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Abstract. Brownian motion near soft surfaces is a situation widely encountered in nanoscale and biological
physics. However, a complete theoretical description is lacking to date. Here, we theoretically investigate
the dynamics of a two-dimensional colloid in an arbitrary external potential and near a soft surface. The
latter is minimally modelled by a Winkler’s foundation, and we restrict the study to the colloidal motion in
the direction perpendicular to the surface. We start from deterministic hydrodynamic considerations, by
invoking the already-established leading-order soft-lubrication forces acting on the particle. Importantly, a
negative softness-induced and position-dependent added mass is identified. We then incorporate thermal
fluctuations in the description. In particular, an effective Hamiltonian formulation is introduced and a
temperature-dependent generalized potential is constructed in order to ensure equilibrium properties for the
colloidal position. From these considerations and the Fokker–Planck equation, we then derive the relevant
Langevin equation, which self-consistently allows to recover the deterministic equation of motion at zero
temperature. Interestingly, besides an expected multiplicative-noise feature, the noise correlator appears to
be modified by the surface softness. Moreover, a softness-induced temperature-dependent spurious drift
term has to be incorporated within the Ito prescription. Finally, using numerical simulations with various
initial conditions and parameter values, we statistically analyze the trajectories of the particle when placed
within a harmonic trap and in presence of the soft surface. This allows us to: (i) quantify further the influence
of surface softness, through the added mass, which enhances the velocity fluctuations; and (ii) show that
intermediate-time diffusion is unaffected by softness, within the assumptions of the model.

Résumé. Le mouvement brownien proche de surfaces déformables est une situation fréquemment rencon-
trée en physique à l’échelle nanométrique et en biologie. Cependant, une description théorique complète
fait encore défaut à ce jour. Dans cet article, nous étudions théoriquement la dynamique d’un colloïde bidi-
mensionnel soumis à un potentiel extérieur arbitraire, au voisinage d’une surface élastique. Cette dernière
est modélisée de manière minimale par une réponse de type Winkler, et nous restreignons l’étude au mou-
vement du colloïde dans la direction perpendiculaire à la surface. Nous commençons par des considérations
hydrodynamiques déterministes, en invoquant les forces de lubrification élastique, au premier ordre en dé-
formabilité, déjà établies. Il est important de noter qu’une masse ajoutée, négative et dépendante de la posi-
tion, induite par la déformation de la surface, est identifiée. Nous incorporons ensuite les fluctuations ther-
miques dans la description. En particulier, une formulation hamiltonienne effective est introduite et un po-
tentiel généralisé dépendant de la température est construit afin d’assurer les propriétés d’équilibre pour la
position du colloïde. À partir de ces considérations et de l’équation de Fokker–Planck, nous dérivons ensuite
l’équation de Langevin pertinente, qui permet de retrouver de manière auto-consistante l’équation détermi-
niste du mouvement à température nulle. Il est intéressant de noter qu’en plus du bruit multiplicatif attendu,
le corrélateur du bruit semble être modifié par la déformabilité de la surface. De plus, un terme de dérive
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spurieuse dépendant de la température, induit par l’élasticité, doit être incorporé dans la prescription d’Ito.
Enfin, en utilisant des simulations numériques avec diverses conditions initiales et valeurs de paramètres,
nous analysons statistiquement les trajectoires de la particule lorsqu’elle est placée dans un piège harmo-
nique en présence de la surface élastique. Cela nous permet de : (i) quantifier l’influence de l’élasticité de la
surface, à travers la masse ajoutée, qui renforce les fluctuations de vitesse ; et (ii) montrer que la diffusion à
temps intermédiaire est indépendante de l’élasticité, dans les hypothèses du modèle.

Keywords. Brownian motion, soft lubrication, elasticity.
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1. Introduction

Since its first observation and subsequent theoretical explanation [1–4], Brownian motion has
increasingly become a central paradigm in the field of statistical physics [5–8]. Adding further
complexity, as inspired from microfluidic, biological and nanoscale physics, the transport prop-
erties of colloids are expected to be strongly dependent on their surroundings [9]. An illustration
of this statement is the pioneering experimental study of colloids confined between two flat rigid
walls [10]. In this case, the mobility is hindered as a consequence of the no-slip boundary con-
dition [11,12], which leads to spatially-inhomogeneous and anisotropic diffusion, as well as non-
Gaussian displacements along the walls. There have been several experimental and numerical
developments [13–19] to test these ideas and the associated theoretical predictions. The hydro-
dynamic coupling between two Brownian particles is also modified by the nearby presence of a
rigid wall [20]. Similarly, the velocity auto-correlation function of a single particle is modified by
the presence of a rigid wall [21,22]. Interestingly, the modification of the diffusive properties of
confined colloids can also be used to measure slip lengths at solid-liquid interfaces [23].

