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Abstract. The recent development of single-atom-resolved probes has made full counting statistics measure-
ments accessible in quantum gas experiments. This capability provides access to high-order moments of
physical observables, from which cumulants, or equivalently connected correlations, can be precisely deter-
mined. Through a selection of recent cold atom experiments, this article illustrates the significance of con-
nected correlations in characterizing ensembles of interacting quantum particles. First, non-zero connected
correlations of order n "~ 2 unambiguously identify non-Gaussian quantum states. Second, connected corre-
lations of order n identify clusters made of n elements whose statistical properties are irreducible to combi-
nations of smaller clusters. The ability to identify such multi-particle clusters oVers an interesting perspective
on strongly correlated quantum states of matter at the microscopic scale.
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1. Introduction

Understanding many-body quantum physics remains one of the most formidable challenges in
physics [1-5]. While ab-initio methods oVer a rigorous approach to describing quantum many-
body systems from first principles, they are often computationally prohibitive and can obscure
the intuitive understanding of the microscopic processes that give rise to macroscopic phenom-
ena. Traditionally, the probing of strongly correlated electronic materials has heavily relied on
measuring response functions [6]. Specifically, one-particle spectral functions, obtained through
ARPES experiments [7,8], and dynamical structure factors, derived from neutron scattering [9],
have been indispensable. These methods eVectively probe one-particle (Green functions) and
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density correlations, oVering direct insights into one- and two-body correlations within quan-
tum systems such as superconductors and frustrated magnets, as well as quantum gas experi-
ments [10-15]. However, in strongly correlated matter where higher-order correlations (n-body
correlations with n *~ 2) are prevalent, traditional spectral functions serve only as indirect probes,
with their shapes and dependence on experimental parameters influenced by higher-order cor-
relations. Extracting the contribution of specific high-order correlations from their spectra often
remains a challenge.

Recent advances in detection techniques of synthetic quantum systems of ions [16],
atoms [17,18] and superconducting qubits [19,20] have opened new avenues for exploring
many-body physics and correlations in experiments through single-particle-resolved probes
and measurements of full counting statistics (FCS) [21-28]. Assuming that su'Y cient statistics is
experimentally accessible, these methods oVer direct access to higher-order moments of physi-
cal observables. Therefore, they provide a means for directly investigating the intricate n-body
correlations that define much of strongly correlated condensed matter. By probing individual
quantum constituents — such as electrons, atoms, or spins — one may hope to reveal the mech-
anisms that govern collective quantum behaviour, oVering new insights into this complex and
fundamental question with respect to other types of measurements.

Measuring high-order moments to identify the contribution of connected sets of particles
was proposed long ago, beginning with the work of Ursell [29]. In this context, a connected
set of n particles designates a group of n particles all correlated with one another, i.e. a group
that cannot be described as formed by two (or more) independent sub-groups. In his eVorts
to better understand classical gases, Ursell aimed at e ciently evaluating Gibbs’ phase integral
by focusing on specific groupings of molecules — those forming connected clusters. To this
aim, he exploited the concept of cumulants of a set of N random variables {X;}n, now referred
to as the Ursell function u(Xy, X»,...,Xn), or the connected correlation functions hX; X, ¢¢¢ Xy ic.
Cumulants isolate genuine correlations: the n-th order cumulant «, captures correlations that
cannot be explained by lower-order correlations. The key idea of Ursell was to determine a
finite (and ideally minimal) number of such cumulants (or connected correlations) that could
provide an eVective description of the system. The Bogoliubov-Born-Green—Kirkwood-Yvon
(BBGKY) hierarchy in classical statistical physics is another example of a similar approach [30].
Identifying a hierarchy in the cumulant contributions was then proven unattainable for strongly
correlated bosons at equilibrium [31], but we are not aware of such a conclusion for fermions or
spin systems.! Hence, an expansion in orders of cumulants does not necessarily provide a viable
description of equilibrium many-body states. Nevertheless, cumulants oVer a clean, intuitive and
physically meaningful way to characterise fluctuations experimentally, especially when dealing
with complex or strongly interacting systems.

The present article illustrates two key aspects of cumulants that are useful in the context of
strongly correlated quantum matter. A first crucial feature of cumulants or connected correla-
tions is their capability to identify non-Gaussian behaviour: any non-zero cumulant «, & 0 of
order n *” 2 indeed reveals the presence of non-Gaussian statistics. In addition to their capability
to distinguish Gaussian from non-Gaussian statistics, non-zero cumulants reveal genuine forms
of clustering which can help building a physical picture of the system. Their measurements in
experiments exploring quantum many-body phases and dynamics has attracted growing interest
over the past years. This capability spans a wide range of platforms, including photonic systems,
superconducting qubits, trapped ions, and ultracold atoms. This work focuses on recent experi-
ments realised with cold atom systems. It aims to oVer a brief, non-exhaustive overview of how
connected correlations are measured and employed to uncover both Gaussian and non-Gaussian

INote, however, that a cumulant hierarchy may be found in dynamical many-body systems where the sequential
build-up of connected correlations yields reliable predictions over some restricted time windows [32-35].
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aspects of quantum states, characterise strongly correlated matter or highlight the relevant fea-
tures of quasiparticles emerging in interacting systems. Following a short introduction to the
concept of cumulants, we highlight their applications in systems of interacting bosons, fermions
and spins.

