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Abstract. We provide analytical formulas to compute all the contributions to the intrinsic Hall conductivity
in the presence of Kondo-coupled spins in any configuration and for any spin orbit coupling, and thereby
clarify the origin of what is sometimes called the “topological anomalous Hall effect”. We also identify the
relation between a momentum space quantity, the momentum space Berry curvature (which is in direct
correspondence with the Hall conductivity — a global observable), and unit cell properties such as hopping
parameters and spin configuration. More precisely, we find that the Berry curvature involves the scalar spin
chirality on elementary unit cell triangles, ;jx = S-S jx §k), but also contains scalar triple prodljcts of
other quantities (such as hopping parameters with spin-orbit coupling 5 Tij e G * ), - (S x S,
and their dot products, S; - S, I i ~_fj o b j Sk --. The relative size of the different contributions depends on
the strength of the Kondo coupling and our formula captures all regimes. We apply our method to the case
of three-sublattice systems, and prove very generally that in the absence of spin-orbit coupling, the Berry
curvature of a three-magnetic-sublattice triangular itinerant magnet identically vanishes. The derivation is
technical but we emphasize that the results can be very easily applied.
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1. Introduction

The electrical Hall effect, whereby a current transverse to an applied electric field can flow, pro-
ceeds from the coupling of a magnetic field to itinerant electrons. The (electrical) anomalous
Hall effect [1,2] refers to the same phenomenon when the Hall conductivity is not directly pro-
portional to an applied magnetic field and, without skew scattering, generally arises from an
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162 Lucile Savary

electronic Berry curvature. Given the momentum-space Berry curvature for a band # of (effec-
tively) free electrons at each point in the Brillouin zone k, Q{n) (k) = i€qpy Ok, [(un(k) | Oy Un k))],
with a, 8,y Cartesian coordinates, |u,(k)) the unit cell periodic part of the single-electron wave-
function in band n, the TKNN formula provides the resulting electrical Hall conductivity, Uéy =
Snlk Q(Zn) (k) f(k), where f, (k) is the electronic filling function of band »n at momentum k. In
turn, “sources” of Berry flux such as band crossings, e.g. in Weyl semimetals, will then natu-
rally produce a nonzero Hall conductivity [3,4]. While the Berry curvature appearing in the Hall
conductivity formula [5-7] written above may be a characteristic of the pure (“intrinsic”) elec-
tronic bands (we mean a band structure with spin-orbit coupling), it can also arise from a “recon-
structed” band structure resulting from the (“extrinsic”) coupling of the charge carriers to other
degrees of freedom. This is expected to be the case in particular when electrons couple to spins
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Figure 1. (a) Depiction of the solid angle formed by three vectors, measured by their scalar triple product (left),
and depiction of the scalar product between two vectors (right). The vectors here can represent either on-site spins
§;, or electronic hopping parameters arising from spin-orbit coupling 7; j- Indeed, the Berry curvature involves the
scalar spin chirality on elementary unit cell triangles, x; jr. = 5;-(S % S ), but also contains scalar triple products
of other quantities (sucil as hopping parameters with spin-orbit coupling 7;;), 7; - (7jx x 7). T - S; xS Drees
and their dot products, S;- S, 7 i ~?j o ki j Si-.. (b) Depiction of a three-sublattice magnetic configuration on the
kagomé lattice with nonzero scalar spin-chirality (here the spins are orthogonal). (c) Color plot of the coefficient
w(le)/;ooo (k) (as defined in Eq. (17)) of y123 = S 1 (§2 x §3) in the Berry curvature Qa}; (k) of the lowest-energy band
for the spin-orbit-coupling-free model on the kagomé lattice with fp = -1, K =1/2and a = 1.
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which locally (or globally) display nonzero spin chirality, ; jx = Si-(S X Sy) for spins at three sites
i, j, k or when the spin-orbit structure and a (possibly coplanar) spin structure conspire to pro-
duce a nonzero Berry curvature [8-20]. y;;x can be viewed as a “real space Berry curvature” [18]
and continuum versions such as 7i - (0x, 7i x O, 1) appear in semiclassical (long-wavelength) ap-
proaches [21,22]. In practice the effects of both the structure of the pure electronic bands and
that of the coupling to other degrees of freedom combine and couple. To the best of our knowl-
edge, only within some approximations (e.g. double exchange [5], i.e. strong coupling) and under
specific assumptions (e.g. long-wavelength limit [8]) has the explicit relation between “real space
Berry curvature” and Hall conductivity been shown, and the effects of spin-orbit coupling have
only been precisely analyzed numerically.

Here, we derive analytical formulas for the Hall conductivity directly in terms of (i) real space
structures such as spin chiralities within a unit cell and (ii) spin-orbit coupled hopping terms, and
include all combinations of effects (Figure 1). We emphasize that our approach holds regardless
of the spin structure and form of the spin-orbit coupling. To proceed, we make use of formulas
for the Berry curvature and quantum metric in terms of projection operators, and expressions for
the projectors as polynomials of the Hamiltonian matrix.

2. Kondo-coupled band structure

While the formalism developed here applies beyond this specific case, let us focus for concrete-
ness on the case of a Kondo-coupled band structure with Hamiltonian H = \/17 Yk ‘I’Jr H (lc)‘I’
where Ny . is the number of unit cells, ‘PT isan M = 2N vector of sp1n 1/2 fermion creation oper-
ators, where N is the number of sites in the (magnetic) unit cell, and H (k) is the following generic
Hamiltonian matrix in reciprocal space:

N 3
H(k) = aéllghgb(kwaba“’ 1)
where E,j, is the N x N matrix with a 1 at position ab and zeros everywhere else, i.e. with matrix
elements
(Eap)ij = 0aibpj» 2
where we use a “hat” on E in order to emphasize E,j, is a matrix rather than a matrix element,
69 =1d, is the identity matrix, 6123 are the three Pauli matrices, with

1 tk-e(”]
h! ., (k) = Ztab(m ab,

0 1 ol kel
haa (k) =K S, +ZM(T,)"’ , 3)

