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Abstract. We use the configuration-space Faddeev formalism to study scattering of three particles in the
double continuum where all particles are free. All scattering processes, starting from and ending in both
single and double continua, are collected in a unique matrix. We apply our method to the benchmark system
of neutron-deuteron scattering.
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1. Introduction

The Faddeev formalism [1] describes the quantum mechanical scattering of three particles. It has
been developed to circumvent the failure of the Lippmann–Schwinger equation to give a unique
solution to the Schrödinger equation. When working in configuration-space, a unique solution
is obtained after imposing proper boundary conditions on the wavefunction. For bound state
calculations as well as the scattering of one particle on the bound cluster of the other two, those
boundary conditions are well known. For situations where all three particles are free, a few years
were needed to carefully derive those boundary conditions [2].

Configuration-space Faddeev scattering calculations in the double continuum are now rou-
tinely performed. Notably, we can quote calculations for the three helium atoms system at low
energy [3] and importantly the scattering from a neutron or a proton on a deuteron which has
since become a benchmark [4] system for a variety of different theoretical methods.

The difficulty in treating the double continuum correctly lies in the fact that the calcu-
lated wavefunction contains both the information about two-particle channels and three-body
breakup channels. Disentangling those two behaviors from the wavefunction presents some dif-
ficulties since those channels are not orthogonal in the usual sense (we note however the elegant
method presented in [5] where those two contributions are indeed orthogonalized).

Here, we report on a simple method to extract both the two-body and the three-body contri-
butions from the wavefunction which stems from the fact that those two different contributions
are well described in two different coordinate systems: Jacobi coordinates for the two-body chan-
nels and polar coordinates for the three-body breakup channels. We then apply our methods to
the neutron-deuteron scattering.
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2. Faddeev formalism

In this work, we are interested in the scattering processes between three particles. Incoming
and/or outgoing states of the three particles can be of two types. It can be a state where one of
the particle is free with respect to a bound cluster of the other two particles. This state will be
refered to as a (1+2) or single continuum state. The other type of asymptotic state is one where
all three particles are free with respect to each other. We will refer to that state as a (1+1+1) or
double continuum state.

The origin of the terms single or double continuum states is as follow. In a (1+ 2) state, the
energy between the free particle and the cluster is unrestricted and can take any value. It forms a
continuum. In a (1+1+1) state, the total energy is also unrestricted and forms a continuum. In
that state though, there is another continuous degree of freedom which is how this total energy
is partitioned between the internal coordinates of the particles. This partition forms another
continuum.

For three particles, there are two internal coordinates which can be taken as the Jacobi vectors
x and y. While the first continuum will be of course the total energy E , the partition of this total
energy among the Jacobi vectors can be parametrized by the ratio y/x of the Jacobi vector norms
which will then constitute our second continuum.

We use mass-scaled Jacobi coordinates {xi ,yi } and (i , j ,k) is a cyclic permutation of (1,2,3) (we
take ħ= 1 in the following):

xi = τxi (r j − rk ), (1)

yi = τyi

(
ri −

m j r j +mk rk

m j +mk

)
, (2)

where τxi =
√

2µ j k , τyi =
√

2µi , j k , µ j k = m j mk

m j +mk
and µi , j k = mi (m j +mk )

mi+m j +mk
. The τ factors absorb the

masses so that the kinetic energy operator is T̂ i =−∆xi −∆yi . We remark that

τxi τyi = 2

√∏
n mn∑
n mn

= 2µ3B (3)

where µ3B is the three-body reduced mass which is independent of the Jacobi arrangement
(more generally, the N -body reduced mass is µN−1

N B = Πm
Σm ). The Jacobi vector xi is represented

in spherical coordinates consisting of its norm xi and spherical angles x̂i ≡ (θxi ,ϕxi ). The same
goes for yi . The 6D vector (xi ,yi ) can therefore be written as (xi , yi , x̂i , ŷi ) corresponding to
the partition R6 = R2 ⊗R4 into two radii and four angles. We introduce the polar coordinates
(ρ,αi , x̂i , ŷi ) as1

ρ2 = x2
i + y2

i , (4)

αi = arctan(yi /xi ). (5)

In the following, we might refer to Jacobi coordinates as cartesian for obvious reasons. Note that
the hyperradius ρ is independent of the Jacobi arrangement.

The total wavefunction Ψ is the solution of the Schrödinger equation (T̂ + V̂ − E)Ψ = 0.
The zero for the center of mass energy E is taken to be at breakup. Therefore, above-breakup
scattering means that E ≥ 0. The potential term is taken as a sum of pairwise, central potentials
i.e. V = V1(x1)+V2(x2)+V3(x3). The total wavefunction Ψ is decomposed into three Faddeev
components φi satisfying three coupled equations:

Ψ(xi ,yi ) =φ1(x1,y1)+φ2(x2,y2)+φ3(x3,y3), (6)

(T̂ i + V̂ i −E)φi (xi ,yi ) =−V̂ i
[
φ j (x j ,y j )+φk (xk ,yk )

]
. (7)