2. Cumulants or connected correlations
2.1. Definition of cumulants

Cumulants — connected correlations. The cumulants, or connected correkatioxﬁ,- ~hX"i; of
arandom variable X are defined from their generating function Ky (t) ~log he'*i ~ = t"/n!.
An example of sL|1ch a ggnerating function is the free-energy F in statistical physics, defined as
F(f) ™~ jl/fllog he iflEj" [36], in the canonical ensemble: F is the generating function of the
cumulants =y, of the energy E. The moments m, ~ hX"i are related to the cumulants <, ~ hX"i,

through the relation
N O L O )
T g T .
A similar relation relates cumulants to moments.
Of particular interest to the present work is a modified version of the above relation, where the
n®-order cumulant =, is expressed as a function of the nt!-order moment my, and cumulants of

ordern’ " n:
Xl Y
*n Mpj “ibj )
Pj;i™1 B2P;
where P; are all the partitions of n objects into lists B of sub-ensembles whose largest sub-
ensemble contains j objects (jbj is the size of the sub-ensembles in the list B). This formula
expresses a simple and useful picture of the cumulants [37]: the n"-order cumulant counts the
number of connected graphs in a vertex set with n elements. This number is equal to the total
number of possible graphs my,, to which the contributions of connected graphs of order n’ - n are
subtracted. Therefore, the connected correlations of order n identify the number of connected
sets of exactly n correlated elements.

As illustrated in Figure 1, it follows that the connected correlations can be expressed from
subtracting from the (total) correlations my, of order n the contributions from all connected
correlations of order n’ * n. The diVerence between the total correlations and the connected
correlations is referred to as the disconnected correlations (note that disconnected correlations
of order n include connected correlations of order n j 1, n j 2,...). To complete this illustration,
we write the connected correlations of lowest order:

hXjic ~ hXii,
hXi Xjic ™ hXiXji i hXi_iChXj ic,
hXi Xj Xiic ™ hXi XXkl i Ihxi ichXjXkie  hXjichXjXyic hXgichXiX; ic¢ i NXjichXjichXjic.
The cumulants of low order have names: mean, variance, skewness and kurtosis for =1, =5,
=3 and =4 respectively. Wh;'le the ﬁr&t ﬁhree cumulants are identical to the centered moments of

corre)spondin%ofrider, e, X jhXi " forn = 1,2,3, this is not the case anymore fromn "3, e.g.
-~ X ihXit j3el.

Cumulants of classical Gaussian random variables. A Gaussian random variable is a random
variable whose connected correlations (or cumulants) are zero at any order larger than 2, i.e.
*n — 0 for n " 2. This definition is equivalent to stating that the knowledge of the mean and
standard deviation fully defines a Gaussian random variable. Otherwise stated, connected sets
with more than 2 particles are not present in systems with Gaussian statistics.
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Figure 1. lllustration of the decomposition of cumulants of order ~ n as the diVerence between the total correla-
tions and all the contributions from cumulants of order  n OC n [23].

2.2. Cumulants of quantum observables

Connected correlations of quantum states.  In the quantum mechanical description, a system

is described by a density operator % and the statistical average h¢¢¢df an observable R is
hRi /£ Tr[®#R]. The moments and the cumulants (or connected correlations) of R have the
same de nition As in the previous paragraph. The cumulant generating function is de ned

as Kz(, ) A&log he: Aj and cumulants are obtained from its derivatives at ., /0. In contrast
to the classical case, however, care must be taken in these de nitions as the observable R
and the Hamiltonian M of the system may not commute, with the consequence thatdi  Verent
de nitions lead to di Verent results. For instance, at equilibrium where % /Ael 7"'/2, one may
nd an alternative, symmetriseéi de nition of the cumulant generating function to the one given

here, namely Kz(,) ZlogTr e #?#e- A2 . When R and B do not commute, this alternative
de nition leads to di Verent values for the cumulants. Similar attention to normal ordering must

be paid to the case of an observable R involving non-commuting operators. Its cumulants are
obtained from the generating function of the joint cumulants associated to the operators in
normal order [38].

Link to normalised correlation functions. Inthe eld of quantum optics, R. Glauber introduced
the normalised correlation functions for a light eld associated with photon operators [39]. For
any creation and annihilation &' and & (both bosonic and fermionic operators), one can de ne a
normalised correlation function as

- ®
8'(x1) ¢ &8 (xn)&(xn) ¢ 8(x1) Gt Xn) o @)

P(x1) P(xz) ¢ed(xn) Px1) P(x2) ced(xq)

with IO(XJ-) /EaT(xj)a(xj) the particle number operator at coordinates  x; 4(tj,rj). Note that
the ordering of the creation and annihilation operators plays an important role in the case of
fermionic operators. The normalised correlation function g™ re ects the total correlations and it
can be related to the connected correlations using Eqg. (2). For instance, the connected “intensity”
correlations relates to the normalised two-body correlation function as follows:

- ® £ a- ®- ® - ®
Px)Pix2) (£ 9P (x1.x2)i 1 Bxa) P(x2) Ax(xai x2) P(xa) (4)

9™ (x1,...,xn) £
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where £(x1j Xp) is the Dirac function which is non-zero only when  x; AXz. In terms of eld
operators, the normalised two-body correlation function g®@ corresponds to a fourth-order
cumulant and contains many contributions (see Figure 1),

9@(x1,x2)/ &' (x1)8" (x2)B(x2)B(x1) CA'a*(xl)a*(xz)a(Xz)ﬁ'a(xl>®A¢¢¢ )

We emphasise that g® contains the total correlations (see Figure 1), and is an intensive quantity
due to its normalisation. For example, in quantum optics, ~G® increases with the intensity, i.e.
the number of photons in a temporal mode, while g(z) does not. This contrasts with connected
correlations h¢ ¢ gthat e Vectively count the number of connected sets and thus grow with system
size. In that regard, connected intensity (or number) correlations can easily be interpreted as the
diVerence between correlated pairs compared to the situation of independent random variables.

