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Abstract. We perform a theoretical study of a continuous superradiant laser supporting its experimental
realization at FEMTO-ST using two sequentially-emitting ensembles of 171Yb atoms coupled to the same
Fabry-Perot cavity. Using an open quantum system approach, we identify for the simplest case the parameter
space where the laser reaches tens of picowatts of power with a sub-millihertz linewidth. Studying the
impact of inhomogeneous frequency broadening and variations in atom-cavity coupling on the superradiant
emission, we find the laser properties robust with respect to such perturbations, also thanks to the occurrence
of synchronization of the atomic dipoles. We then consider a two-site configuration, in which atoms in each
site are equally coupled to the cavity and have equal detunings, with different values for the two ensembles.
We find for balanced and imbalanced atom numbers that synchronization leads in a certain parameter space
to a single narrow spectral line whose central frequency follows the weighted average frequency. This result
indicates that sequential loading can enable continuous superradiant emission for metrological applications,
provided that the relative frequencies of the two ensembles are controlled to the level required by the target
stability.
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1. Introduction

The field of time and frequency metrology has seen remarkable advancements over recent
decades. These developments have paved the way for a wide range of applications, from
investigating variations in fundamental constants [1] to seismology [2]. Today’s most precise
timekeepers consist of the combination of a laser pre-stabilized on an ultra-stable, monolithic
Fabry-Perot cavity, providing short-term stabilization down to 4 x 10~!7 at one second [3], with
an atomic ensemble that ensures long-term stabilization down to 4.8 x 1077 (z/s)~'/? [4,5] and
accuracy that can reach the 107!% range [6,7]. Achieving even lower instabilities in optical
clocks could unlock new applications, such as detecting gravitational waves [8] or searching for
dark matter [9,10]. However, these systems are currently limited by the fundamental thermal
Brownian noise of the Fabry-Perot resonators. To overcome this limitation, several projects have
emerged worldwide, including spectral hole burning [11], Ramsey-Bordé interferometers [12],
and superradiant lasers [13]. This article focuses on the project of a superradiant laser.

The concept of a superradiant laser is based on superradiance, first introduced by Dicke
in 1953 [14], and further explored in the context of lasers in [15,16]. About 15 years ago,
the idea of using such a laser as a new frequency reference emerged, with the potential to
outperform current optical clocks by an order of magnitude [13]. This idea has generated
significant excitement, leading to several superradiant laser experiments aimed at metrological
applications worldwide [17-23].

To date, all reported experiments operate in a pulsed manner, with the emission duration of
one pulse below 1 second. Promising stabilities in the 107!6 range have been reported [20], and
sub-natural linewidth emission has been observed [22]. However, the current pulsed nature of
the emission remains a significant limitation for its use as a frequency reference. Intense theoret-
ical efforts have been devoted to exploring possibilities for achieving continuous emission [24—
271, which predict an appealing ultimate frequency instability at the 1078 level at one second
integration time [28]. One currently investigated possibility involves producing a beam of cold
atoms loaded into a conveyor belt inside a bow-tie cavity where superradiance occurs [27]. Other
experiments focus on hot beams of atoms crossing a Fabry-Perot cavity to exploit the sub-natural
linewidth emission achievable with such a system [29-32].

Here, we theoretically investigate a system in which continuous superradiant emission could
be achieved using two sequentially-emitting ensembles of 7'Yb atoms coupled to the same
Fabry-Perot cavity, in order to realize predictions for the experiment under development at
FEMTO-ST described in Section 2. We use the framework of open quantum systems and the
second-order cumulant expansion to describe the system, and we use the quantum regression
theorem to obtain the emission spectrum in Section 3.

In the first description of the superradiant laser system, a fixed number of identical 8’ Sr atoms
was considered [13]. This description captured the fundamental physics of the collective atomic
dynamics and showed that it can produce a mHz linewidth laser with useful power. In Section 4
we adopt a similar approach for our system of 71Yb atoms and show the characteristics of such
alaser. In a recent study, this framework was extended to more realistic experimental conditions,
in which the atoms have varying transition frequencies and are considered to be coupled to
the cavity with varying strengths [33]. In Section 5 we follow this approach using experimental
parameters relevant to our system, and demonstrate the robustness of the emission with respect
to such perturbations.

Following this, we explore in Section 6 the effects of a key feature of FEMTO-ST experiment,
the loading of two sites labeled A and B inside the cavity, each loaded by a group of atoms with
equal parameters. First, in Section 6.1, we revisit the situation explored theoretically in [34] where
the total number of atoms in each site is equal. In [34] this is explored by adiabatically eliminating
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the cavity field while here we keep the full description of the system. Second, in Section 6.2, we
consider the realistic experimental implementation for our system where the atoms are going to
be transported to each site sequentially and consider that the total number of atoms in each site
can vary. The characteristics of the laser is shown with the impact of atom number imbalance
between the two sites.

2. Experimental concept

At FEMTO-ST, we are establishing a superradiant experiment to explore the spectral capabilities
of this new ultra-stable frequency reference. Our approach involves an original scheme to achieve
sustained superradiant emission on the 171yp 1§, — 3P, clock transition at 578 nm, which has a
natural linewidth of 7 mHz. Our experimental apparatus consists of two chambers. In the first
chamber, we prepare a magneto-optical trap of up to 102 1”1Yb atoms, and we expect to transport
up to 10% atoms into one zone of a 56 mm-long Fabry-Perot cavity. This defines the practical
operating range considered in this work. The cavity has a finesse of approximately 7000 at the
clock transition wavelength and the atoms are coupled to a single transverse cavity mode with an
estimated mode diameter of about 145 um.
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Figure 1. Scheme of the experiment at FEMTO-ST. Black dots: atoms. Yellow lattice: cavity mode. Red lattices:
trapping lattice within the cavity and optical conveyor belts. (a) Atoms are trapped in site A of the cavity. (b) The
number of atoms in site A has decayed, hence a new ensemble of atoms is loaded into the site B of the cavity by
an optical conveyor belt. (c) Atoms are trapped in site B, and a new ensemble of atoms is prepared to be loaded in
site A.

The experiment is based on two fixed zones in the cavity, referred to as “site A” and “site B”,
separated by approximately 3 mm. The two sites are sequentially populated using an optical
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Figure 2. Proposed repumping scheme for the continuous superradiant laser based on 17lyh atoms. The
superradiant lasing occurs on the clock transition 15y — 3P0. The intermediate states 3P; and 3P2 participate
in the repumping cycle which involves also higher auxiliary states, as shown schematically in the figure.
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conveyor belt in order to maintain the superradiant emission, as shown in Figure 1. In a typical
experimental sequence, an atomic ensemble is first loaded into site A. This ensemble will be
continuously repumped via a multi-step process which involves several auxiliary levels, as shown
qualitatively in Figure 2, similarly to what is described in [26]. This mechanism gives rise to an
effective repumping rate used in the model described in Section 3. As the atom number decays
over time due to residual heating and collisions with the background gas, we will prepare another
ensemble to beloaded into site B before the emission from site A ends with a targeted refresh rate
of 1-2 Hz. In this paper, we investigate theoretically the spectral properties of the superradiant
light emitted by such a system.

171yb has a nuclear spin I = 1/2, so both the ground state 'S, and the excited clock state 3Py
have two Zeeman sublevels. An external magnetic field will be applied orthogonally to the
cavity axis, which will shift the sublevels symmetrically around the bare atomic frequency. The
average of the emissions from the Zeeman sublevels allows for the reconstruction of a signal
that is insensitive to the magnetic field [20]. For typical magnetic fields of a few gauss, the
resulting frequency shifts are on the order of a few hundreds Hz, which is larger than the targeted
repumping rate, as found later in Section 4. In this paper, we consider a single pair of lasing states.

3. Description of the model

As model for the experimental setup described in the previous section and shown schematically
in Figure 1, we consider an ensemble of N cold !”'Yb atoms confined in an optical lattice and
treated as two-level systems. Each atom in the ensemble is labeled by an index i, and is coupled to
the cavity field with a position-dependent coupling strength g;. The atomic transition frequency
of the i-th atom is denoted by w; and the resonance frequency of the cavity by w.. In particular, in
the absence of individual atomic shifts, all the atoms are characterized by the unperturbed clock
transition frequency w,, and the cavity is assumed to be tuned in resonance with this transition.
The unitary dynamics of the atoms and the cavity is then governed by the Hamiltonian (if not
specified otherwise, we set /i = 1)
N N
H=Y wioto; +wca'a+) gilact +a'o)), (1)
i=1 i=1
where a;r =|ey;(gl; and o; = (cr;r)Jr are the raising and lowering operators for the i-th atom, |g)
and |e) correspond to the atomic ground and excited states, 15, and 3Py, respectively, and at
and a are the photon creation and annihilation operators of the cavity mode.
The atoms and cavity mode are subject to various dissipative processes. We consider a zone of
the parameters in which the global dynamics for the atoms-cavity density matrix p is governed
by a master equation in the Lindblad form,

4 =—i[H,pl+ Zlp], 2)
where Z[p] contains all the dissipative processes acting on the system via the operator O at a
rate x, described by the Lindblad superoperator x2[0]p = x(20p0" — 0T0p — pOT0)/2. The
dissipation includes the photons losses from the cavity at a rate k, the spontaneous atomic decay
at a single-atom rate y, the individual incoherent repumping with a rate R, and inhomogeneous
dephasing of each atom at a rate 1/7». A cavity dephasing term denoted by the parameter ¢
which accounts for the effective noise induced by thermal fluctuations of the cavity mirrors is
also included as in [28,33]. The single-atom rates v, R, and 1/ T, are assumed to be identical for all
atoms. These various dissipative processes contribute to the following total Lindblad dissipator,

N 1
ZLlp) =x2lalp+Dla‘alp+ Y |y2lo;1p+RD(o} 10+ ﬁ@[o;a;]p . 3)
2

i=1



Jana El Badawi, Marion Delehaye and Bruno Bellomo 195

The zone of the parameters we work in justifies the use of a local approach to derive the total
dissipator. In this approach, ZIp] is obtained by the sum of the individual contributions from
each dissipative source, as if it was the only source acting on the system [35-37].

