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Abstract. Through the two-channel Kondo model, I address a magnetic spin-1/2 impurity interacting with
a bound state of spin origin at the edge in a Luther-Emery liquid showing a spin gap in the bulk. The
system presents two zero-energy Majorana fermions of magnetic origin, one on the impurity site and one
at the edge. I derive the wavefunction at the edge for the produced zero-energy Majorana fermion bound
state within the same formalism as topological interfaces. I present alternative versions of the quantum field
theory revealing the specific pairing of the Majorana fermions in the bulk. I address local physical responses.
I develop the idea that this model can be realized with a magnetic impurity bridging the gap between two s-
wave superconducting wires. I show the protection of the zero-energy Majorana fermions that will be referred
to as free Majorana fermions.
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1. Introduction

The quest of Majorana fermions [1] attracts a lot of attention in physics [2-4], in particular, for
their potential application in quantum information through topological systems [5] related to
non-Abelian anyons and fractional statistics [6-9]. The protection from a topological state of
matter such as the p + ip superconductor in two dimensions [10] and the Kitaev p-wave one-
dimensional (1D) superconducting wire [11] refers specifically to the Majorana zero modes i.e.
to Majorana fermions at zero energy topologically protected from the bulk. Analyzing bound
state solutions in vortex cores of superconductors [12-14], this precisely gives rise to a zero-
energy Majorana mode per vortex for the p + i p superconductor as a result of symmetries [10].
Current noise can detect the presence of two Majorana fermions belonging to the cores of
different vortices at zero energy [15]. Realizing a proximity effect between surface states of
strong topological insulators and an s-wave superconductor [16] is also a way to produce such
a Majorana fermion. Generalizations in graphene admit near zero modes [17,18]. Various
proposals do exist to realize a 1D p-wave superconductor [19-21] including alternative versions
with quantum spin models [22-24] and smaller systems of two dots [25-27] or two spins [23].
The relation between Majorana fermions and topological aspects yet gives rise to fractional
topological numbers for quantum spin models [23,28,29]. Zero-energy Majorana fermions
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also exist in the two-channel Kondo model [30-35] when coupling a magnetic impurity to two
channels of conduction electrons. In that case, the two-channel Kondo model in a metal is
unstable towards a channel anisotropy. In 1999, through a magnetic impurity on one edge of
a ladder describing a d-wave superconductor [36], I derived an effective model for a magnetic
impurity interacting with the spin bound state of a Luther-Emery liquid [37,38] through the two-
channel Kondo model. This article was motivated from the general study of bound state effects
in superconductors with d-wave symmetry in a ladder geometry related to the physics of high-Tc
superconductors [39,40]. The same year, we also introduced a p-wave superconducting phase in
those ladders [41]. This is then the starting point of this article today. One justification for this
article is that the effective model is in fact general and can be thought of as a Majorana bound
state in a 1D massive Dirac theory interacting with a localized Majorana fermion. I will analyze
from different angles the quantum field theory aspects associated to this model showing the
specific binding of the Majorana fermions of magnetic origin in the bulk. I formulate an analogy
to topological interfaces and the Jackiw-Rebbi model [42-44] when solving the wavefunction of
the zero-energy Majorana mode at the edge. I emphasize that zero-energy Majorana fermions in
this article are of magnetic origin related to the spin sector of the Luther-Emery liquid whereas
the charge sector forms the superfluid ground state [37,45]. I show a correspondence between
the local capacitance at the edge in the Kitaev p-wave superconducting wire and the magnetic
susceptibility on the impurity site in this model. I present the application of these ideas to a
magnetic impurity such as Cu in between two s-wave superconducting wires such as Al and Nb
in the weakly attractive limit. This study is motivated from recent thoughts on realizing the Kitaev
p-wave superconductor with magnetic impurities on top of an s-wave superconductor [46]. I
address the protection through the spin gap in the bulk and the resonance with the impurity.

The article is organized as follows. In Section 2, I introduce the model. Since the Hilbert space
on the impurity is a physical spin-1/2, this model also ensures the existence of a zero-energy
Majorana fermion, referring to the Majorana impurity a, and the existence of a zero-energy
Majorana fermion within the bound state in the wire yj. 1 derive the wave function associated
to this Majorana fermion y; through an analogy to topological interfaces. I derive equivalent
forms of the quantum field theory for the bulk and show the structure of the bonding of Majorana
fermions y, and y; within the bulk. In Section 3, I evaluate the local capacitance at the edge for
the Kitaev p-wave superconducting wire and show a similar form as the magnetic susceptibility
on the impurity for the present model. In Section 4, I address its specific realization with a
magnetic impurity between two s-wave superconducting wires. In Appendix A, I derive useful
mathematical correspondences for the magnetic impurity between two s-wave superconducting
wires. In Appendix B, as a perspective, I address the situation of two magnetic impurities.