0 zk e
haa(k) Z taa (n) “

where ab is a bond between sublattices a and b and the sum over 1 runs over the ng,, ab-

type bonds with a nonzero hopping and separated by e;"; b= (r’) , K! parametrizes the Kondo
coupling on sublattice a, and hermiticity imposes (h* o) = h” so that we can set (¢! ab, (m) = tga -
(more precisely, it is possible to make such choices of n). The 0 a5 Which multlply the identity in
spin space, represent isotropic hopping parameters, while the 7, = (tab’ -~ Eap), which multiply
the Pauli matrices, parametrize the spin-orbit coupled hopping. For convenience, we also define

ab (n)(k) such that h“b(k) p hgb,(n)(k)' ie. hab(m(k) = th i€ etk <0 forn =1,...,n4p, and

hZﬁo) (k) = K£SE. Note that it is the tensor decomposition Eq. (1) in sublattice a, b and spin
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p indices and the separate traces which will allow to relate the Berry curvature to real space
(sublattice) and spin quantities.

As applications, we will consider the nearest-neighbor kagomé lattice and the three-sublattice
nearest-neighbor triangular lattice with a triangular basis, see Figure 2. In both cases,
M =2N =6. In the kagomé lattice case, on each ab = 12,23,31-type bond, n = 1,2 = F. In the tri-
angular lattice case, ) = 1,2, 3 for each ab-bond type. For example, for the kagomé lattice, taking a
hopping model proposed for MnX3 materials [15,18], H = Hiso +Hgoc with Higg = fis0 > ¢; ]> ‘I’ g ‘{’
and Hgoe = ztSOCZ<,]>v”‘P G- nl]‘P where v;; = Usub(l)sub(]) = —Usub(j)sub() (‘sub(@)” denotes
the sublattice site i belongs to), v12 =23 = v31 = 1, and #;; is a unit vector perpendlcular to
bond i j with an appropriate orientation on up and down triangles [15,18], we have t° = #;5, and

lij = ilsocVijlij.

2 1 1 2
- w
y
€923
+ + 3 2 613
€12
1 * 2 1 ! 2

M _
12

(1,0, e (0) (2) =5 l-1,v3),e (0) _71 (1,v/3). The distance between two nearest-neighbor sites is a, and we
will set a = 1

Figure 2. Three- sublattice cases: kagomé (left) and three-sublattice triangular (middle) lattices, with e(l(;) =e

3. Formulas for the Berry curvature in terms of the Hamiltonian
3.1. Berry curvature in terms of the Hamiltonian matrix

We now turn to the expressions of the Berry curvature and quantum metric in terms of the
Hamiltonian. As mentioned above, we make use of band projectors in expressing the Berry
curvature, and in particular rederive formulas present in [23,24] using matrices rather than Bloch
vectors. Using the formula Ggg = Tr[(?aﬁ(n) (1- 1’5(,,))051’5(,,)] for the quantum geometric tensor
in band n with “directions” «, f where d, = 0,, and 13(,1) = |u,,(k)><u,,(k)| is the projector
into band n (we will look only away from band degeneracies), we can write G?n F(m
’Q“ﬂ [23,25,26], where Faﬁ = Re Gaﬁ and Q“ﬁ —2ImGj, ﬁ are the quantum metric [25] and
Berry curvature (note that 1n three- dlmensmns we can use equivalently two indices a8 or one
perpendicular direction index y), respectively.
Then, using H= annﬁ(n) (g5, is the energy in band n) and ﬁ(n) = Hm¢n(ﬁ— Em) Tlmzn(€n —
£,) one can show that el
Puw=} ¢"H, 4)
r=0
where ¢ are prefactors which depend only on ¢, and TrA", and A° = 1dy. The exact
expressions of the prefactors Z(,”) are given in Appendix A.2 (Eq. (27)). What is most important
is that (i) the sum in Eq. (4) terminates and (ii) P, can be entirely expressed in terms of &, (k)
and the Hamiltonian matrix H(k), i.e. in particular no eigenvectors are required and only the
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nth eigenvalue of H must be calculated [27,28]. The finiteness of the sum in P(,) means we can
organize the terms in “powers” of ﬁ, from 3 to 3(M — 1) in the case of the Berry curvature and
from 2 to 3(M — 1) in the case of the quantum metric. The maximum number of matrix elements
in a product therefore grows like the volume of the unit cell.

Moreover, as noted in [23,24], in the case of the Berry curvature, “orthogonality” relations (see
Appendix B) allow one to rewrite the Berry curvature as

Q= i ¥ 00 ¢ ¢ Tr[[35(H™), 00 (H™)] H'] (5)
1,712,713

(in Eq. (5) the sums over the r; run from 1 to 2N — 1), i.e. when applying the chain rule

on aa/pﬁ(n) using Eq. (4) in erg , only the terms with the derivatives acting on the H” sur-

vive, and not those with derivatives acting on the coefficients é(,”). Furthermore, using the

chain rule on Eq. (5), we can write, using Z;)ll‘:lozz—:lo... ~ Z;l:ors—z Errs(p) -+ with &y (p) =
min[min(ry, r3), (11 +13)/2 = |p— (R+r2 +2)/2|] € N'when “--” depends on p; + p3 only,
R
Q=2 Y (WM™ N g () ImTe[0, AAP 205 AARP], ©6)
1,23 p=ra+2

where we defined R=r; +r,+1r3,andinthesumwehave g1 =p—-2€(r,—1,r+r,—-2]land ¢» =
R—p e |rs,r1 +r3—1]l. Because of the antisymmetry of Q?’g under a — B, many terms in the sums

in Eq. (6) cancel. This is in particular true because Aéxqﬁl,qz) = Tr[aaﬁﬁ‘“ 6;; ﬁﬁ"Z] = _A?zg,ql)’ SO

that in Qf‘nﬁ) , if A?qﬁl g and Af‘qﬁz ;) both appear with the same ¢ prefactors, they cancel against
one another. In Eq. (60) we provide the resulting explicit expression for the Berry curvature of a

three-sublattice system.