However, real and biologically-relevant surfaces are often soft and complex. A natural and
important question thus arises in this context: what is the influence of surface softness on
nearby Brownian motion? A few studies along this line of thought have been carried out for fluid
interfaces [24–26], fluctuating surfaces [27,28], biological membranes [29], lipid bilayers [30],
viscoelastic walls [31], or a harmonic spring [32]. Nevertheless, in most cases, a weak-coupling
regime with a point-like tracer particle is considered. In contrast, the large-coupling regime
where the gap between the particle and the boundary is small compared to the particle size and
where the motion-induced lubrication pressure is sufficient to deform the boundary and in turn
rectify the flow around the particle has been scarcely addressed. A recent experimental work on
soft colloids near a wall [33] indicated the possible emergence of a novel force induced by the
intricate coupling between thermal fluctuations, confined viscous flow and boundary elasticity,
with potentially-important implications for biophysics. However, a proper statistical-physics
description of such a situation is still needed.
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Interestingly, the deterministic part of the problem has already been addressed in recent years.
In particular, an emergent ElastoHydroDynamic (EHD) lift force at zero Reynolds number was
theoretically predicted for elastic bodies moving nearby in a viscous fluid [34]. This intriguing
effect and other near-contact EHD couplings have been further explored through soft-lubrication
theory [35–55], and experiments [56–69], indicating a potential relevance for biological and
nanoscale systems, through, e.g., cartilaginous-joint lubrication, particle filtering, drug delivery,
and contactless rheology. Although there are now several reviews on this area of research [70–
73], and despite the potential impact on Brownian dynamics of such couplings, including further
thermal fluctuations represents the crucial second part of the problem — which remains to be
addressed.

In this article, we thus theoretically investigate the Brownian dynamics of a colloid near and
perpendicularly to a soft surface. Specifically, we incorporate thermal fluctuations into the
previously-studied deterministic case, at leading order in soft lubrication, for a linear and local
elastic response. First, we identify a softness-induced added mass term. Then, we derive an
effective Langevin equation and identify the modified noise correlator due to surface softness.
Besides, we find a softness-induced temperature-dependent drift, similar to the spurious drift
in Ito calculus, which is necessary to enforce the Gibbs–Boltzmann distribution at equilibrium.
Numerical solutions are then obtained and discussed for the case where the particle is trapped in
a harmonic potential in addition to moving near the soft surface.

2. Theory

2.1. System and notations
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Figure 1. Schematic of the system. A two-dimensional colloidal particle (light grey) of
radius r and mass per unit length M is free to move along the vertical direction z̃ and time t̃
under the action of thermal fluctuations, at temperature T̃ , and an external potential Ṽ (q̃),
where q̃(t̃ ) is the particle’s vertical coordinate with respect to the z̃ = 0 line. The motion
takes place in a Newtonian liquid (blue) of dynamic shear viscosity η, and remains close
to a flat horizontal rigid substrate (dark grey) coated with a soft elastic layer (yellow) of
thickness hs, and Lamé’s coefficients µ and λ. We denote by δ̃(x̃, t̃ ) the deformation field of
the soft layer.

The system at stake is shown in Figure 1. It is inspired from [44] for the deterministic aspects
that we briefly recall below, but with the key addition of thermal fluctuations. We consider a two-
dimensional colloidal particle of radius r and mass per unit length M , within a Newtonian liquid
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of dynamic shear viscosity η, at temperature T̃ . We assume that the motion of the particle occurs
in the vicinity of a flat horizontal rigid substrate coated with a soft elastic layer of thickness hs,
and Lamé’s coefficients µ and λ. We denote by δ̃(x̃, t̃ ) the deformation field of the soft layer along
the vertical coordinate z̃, which is a function of the horizontal coordinate x̃ and time t̃ . For the
sake of simplicity, we here limit ourselves to motions wherein the particle has only one degree of
freedom: the gap distance q̃(t̃ ) between the particle and the undeformed boundary (z̃ = 0), along
the vertical direction z̃. In this model, it is assumed that there is no direct energetic interaction
between the soft layer and the particle, the only interaction being of hydrodynamic origin.