2. Majorana fermion in a superconducting wire with a Majorana impurity
We begin with the model through the Hamiltonian H = Hy + H,, + H, [36]
L
Hy=-ih vpf dx cT(x)ch(x),
-L

ot . W
H,, —f dx(—iAc" (x)c(—x) sgn(x)),
L

H, = Ai(c(0) +c'(0) .
A spin-1/2 impurity admits the following representation with two Majorana fermions a = \/LZ (d+

dH=v2S,, b= ﬁ(d* -d) = \/ES}, and S; = iba from the Jordan-Wigner transformation (for

one site). Here, a and b are Majorana fermions such that a% =p? = % and %(Sx +1i8y) = df. 1
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emphasize here that a refers to a zero-energy Majorana fermion on the impurity site i.e. to the
Majorana impurity. The model Hy + H, is precisely the form of the spin Hamiltonian for the two-
channel Kondo model of Noziéres-Blandin in a metal at the Emery—Kivelson point [30,31]. Here,
Hj describes the Hamiltonian associated to spin degrees of freedom in the bulk and H, is the
coupling with the impurity. The term H,, then produces an energy gap in the energy spectrum
for the spin degrees of freedom or equivalently for the fermion c(x) related to the physics of the
Luther-Emery model [38] and we can assume A to be real. For simplicity, charge degrees of
freedom are hidden and form the gapless superfluid motion of Cooper pairs in one dimension.
We will reinstore them in the Appendix A when addressing the situation of an impurity in between
two s-wave superconductors. We will verify e.g. that the gapless charge sector also supports the
existence of a zero-energy bound state of spin origin in the Luther-Emery liquid. The symbol H,,
means that it also produces a mass to the Dirac fermions. When we take the limit x — 0, i.e. going
to an edge, the mass term A goes to zero as a result of the sgn(x) function. This will allow for
the presence of zero-energy modes at the edge of the wire in the spin sector. If we introduce the
Majorana fermions y, = Lz (c+chandy, = % (¢ - ¢ in the bulk then the fermion y;, remains
free close to the impurity. Therefore, the model in Eq. (1) also describes a Majorana bound state
Ya at the edge of the Luther-Emery liquid or in a 1D massive Dirac theory interacting with a
local Majorana fermion b on the impurity site such that these two Majorana fermions are paired
together.

2.1. Majorana fermion wavefunction at the edge

First, I shall derive the wavefunction associated to this zero-energy Majorana bound state y;, at
the edge. I generalize the approach of Fabrizio-Gogolin for the Luther-Emery liquid [38] in the
presence of the impurity that will then allow for Majorana solutions for bound states at interfaces
showing in the resolution a parallel with topological interfaces in the sense of Jackiw-Rebbi [42—
44]. We look for solutions in energy space, with € the energy, of the form c(x) = Y. ¢ xe(x) such
that the Hamiltonian Hy + Hy, can be written as ) ec;r ce. Here, y.(x) is assumed to be real. From
the correspondence of Hamiltonians in energy and real space, we can then write down

[H,cx)]==)_€ecexe(x) —iAb)_ xe(0)xe(x)6x0

= ihvpdyc(x) +iAc(—x)sgn(x) — iAbd .

2

The last term of each line comes from the coupling to the magnetic impurity i.e. at x = 0.
The identification between these two terms leads to the normalization of the wavefunction
Ye Xg (0) = 1; we look for a real wavefunction symmetrically localized around x = 0. When 1 =0,
the equation for the zero-energy bound state is indeed very similar to the one in the Jackiw-Rebbi
model presenting a protected bound state at an interface with a potential difference in the Dirac
equation [43,44]. We also have
[H,c'(x)] =Y eclye(x) - iAbS o
€ 3)
= ihvpach (x) +iAcT (—x) sgn(x) —iAb6 xo.
Subtracting these two equations corresponds on the right-hand side to look for a zero-energy
solution associated to the local operator c(x) - c'(x) i.e. to the y,(x) Majorana fermion. The
information on the impurity simplifies in this case. On the left-hand side, we add the energy
of a hole —e and subtract the energy of an electron €. Therefore,

—e(ce + cg)xe(x) =ihvEOyXe(X)(ce — CZ) + iAyxe(x)sgn(x)(ce — c;r). 4)
At zero energy € = 0, this results in the equation

(ihvEdx Yezo + i Xe=05gN(X)) (Cezo — €| o) =0, 5)
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A Ay
So=y)——e 6
Xe=0 hvpe ( )

The length scale ¢ = % may be important (~0.1um) if the superconducting (or in 1D spin) gap
is of the order of ~10 Kelvins (compared to the electron bandwidth or Fermi energy ~1eV) i.e.
assuming usual s-wave superconductors such as Al or Nb. If A = 0, the latter would completely
delocalize into the bulk with a probability ~1/L to be present on each site. When A # 0, this zero-
energy Majorana solution is also more protected from perturbations such as anisotropies in the
two channels representing the two wires; see Section 4. If we sum these two equations there is an
additional term —2iAb such that this does not reveal a free Majorana fermion y,.

I have normalized the wavefunction on the whole space ]—L; L[ with L — +oo. This implies
that the Majorana bound state at zero energy delocalizes on the two sides of the impurity
symmetrically. As I show just below in Eq. (7), the model can also be presented for a wire of
length L.

which admits the solution

2.2. Alternative forms of quantum field theory

It is important to emphasize that the Hamiltonian H can equally describe the physics of a wire of
length L. Indeed, we have the equivalent form for the Dirac Hamiltonian Hy as

L L
Hy = —ihvpf dch(x)Oxc(x)+ ithf dch(—x)ch(—x), ()
0 0
and the mass term H,, can be rewritten as
L
Hm=f dx(=iAc’ () c(=x) +iAc! (~x)c(x). ®)
0

To acquire more physical insight on the physical meaning of the model above, then we can
write the model for a wire of length L with left and right fermions such that c(x) = cg(x) and
c(x) = —c(—x), and at the edge x = 0, cgr(0) + c£(0) = 0. The Hamiltonian can be reformulated
as a quantum field theory H = Hy + H,;;, + H; in a wire of length L with fermions moving in both
directions:

L
Hy = —ihvpfo dx(c;(x)axcR(x) - cz(x)axcL(x)),

L 9)
Hmzf dx(iAc;(x)cL(x)+h.c.),
0

He = Ai(cr(0) + ¢l (0)) .
The backscattering term H,, describing the formation of the spin gap in the bulk is similar asin a
band (Mott) insulator or Thirring massive model [45], and the prefactor i will have its importance
when studying the wave-function of bound states or Majorana fermions solutions at an edge. The
model Hy + Hy, can be refermionized introducing Fourier modes of right- and left- movers cp
and ¢y . respectively [45]. Then, we obtain the equivalent form for the bulk Hamiltonian

Hy =Y (hvpk)(ch, cri— ¢} cri),
k

(10)
Hp =Y (iAch, cpx+h.c)).
k

This Hamiltonian can be written as a 2 x 2 matrix in the spinor basis (cgg, czx) and it is immediate
to verify the form of the spectrum +v/(Fvrk)?+A2. This model is general and describes the
formation of an energy gap between valence and conduction bands.
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Here, I give further physical aspects to this quantum field theory in terms of Majorana
fermions. We can then introduce the Majorana fermions y, = %(c + ¢t and Yp = L (c-ch

73
for left and right fermions such that l

(—=ihvg)

(—=ihvg)
d ) (

(Ya@oxr i) +7} (0027} (1) = ————(c) (00xcp(x) + p(0xcf () (A1)

and
iA(yECoy5 ) +yR0yh () = iA(ch (e (x) - ¢f (¥ cr (x0)). (12)

In this way, the Hamiltonian is transformed as

(-iphvp) (L PA P PA P LR L R L
p=y S /0 dx(yl0.y] +y00cy?) + fo dxiA(yRyL + R oyke)
p
+AiV2yR b (13)

The sum on p corresponds to the two directions of propagation R, L or equivalently to £1. Within
these definitions, iyqy, = c'c— % The Hamiltonian is also invariant under the transformation
Y» — —Yp- At the impurity site, the boundary condition cz(0) + cg(0) = 0 is also equivalent to
cZ(O) + c; (0) = 0. Adding these equations, we obtain a boundary equation formulated in terms of
Majorana fermions e.g.

Yh(0) = —y5(0). 14)

Subtracting these two equations, this results in
YR(0) = —75(0). (15)

This is precisely the boundary condition imposed by the impurity. It provides a n-phase shift
between left- and right Majorana fermions.

In the bulk, the effect of the term A is similar to produce a pairing between Majorana fermions
with same flavor i.e. @ or b on adjacent sites. Indeed, in the quantum field theory yRyL =
YR(x)yL(x*) — y4(i)y4(i + 1). Similarly, the coupling between the Majorana fermions y;, on
adjacent sites is important to produce a gap in the bulk in all the quantum fields or particles.
These quantum field theories for Majorana fermions vy, and y;, are called massive and present
an analogy with the 2D classical Ising model [47,48]. This form of Hamiltonians is obtained for
a mass term i(chR +h.c)) in the bulk and it can also be derived in a similar way with a pairing
term cz c}; +h.c. [47]. Similarly as the p-wave Kitaev superconducting wire within the topological
phase [11], this model can then be seen as a string of paired Majorana fermions [49,50] with two
(free) purple sites corresponding in the present case to a zero-energy Majorana fermion a and to
a zero-energy Majorana fermion y;,. The terms A and A then produce the Majorana fermions
structure in Figure 1. At the impurity site, the Majorana fermion a is free in purple at zero
energy. The fermion vy, close to the edge is also free; I draw it in purple at a distance place to
emphasize that in this model the superconducting gap will produce a characteristic length scale
&= h% when solving the wave-function of the zero-energy solutions at the edge. The Majorana
fermion y;, will have a probability one to be present in a region x € [-¢;¢] from the impurity
or from the edge. It is then important to reemphasize here that this corresponds to a magnetic
analogue of the p-wave superconducting wire i.e. that a and y; are from the spin sector of the
Luther-Emery Hamiltonian which develops a gap in the bulk (see Section 4).
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Figure 1. Majorana fermions organization for the spin Hamiltonian H = Ho + Hy;, + H¢ in Eq. (13). The two zero-
energy Majorana fermions, i.e. the free Majorana fermions, are represented in purple. The magnetic impurity is
shown on the left through the Majorana fermions a and b. Since the zero-energy solution for the wave-function

associated to the Majorana fermion y;, produces a typical length scale ¢ = h%, we can place (draw) this particle
at a certain distance from the Majorana fermion a. In Section 4, I show that the two Majorana fermions in
purple are protected through the realization with a magnetic impurity producing a bridge between two s-wave
superconducting quantum wires with singlet pairing. In that case, the Majorana fermion y;, will be delocalized
in a symmetric way between the two wires such that the characteristic length ¢ will develop on both sides of the
impurity. The Majorana fermion y;, will resonate between the two wires.

To build the magnetic analogy with the p-wave Kitaev superconductor [11] from the bulk
theory, we can introduce a particle-hole transformation such that c(x) = cg(x) and &' (-x) =
c(—x)=—-cp(x)= —’c“z(x). In this way, the Hamiltonian H = Hy + Hj,, + H;. becomes

L L
Hb:ithj)dxﬁicmaxaﬂxn—jthj'de%Lmaxqﬂm}
0 0

L
Hm:—iAj(; dx(Cr(x)cr(x) - ;re(x)'ci(x)), (16)

He = iA(cr(0) + c}(0))D.