3.2. Formulas for the Berry curvature in terms of Hamiltonian matrix elements

Let us now write powers of H using the matrix elements defined above. We have E,,E.q =
OpcEqaq, 0HGY = Zi:o 8uvp0®, with gy = dyyp + i fuvp where, for u,v,p =0,...,3,
Auvp = 6wy p)o = 26106100 po,

)
Juvp = €uvp-

Here 6(u0p)0 = 6uv0po + 8pudy + Ovpbyo is the symmetrized sum and €y, is the three-
dimensional Levi-Civita tensor where implicitly €,,v, = 0 if u, v or p is zero. In turn,
Ar _ Far 0 ~
H = Z urpzp2 " 8pr-rprpr Hpy - Hu, O, 8
{uitio}
where ﬁﬂ is the N x N matrix with matrix elements (ﬁu)ub = hgh, and we have (ﬁ,l)T = HH. Finally
(recal R=ry+ 12 +13),

2N-1 R
af _ (n) ap,p]
Q(n) =2 Z "%rlnyrz,rs Z Im (‘qﬂl"'ﬂR Z é{ri}(p)‘%ﬂl"'ﬂR . ©)
r1,r2,r3=1 {Kiti=1,...R p=ra2+2
Here, Zr(lrf)rz,rg =/ (r:‘)ﬁ(,;”[(,’;) is the product of projector prefactors defined in Eq. (4), 9y, ...z =

Tr[Gpy - Opugl = %Z{Pi}izl # 8orppr " 8prpurpr (s€€ Appendix C.1) is the contraction of Lie

will entirely fix the “geometric” structure of the terms in the Berry curvature, i.e. determine which
contributions such as S; - (§j xS1), S; '§j, ?,-J- (o % ?mq), ?,-j -(Sk x S)) etc. appear in Q (see below).
Finally Jf,f]ﬁ[”f}]? = Tr[0qHy, Hppy - 0H,, Hy,y - Hyg |, where p labels the index where d acts.
For the kagomé and three-sublattice triangular lattices, 1 < r; <5,and so 3 < R < 15.

1We thank German Sierra for pointing out %1, g are nothing but the elements of the AKLT [29] wavefunction.
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62iak~(elz+2e23)\‘ﬂ NANA)
h ~ K S 3 X .;:' / 1 p
3 > . 614de-61}
hgl N toeik'e?’l hgg - toeik'e% .;"; ;j- ;j- .;"; X ;;. .;"; .;"; ;;. ;;.

X X X X X X A X X

hO_ ~ ¢, eik-ei2 X
O 12 0 62wk~(—2612+e23)
h1y ~ K5 hyy ~ K55

(a) (b)

Figure 3. (a) Graphical representation of a length-6 loop (e.g. r; = r2 = r3 = 2) in a three-sublattice unit cell. This
produces a A(j 3) contribution (see Egs. (6) and (62)), which is of K3 order. (b) Loops of unit cell indices become
strings on the lattice, with both start and end points belonging to the same sublattice. Here we are not showing

on-site loops as in (a), but each site may host any number. In Q rg,

and any on-site factors. The straight line represents the contribution with the

each string is weighed by the factor shown

multiplied by eala2 - eﬂpap+1(np)

maximum possible extent.

It is interesting to make the structure of the Berry curvature as a sum of “loops” (resp. strings
with ends on identical sublattices) of varying lengths within the unit cell — Figure 3(a) (resp. on
the lattice — Figure 3(b)) more obvious. Using Eq. (3), we write

aBlpl _ aplunpp 0 0 a3 £
']fﬂl"'#R - Z ]alya2,apvap+l (HHZ Hﬂp—l)flzap(Hﬂpﬂ H,UR)flpnﬂl’ (10)
{ar,a2,ap,ap+1}

0 0 K2 Hp-1 . [ — a iz zk e
and we note (Hy, ---Hy, )aya, =haya; - hap 1a,» and, given Ok, 0y =11y Cab,p tabm® D
aPlupp ﬁ H Hp
]a],a2,apvap+l - Z ealaz(m) apap+1(Mp) halaz,(m) hapap+1,(np) (an

nunp
are the products of the matrix elements for the terms on which d, g act. We may therefore write

D«’ﬁ [P] B2 P Hp+1 MR
Z Z [ealaz(nl) “pap+l(7]p)] alag,(nl)hﬂza3 apap+1,Mp) ap+1ap+2 haRal
{al}filvﬂp
- _ Z Z t t#z . tllR (12)
i a1 ar (1) apap+1(np) alaz(m) aasm2) " agai(np)
1

etk (eayay iy teayagny) tteagayip) |

We also note that the second line of Eq. (12) involves sums of e/*”, where

& =eaam) Tt Cagaymp)- (13)

Because the “strings” .# always “start” and “end” on a given sublattice, .# is always a Bravais
lattice vector, . = Z;.’lzl Y NiA;, n; € Z, where the A; are elementary Bravais lattice vectors.
For the kagomé lattice where the distance between two nearest-neighbor sites is a, we have for
example A; = 2ae;2 and Az = 2ae3. In turn, while the e'*¥ terms take different prefactors, as R
becomes larger, the sums of these terms become increasingly peaked around the k values where
k- =0 [2m], i.e. at the reciprocal Bravais lattice vectors, kpeak = Z?zl >x; XiBj, x; € Z, with e.g.

n__en3xz _n_ Z2xep . .
B = enten<®’ B2 = aontersxp 10 the kagomé lattice.
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Finally, we note that Qgg

show graphically in Figure 4.

can be represented as a sum of contractions of tensors, which we

Figure 4. Graphical “tensor network” representation of one of the terms in Q?nﬁ) , Eq. (5), with (q1,92) = (6,3)
present for example in the sum for r; = 3, ro = 4 and r3 = 4. The light blue rectangles represent H while the
dark blue and dark red rectangles d,,gH, respectively, while the green circles represent the “structure constant”
g=d+if. Lines represent contractions of 1 (between a rectangle and a circle) and p (between circles) spin indices
and a site indices (between rectangles).