Superradiant lasers operate in the so-called “bad-cavity limit” [13,38], in which the cavity
decay rate « is much larger than the natural atomic decay rate v, i.e., k > y. For our system the
decay rate of the cavity is k = 27 x 400 kHz = 2.5 x 10° rads~! which is many orders of magnitude
more than the atomic decay rate y = 2 x 7 mHz = 4.4 x 1072 rads ™!, corresponding to the ultra-
narrow linewidth of the clock transition in the fermionic isotope of ytterbium '"1Yb. The rate of
the atom-cavity coupling for our system is g = 27 x 3.8 Hz = 24 rads™!, so we have x > g in our
setup. The 1/T» value of our experiment is not measured yet, so in the following we consider
1/T, = 1rads™! to be a good approximation [39].

The parameters described above are fixed for our system, as they are determined by the
experimental setup and physical characteristics of the components. A parameter that can be
experimentally scanned over some range is that of the incoherent repumping rate R. This
parameter describes the average rate at which atoms are repumped from the ground state 'S
to the excited state 3P of the clock transition. It provides the population inversion required for
continuous superradiance. R enters the model as simple rate parameter, however it is an effective
description of a complex multi-level repumping scheme within the full atomic structure of 1”1 Yb.
The value of R depends on the specific repumping configuration and can be calculated using
the numerical method presented in [26], which models continuous multi-step repumping for
the clock transition in bosonic 8Sr. In [26], it is stated that this method can extend well to the
fermionic 87Sr and to other alkaline-earth atoms, and that includes "'Yb which is used in our
system. As a result, the value of R can have a tunable range based on the configuration of the
multi-level system. The rate ¢ is associated in the model to a dephasing process for the cavity
field, an additional dissipation term for the cavity other than the one governed by the photon
loss rate k. We follow the approach used in [33] and treat ¢ as a tunable parameter to check its
impact on the characteristics of the laser. In all of this study, « stays the largest decay rate of the
system.

3.1. Second-order cumulant expansion

As the Hilbert space describing such a system grows exponentially with the atom number N,
solving the Lindblad master equation becomes computationally complex for large N. In such
cases, performing appropriate approximations is essential to simplify the problem. From the
various approximation methods, the second-order cumulant expansion is commonly used [40].

As the N atoms interact collectively with the cavity field, high-order atom correlations develop
during the dynamics. Accurately considering such correlations is important for describing
cooperative phenomena such as superradiant emission. However, accounting for all high-order
correlations in a system of many atoms quickly becomes intractable, both computationally and
analytically. The second-order cumulant expansion is a powerful approximation method that
gives higher-order correlations in terms of lower-order ones.

The key idea behind the second-order cumulant expansion is to truncate the correlations at
second order by assuming that third- and higher-order cumulants are negligible. This assump-
tion is valid in many physical systems where three-body, or higher, correlations are weak or can
be captured by one- and two-body terms. The cumulants of arbitrary operators X;, X», X3 up to
third order are defined as:

(X1)e =(X1),
(X1X2) e = (X1 X2) — (X1){X2), (4)
(X1 X2 X3)c = (X1 X2 X3) — (X1 X2)(X3) — (X1 X3)(X2) — (X1) (X2 X3) + 2(X1)(X2)(X3).
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In this framework, the approximation (X; X, X3). = 0 allows us to express third-order correlations
approximately as:

(X1XX3)c =0 = (X1XoX3) = (X7 X0)(X3)+ (X1 X3)(Xp) + (X1){(X2X3) — 2(X1){(X2)(X3). (5)

This second-order cumulant expansion greatly reduces the computational cost while conserv-
ing the two-body quantum correlations. In the context of the linewidth of a superradiant laser,
it was shown that this method, when compared with the full quantum solution, provides more
accurate results than the mean-field and Langevin-based methods [41].

The total phase invariance of the system is conserved under the second-order cumulant
expansion and, as a result, the phase-dependent terms such as {a), (ahy, and (o*) are zero [13].
Starting from the master equation with the Hamiltonian of the system in the rotating frame of the
cavity H, = —Zﬁ.\il A,-a;'oi‘ +Z§\il gi(aolf' + aTUl._), where A; = w; — w; is the detuning between
the i-th atom and the cavity, and applying the second-order cumulant expansion, we obtain the
following closed set of equations that describe the system’s dynamics:

d e -
a(u*a) =—x{a'a)+i Y gi(taot)y - (a'a7y),
i=1

1 1

a(aaj):—E K+y+R+.§+F2+iZA,- (act)+igi(a' ay - 2igi(a' a)(o}o}) —igito}o7)
N
-1y gj(oz’aj_-),
j#i (6)

d L - . _

a(az’ai y=igi(a'o}) —igi(ac}) - (y + R)(o] o) +R,

d - . . . . _ _
a(o'?'o'j) =—i(Ai=Ap(o7 o)+ 1gl~<aToj ) —igj(ao]) - Zlgi<aTUj Yoo

. _ 1 _
+21gj<6w,~+><0}“aj>— (y+R+ E)(ajoﬂ.

In the following sections, we handle specific cases of this system and we only focus on its
steady-state solutions. First in Section 4, we consider identical atoms equally coupled to the
cavity mode, and this reduces Egs. (6) to a set of four equations. Note that in this case there is
symmetry in the terms with respect to exchange of atoms. For instance, (aTaj’.) = (aTUI’) forall j,
and (U;’O’;} =(ojo;) foralli # j. The analytical steady-state solutions for this case are presented
in Appendix A, with further simplifications in the large x and large R limit in Appendix B, and large
N limit in Appendix C. Next in Section 5, we consider the case of non-identical atoms, where
detunings can differ, A; # A ;.

To manage with the increasing number of equations, we adopt an approach commonly used
in the literature [33], where the atoms are grouped into M frequency classes. Each class contains
atoms that share the same detuned frequency, and the number of atoms are distributed according
to a Gaussian frequency distribution. Similarly, in the case of atoms with different coupling
strengths to the cavity mode, the atoms can be grouped in K coupling strength classes. In
the presence of both inhomogeneous broadening and varying coupling strengths, the system is
described by M x K classes. The atoms are divided equally among K coupling classes, and within
each coupling class they are distributed into M frequency classes.

Last, in Section 6 we consider the experimentally relevant scenario with two groups of atoms
with their own detuning A 4 and A, and consider the case of equal number of atoms and the case
of an imbalance in the number of atoms.
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3.2. Spectrum of the cavity field

Having formulated the dynamics within the second-order cumulant framework, we now focus
on the characteristics of the spectrum of the cavity field. To calculate this spectrum, we make use
of the Wiener-Khinchin theorem, according to which the spectrum S(w) is given by the Fourier
transform of the first-order correlation function gV () = (a'(r + Ha(n) [42],

S(w) = 2[&{ f ~ dre*img(”(r)}. @)
0

To compute this correlation function, we apply the quantum regression theorem, which states
that the time derivative of {a'(r + t)a(t)) follows the time derivative of {a'(#)), and we obtain
using the second-order cumulant expansion:

d + K+€ T . N +
d—(a @T+na))=-——=(a' T+ a®))+i)_gi(o] T+ Daln)),
T 2 i ®)

d%(a;(ﬂ nat)=—igi{o*@+n)a (r + t)a(t))—% y+R+ Ti +2iA; [(o] (T+ Da(D)).
2

To solve the above equations, the starting point ¢ = 0 is taken when the system is in steady-
state. The term (Uf(r + t)) is then considered a constant equal to the steady-state value (Uf)“,
which can be obtained from Egs. (6). Analytical expressions for the spectrum are provided in
Appendix D for the one-class case.

The cavity spectrum provides access to key observables of the system, such as the spectral
linewidth and the power and the output of the cavity. The spectral linewidth corresponds to the
full-width at half-maximum (FWHM) of the spectrum. The output power, on the other hand,
is determined by the mean intracavity photon number (a'a) and is given by P = nhiwgk(a'a),
where 7] is the relative transmission of the output mirror of the cavity and wy is the central angular
frequency of the spectrum [28]. In what follows, all power calculations are performed withn =1,
that corresponds to ideal transmission. When all the atoms are on resonance with the cavity field,
the spectrum is expected to be centered at wg = w,.