The boundary condition associated to the transformation on left particles is equivalent to fix
CrR+ Ez =0and c}; + ¢ = 0. Summing these two equations, we identify the same form of boundary
condition allowed by the impurity term y¥ = —yL if we introduce the Majorana fermions from the
left branch as yé = \%2 (¢ + EI) and yi = ﬁ (¢ — Ez). The pairing term then becomes odd under
parity similarly as for p-wave orbitals. The pairing term can then be seen as a continuum limit of
the lattice term i ch 'c“’; gt h.c. in the Kitaev lattice Hamiltonian [11]. In this way, this real-space
representation of H,,, in addition to the drawing in Figure 1, favors an analogy with the p-wave
Kitaev superconducting wire which also admits a topological or geometrical interpretation as a
monopole in the Nambu reciprocal space [51,52].

3. Local physical responses

I discuss here local physical correspondences between the magnetic susceptibility when applying
alocal magnetic field on the impurity site and the local capacitance in the p-wave superconduct-
ing wire (within the topological phase e.g. at half-filling) when applying a local variation of the po-
tential. We have recently shown in Ref. [24] that this correspondence is appropriate when prob-
ing topological quantum phase transitions e.g. the quantum phase transition in the J; — J> spin
model through the logarithmic edge spin susceptibility as in the two-channel Kondo model [30-
33], corresponding then to the local capacitance at an edge in the Kitaev p-wave superconductor
at the topological phase transition. I generalize the analysis to the topological phase of the Kitaev
wire, at half-filling, and show that the local capacitance at the edge is also very similar to the spin
magnetic susceptibility in the present model when including a spin gap in the bulk.
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To fix the definitions, we remind that at half-filling (1 = 0), the Kitaev model reads [11]
Hpwave =—1Y (clcip1 +hic) + Y (Acc!,  +h.c). 17)
i i

Introducing the Majorana fermions operators 1;; = \/LE(C,- + c}) and 1y; = ﬁ (clT —¢;) such that

clei— % =in,n; then

12
Hpowave = (£ +A) ) in1imzic1 + (=t +A) Y inainiie. (18)
i i

For t = A and p = 0, we verify the existence of a zero-energy Majorana fermion of the form
12(x =0) in the continuum limit. This is also equivalent to n2(x = 0) = ng(x = 0) and né(O) +
175 (0) = 0 introducing the left and right Majorana fermions.

From the Bardeen—-Cooper—Schrieffer (BCS) wavefunction defined on the half Brillouin zone
k € [0; 7], it is possible to evaluate the Green’s function of the n; Majorana fermion at x = 0, which
results in

(MmOOMmO,0) =21 ¥ F, (19)
2M ke[—m;m]

Here, M is the number of sites or equivalently the length of the wire since we fixed the lattice
spacing to unity. The Green’s function is in imaginary time to evaluate the free energy correction
in the presence of a potential variation. This result can be explicitly verified from mathematical
derivations; see e.g. Ref. [24]. For u = 0 the energy spectrum related to Bogoliubov quasiparticles
on the wave-vector space k € [0; ] takes the form

Ep= \/ (20)2 cos? k + (2A)2 sin® k. (20)
When ¢ = A, then from the bulk Hamiltonian, we obtain
1 -Eer 1 -2ar
(m(O,T)nl(O,O)):Ee gl (20

which also agrees with the form of the Hamiltonian in real space (the ground state is reached
fixing the parity operator in; (0)n2(1) to —% and producing an excitation in the Majorana n; (x = 0)
sector requires to flip in;(0)n2(1) to +% with an associated gap £+ A. On a site, c}ci =0orl
implying that a parity operator of the form in;n, admits eigenvalues J_r%). Fort=Aand u=0,
the Majorana fermion 1, (x = 0) is free at zero energy such that its Green’s function takes the form

1
(12(0,7)12(0,0)) = 5 s8n(1)- (22)

Suppose we measure the local capacitance at site x = 0 at the edge. This results in a variation of
energy related to the Hamiltonian § H = Suc’ (x = 0)c(x = 0) = —8uin1(0)12(0). The free energy
correction takes the form

p 7 ) _2Ap
AF:f dr(6H)6H(0)) = 8—A(6,u) (1—e77 ). (23)
0
The charge is defined as (Q) = 6% and the quantum capacitance at the edge x = 0 for the Kitaev
model within the topological phase at half filling is

C= lim azﬂ = n

p—+o0 65/.12 4N

This is a similar behavior as the local magnetic susceptibility (related to the impurity) that I found
for the model of Eq. (1) when adjusting the edge coupling with the impurity or the local Kondo
resonance I' = ’3—2 (for a unit lattice spacing) [31] with the superconducting energy gap A [36].
The charge response comes from short time scales. At site x = 0, the two Majorana fermions

can offer a charge response to the local deformation of the potential 6y at the edge similarly as
n

if A = 0, such that AF ~ ((5,LL)2 Oﬂ d‘ri; this is identical as if 17, (7)11(0)12(7)12(0) ~ Tﬁng = %. In

(24)
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comparison, for aresonant level model (for a free d-fermion), the capacitance would be similar to
the Curie form for the magnetic susceptibility ~1/T with T the temperature. In the bulk, within
the topological phase, since the Green’s function of the Majorana fermions 7; and 7, acquire
the same exponential decay this results in a halved capacitance compared to the edge x = 0. It
is relevant to mention efforts in probing capacitance responses in superconducting wires [53].
The result for the capacitance(s) shows some resemblance with another bulk observable, i.e. the
prefactor of the linear bipartite charge fluctuations or quantum Fisher information density, for
the p-wave Kitaev superconducting wire [54]. When ¢ # A, the structure of Majorana fermions
in Eq. (18) is modified such that the characteristic binding energy for the Majorana fermion 7 is
2t =2A — t+A. In that case, the upper bound in short time physics 7i/(2A) turns into #/(A+t) and
C= ﬁ. For a time scale ~7/(t+A), the effect of any local perturbation in £ — A is not yet visible
(in comparison, this would generate a longer time scale ~7i/(#—A)) such that the Green’s function
for the Majorana fermion remains identical, in accordance with a free Majorana fermion.
Coming back to the model of Eq. (1) with the magnetic impurity, it is interesting to mention
that in fact two limits exist i.e. when the local coupling A or specifically the Kondo resonance
satisfies either I' > 2A or I' <« 2A [36]. In the second (latter) situation I' < 2A (and also
for I' ~ A), the local magnetic susceptibility shows a similar form as Eq. (24) with an energy
scale V2I'A—T? [36]. When I’ > 2A, the Green’s function of the Majorana fermion b would

acquire a similar form as for the two-channel Kondo model in a metal i.e. G, (1) = %% Si’:g with
B