3.3. Nontrivial case where the Berry curvature vanishes for any spin configuration

If (for a # b) hgh,(n) = fyetkean (e, tZ b is independent of ab(n) and of p), then it is useful to
define I, = ¥, eah(n)eik'e“b“’) = —I; , (no summation over 4, b!). In the case of the triangular
lattice

Itab = Uab(elz(o)elvubk’elz(o) + e23(0)elvabk‘323(0) + eSI(O)ewahk'eSI(O)), (14)

where v12 = Va3 = Us1, Upg = —Ugp = £1. This entails that I}, = Iy, = Iy, = —(I5))* = —(I3,)* =
—(I,)*. Using the latter, the hermiticity of H,, and Q% = —-Qf% and Q% € R, one can show
that the Berry curvature vanishes for any configuration of the spins. This is an important result
of this work. We provide details of the derivation in Appendix F. Note that this does not apply
for example in the case of the kagomé lattice where II;b = Ugpeqp(eFear — gmik-eanyvab gnd so e.g.
Ity # I,

4. Berry curvature as a “polynomial” of geometric elements of the spin (and/or hop-
ping vector) texture in the unit cell

We now investigate the structure of the contractions between g tensors and H,, matrices in order
to explicitly express the Berry curvature as a “polynomial” in terms such as S; - S i Si-(S i Si),
and their products and powers, with k-dependent coefficients that can be exactly and explicitly
computed. (Note that we use quotation marks around “polynomial” because the ¢ (,") coefficients
also in principle depend on the spins through &, and Tr H" ") In other words, for three-sublattice
systems without spin-orbit coupling, we can write:

Q=Y ewenen ot ($1-82)"2(S2- 89 (S3- S0 (iza)™®,  (15)

1 i12,23,131,1123
T1,T2,13

with y123 = gl . (§2 X §3), i12,23,31,123 € N and iior = 2(i12 + 23 + i31) + 3i123 < 13, and the &?’s are
functions of only k (and #p, K) that can be determined analytically. Importantly, in a spin-orbit
coupling-free system, all contributions to the Berry curvature involve between 3 and 32N -1)—-2
powers of K. Longer strings are only associated with higher ii,¢ and in turn higher powers of the
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Kondo coupling, so that in the weak-Kondo-coupling regime contributions from shorter strings
will dominate the Berry curvature.

In the presence of spin-orbit coupling, one must include in the sum polynomials of all the
following terms:

(S1-82),(S2-S3), (S5 S1),
(X123),
(f12 - o3), (T3 - B31), (B31 - F12),
(12 - (T2 x T31)),
(S1-T12), (81 - F23), (S1- F31), (S2 - Fr2), (S2 - Tag), (S2 - Bs), (S - Tr2), (S - T3), (S3 - Ta1),
(12 Sy x §z)), (T3 - (S1 x §2))r (751 (S1 x §2)), (f12- (82 x §3)), (o3 - (S x §3)),
(731 (S2 x S3)), (12 - (S5 x S1)), (T2 - (S3 x S1)), (B51 - (S3 % S1)),

(16)

(S1- (2 x B3)), ...,
where 7, = (tjl‘b, t;/ b tflb) and we suppressed the 1 subscripts for clarity (other “similar” combi-
nations are also possible involving (t(’; )" if the #'s are complex).

For (relative) simplicity, we focus on a nearest-neighbor-only case without spin-orbit cou-
pling, tg p = o .2 = 0, K& = K, and such that no nearest-neighbors belong to the same sub-
lattice (this ensures that the terms on the diagonal blocks of the Hamiltonian matrix are Kondo-
coupled spins only). Since guvo = 6,v, in that case, the zero-components, u = 0, correspond to
intersublattice hopping terms (block off-diagonal, a # b), while the 1 = 1,2,3 components are the
Kondo-coupled spin terms (block diagonal, a = b). # comes down to summing the exponentials
of all the paths one can take in a fixed (and bounded) number of (here, nearest-neighbor) steps
from one sublattice point to another, see Figure 3(b), and we find that Q%f (away from band
crossings) simply equals

Qgg (k) = x123 . Z . w(ljg;ilz'izz;'im (k) (§1 . §2)112 (§2 . §3)l23 (§3 . §1)131’ 17)
0<ijp+ip3+iz <2

where the w’s are functions of k, which we obtain analytically (we list the first few Agl 'S 10
Appendix E, Eq. (62). In Figure 1(c) we plot*wfny);ooo for the kagomé lattice for tp = —1,K = 1/2
and n=1 (and S; = (1,0,0), S» = (0,1,0) and S3 = (0,0, 1), whose specification is only required to

compute £, (k) because it appears in the £’s).

5. Discussion

In this manuscript, we have provided an exact method to compute the Berry curvature analyt-
ically as a finite sum over finite strings on the lattice (this is in contrast, for example, with the
claims in e.g. [11]), in particular in electronic systems Kondo-coupled to spins. We made no as-
sumptions on the strength of the Kondo coupling, “double exchange” [5], long-wavelength lim-
its, or on the size of the magnetic unit cell. We expect that this will allow a more accurate inter-
pretation of experiments as well as easier and more accurate calculations of the Berry curvature
and associated Hall conductivity than those accessible now [30,31]. Of course, beyond Berry cur-
vature effects, skew-scattering [32,33] may also contribute to UI?’ in real systems, but our exact
derivation of the intrinsic effects should allow to better distinguish the contributions.