4. One-class case

In this section we consider the case of identical atoms (A; = A; = A) equally coupled to the cavity
mode (g; = gj = g). In particular, we focus on the case when the atoms are on resonance with the
cavity mode (A = 0) since the non-resonant case gives similar results if A is small enough. This
follows directly from Egs. (10), which imply that for A « (y +x+ /) +E+ R) /2, all the variables
of Egs. (6) do not depend appreciably on A. We also notice that in this regime R[(ao™*)%'],
which is zero for A = 0, is much smaller than [[(ac™)*'|. The parameters are set equal to the
experimental values provided in Section 3, y = 27 x 7 mHz, x = 27 x 400 kHz, g = 27 x 3.8 Hz,
and 1/T, = 1 rads™!, with ¢ = 0 except when specified otherwise. In what follows, we study the
steady-state solutions of the system described by Egs. (6). The solutions are found numerically
in the main text, though for this section they can be computed using the analytical derivations
in Appendix A. We also observe that according to the derivation of the spectrum for A =¢ =0in
Eq. (31), when (%)% > 0 the spectrum has only one peak and is symmetric with respect to the
cavity frequency.

For a laser operating in the bad-cavity limit, the superradiant emission in the system is
characterized by both a lower and upper threshold with respect to R [13]. The dependence of the
various variables with respect to R is presented in Figure 3 for N = 10® atoms. The lower threshold
corresponds to the point at which the repumping rate overcomes the atomic decay rate Ryin =,
which is necessary to generate the population inversion. From Egs. (10) it follows that (¢§)*' < 0
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Figure 3. Steady-state solutions of Egs. (6) as a function of R for N = 108 atoms represented by solid lines. The
dotted lines refer to the large x and R limit described in Appendix B, while dashed lines correspond to the large N
limit reported in Appendix C. Red (resp. black) vertical dotted line: Ry,j (resp. Rmax)-

for R <y, asit can be observed in Figure 3(a). For such values of R where the population inversion
is not reached, the intracavity photon number is observed in Figure 3(b) to be very small. Above
this threshold (af)St crosses zero and (a'a)st shows a sharp increase, indicating the onset of the
superradiant emission. The atom-atom correlations (o] ¢;)* in Figure 3(c) and the imaginary
part of the atom-field correlations (cwi')St (real part is equal to zero for A = 0) in Figure 3(d), are
close to zero for such small values of R.

As the value of R increases, all the above variables increase in modulus. In particular, the
photon number increases linearly with R, as found in Eqgs. (15) in the large N limit for R > y.
Based on the approximate Eqgs. (13) in the large x and R limit, we observe that the atom-atom
correlations and the photon number both reach a maximum at R = 2g2 N/, with ((f;fa]‘.)St ~1/8
and (a'a)*' ~ g2N?/(2x?). This value of R is then defined as the optimal rate, Rop; = 2g2N/x,
where superradiance manifests the most. At Rypy, it holds (Uf)St ~ 1/2, and the atom-field
correlations reach a minimum, (acrf)St ~ —gN/(4x). For values of R above this optimal rate,
(0%)% approaches 1 for R = 2Ropt = 4g2N/1<, and maintains this value for larger values of R,
as shown in Egs. (14) in the large x and R limit. At 2Rop, the photon number, the atom-atom
correlations, and the atom-field correlations are all close to zero. This value of R is then the
upper threshold of the superradiant emission and it is defined as Riax = 2Ropt = 4g2 N/x = NCy,
where the cooperativity parameter C is defined as C = 4g?/(xy) [28]. The term Cy is the single-
atom decay rate defined in the atomic master equation following the adiabatic elimination of the
cavity mode in the bad-cavity limit [43]. It follows that NCy characterizes the N-atom dynamics.
The condition R = Ryyax then corresponds to the case when the repumping rate is equal or larger
than this collective decay rate.

In Figure 3 we also compare the solutions of Egs. (6) with their approximate expressions for the
large k¥ and R limit and the large N limit. The large x and R limit is accurate for the atom-atom and
the atom-field correlations for all values of R. This is not the case for the atomic inversion and for
the photon number. For the atomic inversion, it holds for R = Ry, and for the photon number



Jana El Badawi, Marion Delehaye and Bruno Bellomo 199

for R* < R < Rmax, Where R* is a certain value above Rpin. The large N approximation is well
satisfied for all quantities up to some value of R, depending on the value of N we are considering.
For the photon number at R < Rp,in, the solution becomes unstable for values close to Rpin, and
for this reason the corresponding region is not shown in the figure.

N =10° = N=3x10° N=2x10" === N=10° === N=10°
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< 10724
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10- 102 1071 100 10! 10% 10°
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Figure 4. Number of intracavity photons at the steady-state (atays" as a function of the repumping rate R for
various values of N. The solid lines are the steady-state solutions of Egs. (6), while the dotted lines refer to the large
x and R limit reported in Appendix B and the dashed lines correspond to the large N limit reported in Appendix C.

In order to observe the behavior of the photon number with the change in the atom number,
we compare in Figure 4 (a'a)®! for several values of N, with its approximate expressions for the
large x and R limit, and the large N limit. As observed above, the two limits can be well satisfied
for certain values of R. This is the case for N = 10° and 10, while the agreement degrades more
and more for smaller values of N. We also notice that the maximum photon number when we
move from N = 10° to 10%, is increased by around two orders of magnitude, as expected from its
quadratic scaling with N.

The study of the steady-state solutions of the atomic and cavity variables pointed out that
around Ry the system could be exploited as a superradiant laser [13]. In Figure 5, we analyze
the steady-state laser characteristics for a large range of R and N. Figure 5(a) shows the photon
number and the output power, while Figure 5(b) displays the linewidth of the cavity field spec-
trum, all as functions of R and N. To show the importance of the common cavity mode in the gen-
eration of atom-atom correlations, we compare the collective configuration with an alternative
one consisting of N independent single-atom systems, each coupled to its own cavity with pa-
rameters identical to that of the N-atom case. The intracavity photons from all single-atom sys-
tems are summed, and the corresponding total output power is given in Figure 5(c). In this con-
figuration, the linewidth is equal for all single-atom systems and it corresponds to the linewidth
of the total system, which is given in Figure 5(d). In the presence of strong collective effects in the
N-atom system, significant differences between the two configurations are expected.

In the collective dynamics with R < Rpyjn, the small number of intracavity photons results
in very low output power, and the linewidth of the laser is found to be broad. Above Ry, the
sharp increase in the photon number translates into a pronounced increase in output power,
and the linewidth becomes narrow as the atom-atom correlations are enhanced. For R = Ry,
both the photon number and the atom-atom correlations reach a maximum. This produces the
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Figure 5. (a), (c) Intracavity photon number (at @yst and output power P, and (b), (d) linewidth Av both as
a function of atom number N and repumping rate R. (a)-(b) Collective dynamics with N atoms coupled to a
single cavity mode. Red dashed line: minimum repumping rate Rpi, = ¥ for superradiant emission onset; red
dot-dashed line: maximum repumping rate Rmax = NCy above which superradiance is suppressed; light blue
dotted line: critical atom number N = 2/(Cy T2) for the onset of collective behavior [13]. (c)-(d) Non-collective
dynamics of N single-atom systems each coupled to an individual cavity with identical parameters as in (a)-(b).
Various contour lines (linking points with the same value) are depicted by white dot-dashed lines.

maximum power P = hw N?Cy/8, as reported in [13,17,28,44], and the linewidth is close to
the minimum expected for superradiant lasers Av = CY, as also found in [13,28] and recovered
in Eq. (34). Above the upper threshold Rya.x = NCy, both the photon number and the atom-
atom correlations decreases, and this reduces the power. For the same values of R, the linewidth
is observed to be broad. The relevant range of repumping rates for a superradiant laser is then
Rmin < R < Rmax. Within this range, and for large values of N, the linewidth is nearly independent
of N up to certain values of R, as shown by the contour lines in Figure 5(b), and commented in
Appendix D based on Eq. (22). With a reasonable atom number for this experiment, N = 108, the
laser output can reach Ppax = 31 pW with a corresponding linewidth of Av = 0.35 mHz.

For the case of the single-atom systems shown in Figure 5(c)—(d), the output power increases
linearly with the number of atoms N. Above the threshold R > Rpp, this power shows negligible
variation with an increase in R. The linewidth for this system is broad at small R and it increases
linearly with R. This behavior is in contrast to that observed in the collective dynamics for
large N, where the power scales with N? and the linewidth becomes very narrow. This clearly
shows the importance of collective coupling, enabled by the common cavity mode, in order to
have a superradiant emission process that enhances the laser performance.

With respect to the atom number impact on the dynamics, it was found in [13] that in the limit
of Ty « 1, there is a critical number of atoms Nt = 2/(CyT») = 2.2 x 108 required to reach the
collective dynamics of the superradiant laser. This critical number is marked in Figure 5(a)-(b)
by a light blue line, and for N < N of this figure, the system shows a behavior similar to the
single-atom systems in Figure 5(c)-(d). In the parameter space where the collective dynamics is
reached, the superradiant laser linewidth is demonstrated to be remarkably insensitive to cavity
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dephasing ¢ over a broad range of values in the theoretical study of [33]. To confirm this for
our system, we introduced a broad range of ¢ values in the model and observed no significant
changes for values up to approximately ¢ = 10* Hz.

5. Inhomogeneous broadening and variable coupling strength

From the simple case of identical atoms equally coupled to the cavity considered in Section 4,
we now move towards a more realistic description of the atomic ensemble used in superradi-
ant lasers. In experimental implementations, atoms typically experience variations in their reso-
nance frequencies due to inhomogeneous broadening, which can arise from magnetic field gra-
dients or local environmental fluctuations. This broadening leads to a distribution of resonance
frequencies across the ensemble of atoms. In addition to a frequency distribution, it is also im-
portant to account for variations in the atom-cavity coupling strengths. Such variations arise
from the spatial profile of the cavity mode. Atoms located at different positions experience varia-
tions in the field amplitude and therefore couple to the cavity with different strengths. To account
for both variations, we first consider a frequency distribution across the atoms in Figures 6 and 7,
and then extend the description to include variations in the coupling strength in Figure 8. For
this we follow the approach described in Section 3.1.

