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Abstract. We perform a theoretical study of a continuous superradiant laser supporting its experimental
realization at FEMTO-ST using two sequentially-emitting ensembles of 171Yb atoms coupled to the same
Fabry–Perot cavity. Using an open quantum system approach, we identify for the simplest case the parameter
space where the laser reaches tens of picowatts of power with a sub-millihertz linewidth. Studying the
impact of inhomogeneous frequency broadening and variations in atom-cavity coupling on the superradiant
emission, we find the laser properties robust with respect to such perturbations, also thanks to the occurrence
of synchronization of the atomic dipoles. We then consider a two-site configuration, in which atoms in each
site are equally coupled to the cavity and have equal detunings, with diVerent values for the two ensembles.
We find for balanced and imbalanced atom numbers that synchronization leads in a certain parameter space
to a single narrow spectral line whose central frequency follows the weighted average frequency. This result
indicates that sequential loading can enable continuous superradiant emission for metrological applications,
provided that the relative frequencies of the two ensembles are controlled to the level required by the target
stability.
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1. Introduction

The field of time and frequency metrology has seen remarkable advancements over recent
decades. These developments have paved the way for a wide range of applications, from
investigating variations in fundamental constants [1] to seismology [2]. Today’s most precise
timekeepers consist of the combination of a laser pre-stabilized on an ultra-stable, monolithic
Fabry–Perot cavity, providing short-term stabilization down to 4 £ 10¡17 at one second [3], with
an atomic ensemble that ensures long-term stabilization down to 4.8 £ 10¡17(¿/s)¡1/2 [4,5] and
accuracy that can reach the 10¡19 range [6,7]. Achieving even lower instabilities in optical
clocks could unlock new applications, such as detecting gravitational waves [8] or searching for
dark matter [9,10]. However, these systems are currently limited by the fundamental thermal
Brownian noise of the Fabry–Perot resonators. To overcome this limitation, several projects have
emerged worldwide, including spectral hole burning [11], Ramsey–Bordé interferometers [12],
and superradiant lasers [13]. This article focuses on the project of a superradiant laser.

The concept of a superradiant laser is based on superradiance, first introduced by Dicke
in 1953 [14], and further explored in the context of lasers in [15,16]. About 15 years ago,
the idea of using such a laser as a new frequency reference emerged, with the potential to
outperform current optical clocks by an order of magnitude [13]. This idea has generated
significant excitement, leading to several superradiant laser experiments aimed at metrological
applications worldwide [17–23].

To date, all reported experiments operate in a pulsed manner, with the emission duration of
one pulse below 1 second. Promising stabilities in the 10¡16 range have been reported [20], and
sub-natural linewidth emission has been observed [22]. However, the current pulsed nature of
the emission remains a significant limitation for its use as a frequency reference. Intense theoret-
ical eVorts have been devoted to exploring possibilities for achieving continuous emission [24–
27], which predict an appealing ultimate frequency instability at the 10¡18 level at one second
integration time [28]. One currently investigated possibility involves producing a beam of cold
atoms loaded into a conveyor belt inside a bow-tie cavity where superradiance occurs [27]. Other
experiments focus on hot beams of atoms crossing a Fabry–Perot cavity to exploit the sub-natural
linewidth emission achievable with such a system [29–32].

Here, we theoretically investigate a system in which continuous superradiant emission could
be achieved using two sequentially-emitting ensembles of 171Yb atoms coupled to the same
Fabry–Perot cavity, in order to realize predictions for the experiment under development at
FEMTO-ST described in Section 2. We use the framework of open quantum systems and the
second-order cumulant expansion to describe the system, and we use the quantum regression
theorem to obtain the emission spectrum in Section 3.

