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Yvan Castin est directeur de recherche au CNRS. Théoricien, il mène ses travaux au Laboratoire 
Kastler Brossel de l’École normale supérieure à Paris, depuis sa thèse de doctorat sur le refroidissement 
d’atomes par laser effectuée sous la direction de Jean Dalibard et Claude Cohen-Tannoudji de 1988 à 
1992. Il contribue, avec Klaus Mølmer et Jean Dalibard, au développement de la méthode des fonctions 
d’onde Monte-Carlo. Depuis 1995, il travaille sur les condensats de Bose-Einstein atomiques gazeux 
dans l’équipe «atomes froids» créée par Claude Cohen-Tannoudji, avant d’ajouter les superfluides de 
fermions en interaction forte comme deuxième corde à son arc en 2004, en suivant Christophe Salomon 
dans l’équipe « gaz de fermions froids », dont il assure la direction de la partie théorique. On lui doit 
plusieurs résultats originaux sur l’effet Efimov à quatre corps et le développement en amas pour le gaz 
unitaire de fermions, les limites de la compression de spin et le temps de cohérence d’un condensat 
dans un gaz de bosons isolé, l’amortissement du son faiblement collisionnel dans les superfluides, en 
collaboration avec Alice Sinatra, Ludovic Pricoupenko, Felix Werner, Shimpei Endo et d’autres. Il a reçu 
(avec Laurent Lafforgue) le prix Jacques Herbrand de l’Académie des sciences en 2001, et en 2012 le prix 
d’équipe de la Fondation Louis D., décerné au responsable d’équipe Christophe Salomon.

Yvan Castin is Senior Researcher at the CNRS. A theoretician, he has been working at the Labora-
toire Kastler Brossel, École normale supérieure, Paris, since his doctoral thesis on laser cooling of atoms, 
carried out under the supervision of Jean Dalibard and Claude Cohen-Tannoudji from 1988 to 1992. To-
gether with Klaus Mølmer and Jean Dalibard, he contributed to the development of the Monte Carlo wave 
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function method. Since 1995, he has been working on gaseous atomic Bose-Einstein condensates in the 
«cold atom» group set up by Claude Cohen-Tannoudji, before adding strongly interacting fermion super-
fluids as a second string to his bow in 2004, following Christophe Salomon in the «ultracold Fermi gases» 
group, of which he is responsible for the theoretical part. He is responsible for several original results on 
the four-body Efimov effect and cluster expansion for the unitary fermion gas, spin squeezing limits and 
coherence time of a condensate in an isolated Bose gas, and collisionless sound damping in superfluids, 
in collaboration with Alice Sinatra, Ludovic Pricoupenko, Felix Werner, Shimpei Endo, and others. He re-
ceived (with Laurent Lafforgue) the Jacques Herbrand prize from the Académie des Sciences in 2001, and 
in 2012 the Louis D. Foundation team prize, awarded to group leader Christophe Salomon.

Carlos A. R. Sá de Melo a obtenu un doctorat en physique théorique à l’Université de Stanford en 
1991, avec une spécialisation en physique quantique à N corps, sous la direction du professeur Sebas-
tian Doniach (prix Bardeen 2018), et a été chercheur postdoctoral au Science and Technology Center for 
Superconductivity dans l’Illinois, avec pour mentor feu le Dr Alexei Abrikosov (prix Nobel 2003). Il a en-
suite rejoint l’Institut de technologie de Géorgie, où il est aujourd’hui professeur en sciences physiques. 
Le professeur Sá de Melo est surtout connu pour ses contributions théoriques à l’étude du raccorde-
ment entre la superfluidité de Bardeen-Cooper-Schrieffer (BCS) et la condensation de Bose-Einstein 
(CBE) dans les systèmes à une et deux bandes dans les années 1990 et 2000, un phénomène exploré ex-
périmentalement depuis le milieu des années 2000. Pour ses travaux sur les atomes froids fermioniques 
et les superfluides de fermions, il a obtenu un poste de chercheur invité de deux ans au Joint Quantum 
Institute (UMD-NIST) de 2006 à 2008, a été élu membre de l’American Physical Society en 2012, a reçu 
une bourse Simons en 2017 pour une visite prolongée à l’Institut de physique théorique Galileo Galilei 
(Florence, Italie), a reçu le prix Fibonacci en 2018 lors de la conférence Quantum Complex Matter (Fras-
cati, Italie), a été élu membre de l’American Association for the Advancement of Science en 2021 et a 
bénéficié d’une bourse Mercator de la Fondation allemande pour la recherche en 2024. Ses recherches 
sur les raccordements et transitions de phase quantiques entre régime BCS et régime CBE dans les su-
perfluides ont influencé les travaux expérimentaux et théoriques non seulement en physique atomique, 
mais aussi en physique nucléaire et en physique de la matière condensée.

Prof. Carlos A. R. Sá de Melo earned a PhD in theoretical physics at Stanford University (1991), specia-
lizing in quantum many-body physics, under the supervision of Prof. Sebastian Doniach (Bardeen Prize 
2018), and was a postdoctoral fellow at the Science and Technology Center for Superconductivity in Illi-
nois, mentored by Dr. Alexei Abrikosov (Nobel Prize 2003, deceased). After that he moved to the Georgia 
Institute of the Technology, where he is a professor of physics today. Prof. Sá de Melo is best known for his 
theoretical contributions to the evolution from Bardeen-Cooper-Schrieffer (BCS) to Bose-Einstein conden-
sation (BEC) superfluidity in single- and two-band systems during the 1990’s and 2000’s, a phenomenon 
explored experimentally since the mid-2000’s. For his work on ultracold Fermi atoms and superfluids, 
he was awarded a two-year Visiting Fellow position at the Joint Quantum Institute (UMD-NIST) from 
2006-2008, was elected Fellow of the American Physical Society in 2012, was granted a Simons Fellowship 
in 2017 for an extended visit to the Galileo Galilei Institute of Theoretical Physics (Florence, Italy), was 
presented the Fibonacci Prize in 2018 at the Quantum Complex Matter conference (Frascati, Italy), was 
elected Fellow of the American Association for the Advancement of Science in 2021, and was honored with 
a Mercator Fellowship by the German Research Foundation in 2024. His research on the crossover and 
quantum phase transitions from the BCS to the BEC regime in superfluids has influenced experimental 
and theoretical work not only in atomic, but also in nuclear and condensed matter physics.
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English version follows French version

En physique, le problème quantique à N corps est une thématique de recherche actuelle très fé-
dératrice, car il concerne un grand nombre de domaines, de la physique mathématique à la matière 
condensée en passant par la physique atomique et l’optique quantique, et met en jeu de nombreux 
systèmes, des supraconducteurs aux gaz quantiques en passant par les systèmes de spins, la matière to-
pologique, les systèmes désordonnés et les systèmes photoniques dissipatifs, en dimension trois ou en 
dimensionalité réduite, avec des interactions à courte ou à longue portée, etc. Il soulève des questions 
particulièrement ardues, qui obligent à croiser plusieurs méthodes d’étude, mathématiques, analy-
tiques, macroscopiques ou effectives de basse énergie, diagrammatiques, numériques, expérimentales, 
de simulation quantique, etc. 

Il y a certes de nombreux congrès dans ce domaine, mais ils se limitent généralement à des pré-
sentations brèves de résultats déjà obtenus et se spécialisent dans l’un des aspects mentionnés. À 
notre connaissance, très peu d’entre eux cherchent à faire un bilan global des questions ouvertes et 
des grandes directions à explorer, dans l’esprit des fameux congrès Solvay d’autrefois, en réunissant les 
chercheurs des différents domaines ayant suffisamment de vision et de maturité pour faire des exposés 
de prospective longs (90 minutes) au tableau noir et à la craie (pas de projection), vec beaucoup de 
temps de discussion. C’est ce que nous avons fait en juillet 2024, à travers une quinzaine d’exposés sur 
cinq jours de colloque, ouverts à tous, dans le grand amphithéâtre Hermite de l’Institut Henri Poincaré 
(IHP) à Paris. Les exposés ont été enregistrés et mis en ligne sur la chaîne Carmin de l’IHP (cliquer ici).

Pour que l’exercice prenne toute sa valeur, nous avons souhaité que le colloque laisse une trace 
écrite – verba volant –, d’où le présent dossier thématique publié en accès libre aux Comptes Rendus 
Physique, qui regroupe les différentes contributions sous forme d’« Interventions en colloque ». Nous 
espérons que ceci incitera la communauté des chercheurs, doctorants et post-doctorants à se concen-
trer sur les grandes questions et à construire des ponts entre les différentes disciplines de la physique 
quantique à N corps. 
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Nous remercions chaleureusement les orateurs qui ont accepté le surcroît de travail qu’exige la ré-
daction d’actes de colloque, ainsi que la direction de l’IHP, qui a mis gracieusement à notre disposition 
son infrastructure et son équipe technique, en nous exemptant des frais de location de l’amphithéâtre. 
Enfin, nous sommes reconnaissants à Stephan Fauve d’avoir accepté notre dossier thématique avec 
enthousiasme, et à Isabelle Vallet d’en avoir accompagné la mise en œuvre avec efficacité.

English version

In physics, the quantum many-body problem is a highly unifying current research topic, since it 
touches a large number of fields, from mathematical physics to condensed matter, atomic physics and 
quantum optics, and involves numerous systems, from superconductors to quantum gases, spin sys-
tems, topological matter, disordered systems and dissipative photonic systems, in dimension three 
or reduced dimensions, with short- or long-range interactions, etc. It raises particularly challenging 
questions, requiring the cross-fertilization of a wide range of study methods: mathematical, analytical, 
macroscopic or effective low-energy, diagrammatic, numerical, experimental, quantum simulation, 
and more.

Although there are many congresses in this field, they are generally limited to brief presentations 
of the results already obtained, and specialize in one of the aspects mentioned. As far as we know, very 
few of them try to take stock of the open questions and the main directions to be explored, in the spirit 
of the famous Solvay congresses of yesteryear, by bringing together researchers from different fields 
with sufficient vision and maturity to give long (90-minute) foresight presentations on the blackboard 
(no projection), with plenty of time for discussion. This is what we did in July 2024, with about fifteen 
presentations over five days of a symposium open to all in the large Hermite amphitheatre at the Institut 
Henri Poincaré (IHP) in Paris. The presentations were recorded and posted online on the IHP’s Carmin 
channel (click here).

To make the exercise as valuable as possible, we wanted the colloquium to leave a written trace – 
verba volant –, hence the present special issue published in open access in Comptes Rendus Physique, 
which brings together the various contributions in the form of conference proceedings. We hope this 
will encourage the community of researchers, PhD students and postdocs to focus on the big questions 
and to build bridges between the different disciplines of quantum many-body physics.

We would like to express our sincere gratitude to the speakers who accepted the extra work involved 
in writing the proceedings, and to the management of the IHP, who graciously made their infrastructure 
and technical team available to us, waiving the cost of renting the amphitheatre. Last but not least, we 
are grateful to Stephan Fauve for enthusiastically accepting our special issue, and to Isabelle Vallet for 
efficiently guiding its implementation.
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Some open mathematical problems
concerning charged quantum particles

Quelques problèmes mathématiques ouverts sur les
particules quantiques chargées

Mathieu Lewin ,a

a CEREMADE, CNRS and Université Paris Dauphine - PSL, Place de Lattre de Tassigny,
75 016 PARIS, France

E-mail: mathieu.lewin@math.cnrs.fr

Abstract. I present some open mathematical problems concerning electrons in quantum mechanics and
charged particles in general. After discussing the Schrödinger Hamiltonian describing atoms and molecules
with classical nuclei, I turn to infinite systems and in particular to the homogeneous electron gas.

Résumé. Je présente quelques problèmes mathématiques ouverts concernant les électrons en mécanique
quantique et les particules chargées en général. Après avoir discuté de l’hamiltonien de Schrödinger décri-
vant les atomes et les molécules avec des noyaux classiques, je considère les systèmes infinis et en particulier
le gaz homogène d’électrons.

Keywords. Schrödinger equation, Coulomb systems, Homogeneous electron gas.

Mots-clés. Équation de Schrödinger, Systèmes coulombiens, Gaz d’électrons homogène.

Manuscript received 6 November 2024, revised 28 March 2025, accepted 31 March 2025.