1Those polar coordinates are closely related to the Delves coordinates which use αi = arctan(xi /yi ).
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The 4D angular part is solved through partial waves expansion with respect to bipolar spher-
ical harmonics Ya(x̂i , ŷi ) defining radial wavefunctions fi ,a(xi , yi ) for component i in partial
wave a as

φi (xi ,yi ) =∑
a

fi ,a(xi , yi )

xi yi
Ya(x̂i , ŷi ), (8a)

Ya(x̂i , ŷi ) = [
Yℓa (x̂i )⊗Yλa (ŷi )

]
LM , (8b)

ℓ̂2
xi

Ya(x̂i , ŷi ) = ℓa(ℓa +1)Ya(x̂i , ŷi ), (8c)

ℓ̂2
yi

Ya(x̂i , ŷi ) =λa(λa +1)Ya(x̂i , ŷi ). (8d)

For simplicity, we consider partial waves consisting of only orbital angular momentum channels
i.e. bipolar spherical harmonics. In general, they can also include spin angular momentum. This
will be illustrated later when we will apply our formalism to neutron-deuteron scattering.

The total wavefunctionΨ can itself be expanded in partial waves as

Ψ(xi ,yi ) =∑
a

ua(xi , yi )

xi yi
Ya(x̂i , ŷi ), (9)

defining radial wavefunction ua(xi , yi ). Inserting those partial waves expansions in equation (6)
and using the orthogonality relation for the bipolar spherical harmonics allows to get an expres-
sion for the total wavefunction radial part ua in terms of the component radial parts fi ,a

ua(xi , yi ) = fi ,a(xi , yi )+∑
b

Ï
dx̂i dŷi

xi yi

x j y j
Y ∗

a (x̂i , ŷi ) f j ,b(x j , y j )Yb(x̂ j , ŷ j )

+∑
c

Ï
dx̂i dŷi

xi yi

xk yk
Y ∗

a (x̂i , ŷi ) fk,c (xk , yk )Yc (x̂k , ŷk ), (10)

ua(xi , yi ) ≡ fi ,a(xi , yi )+∑
b

J ab
i j [ f j ,b](xi , yi )+∑

c
J ac

i k [ fk,c ](xi , yi ), (11)

where we have introduced the integral transform J ab
i j of a generic function h

J ab
i j [h] =

Ï
dx̂i dŷi

xi yi

x j y j
Y ∗

a (x̂i , ŷi )h(x j ,y j )Yb(x̂ j , ŷ j ). (12)

In equation (11), this integral transform takes in a radial wavefunction for component j in a
partial wave b and outputs a radial wavefunction for component i in partial wave a. We refer
to it as Jacobi transform.2 It plays a central role in the Faddeev formalism since it is this term
which couples the equations for the different components. It is also the tool which allows to sum
up the contribution from the different Faddeev components to get physical observables. We note
that in polar coordinates, it is independent of the hyperradius ρ: given a function of α j , it then
outputs a function of αi .

Inserting the partial wave expansion in equation (7) leads to 2D coupled integro-differential
equations for the radial wavefunctions fi ,a :

(ti ,a −E) fi ,a(xi , yi )+∑
b

vi ,ab fi ,b(xi , yi ) =−∑
b,c

vi ,ac
∑
j ̸=i

J cb
i j [ f j ,b](xi , yi ), (13)

where ti ,a =− ∂2

∂x2
i
− ∂2

∂y2
i
+ ℓa (ℓa+1)

x2
i

+ λa (λa+1)
y2

i
and

vi ,ab =J ab
i i [Vi ] =

Ï
dx̂i dŷi Y

∗
a (x̂i , ŷi )Vi (xi ,yi )Yb(x̂i , ŷi ). (14)

For central isotropic pairwise potential Vi (xi ), we obviously have vi ,ab =Vi (xi )δab .

2In the literature, an unrelated Jacobi transform already exists.
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To solve numerically equation (13), the partial Faddeev components fi ,a are expanded onto a
basis of cubic Hermite splines s

fi ,a(xi , yi ) = ∑
n,m

ai ,a
nm sn(xi ) sm(yi ). (15)

The numerical solution of equation (13) consists in finding the expansion coefficients ai ,a
nm . Spec-

ifying proper grids in xi and yi and use an orthogonal collocation method leads to the creation
of the different operators appearing in equation (13): the kinetic energy operator T, an indica-
tor operator 1, a potential operator V and a Jacobi kernel operator K. While the kinetic and po-
tential operators are self-explanatory, the indicator operator 1 simply transforms from expansion
coefficients to values at the collocation points (it accounts for the energy E in equation (13)) and
the kernel operatorK couples the different equations and therefore implements the Jacobi trans-
form. Explicit expressions for the matrix elements of those operators can be found in [6].

A solution of equation (13) involves the resolution of the inhomogeneous linear system
(T+V+K−E1)v = −Kχ where the vector χ contains the information about the incoming state
as well as enforces the boundary conditions. The solution vector v contains the expansion
coefficients ai ,a

nm . We will go into more details about the numerical methods we use in the
following sections.