In the first description of the superradiant laser system, a fixed number of identical 87Sr atoms
was considered [13]. This description captured the fundamental physics of the collective atomic
dynamics and showed that it can produce a mHz linewidth laser with useful power. In Section 4
we adopt a similar approach for our system of 171Yb atoms and show the characteristics of such
a laser. In a recent study, this framework was extended to more realistic experimental conditions,
in which the atoms have varying transition frequencies and are considered to be coupled to
the cavity with varying strengths [33]. In Section 5 we follow this approach using experimental
parameters relevant to our system, and demonstrate the robustness of the emission with respect
to such perturbations.

Following this, we explore in Section 6 the eVects of a key feature of FEMTO-ST experiment,
the loading of two sites labeled A and B inside the cavity, each loaded by a group of atoms with
equal parameters. First, in Section 6.1, we revisit the situation explored theoretically in [34] where
the total number of atoms in each site is equal. In [34] this is explored by adiabatically eliminating
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the cavity field while here we keep the full description of the system. Second, in Section 6.2, we
consider the realistic experimental implementation for our system where the atoms are going to
be transported to each site sequentially and consider that the total number of atoms in each site
can vary. The characteristics of the laser is shown with the impact of atom number imbalance
between the two sites.

2. Experimental concept

At FEMTO-ST, we are establishing a superradiant experiment to explore the spectral capabilities
of this new ultra-stable frequency reference. Our approach involves an original scheme to achieve
sustained superradiant emission on the 171Yb 1S0 ! 3P0 clock transition at 578 nm, which has a
natural linewidth of 7 mHz. Our experimental apparatus consists of two chambers. In the first
chamber, we prepare a magneto-optical trap of up to 108 171Yb atoms, and we expect to transport
up to 106 atoms into one zone of a 56 mm-long Fabry–Perot cavity. This defines the practical
operating range considered in this work. The cavity has a finesse of approximately 7000 at the
clock transition wavelength and the atoms are coupled to a single transverse cavity mode with an
estimated mode diameter of about 145 &m.

A B

(a) (b) (c)

Figure 1. Scheme of the experiment at FEMTO-ST. Black dots: atoms. Yellow lattice: cavity mode. Red lattices:
trapping lattice within the cavity and optical conveyor belts. (a) Atoms are trapped in site A of the cavity. (b) The
number of atoms in site A has decayed, hence a new ensemble of atoms is loaded into the site B of the cavity by
an optical conveyor belt. (c) Atoms are trapped in site B , and a new ensemble of atoms is prepared to be loaded in
site A.

The experiment is based on two fixed zones in the cavity, referred to as “site A” and “site B”,
separated by approximately 3 mm. The two sites are sequentially populated using an optical

1S0  

Higher auxiliary states

3P0

3P1: ۧ|𝟓

3P2

Lasing

Figure 2. Proposed repumping scheme for the continuous superradiant laser based on 171Yb atoms. The
superradiant lasing occurs on the clock transition 1S0 $ 3P0. The intermediate states 3P1 and 3P2 participate
in the repumping cycle which involves also higher auxiliary states, as shown schematically in the figure.
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conveyor belt in order to maintain the superradiant emission, as shown in Figure 1. In a typical
experimental sequence, an atomic ensemble is �rst loaded into site A. This ensemble will be
continuously repumped via a multi-step process which involves several auxiliary levels, as shown
qualitatively in Figure 2, similarly to what is described in [26]. This mechanism gives rise to an
eVective repumping rate used in the model described in Section 3. As the atom number decays
over time due to residual heating and collisions with the background gas, we will prepare another
ensemble to be loaded into site B before the emission from site A ends with a targeted refresh rate
of 1–2 Hz. In this paper, we investigate theoretically the spectral properties of the superradiant
light emitted by such a system.

171Yb has a nuclear spin I Æ1/2, so both the ground state 1S0 and the excited clock state 3P0

have two Zeeman sublevels. An external magnetic �eld will be applied orthogonally to the
cavity axis, which will shift the sublevels symmetrically around the bare atomic frequency. The
average of the emissions from the Zeeman sublevels allows for the reconstruction of a signal
that is insensitive to the magnetic �eld [20]. For typical magnetic �elds of a few gauss, the
resulting frequency shifts are on the order of a few hundreds Hz, which is larger than the targeted
repumping rate, as found later in Section 4. In this paper, we consider a single pair of lasing states.