We explicitly applied our formalism to three-sublattice systems without spin-orbit coupling
and showed that the Berry curvature vanished for the triangular lattice, regardless of the orienta-
tion of the spins. On the kagomé lattice (and any other three-sublattice system), we found that
all contributions to the Berry curvature included a single power of the scalar chirality of the spins
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X123 = §1 . (§2 X §3) on one sublattice, but that some of the ones involving higher powers of the
Kondo coupling also involved polynomials of S; - S j

This formalism allows for many extensions as it is merely an analytical way to relate energies
and combinations of matrix elements to band quantities. In particular, higher-spin systems [34],
systems with fluctuating spins, systems coupled to degrees of freedom other than spins, the
computation of other observables [23,34,35], the quantum metric [35], and systems with any
number of sublattices [36,37] can be studied the same way. In the latter case, we expect that
quantities beyond three-sublattice chiralities and/or multiple powers of the spin-chiralities will
appear because the imaginary part of traces of Pauli matrices can then involve, for example,
additional Levi-Civita tensors. Taking the limit of the unit cell as the entire system (in a numerical
experiment for example), where there will be both more allowed terms (“larger loops”), but also
larger sums over small terms (“small loops”), we believe it might be possible to use the procedure
presented in this manuscript as an expansion, perhaps in loop size, and truncate it.

As an even more immediate application, it will be interesting to explicitly explore the evolution
of the Berry curvature as a function of spin-orbit coupling, the strength of the Kondo coupling
and the size of the unit cell.
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Appendix A. Polynomials
Here we extend the results of [23,24] to the case of traceful SU(M) basis matrices, and more
specifically to the physical choice of basis we make (Eq. (1)).

A.1. Useful polynomial identities

Here we quote some well-known identities, also reviewed in [23,24], useful for the derivations in
Appendices A.2 and B.

The “elementary symmetric polynomials” X — &, (X) with r =0,...,|X| (|X| denotes the size of
the set X) are the sums of all distinct products of r distinct variables taken from the set X, i.e.

Eo({x1,..., xpm}) =1,
M
&1({xy,..., xmd) =) xi,
i=1

& ({x1,..., xm}) = XiXi,
2( ' M) lsi<Zj:sM Y (18)

M
gM({Xl,...,XM}) = l_[xi'
i=1
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The “complete exponential Bell polynomials” X — %, (X) with r e N and |X| = r are defined by

r Jl
@/0({})=17 @r({xl; rxr} _rlzl_[

19
(l')]z] .’ (19)

.....

Now we define the morphlsm of sets % — G, (%)
Go(X) =1,

& (11,0 xp)) = {0 k=D (21, 6B}

Note that |6r (%)\ = r independently of | X|. Newton’s identities allow to show that

(20)

1
& (X) = ;@/,(Gr(%)). 21

These relations are particularly useful when expressing polynomials of the form:

M
H(x Xm) = (= 1)M1'[x o= XML Y i+ M
m=1 m=1
= Z(—1)M_’£M_r({x1,...,xM})x’ 22)
r=0
M (_I)M—l’
=L ot r(Sm—r(txr,..s xp}))x"
r=0 -1

A.2. Projector as a polynomial in H

We have, in general, away from degeneracies, for {€;;};=1,.,m the eigenvalues of a M x M

Hamiltonian H, and P, the projector onto the nth band of H,
ﬁ_gm _ Hm#n(ﬁ_gm)

P, = . (23)
" m#zn€n—€m Hm#n(fn_gm)
If we expand the products in the numerator, we obtain
N M-1 (- 1)(M n-r )
H-ep)= —¥ GRS H 24
”!;[n( m) = ;] [(M—l) ]' (M-1)- T( (M-1)— r( )) (24)
where N
S (H) =1,
G(n)o(H) ({Elr H5€n-LEn+1,-- YEM}) (25)
= {0 -1 A -}y
Similarly,
1_[ MZ:l (- 1)(M D-r (6( )
(En—€m) = ——¥ ()
min S (M= -]t (26)
and we define, for r =0,...,M -1,
N —)M-D-r By (G (H)
0 () = (-1 -1-r( (M-D-r ) ©7)
[(M-1)-r]! N (H)
so that
Pm=)Y ¢"H, (28)
r=0

as in the main text, Eq. (4).
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A.3. Expressions for M =6

Here we give the expressions for A/, and ¢ (r") defined in Egs. (26) and (27) for a 6 x 6 Hamiltonian.
Defining, V r €N, 6, (k) = Tr A (k) = Zly‘le €, (k) —1i.e. the “r power sum” of the eigenvalues of H,
we have

1
Niny = 663 — 56 €% +2(€2 —6r)e> + 5(—%{‘ +3616, — 263)€”,
1
+ —(<gf — 662Gy + 362 + 86163~ 661)ey
1
* 50 — (=6} + 106,62 — 206765 + 206,63 — 1561 (€5 — 261) — 2465), (29)
and
1 1
N P = €5 — 61k + 5(%12 —Bo)eS + 5 (— 6} +36,6, — 263)€2
1
+ ﬂ(<g{‘ — 662Gy + 367 + 86163 —661)ey
1
* 50 (=67 + 10636, — 206763 + 206,63 — 1561 (€2 — 2€4) — 2465),
1 1
N l" = b — 6163 + 5(%012 — o)l + 5 (6} +36,12 - 263)e,

1 30
+ﬂ(cgf—s%fcg2+3(g§+8<gl<gg—6%4), 50)
1 1
Nl = €5 —616% + 5(cgf —Bo)en + g(—fgf' +36,6> - 263),
1
N l§" = 4 —Grep + 5(cgf -6,
Nl =e,-61,
Nl =1.
This can be rewritten
M-1
N =Y. r+D2pm-1)-r&p,
r=0 31)
N 0" = Z 2M-1)-r€n>
r=i
with
20(H) =1,
Ql(ﬁ) = _Cgl)
1
25(H) = S (67 = 62),
1
93(H) = E(_Cgl?’ +3%6,%> —2%03), (32)

1
24(H) = — (%f — 666 +36% + 86,63 —66,),

1
Q5(H)— (<€1+10<€1<€2—20<€1<€3+20<€2<€3—15<51(<€2 2%64) — 24%5).
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Appendix B. Berry curvature in terms of powers of the Hamiltonian and eigenenergies
B.1. Expressions for the quantum geometric tensor

We start by recalling the definition of the quantum geometric tensor in terms of projection
operators into bands [23,26],

Gf‘,ff = Tr[0aP(ny (1 = P())0pP ()| (33)

Its symmetric part under a — f is the quantum metric [25]

raﬁ —

(n) —

1 ap Ba
E(G(n) + G(n))