1. Introduction

In my talk at the Institut Henri Poincaré in July 2024 [1], I have discussed some open mathemat-
ical problems concerning charged quantum systems. I should first mention that an open math-
ematical problem need not be considered an open problem from the point of view of physics.
Many questions that are extremely difficult to solve rigorously are considered to be fully under-
stood by physicists, whether because of physical intuition, the existence of exact results on sim-
pler models, or with the help of powerful numerical simulations.

So why should we care about proving things with full mathematical rigor? A first obvious
reason is that a mathematical proof provides a kind of “seal of quality”, that is, a stronger truth
about the model under consideration. However, most mathematical physicists feel that adding
epsilons and function spaces to an existing convincing physical argument is not the most exciting
part of their work. It is much more interesting when the mathematical proof brings a new
perspective and thus teaches us new physics. This must be the case in situations where the
physical arguments are too vague and do not lead to a clear path for a rigorous proof.

What kinds of physical questions can be answered rigorously? Mathematics is sometimes
not very good at dealing with quantitative properties of very particular systems (the chemical
properties of a given molecule, for example). It is much better at explaining general (universal)

ISSN (electronic): 1878-1535 https://comptes-rendus.academie-sciences.fr/physique/
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370 Mathieu Lewin

phenomena for a whole class of models, and at showing connections between situations that look
different but are governed by the same mathematical laws.

Let us now turn to the systems of interest for this note, that is, charged particles interacting via
the Coulomb interaction

qq ′

|x −x ′|
in atomic units. Here q , q ′ ∈ Z are the two charges and x, x ′ ∈ R3 are the positions of the
two particles in consideration. The important mathematical properties of this potential are the
singularity at the origin (two particles repel or attract each other strongly when |x − x ′| ≪ 1,
depending on the sign of their charges) and the slow decay at infinity (the function x 7→ 1/|x|
is not integrable at infinity in 3D). The singularity at the origin generates an instability for all
classical Coulomb systems with opposite charges, leading to a collapse of the system. This is
easily resolved by the quantum uncertainty principle. The slow decay of 1/|x| at infinity is of
a different nature and only causes difficulties for large, macroscopic systems. In fact, every
particle in the system feels the Coulomb potential induced by many other particles, even far
away, and not just its nearest neighbors. This induces large-scale correlations that could cause
the macroscopic object to become unstable. In fact, the existence of matter as we know it has
been shown to be a consequence of both screening effects (the charges tend to balance out so
that the system is essentially neutral locally, making the potential locally finite) and the fermionic
nature of electrons [2]. We will discuss this in more detail below.

The paper is organized as follows. We first discuss open problems concerning the molecular
Born–Oppenheimer Schrödinger Hamiltonian describing a finite set of N quantum electrons and
M classical nuclei. In Section 3 we turn to infinite systems and, in particular, the homogeneous
electron gas.

2. Atoms and molecules

Let us start by mentioning some famous open mathematical problems concerning the
Schrödinger Hamiltonian of N electrons submitted to an external potential V :R3 →R,

H(V , N ) =
N∑

j=1

−∆x j

2
+

N∑
j=1

V (x j )+ ∑
1≤ j<k≤N

1

|x j −xk |
, (1)

in atomic units. The operator acts on wavefunctionsΨ(x1,σ1, . . . , xN ,σN ) that are antisymmetric
with respect to the exchanges of the position and spin variables (x j ,σ j ) ∈ R3 × {↑,↓} of the
electrons. We are particularly interested in the case that V describes the potential induced by
a finite number M of classical nuclei

V (x) =−
M∑

m=1

zm

|x −Rm | , (2)

where zm ∈N and Rm ∈R3 are the nuclear charges and positions.
The Hamiltonian (1) has been the subject of much mathematical work, too much to mention

with full details. Kato proved in the 50s [3] that for reasonable external potentials V , including
the one in (2), the above Hamiltonian is well defined on the domain

D(H(V , N )) =
{
Ψ :

∫
|Ψ|2 +

N∑
j=1

∫
|∆x jΨ|2 <∞

}
. (3)

The integral is here understood in the sense of Lebesgue [4, Chapter 1]. More precisely, this is an
integral for the space variables but a sum over the spin variables:∫

|Ψ|2 := ∑
σ1,...σN∈{↑,↓}

∫
R3

· · ·
∫
R3

|Ψ(x1,σ1, . . . , xN ,σN )|2 dx1 · · ·dxN .

6
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On the other hand, the Laplacian ∆x jΨ is understood in the sense of distributions [4, Chapter 6].
The operator H(V , N ) cannot be defined on a smaller space (in particular it cannot be restricted
to smooth functions only), otherwise its spectrum is the whole complex plane [5, Chapter 6]. The
domain (3) is is the only one for which H(V , N ) is self-adjoint and has a real spectrum. It is nice
but somewhat annoying that the abstract theories of Lebesgue integration and weak derivatives
are unavoidable in quantum mechanics!

After the pioneering work of Kato, many have worked on establishing spectral properties of
H(V , N ). Zhislin and his collaborators studied the eigenvalues (bound states energies) and the
form of the continuous spectrum in the 60–70s. It was proved in particular that for an atom
or a molecule, i.e., V of the form in (2), H(V , N ) admits infinitely many bound states below its
continuous spectrum whenever N ≤ Z , where

Z :=
M∑

m=1
zm

is the total nuclear charge [6]. In other words, the electrons can be bound to the nuclei as soon
as the nuclear charge is greater than or equal to the number of electrons. This is due to the long
range of the Coulomb potential, which ensures that any electron escaping to infinity is subject
to an attractive force that brings it back to the neighborhood of the nuclei, where the charge is
Z − (N −1) > 0 or more. Later it was proved [7–11] that, on the contrary, there can be only finitely
many bound states if N > Z , and in fact none at all if N is too large. This confirms the obvious
intuition that a finite set of nuclei can bind only a finite number of electrons.

Mathematical physicists then turned to the more precise study of the continuous spectrum
and of scattering theory. The latter is not so obvious due to the long range of the Coulomb
potential [12,13]. Finally, the quantized photon field was included and its influence on the
spectrum studied at length [14,15] (in this case only the ground state remains and the higher
excited states become resonances). Below we discuss in Section 3 the limit of a large number of
electrons and nuclei, N , M →∞.

2.1. Ionization conjectures

If we plot the experimental ground state energy of an arbitrary atom of the periodic table as
a function of the number of electrons N , we obtain a curve that looks like the ones shown
in Figure 1 for the particular cases of oxygen (Z = 8) and zinc (Z = 30). Let us discuss some
general properties of these curves and ask what was rigorously proved for the (non-relativistic)
Schrödinger Hamiltonian (1).

2.1.1. Monotonicity

A first remark is that the curves are decreasing (more precisely they are non-increasing since
they can be constant). This is because adding an electron can only make the ground state energy
smaller. In the worse case the additional electron escapes to infinity where it can have an arbitrary
small energy. The monotonicity of the curve is not difficult to prove for the Hamiltonian H(V , N ).
To make things more explicit, let us denote by

E(V , N ) = inf
Ψ
〈Ψ|H(V , N )|Ψ〉 = minσ(H(V , N ))

the ground state energy of the system, which equals the minimum of the spectrum of the operator
H(V , N ). When the infimum is attained, E(V , N ) is an eigenvalue (if N electrons can be bound
by V ). If this is not the case, E(V , N ) is part of the continuous spectrum. In fact, the HVZ
theorem [6,17,18] states that the continuous spectrum of H(V , N ) equals a half interval and starts
when one electron is sent to infinity:

σcont(H(V , N )) = [E(V , N −1),∞). (4)

7
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Figure 1. Experimental ground state energy (eV) of oxygen (left) and zinc (right) as a
function of the number N of bound electrons, according to the NIST database [16]. The
curve is constant on the right of the last value of N appearing in the graph, that is, the
mentioned atoms do not seem to be able to bind more electrons.

This property is valid for any potential V that tends to 0 at infinity [5, Chapter 6], hence for any
Coulomb potential of the form (2). Of course, the latter implies E(V , N ) ≤ E(V , N −1) for all N ∈N
(with the convention E(V ,0) = 0), which is the observed monotonicity.

2.1.2. Maximum ionization

When N exceeds Z by a few units, the ionization curves become flat, meaning that a given
nucleus can only accept a few electrons more than its charge. For example, oxygen seems to be
able to bind 9 electrons, but not 10. This is of course specific to Coulomb, since a potential V
decaying slower than −1/|x| can bind an arbitrarily large number of electrons. That the function
N 7→ E(V , N ) becomes constant at some point is quite difficult to prove. This was done in
the papers [7–11] mentioned above. But proving that this happens starting from Z +C with a
reasonable constant C turned out to be extremely hard and is still open today.

Open Problem 1 (Maximal ionization). Prove that the maximal number of electrons that a
molecule can bind satisfies

Nmax ≤ Z +C M (5)

where M is the number of (classical) nuclei, Z = ∑M
m=1 zm is the total nuclear charge, and C is a

universal reasonable constant (ideally C = 1 or C = 2).

Of course, for heavy nuclei we should take relativistic effects into account, which we com-
pletely neglect here. If we let Z and N be arbitrarily large and look at the non-relativistic Hamil-
tonian H(V , N ), then no proof of (5) has been provided yet, even with a crazy constant like
C = 10100. The conjecture is due to Lieb in the 80s and is discussed in detail in the recent chap-
ter [19]. It is also Problem 10C in a famous list by Simon [20] published exactly 40 years ago.

Why should we be interested in this conjecture? The main interest of this problem is that it
must follow from a complicated interplay between the Coulomb forces and the fermionic nature
of the electrons. In fact, as we will see below, the conjecture is known to be wrong if the electrons
are replaced by charged bosons! A classical nucleus of charge Z can bind Nmax ≈ 1.21 Z bosonic
electrons for Z ≫ 1 [21,22]. Consequently, any proof of the conjecture would require a deep
understanding of how the Pauli principle is interrelated with the Coulomb forces. Any progress
in this direction would tell us more about the nature of quantum matter.

Let us briefly discuss some important partial results concerning Nmax. The best bound
currently known is due to Lieb in [11] and states that Nmax < 2Z + M . This nice proof uses
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some special properties of the Coulomb potential, but no particle statistics (it works the same
for bosons). Better bounds are known for atoms (M = 1). Taking into account the Pauli principle,
Nam [23] obtained Nmax < 1.22 Z + 3Z 1/3. If we restrict ourselves to Z ≤ 118 as in the current
periodic table, we get the somewhat unreasonable estimate

Nmax ≤ Z +40, for Z ≤ 118.

Still for M = 1 it was proved that Nmax = Z + o(Z ) in [24,25], which was later improved to
Nmax = Z +O(Z 5/7) in [26,27]. Finally, Solovej managed to prove the conjecture in Hartree–Fock
theory in a very delicate work [28,29], but with a huge constant C . The proof seems very difficult
to generalize to the many-body problem.

2.1.3. Convexity

Let us return to the experimental ionization energies in Figure 1. Another property that stands
out is that the curves are convex. This corresponds to the rather obvious fact that if we start
from the right (say at N = Z ) and remove the electrons one by one, we will first catch the one
that is least bound to the nuclei, i.e., for which the ionization energy is the smallest in absolute
value. As we remove more electrons, the energy we need pay should increase, because the core
electrons are harder to remove than the valence electrons. The monotonicity of the ionization
energy N 7→ |E(V , N )−E(V , N −1)| is exactly the observed convexity.

The obvious caveat to this intuitive argument is that, due to interactions, when we remove an
electron, the remaining electrons will change their state to accommodate the missing electron.
The new ionization energies, in principle, have nothing to do with those with an extra electron.
A little argument shows that the ground state energy is always convex in N for a non-interacting
system, so here we try to understand how correlation affects ionization energies.

Open Problem 2 (Convexity). Find the class of external potentials V ’s for which the energy
N 7→ E(V , N ) is convex, that is, satisfies

E(V , N )−E(V , N −1) ≤ E(V , N +1)−E(V , N ), ∀N ∈N. (6)

The importance of this problem was first mentioned in the context of Density Functional
Theory by Perdew et al. [30] in 1982. In [31, Chapter 4], Parr and Yang stated the conjecture
explicitly for all atoms and molecules, that is, for all V of the form (2). Lieb stated it for all possible
potential V in [32, Question 7]. Simon mentions it only for atoms, as Problem 10A in his famous
list of open questions [20] already mentioned above.