3. Description of the model

As model for the experimental setup described in the previous section and shown schematically
in Figure 1, we consider an ensemble of N cold 171Yb atoms con�ned in an optical lattice and
treated as two-level systems. Each atom in the ensemble is labeled by an index i , and is coupled to
the cavity �eld with a position-dependent coupling strength gi . The atomic transition frequency
of the i -th atom is denoted by ! i and the resonance frequency of the cavity by ! c. In particular, in
the absence of individual atomic shifts, all the atoms are characterized by the unperturbed clock
transition frequency ! a , and the cavity is assumed to be tuned in resonance with this transition.
The unitary dynamics of the atoms and the cavity is then governed by the Hamiltonian (if not
speci�ed otherwise, we set ß Æ1)

H Æ
NX

i Æ1
! i ¾

Å
i ¾¡

i Å ! ca†a Å
NX

i Æ1
gi (a¾Å

i Å a†¾¡
i ), (1)

where ¾Å
i Æ jei i hgj i and ¾¡

i Æ(¾Å
i )† are the raising and lowering operators for the i -th atom, jgi

and jei correspond to the atomic ground and excited states, 1S0 and 3P0, respectively, and a†

and a are the photon creation and annihilation operators of the cavity mode.
The atoms and cavity mode are subject to various dissipative processes. We consider a zone of

the parameters in which the global dynamics for the atoms-cavity density matrix ½is governed
by a master equation in the Lindblad form,

d

dt
½Æ ¡i [H ,½] Å L [½], (2)

where L [½] contains all the dissipative processes acting on the system via the operator O at a
rate x, described by the Lindblad superoperator xD [O]½Æx(2O½O† ¡ O†O½¡ ½O†O)/2. The
dissipation includes the photons losses from the cavity at a rate · , the spontaneous atomic decay
at a single-atom rate ° , the individual incoherent repumping with a rate R, and inhomogeneous
dephasing of each atom at a rate 1/ T2. A cavity dephasing term denoted by the parameter »
which accounts for the e Vective noise induced by thermal �uctuations of the cavity mirrors is
also included as in [28,33]. The single-atom rates ° , R, and 1/ T2 are assumed to be identical for all
atoms. These various dissipative processes contribute to the following total Lindblad dissipator,

L [½] Æ· D[a]½Å »D[a†a]½Å
NX

i Æ1

·
° D [¾¡

i ]½Å RD[¾Å
i ]½Å

1

2T2
D[¾Å

i ¾¡
i ]½

¸
. (3)
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The zone of the parameters we work in justi�es the use of a local approach to derive the total
dissipator. In this approach, L [½] is obtained by the sum of the individual contributions from
each dissipative source, as if it was the only source acting on the system [35–37].

Superradiant lasers operate in the so-called “bad-cavity limit” [13,38], in which the cavity
decay rate · is much larger than the natural atomic decay rate ° , i.e., · À ° . For our system the
decay rate of the cavity is · Æ2¼£ 400 kHz ¼2.5£ 106 rads¡ 1 which is many orders of magnitude
more than the atomic decay rate ° Æ2¼£ 7 mHz ¼4.4£ 10¡ 2 rads¡ 1, corresponding to the ultra-
narrow linewidth of the clock transition in the fermionic isotope of ytterbium 171Yb. The rate of
the atom-cavity coupling for our system is g Æ2¼£ 3.8 Hz ¼24 rads¡ 1, so we have · À g in our
setup. The 1/ T2 value of our experiment is not measured yet, so in the following we consider
1/ T2 ¼1 rads¡ 1 to be a good approximation [39].