— M=25 M =35 — M=55 — M =105

10

K X S(w)

-3 -2 -1 0 1 2 3
(v —vc) [Hz]

Figure 6. Cavity spectra for N =2x 104 atoms, o = 27 x 1 Hz standard deviation, and R = 27 x 0.01 Hz, for various
values of the number of classes M.

An atomic ensemble composed of M discrete frequency classes, each characterized by a
detuning A,;, m = 1,..., M, spaced uniformly over a given frequency interval, is considered in
Figures 6 and 7. The number of atoms in each class is sampled from a Gaussian distribution
in order to capture the statistical nature of the inhomogeneous broadening in the system [33].
This distribution is characterized by a FWHM Avy, = 2v/2In(2)o, where o is the corresponding
standard deviation. In order to capture the significant part of the Gaussian profile, the frequency
classes are chosen within the interval [-30, 30].

The spectrum of the cavity field is shown in Figure 6 for N = 2 x 10* atoms, with o = 1 Hz, and
R = 0.01 Hz which is just above the lower threshold. For a small number of classes, M = 25,
the spectrum displays a set of distinct spectral lines corresponding to the discrete frequency
classes. When M increases, the distinct lines start to average out in the spectrum. The spectrum
approaches a continuous profile of a single broad emission line centered at the cavity frequency
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Figure 7. Cavity spectra for M = 25 classes, N = 2 x 104 atoms, and o = 27 x 1 Hz, for several values of R.

v = w/2m for M = 105, which reflects the behavior of the actual physical system. The linewidth
of this spectrum for the given parameters is Av = 1.92 Hz that is very close to the FWHM of the
distribution Av,, = 2.4 Hz. To ensure reasonable computational times, we therefore limit the
following analysis to a moderate value of M = 25. While this choice does not fully reproduce the
physical spectrum, it allows us to qualitatively capture the overall spectral behavior expected in
the limit of a very large number of frequency classes.

With the number of frequency classes set to M = 25, we now examine how variations in
the repumping rate can affect the cavity spectrum. In the one-class case, we observed that
increasing R enhances atom-atom correlations leading to a narrow spectral line around Rgpt.
The same behavior is observed here in Figure 7 for M = 25 frequency classes. Starting from
R =0.01 Hz, the spectrum shows several spectral lines corresponding to the various A,,. As the
repumping rate is increased to R = 0.5 Hz, the spectrum has a single peak centered at the cavity
frequency, and the spectral linewidth reduces to Av = 1.0 Hz, which is smaller than the FWHM of
the distribution Av,, = 2.4 Hz. At R = 1 Hz, the spectral line becomes more pronounced and
it is characterized by a narrow linewidth Av = 0.012 Hz. This kind of behavior indicates the
occurrence of synchronization among atoms having different detuning A,, [33,34]. When the
repumping rate is further increased to R = 5 Hz, the spectrum becomes broader than Av,,;, having
a linewidth Av = 3.2 Hz. This shows that the spectral behavior for a system with M frequency
classes follows qualitatively that of a system with one-class. For a one-class system with the
same parameters as in Figure 7, the optimal repumping rate is Rop¢ = 1.4 Hz, consistent with our
observation in Figure 7. For the above study, we set 0 = 1 Hz which corresponds to Av,, = 2.4 Hz.
This was done in order to clearly show distinct spectral lines for small values of M.

We now move to a more experimentally reasonable situation and consider Av,, = 0.1 Hz, to
examine how this affects the spectral properties of the system. In addition, we now account
for variations in the atom-cavity coupling strength, deriving from the position dependence of
the atom-cavity interaction. This framework allows us to we compare the steady-state laser
characteristics for three different descriptions of the system. The first one is a reference case,
which corresponds to the one-class case. The second corresponds to a system with all couplings
equal to that of the one class case, this time with a frequency broadening treated with M = 25
classes. The last description corresponds to a system with frequency broadening and variations
in the atom-cavity coupling strengths treated, respectively, with M = 11 and K = 5 classes.
This comparison is done in Figure 8, where the output power is shown in Figure 8(a) and the
corresponding linewidth in Figure 8(b), each as a function of R for several total number of
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Figure 8. For several total atom numbers we have: (a) number of intracavity photons at the steady-state (a' ayst
and output power P, and (b) linewidth of the cavity spectrum Av as a function of R. Solid and dot-dashed lines
correspond to the reference of one-class case which corresponds to Avy, =0, and g = 27 x 3.8 Hz for the solid lines
and g = 27 x 2.9 Hz for the dot-dashed lines. Dashed lines correspond to the M = 25 case with Avy, =27 x 0.1 Hz,
and g = 27 x 3.8 Hz. Circles correspond to the M =11 and K =5 case with Avy, =27 x 0.1 Hz and varying g(x): full
circles correspond to go = 27 x 4.9 Hz, and empty circles correspond to go = 27 x 3.8 Hz.

atoms N.

The variation in the coupling strengths is described by g(x) = gocos(kx), where x is the
atomic position within the cavity, gy is the maximum coupling strength, and k = 27/1 is the
cavity mode wave number [33]. The atoms are divided equally into K strength classes, where
each class corresponds to a value of g(x) obtained from a uniform distribution of positions in
the interval x € [0,...,1/4). Since the dynamics of the system only depends on the magnitude
of the coupling strength, we limit the analysis to positive values of g(x). As observed in [33],
systems with variable coupling strengths can reproduce the results of the one-class system by
using an effective value equal for all the atoms, which is given by geg = ,/Zj.il g(xj)?/K. The
value g = 3.8 Hz considered in Section 4 actually corresponds to the maximum achievable in our
setup. If we take go = g = 3.8 Hz, however, the effective strength no longer matches the one-
class value, gegf = 2.9 Hz. To be consistent with the one-class case at g = 3.8 Hz (solid line in
the figure), we set the maximum coupling to gy = 4.9 Hz, giving gesr = 3.8 Hz (full circles). We
also present the experimentally relevant case of frequency broadening with variable couplings at
8o = 3.8 Hz (empty circles), together with the corresponding one-class case g = gefr = 2.9 Hz (dot-
dashed line). The case with frequency broadening and uniform couplings is considered only for
g = 3.8 Hz (dashed line).

Starting in Figure 8 with the frequency broadened system treated with M = 25 classes, we find
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that it reproduces the output power of the reference one-class system. The impact of frequency
broadening becomes apparent in the linewidth, where at low repumping rates the system with
M = 25 shows a slightly larger value compared to the one-class case. As the repumping rate
increases and approaches the FWHM of the frequency distribution Avy,, the linewidth of the
broadened system approaches that of the one-class reference. For a total number of atoms above
Ncrit defined in the one-class case, the laser reaches a sub-millihertz linewidth. Concerning the
systems with both frequency broadening and variation in coupling strengths, we can observe that
it also follows the power of the corresponding one-class system. For the system with ges = 3.8 Hz,
comparison with the case including only frequency broadening shows that variations in the
coupling strength have almost no additional effect on the linewidth. Comparing the cases
with effective couplings of approximately 3.8 Hz and 2.9 Hz, we find that the upper threshold
of the superradiant emission, the optimal repumping rate for maximal output power, and the
maximum power are all reduced. This behavior is expected since these quantities scale with the
square of the effective coupling. In particular, the shift in the systems response with respect to R
for gefr = 2.9 Hz comes from the smaller upper threshold in this case. The minimum linewidth is
also narrower, since it scales with the cooperativity C, which itself scales with the square of the
effective coupling.

With fixed parameters and a scan over R, the optimal operating point for the laser in terms of
output power occurs at Rope. At this point, the linewidth reaches a sub-millihertz value that is
close to the minimum linewidth Av = Cy defined with the one-class system. Figure 8 shows that
in this parameter range, the laser performance is robust to both inhomogeneous broadening and
coupling strength variations, provided that the effective coupling matches that of the reference
case.

6. Two-site setup

We now examine the impact of having two atomic ensembles at separate sites on the superra-
diant emission. In the FEMTO-ST experiment described in Section 2, it is planned to have two
sites A and B distant by approximately 3 mm. Each site is populated with atoms sequentially, in
order to compensate for the decay of atoms from the cavity and ensure a continuous superradi-
ant emission. As a consequence of magnetic field gradients or other local environmental fluctu-
ations, the two ensembles are subject to different frequency shifts. In order to include this in the
description of the system, we study the cavity spectrum in the case when all the atoms in A have
the same detuning A 4 and the atoms in B have the same detuning Ag. The study is limited to the
case Ay = —Ap = A, which could be realized tuning properly the cavity frequency. Based on the
conclusion from Section 5 concerning the variation of the coupling strengths, we consider in this
section that the atoms are all equally coupled to the cavity, which means K = 1. In Section 6.1, we
consider the case where we have a balanced atom number N4 = Ny and study the correspond-
ing cavity spectrum. Then we move to the imbalanced case N4 # Np in Section 6.2, which is the
configuration expected experimentally as a result of the sequential transport procedure.