3. Asymptotic channels functions

3.1. (1+2) asymptotic channels

Below breakup, at E < 0, the only possible scattering processes are (1+2) → (1+2). The asymptotic
region consists of yi → ∞ while the coordinate xi stays bounded by the potential Vi . The
uncoupled differential equation for the Faddeev component fi is(

− ∂2

∂x2
i

− ∂2

∂y2
i

+ ℓ(ℓ+1)

x2
i

+ λ(λ+1)

y2
i

+Vi (xi )−E

)
fi (xi , yi ) = 0. (16)

This equation is separable and a general solution is

fi (xi , yi ) =∑
v

cvϕv (xi )h(+)(q yi ), (17)

where cv are complex coefficients,ϕv (xi ) is a bound rovibrational wavefunction for the potential
Vi (xi ) with vibrational number v , angular momentum ℓ and energy ϵv,ℓ < 0 and h(+)(q yi ) is an
outgoing Ricatti–Hankel function with momentum q and angular momentum λ. Conservation
of energy gives

E = ϵv,ℓ+
q2

2µi , j k
. (18)

The sum in equation (17) runs over vibrational numbers for which q2 > 0 i.e. over the open
channels: indeed, only for real q does the function h(+)(q yi ) carry probability flux at infinity
and will then contribute to the scattering process.

The asymptotic channels functions for the (1+2) scattering processes are then the functions
ϕv (xi )h(+)(q yi ) which we will refer to as “bound plane waves”. The degrees of liberty in equa-
tion (17) are the coefficients cv which will become the relevant scattering matrix elements once
the calculated Faddeev component is matched to its asymptotic form.
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3.2. (1+1+1) asymptotic channels

Above breakup, at E > 0, the scattering process (1 + 2) → (1 + 1 + 1) i.e. breakup, becomes
energetically possible. The asymptotic region now consists of both xi →∞ and yi →∞. It now
explores a region where Vi (xi ) → 0 so that the potential can be neglected in the asymptotically
uncoupled differential equation for fi . This uncoupled differential equation is best solved in
polar coordinates and reads(

− ∂2

∂ρ2 − 1

ρ

∂

∂ρ
− 1

ρ2

∂2

∂α2
i

+ ℓ(ℓ+1)

ρ2 cos2αi
+ λ(λ+1)

ρ2 sin2αi
−E

)
fi (ρ,αi ) = 0. (19)

Separation of variables posing fi (ρ,αi ) = p(ρ)q(αi ) leads to(
−ρ2 ∂2

∂ρ2 −ρ ∂

∂ρ
−ρ2E

)
p(ρ) =−ν2p(ρ), (20a)(

− ∂2

∂α2
i

+ ℓ(ℓ+1)

cos2αi
+ λ(λ+1)

sin2αi

)
q(αi ) = ν2q(αi ). (20b)

Equation (20a) is the standard Bessel differential equation and an equation closely related
to (20b) appears in an early paper from Delves [7]. The separation constant ν2, eigenvalue of
the differential operator

− ∂2

∂α2
i

+ ℓ(ℓ+1)

cos2αi
+ λ(λ+1)

sin2αi
,

takes values ν= ℓ+λ+2(n+1) with n = 0,1,2, . . . while the functions q(αi ) are the so-called Delves
functions D (ℓ,λ)

ν

q(αi ) ≡ D (ℓ,λ)
ν (αi ) ∝ cosℓ+1(αi )sinλ+1(αi )P (λ+1/2,ℓ+1/2)

n (cos2αi ) (21)

where P (a,b)
n is a Jacobi polynomial. We note that the Delves functions are eigenfunctions of the

Jacobi transform with eigenvalues β, i.e.

J aa
i j

[
D (ℓa ,λa )
ν

]=βa
i j D (ℓa ,λa )

ν . (22)

More generally, the Jacobi transform J ab
i j of a Delves function D (ℓb ,λb )

ν is proportional to a Delves

function D (ℓa ,λa )
ν′ .

A general solution of equation (19) is then

fi (ρ,αi ) =∑
ν

cνD (ℓ,λ)
ν (αi )H (+)

ν (kρ) (23)

with k = p
E and H (+)

ν an outgoing Hankel function of order ν. At this point, we can perform
an additional manipulation on the functions in equation (23): unlike the previous channels
functions in equation (17), the above sum involves outgoing Hankel functions of a unique
argument kρ. We can therefore use the asymptotic behavior of the Bessel functions to write
everything in terms of, for example, H (+)

0

fi (ρ,αi ) −−−−→
ρ→∞

(∑
ν

cνe−i νπ2 D (ℓ,λ)
ν (αi )

)
H (+)

0 (kρ)

≡ A(αi )H (+)
0 (kρ).

(24)

In equation (23), the degrees of liberty are the coefficients cν while in equation (24) the only
degree of liberty is the unknown function A(αi ). Equations (23) and (24) are two different
interpretations of the fact that a (1+1+1) asymptotic channel lie in a double continuum. It must
then be described either by an (countably) infinite number of scalar scattering matrix elements
or by a single function of the continuous variable αi .