We further assume that q∗ = ϵr ≪ r , where q∗ is a typical scale for q̃(t̃ ) and where ϵ is the as-
defined scale ratio. Due to this scale separation, we invoke the lubrication approximation, where
the viscous stresses are small relative to the motion-induced hydrodynamic pressure field P̃ (x̃, t̃ ),
which itself is independent of z̃ and vanishes far from the near-contact region as x̃ →±∞. The
horizontal extent l (t̃ ) of the flow-induced pressure disturbance satisfies l (t̃ ) ≫ q̃(t̃ ), and scales

as l (t̃ ) ∼
√

r q̃(t̃ ) ≪ r , so that, as for Hertzian contact, we can assume a parabolic shape of the

liquid-gap profile h̃(x̃, t̃ ), as:

h̃(x̃, t̃ ) = q̃(t̃ )− δ̃(x̃, t̃ )+ x̃2

2r
. (1)

The thin soft compressible layer is described by linear elasticity, and may also be treated via a
lubrication-like theory for elastic deformations if hs ≪ l (t̃ ), leading to a Winkler-like local elastic
response to the flow-induced pressure disturbance [74], as:

δ̃(x̃, t̃ ) =− hs

2µ+λ P̃ (x̃, t̃ ). (2)

To characterize the motion of the particle near the soft layer, we need to calculate the vertical
drag force created by the flow-induced pressure field in the contact zone. We define the horizon-
tal fluid velocity ũ(x̃, z̃, t̃ ) along x̃. We then non-dimensionalize the problem using the following
choices: z̃ = zr ϵ, h̃(x̃, t̃ ) = h(x, t )r ϵ, q̃(t̃ ) = q(t )r ϵ, x̃ = xr

p
2ϵ, t̃ = tr

p
2ϵ/c, ũ(x̃, z̃, t̃ ) = u(x, z, t )c,

and P̃ (x̃, t̃ ) = P (x, t )ηc
p

2/(r ϵ3/2), where we have introduced a velocity scale c that can be e.g.
fixed from the mobility and the given force in a specific problem, as well as the dimensionless
viscosity:

ξ= 6πηr

ϵMc
. (3)

With these definitions, the dimensionless gap profile given by eq. (1) becomes:

h(x, t ) = q(t )+x2 +κP (x, t ), (4)

where the dimensionless softness is defined as:

κ=
p

2hsηc

r 2ϵ5/2(2µ+λ)
. (5)

We assume that κ≪ 1 and restrict the solution to first perturbative order in κ.
In the lubrication approximation, the dimensionless steady Stokes equations for incompress-

ible viscous flow are given by:

∂2u(x, z, t )

∂z2 = ∂P (x, t )

∂x
, (6)

together with no-slip boundary conditions, u
[
x, z = −κP (x, t ), t

] = 0 and u
[
x, z = h(x, t ) −

κP (x, t ), t
] = 0. Solving eq. (6) with these boundary conditions, and invoking the condition of

volume conservation:
∂h(x, t )

∂t
+ ∂

∂x

∫ h(x,t )−κP (x,t )

−κP (x,t )
dz u(x, z, t ) = 0, (7)
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yields the following equation for the evolution of the gap:

12q̇(t )+12κ
∂P (x, t )

∂t
= ∂

∂x

[
h(x, t )3 ∂P (x, t )

∂x

]
, (8)

where the dot corresponds to the total derivative with respect to the dimensionless time t . The
solution P (x, t ) of this equation allows us to evaluate the dimensionless vertical pressure-induced
drag force per unit length D exerted on the particle, through:

D ≃
∫ ∞

−∞
dx P. (9)

Invoking the following expansion for the dimensionless pressure, P ≃ P (0) + κP (1), where
P (0)

∣∣
x→±∞ = P (1)

∣∣
x→±∞ = 0, the soft-lubrication force per unit length can be obtained at first

order in dimensionless softness κ [44].