6.1. Balanced atom number: N4y = Np

We first consider the case of a balanced atom number N4 = Np. A theoretical study of this
configuration was performed in [34], where the fast cavity decay relative to other processes in a
superradiant laser was used to adiabatically eliminate the cavity field and reduce the description
to atomic operators. In our study, we work with the complete system of atoms and the cavity
described with Egs. (6) treated with M = 2 frequency classes. To better observe the different
regimes, we first work with a low atom number Ny = N = 5 x 10%. The corresponding spectra
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are indicated in Figure 9 as a function of A and R. Figure 9(a) shows the spectrum for R = 1 Hz
and A varying from 0.05 Hz to 0.7 Hz. At the small value A = 0.05 Hz, the spectrum consists of a
single spectral line characterized by a narrow linewidth. In the inset we provide the cavity field
spectrum when only atoms at site A (yellow curve) or site B (green curve) are in the cavity. For
each case, it corresponds to a narrow spectral line centered at the frequency of the atoms. This
shows that the cavity field spectrum observed when both sites are populated is the outcome of the
synchronization of atoms in A with atoms in B. Since the detunings are symmetric with the cavity
frequency and the atom number is balanced between the two sites, the central frequency of the
spectrum is at zero. With an increase in A, the spectrum first broadens, as observed at A = 0.5 Hz,
and then two narrow spectral lines are produced, as observed at A = 0.6 Hz. For a larger value
A = 0.7 Hz, the spectral lines move further apart and approach A and —A. In Figure 9(b) we
have the spectrum for A = 0.7 Hz and R varying from 1 Hz to 14 Hz. With this increase in R,
the atoms synchronize and the two spectral lines reduce to a single spectral line as observed for
R = 1.5 Hz, and the corresponding linewidth becomes smaller as R increases further to 10 Hz.
For a larger value R = 14 Hz, the spectrum becomes broad. Synchronization here is important
in order to produce a single spectral line with a narrow linewidth. A qualitative remark from this
observation is that, in order to have this spectral characteristics, here the repumping rate has to
be comparable to [A 4 — Ap| = 2A.
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Figure 9. Normalized cavity field spectrum in the case of two atomic ensembles at site A and B with Ny = Ng =
5x 10% atoms. (a) For R = 27 x 1 Hz and several values A from 27 x 0.05 Hz to 27 x 0.7 Hz. Lower panel inset: cavity
field spectrum in the presence of atoms only at site A (resp. B) given by the yellow (resp. green) curve. (b) For
A =27 x0.7 Hz and several values of R from 27 x 1 Hz to 27 x 14 Hz. The values A 4 = —Apg = A are indicated by the
dashed red lines.

We now study the performance of this laser composed of M = 2 frequency classes in terms of
its output power and linewidth. Figure 10 shows both quantities as a function of the repumping
rate R for A = 0.1 Hz, for several total atom numbers. The one-class case, corresponding to A =0,
is also given in the figure as reference case. The output power stays very close to that of the one-
class case, as can be observed with the overlap of the squares that represent the M = 2 classes
with the solid lines of the one-class case. It is important to note that empty squares which appear
for small values of R, correspond to the case where we observe two spectral lines in the system,
and consequently the measurement of the linewidth is not recorded. The alternation in the
occurrence of synchronization when R increases is not a numerical artifact since the spectrum
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Figure 10. For several total atom numbers N = Ny + Ng and Ny = Np we have: (a) number of intracavity
photons at the steady state (atayst and output power P, and (b) linewidth of the cavity field spectrum Av as
a function R. Solid lines correspond to the reference of one-class case which corresponds to Avy, = 0 and
g =27 x 3.8 Hz. Squares correspond to the M = 2 classes case with A = 27 x 0.1 Hz: full squares correspond to
a spectrum with a single spectral line, and empty squares to that with more than a single spectral line.

clearly shows either a single spectral line or two distinct ones. The figure also shows that this
behavior depends on the number of atoms. Since the range of repumping rates at which this
happens is not the one of interest here, we do not further analyze this phenomenon.

The linewidth for small values of R is much larger than that of the one-class case. As the value
of R increases and approaches 2A = 0.2 Hz, the linewidth gradually converges to that of the one-
class case. This is a behavior similar to the one observed in Figure 8, where the FWHM of the
distribution Av,, of the M classes was equal to 0.1 Hz. In the metrological superradiant laser, the
values of A are expected to be at most in the Hz range, while the repumping rates will be tuned
close to the optimal value Rop. In this parameter space, and for N4 = Np, the system behaves
very similarly to the single-class case.

6.2. Imbalanced atom number: Nao # Np

We now turn to the experimentally relevant situation where N4 and Np change in time due
to both atom losses from the cavity and the sequential transport procedure, so that at a given
moment N # Np. We study the influence of the value N4/ Ng on the central frequency of the
spectrum and its output power by considering steady configurations for different values of this
ratio. This approach is justified if the typical time for the atom number decay is much larger
than the relaxation time of the system, which is expected to be the case experimentally. The
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Figure 11. Shift of the central frequency of the cavity field spectrum with respect to the cavity frequency, A, as
a function of the atom number ratio N4/Np for R = 2n x 1 Hz in the case of A = 27 x 0.1 Hz represented by full
circles, compared to the weighted and shifted central frequency A = (NgA4 + NgAp)/ (N4 + Np) represented by
the solid line.

study is performed in a parameter space where the synchronization among atoms in the two
sites happens, and this is the case for A = 0.1 Hz at R = 1 Hz. With such parameters, the shift
of the central frequency of the cavity field spectrum with respect to the cavity frequency, Ay, is
shown as a function of N4/Ng in Figure 11. For comparison, we also show the weighted and
shifted central frequency of the spectrum A, = (NaA 4 + NgAp)/(Na + Np), with A4 and Ap the
shifted frequency of atoms in sites A and B, respectively, and find a very good agreement. In
the parameter space we are working, this variation in the central frequency is independent of
the total number of atoms. We have also computed the output power and the linewidth for this
system and found that similar to what we have observed in Section 5, the power follows that of the
one-class case with N = N4 + Np, and that for a total number of atoms above the critical number
defined with the one-class system, the linewidth can reach the mHz level in the optimal range of
R in the system.

For the sequential transport scheme of the superradiant laser developed at FEMTO-ST, Fig-
ure 11 shows that if the atoms in the two sites A and B do not share the same frequency, the cen-
tral frequency of the laser shifts according to the relative population of the sites. This analysis can
be used to qualitatively predict the behavior of the system in time, provided certain conditions
are satisfied. If the typical timescale of atom loss and injection is much slower than the time it
takes the system to reach a steady state, we can then use a coarse-graining approach: the total
time is divided into intervals such that during each of them the system reaches so rapidly the
steady state that we just consider it being in the steady state during all the given interval. In this
way, it is meaningful to compute the cavity field spectrum at each interval and associate the var-
ious spectra with the real time dynamics of the laser. So from Figure 11, we therefore expect that
as atoms are sequentially loaded into or decay from the cavity, the central frequency of the laser
oscillates from the detuning of one site to the other.

In the parameter space where synchronization occurs, the laser can reach a narrow linewidth
as the atom number ratio varies, provided that N4 + Np is greater than the critical number of
atoms N defined in the one-class case. This demonstrates the importance of controlling the
relative frequency of the two sites at a level consistent with the targeted frequency stability of the
superradiant laser. From an experimental perspective, this sensitivity can be used as a diagnostic
tool to measure the frequency difference and actively reduce it. If this difference cannot be
reduced, an accurate knowledge of it allows for a compensation of this effect on the output signal.
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7. Conclusions and perspectives

We have conducted a theoretical study for the spectral properties of a superradiant laser com-
posed of two ensembles of !”'Yb atoms sequentially transported into an optical cavity, in con-
nection with the experiment at FEMTO-ST discussed in Section 2. The system is treated using the
second-order cumulant expansion applied to the open quantum dynamics of atoms and cavity.
Starting from the one-class case of identical atoms equally coupled to the cavity, we confirmed
and defined the expected thresholds for superradiant emission and the impact of the atom num-
ber and the repumping rate on the output power and the spectral linewidth. We then focused
the rest of our analysis within these threshold. Including inhomogeneous broadening and vari-
ations in the atom-cavity coupling strengths, we showed that the system is robust with respect
to such perturbations. Concerning the detunings, this is due to a synchronization effect among
atoms with different frequencies for certain values of the repumping rate. Concerning the cou-
pling strengths, we confirmed that the properties of the superradiant emission can well be repro-
duced using a single-class approach with a specific effective coupling strength. We then moved
to the two-site configuration specific to the FEMTO-ST setup, using for each site equally detuned
atoms, being the two ensembles characterized by a different detuning. For balanced atom num-
bers, synchronization of atoms among the two sites produces a single spectral line with a nar-
row linewidth. This is also the case for imbalanced atom numbers, with the central frequency
of the spectrum following the weighted central frequency of the system. Such results show that
the sequential transport scheme can in principle support continuous superradiant emission for
metrological applications, provided that the relative frequency of the atoms in the two sites is
controlled at the level required for the targeted frequency stability.

The current analysis is restricted to steady-state configurations with fixed atom numbers
in each ensemble. Such configurations can be viewed as successive operating points of the
sequential transport process, assuming that atomic decay from, and injection into, the cavity
occur on timescales slow compared to the time required to reach the superradiant steady state.
Under this separation of timescales, the steady-state spectral characteristics analyzed here are
expected to reflect the real time dynamics of the system. From the perspective of the master
equation, rather than performing a full time integration including injection and decay processes,
we analyzed a sequence of steady-state configurations in which the atom number N is updated.
The characteristics of the system such as the cavity field spectrum, linewidth, and power can be
evaluated for each configuration and mapped onto the real time operation, providing a practical
approach to asses the behavior of the sequential loading strategy. A more detailed investigation
going beyond this approximation represents a natural next step and an important direction for
future work.