Here, we adopt the point of view of equation (24): the asymptotic channels functions for the
(1+ 1+ 1) scattering processes are the functions H (+)

0 (kρ) which we will refer to as “cylindrical
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waves”. The matching of the calculated Faddeev component to its asymptotic form will lead to
scattering matrix elements which will be the breakup amplitudes, functions of the variable αi .

3.3. Reaching the asymptotic region

Reaching the asymptotic region does not occur on the same footing for (1+2) single continuum
channels and the (1+1+1) double continuum channels. For this discussion, we assume that the
various pairwise potentials Vi (xi ) have a finite range b (this range can be, for instance, the region
for which the least bounded two-body wavefunction have significant values) and are short-range
(thus we exclude the Coulomb potential which requires a particular treatment). We note that the
coupling term in the right-hand side of equation (13) involves the potential Vi (xi ) and the other
partial Faddeev components f j (x j , y j ) and fk (xk , yk ).

The single continuum channel (1+ 2) asymptotic region for the partial component fi (xi , yi )
corresponds to xi < b and yi → ∞. In this limit, it is easy to see that both x j and xk tend
towards yi . Therefore, both partial components f j and fk will vanish as they will involve two-
body wavefunctions in the potential V j and Vk evaluated at x j , xk → ∞. Therefore, the (1+ 2)
asymptotic region is reached for yi ≫ b. We note that all the Jacobi transforms therefore vanish
in equation (11) and that the Faddeev component actually becomes the total wavefunction
φi (xi ,yi ) →Ψ(xi ,yi ).

The situation is quite different for the double continuum channel (1 + 1 + 1). Here, all
components f have non-negligible values everywhere in the (x, y) plane. It is not obvious at
first whether the coupling term even vanishes. A careful analysis [8] shows that the coupling
term in this case actually behaves as 1/y3/2 for y → ∞ and x finite. So, the asymptotic region
can be eventually reached but much slower than in the single continuum case as it results from
interferences between the three Faddeev partial components. Additionally, for a given ymax we
can define a critical polar angle αc = arctan(bτy /ymax). The effect of the potential will have a
lingering effect on the breakup amplitudes for αc < α < π/2. This is the region where two of
the particles stay close to each other for a very long time. It originates from the fact that very
little of the total energy E has been partitioned in the x degree of liberty. Only for ymax → ∞
does αc → π/2. For this reason, calculations done in a finite box

{
0 < x < xmax, 0 < y < ymax

}
will usually have breakup amplitudes imprecise near α ≈ π/2 and appropriate methods [5] are
needed to actually retrieve the breakup amplitude at infinity.

3.4. Structure of the scattering matrix above breakup

At E > 0, the (1+1+1) channel is open so that those scattering processes are possible:

(1+2) → (1+2) elastic (1+2), (25a)

(1+2) → (1+1+1) breakup, (25b)

(1+1+1) → (1+2) 3B recombination, (25c)

(1+1+1) → (1+1+1) elastic (1+1+1). (25d)

In practice, we rather calculate the transition matrix T. Schematically, we collect all the n
(1 + 2) channels in a first block and all the p (1 + 1 + 1) channels in a second block, solving
the scattering problem amounts at finding a set of N = n + p (the number of open channels)
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linearly independent solutions ( f 1, f 2, . . . , f N ) of the coupled Faddeev equations which behaves
asymptotically as

f 1

...

f n

f n+1

...

f N


≈



1
. . .

1

0

0

i1(α)
. . .

ip (α)





ϕ1(x) j (q1 y)
...

ϕn(x) j (qn y)

J0(kρ)
...

J0(kρ)


+

(
T11 T12(α)

T21 T22(α)

)


ϕ1(x)h(+)(q1 y)
...

ϕn(x)h(+)(qn y)

H (+)
0 (kρ)

...

H (+)
0 (kρ)


. (26)

The functions i1(α), . . . , ip (α) characterize the incoming (1+ 1+ 1) channels and the functions
j and J0 are regular (Ricatti)–Bessel functions. The blocks T11 (elastic) and T21 (3B recombi-
nation) contains scalar complex numbers while the blocks T12 (breakup) and T22 (elastic) con-
sist of complex functions of the polar angle α. Transition and scattering matrices are related via
S = 1+2i T. We will illustrate in the next section how to retrieve the usual unitarity and reciprocity
properties from the scattering matrix S.

4. Application: the neutron-deuteron scattering

We apply the Faddeev formalism to the neutron (n) scattering on the deuteron (d). This system
has become a benchmark test for various numerical methods [4]. The different scattering
processes we will describe are

n +d → n +d elastic nd , (27a)

n +d → n +n +p breakup, (27b)

n +n +p → n +d 3B recombination, (27c)

n +n +p → n +n +p elastic nnp. (27d)

We adopt the same level of approximation as in the benchmarks and consider a system of
three identical nucleons. Proton (p) and neutron only differ by their isospin state. Therefore,
there is a unique Faddeev component φ to be calculated. The nucleon mass m is set to ħ2/m =
41.47MeVfm2. We calculate for the doublet system JΠ = 1/2+ and consider the two channels
written in a LS coupling scheme as in Table 1.