The parameters described above are �xed for our system, as they are determined by the
experimental setup and physical characteristics of the components. A parameter that can be
experimentally scanned over some range is that of the incoherent repumping rate R. This
parameter describes the average rate at which atoms are repumped from the ground state 1S0

to the excited state 3P0 of the clock transition. It provides the population inversion required for
continuous superradiance. R enters the model as simple rate parameter, however it is an e Vective
description of a complex multi-level repumping scheme within the full atomic structure of 171Yb.
The value of R depends on the speci�c repumping con�guration and can be calculated using
the numerical method presented in [26], which models continuous multi-step repumping for
the clock transition in bosonic 88Sr. In [26], it is stated that this method can extend well to the
fermionic 87Sr and to other alkaline-earth atoms, and that includes 171Yb which is used in our
system. As a result, the value of R can have a tunable range based on the con�guration of the
multi-level system. The rate » is associated in the model to a dephasing process for the cavity
�eld, an additional dissipation term for the cavity other than the one governed by the photon
loss rate · . We follow the approach used in [33] and treat » as a tunable parameter to check its
impact on the characteristics of the laser. In all of this study, · stays the largest decay rate of the
system.

3.1. Second-order cumulant expansion

As the Hilbert space describing such a system grows exponentially with the atom number N ,
solving the Lindblad master equation becomes computationally complex for large N . In such
cases, performing appropriate approximations is essential to simplify the problem. From the
various approximation methods, the second-order cumulant expansion is commonly used [40].

As the N atoms interact collectively with the cavity �eld, high-order atom correlations develop
during the dynamics. Accurately considering such correlations is important for describing
cooperative phenomena such as superradiant emission. However, accounting for all high-order
correlations in a system of many atoms quickly becomes intractable, both computationally and
analytically. The second-order cumulant expansion is a powerful approximation method that
gives higher-order correlations in terms of lower-order ones.

The key idea behind the second-order cumulant expansion is to truncate the correlations at
second order by assuming that third- and higher-order cumulants are negligible. This assump-
tion is valid in many physical systems where three-body, or higher, correlations are weak or can
be captured by one- and two-body terms. The cumulants of arbitrary operators X1, X2, X3 up to
third order are de�ned as:

hX1i c Æ hX1i ,

hX1X2i c Æ hX1X2i ¡ h X1ihX2i ,

hX1X2X3i c Æ hX1X2X3i ¡ h X1X2ihX3i ¡ h X1X3ihX2i ¡ h X1ihX2X3iÅ 2hX1ihX2ihX3i .

(4)
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In this framework, the approximation hX1X2X3i c Æ0 allows us to express third-order correlations
approximately as:

hX1X2X3i c Æ0 Æ) h X1X2X3i ¼ hX1X2ihX3iÅhX1X3ihX2iÅhX1ihX2X3i ¡ 2hX1ihX2ihX3i . (5)

This second-order cumulant expansion greatly reduces the computational cost while conserv-
ing the two-body quantum correlations. In the context of the linewidth of a superradiant laser,
it was shown that this method, when compared with the full quantum solution, provides more
accurate results than the mean-�eld and Langevin-based methods [41].

The total phase invariance of the system is conserved under the second-order cumulant
expansion and, as a result, the phase-dependent terms such as hai , ha†i , and h¾§ i are zero [13].
Starting from the master equation with the Hamiltonian of the system in the rotating frame of the
cavity Hr Æ ¡

P N
i Æ1 ¢ i ¾Å

i ¾¡
i Å

P N
i Æ1 gi (a¾Å

i Å a†¾¡
i ), where ¢ i Æ! c ¡ ! i is the detuning between

the i -th atom and the cavity, and applying the second-order cumulant expansion, we obtain the
following closed set of equations that describe the system's dynamics:

d

dt
ha†ai Æ ¡ · ha†aiÅ i

NX

i Æ1
gi

¡
ha¾Å

i i ¡ h a†¾¡
i i

¢
,

d

dt
ha¾Å

i i Æ ¡
1

2

µ
· Å ° Å RÅ »Å

1

T2
Å i2¢ i

¶
ha¾Å

i iÅ igi ha
†ai ¡ 2igi ha

†aih¾Å
i ¾¡

i i ¡ igi h¾
Å
i ¾¡

i i

¡ i
NX

j , j 6Æi
g j h¾

Å
i ¾¡

j i ,

d

dt
h¾Å

i ¾¡
i i Æigi ha

†¾¡
i i ¡ igi ha¾Å

i i ¡ (° Å R)h¾Å
i ¾¡

i iÅ R,

d

dt
h¾Å

i ¾¡
j i Æ ¡ i(¢ i ¡ ¢ j )h¾

Å
i ¾¡

j iÅ igi ha
†¾¡

j i ¡ ig j ha¾Å
i i ¡ 2igi ha

†¾¡
j ih¾Å

i ¾¡
i i

Å 2ig j ha¾Å
i ih¾Å

j ¾¡
j i ¡

µ
° Å RÅ

1

T2

¶
h¾Å

i ¾¡
j i .

(6)

In the following sections, we handle speci�c cases of this system and we only focus on its
steady-state solutions. First in Section 4, we consider identical atoms equally coupled to the
cavity mode, and this reduces Eqs. (6) to a set of four equations. Note that in this case there is
symmetry in the terms with respect to exchange of atoms. For instance, ha†¾¡

j i Æ ha†¾¡
1 i for all j ,

and h¾Å
i ¾¡

j i Æ h¾Å
1 ¾¡

2 i for all i 6Æj . The analytical steady-state solutions for this case are presented
in Appendix A, with further simpli�cations in the large · and large R limit in Appendix B, and large
N limit in Appendix C. Next in Section 5, we consider the case of non-identical atoms, where
detunings can di Ver, ¢ i 6Æ¢ j .

To manage with the increasing number of equations, we adopt an approach commonly used
in the literature [33], where the atoms are grouped into M frequency classes. Each class contains
atoms that share the same detuned frequency, and the number of atoms are distributed according
to a Gaussian frequency distribution. Similarly, in the case of atoms with di Verent coupling
strengths to the cavity mode, the atoms can be grouped in K coupling strength classes. In
the presence of both inhomogeneous broadening and varying coupling strengths, the system is
described by M £ K classes. The atoms are divided equally among K coupling classes, and within
each coupling class they are distributed into M frequency classes.

Last, in Section 6 we consider the experimentally relevant scenario with two groups of atoms
with their own detuning ¢ A and ¢ B , and consider the case of equal number of atoms and the case
of an imbalance in the number of atoms.
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3.2. Spectrum of the cavity �eld

Having formulated the dynamics within the second-order cumulant framework, we now focus
on the characteristics of the spectrum of the cavity �eld. To calculate this spectrum, we make use
of the Wiener–Khinchin theorem, according to which the spectrum S(! ) is given by the Fourier
transform of the �rst-order correlation function g(1)(¿) Æ

­
a†(¿Å t )a(t )

®
[42],

S(! ) Æ2R
½Z 1

0
d¿e¡ i!¿ g(1)(¿)

¾
. (7)

To compute this correlation function, we apply the quantum regression theorem, which states
that the time derivative of

­
a†(¿Å t )a(t )

®
follows the time derivative of

­
a†(t )

®
, and we obtain

using the second-order cumulant expansion:

d

d¿

­
a†(¿Å t )a(t )

®
Æ ¡

· Å »

2

­
a†(¿Å t )a(t )

®
Å i

NX

i Æ1
gi

­
¾Å

i (¿Å t )a(t )
®
,

d

d¿

­
¾Å

i (¿Å t )a(t )
®

Æ ¡igi
­
¾z

i (¿Å t )
®­

a†(¿Å t )a(t )
®

¡
1

2

µ
° Å RÅ

1

T2
Å 2i¢ i

¶
­
¾Å

i (¿Å t )a(t )
®
.