I = VT2 —2TA, whereas the Green’s function of the Majorana fermion a maintains a free form
Gu(1) = %sgn(r). In that case, the local magnetic susceptibility shows a logarithmic behavior
~In L reminiscent of the two-channel Kondo model [30-33], but cutoff at the energy scale T due
to the presence of A. I show in Eq. (6) that the existence of the free Majorana mode v}, is in fact
independent of the ratio I'/A, and therefore the pair of Majorana zero modes a and 7y}, can yet
occur below the energy scale I'. When I' = 2A this is similar as if the spin-1/2 impurity remains
unscreened.

In this way, the magnetic impurity can be seen as a physical sensor of the presence of Majorana
fermions at the edge in the wire i.e. the magnetic impurity response to the local magnetic field
identically probes the response to the Majorana fermions y,(|x| < &) < b and y;(|x] <€) < a.

4. Realization with s-wave superconducting wires in the weakly attractive limit

I address here the possible realization of the model in Eq. (1) and of free Majorana fermions
with two s-wave superconducting wires, with weak attractive intrinsic BCS interactions, meeting
around x = 0 where a magnetic impurity i.e. a spin-1/2 will be placed. The physical situation
then implies the presence of two wires e.g. two edges present around the magnetic impurity.
It is then important to understand what are the physical meanings of the fermion ¢ and of
the Majorana fermions in this case. The important message will be that when including an
attractive interaction of approximately same amplitude in the two wires it will be yet possible
to mix the spin channels (degrees of freedom) in both wires to write down the complete spin
Hamiltonian with Hy, and H, in terms of the spin-polarized fermion 5 playing the same role
as the fermion c¢ in Eq. (1). For each wire, it is in fact possible to navigate from ]—oo;0[ or
10; +oo[ onto ]—oo; +ool, where we suppose the wires very long. As in the two-channel Kondo
model [30-33], the fermion ¢ will be built from a symmetric superposition of fields in the
two wires such that in Figure 1, the Majorana fermion y; associated to the fermion v, will
have the same probability to reside on the two wires i.e. the Majorana fermion vy, will resonate
around the impurity on the characteristic length scale ¢. I will address the stability of the zero-
energy Majorana fermions towards perturbations (such as weak interaction asymmetry in the
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two wires, weak asymmetry in the coupling between each wire and the impurity and inter-
wires tunneling effects around the impurity) emphasizing on the protection from the spin gap
in the bulk and from the edge(s) as for a topological interface. I also emphasize that the present
geometry with a magnetic impurity sandwiched between two s-wave superconducting wires
presents an advantage compared to the situation where the impurity would be on one edge of
the wires placed in parallel. In the latter situation, the inter-wires hopping term ¢, developing
along the wires, that may be larger than the superconducting gap or spin gap in each wire, can
modify the low-energy fixed point [55]. In Ref. [36], the superconducting system referred to an
impurity on one edge of a d-wave superconducting state in a Hubbard ladder [39,40]. The model
was motivated from the physics of 2D high-Tc superconductors related to similar mathematical
symmetry analyses [39,56]. Below, I develop the key steps for the generalization with a magnetic
impurity in between two s-wave superconducting wires and I will address the protection of the
zero-energy Majorana fermions. For the sake of clarity, I introduce the Luther-Emery liquid and
the precise bosonization dictionary in Appendix A with all the correspondences for this specific
geometry. In Appendix A, I also emphasize on why the charge sector supports the existence of a
bound state of magnetic origin in the Luther-Emery liquid formed with an attractive interaction
in a quantum wire leading then to a dominant s-wave pairing term. It will also support the zero-
energy Majorana fermions solutions in the present model.

The spin sector of the two s-wave superconducting wires, one present on x € ]—oo; 0[ and one
on x € ]0; +oo], takes the form [45,55]

8
(2na)?

8

Hs.wave = Hy = Hops + (27‘[61)2

0 +00
f dxcos \/§¢1s(x) + f dxcos \/i_S(bgs(x). (25)
oo 0

I reinstore the lattice spacing a or short-distance cutoff (with the same letter as one of the two
Majorana fermions related to the impurity). Here, H,s represents a Luttinger type Hamiltonian
for spin excitations and the cosine Sine Gordon terms represent the pairing terms associated to
the two Luther-Emery superconducting wires, where g < 0 for attractive interactions [55]. The
presence of the cosine terms will favor a spin gap in each wire i.e. will favor ¢;s(x) ~ 0 for the
ground state in the bulk to minimize classically the energy. In Ref. [36], we rather have g > 0
associated to repulsive interactions yet leading to a d-wave superconducting instability. For
this specific geometry, the term g can be equally written in terms of the boson fields ¢;(x) =
% (P15(=x) + p25(x)) and ¢pp(x) = \/% (¢15(=x) — P25(x)) such that it takes the form

2
.28
(2ma)?