2.3. Motivations for measuring cumulants

In the present article, we illustrate on a few examples from cold atoms experiments why cumu-
lants are interesting. We have identi ed two main motivations for measuring cumulants: reveal-
ing non-Gaussian quantum states and identifying correlated clusters. In the context of simulat-
ing and understanding strongly correlated quantum matter, we believe that these two motiva-
tions are extremely fruitful for experiments and represent strong assets associated with the mea-
surements of high-order correlations.

Distinguishing Gaussian from non-Gaussian quantum states. A Gaussian quantum state is a
state described by a Gaussian Wigner function, or a Gaussian density matrix [40]. Similarly to the
case of a classical Gaussian variable mentioned previously, any connected correlations involving

n , 3 creation/annihilation operators are zero. This implies that a measurement of a non-zero
high-order ( n , 3) cumulant of creation/annihilation operators unambiguously indicates that

the quantum state is non-Gaussian.

Table 1. Cumulants of operators and their relation to theoretical descriptions of quantum states with increasing
number of correlated modes.

Cumulants

Theoretical description Type of correlations
of operators
- n A0 Mean- eld theories No correlations between modes
fornE1 Single-mode correlations induced by quantum statistics
- n A0 Gaussian theories . . .
N . . ) Gaussian correlations coupling two modes
fornE2 Free quasi-particles theories
- n 64 . . )
forn E 2 Theories of strongly correlated states ~ Non-Gaussian correlations between many modes

A parallel can somewhat be drawn with the theoretical description of quantum systems of in-
teracting particles, as illustrated by Table 1. Mean- eld theories do not account for quantum
uctuations, establishing equations for one particle in a (classical) eld. Therefore they do not
include any connected sets of modes. 2 Gaussian theories — such as Bogoliubov theory, Bardeen—
Cooper—SchrieVer (BCS) theory and Luttinger liquid theory — include linearised quantum uc-
tuations that give rise to correlations between two modes. As a result, they can be viewed as ap-
proaches considering the contributions of connected sets with up to two modes. Beyond the

2A mode is a guantized excitation of a eld, associated to a creation/annihilation operator. For instance, a mode in
momentum space is associated to the creation operator hl of having an excitation with momentum k. The BCS and
Bogoliubov theories predict pairing of modes at opposite momenta  k/ i k (see below).
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linearisation of quantum uctuations and beyond Gaussian theories, descriptions of strongly
correlated quantum matter include the contributions of connected clusters with more than two
modes.

From an experimental point of view, correlations between modes (i.e. eld correlations) are
routinely probed through homodyne and heterodyne interferometers in optics. In contrast,
correlations between modes of massive particles are rather revealed indirectly from measuring
correlations between particle numbers. This di  Verence between mode correlations and particle
correlations has important consequences when identifying the properties of quantum states. For
instance, mode entanglement and particle entanglement are not the same [41,42]. Moreover,
when attempting to reveal the non-Gaussian nature of a quantum state — de ned from a non-
zero operator cumulant of order n E 2 — measuring two-particle correlations can be su Y cient,
as it indirectly provides information about 4-mode correlations (see Section 3.2.3).

Identifying correlated clusters.  One attempt in understanding correlated quantum matter is to
identify the presence of correlated clusters of modes (or particles) at the microscopic level. Cele-
brated examples are pairing mechanisms at the heart of superconductivity — such as described
by Bardeen—Cooper—SchrieVer theory for instance — or super uidity in liquid Helium-3. Larger
correlated clusters involving more than two modes (or particles) are also present in strongly cor-
related matter, as we shall illustrate below. In experiments, measuring n-body correlations is not
suY cient to reveal these microscopic n-uplet clusters — pairs, triplets, quadruplets... — since
n-body correlations also include contributions from  nuplets with n°C n (see Figure 1). Instead,
n-order cumulants or connected correlations are the adequate quantities to study as they con-
tain only the genuine contribution from  n-uplets. This is illustrated through the fact that (total)
n-body correlations G can take non-zero values even in the absence of n-uplet clusters, i.e.
when n-body connected correlations G((;”) are equal to zero.

Continuous phase transitions.  The description of phase transitions in statistical physics relies on
the scale invariance of the system's uctuations close to the transition [43]. A well-known con-
sequence of scale invariance is the emergence of algebraic scaling laws for physical quantities,
with critical exponents determined by the universality class of the phase transition. This predic-
tion has found experimental con rmation in a large variety of systems ranging from condensed
matter to ultracold gases.