Despite the convexity of all experimental curves for atoms, we only have counterexamples for
simpler systems. Lieb gave a counterexample to the inequality (6) for N = 2 when the Coulomb
repulsion is replaced by a hard core. Ayers recently generalized this argument to the Riesz
interaction 1/|x − y |s with s > 2log2/log3 ≈ 1.26 [33]. Other negative results concern particles
interacting with a repulsive harmonic interaction in a harmonic trap [34,35], the 1D Hubbard
model [36], or a system in nuclear physics [37].

While preparing the talk last July, I realized that a counterexample for the Coulomb interaction
can be provided based on results I obtained earlier in a collaboration [38] with Simone Di Marino
and Luca Nenna. This is now described in detail in the new article [39]. Our counterexample to
the convexity (6) is for N = 3 and it has M = 6 nuclei placed very far apart but of very small charges
zm ≪ 1. This shows that the convexity in N cannot be true for arbitrary potentials V , as Lieb
suggested in [32]. However, the problem remains completely open for physical nuclei of integer
charge. This recent work tells us that the situation is even more complicated than expected, and a
mathematical explanation of why convexity is universally observed in experiments remains to be
found. Note that the particle statistics does not play an important role, here. The counterexample
of [39] also works for charged bosons.
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Figure 2. Experimental atomic ground state energies for Z = 20 (left), Z = 60 (center) and
Z = 100 (right) according to the NIST database [16], plotted together with the Thomas–
Fermi energy curve in red, all as functions of N /Z for N ≤ Z . The energies are renormalized
in the manner E(−Z /|x|, N )/|E(−Z /|x|, Z )| and eTF(κ)/|eTF(1)|, that is, divided by the last
energy so that the curves all end up at −1.

2.1.4. The large-Z limit for fermions and bosons

Next, we briefly discuss the limit of large nuclear charge Z . For simplicity we assume M = 1
(atoms) and we place the nucleus at the origin of space. Looking again at the curves in Figure 1, a
natural question arises: do these curves converge in the limit Z →∞ if we properly renormalize
them? The answer is yes, and a proof has been given by Lieb and Simon in [40–42]. If we take
Z →∞ and at the same time N →∞ while fixing κ= N /Z , we end up with Thomas–Fermi theory.
The formal statement is

E(−Z /|x|, N ) ∼
N ,Z→∞

N
Z →κ

ETF(−Z /|x|, N ), (7)

where

ETF(−Z /|x|, N ) = inf
ρ≥0∫
R3 ρ=N

{
cTF

∫
R3
ρ(x)

5
3 dx −Z

∫
R3

ρ(x)

|x| dx + 1

2

Ï
R6

ρ(x)ρ(y)

|x − y | dx dy

}

= Z
7
3 eTF

(
N

Z

)
, (8)

and cTF = (3/10)(6π2)2/3. Here ρ is the total density of the system and

eTF(κ) = inf
ν≥0∫
R3 ν=κ

{
cTF

∫
R3
ν(x)

5
3 dx −

∫
R3

ν(x)

|x| dx + 1

2

Ï
R6

ν(x)ν(y)

|x − y | dx dy

}
. (9)

To go from the first to the second line in (8), we have introduced the rescaled density ν(x) =
Z−2ρ(Z−1/3x). In this limit the kinetic energy dominates and the system is paramagnetic (spins
up and down are occupied with density ρ/2). To illustrate the convergence (7) on real data, we
have plotted the experimental energy curves for Z = 20, 60, 100 together with the Thomas–Fermi
curve κ 7→ eTF(κ) in Figure 2.

The Thomas–Fermi energy curve satisfies all the previously observed properties. Namely, it is
convex decreasing and constant for κ = N /Z ≥ 1. The convexity comes from the facts that the
functional in the curly brackets in (9) is convex in the rescaled density ν and that κ appears as a
linear constraint. That it admits no ground state for N /Z > 1 is not easy and was proved in [41,42].
Since all the desired properties are known to be valid in the limit Z →∞, it is natural to try to bring
this information back to finite Z and get some results for the Schrödinger Hamiltonian, by a kind
of perturbative argument. This turned out to be very difficult and so far was only achieved in
Hartree–Fock theory [29].
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Many more questions inspired by Thomas–Fermi theory can be posed concerning the
Schrödinger Hamiltonian. We refer to [43] for a discussion of the radius of atoms and to [44]
concerning the periodicity properties of the periodic table.

As a final comment, we mention that for bosonic electrons, the limit is the Hartree en-
ergy [22,45–47], given by

inf∫
R3 |φ|2=N

{
1

2

∫
R3

|∇φ(x)|2 dx −Z
∫
R3

|φ(x)|2
|x| dx + 1

2

Ï
R6

|φ(x)|2|φ(y)|2
|x − y | dx dy

}
= Z 3 eH

(
N

Z

)
with φ the macroscopic condensate wavefunction and

eH(κ) = inf∫
R3 |χ|2=κ

{
1

2

∫
R3

|∇χ(x)|2 dx −
∫
R3

|χ(x)|2
|x| dx + 1

2

Ï
R6

|χ(x)|2|χ(y)|2
|x − y | dx dy

}
. (10)

This time we used φ(x) = Z 2χ(Z x). The previous minimization admits ground states for κ ≤ κc

and none for κ > κc , where κc ≈ 1.21. A perturbative argument proved that Nmax/Z → κc in the
limit Z →∞, so bosonic atoms can bind many more electrons than real atoms [21,22]. Note that
the limiting energy curve is still convex, suggesting that the convexity is not so closely related to
the particle statistics.

2.2. Chemical reactions

Now let us look at another question that is closer to quantum chemistry. Lieb and Thirring proved
in [48] that all neutral molecules can bind, at zero temperature. To state the result correctly, we
include the nuclear energy and define the total energy of a molecule by

Emol(zm ,Rm , N ) := E(V , N )+ ∑
1≤k<m≤M

zk zm

|Rk −Rm | (11)

where, of course, V is given by (2). The statement is that when N = Z = ∑M
m=1 zm , the function

(R1, . . . ,RM ) 7→ Emol(zm ,Rm , N ) reaches its minimum. More precisely, the lowest energy of a
molecule is always strictly lower than when it is broken into pieces:

min
R1,...,RM∈R3

Emol(zm ,Rm , N ) < liminf
max

1≤k<m≤M
|Rk−Rm |→∞

Emol(zm ,Rm , N ). (12)

The result is very intuitive when the molecule breaks into two charged pieces, because those have
different signs and therefore must attract each other at infinity. The result of [48] concerns the
situation where the molecule breaks into neutral clusters. It is proved that those attract with a
van der Waals force, which results from an interplay between correlation and the long range of the
Coulomb potential.

In [49–51] we studied the situation of a molecule that admits two local minima with respect to
the nuclear positions R1, . . . ,RM and asked whether there exists a transition state between them
(also called a mountain pass and corresponding to a saddle point of the energy functional). This
was proved in many situations of physical interest by studying the critical points of the multipole
interactions, but not yet in the general case.

Open Problem 3 (Chemical reactions). Prove that for a molecule possessing two local stable
configurations (that is, local minima of (R1, . . . ,RM ) ∈ (R3)M 7→ Emol(zm ,Rm , N )), the isomerization
between them happens without breaking the molecule into pieces.
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3. Infinite systems, the homogeneous electron gas

Finally, we discuss some open problems for macroscopic Coulomb systems. Although these have
been the subject of many studies in the last decades, several fundamental questions are still
completely open on the mathematical side.

We should mention the beautiful theory of “stability of matter” by Dyson and Lieb [2,52–
55], which led to both deep mathematical results and new physical insights. This concerns the
situation where the number of electron diverges, N →∞, as well as the number of nuclei, M →∞
but the charges zm remain bounded. One can choose the positions and charges of the nuclei, for
instance place them on a lattice to describe a given material [56,57]. It is also possible to randomly
perturb a given lattice (Anderson model) [58]. Finally, one can as well optimize over the number
and positions of the nuclei [59] (assuming for instance that they all have the same charge zm = z).
In short, it was understood that such systems are always stable, which means that the ground
state energy behaves linearly with particle number or volume. This is what is needed to ensure
that a macroscopic system does not collapse. Note that for bosonic electrons, the energy behaves
like N 5/3 [60] if the nuclei can be arbitrarily close to each other but it stays of order N if the nuclei
have a finite distance to each other [57]. The Pauli principle therefore plays again a crucial role
here.

Because of its importance in applications (in particular in Density Functional Theory [31]),
the Homogeneous Electron Gas (HEG) has also been extensively studied. In this system, the
classical nuclei are replaced by a uniform background of fixed positive charge (taken first in a
finite domain and then extended to the whole space). Although screening effects still play an
essential role, it is less important that the electrons are fermions. The HEG is also stable for
charged bosons and even for classical electrons [61,62].

Stability is only the first step in the study of large quantum systems. The next step is to
understand the properties of equilibrium states and, in particular, the sudden changes that
can happen when varying the temperature or the density. Of particular interest is the lack of
uniqueness due to the breaking of translational symmetry, that is expected to arise in the solid
phase. Not much is known rigorously about the existence of such phase transitions.

Open Problem 4 (Phase transitions). Prove that translational symmetry is broken for the Homo-
geneous Electron Gas or with classical point nuclei, at low density and/or low temperature.

In the case of classical nuclei we can assume, for example, that we have only one kind of
nuclei (all of the same charge z) and, at T = 0, that we are optimizing over the nuclear positions.
Remember that they can all bind, as we saw in Section 2.2. It is also possible to take a finite
number of charges z1, . . . , zM . We can then fix the average density of each species or just optimize
over the charges as well.

Showing that translational symmetry is broken seems very hard. This requires first defining
what it means to be an infinite equilibrium state, since the Gibbs state is always unique at T > 0
and non-uniqueness can only occur for an infinite system. Defining such infinite states is a hard
problem because the equilibrium equations usually include the interaction potential between
each electron and the rest of the system, which is typically a divergent integral or series due to the
long range of the Coulomb interaction. Delicate compensations are expected due to screening
effects, but proving that they actually occur is very difficult. For the 3D Coulomb potential,
infinite equilibrium states have so far only been constructed for classical electrons at T = 0 in
[62, Theorem 28] and for T ≫ 1 in [63].

Even for short-range interactions we know very little concerning the existence of phase
transitions. All existing rigorous results in this direction (e.g., [64,65]) are for very special systems
and rely on specific methods that cannot be easily adapted to Coulomb systems. So the situation
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is rather embarrassing! We have no mathematical intuition as to why translation invariance
should be broken, nor even a strategy as to how to prove it. This is one of the most important
open problems in mathematical physics.

Showing the breaking of translations is of course only a first step. We expect that the system
will be a proper solid, that is, periodic with a non-trivial period. This is often referred to as
Wigner’s crystallization conjecture [66,67].

Open Problem 5 (Wigner crystallization). Prove that at low temperature and/or low density,
infinite equilibrium states are periodic. For the HEG, it must be the Body-Centered-Cubic lattice.

For classical electrons, the conjectured periodic arrangement should arise from the fact that
they repel each other and thus seek to minimize the repulsion energy by maximizing their
relative distances, while at the same time being attracted to the uniform positive background.
In the quantum case, this picture should remain true at low density, since the kinetic energy
1/a2 of an electron localized in a periodic cell of side length a remains small compared to
the repulsion energy 1/a between neighboring electrons. Unfortunately, this intuitive image
has never been rigorously justified for either classical or quantum electrons. The only system
that is well understood is the one-dimensional HEG (with the interaction −|x − y |), for which
crystallization was proved at all densities and temperatures [68–72].

For classical electrons, the crystallization conjecture has interesting links with number theory.
This is because if we take an infinite lattice L of particles interacting with the Riesz potential
1/|x − y |s with s > d (the space dimension), the interaction energy of each particle with the rest
of the system equals

ζL (s) = 1

2

∑
z∈L \{0}

1

|z|s .

This is called the Epstein Zeta function and it is a generalization of the Riemann Zeta to higher
dimensions. The series converges only for s > d but the function admits a meromorphic
continuation to the whole complex plane with a unique pole at s = d . This continuation is still
denoted by ζL (s). For s < d it is known that ζL (s) is nothing but the energy obtained by inserting
a uniform background to compensate the divergence of the series [62, Section IV]. The analytic
continuation allows us to place the long and short range cases into the same theory.