2.2. Deterministic equation of motion

At zero temperature, the dimensional equation of motion of the particle (per unit length) reads:

M
d2q̃

dt̃ 2
= f̃ , (10)

where f̃ is the total force per unit length exerted on the particle, which contains the previously-
described soft-lubrication contribution at first order in softness, as well as any additional exter-
nal force (per unit length) that derives from a potential per unit length Ṽ (q̃). Invoking the dimen-
sionless variables, and defining further the dimensionless force per unit length as f = 2r f̃ /(Mc2),
the dimensionless deterministic equation of motion reads:

q̈ = f . (11)

By identification with [44, eq. (3.7)], when the motion is solely restricted to the direction perpen-
dicular to the wall, one has:

f =−ξ q̇

q3/2
− κξ

4

(
21

q̇2

q9/2
− 15

2

q̈

q7/2

)
−V ′(q), (12)

where V (q) is the dimensionless version of the external potential per unit length Ṽ (q̃), and where
the prime denotes the derivative with respect to q . Therefore, the deterministic equation of
motion can be rewritten as:

m(q)q̈ =−ξ q̇

q3/2
− 21κξ

4

q̇2

q9/2
−V ′(q), (13)

with an effective mass m(q) = 1 +∆m(q) that includes a negative space-dependent softness-
induced added mass:

∆m(q) =− 15κξ

8q7/2
. (14)

Interestingly, in an analogous fashion to the classical fluid-inertia-induced added mass [75]
and its space-dependent lubrication correction [76,77] (that we do not consider in the present
study for the sake of simplicity), the viscous hydrodynamic coupling to the elastic boundary also
triggers a modification of the effective mass. In itself, this is already a key feature of colloidal
motion near soft surfaces. It will play a crucial role when adding thermal fluctuations in the next
section. Note that, in principle, the effective mass introduced above could become negative, but
that this is excluded in the small-κ limit that we are considering.
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2.3. Langevin equation

The central question of this study is how one can convert the deterministic equation of motion
(see eq. (13)) into a proper Langevin equation, or, in other words, how one can go from a zero-
temperature description to a finite-temperature one. This is the object of the present section. In
order to proceed, we consider an effective Hamiltonian formulation for the dimensionless posi-
tion q and impulsion p of the particle. Given the position-dependent effective mass highlighted
above, we propose to write the effective dimensionless Hamiltonian in the following form:

H(q, p) = p2

2m(q)
+φ(q), (15)

where φ(q) is a generalized potential that we now aim at identifying. In the canonical ensemble,
the associated equilibrium probability density function (PDF) is:

Peq(p, q) = 1

Ẑ
e−

H(p,q)
T , (16)

where T = 2T̃ kB/(Mϵc2L) is the dimensionless temperature, kB the Boltzmann constant, L
a missing length due to the two-dimensional description, and Ẑ the normalizing partition
function. A key point in our argument is that we impose the marginal probability distribution
P eq(q) = ∫

dp Peq(p, q) for the position q to be given by the Gibbs–Boltzmann factor associated
with the real external potential V (q), i.e.:

P eq(q) = 1

Z
e−

V (q)
T , (17)

where we have renamed the partition function in order to absorb any constant factor emerging
from the Gaussian integration. Evaluating the marginal probability distribution function by
integrating eq. (16) over p then gives the relation:

φ(q) =V (q)+ T

2
ln

[
m(q)

]
. (18)

We thus see that, in order to ensure the correct Gibbs–Boltzmann distribution for the position, the
effective Hamiltonian must include an auxiliary potential that is proportional to the temperature.

Adding a generalized friction coefficient γ(q, p) to the effective Hamiltonian problem above,
we can write the associated Fokker–Planck equation for the time-dependent PDF P (q, p, t ), as:

∂P (q, p, t )

∂t
= ∂

∂p

[
Tγ(q, p)

∂P (q, p, t )

∂p
+ γ(q, p)p

m(q)
P (q, p, t )+ ∂H

∂q
P (q, p, t )

]
− ∂

∂q

[
∂H

∂p
P (q, p, t )

]
, (19)

which reduces to the Liouville equation for γ(q, p) = 0. The steady-state solution of the Fokker–
Planck equation is the Gibbs–Boltzmann equilibrium distribution given in eq. (16). In the Ito
prescription of stochastic calculus [78], the corresponding Langevin equation then reads:

ṗ =−∂H

∂q
− γ(p, q)p

m(q)
+T

∂γ(q, p)

∂p
+ζ(t ), (20)

where ζ(t ) is a Gaussian white noise of zero average and a correlator given by:〈
ζ(t )ζ(t ′)