Table 1. The two channels for the doublet (JΠ = 1/2+) system.

Channel a (ℓa ,λa)L (sa ,σa)S ta Name

1 (0,0)0
(
0, 1

2

) 1
2 1 singlet

2 (0,0)0
(
1, 1

2

) 1
2 0 triplet

In those channels, sa (ta) refer to the (iso)spin of a pair while σa is the spin of the spectator.
In the evaluation of the kernel operator which acts between different Jacobi arrangements,
recoupling coefficients of the form

〈
(s j sk )s j k , si ,S

∣∣ (si sk )si k , s j ,S
〉

have to be considered for both
the spins and the isospins. Standard expressions for those recoupling coefficients in terms of 6− j
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symbols [9] lead to the following spin ws and isospin wt recoupling matrices in the basis of the
two channels above:

ws =
(
− 1

2 −
p

3
2p

3
2 − 1

2

)
, (28a)

wt =
(
− 1

2

p
3

2

−
p

3
2 − 1

2

)
. (28b)

The total recoupling matrix w is then w = ws ⊙wt :

w =
(

1
4 − 3

4

− 3
4

1
4

)
, (29)

where ⊙ is the Hadamard (element-wise) product. In practice, once a kernel operator k has
been evaluated with respect to the orbital angular momentum channel (ℓa ,λa)L = (0,0)0, the
full operator in the basis of the channels in Table 1 isK= w⊗kwhere ⊗ is the Kronecker product.

The pairwise potentials are taken to be sums of Yukawa potentials [4]

V1(x) = 1438.72
e−3.11x

x
−513.968

e−1.55x

x
, (30)

V2(x) = 1438.72
e−3.11x

x
−626.885

e−1.55x

x
, (31)

with distances expressed in fm and energies in MeV. With these parameters, the deuteron is the
bound state of the triplet channel potential V2 and has an energy of Ed =−2.2306MeV.

To make the connection with equation (26), our scattering matrix S will be at most of dimen-
sion 3×3 consisting of the unique triplet (1+2) asymptotic channel and the singlet and triplet
(1+1+1) channels:

S =


S11 S12(α) S13(α)

S21 S22(α) S23(α)

S31 S32(α) S33(α)

. (32)

Obviously, for E < 0 only the single continuum channel is open and the scattering matrix reduces
to S = (S11).

Finally the off-diagonal blocks of the scattering matrix above relate processes where the
reduced mass changes between incoming and outgoing states. Those matrix elements have to be
renormalized in order to be able to properly compare incoming and outgoing probability fluxes.
It is quite clear that the reduced mass which enters the probability flux for a single continuum
(1+ 2) channel is µi , j k , the reduced mass in the y direction. The reduced mass to be used in a
double continuum (1 + 1 + 1) channel is given by the Jacobian of the transformation between
cartesian and polar coordinates [10]. This Jacobian involves the quantity

p
µ j kµi , j k which is

precisely the three-body reduced mass µ3B . Therefore, we define a reduced mass matrix µ as

µ=


1

√
µi , j k /µ3B

√
µi , j k /µ3B√

µ3B /µi , j k 1 1√
µ3B /µi , j k 1 1

 (33)

and we renormalize the scattering matrix as S →µ⊙S.

4.1. Numerical methods

Calculations can be done either in cartesian or polar coordinates. Both methods have their
advantages and drawbacks. Cartesian grids are well adapted to describe the bound plane wave
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part of the Faddeev components but the kernel operator acts on both x and y grids. Polar grids
are obviously adapted to describe the cylindrical wave part of the components and the fact that
the kernel operator only acts on theα grid simplifies its construction. While our previous work [6]
was done in cartesian coordinates, here we work in polar coordinates. The grid in ρ is chosen to
cover distances of the order of τ−1

x x ≈ τ−1
y y ≈ 100fm. It runs up to ρp

τxτy
= 140fm with nρ = 500

collocation points. When doing calculations in polar coordinates, care must be taken to the
grid in α: a high density of points is needed around α ≈ π/2 so that the grid correctly samples
the deuteron bound state wavefunction. We use the method described in [11] to construct an
optimized grid in α with nα = 256 collocation points. Both grids in ρ and α are non uniform with
more points at small ρ and for α near 0 and π/2. We have verified that increasing the number of
points in both grids did not change our results anymore.

The boundary condition imposed on the α grid is that the partial radial Faddeev component
must vanish at α = 0 and α = π/2. Operators are first calculated without imposing a boundary
condition in ρ. The boundary condition in ρ is imposed in each open channel by replacing the
last two cubic spline basis functions by an appropriate linear combination so as to impose a
particular logarithmic derivative.

Below breakup, at E < 0, the imposed boundary condition consists of that of an outgoing
bound plane wave (see equation (17)). This leads to an inhomogeneous boundary condition
where the logarithmic derivative in ρ depends on α. Above breakup, we impose a boundary
condition of an outgoing Hankel function (see equation (24)). This boundary condition does
not depend on α. In this case, we note however that this boundary condition is not adapted to
the bound plane wave part of the partial Faddeev component: while the calculated component
will consist mostly of an outgoing Hankel function H (+)

0 (kρ), the bound plane wave part of it will
be a superposition of regular and outgoing functions.