In this direction, we would like to mention the recent result [73] that gave the 2022 Fields
medal to Maryna Viazovska, where Wigner crystallization was proved in dimensions d = 8 and
d = 24, for all s ≥ d − 2 [74], hence including the “Coulomb” potential of those dimensions.
Dimensions 8 and 24 are special because there exists a specific lattice L , called “universally
optimal”, that works for all s. The same phenomenon is expected in 2D with the triangular lattice,
but not proved yet. In 3D there exists no universally optimal lattice and one expects either BCC
or FCC depending on the value of s [67]. Apart from 1D, nothing is known in the quantum case.

It seems reasonable to expect that freezing is a universal phenomenon, in dimension 3, but it
can still occur in many different ways. The phase diagram of the HEG is still being carefully stud-
ied numerically. For a long time it was thought that the system could be a ferromagnetic Wigner
crystal, a ferromagnetic liquid, and a paramagnetic liquid. However, recent simulations indicate
that the ferromagnetic fluid phase may not exist [75,76]. More transitions could also occur in the
solid phase (e.g., an antiferromagnetic crystal). In the case of Hartree–Fock, thorough numerical
studies [77–79] predicted many transitions in the solid region, including exotic “incommensu-
rate” phases.

Open Problem 6 (Phase diagram). Develop mathematical tools to study the phase diagram of
the HEG and other materials.
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4. Conclusion

We have discussed some open mathematical problems concerning charged quantum particles.
For atoms and molecules, we focused on the ionization curves obtained when electrons are
added or removed from the system in its ground state. Many other open problems could have
been mentioned, in particular concerning the inclusion of relativistic effects or the description of
time-dependent phenomena. In another direction, we insisted on the poor rigorous understand-
ing we have of macroscopic Coulomb systems. Phase transitions such as freezing occur exper-
imentally for many Coulomb systems, but there is currently no mathematical tool to rigorously
prove this happens. A simple question is why table salt has the structure we know and this must
follow from Schrödinger’s equation.
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1. Introduction

In the low-temperature regime quantum fluids may display physical properties governed by
spontaneous symmetry breaking. This is the case of superfluids with the symmetry associated
to the number of neutral particles. This also happens in superconductors with breakdown of
the gauge symmetry of electrodynamics due to the condensation of Cooper pairs. Another set of
phenomenon is due to the development of strong topological order known to happen in two-
dimensional electrons gases in a magnetic field. This is the realm of the fractional quantum
Hall effect (FQHE) [1, 2]. In this short review we will discuss the interplay of both phenomena
in the context of graphene bilayers. Indeed it has been possible recently to fabricate devices
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by stacking monolayers of graphene separated by a barrier of hexagonal boron nitride leading
to an atomic scale physical separation between the layers and essentially no tunneling. Such
devices have revealed a complex pattern of FQHE states and some of them may be described
by spontaneous interlayer phase coherence of emerging entities [3] called “composite fermions”.
These composite fermions are in this case even more complex objects [4] than the ones appearing
in single layer devices.

We will focus only on the approaches based on explicit wavefunctions written in terms of
electron coordinates that have been shown to be extremely useful [3, 5, 6].

2. Fractional quantum Hall effect

To set the stage for the wavefunctions describing FQHE we first give a short introduction to
Landau level physics and the integer quantum Hall effect which does not involve in a crucial
way electron–electron interactions. The emerging dressed electrons called “composite fermions”
that describe the FQHE will essentially be ruled by this regime. Numerous books are available,
giving all necessary details [3, 7–9].

2.1. Integer quantum Hall effect

We consider a system of Ne electrons confined to two-dimensional plane under a perpendicular
uniform magnetic field. This is a physical situation describing some electron gases in semicon-
ductors, heterostructures or quantum wells. A simple description of this situation is given by the
following Hamiltonian:

H = 1

2m∗ (p +eA )2, (1)

where the vector potential can be taken in the so-called symmetric gauge A = (B × r )/2. The
effective mass m∗ is a material dependent parameter. Solving for eigenvalues of the one-body
Hamiltonian Equation (1) gives the Landau levels that have energies EN = (N +1/2)ħωc with N
a positive integer and ωc = eB/m∗ the cyclotron frequency. There a macroscopic degeneracy in
this situation: for each value of N there are exactly Nφ states that have this peculiar energy where
Nφ is the number of flux quanta through the system Nφ = B × A/(h/e). The FQHE is strongest
when all electrons lie in the lowest Landau level (LLL) whose one-body eigenstates are given by
the following formula:

φM (r ) = zM exp(−|z|2/4ℓ2), (2)

where we use the complex coordinate in the plane z = x − iy and we have defined the magnetic
length ℓ=pħ/(eB). The power M is a positive or zero integer (we omit the normalization). With
the special Landau level spectrum it is clear that even without considering interactions there are
special cases when one has exact filling of an integer number of Landau levels, say p. With the
formula for the degeneracy this happens when:

ν= Ne

Nφ
= nh

eB
= p, (3)

where we have defined the filling factor ν which is the fraction of occupied states, and n is the
areal density of electrons. A naive thought is that in this integer case one has a magnetic-field
induced insulator due to the presence of cyclotron gap ħωc. This gap lies between the highest
occupied pth Landau level and the lowest empty p + 1th level at zero temperature. This is the
physical picture for the bulk sample. In a real finite-size sample the Landau levels are bent
when approaching the boundaries and as a consequence the Landau levels will cross the Fermi
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energy at some points that we may call “Fermi points” at the real-space edges of the system. As a
consequence there is electric conduction with appearance of a Hall voltage VH perpendicular to
an imposed current I and its value is given by:

VH = 1

p

h

e2 I = 1

ν

h

e2 I , (4)

so that the Hall resistance defined by RH =VH/I is quantized in units of h/e2 and I is the current
intensity in the sample. The presence of disorder in the sample leads to the appearance of
plateaus as as a function of the magnetic field where the Hall resistance stays constant at the
value Equation (4). This phenomenon, the so-called integer quantum Hall effect [10], does not
involve in any crucial way the electron–electron interactions.

The closed-shell argument above suggests that for fractional filling no similar quantization
should develop since partial filling of a flat band enlarged by disorder may host a Fermi liquid
albeit with a large density of states. But striking experiments found evidence for the existence
of a fractional quantum Hall effect when the filling factor ν is some rational fraction and the
phenomenology of current transport is the same as in the integer case. The original discovery
involved a plateau in the Hall resistance RH = 3h/e2 corresponding to filling factor ν = 1/3 in
the LLL. To understand the fractional case one has to dig deep into the many-body problem of
interacting electrons in the LLL. A generic many-body wavefunction is a sum of products of one-
body states Equation (2) and thus can be written as a polynomial P in complex coordinates zi

times a universal (state-independent) Gaussian factor:

Ψ(z1, . . . , zN ) =P (z1, . . . , zN )exp

(
−∑

i
|zi |2/4ℓ2

)
. (5)

In the spin-polarized case the polynomial P is antisymmetric to comply with the Pauli principle.
In the general case it is hard to guess what are the relevant polynomials P but in the realm of the
FQHE the successfull approach leads to explicit guess of the polynomials, the most famous case
being the Laughlin wavefunction. We conclude this section by the giving the expression of P for
the completely filled LLL. We first observe that the one-body states Equation (2) has a probability
distribution which is a ring centered at z = 0 (because of the choice of gauge) whose radius grows
with the exponent M . So fully filled LLL means that we occupy all one-body states from M = 0
up to a maximal value given by M = N −1 without any vacancy z0, z1, z2, . . . , zN−1. This state is
exactly a Slater determinant:

Ψν=1 = det(z j−1
i ) = ∏

i< j
(zi − z j ), i , j = 1, . . . , N , (6)

where we have used the fact that the determinant is the so-called Vandermonde determinant.
From now on we will omit the Gaussian factor from the one-body states since it is independent
of the state under consideration. If we draw the charge density of stateΨν=1 in real space we find
that it has the shape of a very flat pancake with uniform density in its interior and going to zero
very quickly at the edge with a characteristic length ℓ.

2.2. Laughlin wavefunction

To explain the properties of the quantum state of electrons at ν = 1/3 Laughlin proposed the
following candidate wavefunction:

Ψ(3) = ∏
i< j

(zi − z j )3 exp

(
−∑

i
|zi |2/4ℓ2

)
. (7)

If we compute the charge density by some means we find also a very flat pancake as in state
Equation (6) but with a mean density three times lower, corresponding to a uniform electronic
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state with filling factor 1/3 (this would be 1/m if we were to put power m to the Vandermonde
factor). This wavefunction has very good trial energy but is not an exact eigenstate of the
Coulomb interacting electrons. So its theoretical status is not immediately clear. Another ansatz
was the idea of starting from the Slater determinant of ν= 1 and fill only one out of three orbitals:
z0, z3, z6, . . . . Since this is still a determinant it can be easily computed giving

∏
i< j (z3

i − z3
j ). This

is not a good candidate for the FQHE state at ν = 1/3. While it has the correct filling factor by
construction it has higher energy than the Laughlin state because it lacks the big correlation hole
around each electron due to the (zi − z j )3 factor in the Laughlin wavefunction. Also this state
called the Tao-Thouless state does not have a uniform density in real space and does not lead to
the correct phenomenology of the FQHE at ν= 1/3, contrary to the Laughlin state.

To clarify the status of the Laughlin state we now show to solve by elementary means any two-
body problem in the LLL. The interacting Hamiltonian is:

H2 = 1

2m∗ (p1 +eAr1 )2 + 1

2m∗ (p2 +eAr2 )2 +V (r1 − r2), (8)

where the positions of the electrons are r1,r2 and V is the interaction potential. In the context
of the FQHE it is given by the Coulomb interaction V (r ) = e2/r . We now introduce the center of
mass and relative coordinates R = (r1+r2)/2, r = r1−r2. The fact that the vector potential is linear
in the coordinates leads to a simplification:

H2 = 1

2M
(P +2eAR )2 + 1

2µ
(pr + (e/2)Ar )2 +V (r ), (9)

so the center of mass as well as the relative particle will live in their own separate Landau levels.
If we focus on the relative particle we can take as a basis the one-body states of Equation (2) that
are eigenstates of the angular momentum. If we consider a potential V (r ) which is rotationally
invariant it will be automatically diagonal in such a basis. The eigenenergies are thus given by
Vm = 〈φm |V (r )|φm〉. The numbers Vm are often called pseudopotentials and are given by a simple
integral. In the Coulomb case the pseudopotentials decrease as 1/

p
m. For spinless electrons

only the odd values of m matter due to wavefunction antisymmetry. As a consequence, the full
many-body interacting Hamiltonian can be written as:

H = ∑
i< j

∞∑
m=0

Vm P (m)
i j (10)

where we have defined P (m)
i j the projector onto the state of relative angular momentum m for the

pair i , j of particles.
If now we retain only the m = 1 projector in the Hamiltonian Equation (10) then we note that

the Laughlin state is an exact zero-energy eigenstate. Indeed since for all pairs of particles there
is an overall factor z3 with z the relative particle of pair i , j it means that it has no weight onto
m = 1. For the experimentally relevant case of Coulomb interaction the Vm=1 pseudopotential is
indeed the strongest which gives some weight to the relevance of the Laughlin state beyond the
fact of having a good energy. The parametrization of Equation (10) suggests a way to interpolate
between the Coulomb case and the hard-core limit involving only the projector P1 by varying the
set of discrete pseudopotentials Vm . This idea was successfully implemented by F. D. M. Haldane
(see his contribution in book [9]) showing that the Laughlin state is smoothly connected to the
Coulomb ground state and thus these two states share the same physics.

As a polynomial in the electronic coordinates the Laughlin ansatz gives us a state which is
already fully factorized. This is a mathematical statement concerning the polynomial appearing
in the many-body wavefunction. It does not mean that the quantum state is factorizable, the
Laughlin state is not a Slater determinant. Indeed it is known to be a case of strong entanglement,
a property which does not exist in Slater determinant states. The zeros of this polynomial are
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located exactly at the positions of the electrons, a very special feature which is not true in general.
Let us rewrite the Laughlin polynomial in the following way:∏

i< j
(zi − z j )3 = ∏

i< j
(zi − z j )× ∏

i< j
(zi − z j )2 = det(z j−1

i )× ∏
i< j

(zi − z j )2. (11)

Here we have explcitly factored out one power of the Vandermonde determinant Equation (6).
We observe that if we pick one electron and drag it around the closest neighbor we see that the
phase of the wavefunction changes by 6π while antisymmetry due to the Pauli principle requires
only a 2π turn. We interpret this property by saying that there are exactly two vortices bound
to each electron in this state of matter. The vortex attachment is directly due to the extra factor∏

i< j (zi − z j )2. While this reveals a fundamental property of the FQHE state, it does not lead
immediately to a recipe to construct other candidate wavefunctions for filling factors beyond
ν = 1/3. We now show in the next section how another rewriting of the Laughlin polynomial
leads naturally to the so-called composite fermion construction.