〉= 2Tγ(p, q)δD(t − t ′), (21)

where δD is the Dirac distribution and 〈 ·〉 is the ensemble average. Interestingly, a spurious
temperature-dependent drift term T∂pγ(q, p) arises due to the Ito prescription [78] and the form
of the effective potential (see eq. (18)). Besides, the equation for the evolution of q is:

q̇ = p

m(q)
. (22)
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The one remaining step is now to determine the friction coefficient γ(q, p). This is achieved
by considering the zero-temperature (T = 0) case, and identifying eqs. (20) and (22) to eq. (13).
Doing this leads to the result:

γ(q, p) = ξ

q3/2
+ 63κξp

32m(q)q9/2
, (23)

which at first order in κ reduces to:

γ(q, p) ≃ ξ

q3/2
+ 63κξp

32q9/2
. (24)

Note that, in principle, the latter expression could become negative, but that this is once again
excluded in the small-κ limit that we are considering.

All together, one obtains the effective Langevin equation at first order in dimensionless
softness κ, which reads:

m(q)q̈ =−V ′(q)− ξ

q3/2
q̇ − 21κξ

4q9/2
q̇2 −T

21κξ

16q9/2
+ζ(t ), (25)

together with the noise correlator:〈
ζ(t )ζ(t ′)

〉= 2T

(
ξ

q3/2
+ 63κξ

32q9/2
q̇

)
δD(t − t ′). (26)

We stress again that, by construction, this Langevin equation self-consistently leads to the
deterministic case of eq. (13) when T = 0, and ensures the correct Gibbs–Boltzmann distribution
for q (see eq. (17)) at thermodynamic equilibrium. Besides the softness-induced added mass
already discussed above, and the usual multiplicative-noise feature associated with colloidal
dynamics near boundaries [10–12,15,17,18], it is interesting to note here a third striking feature
associated with the hydrodynamic coupling to the soft boundary: the Langevin noise correlator
appears to be modified by softness.

3. Numerical solutions

To explore the non-linear stochastic dynamics governed by eqs. (25) and (26), we numerically in-
tegrate them using the Euler–Maruyama scheme. This approach allows us to properly handle the
multiplicative-noise structure and the non-linear drift terms associated with the effective mass
and generalized friction coefficient. For convenience, we consider an external harmonic trap,
with V (q) = k(q −q0)2/2, where k is the dimensionless trap stiffness and q0 is the dimensionless
rest position in the trap. The simulations are performed for κ ∈ [0,10−3] and k ∈ [4×103,4×107],
while keeping the other parameters fixed, with values: ξ= 1000, T = 1, and q0 = 1.5. A time step of
10−5 is used in all simulations. We compute averages from 100 pre-thermalized trajectories, with
up to 2×107 time steps. This allows us to probe the full dynamical spectrum, from the short-time
ballistic regime, through an intermediate-time diffusive regime, to long-time equilibrium. Spe-
cial care is taken to ensure numerical stability and accuracy across regimes, while avoiding the
effective-mass cancelling. In particular, we systematically verify that the simulations reproduce
the expected equilibrium Gibbs–Boltzmann distribution for the position q (see eq. (17)), thereby
confirming the consistency of the model with detailed balance.

Figure 2 shows the vertical mean square displacement (MSD) of the particle as a function
of time increment, for various values of the harmonic trap stiffness k and surface softness κ.
Each curve corresponds to a different κ value, spanning from the rigid case (κ = 0) to cases of
increasingly-softer elastic layers. At small time increments, the dynamics is ballistic, character-
ized by a quadratic increase of the MSD versus time increment τ, consistent with inertial ballistic
motion. Notably, in this regime, the MSD exhibits an increase in amplitude as κ increases, which
is attributed to the increased velocity variance associated with the negative softness-induced
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Figure 2. Dimensionless mean-square displacement (MSD) of the particle as a function
of dimensionless time increment τ, as obtained from statistical analysis of the numerical
solutions of eqs. (25) and (26), for dimensionless trap stiffnesses k = 4×103, 4×104, 4×105,
4×106, 4×107, and dimensionless surface softnesses κ = 0, 1×10−5, 2.5×10−5, 6×10−5,
1×10−4, 2.5×10−4, 6×10−4, 1×10−3. The fixed parameters are the dimensionless viscosity
ξ= 1000, the dimensionless temperature T = 1, and the dimensionless rest position in the
trap q0 = 1.5. Straight lines indicate ballistic (2) and diffusive (1) exponents, as guides to the
eye.