(8)

To solve the above equations, the starting point t Æ0 is taken when the system is in steady-
state. The term

­
¾z

i (¿Å t )
®

is then considered a constant equal to the steady-state value h¾z
i i st,

which can be obtained from Eqs. (6). Analytical expressions for the spectrum are provided in
Appendix D for the one-class case.

The cavity spectrum provides access to key observables of the system, such as the spectral
linewidth and the power and the output of the cavity. The spectral linewidth corresponds to the
full-width at half-maximum (FWHM) of the spectrum. The output power, on the other hand,
is determined by the mean intracavity photon number ha†ai and is given by P Æ´ ß! 0· ha†ai ,
where ´ is the relative transmission of the output mirror of the cavity and ! 0 is the central angular
frequency of the spectrum [28]. In what follows, all power calculations are performed with ´ Æ1,
that corresponds to ideal transmission. When all the atoms are on resonance with the cavity �eld,
the spectrum is expected to be centered at ! 0 Æ! c.

4. One-class case

In this section we consider the case of identical atoms ( ¢ i Æ¢ j Æ¢ ) equally coupled to the cavity
mode ( gi Æg j Æg). In particular, we focus on the case when the atoms are on resonance with the
cavity mode ( ¢ Æ0) since the non-resonant case gives similar results if ¢ is small enough. This
follows directly from Eqs. (10), which imply that for ¢ ¿

¡
° Å · Å (1/ T2)Å »Å R

¢
/2, all the variables

of Eqs. (6) do not depend appreciably on ¢ . We also notice that in this regime R
£
ha¾Å i st

¤
,

which is zero for ¢ Æ0, is much smaller than I
£
ha¾Å i st

¤
. The parameters are set equal to the

experimental values provided in Section 3, ° Æ2¼£ 7 mHz, · Æ2¼£ 400 kHz, g Æ2¼£ 3.8 Hz,
and 1/ T2 Æ1 rads¡ 1, with » Æ0 except when speci�ed otherwise. In what follows, we study the
steady-state solutions of the system described by Eqs. (6). The solutions are found numerically
in the main text, though for this section they can be computed using the analytical derivations
in Appendix A. We also observe that according to the derivation of the spectrum for ¢ Æ» Æ0 in
Eq. (31), when h¾z i st È 0 the spectrum has only one peak and is symmetric with respect to the
cavity frequency.

For a laser operating in the bad-cavity limit, the superradiant emission in the system is
characterized by both a lower and upper threshold with respect to R [13]. The dependence of the
various variables with respect to R is presented in Figure 3 for N Æ106 atoms. The lower threshold
corresponds to the point at which the repumping rate overcomes the atomic decay rate Rmin ¸ ° ,
which is necessary to generate the population inversion. From Eqs. (10) it follows that h¾z

1i st Ç 0
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Figure 3. Steady-state solutions of Eqs. (6) as a function of R for N Æ106 atoms represented by solid lines. The
dotted lines refer to the large · and R limit described in Appendix B, while dashed lines correspond to the large N
limit reported in Appendix C. Red (resp. black) vertical dotted line: Rmin (resp. Rmax ).

for R Ç ° , as it can be observed in Figure 3(a). For such values of R where the population inversion
is not reached, the intracavity photon number is observed in Figure 3(b) to be very small. Above
this threshold h¾z

1i st crosses zero and ha†ai st shows a sharp increase, indicating the onset of the
superradiant emission. The atom-atom correlations h¾Å

1 ¾¡
2 i st in Figure 3(c) and the imaginary

part of the atom-�eld correlations ha¾Å
1 i st (real part is equal to zero for ¢ Æ0) in Figure 3(d), are

close to zero for such small values of R.
As the value of R increases, all the above variables increase in modulus. In particular, the

photon number increases linearly with R, as found in Eqs. (15) in the large N limit for R È ° .
Based on the approximate Eqs. (13) in the large · and R limit, we observe that the atom-atom
correlations and the photon number both reach a maximum at R Æ2g2N / · , with h¾Å

i ¾¡
j i st ¼1/8

and ha†ai st ¼ g2N 2/(2 · 2). This value of R is then de�ned as the optimal rate, Ropt ´ 2g2N / · ,
where superradiance manifests the most. At Ropt , it holds h¾z