2.3. Composite fermion wavefunctions

Experiments revealed also the appearance of the FQHE for fractions other than 1/3. The most
prominent set of such states appears for filling factors ν = p/(2p ± 1) with p integer, asking for
an explanation in terms of wavefunctions beyond the Laughlin state. One such state is given by
the so-called composite fermion construction that we describe now. Much of our intuition of
electron systems is based on Slater determinants and occupied/empty orbitals so the first step is
to rephrase the successfull Laughlin state in this language. We write the correlation factor of the
Laughlin state in the following way:∏

i< j
(zi − z j )3 = ∏

i< j
(zi − z j )× ∏

i ̸= j
(zi − z j ) = det(z j−1

i )× ∏
i ̸= j

(zi − z j ). (12)

Distributing the last among the columns of the determinant we arrive at the following identity:∏
i< j

(zi − z j )3 = det

(
z j−1

i

∏
k ̸=i

(zi − zk )

)
. (13)

This can be interpreted as a Slater determinant for a filled Landau level provided one replaces the
one-body wavefunctions by correlated one-body wavefunctions:

zm → zm
∏

j
(z − z j ), (14)

where the product over j is over all other particles. The extra correlation factor is called a Jastrow
factor in many-body physics. If we decide to adopt such correlated orbitals instead of the one-
body states we can view the Laughlin state at ν = 1/3 as a completely filled Landau level with
ν∗ = 1. We guess then that excited states may involve higher-lying Landau levels provided one
uses modified orbitals including the correlation factor Equation (14). In Landau levels other than
the lowest the one-body eigenstates involve the complex conjugate z∗ in addition of the complex
coordinate z. Let us call φN ,m(z, z∗) such a state in the N th Landau level. We add Laughlin-style
correlations by making the product as above:

φN ,m(z, z∗) →φN ,m(z, z∗)
∏

j
(z − z j ). (15)

Such a state however does not live in the LLL due to the appearance of z∗ factors. Since there
is overwhelming evidence for FQHE in the LLL only we want to project such states into the LLL
and then play the game of making Slater determinants. The operation of projection onto the LLL
amounts to putting all z∗ to the left-hand side of the formula and next replacing them by the
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operator 2∂/∂z. The result is then entirely in the LLL. In the N = 1 Landau level this manipulation
amounts to the substitution:

zm → zm ∂

∂z

∏
j

(z − z j ), (16)

and going to even higher Landau levels simply add more derivatives acting onto the correlation
factor. Since the correlation factors map ν = 1/3 onto ν∗ = 1 one can say that the composite
fermions feel a reduced magnetic field B∗ = B − 2nφ0 by using the definition Equation (3)
of the filling factor. This immediately suggests that there will be an IQHE for the composite
fermions when ν∗ = p with p filled Landau levels of the CFs. This translates in filling factors for
electrons as ν = p/(2p + 1). One can then write down Slater determinants made of correlated
orbitals to describe such states. This procedure gives us explicit trial wavefunctions whose
energies can be computed by a simple Metropolis sampling. Many if not all properties extracted
from these CF wavefunctions are in excellent agreement with the known experimental data
and also in agreement with numbers obtained from exact diagonalization of systems with a
(very) small number of electrons. The series of FQHE states at ν = p/(2p + 1) is prominent
in high-quality samples and is called the Jain series of states. It is observed from p = 1 (the
Laughlin state) up to at least p = 10. It is important to note that these states have no variational
parameters and nevertheless offer a very accurate description of FQHE states (for detailed
comparisons see e.g. [3]). The heuristic mapping B → B∗ also correctly predict that when
B∗ = 0 the CFs form some kind of Fermi sea which is gapless as is observed in electron gases at
ν= 1/2.

With the notion of effective magnetic field B∗ we note that it may be negative, leading to states
with ν∗ =−p hence ν= p/(2p −1) as observed in experiments. It is also easy to generalize the CF
construction to fractions descending from the parent state ν= 1/5. Indeed the Laughlin state can
accommodate any odd power of the Jastrow factor for spin polarized fermions (even power for
bosons). The same line of reasoning leads to series of states with ν= p/(4p+1) and ν= p/(4p−1),
again many of such states are observed in nature. When the filling factors becomes low the FQHE
are competing with a crystal state made out of electrons, called the Wigner crystal which does not
have the same striking properties as the FQHE states.

The CF construction also gives a very simple picture of excited states. Since the CF are
filling an integer of pseudo LLs a first type of excitations consists of promoting a CF from the
topmost filled pseudo LL to the lowest empty pseudo LL. This is a neutral excitation with no
change of the number of electrons or the number of flux quanta. One may expect that such
an excited state has an energy cost given by the effective cyclotron energy for the CFs. There
are also charged excited states obtained by making a hole in the topmost filled pseudo LL:
such a state is called a quasihole. By reducing the applied magnetic flux one can also create a
situation with only one electron promoted to the next pseudo LL. This is then the quasielectron
state.

In the CF picture one still has to explain why the Hall resistance is quantized as Rx y =
(1/ν)(h/e2) with the ν the electron filling while there are p filled pseudo Landau levels of CF in
the series ν= p/(2p +1). The explanation is that while the CF contains a charged electron it also
binds two vortices. Indeed in the construction of the CF states the Jastrow factor squared is always
present and in line with the case of the Laughlin state we interpret this factor by saying that there
are two vortices bound to each eletron. The CF vortex carries two units of flux φ0 and if such a
vortex crosses a Hall bar it will induce a voltage drop e = −dΦ/dt = 2(h/e)(I /e) where I /e is the
number of CF per unit time crossing the Hall bar. So there is an additional contribution to the
Hall voltage: VH = (1/p +2)h/e2I . This completes the explanation of transport phenomenology
in the FQHE regime which is mapped onto that of the IQHE.
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Finally we mention that the composite fermions may undergo a pairing instability. This was
proposed by Moore and Read [11] who introduced yet another intriguing explicit wavefunction
called the Pfaffian:

ΨPf = Pf

(
1

zi − z j

) ∏
i< j

(zi − z j )2, (17)

where the symbol Pf stands for the Pfaffian of the square matrix 1/(zi − z j ). If we compute the
determinant of an antisymmetric matrix we find that it is the square of a polynomial of the matrix
elements. This polynomial is called the Pfaffian of the matrix. It appears when one projects
a paired state like the BCS wavefunction onto a state with fixed number of particles. So the
appearance of this peculiar factor is indicative of the paired nature of the Pfaffian state. Indeed
the Pfaffian state is a p-wave paired state of composite fermions. The filling factor of the state can
be easily computed and is ν= 1/2. This state is not an exact eigenstate of the Coulomb interaction
and is a trial state competing with the Fermi sea of composite fermions that exists at the same
filling factor. In the LLL in semiconductors the Fermi sea has lower energy and the ν= 1/2 state
is compressible but it may be that this state becomes the ground state in the next Landau level
where the effective Coulomb interaction is different from the LLL so it is a candidate for the FQHE
state observed for ν = 2+ 1/2 = 5/2 in some very clean devices. This state supports excitations
with non-Abelian statistics which are very interesting quasiparticles. We will not discuss in more
details this important FQHE topic.

3. Interlayer phase coherence

3.1. The role of spin

We now discuss the modifications of previous ideas when we consider the spin degree of freedom
of charge carriers. The first remark is that the ν= 1 state should be written as:

Ψ(1) = ∏
i< j

(zi − z j )| ↑ · · · ↑ 〉 (18)

since by construction it is fully polarized. More general states will not be a simple product of a
spin part times an orbital part. If we consider the many-body problem of electrons interacting
by the Coulomb potential we note that it has full SU (2) spin rotation symmetry. This rotation
symmetry will be broken down to U (1) by the Zeeman coupling of the external field to the total
spin. The state (18) has a spin projection onto the z axis equal to Sz

tot = +N /2 and by rotational
symmetry of the Hamiltonian it is also member of a multiplet of total spin Stot = Sz

tot. This
multiplet is exactly degenerate without Zeeman effect.

Ψ(1) =∏
k

c†
k↑|0〉 (19)

The Sz
tot = 0 member of this spin multiplet is obtained by acting repeatedly with the spin lowering

operator:

|Sz = 0〉 = (S−
tot)

N /2
∏
k

c†
k↑|0〉 . (20)

In this formula the spin operator acts only on the spin degrees of freedom but does not change
the orbital part of the state. If we write the state in first quantization we decide to call zi the
coordinates of ↑ spins and wk of ↓ spins and the orbital part of the Sz

tot = 0 state is then:

Ψ(1) = ∏
i< j

(zi − z j )
∏
k<l

(wk −wl )
∏
i ,k

(zi −wk ). (21)
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The full wavefunction with the spin part is the antisymmetrized product of this orbital factor and
of the zero spin state | ↑ · · · ↑↓ · · · ↓ 〉. Halperin has proposed a generalization of the Laughlin
wavefunction appropriate to states involving spin:

Ψ(mmn) = ∏
i< j

(zi − z j )m
∏
k<l

(wk −wl )m
∏
i ,k

(zi −wk )n . (22)

Again this only the orbital part—it has to be supplemented by the spin part and antisymmetrized.
Evaluation of spin-independent observables like the Coulomb energy only involve the orbital
part so we simply omit the spin part for clarity. The filling factor of the trial state mmn has to
be computed and is found to be ν = 2/(m +n) where the filling factor refers to the total filling
including both species. In general it is not an eigenstate of total spin. Special cases include
m = n + 1 which is a singlet Stot = 0 and m = n states that are ferromagnetic states as the state
Equation (18). For example the (332) Halperin state describes the singlet state ν = 2/5 that is a
FQHE state appearing in samples with small Zeeman effect.

We note that at a given filling factor there are several Halperin state that are competing.
For example at νtot = 1/3 one may construct the (333) state which has Laughlin correlations
irrespective of the particle index and one can also build the (551) state which may become
relevant when repulsion is weaker between the two components.

3.2. Quantum Hall bilayers

There are several physical situations where the electrons have a pseudospin index. This happens
notably in many-valleys semiconductors. Monolayer graphene has two valleys and thus an extra
pseudospin with two values in addition to the real spin. Some semiconductors like Si have up to
six valleys. It may happens that the Coulomb interaction is independent of these extra degrees
of freedom. This is approximately the case of monolayer graphene. We discuss now the case of
engineered systems where two spatially separated layers of two-dimensional electron gases are
close enough so that there are sizable Coulomb interactions. The layer index is then a pseudospin
and the Coulomb interaction is different inside a given layer and between layers:

V↑↑ =V↓↓ = e2/r, V↑↓ = e2/
√

r 2 +d 2, (23)

where d is the distance between layers. With this interaction the problem does not have the full
SU (2) rotation symmetry in pseudospin space but only the U (1) rotation around the z axis which
is the conservation law of the difference of particle numbers in the two layers. Let us concentrate
on the case ν= 1 first. In the limit d → 0 we are back to the symmetric situation discusses in the
previous section and the ground state is a ferromagnetic spin multiplet. If we now tune d small
the members of the multiplet will no longer be degenerate. Since electron–electron interactions
are weaker when they are in separate layers it means that the Sz

tot = 0 state will have lower energy
than all other states in the multiplet.