+00
f dxcos2¢s(x) cos 2¢sf(x). (26)
0

The ground state will then correspond to pin or fix the phases ¢s(x) and ¢;r(x) such that it
minimizes energy with cos2¢; = +1 and cos2¢,r = +1. A small difference of interactions in the

two wires would produce an additional term (2ni 5 f0+°° dxsin2¢s(x) sin2¢¢(x). As long as the
asymmetry verifies |6 g| < |g| then the pinning of the cosine potentials will keep (maintain) the
sine potential terms e.g. sin2¢(x) to zero. It is precisely the symmetric situation between the two
wires that will favor a symmetric resonant coupling with the magnetic impurity.

It is important to mention that the theory of each wire can also be rewritten on x € ] —oo; +00[

in a symmetric way when developing the cosine terms in Eq. (25) such that

+00 .
Hy = Hog+ —>— f dx e VBbis(0 27)
22ra)® ;F9J-oo
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The coupling with the impurity is usually introduced through the field @7 at x = 0 [31-33], as
defined in Appendix A. Therefore, introducing the variables ®;(x) and @ £(x) in Appendix A, the
spin Hamiltonian can be equivalently written as

+00 .
Hy=Hys—§ f dxcos(®s(x) — Ds(—x)) e Psr D= Psr (=) (28)
—00
where g = (251)2 . I have implicitly assumed that the Hamiltonian is hermitian to reach this form.
It is then useful to apply a self-consistent approach similar to the BCS theory. To identify a similar

form as the term H,, in Eq. (1), the last step will be a refermionization of the variables as
—i(Ds(x)—Ds(—x))

iu/i (X)ys(—x)sgn(x) =e

. _i . (29)
lwzf(x)WSf(_x) Sgl’l(X) —e l((Dsf(x) <Iz’xf( x))‘
The fac‘gor iis imporltant because it encodes the Campbell-Baker-Hausdorff formula e*? =
efteBem2 4Bl with ¢72[ABl = (l®is(0.2is(=X)] where [®;5(x), ®;5(~x)] = —imsgn(x). The fermion

s will not interact with the impurity such that we can evaluate i<1//£()€)1// s(-x)sgn(x)) =cina
self-consistent way when invoking renormalization group ideas. For weak attractive interactions,
the term g is relevant at the energy scale
_Tp
kT ~A=Ae T . (30)
Here, A is a high-energy cutoff of the order of the bandwidth. This energy scale traduces the
formation of a spin gap. This is then equivalent to

Ble=A=Ae T . 3D
Then, the term g or g is equivalent to Hy, in Eq. (1) for the fermion v :
+00
Hy = —iA f dxy! S (—0)sgn(x). (32)

From the correspondence of operators at x = 0 in Appendix A, the coupling with the impurity
around x = 0 takes the same form as in the two-channel Kondo model at the Emery—Kivelson line
in a metal with two conduction channels [31-33]. Assuming a strong longitudinal coupling with
the impurity J, ~ 2nvg, with vr the Fermi velocity, is first justified physically if the attractive force
in the superconducting wires is small. In this sense, the coupling with the impurity goes first to
strong couplings [30]. Therefore, we obtain an impurity Hamiltonian of the form

. J .
H, = @mvp - )yl 0)y0)(iba) + \/%(U/sf(o) +y! ()b, (33)

Here, J; corresponds then to the transverse coupling with the impurity. In the presence of the
spin gap, since the ground state will fix the phase ®;(0) (see discussion in Appendix A) it naturally
implies that in fact wZ(O)ws(O) ox O0x¢s(0) — 0. This is then important because if we include any
realistic small deviation for the longitudinal coupling J, from 27 v then this implies that the first
term yet tends to zero, thanks to the spin gap in the bulk stabilizing the form of H, as in Eq. (1)
He = Ai(ysp O +y! ()b (34)
with 1 = % such that the Kondo energy scale introduced in Section 3 reads I' = ng - In
Appendix A, I emphasize that the ground state in the bulk will favor ®;z — 0 such that it will
stabilize this form of H, at the edge towards a channel anisotropy that usually results in a
sin®,¢(0) term. In Appendix A, I also emphasize on the role of the spin gap in the bulk of each
wire to protect the two-channel Kondo fixed point from additional inter-wires tunneling effects.
It is important to underline that probing directly the free Majorana fermion vy, associated
to Wsp — u/z P delocalized around the two wires is not as easy. However, as mentioned in the
preceding section, when probing the local magnetic susceptibility on the impurity this will reveal




Karyn Le Hur 317

the presence of a zero-energy Majorana fermion a which also implies the presence of another
zero-mode Majorana fermion in the wire(s) y,. Indeed, it is important to emphasize that from
general Hilbert space structure, the Majorana fermions appear in pairs: e.g. S; = iba and the
density w;r FWsfor c'cin Section 2 also corresponds to a term iy 4y ,. The Majorana fermion y, is
bound to the impurity or to the Majorana fermion b through the term in J; implying then a free
Majorana fermion y; around the impurity. The two Majorana fermions a and y;, remain at zero
energy.