1i st ¼ 1/2, and the atom-�eld
correlations reach a minimum, ha¾Å

1 i st ¼ ¡ g N/(4 · ). For values of R above this optimal rate,
h¾z i st approaches 1 for R Æ2Ropt Æ4g2N / · , and maintains this value for larger values of R,
as shown in Eqs. (14) in the large · and R limit. At 2 Ropt , the photon number, the atom-atom
correlations, and the atom-�eld correlations are all close to zero. This value of R is then the
upper threshold of the superradiant emission and it is de�ned as Rmax ´ 2Ropt Æ4g2N / · ÆNC° ,
where the cooperativity parameter C is de�ned as C Æ4g2/( ·° ) [28]. The term C° is the single-
atom decay rate de�ned in the atomic master equation following the adiabatic elimination of the
cavity mode in the bad-cavity limit [43]. It follows that NC° characterizes the N -atom dynamics.
The condition R ¸ Rmax then corresponds to the case when the repumping rate is equal or larger
than this collective decay rate.

In Figure 3 we also compare the solutions of Eqs. (6) with their approximate expressions for the
large · and R limit and the large N limit. The large · and R limit is accurate for the atom-atom and
the atom-�eld correlations for all values of R. This is not the case for the atomic inversion and for
the photon number. For the atomic inversion, it holds for R ¸ Rmin , and for the photon number
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for R¤ · R · Rmax , where R¤ is a certain value above Rmin . The large N approximation is well
satis�ed for all quantities up to some value of R, depending on the value of N we are considering.
For the photon number at R · Rmin , the solution becomes unstable for values close to Rmin , and
for this reason the corresponding region is not shown in the �gure.

Figure 4. Number of intracavity photons at the steady-state ha†ai st as a function of the repumping rate R for
various values of N . The solid lines are the steady-state solutions of Eqs. (6), while the dotted lines refer to the large
· and R limit reported in Appendix B and the dashed lines correspond to the large N limit reported in Appendix C.

In order to observe the behavior of the photon number with the change in the atom number,
we compare in Figure 4 ha†ai st for several values of N , with its approximate expressions for the
large · and R limit, and the large N limit. As observed above, the two limits can be well satis�ed
for certain values of R. This is the case for N Æ105 and 106, while the agreement degrades more
and more for smaller values of N . We also notice that the maximum photon number when we
move from N Æ105 to 106, is increased by around two orders of magnitude, as expected from its
quadratic scaling with N .

The study of the steady-state solutions of the atomic and cavity variables pointed out that
around Ropt the system could be exploited as a superradiant laser [13]. In Figure 5, we analyze
the steady-state laser characteristics for a large range of R and N . Figure 5(a) shows the photon
number and the output power, while Figure 5(b) displays the linewidth of the cavity �eld spec-
trum, all as functions of R and N . To show the importance of the common cavity mode in the gen-
eration of atom-atom correlations, we compare the collective con�guration with an alternative
one consisting of N independent single-atom systems, each coupled to its own cavity with pa-
rameters identical to that of the N -atom case. The intracavity photons from all single-atom sys-
tems are summed, and the corresponding total output power is given in Figure 5(c). In this con-
�guration, the linewidth is equal for all single-atom systems and it corresponds to the linewidth
of the total system, which is given in Figure 5(d). In the presence of strong collective e Vects in the
N -atom system, signi�cant di Verences between the two con�gurations are expected.

In the collective dynamics with R Ç Rmin , the small number of intracavity photons results
in very low output power, and the linewidth of the laser is found to be broad. Above Rmin the
sharp increase in the photon number translates into a pronounced increase in output power,
and the linewidth becomes narrow as the atom-atom correlations are enhanced. For R ÆRopt ,
both the photon number and the atom-atom correlations reach a maximum. This produces the
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