JOUN | J
=Tr[0a PP ] = 5 T[105 Py, 0P} P |

= Lig 4 1goPy
=5 (G +1G1%)

_ ap
=Re G(n),

(34)

and the Berry curvature is [25]
ap _ . ~af Ba
Q(n) = Z(G(n) - G(n))
= —iTr[[0pP (), 0a P(m) ] P(m]
=Im(TI[[6ﬁﬁ(n)y6aﬁ(n)]ﬁ(n)])
_ i (ap ap
_z(Gm)—[G(n)] )

_ ap
=-2Im G(n)

= ZImTr[aaﬁ(n)ﬁ(n)aﬁﬁ(n)],

(35)

since ImTr[0a P ()05 P )| = 0.
In the more conventional form of eigenvector (|y,,)) bra-kets,
Gb = (0ayn|(1 = Piw)|0pyn)
5 ol ym s i) 36)

mEn [fn_fm]2 ’

and
TP = Re(0au| (1= Piu)|0pwn), 37)
Qi = _21m<6a1//n|(1 - ﬁ(n))|6ﬁwn>

(m) —

=—-2Im(0a¥n |0p¥n) (38)
= i(0a[(Wn]0pvn)] - 3p[(wn|0awn))).

B.2. In terms of powers of the Hamiltonian and eigenenergies

In turn, using Eq. (28),

M-1
Q=2 Y ImTr[da[6 A0 A205160 A1),
r1,12,13=0 (39)

1 M-1
réf = ZOTr[aa[é(,’f)ﬁrl]aﬁw‘,g)ﬁfﬂ]— Y OReTr[aaw(,?)ﬁ’lw(,g)ﬁfzaﬁw(rg”ﬁlf3]].
r,r2= r,12,r3=
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Note that this in principle requires to differentiate the ¢’s. However, as noted in [23,24], an
important simplification arises in the case of the Berry curvature, which we now examine. Using
the chain rule, we have

Q¥ =» Z 0 0 ¢ I Tr [0 [N F'20 51 H™)

(n)
r1,12,r3=0

+2 Z 00000 Im Tr[ H H™ '

r1,12,r3=0

+2 Z P50 ImTr[0 [H™ 1 H™ H™]

r1,72,13=0

+2 Z 0,00 ¢ e Im T AV H204(H®]].  (40)

r1,12,r3=0

Using the antisymmetry of Qaﬁ under the a — f exchange, i.e. Qf rg = —Qaf we now show that
only the first term of Eq. (40) survwes Indeed, relabeling the dummy indices r; < rs3 in half the

terms, we find

L@@~ o) - Z 00 ¢ ¢ Ty [ [0 H™), 00 [H"]] H' ]

r1,r2,r3=0

2

M-1
+ Y 0a0UePos0 P ImTr|(H", H 1 H"|

rl,rg,r3:0
M-1 N N N
+ ) e Mage " ImTe[0, [H(H"™, H™]
r1,r2,r3:0
M-1 - N N
+ Y 0o MW I Tr[[H", H10p[H]]. (41)
r1,72,r3=0
Since A", H"'] = 0, we have
o¥=2 ¥ lf‘,?z(,’;)é(,g”ImTr[aa[ﬁ“]ﬁ’Zaﬁ[ﬁ’S]], 42)
r,r2,r3=

where we removed the r; = 0 terms in the sum since they identically vanish. Indeed, H° = Id,; has
only constant elements, so its derivative vanishes. Moreover, note that we can rewrite the r, =0
contribution as aa[H fl]HOaﬁ[H 3] whose sum over r,r3 in Q%P vanishes since it is symmetric
under a — B while Q%P is antisymmetric under this exchange.

Appendix C. Explicit contractions in spin space

C.1. Generalrelations

In sublattice space,

~

Eamz Ea3a4 . 'EaZr—laZr = 6a2a35614a5 . '602r—2a2r—1Eala2r (43)

and, in spin space, for r = 2,

6“1 6'u2 ”.6“7 = ( }Z gﬂlﬂZPZgP2H3P3 '”gPr—llerrapr' (44)
Pisi=2,..r
For { = +1, defining A, E]( = AB +{BA for two matrices A and B, we have for u,v,p =0,1,2,3:
PO .(1-0) 1+
Tr([6p 8v1c0)p) = 4i €uvp + 44— (8 (uvbop) — 280u80v00p), (45)
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where 6 (;v00p) =8 uv00p +6pud0v +6vpBou, and €4y, is an abuse of notation for the 3d Levi-Civita
tensor such that €, = 0 if any of the u,v,p =0, and

1o
Suvp = ETI(O'HUVUP)

(46)
= i€uvp + (O (uvBop) — 280u80vB0p)-
We note the identity (excluding u, v, p, A,x,7 = 0)
€uvp€axt = Opr(6ya0px — 6\/1(6p/1)
+ 6;4/1 (_6VT6pK + 6v1<6pr)
=0,k (=0y10p2 +6v20 1), (47)
and in particular,
€uvp€oxt = _6;1161/1( + 6u1<6vr- (48)
The following relations hold:
Tr(G ;1 = 2800 = 26 0,
Tr(G Oy ) = 281120 = 26 1y iy (49)
Tr[aﬂl 6#2 aua] = ngJlIJZIJS’
as well as
g;vp = 8pvw> (50)
and for r > 3, using Eq. (44),
Tt(Gyy Oy - Oy, 1 = { }Z 8uipzpa 8pr oy W0p,
Pisi=2,..r
=2 Z 8urizpz " 8pro1pirpr0p,0
{piti=2,..r 51)
=2 Z 81 piop28papzps " 8pr-114r0
{piti=2,..,r—1

=2 Z 81202 8p2p3p3 * 8pr-air—1ptr -
{piti=2,.,r—2

Now, since, for any pg, 6,0, = Id2 (no summation), we have also Z;iozo 01y 0y = 41dz, and
~ o~ ~ 1 o oa o~ ~ A
TG, Oy Opy ) = = D Tr0 o0y Opiy G s, O g
Ho