Another property deriving from scale invariance is that the statistics of the order parameter
assume a universal scaling function. Notably, this universal distribution is expected to be non-
Gaussian near the critical point, where uctuations occur across all spatial scales and the Central
Limit Theorem no longer applies [44,45]. Higher-order cumulants of the order parameter are
particularly well-suited to uncover the non-Gaussian nature of these uctuations. However,
due to the challenges in measuring high-order cumulants — or equivalently the full probability
distribution — of an order parameter, experimental con rmation of its non-Gaussian behaviour
at the phase transition remains limited [46].

Recently, the work of Allemand et al. with ultracold lattice bosons exploited high-order cu-
mulants of the condensate order parameter to identify the non-Gaussian critical regime of the
super uid-to-Mott phase transition [47]. In addition, it uncovered universal oscillations of high-
order cumulants across phase transitions occurring in nite-size systems. Interestingly, a similar
approach could be applied to study various phase transitions, belongingto di  Verent universality
classes, as several atomic platforms are capable of probing the statistics of order parameters [24—
26,48].
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3. Models of interacting bosons and fermions
3.1. Quantum statistics: single-mode correlations

In the absence of interactions, the unique origin of correlations is quantum statistics. The latter
take place within a single mode, resulting in single-mode correlations only. They manifest as a
bunching e Vect in the case of bosons and an anti-bunching e Vect in the case of fermions. While
these correlations are not the ones we are mostly interested to discuss in this article, we brie y
comment on them, as well as on the Siegert relation and Wick's theorem [49].

Isserlis' theorem or Wick's theorem relates the moments mp, of a Gaussian variable, or of a
Gaussian eld, to a combination of moments of order n°- 2. Such a relation can be derived from
the connected correlations: using Eg. (2) and the hypothesis that the statistics is Gaussian, i.e.
that any connected correlations of order n , 3 vanish. Consider for instance two bosonic modes
labeled 1 and 2 respectively, with their respective annihilation operators &1 and &,. The Gaussian
nature of the state implies that m{a;azalic A0, from which one obtains m{agazali /£ Di,&
DiA Di where Di1 corresponds to the disconnected correlation of order 4 involving connected
(operator) correlations of order j (see Figure 1). Inthe case of anincoherent eld,i.e. hiyi /0, one
has D3 £D? /0 and D2 /& hia]&,i * Ahid!&]ihé; #i Ahbyihib,i. With the additional assumption
hi1 &,i £ 0 — for instance valid in systems with chaotic statistics or with particle number
conservation —, one is left with

b} &), 0,1 A Hal agihal épi A hinldn,i 2. (6)

This equation is well-known in the context of quantum optics and referred to as the Siegert
relation when a @ngle mo@e is probed. Considering the light emitted by an incoherent source
(forwhich &(t) A& #&(t)?> A0 with &(t) being a stationary process), it reads

9@ (xt) 1A gD (xt)? (7)

- ® q - R)= ® .

where gM(+t) £ a'(t)at A+t) /  at)tat) atAxt)Tat A+t) characterises the rst-order
temporal coherence of the source. The above derivation simply relies on the assumption that
the light eld has Gaussian statistics and zero mean. Chaotic or thermal states, which are often
encountered as they result from the incoherent sum of many contributions and application of
the Central Limit Theorem [50], share those properties and, in turn, follow the Siegert relation.

When considering a single Gaussian bosonic mode, a similar approach exploiting the structure
of connected correlations (equivalent to Wick's theorem) can be applied in the presence of a
nite coherence of the eld. Using the vanishing of high-order cumulants, e.g. hio' &' &i . A0 and
hia' &' &di . A0, a little bit of algebra [51] yields the generic expression

ho' &' abi £ hd2i 2A2h 8i2; 2 hai .

This expression generalises the Siegert relation (see Eq. (6)) in the case of a single bosonic mode.
More speci cally, it contains terms with anomalous averages thata Vect the statistical properties
of the state. For a bosonic mode with thermal statistics, one has  hbi A& ha?%i £ 0 and one recovers
hb'&'bbi £ 2hatai?, i.e. a perfectly-contrasted bunching. In the case of a coherent state  j® —
which is a Gaussian state obtained from the vacuum state  j0i by the displacement operator B (®),
j®i £ D(®)j0i — anomalous averages are non-zero. From the properties of the displacement
operator, one nds hhi /£® and hb?i £ ®?, as well as hb'ai /£ j®j2, leading to hb'a'bbi £ @)% £
hib' &i 2 signaling the absence of bunching. This result is straightforwardlx generalised to higher-
order correlations in the same mode { x; Ay}, leading to g(”)'{xi AEXo} A1 for a coherent state.

For a fermionic mode, one has  (&")"&" AO0for n . 2due to Pauli exclusion principle, leading
to the fermionic anti-bunching g™ ' {x; &xo} A0 for n . 2.
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The eVect of single-mode statistics has been widely probed with ultracold atoms. In di-
rect analogy with the landmark experiments of Hanbury Brown and Twiss [52,53], single-atom-
resolved observation of bunching and anti-bunching were reported in atomic gases [27,54—60].
Noise correlation of absorption images was used to unveil underlying spatial ordering, e.g. in lat-
tice systems [61,62]. These implementations of the noise correlation technique su  Vered from the
line-of-sight integration inherent to absorption imaging and from a limited resolution in momen-
tum space. With detection techniques at the single atom level, perfectly-contrasted bunching
was observed in thermal Bose gases [58], in the depletion of a condensate [63] and in Mott insu-
lators [64], while perfectly-contrasted anti-bunching was reported in fermionic clouds [58,60,65].
Similar quantitative analysis of the amplitude of correlations induced by quantum statistics were
extended to higher-order correlations, enabling a precise characterization of quantum states
through their full counting statistics [27,64,66—68].