added mass. At intermediate time increments, a diffusive regime is observed for the less stiff
traps, characterized by a linear increase of the MSD versus time increment τ. An important re-
sult, however, is that the measured diffusion coefficient in this intermediate regime does not
seem to depend on the softness κ. Hence, diffusion is not affected by soft boundaries, within
the assumptions of the model, as observed in recent experiments [33] — despite the influence
of softness on the noise correlator that we found here. The explanation probably resides in the
fact that the softness-induced term in eq. (26) is linear in velocity q̇ , and is thus averaged out at
intermediate time increments. Finally, at large time increments, the MSD saturates to a plateau
solely determined by the trap stiffness and temperature, confirming equilibration within the trap
without noticeable effects of the surface softness.

Figure 3 shows the equilibrium PDFs of both the rescaled particle position and velocity, for
different values of the trap stiffness and surface softness. First, panel (a) shows the marginal
equilibrium distribution of the rescaled position. It is Gaussian, as expected for a harmonic
trapping potential. The narrowing of the Gaussian width with increasing k is consistent with
no adjustable parameter with energy equipartition (see inset of panel (a)). Secondly, panel (b)
displays the distribution of the rescaled particle velocity. It is also Gaussian, as expected from
the quadratic kinetic energy, but shows an interesting variance increase with κ. The latter
feature is attributed to the negative softness-induced added mass. Indeed, in the stiff-trap limit
where m(q) ≃ m(q0), energy equipartition captures the observed behavior with no adjustable
parameter (see inset of panel (b)). These results confirm the thermodynamic consistency of
the numerical scheme and further illustrate the role of elastohydrodynamic interactions in
modulating colloidal dynamics.
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Figure 3. Equilibrium probability density functions (PDFs) of (a) the rescaled position
q/〈q2〉1/2, and (b) the rescaled velocity q̇/〈q̇2〉1/2 of the particle, as obtained from statistical
analysis of the numerical solutions of eqs. (25) and (26), for dimensionless trap stiffnesses
k = 4× 103, 4× 104, 4× 105, 4× 106, 4× 107, and dimensionless surface softnesses κ = 0,
1×10−5, 2.5×10−5, 6×10−5, 1×10−4, 2.5×10−4, 6×10−4, 1×10−3. The fixed parameters
are the dimensionless viscosity ξ = 1000, the dimensionless temperature T = 1, and the
dimensionless rest position in the trap q0 = 1.5. The dashed lines in the main plots
indicate normalized Gaussian distributions. The inset in panel (a) shows the variance of the
position q as a function of the trap stiffness k. The dashed line corresponds to the energy-
equipartition prediction 〈q2〉 = T /k. The inset in panel (b) shows the rescaled variance of q̇
as a function of surface softnessκ. The dashed line corresponds to the energy-equipartition
prediction 〈q̇2〉 ≃ T /m(q0) in the stiff-trap limit.

4. Conclusion

Through a minimal description, we theoretically and numerically investigated the dynamics of
a two-dimensional colloid, placed in an arbitrary external potential and moving perpendicularly
and near a soft surface within a viscous liquid. Starting from established deterministic hydro-
dynamic considerations, we incorporated thermal fluctuations in the description and derived
the relevant Langevin equation. The latter self-consistently contains the deterministic equation
of motion at zero temperature and ensures the expected thermodynamic equilibrium proper-
ties. The Langevin equations was then solved numerically for a broad range of parameter val-
ues and initial conditions. Our main findings are that: (i) a negative softness-induced added
mass, reminiscent of fluid-inertial added mass, emerges due to the hydrodynamic coupling to
the soft surface; (ii) surface softness increases the velocity fluctuations through the added mass;
(iii) the noise correlator is also modified by softness, but intermediate-time diffusion remains
unaffected, within the assumptions of the model, which is probably due to the averaging of the
fast variables; (iv) a softness-induced temperature-dependent spurious drift term appears within
the Ito prescription. Future theoretical works should extend the current framework to more de-
grees of freedom and dimensions, incorporate more realistic non-local viscoelastic responses, in-
cluding beyond-lubrication and beyond-elastic-perturbative regimes, as well as fluid inertia, and
quantify the possible emergence of transient non-conservative softness-induced forces. Future
experimental works should confirm the emergence of the softness-induced added mass.
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