5. Conclusion

To summarize, I have presented several aspects of a 1D quantum field theory with a zero-
energy Majorana bound state at an edge interacting with a localized Majorana fermion. This
model engenders a structure of paired Majorana fermions in the bulk supporting two stable
zero-energy Majorana fermions, one on the impurity and one at the edge of the wire(s). I have
shown how the local magnetic susceptibility acting on the impurity presents analogies with
the capacitance measure at the edge of the p-wave superconducting Kitaev wire within the
topological phase. A natural realization of this model is with a magnetic spin-1/2 impurity
bridging the gap between two s-wave superconducting wires i.e. two Luther-Emery liquids.
This work then emphasizes on the possible local engineering of zero-energy Majorana fermions
through s-wave superconducting wires within the weakly attractive regime, i.e. 1D massive
quantum field theories, from the interplay between the two-channel Kondo model and the model
of topological interface of Jackiw and Rebbi. From the recent interest on realizing Majorana
zero modes with an array of magnetic impurities on top of an s-wave superconductor, I hope
that this work also opens the path to realize stable zero-energy Majorana fermions with one
magnetic impurity. With two impurities coupled to 1D s-wave superconducting electrodes, it
is then possible to engineer a delocalized pair of zero-energy Majorana fermions which may find
applications in quantum information; see Appendix B as a perspective.

The article of Ref. [36], that was initiated in my PhD thesis at LPS Orsay and published at ETH
Zirich, was dedicated to my father Joel. I also dedicate this article today to my mother Evelyne
and to my family.
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Appendix A. Dictionary for the Luther-Emery liquid and boson fields

The Luther-Emery liquid [37] is formed through an attractive interaction of the form
g‘//;rRﬂ//iLTWILlWiRl- The electron operator with spin polarization @ =1, | in the wire i reads [45]
Kiq
V2ma
with p = + for right and left fermions respectively (associated to positive and negative momenta
(group velocities) in the band structure). The Klein factors ensure the anti-commutation relations
between electrons of different spin species such that x;1x;| = +i. For g <0, this usually favors the
s-wave channel such that the ground state associated to Eq. (25) shows ¢;; = 0 for the spin sector

ei(p(/)m(x)+9ia(x)), (35)

Vipa =
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showing the spin gap. This implicitly assumes that we introduce the charge and spin modes for
each wire ¢j¢ s = \/%up” +¢;)and O;¢ s = \%(9” +0;)). The singlet s-wave channel then reads

V’rm (x)w;'ru () - u’];m (x)w;rm () oc ™21 cos(V 2. (36)

The charge sector shows a quasi-long range superfluid order. At the edge of each wire, we
should satisfy ¥4 = —WiRq, as a Friedel phase from the presence of the edge, which leads to
e*iV29ic = _1 or bic(0) = \% Since the charge mode ¢;, will be pinned (fixed) at x = 0 this implies

that the dual operator e~ V2ic fluctuates very strongly and average to zero, such that it will be
possible to identify zero-energy solutions at the edge from the spin sector only.

Then, I introduce the precise vocabulary in the present situation in comparison also the two-
channel Kondo effect in a metal at the Emery—Kivelson point [31]. The spin modes ¢;s(x) and
¢25(x) of each wire belong respectively to the domains x € ]—o00;0[ and x € ]0; +ool. It is first
useful to mix the spin modes as

1
Ps(x) = E((Pls(_x) + a5 (x)),
1 (37
bsp(x) = E((,bls(_x) _Qsz(x))-

Here, I implicitly assume that x = 0. This choice of representation takes into account the physical
space of each wire. However, since we equivalently introduce the spin Hamiltonian of each wire
on the whole axis ]—oo; +00[ in Eq. (27), we would find equivalent results introducing the same
spin modes mixing as in the two-channel Kondo effect in a metal [31]

Ps(x) = %(gbls(x) + s (),
! (38)
b5 () = —=(P15(x) = P25 ().

V2

The coupling with the impurity occurs at x = 0 where Eqgs. (37) and (38) are equivalent. Another
interesting aspect of the quantum field theory associated to the two-channel Kondo effect is
that we can rephrase the fields ¢(x) and its dual analogue 0;(x) as a field ®s(x) and similarly
for the correspondence between ¢ ¢, O5r and @¢ [31-33]. For this purpose, related to the spin
Hamiltonian in Eq. (27) written on the domain ]—oo; +o0o[ for each wire, we rewrite the electron
operator in Eq. (35)

Kia i(pl(@iq(0)=®iq (=) +1 (@14 (0)+ Do (— 1))
. - e 7 Pia ia 3 Pia ia (39)
Vire=Vona
with again p = + for right- and left-moving fermions respectively. This leads to the identifications
Kia  id;q(x)
Vira(X) = e (40)
e Vana
and
Kia id;q(-x)
Vita(X) = ——e"™ ¢ (41)
e Vana

such that limy_o(®;q (x) - ®iq(—x)) = 7 to satisfy that ;14 = —¥;Rre. This also implies that the
coupling with the impurity at x = 0 can be equally written in terms of right or left fermions within
a wire. Comparing the formulae (35) and (39), then we reach the identifications

20ia(X) = Djq(x) = Pjq(=x),

42
200 (%) = Biq (x) + g (~). 42)
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Introducing the spin channels similarly as ¢ and ¢

Dy(x) = %(q)ls(_x) +04(x)),

1 (43)
Dy (x) = E(cbls(—x) = @y,(x)),
then from Egs. (37), we identify the precise correspondence
2¢5(x) = (D5 (x) — O5(—x)),
(ps ( s s ) (44)

Z(Psf(x) = ((Dsf(x) - (Dsf(—x)).