> 8uomip1 " 8pr-11r0r 8pritopra19pr410
Hodpiti=1,.,r+1

(52)

Z 8uoprp1 " 8pr-1prpr 8pr o0
Hosfpiti=1,...r

Z 8oripr 8pr-1prpr:
{oiti=1,..r

N—= N= N|—=
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C.2. Explicit traces of Y% products

In this section, u; = x,y,z=1,2,3, i.e. we exclude u; = 0, and we provide the traces of the products
of up to five Pauli matrices (the expressions for a larger number of Pauli matrices become very
long and we deemed it not very instructive or useful to write them):

TG 1y 8 ) = 26 1y

]
]
Tr[6 1y Gy O iy = 20€ 0 pp s (53)
Tr[amauz 6#3 am] = 2(6H1H46ﬂ2ﬂ3 - 5#1#3 5#2#4 + 6#1#26113#4)’

]

Tr[aﬂl U#z alta 0M4 alts = 2i(6ﬂ2#3 6#1#4#5 - 5#1#36#2ﬂ4ﬂ5 + 6ﬂ4ﬂ5€u1ﬂzﬂs + 6#1#26#3114#5)'

Note that cyclic permutation of the indices are identical because of the cyclicity of the trace,
and that traces of an odd number of Pauli matrices are purely imaginary while those of an even
number of Pauli matrices are purely real. For our application to three-sublattice systems, it is also
important that, up to thirteen Pauli matrices, the traces may always be reduced to a form where
either zero (even number of matrices in the trace) or only one (odd number of matrices in the
trace) Levi-Civita symbol appears. The consequence is that only a single power of the chirality
within the unit cell, y;23, can appear, cf. Eq. (17), where i;»23 = 1. Finally note the interesting
results in [39-41].

Appendix D. Decomposition of the Hamiltonian into tensor product bases

We have, fora,b=1,...,N,

. Haa -+ Ha<p
H=|- -+ v . .| 3YM=2N, (54)
- Hpsq
with A ab 2 x 2 matrices:
3
Hap=) hb Gt (55)
u=0

such that A ba = ﬁzb since H is Hermitian, and so (hZ B = h’;a. Note that H, itself is not
necessarily Hermitian (in turn, the hZ , can be complex). We may also write

3
H=Y A, ®5", (56)
u=0
where
7 I
R hig - hb_, -
Au=|- P , (57)
’ hb>u
N

where HL = Hu'
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Appendix E. Three-sublattice structure

E.1. General formulas

Recall that we defined
(Xﬁ _ A~ A~ A~ A~
Ay g = Tr[0a HHT 0 HHP], (58)
and we have
ap e ap
Q=2 2 OPOY0Y Y Srp(pImAL, (59)
r,23=1 p=ra+2

For a given set of values (rj,r2,73) and their permutations, all terms Af‘{ﬁ @ =

Tr[0, HH"0g HH] for pairs (1 = p—2,42 = R— p) for which there exists in the ¥, sum
another pair (g}, ;) = (g2, q1) cancel against each other. In Eq. (60) we provide the full expres-
sion for the Berry curvature as a function of these terms.
We find that for three-sublattice systems, dropping the band index superscripts (n) on the ¢’s
and the af superscripts on the A’s to avoid clutter,
o = ZIm[ ~ Ao ??
-3030,M )
—301050 0,2 —3(0503 + 0105) A3
— (30504 +6010205+ 03)No.a)—2(3010205+ 03) A 3)
—3(0305+ 0105 +20,0204+ 0503) Ao 5
—3(2010204+ 0105 +20503) A1,0) — 3(£105 + 0503) A2 3)
—3(2010304+2010205+ 0205+ 0504) A o,p)
—6(010205+ 010304+ 0504+ 0205) Ny 5)
—3(2010304+ 0504 +20203) A0
— (€3 +6020403+60,0503+30,05+30505) A7)
— (6010305 +30105+60505+12020304+203) A p)
—3(03 + 4020304 +201 0305+ 0105+ 0505) N2 5)
— (63 +6020304+30,03) A3 4
—3(0504+2020305+ 0205 +20,0405) A o,p)
—6(0304+2020305+20,05+20,0405) N1 7)
—3(30504+ 4020505 +20205+2010405) N2 6)
—6(0504+ 020305+ 0205+ 010405) A3 5
—3(0505+ 0305 + 0105 +2020405) N 9)
~3(20305+ 20305 + 0102 +40,0,05) A1 g)
—3(30505+30305+ 0102 +40,0,05)Ao7)
—3(20305+ 30305+ 0102 +40,0,05) A p)
—3(0505+ 0305 + 0102 +2050405) A 5)
— (€3 +6030405+3020%) Ao 10)—2(03 +6030405+30202) A0
—3(€3 +6030405+20,02) Nog) — 2(203 +9030405 +30205) Az 7)
—2(03+6030405+3020%) Au )
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—3(0305+ 0302 N o,11) — 6(0505 + C302) A1 10) — (0505 + €302) A 20)
—3(40505+30308)N3,8)— (505 + C30%) Aa7) —3(£505 + €302) A s 6)
—30402N0,12) — 60402 Na11) — 9002 A 2,10) — 120405 A 3.9)
— 120403 N8 — 60402 A5 7)
— 3 N013) — 203 A1,12) — 303 A211) — 403 A 3,10) — 503 A )
~303Ai8 — (aMGD |- (60)

This expression for the Berry curvature applies for any three-sublattice Hamiltonian, with any
spin configuration and spin-orbit coupling.