A solution is obtained by solving the following linear system:

(T+V+K−E1)v =−Kχ for a (1+2) incoming state, (34a)

(T+V+K−E1)v =−(V+K)χ for a (1+1+1) incoming state, (34b)

where the vector χ contains expansion coefficients of the appropriate incoming state. As shown
in equation (26) this incoming state is either a bound plane wave (a solution of (T+V−E1)) or
a cylindrical wave i (α)H (+)

0 (kρ) which is a solution of (T−E1). The solution vector v contains
the expansion coefficients of the partial Faddeev component f (ρ,α). This Faddeev component
consists further of two parts fa(ρ,α) with a = 1,2 for the two singlet and triplet channels.

We show in Figure 1 typical partial Faddeev components below breakup. Components are
shown as a function of unscaled Jacobi distances τ−1

x x and τ−1
y y expressed in fm. At negative

energies, the singlet channel is closed. The corresponding partial component is non-negligible
only in the inner region where both channels are coupled. It vanishes exponentially elsewhere.
The triplet component is seen to behave as a bound plane wave asymptotically, in the region x
finite and y →∞.

We show in Figure 2 typical partial Faddeev components above breakup. We have chosen
E ≈ 7.17MeV which corresponds to an energy in the laboratory frame Elab = 14.1MeV which is
one of the energies for which benchmark data are quoted in [4]. The two energies are related by

E = Ed + 2

3
Elab. (35)

We can clearly see that the singlet component behaves as a cylindrical wave asymptotically. The
triplet component have both a bound plane wave and a cylindrical wave behavior.

In order to extract the bound plane wave part from the partial component fa(ρ,α), this
function is resampled as fa(x, y) on a cartesian grid inscribed in the polar grid. We schematically
illustrate this process in Figure 3.
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Figure 1. Calculated partial Faddeev components for nd scattering, below breakup, at E =−1MeV.

Figure 2. Calculated partial Faddeev components for nd scattering, above breakup, at E = 7.17MeV. This energy
corresponds to Elab = 14.1MeV from [4].
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Figure 3. Schematics of the resampling process. The Faddeev components are calculated on a polar grid (black
grid) as f (ρ,α). They are resampled on a cartesian grid (red grid) as f (x, y) in order to extract the bound plane
wave part from them.
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In its most general form, the function fa(x, y) behaves asymptotically as a linear combina-
tion of regular ϕd (x) j (q y) and outgoing ϕd (x)h(+)(q y) bound plane waves as well as regular
J0(kρ) and outgoing H (+)

0 (kρ) cylindrical waves. Its projection on the deuteron bound state〈
d(x)

∣∣ fa(x, y)
〉≡ g (y) can therefore be written as

g (y) ≈ c1 j (q y)+ c2h+(q y)+ c3j(y)+ c4h
(+)(y), (36)

j(y) =
〈
ϕd (x)

∣∣∣ i
(
arctan(y/x)

)
J0

(
k
√

x2 + y2
)〉

, (37)

h(+)(y) =
〈
ϕd (x)

∣∣∣ i
(
arctan(y/x)

)
H (+)

0

(
k
√

x2 + y2
)〉

, (38)

where the coefficients c1, c2, c3 and c4 are unknowns which we determine through a non linear
fit of the function g (y) over a range of y values. The two coefficients c1 and c2 will eventually
define the elastic scattering amplitude. Since we have imposed a boundary condition pertaining
to an outgoing cylindrical wave on the scattered Faddeev component, the coefficient c3 should
be zero which we indeed verify through the fit. Note that in the definition of the function
h(+)(y) the unknown breakup amplitude has been replaced by the incoming function i (α). This
approximation is justified a posteriori through the excellent quality of the fit. As a consequence,
the coefficient c4 has no physical meaning.

Having extracted the coefficients c1 and c2, we can subtract this bound plane wave part
from the scattered Faddeev component. In its most general form, this difference behaves
asymptotically as

fa(ρ,α)− c1ϕd (ρ cosα) j (qρ sinα)− c2ϕd (ρ cosα)h(+)(qρ sinα)

≈C (α)J0(kρ)+Ti j (α)H (+)
0 (kρ) (39)

where the functions C (α) and Ti j (α) are unknowns which we again determine through a non
linear fit at each angle α. As before, through the application of the boundary condition on the
scattered Faddeev component the function C (α) should be zero which we indeed verify through
the fit. Finally, the function Ti j (α) is the sought-after breakup amplitude, the relevant T matrix
element appearing in equation (26).

Throughout these fitting procedures, it is important to include in the fit the regular parts and
to verify that the corresponding coefficients (c3 and C (α) above) are indeed zero. This serves as a
numerical test on the quality of the calculated Faddeev component.