The spin sector of the Luther-Emery liquid favors ¢;; = 0 for the ground state, or equivalently
¢s(x) =0 and ¢ r(x) = 0 symmetrically, which means that ®;(x) — ®s(—x) = 0 and that @ (x) —
®r(—x) = 0. If we invoke the parity symmetry because the two wires are now delocalized on
the whole space |—oo; +oo[ then this corresponds to invert the role between ®¢(x) and ®(—x)
and similarly between ®,f(x) and ®,¢(—x). This implies that the ground state will then fix
(@5 (x) = Dyp(=x)) = (Pyf(—x) — Dy5(x)) implying that Oy(x) = Dr(x) = 0 (similarly as ¢g and
¢sr). The equation x; — xp = —x1 + X is more generally satisfied when x; = —x; implying then
x; = 0. This also agrees with ®(x) — ®;(—x) = 0. In the presence of the spin gap in the bulk, the
coupling with the impurity will then be through the term cos®;¢(0), referring to wi f(O) +ysr(0)
in Eq. (34), stabilizing the two-channel Kondo fixed point.

Itis important to emphasize that in the present geometry, the two-channel Kondo effect is also
protected from additional inter-wires tunneling effects. Indeed, if we analyze the terms coupling
the two wires through the impurity, taking into account that both ¢;, and ¢;, are “pinned”, this

results in the identifications WJ{RTWZRL o ¢ vz OretO1s=02ct020) i) Oicis = \/% (0i1 £0;)). Since the
Luttinger parameters in the charge and spin sectors, associated to the Hamiltonians H, for each
sector, satisfy (I%C + Kix] > 1 (this is due to K < 1 as a result of the attractive interaction [55]) these
inter-wires terms will not flow to strong couplings within the renormalization group method [45],
and similarly for the analogues of the Kane-Fisher terms [57] with pure charge transfer. Similarly
as the situation with a strong repulsive interaction [38] we find that the renormalization of the
attractive interaction g to strong coupling [55] also leads to the stability of the two-channel Kondo
effect.

Appendix B. System with two magnetic impurities

Suppose we generalize this result and introduce another magnetic impurity T around the im-
purity S. Through Jordan-Wigner transformation, the two spins-1/2 should satisfy commuta-
tion relations such that 7+ = fTei”de and7,=fTf- % = inm where m and n are two Majorana
fermions such that m = \/%(f+ff) and n = ﬁ(f“ -f.

In tgle low-energy limit, i.e. for temperatures smaller than A and than the Kondo energy scale
r= m]/;a, then the direct Ising interaction S,7, = (d'd — %)(f*f— %) = (iab)(imn) is suppressed
because the Majorana fermion b is bound to the wires. The transverse spin interaction produces a
termin St1”+h.c. = dT(l—Zde)f+h.c. = de+h.c. = %(a+ib)(m—in)+%(m+in)(a—ib) — ina.
This interaction then will fix the parity operator between the two Majorana fermions » and a i.e.
(inay = —1 for an antiferromagnetic interaction. Our goal is e.g. to realize a (protected) non-local
spin-1/2 from the zero-energy Majorana fermion a and from the impurity . To achieve this goal,
we can then suppose that the second impurity also interacts with the same wires i.e. the two
impurities are in parallel. This impurity can also realize a two-channel Kondo effect. To address
this physics, this is similar as if the spin S or fermion d would not be present such that we can
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einfTr
Vara
that case, the Majorana fermion 7 will be bound to the wires such that (ina) =0 and (S'77) = 0.

Now, we apply a local magnetic field on the impurities along the vector ey + ey,. In the case of
an AC magnetic field or in the case of an electromagnetic wave, it may show a useful oscillatory
term h = hge '’. We address perturbations of the form

simply write down, similarly as above, 7+ = fTand 7. = fTf - § = inm, y(x) ~ e ®sr In

OH=-h(Sx+S))-h(ty+71)) = —%(a+ b) — %(1 —2d'd)(m+ n). (45)
Due to the coupling H, this results in (cos @7 Sx) = ((r + u/;r 7 (ib)) # 0, which implies that any
small magnetic field along x direction will not modify the ground state i.e. the x component of
the spin is already screened by the coupling to modes in the wire such that (a) = 0. We also have
that (Sy) = 0 = (b). This conclusion can also be justified as follows: the two impurities T and S
play a symmetric role. Due to the commutation relations between spins and the Jordan-Wigner
string eind'd - (1-2d"d) in the second term since (S,) = 0 then this implies (d'd) = % In average,
the second term is zero in the presence of a small magnetic field. A similar physical conclusion
for the first term then should be reached owing to the symmetry between the two apparatus or
impurities. In fact, we could have equally absorbed the effect of commutation relations between
the two spins as a Jordan-Wigner string e/ 'S on the first spin. The first term would be modified
as —h(a+b)A-2f"f) with (fT f) = % such that (r;) = 0. Therefore, in average a small magnetic
field will not modify the ground state and the Majorana fermions a and m remain free.
If we develop the free energy to second order in perturbation theory, we have a correction in
~ [} dr6 H?. We have e.g. the identification § i3 + e 2“'b(1-2d d)m = -} h3 L e"2“!iam. Since
the Hamiltonian is hermitian this allows for an oscillatory term in time of the form

0H' = —hegrcosRuwt)iam. (46)

This would allow in time to adjust (flip) the parity state of the operator iam, associated to the
zero-energy Majorana fermions a and m, from + to — in time when cos(2w?) = F respectively.
Flipping the sign of cos(2w?) is also similar as inverting the position of a and m while preserving
(Szy=()=0ied'dy=(f"f)=3.

The operator (iam) can be measured from the spin correlation function (S,7x). A similar
form of § H' may in principle be reached with a rotating magnetic field i.e. inducing a form of
perturbation such as ke’ (Sy +iS y) +h.c. on one impurity and similarly for the other impurity.
This can also be realized with circularly polarized light [23].

Similarly as systems of two spins [23] or two quantum dots [25-27], we can then form a
delocalized spin-1/2 a, qubit (fermion), such that F = \/% (a+im)=0 and FTF— % =iam=o0,.
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