3.2. Bosons with contact interactions

In dilute Bose gases, the atomic density is low enough such that the interaction potential is well
approximated by contact interactions, the amplitude of which is set by the two-body s-wave
scattering length as. The momentum space is a fruitful frame to discuss correlations induced
by contact interactions: contact interactions are indeed equivalent to a four-wave mixing term
between momentum modes (see illustration in Figure 2(a)). In the following, we consider the
Hamiltonian 1 ARy Al with a non-linear (interaction) term B taking the form of a four-
wave mixing term, &/ K1.ka.Ka aLAksaEZi ksaklakz. Note that such a four-wave mixing term is
routinely used to describe experiments in ultracold gases [69] as well as in non-linear optics [70].
Recall that the ground-state of an ensemble of ideal bosons is a Bose—Einstein condensate. In
the following, the mode of the condensate, i.e. the ground-state of the non-interacting Hamilton-
ian }bo, corresponds to the mode with a momentum equal to zero, k /0.3

Figure 2. (a) Contact interactions and four-wave mixing in momentum space. Here g FE4YR2as/m. (b) Mean-
eld description of interactions: two-body interactions within the BEC. (c) Linearised quantum uctuations
induced by interactions: creation of momentum-correlated pairs exiting the BEC. (d) Beyond linearised quantum
uctuations: generation of momentum correlation between 3 or 4 di Verent momentum modes.

3Identifying the BEC to the mode k 4O is strictly valid only in homogeneous systems with periodic boundary
conditions where k is a good quantum number. However, it is an excellent approximation in most experimental
con gurations.
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3.2.1. Mean- eld approximation — Gross—Pitaevskii equation

The simplest way to account for (contact) interactions is to treat them at the mean- eld level.
This amounts to neglecting quantum uctuations between di  Verent modes and to considering
interactions within the single mode of the BEC (Figure 2(b)). The mean- eld ground-state re-
mains the Bose—Einstein condensate (BEC), which however di Vers from the ground-state of ideal
bosons through a modi cation of its wave-function. The mean- eld BEC wave-function is de-
scribed by a non-linear Schrédinger equation, the Gross—Pitaevskii equation, and the conden-
sate fraction (i.e. the fraction of bosons in the BEC state) is 100% at zero temperature.

In terms of cumulants of (momentum) modes, the mean- eld approximation implies that any
cumulant of order n E 1 is zero. For instance, one has hl?i . /A0, which implies that hQ2j £ HRi2.
The interaction term, whose sum reduces to the u@'que contribution of the BEC mode i /0, thus
takes the form HBi/h agagaoaoi A No(Roi 1) ANo(Ngi 1) where Ng &£ Mo is the mean atom
number in the BEC mode k Z0. Note that the amplitude is simply proportional to the number of
interacting atom pairs Ng(Ngi 1).

3.2.2. Linearised quantum uctuations — Bogoliubov theory

Beyond mean- eld descriptions include quantum uctuations that couple di Verent modes
at zero temperature (Figure 2(c)—(d)). These quantum uctuations originate from the non-
commutation of the interaction term with the non-interacting Hamiltonian ~ Hq [71]. They
result in the population of modes that are distinct from the BEC, also called the guantum
depletion. When quantum uctuations are a small perturbation of the mean- eld solution,
they are accounted for by linearising their e Vect in the Hamiltonian (Figure 2(c)). Systems
with linearised quantum uctuations are referred to as weakly interacting ones. In the case of
interacting bosons, the theory with linearised quantum uctuations is the Bogoliubov theory.

Bogoliubov theory assumes the quanturB depletion to be small and approximates the operator
of the BEC mode to classical eld, &g» Ng where the average number of bosons in the BEC
Ng £ Mo » N is close to the total number of qgrticlebs N. The Jjnearisation of quantum
uctuations corresponds to keeping the term  No , k, allaﬁz Ah.c. in the four-wave mixing
interactions, in addition to the mean- eld contribution. In terms of cumulants, this approach
is equivalent to assuming that cumulants of order n E 2 are zero. Inserting the condition
M’Lalzaksi cE mllalz% &y, ic A0 in the interaction terms indeed leads to

X £ o
HBPi/ No(Noi 1)ANg hhllalzihaohoiAhallagihakzaoi)& c.c. .

k1,k2
The corresponding interacting Hamiltonian is quadratic in operators and can be diagonalised
in a basis of quasi-particles. In other words, the system is well described by a Gaussian theory
of non-interacting quasi-particles with quantum uctuations obeying Gaussian statistics. This
is identical to stating that the weakly interacting regime is entirely characterised by connected
correlations of order n - 2.