3.3. Symmetry breaking and the phase

If we increase the number of electrons at fixed interlayer distance d we discover that the multiplet
of states Sz

tot = −N /2, . . . ,+N /2 becomes degenerate as N → ∞. This emergent degeneracy is
the hallmark of broken symmetry. Since these states differ by the transfer of electron between
layer it is the XY symmetry associated to the relative phase between layers which is broken. As
in situations involving broken symmetry the physics become transparent once we use a function
which breaks explicitly the symmetry. A simple choice is:

Ψx =∏
k

c†
k,x |0〉 =

∏
k

(c†
k,↑+ c†

k,↓)|0〉, (24)

24



Thierry Jolicoeur 121

where k labels the one-body states of the LLL. This state has 〈Sz
tot〉 = 0 even though it is not an

eigenstate of Sz
tot. Expansion of the second formula reveals that it has weight over all members

of the multiplet. This state is the analog of the BCS wavefunction for broken particle number. Its
generalization to an arbitrary relative phase φ between layers is then:

Ψ(φ) =∏
k

(c†
k,↑+eiφc†

k,↓)|0〉 (25)

This state gives equal weight to the two layers and this broken symmetry is aptly called inter-
layer phase coherence. In the magnetic language we are dealing with XY symmetry breaking and
the relative phase φ is the XY order parameter. This phenomenon has been observed in semi-
conductor devices [12] for total filling factor unity and d ≲ ℓ. If the layer separation is too large
then we have two essentially decoupled layers each hosting a ν = 1/2 CF Fermi sea. There is at
least one transition between the fully decoupled regime at large separation and the ILC phase at
small separation. As expected in a system with a phase associated with symmetry breaking there
should supercurrents in states with a gradient in space of this phase. However since the phase
corresponds to the relative phase between the layers it implies that the supercurrent consists of
opposite flows of charge carriers in opposite layers so with zero total current.

Let us now perform a particle-hole transformation on only one spin species of the state
Equation (25) and call dk,↑,d †

k,↑ the associated creation/annihilation operators. Then the state
with definite phase Equation (25) can be written as:

Ψ(φ) =∏
k

(1+eiφc†
k,↓dk,↑)|0̄〉 (26)

where we have defined the new vacuum |0̄〉 =∏
k c†

k,↑|0〉. This new writing show that the ILC state
at total filling factor ν = 1 can be aptly called an exciton condensate where the two members of
the exciton pairs reside in different layers.

There are two configurations of currents that can be used to reveal the ILC. The first one is the
drag configuration in which a current is imposed only one layer (the “drive” layer) and may then
measure the Hall voltage across the drive layer giving then a measurement of Rdrive

x y and measure
the Hall voltage across the other layer with no drive current (the “drag” layer) giving access to
Rdrag

x y . If we consider the Halperin (111) wavefunction we note that driving an electron in one
layer is accompanied by one vortex in the other layer so ILC has the special value:

Rdrive
x y = Rdrag

x y = h

e2 (27)

The other configuration is the counterflow set-up in which the current of the drive layer is
injected at the end of the Hall bar backwards in the top layer inducing a regime in which the
currents flow in opposite directions in the two layers. If now we tune the magnetic field to reach
νtot = 1 electrons and holes are locked together as in Equation (25) and thus form a neutral entity
that does not feel the Lorenz force. So the Hall voltage in both layers goes to zero right at νtot = 1
a striking evidence of ILC [12].

4. Graphene bilayers in the modern era

It has been feasible recently to build devices with stacking of two atomically thin monolayers of
graphene. Such systems can reach a regime where d/ℓ≈ 0.1 which was out of reach of previous
set-ups. Combined with high electronic mobility experiments have revealed numerous FQHE
states [13, 14] that do not match the fillings of one-component states discussed in Section 2.3.
One can first ask whether there is an extension of the CF wavefunctions giving trial wavefunctions
for these states. Another more intriguing question is whether one can observe ILC involving as
basic building blocks CF instead of electrons.
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4.1. 2
1C F wavefunctions

The Halperin family of states Equation (22) suggests a simple way to construct CF states [5]. We
take a CF state in each layer, make a product and add a correlation factor between the two layers:

Ψ=Ψν̄(zi )×Ψν̄(wk )×∏
i ,k

(zi −wk )m . (28)

Now the exponent m can be even or odd since there is no restriction from Fermi statistics. One
may expect that the relevant values of m are smaller for larger separations between layers. This
state has filling factors ν1,2 for each layer:

1

ν1,2
= 1

ν̄
+m = 1

ν∗
+2p +m (29)

The CF that are formed in such states are called 2p
m C F where there are 2p vortices attached to the

electron in the same layer and m interlayer vortices, according to the interpretation of Jastrow
factor in the CF language.

By increasing the distance d between the layers we expect a weakening of correlations and
transitions [5] between competing states at fixed filling factor. For example at νtot = 1/3 one may
have a ground state described by the (333) state at small separations which is a state of 2

3C F . For
larger separation we construct the (551) at the same filling which is now a state of 4

1C F . For very
large separations there should should no interlayer repulsion and so each layer should form a
Fermi sea of 6C F (note that at such a low filling factor ν= 1/6 a Wigner crystal may form instead
of a FQHE state). By considering compressible states one may enlarge the familty of trial states.
For example there is the Fermi sea of 4

2C F which is also competing at νtot = 1/3 that would lead
to a compressible intermediate phase sandwiched between (333) and (551) states if we guess that
the ordering of phase follow the power of the interlayer repulsion factor. At filling factor νtot = 1/2
one may consider the Halperin state (331) which may be realized in GaAs/GaAlAs devices [15, 16].

By similar reasoning we expect that for νtot = 2/5 by increasing the separation we find the
(332) state which is a 2

2C F , then a Fermi sea of 4
1C F , then the state (550) which is a product of two

Laughlin states at filling 1/5, an incompressible state of 4C F .
It is also plausible [17] that other non-FQHE state enter the competition like crystal states

of electrons or of composite fermions. Only partial theoretical analysis of this complicated
situtation is available.

4.2. Observed states

By analogy with monolayer electronic gases one expects to find a prominent series of FQHE states
involving 2

1C F [5] which means p = 1 and m = 1 hence ν1,2 = n/(3n +1) where n is the number
of filled pseudo-Landau levels of CFs. Indeed the states ν1,2 = 1/4 (n = 1),2/7 (n = 2),3/10 (n = 3)
are observed as incompressible states. The negative-flux series is also observed for ν1,2 = 1/2 (n =
−1),2/5 (n =−2),3/8 (n =−3). These two series of states should converge to a compressible state
for ν1,2 = 1/3. Some of these fractions have simple wavefunctions: this is the case of the 1/4 state
which involves two Laughlin states with one Jastrow power between the layers. The wavefunction
is the (331) state in the Halperin family Equation (22). But these series of states do not exhaust
the observations made in graphene bilayers.

Some additional fractions beyond the principal n/(3n±1) series include states with fractional
n and odd denominator such as ν1,2 = 3/14 corresponding to n = 3/5 or ν1,2 = 2/9 with n = 2/3.
It may be that such corresponds to FQHE states of composite fermions as observed in one-
component systems for fractions like ν= 4/11. They may fall in the general hierarchical scheme
of FQHE.
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Another set of states appear for ν1,2 = 1/3 and 2/3. These states do not manifest any drag Hall
resistance so they are decoupled FQHE states likely (330) for 1/3 and its particle-hole partner
for 2/3. The state observed at ν1,2 = 1/6 may be a Halperin state (333) provided interlayer
correlations are strong enough which is not completely consistent with uncorrelated states
nearby at 1/3. As we observed in the case of multicomponent states at a given filling factor there
are several competing states when we vary the strength of interlayer coupling.

Finally there is evidence for states with half-integer filling of 2
1C F . This includes ν1,2 = 1/5(n =

1/2),3/11 (n = 3/2),5/17 (n = 5/2) and with negative flux ν1,2 = 3/7 (n = −3/2),5/3 (n = −5/2).
If we take into account the ILC phenomenology as well as the CF construction it is natural to
conjecture that these states may display ILC of 2

1C F .
It is now a theoretical challenge to write down explicit wavefunctions capturing these states

that combine the formation of emerging quasiparticles (the CFs) and their condensation in a
broken symmetry state.

5. Conclusions

Recent experiments have given evidence for a fascinating interplay of topological order with the
creation of a new type of composite fermions, the 2

1C F entities. These CF quasiparticles may form
Landau levels leading to incompressible states that are a generalization of the series of FQHE
states already observed in single-layer one-component systems. However these experiments
also revealed the appearence of other FQHE states whose description may involve interlayer
phase coherence of composite fermions. Such states await detailed theoretical explanation. The
technological advances in the manipulation of layered structures has opened a whole new field
of investigation of correlated quantum states and the transitions between them.

Of course there are many more examples of multicomponent quantum Hall systems that
we have not addressed in this short review. The experiments we have briefly discussed in this
review [13, 14] have a thin insulating barrier of hexagonal boron nitride between two graphene
monolayers. The barrier is thin enough to allow strong Coulomb interactions between the two
electron gases but nevertheless thick enough to suppress tunneling. It is feasible to fabricate
samples with nonzero tunneling. This leads a new set of physical properties. Notably the spin
texture of charge excitations is changed and can be manipulated by tilting the applied magnetic
field away from the direction perpendicular to the layers. The physics of this situation has been
investigated in samples involving two semiconductor quantum wells coupled by tunnel effect.
Each one-body quantum state in a well is then combined with its partner in the opposite well
giving rise to eigenstates that are symmetric–antisymmetric (SAS) doublets with tunnel energy
splitting∆SAS. It is thus feasible to investigate such a system as a function of the applied magnetic
field and ∆SAS. Such experiments have revealed the competition between one-component
and two-component quantum Hall states as well as between single-layer and bilayer Wigner
crystals [18, 19].

In the graphene world one can also study pure graphene bilayers where there is chemical
bonding between two monolayers. The case of Bernal stacking (AB) has been investigated in
detail in the quantum Hall regime. This is a very special case since the central Landau level has
an orbital degeneracy between levels with N = 0 and N = 1 character where N is the Landau
level index. This is in addition to the spin and valley degeneracies which are also present as
in the case of monolayer graphene. The central level orbital degeneracy can be adjusted by
applying an electric bias between the two layers leading to a tunable quantum Hall system
which can interpolate between N = 0 and N = 1 FQHE physics. One expects that some if
not all FQHE states can be described by appropriately generalized CF wavefunctions. Recent
investigations [20] have revealed many FQHE states with even denominators that are outside the
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scope of CF wavefunctions but likely to belong to the Pfaffian family of FQHE states or its particle-
hole partner dubbed the “AntiPfaffian”.

It is likely that progress in sample creation or fabrication will lead to more insights into these
remarkable states of matter and more guidance for in-depth theoretical studies.
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1. Introduction

In the last decades, a most promising platform for many-body physics has emerged thanks to
the dramatic advances in the laser cooling techniques for dilute atomic gases. This has allowed
to reach unprecedented temperatures in the sub-nanokelvin range and has allowed the clean
observation of textbook many-body phenomena such as Bose–Einstein condensation (BEC),
the crossover from BEC to a Bardeen–Cooper–Schrieffer (BCS) superconductive state of Fermi
gases, and first realizations of strongly interacting states of matter such as Mott insulators and
fractional quantum Hall fluids [1–4]. As compared to traditional condensed matter systems
which are subject to sizable fabrication disorder and spurious additional effects, atomic gases
enjoy an extraordinary level of cleanness and control at the microscopic level, which permits a
quantitative comparison with ab initio theoretical calculations. Still, the available values of the
temperature are typically still too high to observe the most exciting strongly correlated states of
matter.

More or less in the same years, the merging of ideas from quantum optics and many-body
physics has led to the development of the concept of fluid of light, namely an assembly of
photons confined in suitable cavity devices where they display a finite effective mass and sizable
interactions mediated by the optical nonlinearity of the medium [5]. As a result of these features,
the photon gas starts displaying the typical collective properties of a standard quantum fluid such
as superfluidity and condensation and, by now, an active research is being devoted to the quest
for strongly correlated states of the fluid of light [6,7]. As a key difference compared to atomic
gases, fluids of light in cavity configurations are typically characterized by a driven-dissipative
nature, where the state of the fluid is not determined by a thermal equilibrium condition, but
rather by a dynamical balance of pumping and losses [8,9].

This was initially considered as a serious drawback, as it made it difficult to realize the most
celebrated textbook models of many-body physics. But over the years it has become clear that the
nonequilibrium nature of the fluid opens the way to new physical phenomena and offers a wide
variety of novel experimental tools for the stabilization, the manipulation and the diagnostics
of the fluid. In particular, very different states of matter can be realized by simply tuning the
properties of the laser beams used to generate the fluid of light. As the open nature of the fluid
of light naturally provides a way to exchange energy and particles with the external world, it can
be exploited to reduce the level of thermal-like excitation of the fluid. Rather than trying to cool
the system towards lower and lower temperatures, the idea is then to design driving and loss
mechanisms that autonomously stabilize the system into the desired quantum many-body state.