In addition, a more comprehensive model accounting for the four Zeeman sublevels of 171yp
would be also of significant interest. In particular, when the magnetic-field-induced frequency
shifts become comparable to or smaller than the repumping rate, the emission from different
Zeeman sublevels may become synchronized. This synchronization could produce a signal that
is naturally insensitive to magnetic fields, providing insight into the robustness of superradiant
lasers for metrological applications. Moreover, it would be interesting to address analytically the
case of at least two classes, aiming to obtain analytic insights about the richness of the occurrence
of synchronization in this kind of systems (see for example the behavior found at Figure 10 where
by increasing R we can alternatively obtain one or more peaks in the spectrum).
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Appendix A. One-class analytical considerations: steady-state equations

In this appendix and in the following ones, we provide some analytical considerations concerning
the one-class case, when all the atoms can be treated as identical units.

Using Egs. (6) in the one-class case, the steady-state intracavity photon number (ata)®t can
be obtained as the positive root of a quadratic equation of the form, atat a2 +blata)st +c =0,
where
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The expression of (a'a)*' in terms of the physical parameters is cuambersome and we do not
report it here. From Egs. (6), we obtain for the steady-state values of the other variables:
R-y 2(ata)’x
<0.Z>St=2<a_;'0.i—>st_1: ,}I_ ( > ,
Y+R (y+RN

T SIA
R[(acﬁ)“] __ (a'a) _11< ’
gN(y+x+T, " +{+R) 10)
<aTa>St
0 +yst] _K—’
[ao™"] 2gN
<0.;'I-0.]T>St — K<aTa>St_1 R—’Y— M—a>8t1<
N(7/+R)(}/+T2 +R) N
We notice that Foist
(io)t = LD oy an

Ny +T;'+R)

showing that the sign of ((7;'01‘.)3t is equal to the sign of (g#)%".

Appendix B. Simplified expressions: large x and R limit

In our experimental setup, the cavity decay rate x is much larger than the other rates in the
system, such as y, T, 1, and ¢. The same holds for R, though experimentally its value can be
varied over a wide interval, so it is not neglected compared to k. In order to reach superradiance,
the repumping rate has to be above the lower threshold, i.e., R > y. Here we focus on the case
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R> {y, T,",¢} and note that A is also expected to be much smaller than . Since the number of
atoms is expected to be very large, we can use the approximations N—1~ N and N—-2 = N. With
such conditions, the equation governing the steady-state value (a'a)s" is given by the positive
solution of a second order equation, a(a'a)*'? +b(a' a)s' + ¢ = 0, where (using N -2 = N)

g

K
— ==, C=-g. 12
4gN R) c="8 (12)

~ 2gx(k+R)

a NRZ b=(x+R)

In this limit we then get the following steady-state values of the variables, considering the
condition N = Rk/(4g?) in which we first obtain (a' a)*' and using N > 8:

(aTa>St ~ ﬂ — R_Z
2k 8g?’
e 2(a aystx _ Rk
RN 4g2N’

(a'a)*'Ax _ ARKR-4g*N)
" gNk+R)  8g°N(x+R)
x(a'a)" R(KR-4g>N)
~ 2gN  16g°N
(a'a)*" 2(a'a)*'x*| _«xR(4g*N-«R)
N2 T TN T 32g4N2

R[(ac™)™'] = (13)

)

ﬂ[<a0+>8t] —

+ _—\St _
(0;0,)" =

Several considerations can be derived from the above equations. For the atom-atom correlations
<0;r0]‘.)5t, one finds that they reach a maximum at N = xR/ (2g2) (equivalently, for fixed N,
at R = 2g2N/x), where the value of the maximum is 1/8. At this particular value of N, we
have (a'a)*' ~ g2 N?/(2x?) (this is a maximum with respect to R at R = 2gZN/x), (c%)% = 1/2,
R[(ac™)*] = _2(1<2A+]g\g/21\7)’ and [[{ac*)*'] ~ —gN/(4x) (this is a minimum with respect to R at
R= 2g2N/1<). As for the threshold Ryin = v, Eq. (10) shows that for R < y we have <cr;ra]‘.)st <0.
In the above equations for the limit considered here the steady-state correlations are positive,
(o] (T]T)st > 0. Using the equations derived for the large N limit in the next subsection (Egs. (18)),
it follows that for a large enough value of N one has (o7 07)5t> 0 for R > y provided that kR > 4g°
(provided the system is in the same limit considered in this subsection).
When N < RK/(4g2) and at the same time N >> 8, we have

(@a*=0, (@H"=1, R[(aocH¥|=0, I[(acH¥]=0, (o]0 =0. (14)

Appendix C. Simplified expressions: large N limit

The steady solutions in Egs. (10) can be used to compute the expression of (a' @)%! and the other
variables in the limit of a very large number of atoms N:

KR(y+ T, +R)

R-P)(r+R r+ Ty L +R) (482 + (p+x+ Ty L+E+R)?)
gz(y+1<+T2_1+£+R)
3 “T,Rp)2
4ANR-yB3(y+x+T; " +R)

[4T2‘1 (y+R)+16yR—
X

-1
(aTa)Stﬁ = R(y+T;'+R) (15)
N=oo (y-R)(y+x+T,'+R)’ for R<v,

| Ny@y+T;Y _
2kQy+x+T, 1)’ for R=y,

NR-y)
5= for R>v,
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Ry 2kR(y+T; ' +R)
v+R * NR-Y)(y+R) (y+x+T, '+R)’ for R <y,
xkQ2y+T, 1) B
Zy\st 2yNQy+x+ Tz‘l)’ forR = Y,
(U >N4>oo: < 1 (]_6)
k(y+T, +R)
2 1,
(r+x+ T{1+§+R)2+4AZ—W]
4@ N(y+x+ T L+ R) (y+x+ Ty L+E+R) for R>v,
AKR(y+T; ' +R)
gNR-Y) (y+x+T; '+ R) (y+x+T, ' +E+R)’ forR<y,
- (Ax) y@y+T, 1) B
gRy+x+T,1+¢) m’ forR=v,
+\ st
R[(a0 ™) N0 = Ak(y + R (y + T;1+R) a7
(R=7)(40%+ (y+x+ T; 1 46+ R)?) —4g> (y+x+ T; L +6+R)
8g3 N(R—y) (y+x+T; ' +R) (y+x+T; 1 +&+R)?
ARy
2g(y+x+T, '+&+R)’ forR>vy,
Ry+T,'+R
T for R <y,

2gN(R-y)(y+x+T, ' +R)’

1 yrQRy+T; 1) f
L e orR=
2g \/ 2NE@y++ T, ) v (18)

-xk(y+R(y+ T, +R)

g2 (r+xc+ Ty LegR)

(a0 o] =

—4A2—(y+x+ T, L +E+R)? Ry

R-y _ hR=y
1683 N(y+x+T, L+ R) (y+x+T, L +E+R) 4g’ for R >,
- xR
N@y+R) (y+x+T,'+R)’ for R<y,
- x =
2N@y+x+T, 1)’ forR=v,
(U;U})%Hw =3  «kR-Y)[AA%+(y+x+ T, +E+R)?) (19)

8g2N(y+x+T; 1+R) (y+x+T; L +E+R)
K(4gH) (y+x+ Ty L +E+R)
8g2N(y+x+T, 1+R) (y+x+T; 1 +E+R)’

forR>y.

In the limit of large N, the above expressions provide useful predictions for experimental setups
which operate in this regime. For example, since the output power of the laser is proportional to
(a' @)%, it scales linearly with the number of atoms N when R > y. In the same range of R > y, we
have that (o) is expected to go to zero (corresponds to equally populated ground and excited
atomic states), the atom-field correlations (ao ") go to a constant value, and the atom-atom
correlations (ajc;)“ go to zero.

In Figure 12, we show (a’a)%t as a function of N for three values of R, smaller than, equal to,

and larger than y. Each case is compared with the corresponding large N limi; :expTrelss}i?;)ns given
+T, '+

in the case R = 10*y we also consider the large x and R expression, given in Egs. (13). This is valid
for N = RK/(4g2) ~ 4.85 x 10°. For smaller values of N, in this limit we find (a'a@)*t = 0 (Egs. (14)),
which cannot be reported in the log-log scale used in the figure. The results show that for large N,
(at @yt approaches a constant value for R < y, increases as VN forR = v, and increases linearly
in N for R > y. The last case R > v, is the one in which the superradiant laser operates and then,
for any fixed value of R, the power of the laser is expected to become proportional to N for values
of this variable large enough to have access to this limit.

in Egs. (15) (for R <y we prefer to consider only the large N constant value ), and
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10! 102 10° 10* 10° 10° 107 108
N

Figure 12. Number of intracavity photons at the steady-state (a' st as a function of atom number N for various
values of R, for y = 27 x 7 mHz, x = 27 x 400 kHz, TZ_l =1 rads‘l, g=2nx3.8Hz,A=0,and { =0.

_ <‘>St o <'>?R~>OO <‘>?\tlﬁoo

11 (2 \

1{-(b)

8(oj oy )%t

11 (¢)

I[(a0y")]/2

10! 102 10° 10* 10° 10° 107 108
N

Figure 13. Atomic variables as a function of N for R = 1047, fory =27 x7 mHz, x = 27 x400 kHz, TZ’1 =1lrads™!,
g=2n1x3.8Hz,A=0,and ¢ =0.