The total dimension of the operators in equations (34) is N = ncnanαnρ where nc = 1 is the
number of Faddeev components, na = 2 the number of channels, nα the number of collocation
points inα and nρ the number of collocation points in ρ. In our application, we have N = 256,000
for a density around 0.1%; the resolution of the linear system therefore cannot be done by a direct
method. We have used the iterative GMRES [12] method in conjunction with a preconditioner
consisting of (T−E1)−1. Indeed, the operator (T−E1) can be expressed as a sum of two Kronecker
products, i.e. (T−E1) =A1⊗B1+A2⊗B2, where the operatorsA are of dimension nρ = 500 and the
operatorsB of dimension ncnanα = 512. This allows to express the inverse of (T−E1) through the
evaluation of inverses and diagonalizations of those smaller operators (see for instance [13,14]).
The iterative method with this preconditioner then converges in a few iterations.

4.2. Elastic nd scattering

We start by showing our results for the elastic nd scattering, which correspond to the element S11

from equation (32), in Figure 4. Calculations are done starting from the deuteron bound state
energy Ed up to around E ≈ 30MeV. This range is chosen to cover the energies for which
benchmark data exists above breakup; those energies are quoted in terms of the energy in the
laboratory frame Elab (see equation (35)).
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Figure 4. Elastic scattering matric element S11 (black plain and dashed curves) for the doublet JΠ = 1/2+ as a
function of the center of mass energy E . Also shown is the envelope ±|S11| (blue dashed curves). Data below
breakup are from [15]. Data above breakup are from [4,16] and are tagged according to their energy in the
laboratory frame (the relation between the two energies is given by equation (35)).

Below breakup, the benchmark data are taken from reference [15] which uses a theoretical
method similar to ours, i.e. configuration-space Faddeev calculations using cubic splines orthog-
onal collocation.

Above breakup, the benchmark data are taken from references [4,16] and correspond to a
collection of different theoretical methods both in configuration-space and momentum-space.
The agreement between our calculations and the various benchmark data, both below and
above breakup, is very good. This agreement validates our method of resampling the Faddeev
components on a cartesian grid in order to extract the S11 matrix element from them.

4.3. Breakup amplitudes

We then show our results for the breakup amplitudes, which correspond to the matrix elements
S12(α) and S13(α) from equation (32), in Figure 5.

The benchmark data are taken from reference [4]. In order to facilitate the comparison
between our calculations and the benchmark data, our breakup amplitudes are multiplied by√

2
π

eiπ/4

2i . Indeed, in reference [4] a matrix element of T instead of S is presented and this matrix

element is expressed with respect to the asymptotic function ei kρp
kρ

instead of H (+)
0 (kρ). The

agreement between our breakup amplitudes and the benchmark data is very satisfactory. We
have also compared our breakup amplitudes at Elab = 4MeV and Elab = 42MeV with the same
level of agreement. We can see in Figure 5 what we have discussed in Section 3.3: the sharp drop
nearα≈π/2 results from the fact that this region is not converged given our grid in ρ. One would
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Figure 5. Breakup amplitudes
√

2
π

eiπ/4

2i S12(α) and
√

2
π

eiπ/4

2i S13(α) in the singlet and triplet channels at Elab =
14.1MeV for the doublet system JΠ = 1/2+. Benchmark data are from reference [4].

have to do a calculation for a larger value of ρ in order to have breakup amplitudes converged for
all values of α.

4.4. Three-body recombination

Nuclear reactions involving three particles are exceptionally rare so there is no data on the three-
body recombination reaction n +n +p → n +d to the best of our knowledge. Nevertheless, our
formalism leads to the full scattering matrix so it calculates the probabilities for this process. Ac-
cording to equation (32) the three-body recombination processes corresponds to the matrix ele-
ments S21 and S31. They differ by the two incoming functions i1(α) and i2(α) which characterize
the incoming n +n +p state (see equation (26)). Following the discussion in Section 3.2, we take
for these incoming functions the first two Delves functions D (ℓ,λ)

ν (α). In our case where ℓ=λ= 0
we have D (0,0)

ν (α) ∝ sin
(
2(n +1)α

)
with n = 0,1,2, . . .

The calculated three-body recombination matrix elements S21 and S31 as a function of the
energy are shown Figure 6.

4.5. Elastic n-n-p scattering

Finally, we present some results for the elastic n+n+p → n+n+p scattering. The initial n+n+p
is taken to be described by the function i1(α) ∝ sin2α (see the discussion above for three-body
recombination processes). This process corresponds to the matrix elements S22(α) and S23(α) in
equation (32).

The calculated elastic n +n + p scattering matrix elements S22(α) and S23(α) for an energy
E = 0.43MeV are shown Figure 7.

4.6. Properties of the scattering matrix

The scattering matrix in equation (32) is very compact and describes all processes to and from
a single continuum channel or a double continuum one. However, its matrix elements are
both regular complex numbers (for processes ending in a single continuum state) and complex
functions of the polar angleα (for processes ending in a double continuum state). In this section,
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Figure 6. Three-body recombination matrix elements S21 and S31 from initial states consisting of the first two
Delves functions sin2α and sin4α respectively. The envelope is also shown in dashed blue lines.
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Figure 7. Amplitudes for elastic n +n + p → n +n + p scattering at E = 0.43MeV (which corresponds to Elab =
4MeV).

we present how to retrieve usual properties like unitarity and reciprocity from such a scattering
matrix. First, we define a matrix of incident functions I as

I=


1 0 0

0 i1(α) 0

0 0 i2(α)

. (40)

It is simply the matrix in front of the regular functions in equation (26) and collects the functions
describing the incident double continuum states.