Bogoliubov theory is a celebrated example of such a Gaussian theory that treats quantum
uctuations as linear uctuations. It predicts that the interaction-induced depletion of the BEC
takes the form of two-mode squeezed states at opposite momenta (see Figure 3). Indeed, mo-
meBtum q:onservation in,the fo'gr-v%ave mixing progess implies that  k» & jky in the contribution
No K.k, By B Ahc. ANo , b &' Ahc. .

q_— 1 0Ky

1
In the dilute regime nal¢ 1, Bose gases realise the weakly interacting regime previously
described. In addition, these platforms are well suited to probe the momentum-correlated pairs
predicted by Bogoliubov theory. Indeed, single-atom-resolved detection methods after a long
free expansion from the trap allow one to access the momentum of individual atoms (see [72] for
instance), providing access to the full counting statistics of the atom number ~ N (k) in the mode k.
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The presence of two-mode squeezing at opposite momenta can be revealed from measuring
connected number correlations at opposite momenta,

@k, k)& RaoRG K 0K TRE K ®)

and nding Géz)(k,i k) E 0. In the experiment of Tenart et al. [57], this signature was used to
reveal Bogoliubov pairing in a gas of weakly interacting bosons, as illustrated in Figure 3. The
connected correlations are non-zero only in a narrow range of momenta close to the condition
k% ik, an experimental evidence of the pairing mechanism between modes at opposite mo-
menta. In such experiments, the momentum is a continuous variable which is measured with a
resolution dk smaller than the size ¢k of one mode. The size ¢k of a mode in momentum space
is given by the inverse in-trap size of the gas and it can be measured from the width of the bunch-
ing peak in momentum space [63]. This is the case in the data reported in Figure 3: the size of a
mode is given by the width of the correlation peak and corresponds here to roughly ¢k » 10dk.

Figure 3. Connected correlations ng)(k , k(ﬁ in the depletion of a weakly interacting condensate as a function of

k Ak® The data are adapted from [57]. Inset: illustration of two-mode squeezing induced by interactions. A mode

in the momentum space occupies a volume ¢ k3 where ¢k A2v4 L with L the size of the considered system. The
Bose—Einstein condensate (BEC) occupies the mode at k A0 and interactions promote Bogoliubov pairs in modes
with opposite momenta §k.

3.2.3. Non-linearised quantum uctuations — strongly correlated regime

When quantum uctuations become large enough, their e  Vect cannot be linearised and one
must resort to non-Gaussian theories. This is the regime of strongly correlated states. The quasi-
particles introduced by linearising the e Vect of quantum uctuations acquire a nite lifetime in
the strongly correlated regime: they are not eigenstates of the interacting Hamiltonian anymore,
which implies that they would interact and decay when excited. In other words, a theory of free
quasi-particles does not describe the strongly correlated regime.

The non-Gaussian nature of strongly correlated quantum states can in principle be directly
revealed from detecting correlated clusters with more than two modes, i.e. from measuring non-
zero connected correlations of order n E 2 [47]. While measuring high-order correlations in
a single bosonic mode has long been achieved [27,66,68], probing correlations between more
than two modes remains scarce [64,73]. Alternatively, the measurement of density-density
correlations (i.e. two-body correlations) is sometimes su Y cient to obtain signatures of non-
Gaussianity, as illustrated recently with ultracold interacting Bose gases [74]. In these works,
density correlations are used to reveal non-Gaussian statistics in the form of a non-zero fourth-
order cumulant of operators.
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Non-zero four-operators cumulants. ~ When one considers an ensemble of bosons with no eld
coherence, hhj i £ mji /0, the fourth-order cumulant of operators involvingtwo di ~ Verent modes
(labeled 1 and 2 respectively) simpli es to

hio! &) Bl /E 0 BBt hblali 2 halayi 2 ih MpihW,i

and leads to

hQ 1M i ¢ /£ 1R 1M 20 h M 1ihM i E Hal ala, i A hialali 2 A hil i 2. ©
This relation shows that a measurement of negative connected number correlations,
hR Wi C 0, necessarily corresponds to m}a;azalic C 0. Such a non-zero fourth-order cu-
mulant unambiguously indicates that the quantum state is non-Gaussian. In the experiments
of Bureik et al. [74], this approach revealed the non-Gaussian nature of momentum correlations
in a strongly interacting Bose gas at equilibrium. Note that in the experimental realisation [74],
the eld coherence was shown to be vanishingly small and compatible with being zero. This
example illustrates that information on non-Gaussian correlators that are not an observable may
be obtained from the measured connected correlations, upon minimal assumptions.

Absence of a hierarchy in the four-wave mixing processes at strong interactions. As outlined
above, there exists a hierarchy in the contributions of the various four-wave mixing processes
depicted in Figure 2 within the weakly interacting regime, where the condensate fraction is
close to unity ( Ng » N). Although not strictly zero, the four-wave mixing processes responsible
for generating non-Gaussian states are negligible in this regime. In contrast, in the strongly
interacting regime, the condensate becomes signi cantly depleted, and the population of the
condensate mode becomes small and comparable to those of the excited modes. As a result, the
hierarchical structure of contributions valid in the weakly interacting regime no longer holds and
many high-order cumulants have similar contributions.

In the intermediate regime of interactions, where the condensate fraction is appreciably below
unity yet remains macroscopic (e.g., » 0.5), the hierarchy established for weak interactions
may still apply. However, the signatures of non-Gaussianity in the many-body state become
appreciable as well, as demonstrated in recent experiments at condensate fractions around
» 0.75 [74]. This situation shares similarity with the description of the metrological gain in a
spin model with a one-axis-twisting term which we discuss in Section 4.1.