Quite interestingly, these efforts in the nonequilibrium stabilization of fluids of light go on
par with analogous developments in the context of cold atoms aiming at exploiting driving and
dissipation to stabilize interesting many-body states of atomic matter [10–12], also coupled to
optical cavities [13–15]. As a key difference, however, the typical dissipation schemes considered
for atoms do not involve a net flux of atoms through the system from/to external reservoirs.
Stimulated by recent pioneering experiments [16–18], it will be an exciting new frontier to explore
the new nonequilibrium physics of driven-dissipative cold atomic gases that can exchange
particles with one or more external reservoirs.

The goal of this article is to summarize the main ideas in the physics of fluids of light in cavity
configurations and introduce the reader to the different strategies that have been developed
in this context for the driven-dissipative stabilization of different quantum many-body states.
As several reviews are already available on this topic [5–9], our focus will be on a pedagogical
presentation of the main theoretical tools that can be used to describe the system under different
pumping conditions and to design schemes to exploit the driven-dissipative nature for novel
investigations of many-body physics. A brief discussion of some specific experiments will also
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be given, yet without the ambition of providing a complete bibliography on this wide and
active field of research. In particular, we will not dwell into the active research that is going
on in fluids of light in propagating geometries [19] and which has already led to a number of
recent landmark experiments, ranging from superfluidity features [20,21], quantized vortices [22–
24], turbulent [25,26] and condensation phenomena [27–29], to the quantum dynamics past
quenches [30] and pioneering work on strongly interacting gases [31,32]. As the quantum
dynamics of the propagating fluid of light is an essentially conservative one, this area of research
is somehow disconnected from the driven-dissipative dynamics of cavity configurations that is
the focus of the present article.

In spite of these limitations, we hope that our presentation will be useful to those researchers
that wish to export ideas of quantum fluids of light into the field of cold atoms, so as to realize
driven-dissipative schemes that autonomously stabilize strongly correlated states of matter in
ultracold atomic gases. The structure of the article is the following. In Section 2 we give the
basic concepts in the field of fluids of light and we summarize the basic blocks of their theoretical
description. Section 3 is focussed to the regime of weakly interacting fluids where a mean-field
theory provides an accurate description of the system: after a brief summary of the theoretical
description, we will outline a few specific configurations where the driven-dissipative nature of
the fluid of light opens new exciting possibilities of stabilizing and manipulating many-body
states and gives rise to interesting new effects. In Section 4, we turn to strongly interacting
systems, with a special attention being paid to the stabilization and the manipulation of driven-
dissipative fractional quantum Hall states. In Section 5 we give our conclusions and we sketch our
vision of the perspectives of this field, with a special emphasis on transferring ideas of quantum
fluids of light back to atomic gases in novel driven-dissipative regimes.

2. Basic concepts of quantum fluids of light

In our intuitive picture, we are used to associate light to propagating electromagnetic waves or,
in a quantum description, to a stream of corpuscular photons that travel across space at a very
fast speed. The concept of Quantum Fluid of Light (QFL) defies this picture. Merging ideas from
condensed matter physics and optics, it deals with the collective behaviours that assemblies of
photons display when they are endowed of an effective mass and sizable inter-particle interac-
tions [5] and are then manipulated as a standard fluid of many interacting particles.

This section starts with a brief review of these basic concepts and, then, elaborates on the
intrinsically driven-dissipative nature of the fluid of light in cavity configurations and on the tools
that are needed for its theoretical description.

2.1. Conservative dynamics

2.1.1. Photon mass in cavity configurations

Within special relativity, massless particles travel at a constant speed c and a finite mass is
required to put particles at rest. In vacuo, the photons that constitute light beams are massless
particles. The situation can dramatically change in spatially confined geometries, where photons
acquire a finite effective mass for their motion along some dimensions thanks to the spatial
confinement along the other dimensions.

The simplest case is the one sketched in the top panel of Figure 1, namely a cavity enclosed by
a pair of plane-parallel metallic mirrors located along the x y plane and separated by a distance Lz

along z. As the tangential component of the electric field has to vanish at the metallic mirrors,
the z component of the wavevector is quantized as k(q)

z =πq/Lz according to the positive integer
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Figure 1. Light confinement in a planar microcavity (top) results in a relativistic dis-
persion for the in-plane motion of photons (bottom left). Feynman diagram describing
the Heisenberg–Euler photon-photon interaction processes mediated by virtual electron-
positron pairs in Quantum Electrodynamics (bottom right).

number q > 0 characterizing the number of field nodes along the z direction. On the other hand,
given the translational symmetry along the x y plane, the motion along these directions is free
and the corresponding component k∥ of the wavevector can have arbitrary values.

As a result, forgetting for simplicity the polarization degrees of freedom, electromagnetic
waves in a planar cavity filled of a material of refractive index n can be described in terms of a
massive relativistic-like dispersion,

(ħω(q)(k∥)
)2 = (m(q)c2)2 + ħ2c2

n2 k2
∥, (1)

where the finite effective mass of each q branch

m(q)c2 = ħck(q)
z

n
=ħω(q)

o (2)

arises from the zero-point confinement along z and grows with the quantum number q . As usual
in special relativity, the mass parameter m(q) encodes both a rest mass related to the energy ħω(q)

o

of a photon at rest in the zero-momentum k∥ = 0 state and a kinetic mass related to growth of
the energy of a photon when this is set into motion at a non-zero k∥. In the bottom left panel of
Figure 1, the former can be read out as the energy gap below the dispersion, while the latter gives
the curvature of the dispersion around its bottom.
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Under a non-relativistic approximation, a parabolic form of the dispersion is obtained for each
q branch at small in-plane momenta,

ω(q)(k∥) ≃ω(q)
o + ħ

2m(q)
k2
∥. (3)

Upon quantization, the electric field in the cavity can be expanded as

Ê(r∥, z) =
∞∑

q=1
Eq (z)Ψ̂q (r∥)+E ∗

q (z)Ψ̂†
q (r∥) (4)

in terms of a set of quantum field operators Ψ̂q (r∥) describing each q branch and satisfying
bosonic commutation rules, [

Ψ̂q (r∥),Ψ̂†
q ′ (r′∥)

]= δq,q ′ δ(2)(r∥,r′∥). (5)

The wavefunction of mode q around the bottom of the branch

Eq (z) =
√

4πħω(q)
o

n2L
sin

(
πq z

L

)
(6)

displays nodes at z = 0,L and gives an energy ħω(q)
o per photon.

The form (3) of the dispersion suggests a straightforward way to generate an external potential
for photons. Replacing in (3) the explicit dependence of ω(q)

o on the cavity parameters (2), it is in
fact immediate to see how a slow lateral dependence of the refractive index n(r∥) and/or of the
cavity thickness L(r∥) can be exploited to generate an effective in-plane potential profile

V (q)(r∥) =ω(q)
o (r∥) = cπq

n(r∥)L(r∥)
. (7)

Such a potential can be used, e.g., to exert uniform forces in the case of a uniform gradient or to
localize the photons in suitably defined potential wells. Of course, in order to avoid introducing
undesired losses due to the abrupt in-plane variation of the field mode, the r∥-dependence of L
and n has to be sufficiently smooth to avoid non-adiabatic inter-branch transitions.

Even though these simple formulas have been obtained for the simplest case of metallic cav-
ities, qualitatively similar results hold for other kinds of planar microcavities with translational
symmetry along the x y plane, in particular semiconductor DBR microcavities enclosed by dis-
tributed Bragg reflectors [5,33].

2.1.2. Photon-photon interactions

A superposition principle for light fields directly follows from the linearity of the classical
Maxwell equations in vacuo [34]: two light beams propagate independently of each other, and
a light beam cannot be used to modify the propagation of another beam. Quite remarkably, this
cornerstone of classical electrodynamics ceases to be true in quantum electrodynamics where
photons can be converted into electron-positron pairs and back.

Among a plethora of other effects, this interaction vertex results into the effective photon-
photon interaction process first pointed out by Heisenberg and Euler in the 1930’s [35] and
illustrated in the bottom right panel of Figure 1. As this process is mediated by the creation of
virtual electron-positron pairs, the effective scattering cross section is only significant for high
energy photons of energies comparable to the electron/positron rest mass of around 0.5 MeV,
while it is dramatically suppressed at lower energies according to

σ∝α4
(

h

mel c

)2 ( ħω
mel c2

)6

. (8)
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In addition to the squared electron Compton wavelength h/(mel c) ≃ 2.4 pm and the four fine-
structure α= e2/ħc ∼ 1/137 factors corresponding to the four interaction vertices, the main sup-
pression comes from the detuning of the virtual intermediate states due to the large rest mass of
the virtual electron-positron pairs compared to the incident photon energy. For visible light in the
eV range, this suppression factor can be as huge as 10−36 making the observation of Heisenberg–
Euler photon-photon scattering processes in table-top experiments very difficult. Efforts are
in progress to observe photon-photon scattering in vacuo using strong laser beams [36] or γ-
rays [37–39] and experimental results have been reported for a related effect of photons scatter-
ing off the strong electrostatic field surrounding a heavy-ion [40].

The microscopic mechanism of photon-photon scattering in vacuo suggests that a huge
reinforcement of the effect would be obtained if lighter particles were available as intermediate
states of the scattering process. This naturally occurs in solid-state insulating materials, whose
ground state consists of a filled valence band and an empty conduction band. Promoting an
electron from the valence to the conduction band can be reinterpreted as the creation of an
electron in the conduction band and a hole in the valence band [41]. The energy cost of this
process is roughly determined by the electronic energy gap of the material, typically in the eV
range. A naive translation of this result into the formula (8) predicts a dramatic reinforcement of
the photon-photon scattering cross section by a factor of the order 1036 and suggests the actual
observability of photon-photon collision processes in material media.

This intuitive picture of photon-photon collisions can be put on solid grounds in the frame-
work of nonlinear optics [42,43]: here, binary photon-photon interactions are encoded in the χ(3)

optical nonlinearity of the medium, which describes a dielectric polarization proportional to the
cube of the applied electric field. Such nonlinear optical processes occur in generic optical media
and strong efforts are presently being paid to realize materials where the strength of the optical
nonlinearities is reinforced well beyond the prediction of a naive extension of (8). Among the
most promising platforms for this purpose, we can mention superconductor-based circuit-QED
devices operating in the microwave range [7,44] or optically dressed atomic gases in the so-called
Rydberg-EIT configurations [6,31,32]: such exceptional media are at the heart of the recent devel-
opments towards the realization of strongly interacting photon fluids that we are going to present
later on in Section 4.

For the sake of simplicity, we will restrict our quantitative discussion of the photon-photon
interaction Hamiltonian to a simplest case that can be worked out in analytical terms. We model
photon-photon interactions as a normally-ordered, spatially local quartic term of the form

Hint = ħg3d

2

∫
d3r : Ê(r)4 : (9)

By equating1 the nonlinear frequency shift predicted by the Hamiltonian (9) for a given plane-
wave mode at k in a spatially uniform geometry when only this mode is coherently occupied
with amplitude α,

δω= 6g3d |E |4 |α|2 (10)

with the amplitude of the nonlinear polarization at the frequency of the mode predicted by the
nonlinear optics formalism,

Pnl = 3χ(3) |E |2 E |α|2α, (11)

we obtain that

g3d =−χ
(3)

2ħ . (12)

1We have assumed a spatio-temporally local nonlinearity, so the total nonlinear polarization is P (tot)
nl (r, t ) =

χ(3) E3(r, t ). The uniform-space mode normalization is E = (2πħω/n2)1/2. The amplitude of the coherent state is nor-
malized as 〈âk〉 = (2π)3δ(k−k′)α.
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Moving to a planar cavity geometry completely filled by the nonlinear medium and restricting
our attention to the lowest q = 1 mode, we can insert the explicit expression for the cavity mode
profile (6) into (9) and integrate over z, so that we obtain a nonlinear interaction term of the usual
form

Hint = ħgnl

2

∫
d2r∥ Ψ̂†(r∥)Ψ̂†(r∥)Ψ̂(r∥)Ψ̂(r∥) (13)

with an interaction strength gnl that is related to the third-order nonlinear susceptibility χ(3) of
the medium by [45]

gnl =−18π2(ħωo)2

n4 L
χ(3). (14)

2.1.3. The Hamiltonian

Putting all these effects together, the dynamics of the quantum fluid of light in the lowest
energy states around the bottom of the q = 1 branch can be summarized by the following bosonic
Hamiltonian [5]:

H =
∫

d2r∥
[
ħωoΨ̂

†(r∥)Ψ̂(r∥)+ ħ2

2m∗∇∥Ψ̂†(r∥)∇∥Ψ̂(r∥)+ħV (r∥)Ψ̂†(r∥)Ψ̂(r∥)+

+ ħgnl

2
Ψ̂†(r∥)Ψ̂†(r∥)Ψ̂(r∥)Ψ̂(r∥)

]
. (15)

Here, the first and second terms respectively describe the rest energy of the photons and their
(nom-relativistic) in-plane kinetic energy, as defined in (1)–(2). The third term models the
external potential (7) acting on the photons and the fourth one accounts for the (contact) photon-
photon interactions mediated by the optical nonlinearity (14). All together, it is immediate to
recognize this Hamiltonian exactly corresponds to the one of a bosonic gas of material particles,
in particular of ultracold atoms [1].