E.2. Example of the kagomé lattice without spin-orbit coupling

The explicit form of the spin-orbit coupling free kagomé lattice Hamiltonian matrix is

Kgl 5. to(eik'212(+) + eik~e12(,)) tak (eik-el3(+) + eik~813(,))
Ak = | 1 (e'Frene 4 gikencn) KS,-& fo(e'kenn 4 eikexs)
fo (et esi) 4 pik-esi)) i (etk-es2) 4 plk-esai-) KS;-G
- (61)
KS1-6  2tpcosk-eyn 215 cosk-e3;
=|2t5 cosk-ei, KS,-3  2tycosk- e
2tpcosk-es) 2t; cosk-ex3 KSs-&
For aff = xy, and defining Ai(gll,qz) =ImAg,,¢,), we find
im _ aim _ Aim _ Aim _ Aim _
A(O,l) - A(0,2) - A(0,3) - A(1,2) - A(0,4) =0, 62)
ATy = 2v3K3(3 - cos® ky +sin® kyx — 2 cos ky cos(V3ky)) x123,
where we also set f = —1 and a = 1.
Appendix F. Three-sublattice triangular lattice
E1. Explicit form of the Hamiltonian
On the triangular lattice (with Cs lattice symmetry) in the absence of spin-orbit coupling,
KS, - fo(ekerzn 4 pikene) 4 pikene) I (efken 4 gikese) 4 pik-eis)
H(l) = | £ ek 4 gikene 4 giken) KSy-o to(etkenw 1 gikene 4 eikenw) |, (63)
to(e'*esio) 4 pikesi) 4 pik-esi) @ (efkes0) 4 pikene) 4 pik-ena) KS3-G
and so .
KS1-6 nF(k) tyF*(k)
H(k)=|t;F*(k) KS;-F tF(k) |, (64)
toF(k) t;F*(k) KS3-G
where
F(k) = etz  gikeezs | pikest (65)
We also have
0 inl"(k) —ity")*(k)
0y H(k) = | —ity (I")* (k) 0 itgI"(k) |, (66)
itgI"(k) —ityI")*(k) 0

where
IV (k) = —i0y F(k) = e],e'* 12 + ] ekex 4 o] oikes, 67)
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E2. Vanishing Berry curvature

Here we consider Eq. (11) and apply it to the case of a three-sublattice triangular lattice (where
the unit cell is a triangle of nearest-neighbors) where, for a # b

ht, = th ek-eavm (68)

ie. tg bn) is actually independent of a,b and n. This is in particular the case in the absence of

spin-orbit coupling, where additionally we have tg = 196 ,0. Then, Eq. (11) becomes (recall we
defined I, =3 €ann) elkeam and I=1p,)

aplppp M1 Hp a B

]alyﬂzﬂp)apﬂ __tO tO Z eu1u2(n1)eapap+1(np)
nuMp (69)

—_ M Hpga p

=-h Y Iﬂl“ZIapaerl'

eik'(eal a2(n1)+eapap+1 (Tlp))

As mentioned in the main text, we have
I=1), =D =15 =-(3)" =-3)" =-1}3)" (70)
where Itab is defined in Eq. (14). Now, under a < 3, we have
B B
Iglaz Iﬂpdpﬂ — Iga Igpupn

A

ap Ller] ay ap

("1

( )Uﬂldzuapap+l ,

where we used Eq. (70) in the second line, and where, when we use v, as an exponent, we mean
AVab = A* for v, = —1 and AYeb = A for v,y = 1. We may also write

[gl ap Igpanﬂ = vulazvapdpﬂ (Ia)val a2 (I'B)vupapH . (72)

We can distinguish two cases such that the sum of the contributions from each case is Qf =
Q| +Qf|_|.

(1) The first case is that where v, aVapapy =1 — which means that both aya; and ayap. are
“ordered” (in the sense Vg, 4, = Vaya,,, = 1) or both are “reversed” (Vg 4, = Vaya,,, = —1) —in
which case we have immediately

@ Fo e _qa P 73)

ayaz~Aapap+1 araz - apap+1 ayaz - Aapdp+1’

(note however that the above is equal to I°If or to (1*IP)*) and so those contribute QP?|, =
Qob |,» and so zero.

(2) Inthe second case, where vy, aVa, = —1, we have, under a —

ap+1
Ig, asz,,am — Ifluzlgpa,m =g 4 prapﬂ)*. (74)
We can rewrite the above as
—19UFy — —1PUY* = (19 1P)")" (75)
or as

~UY* 1P — —(IP)* 1 = (-1 1P)". (76)
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The sum of those terms in Tr[Aaﬁ | which fall in case (2) are

(q1,92)
Tr[Aaﬁ

W ol = 1T UP) TH[(AD )0 ()51 + (AT 1o ()15

+ (H™)3(HP”)p1 + (H™)32(H)12
+ (HM) 31 (H2)30 + (HT) 1 3(H)53
+ (HT) 11 (H) 33+ (HT) 20 (H)11 + (H™)33(H) 2
+11l2 (I 1P Tr[(HM)31 (H®)p1 + (HM)15(H%)1
+ (HMY1 (H2) 93 + (HT) 1o (HP) 3
+ (HM)35 (H®2)3) + (HT)03(H) 3
+ (HM)33(H”) 1y + (H™)11 (HP) 0 + (HM) 20 (HP)33], (77)

where in Eq. (77) the subscripts a, b on (%), are sublattice indices so that (H) 4, (H9) .q
is a 2 x 2 matrix product and Tr is a Pauli-space (2 x 2) trace.
We can show explicitly that

Tr[(HM) 21 (H?)3 + (HT)12(H”)13
+ (HM)p3(H®)y + (H™) 30 (H) 12
+ (HM)3, (HP)3 + (ﬁq1)13(ng)23]
= Tr[(H™M)31 (H®)p1 + (HT)13(H®) 1,
+ (HM)p1 (H”) 05+ (HM)1(HP)3,
+(HM)3(H”)30 + (HM)p3(H”)13] €R, (78

and

Tr[(H™) 11 (HP)33 + (HM) 20 (HP) 11 + (HM)33(HP2)55]
= Tr[(H™M)33(H™) 11 + (H™)11 (H™) 20 + (HM) 2 (H™)33] €R,  (79)

and so Tr[Af‘ qﬁl qz)] ‘ L€ R, so that it does not contribute to the Berry curvature.

Combining cases (1) and (2) together, we have shown that the Berry curvature for the spin-orbit-
coupling-free triangular lattice vanishes, regardless of the spin configuration.
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