3.3. Interacting fermions

Interacting fermions lie at the heart of so-called  strongly correlated materials whose properties
heavily depend on interactions between charge carriers. Unconventional superconductors (e.g.
cuprate, or “high- T¢” superconductors) constitute a paradigmatic example of such materials.
Contrary to conventional superconductors, where phonon-mediated interactions lead to the for-
mation of Cooper pairs [75], the microscopic origin of the pairing instability in unconventional
superconductors is not fully understood, but is closely related to strong electron-electron inter-
actions [1].

Ultracold atom platforms provide a particularly convenient way of studying strongly corre-
lated ensembles of fermions over wide ranges of interactions and densities [76]. In early experi-
ments using bulk gases, the formation of Cooper pairs was observed through indirect probes re-
lated to super uid behaviour [77-82]. The rich phenomenology of the BEC-BCS crossover [83], in
which the nature of the pairing correlation changes through a Feshbach resonance, has also been
extensively explored with global probes, including RF [84] and photoemission spectroscopy [11].

In the scope of this article, we rather focus on a few examples of single-atom resolved experi-
mental explorations of correlations emerging in strongly interacting fermionic systems.
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3.3.1. Correlations in bulk ultracold Fermi gases

Early measurements of correlations in ultracold Fermi gases dealt with density correlations
after expansion of the gas. Super uidity, for instance, is characterised by a macroscopic pop-
ulation of zero-momentum Cooper pairs. éuch pairing is detected by connected correlations
between opposite momenta, in(k)b(; k) . [85], similarly to the Bogoliubov pairing of bosons
described above. The formation of local and non-local fermion pairs, in the form of Feshbach
molecules, was observed by means of noise correlations in absorption pictures [86]. However,
recent experimental e Vorts led to single-particle detection techniques, allowingto  directly image
such fermionic pairing. This is illustrated in the following two experiments.

Identi cation of individuals BCS pairs. In the experiment of Holten et al. [87], the ground state
of a harmonically trapped Fermi gas with very few particles — a dozen — is studied by measuring
the momentum of each constituent (see Figure 4(a)). The presence of pairs of fermions lying close
to the Fermi surface (dashed circle) is identi ed by evaluating the connected correlation function
CO(p-,py) £ . 0p,ic, represented in Figure 4(b). There, the cross marks the momentum of the
spin- #particle; a peak in the correlation function is clearly visible at the opposite side of the Fermi
surface, as expected from Cooper pairing. In their case, the opposite-momentum correlation
peak at the Fermi surface is well reproduced by a mean- eld BCS theory.

Figure 4. (a) Single-atom spin-resolved measurements of a trapped Fermi gas with N 412 particles in momen-
tum space. The da%]ed circle indicates the Fermi surface. Momenta are expressed in natural units of the har-
monic trap pyo £ Bm! . (b) Connected correlations C(Z)(p-- ,P#), where the momentum of the #fermion is
xed (cross mark). (c) Single-atom resolved measurements of a dilute, strongly interacting Fermi gas in position
space. (d) Normalised correlation function g.ﬁ)(r) as a function of the distance between opposite-spin fermions,
showing a strong peak at short distances and anticorrelations at intermediate distances that is not captured by
the mean- eld BCS theory (dashed line). The panels (a) and (b) were adapted from [87], while (c) and (d) were
adapted from [88].

Spatial correlations. In more recent experiments by Yao et al. [58] and Daix et al. [88], highly
dilute two-dimensional Fermi gases are investigated using spatially resolved measurements
(Figure 4(c)). As the interaction strength is increased toward the strongly attractive regime, the

normalised correlation function )
hboy" Ibr Y#I

hivg - ihiy, 4i
develops a pronounced peak as r ! 0, indicating the emergence of tightly bound local pairs
(Figure 4(d)). This behaviour contrasts with the Cooper pairing mechanism, involving states of

opposite momenta near the Fermi surface, and is therefore non-local in nature.

99(r) & (10)

4Connected and normalised correlation functions are related ~ via
hbo," 'br ,#i c

Dy 1A —~—2°
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For spin-balanced homogeneous systems hby 3i Z£n and g,ﬁ)(r )i 1A g by yic/ n2.
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Interestingly, in [88] the experimental data additionally shows that  anticorrelations develop
at intermediate distances kgr %2, a feature that is not captured by (mean- eld) BCS theory [89]
(Figure 4(d)) which neglects interactions in the normal state. The authors attribute this behaviour
to non-trivial higher-order correlations. They evaluate in particular the three point correlations

® )& hioo, 300y ; 340y , o0l
g%%yg(r) . . "
mO’%Ihlbrly%lhlbrzyz/‘pl
Their experimental setting only allows measuring such correlations in the case where the three
particles are equidistant from each other.

v T Aol AT Toj AT 11)

3.3.2. Ultracold fermions in optical lattices

Once loaded in optical lattices, assuming the lowest energy band is populated, ultracold atoms
naturally realise the Hubbard model [90], originally introduced to describe interacting electrons
in solids [91]. In the case of a spin-1/2 system (e.g. when considering two hyper ne states of  6Li
or 4°K), the Fermi—Hubbard Hamiltonian writes
. X £ + + o] X
B £t &' b %A o) 58 % AU by -ty 4 (12)
h,ji % [
Here, t and U are the tunneling amplitudes and on-site interaction energies, % /E" #is the spin,
b 3, is the annihilation operator for a fermion of spin ~ ¥on site i, and h,ji designate nearest-
neighbour sites.