In Figure 13, we show for the case A = { = 0, the steady-state variables which involve the
atoms, (%St (0?0}7)“, and [[(ac )] (the real part is zero for A = 0) as a function of N for
R = 10*y. This is compared with both the large ¥ and R expressions given in Eqs. (14) for
N < Rx/(4g%) = N* = 4.85 x 10° and in Egs. (13) for larger values of N, and the large N limit
expressions given in Egs. (15). We can observe how the large x and R expressions work well for
any N while the large N expressions are valid above specific values of N. The variable (¢%) here
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starts from 1 for N < N* and decreases to zero for larger values of N. Both (0?0;)“ andl[(ac™)%|
start from zero for N < N*. For larger values of N, (o] 0]‘.)St increases up to a maximum of 1/8
for N =2N* and then decreases back to zero. For this specific value of N, we have (0%t = 1/2,
(cr;ra]‘.)st ~ 1/8, and [[{ac™*)*'] ~ —R/(88) ~ —2.30. For values of N > N*, [[(ac*)*'] decreases
towards a constant minimum value approximately equal to —R/(4g) = —4.61. This analysis is
based on the approximated expressions that are valid in the large x and R limit.

Appendix D. Cavity field spectrum

In the case when all the atoms have the same parameters, the N + 1 equations in Egs. (8) reduce
to two equations:

d ((aT(T+ t)a(t))) _ (Cl ng) (<a’f(‘[+ t)a(t)>) (20)

dr (ot @+ 0am)) " \ics cs)\(oT(x +nam)
where the coefficients are defined as ¢c; = —(x +&)/2, ¢ = gN, ¢3 = —g{c®)%, and ¢4 = c4p +icy =
—(y+R+1/T,)/2 —iA. The system can be solved by applying the Laplace transform, using the
standard operational rule Z[4 f(1)] = sF(s) — £(0), with the initial conditions {a'(0)a(0)) =
(a'ay*tand (0" (0)a(0)) = (o * a)*t. Solving the resulting set of equations gives

(s—c){a’ @)t + cr (ot @yt
T _
(@ @a0)= (s—c)(s—ca)—cac3 @b

Using Egs. (10), the above expression leads to

1 -1 (Aly+T, ' +E+R) )
2y +K+ T+ R+ l(y+1<+T2‘1+E+R

(a'(@)a) = (a’ @)™

, 22
(52 +iw)[2(r+ T; '+ R +i(A+ )] - g2N(o?)st 2
where we used s = i to correctly compute S(w), which is given by 2R{{a' (w)a(0))}.

The above expression shows that in the large N limit, where (a' a)*' increases linearly with N,
as shown in Egs. (15), and (o%)®' scales inversely proportional to N, as shown in Egs. (16), the
spectrum takes the form of a function of w multiplied by N. It follows that in this limit the width
of the spectrum becomes independent on N. This behavior is observed in Figure 5(b) for large
values of N and for values of R larger than y up to some value (for R very large we can expect
that the limit of large NV occurs for values of N larger than the ones considered in this figure). The
independence of the linewidth from N is reflected by the vertical behavior of the white contour
lines at constant values of R.

We note that the linewidth stays independent of N also in the case considered in Appendix B
for N = RK/(4g2), since (g%)%t is inversely proportional to N, as shown in Egs. (13).

From Eq. (22), the spectrum can be put under the final form

K+EAA*+(y+ T, '+ R (y +x+ T, ' +E+R))
4y+x+ T, +E+R)

S(w) = (a'a)*

(y+K+T2‘1+R)(

2
—g2N<az)St)+2A6w+g‘w2] /[%(Mzﬂw ;' + R)?)

(23)
1 2
- SO+ T; + RN + g N2 052+ A(—(K LAk 2g2N(UZ)St)w
1
13 (407 + Kk + %+ (y+ T, '+ R?) + 2g2N(az)St)w2 +200° + w4] :
An alternative way to manipulate Eq. (21) consists in transforming it into
(s—ca){a’ @yt + cr(ot ayt
(a'(s)a0)) = —=2 2 : (24)

(s=A)(s—A2)
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where )
As = 3 (c1+c)+ \/(61 +cg)?—4(crea— 0263)) = as +ibs. (25)
By using the method of partial fractions, {a'(s)a(0)) can be then expressed as
X Y
T —
a'(s)a(0)) = + , (26)
< ) (s—=14) (s—A2)
where
calat @St — cy(ot ayst — A4 (at a)™t —cylat )t + ot @St + A_(at a)st
X = 4 2 A + , Y = 4 2 A ) (27)
Ao—A4 Ao —Ay

From the above equation we can find that X+Y = (a’ @), with (a' @)t a real value. It then follows
that X = Xgp+iXjand Y = Y —iX;.
The inverse Laplace transform of Eq. (26) then gives

(a'Ma0) = XeMT +velT. (28)

The structure of 1. determines that the second term in the above Eq. (28) decays to zero faster
than the first [41,45].

To obtain the final expression for the spectrum we have to compute S(w) = 2R{{a’ (w)a(0))}.
From Eq. (26), we have

Xp +1X Yr —iX|
+ _ R i R 1
0) =
(@ @a) = — S b
= 5 (29)
as +(w—by)?
+ —a-Yp —Xn((u—b_) +ia_Xn —iYR(a)—b_)
a +(w—-b_)? ’
leading to
—a+ Xp+ Xj(w - —a_Yp—Xj(w—b_
S@) =2 a. Xg + Xj(w - by) a-Ygp— Xj(w—b-) 30)

az + (w—by)? a? +(w—b-)?
For X; = 0, we have two Lorentzian functions centered at b, and b_. In the general case Xj # 0,
each Lorentzian is modified by a linear function at the numerator.

Cavity field spectrum for A=¢ =0

In the case A = ¢ =0, Eq. (23) simplifies to

K(y+ Ty +R)(y+11<+ I,'+R) gzN(az)St)]/
4(y+x+T, +R)

K2

16

S) =(a'@*|(y +x+ T, + R)

1
X+ Ty + R = Sk + Ty + RIN@D™ + g NP (o)™ (31)

0’ + |,

1
+ (Z (kK2 +(y+ T, ' + RB?) +2g* N(g™)™

where (a'a)s' and (0%)% are the steady-state values for A = ¢ = 0. The dependence of the above

spectrum on o has the form

Xl
Y'+ Zw? + 0t
where the form of X', Y’, and Z can be obtained from Eq. (31). The spectrum is then symmetric
with respect to w = 0 and for Z > 0, which is valid for (¢%)' > 0, condition satisfied in the regime
treated in Appendix B, S(w) has a maximum equal to X'/ Y’ for w = 0. The central frequency of
the spectrum is then equal to zero in the rotating frame of the cavity meaning that it is equal

S(w) = (32)
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to the cavity frequency. The linewidth Av which corresponds to the FWHM of the spectrum, is
determined by the equation S(w) = X'/(2Y’) leading to

Av=V2\VAY'+ 72~ 7. (33)

We then find that a possible approach to reduce Av is to operate where Y’ =0 or Y/ <« Z.

In the large x and R limit in Appendix B, Y takes the form Kzlgz —$8°KkRN(0%)' + g* N*(0 %)t 2,
For N < Rx/(4g?%), we have for the atomic variable (¢%)% = 1, which gives Y’ =~ 0 at N = Rk /(4g?),
and for N = Rx/(4g?), we have (6%)*' ~ Rx/(4g*N) and Y’ = 0.

In the large N limit of Appendix C, with R > vy, we consider the large x and R limit, such that
the large N approximation stays valid. For the case x > R, we find that Y’ = g% and Z = x?/4.

This implies that Y’ <« Z2, which allows us to develop Eq. (33) to obtain

Yy’ 4g?
Avm2y]— =28
Z K

This is equal to thze one reported in [13,28], where the minimal linewidth of a superradiant laser

(34)
is estimated by 4%.