Then, we define a custom binary operation 〈 · , · 〉 which will act on the scattering matrix
elements. Let γ, δ be complex numbers and let f (α), g (α) be complex functions of the polar
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angle α. The binary operation 〈 · , · 〉 is defined as

〈γ,δ〉 = γδ, (41a)

〈γ, g 〉 = γ
∫

dα
(
g (α)+J [g ](α)

)
, (41b)

〈 f ,δ〉 = δ
∫

dα f (α), (41c)

〈 f , g 〉 =
∫

dα f (α)
(
g (α)+J [g ](α)

)
. (41d)

In addition to reducing to the usual multiplication, it performs an integration over all polar angle
and importantly implements the Jacobi transform with respect to the second argument (for the
sake of clarity, we dropped the subscripts and superscripts of the Jacobi transform; it has to be
understood as a sum over all different components and all partial waves).

Finally, we define a ∗ operation between two matrices. This operation corresponds to the
usual matrix product (i.e. a dot product between lines of the first matrix and columns of the
second one) where the multiplication is replaced by our custom binary operation 〈 · , · 〉. Thanks
to this ∗ operation, we are able to obtain familiar and compact formulas both for the unitarity
and the reciprocity of the scattering matrix S.

4.6.1. Unitarity

The unitarity condition for S reads

S∗S† =I∗I†. (42)

The above expression equates outgoing probability flux (the left-hand side) to incoming flux (the
right-hand side). Further, we can always choose the functions i (α) in I to have unit incoming
flux with respect to 〈 · , · 〉 to obtain

S∗S† = 1. (43)

We note however that a unit flux with respect to 〈 · , · 〉 does not mean that the functions i (α) are
normalized in the usual way i.e.

〈i , i 〉 = 1 ≠⇒ 〈i | i 〉 = 1 (44)

because of the contributions from the Jacobi transform.
We can then define a defect from unitarity ηU as

ηU = ∥1−S∗S†∥ (45)

where ∥·∥ is a matrix norm. We stress that ηU measures not only the conservation of probabilities
of the various scattering processes (as the diagonal elements of S∗S† being equal to one) but also
the degree of orthogonality of the asymptotic channels (as the off-diagonal elements of S∗ S†

being equal to zero).

4.6.2. Reciprocity

In order to verify reciprocity, the breakup amplitudes S12(α) and S13(α) have to be projected
with respect to 〈 · , · 〉 onto the incoming functions i1(α) and i2(α) in I. This can be performed in
a compact way using the ∗ operation and thus we define

S =I∗S⊤ (46)

and the reciprocity property of S means that S must be symmetric. We then define a defect from
reciprocity as

ηR = ∥S −S ⊤∥
∥S +S ⊤∥ . (47)
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Figure 8. Defects from unitarity and reciprocity of the calculated scattering matrix as a function of the energy.

We show in Figure 8 the defects from unitarity and reciprocity of the calculated scattering
matrix as a function of the energy. Several features are worth mentioning.

At negative energy where the S matrix reduces to the single element S11 the quality of the
calculations is very satisfactory. The square modulus of S11 only differing from one at a level of
10−5 −10−4.

At positive energy, there is an overall degradation in the accuracy of the calculation. Of notice
is the poor values of both ηU and ηR at small positive energies. This is probably due to the fact
that our calculation is done for a fixed grid designed to represent distances of the order of 100fm.
Since the asymptotic region in the double continuum channels involves interferences from the
cylindrical waves from different Faddeev components, one needs to use a much larger grid in ρ

when the wavenumber k = p
E in H (+)

0 (kρ) is small in order to describe several wavelengths of
the cylindrical waves.

Another feature are the apparent oscillations in the defects as a function of the energy (note
however that because of the logarithmic scale, those are small in amplitude). This is probably
due to the fact that, as we mentioned in Section 4.1, in imposing a boundary condition adapted
to an outgoing cylindrical wave this boundary condition is not adapted to the bound plane wave
part of the Faddeev component. As a function of the energy, the applied boundary condition will
be periodically rather well adapted to an outgoing bound plane wave though.

In the end, the defects are on a level of 10−3−10−2 on the full range of energies which is in fact
comparable to our previous calculation [6] and stays satisfactory.

5. Conclusions

In this work, we have presented a simple method to perform scattering Faddeev calculations in
the double continuum based on a resampling of the calculated polar wavefunction on a cartesian
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grid. We have applied successfully our method on the benchmark neutron-deuteron J = 1/2
scattering. Note that we have also performed scattering calculations for the quartet J = 3/2 with
the same level of agreement to benchmark data.

We have unified both the single and double continuum channels in a unique scattering matrix
and shown how to retrieve its usual properties.
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