Antiferromagnetic ordering: two-point correlations. In typical experiments, the Fermi—Hub-
bard model is studied on a square lattice ® in the strongly interacting regime where the physics is
dominated by the interactions between fermions (U A t). Athalf- lling— one fermion per lattice
site — and at suY ciently low temperatures, the system develops short-range antiferromagnetic
(AFM) ordering in the repulsive case, which is analogous to a charge density wave (CDW), i.e. a
staggered checkerboard pattern of empty and doubly occupied sites, in the attractive case.

Antiferromagnetism can be revealed through the measurement of the spin-spin connected
correlation function

cP(d) EanE i, (13)
where Qiz A(b; » i by 4)/2. This correlator was used in a series of quantum gas microscope ex-
periments [56,93-95], in which locally resolved atomic density measurements allowed to ob-
serve magnetic ordering beyond nearest-neighbour. In the Harvard experiment by Mazurenko
et al. [95], magnetic correlations extended beyond the system size (Figure 5(a)—(b)).

For U C 0, fermions with opposite spins tend to pair-up, leading to the formation of doubly oc-
cupied sites (doublons). The symmetries of the attractive model essentially amount to associate
empty and doubly occupied sites to the two spin components of the repulsive model; AFM or-
dering thus translates to a CDW in the form of a checkerboard pattern, identi ed through a den-
sity correlations Cr(]%)(d ) ZE by i c. First observations of such correlations were reported in [96].
There, correlations are evaluated as a function of local density at U/t ¥ j 5. More recently, the
MIT experiment by Hartke et al. [97] (Figure 5(c)—(d)) which studied the same physics with in-
creasing interaction strength, observed that these correlations peak around U/t % 8.

In the context of the Fermi—Hubbard model, two point correlations have also been explored
in alternative geometries. In triangular lattices [98,99], the emergence of magnetic ordering is
strongly a Vected by frustration. Evidence of pairing between dopants has also been reported in
so-called mixed-dimensional geometries [100,101].

50na bipartite-lattice (such as a square lattice), the Fermi—Hubbard model is particle-hole symmetric. Consequently,
the phase diagram of the attractive and repulsive cases ( U C0and U E 0 respectively) are similar in nature [92].
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Figure 5. (a) Quantum gas microscopy of a repulsive Fermi—-Hubbard system close to half- lling, with one
spin component removed. (b) Resulting spin correlation map, computed using Eq. (13), displaying signi cant
correlations across the entire system. Panels (a) and (b) were extracted and adapted from [95]. (c) Quantum gas
microscopy of an attractive Fermi—Hubbard system. (d) Resulting density correlations, exhibiting a checkerboard
pattern characteristic of CDW ordering, analogous to the AFM ordering of the repulsive case. Note that this
connectedcorrelator takes negative values precisely because the disconnected partis subtracted. Panels (c) and (d)
were extracted and adapted from [97].

Highligthing the physics of dopants: three-point spin-charge correlations. A variety of strongly
correlated phases emerge upon doping, i.e. when adding or removing fermions [102]. Over the
past few years, considerable experimental interest has been devoted to the physics of weakly
doped antiferromagnets, in a regime associated with the emergence of so-called magnetic po-
larons. In the framework of condensed-matter physics, polarons are quasiparticles with well-
de ned excitation spectra, which have been predicted to emerge around mobile dopants in the
Fermi—Hubbard model [103]. From the point of view of quantum gas microscope experiments,
where the position of the spins and the dopants can be measured, these polarons are often de-
scribed as single dopants “dressed” by the background antiferromagnet [104].

Third-order spin-charge connected correlation functions (Figure 6(a)) are well suited to char-
acterise the spatial features of these objects, and have been used in numerous recent experiments
on the square [97,105-107] and triangular [108,109] lattice. Here, the quantity of interest is

(
4§72 & i riAr)2 Ar
Cés) (r,d) ,CE#, with (riAr2) (14)
ss Py roj riAd.
This correlation function quanti es how much the (second-order) spin correlations Qflgrzz are

aVected by the presence of a dopant dy nearby.® Remarkably, these connected correlations reveal
genuine three-body objects composed of a single dopant and two spins, whose existence only
relies on two-body interactions.

First usage of these correlation functions was reported in the experiment by Koepsell
et al. [106], where the bare correlator was used. Their study was focused on answering the ques-
tion: what are the spin correlations conditioned on the presence of a nearby dopant — in their
case a doubly occupied site. Their analysis thus consisted in calculating the connected two-point
correlation Cg)(d) on post-selected data where the dopant is separated by a distance r to the
spin-bond. This procedure is equivalent to computing the normalised correlator of Eq. (14), with-
out removing the disconnected part. Note that, in a spin-balanced system ( thzi A0), one nds
C(r,d) Aand & &,i/ndhi; 47 &,i. In other words, one recovers that the disconnected part
of the correlator corresponds to the spin correlation being agnostic to the presence of the dopant.

An example of a connected correlation map is illustrated in Figure 6(a), for NN ( jdj A1) and NNN
(jdj £ 2) spin bonds.

More recent studies focused on three-point correlations on the triangular lattice, which break

particle-hole symmetry. There, doublon- and hole-doped systems are completely di ~ Verent. In

SHere, the dopanttakes adi Verent de nition depending on whether the system is hole-doped ( J‘, AL iy »)(Li iy )
or doublon-doped ( & /h; » i 4).
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