References

[11 M.S. Safronova, “The Search for Variation of Fundamental Constants with Clocks”, Ann. Phys. (Berlin) 531 (2019),
no. 5, article no. 1800364.
[2] Y. Tanaka and H. Katori, “Exploring potential applications of optical lattice clocks in a plate subduction zone”, J.
Geod. 95 (2021), article no. 93 (14 pages).
[3] D.G. Matei, T. Legero, S. Héfner, et al., “1.5 pm Lasers with Sub-10 mHz Linewidth”, Phys. Rev. Lett. 118 (2017),
p. 263202.
[4] E. Oelker, R. B. Hutson, C. J. Kennedy, et al., “Demonstration of 4.8 x 10717 stability at 1 s for two independent
optical clocks”, Nat. Photonics 13 (2019), no. 10, pp. 714-719.
[5] T. Bothwell, C. J. Kennedy, A. Aeppli, D. Kedar, J. M. Robinson, E. Oelker, A. Staron and J. Ye, “Resolving the
gravitational redshift across a millimetre-scale atomic sample”, Nature 602 (2022), no. 420, pp. 420-424.
[6] A.Aeppli, K. Kim, W. Warfield, M. S. Safronova and J. Ye, “Clock with 8 x 10719 Systematic Uncertainty”, Phys. Rev.
Lett. 133 (2024), article no. 023401 (7 pages).
[71 H.N.Hausser, J. Keller, T. Nordmann, et al., “!1°In* —172yb* Coulomb Crystal Clock with 2.5 x 10718 Systematic
Uncertainty”, Phys. Rev. Lett. 134 (2025), article no. 023201 (6 pages).
[8] S.Kolkowitz, I. Pikovski, N. Langellier, M. D. Lukin, R. L. Walsworth and J. Ye, “Gravitational wave detection with
optical lattice atomic clocks”, Phys. Rev. D 94 (2016), article no. 124043 (15 pages).
[9]1 A. Derevianko, “Atomic clocks and dark-matter signatures”, J. Phys. Conf. Ser. 723 (2016), article no. 012043 (6
pages).
[10] M. Filzinger, S. Dorscher, R. Lange, et al., “Improved Limits on the Coupling of Ultralight Bosonic Dark Matter to
Photons from Optical Atomic Clock Comparisons”, Phys. Rev. Lett. 130 (2023), article no. 253001 (6 pages).
[11] M.]J. Thorpe, L. Rippe, T. M. Fortier, M. S. Kirchner and T. Rosenband, “Frequency stabilization to 6 x 10716 via
spectral-hole burning”, Nat. Photonics 5 (2011), no. 11, pp. 688-693.
[12] J.Olson, R. W. Fox, T. M. Fortier, et al., “Ramsey-Bordé Matter-Wave Interferometry for Laser Frequency Stabiliza-
tion at 10718 Frequency Instability and Below”, Phys. Rev. Lett. 123 (2019), no. 7, article no. 073202 (6 pages).
[13] D. Meiser, J. Ye, D. R. Carlson and M. J. Holland, “Prospects for a Millihertz-Linewidth Laser”, Phys. Rev. Lett. 102
(2009), article no. 163601 (4 pages).
[14] R.H. Dicke, “The Effect of Collisions upon the Doppler Width of Spectral Lines”, Phys. Rev. 89 (1953), pp. 472-473.
[15] M. Gross and S. Haroche, “Superradiance: an essay on the theory of collective spontaneous emission”, Phys. Rep.
93 (1982), no. 5, pp. 301-391.
[16] E Haake, M. L. Kolobov, C. Fabre, E. Giacobino and S. Reynaud, “Superradiant laser”, Phys. Rev. Lett. 71 (1993),
no. 995, pp. 995-998.
[17] J.G.Bohnet, Z. Chen, J. M. Weiner, D. Meiser, M. J. Holland and J. K. Thompson, “A steady-state superradiant laser
with less than one intracavity photon”, Nature 484 (2012), no. 7392, pp. 78-81.
[18] M. A. Norcia and J. K. Thompson, “Cold-Strontium Laser in the Superradiant Crossover Regime”, Phys. Rev. X 6
(2016), no. 1, article no. 011025 (6 pages).



216

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

(301

[31]

[32]

[33]

[34]

[35]
[36]

1371

[38]

[39]

[40]
[41]

[42]
[43]

[44]

[45]

Jana El Badawi, Marion Delehaye and Bruno Bellomo

M. A. Norcia, M. N. Winchester, J. R. K. Cline and J. K. Thompson, “Superradiance on the millihertz linewidth
strontium clock transition”, Sci. Adv. 2 (2016), no. 10, article no. e1601231 (6 pages).

M. A. Norcia, J. R. K. Cline, J. A. Muniz, et al., “Frequency Measurements of Superradiance from the Strontium
Clock Transition”, Phys. Rev. X 8 (2018), no. 2, article no. 021036 (12 pages).

T. Laske, H. Winter and A. Hemmerich, “Pulse Delay Time Statistics in a Superradiant Laser with Calcium Atoms”,
Phys. Rev. Lett. 123 (2019), no. 10, article no. 103601 (5 pages).

S. L. Kristensen, E. Bohr, J. Robinson-Tait, T. Zelevinsky, J. W. Thomsen and J. H. Miiller, “Subnatural Linewidth
Superradiant Lasing with Cold 88gy Atoms”, Phys. Rev. Lett. 130 (2023), article no. 223402 (5 pages).

E.A. Bohr, S. L. Kristensen, C. Hotter, et al., “Collectively enhanced Ramsey readout by cavity sub- to superradiant
transition”, Nat. Commun. 15 (2024), no. 1, article no. 1084 (7 pages).

D. Meiser and M. J. Holland, “Steady-state superradiance with alkaline-earth-metal atoms”, Phys. Rev. A81 (2010),
article no. 033847 (4 pages).

G. A.Kazakov and T. Schumm, “Active optical frequency standard using sequential coupling of atomic ensembles”,
Phys. Rev. A87 (2013), article no. 013821 (8 pages).

C. Hotter, D. Plankensteiner, G. Kazakov and H. Ritsch, “Continuous multi-step pumping of the optical clock
transition in alkaline-earth atoms with minimal perturbation”, Opt. Express 30 (2022), no. 4, pp. 5553-5568.

S. Dubey, G. A. Kazakov, B. Heizenreder, S. Zhou, S. Bennetts, S. A. Schéffer, A. Sitaram and E Schreck, “Modeling
of a continuous superradiant laser on the sub-mHz 1Sy —3 Py transition in neutral strontium-88”, Phys. Rev. Res.
7 (2025), article no. 013292 (20 pages).

G. A. Kazakov, S. Dubey, A. Bychek, U. Sterr, M. Bober and M. Zawada, “Ultimate stability of active optical
frequency standards”, Phys. Rev. A106 (2022), article no. 053114 (12 pages).

H. Liu, S. B. Jager, X. Yu, S. Touzard, A. Shankar, M. J. Holland and T. L. Nicholson, “Rugged mHz-Linewidth
Superradiant Laser Driven by a Hot Atomic Beam”, Phys. Rev. Lett. 125 (2020), article no. 253602 (6 pages).

M. Tang, S. A. Schiffer and J. H. Miiller, “Prospects of a superradiant laser based on a thermal or guided beam of
8851, Phys. Rev. A106 (2022), article no. 063704 (10 pages).

B. Laburthe-Tolra, Z. Amodjee, B. Pasquiou and M. Robert-de-Saint-Vincent, “Correlations and linewidth of the
atomic beam continuous superradiant laser”, SciPost Phys. Core 6 (2023), article no. 015 (24 pages).

S.-H. Oh, J. Kim, J. Ha, G. Son and K. An, “Thresholdless coherence in a superradiant laser”, Light: Sci. Appl. 13
(2024), no. 1, article no. 239 (7 pages).

A. Bychek, C. Hotter, D. Plankensteiner and H. Ritsch, “Superradiant lasing in inhomogeneously broadened
ensembles with spatially varying coupling”, Open Res. Eur. 1 (2021), article no. 73 (22 pages).

M. Xu, D. A. Tieri, E. C. Fine, J. K. Thompson and M. J. Holland, “Synchronization of Two Ensembles of Atoms”,
Phys. Rev. Lett. 113 (2014), article no. 154101 (5 pages).

H.-P. Breuer and E Petruccione, The Theory of Open Quantum Systems, Oxford University Press, 2007.

A. Angel Rivas, D. K. Plato, S. E Huelga and M. B. Plenio, “Markovian master equations: a critical study”, New J.
Phys. 12 (2010), no. 11, article no. 113032 (38 pages).

G. L. Giorgi, A. Saharyan, S. Guérin, D. Sugny and B. Bellomo, “Microscopic and phenomenological models of
driven systems in structured reservoirs”, Phys. Rev. A101 (2020), article no. 012122 (9 pages).

R. Bonifacio, P Schwendimann and E Haake, “Quantum Statistical Theory of Superradiance. I”, Phys. Rev. A 4
(1971), pp. 302-313.

M. M. Boyd, T. Zelevinsky, A. D. Ludlow, S. M. Foreman, S. Blatt, T. Ido and J. Ye, “Optical Atomic Coherence at the
1-Second Time Scale”, Science 314 (2006), no. 5804, pp. 1430-1433.

R. Kubo, “Generalized Cumulant Expansion Method”, J. Phys. Soc. Japan 17 (1962), no. 7, pp. 1100-1120.

S. Dubey, Quantitative modeling towards continuous superradiant laser on Sr, Technische Universitdit Wien
(Austria), 2025.

R. R. Puri, Mathematical Methods of Quantum Optics, Springer Series in Optical Sciences, vol. 79, Springer, 2001.

D. Meiser and M. J. Holland, “Intensity fluctuations in steady-state superradiance”, Phys. Rev. A 81 (2010), article
no. 063827 (7 pages).

J. Kim, D. Yang, S.-h. Oh and K. An, “Coherent single-atom superradiance”, Science 359 (2018), no. 6376, pp. 662—
666.

D. Tieri, Open Quantum Systems with Applications to Precision Measurements, University of Colorado Boulder
(USA), 2015.



	1. Introduction
	2. Experimental concept
	3. Description of the model
	3.1. Second-order cumulant expansion
	3.2. Spectrum of the cavity field

	4. One-class case
	5. Inhomogeneous broadening and variable coupling strength
	6. Two-site setup
	6.1. Balanced atom number: NA=NB
	6.2. Imbalanced atom number: NA != NB

	7. Conclusions and perspectives
	Acknowledgments
	Declaration of interest
	Appendix A. One-class analytical considerations: steady-state equations
	Appendix B. Simplified expressions: large kappa and R limit
	Appendix C. Simplified expressions: large N limit
	Appendix D. Cavity field spectrum
	Cavity field spectrum for Delta=xi = 0

	References

