can make the tailing less pronounced. As the Lorentz violation
parameter ¢ increases, the decay rate of the field decreases with a fixed cosmological constant,
reflecting the physical manifestation of the decrease in the imaginary part of the quasinormal
mode frequencies.

Table 1. A comparison is conducted between the matrix method, the WKB approximation,
and the waveform fitting for the L = 2 mode with different values of the cosmological
constant and Lorentz-violating parameters.

Matrix method WKB Fitting
=0 - 0.483642 —0.096761i 0.482891—0.096664 i
A=0 ¢=05 - 0.479592-0.078854i 0.479536—0.078892 i
/=1 - 0.477556 —0.068236i 0.475290 —0.068328 i
=0  0.482488-0.097261i 0.481284-0.096391i 0.481282—0.096459 i
A=10"3 ¢=0.5 0.478058-0.080636i 0.477306—0.078543i 0.477337—0.078467i
/=1 0.474743-0.071302i 0.473508—-0.067951i 0.473536—0.068098 i
(=0 0.459638 —0.092853i 0.459636 —0.0928597 0.459627 —0.092887 i
A=10"2 ¢=0.5 0.456312-0.075539i 0.456132-0.075540i 0.456325—0.075619 i
f=1  0.454652—0.0652967 0.454652—0.065296i 0.454691—0.065451i

Finally, we present the fitted results and compare them with those obtained using the matrix
method and the WKB approximation, as shown in Table 1. Due to fundamental differences in the
boundary conditions described earlier, when A = 0, the results of the Einstein-bumblebee space-
time cannot be directly derived as the limiting case of the Einstein-bumblebee dS spacetime;
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therefore, in the matrix method adopted in this paper, we cannot obtain results for the A = 0
case. When the cosmological constant is small, the accuracy of the matrix method for N = 30 is
poor, but this low accuracy can be improved by increasing the matrix order. However, when the
cosmological constant is large, the matrix method exhibits very high accuracy, even with a low
matrix order such as N = 15. Despite the potential for inherent errors in the numerical computa-
tion process and the limited number of parameters in the fitting procedure, the results obtained
via the WKB approximation and the finite difference method meet the required accuracy. Fur-
thermore, our fitting results demonstrate consistency between the WKB approximation and the
finite difference method.

5. Conclusion

In this work, we investigated scalar field perturbations within the Einstein-bumblebee theory by
incorporating a cosmological constant. We derived the equation of motion for a massive scalar
field, solved for the eigenfrequencies in the massive case using the matrix method, and verified
the results in the massless case using the WKB approximation and the finite difference method.
Moreover, we systematically analyzed the dependence of quasinormal mode frequencies on
black hole parameters and numerically simulated dynamical waveforms characterizing scalar
perturbation evolution in this spacetime. The approaches and results of this paper can be
naturally extended to other black hole spacetimes within this theoretical framework, particularly
to rotating black holes. Given the presence of superradiance phenomena in rotating black
holes [84-87], their dynamical stability remains a significant open issue in black hole physics.
Beyond this, our study also provides a starting point for exploring broader aspects of Lorentz-
violating gravity, such as its implications for relativistic quantum information tasks in curved
spacetimes [88-96] and the topological classification of black hole thermodynamics [97-108].
These directions are promising avenues for future work, which could deepen our understanding
of both the microscopic and macroscopic manifestations of Lorentz symmetry breaking.
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