2.2. Driving and dissipation

In contrast to fluids of material particles where the lifetime of the microscopic constituents is
typically very long compared to the many-body dynamics of interest, photons in the typical
cavity devices used for experiments on quantum fluids of light experience a significant decay
rate, due to a combination of non-radiative losses by absorption processes in the cavity material
and radiative ones through the cavity mirrors.

Two philosophies are then available to deal with these processes. On one hand, a part of the
community is making strong efforts to improve the cavity design to maximize the lifetime and,
in this way, the time-window available for the conservative many-body dynamics. In addition
to the optimized planar microcavity devices used to study quasi-equilibrium Bose–Einstein
condensation effects in polariton fluids [46,47], such a strategy is implicitly undertaken in many
experiments addressing the many-body physics of microwave photons in superconductor-based
circuit-QED platforms [48–50].

On the other hand, one can try to turn a bug into a feature and exploit the driven-dissipative
nature of the fluid of light to explore the new physics that arises from the interplay of driving and
dissipation with the conservative many-body dynamics. Some external pump is in fact needed
to overcome the effect of losses that would normally tend to dissipate the fluid: rather than
considering it just as an experimental complication, the presence of the pump opens a range
of new possibilities to manipulate the many-body state of the fluid. On top of this, one must not
forget that radiative losses transfer all properties of the in-cavity field to the emitted light [51], so
that the quantum state of the fluid of light can be reconstructed in real time just by looking at
the quantum optical properties of the emitted radiation. As we are going to see in what follows,
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these are crucial advantages of fluids of light as compared to, e.g., ultracold atomic systems where
experiments often require destructive imaging techniques.

Before dwelling into this rich physics, it is important to complete the theoretical framework by
discussing how the driving and dissipation processes can be included into the theoretical model.
This will be the subject of the next subsections.

2.2.1. Losses

Losses in usual devices are linear in the field amplitude and have an approximately frequency-
and wavevector-independent rate, so that they can be described at the level of the master
equation for the density operator

dρ̂

dt
=− i

ħ [H , ρ̂]+L [ρ̂] (16)

by Markovian Lindblad terms of the form

Lloss[ρ̂] = γloss

2

∫
d2r∥

[
2Ψ̂(r∥) ρ̂ Ψ̂†(r∥)− Ψ̂†(r∥)Ψ̂(r∥) ρ̂− ρ̂ Ψ̂†(r∥)Ψ̂(r∥)

]
. (17)

While this theory is sufficient to deal with typical experimental configurations with moderate to
long photon lifetimes, one must not forget that some extra care has to be paid if the loss rate is
comparable to the frequency of the cavity mode and/or one is operating in the so-called ultra-
strong light-matter coupling regime where the quantum vacuum state of the cavity is strongly
distorted from the usual QED vacuum: in this case, non-Markovian terms are often needed to
avoid unphysical perpetuum mobile behaviours in the theory [52–54]. As the cavities that are
typically used for quantum fluid of light experiments are far from this regime, in what follows we
will safely stick to the form (17) of the loss term.

2.2.2. Coherent pump

The coherent pumping associated to the injection of photons by a coherent field incident on
the cavity mirror can be described within the input-output formalism [51,55] by additional terms
in the conservative Hamiltonian. In the simplest case where the transmission amplitude η of the
cavity mirror is flat in both frequency and wavevector, these have the simple form

Hcoh =
∫

d2r∥
[ħηEinc(r∥, t )Ψ̂†(r∥)+ħη∗E ∗

inc(r∥, t )Ψ̂(r∥)
]

(18)

in terms of the (fully arbitrary) space- and time-dependent amplitude of the incident field
Einc(r∥, t ) at the cavity mirror location.

While this formulation is sufficient to deal with the typical microcavity devices used in quan-
tum fluid of light experiments, more complicated situations can be described by replacing the
constant mirror transmission amplitude η with a convolution with a spatio-temporal kernel
η(r∥, t ) to account for the frequency- and wavevector-dependence of the mirror transmission am-
plitude. As usual in the input-output theory, such a generalized form of the transmission ampli-
tude must be associated to a corresponding frequency and wavevector dependence of the radia-
tive loss rate [53].

2.2.3. Incoherent pump

Incoherent pumping terms originate from an incident thermal radiation or from spontaneous
emission processes by some suitably excited medium embedded in the cavity. This can consist,
e.g., of population-inverted two-level systems or of an electrically-injected electron-hole gas. In
contrast to the coherent pumping described in (18), such incoherent processes are totally phase-
insensitive and do not inherit any coherence from the electric/optical mechanism used to excite
the two-level systems or inject the electron-hole gas. While coherent pumping processes may
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induce reversible oscillatory Rabi-flopping dynamics, incoherent pumping is characterized by
an intrinsic irreversible push towards the excited states.

At a simplest level of approximation, one may be tempted to describe the effect of incoherent
pumping within a Born and Markov approximation by including a Lindblad term of the form

Lpump[ρ̂] = γpump

2

∫
d2r∥

[
2Ψ̂†(r∥) ρ̂ Ψ̂(r∥)− Ψ̂(r∥)Ψ̂†(r∥) ρ̂− ρ̂ Ψ̂(r∥)Ψ̂†(r∥)

]
(19)

into the master equation (16). This is a good approximation as long as the gain has a broad-
band nature and, more importantly, the pump rate remains below the loss rate γpump < γloss. In
this regime, the effect of incoherent pumping is to sporadically inject some extra photon into
the cavity, which is then rapidly lost: in addition to spontaneous processes injecting photons
(almost) uniformly into all modes of the cavity, incoherent emission processes may also enjoy
bosonic stimulation so the emission will be reinforced into those cavity modes that already
contain photons.

On the other hand, a most interesting physics occurs when incoherent pumping overcomes
losses and a coherent fluid of light is spontaneously generated in the cavity via a nonequilibrium
condensation mechanism analogous to lasing [8]: in this case, a naive use of (19) would lead to
a divergence of the in-cavity field amplitude so an accurate description of the steady-state of the
in-plane cavity field requires including gain saturation effects.

2.2.4. Gain saturation & frequency selectivity

A common strategy to account for gain saturation is to explicitly include the microscopic
dynamics of the emission process into the quantum theoretical description. Such an approach
dates back to early works in laser theory [56,57], where the emitters are described as two-level
systems driven in a population-inverted state by some external incoherent pumping.

In a simplest geometry where the field is discretized in a lattice of cavities each supporting a
single optical mode and embedding a single two-level emitter, the local Hamiltonian of each site
(to be supplemented by hopping terms in a full lattice model) has the form

Hsite =ħω0â†â +ħωem σ̂z +ħΩR
[
â†σ̂−+ âσ̂+]

(20)

where the bosonic â and the spin σz,± operators respectively describe the photonic field (of
natural frequency ω0) and the two-level emitter (of natural frequency ωem). The population
inversion is enforced by an incoherent pumping acting on the emitter, as described by a Lindblad
term of the form

Lpump-em[ρ̂] = ΓP

2

[
2σ̂+ρ̂σ̂−− σ̂−σ̂+ρ̂− ρ̂σ̂−σ̂+]

. (21)

which pushes the population towards the excited state.

Effective incoherent pumping rate. Emission by the emitters into the cavity occurs via the
light-matter coupling term in (20). If the pump rate ΓP well exceeds the Rabi frequency ΩR , the
dynamics of the emitter can be adiabatically eliminated and the coherent Rabi oscillations typical
of the Jaynes–Cummings model of cavity-QED [51,57] are replaced by an irreversible emission
into the cavity mode.

If we further assume that the in-cavity field is weak enough not to affect the population
inversion, gain saturation is not significant and we obtain an effective incoherent pumping of
the form (19) with a rate

γeff,0
pump = 4Ω2

R

ΓP
. (22)
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Of course, such a rate is only obtained when the emitter is exactly on resonance with the photon
mode, otherwise the pumping rate is reduced according to a Lorentzian lineshape of width ΓP

around the resonant point ω=ωem,

γeff
pump(ω) = γeff,0

pump

Γ2
P/4

(ω−ωem)2 +Γ2
P/4

. (23)

Including this ω dependence is straightforwardly done in a linear system: for each mode at
frequency ω, one can write an incoherent pumping term of the form (19) with an effective
γeff

pump(ω) evaluated at the mode frequency ω=ω.
Things get more complex in interacting many-mode models, where different frequencies ω

have to be considered for the different transitions between many-body eigenstates. At a simplest
level of approximation [58], the standard Lindblad term (19) can be replaced by a generalized
term in the form [59]

Lem(ρ) = γeff,0
pump

2

∑
j

[
ã†

i ρâi + â†
i ρãi − âi ã†

i ρ−ρãi â†
i

]
, (24)

where the sum runs over the lattice sites j and the frequency dependence of the pumping process
is encoded by the modified jump operator ã†

j such that

〈 f ′|ã†
j | f 〉 =

ΓP/2

i (ω f , f ′ −ωem)+ΓP/2
〈 f ′|â†

j | f 〉 (25)

for each pair of many-body states f , f ′ with respectively N and N + 1 photons. Physically, this
means that the effective jump amplitude from the many-body state f with N photons to the
many-body state f ′ with N + 1 photons under the creation of a photon in the j cavity mode
depends on the frequency difference ω f , f ′ =ω f ′ −ω f of the many-body states.

Inserting the explicit expression (25) into the Lindblad term (24) leads to a Lorentzian depen-
dence of the f → f ′ transition rate on the frequency difference ω f , f ′ ,

Tpump( f → f ′) = γeff
pump(ω f , f ′ )

∑
j

∣∣〈 f ′|â†
j | f 〉

∣∣2, (26)

to be compared with the frequency-independent transition rate due to the loss processes dis-
cussed in Section 2.2.1,

Tloss( f ′ → f ) = γloss

∑
j

∣∣〈 f |â j | f ′〉∣∣2. (27)

On top of this, the imaginary part of the resonance factor in (25) leads, upon substitution into
the Lindblad term (24), to an additional conservative Hamiltonian term giving a (typically small)
energy shift of the energy levels of the photonic system, which can be physically understood as a
consequence of the effective refractive index of the population-inverted emitters. In the simplest
case of a linear single-mode cavity, an explicit calculation leads to a frequency-shift of the cavity
mode by

δω0 =
ΓP γ

eff,0
pump/4

(ωem −ω0)2 +Γ2
P /4

(ωem −ω0); (28)

note how this effect has an opposite sign compared to the usual refractive index of ground-state
atoms so, in contrast to the usual polariton splitting [5], it leads to the attraction of the cavity
mode towards the emitter in a sort of frequency pulling effect.

It is important to note that the generalized master equation (24) is only valid under a sort
of perturbative expansion in the strength of the driving/dissipation processes: the jump ampli-
tudes in (25) are in fact evaluated in terms of the energies of the conservative eigenstates. Writ-
ing master equations that go beyond this approximation and allow to deal with stronger driv-
ing/dissipation regimes is a topic of present-day research [58,60,61].
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Gain saturation. As mentioned above, the effective description based on (24) also assumes that
the emission into the photon mode is weak enough not to deplete the population inversion in the
emitters. Of course, bosonic stimulation of the emission processes makes this constraint more
severe when there is a sizable population in the photonic modes, γeff

pump nph ≪ ΓP.
In order to go beyond this assumption and account for those gain-saturation effects that play

a major role in many physical phenomena, one needs to fully include the back-reaction effect
of the emission onto the emitter dynamics. At the quantum level, this requires a complete de-
scription of the emitter and field dynamics: this is a challenging many-body task and typically
has to be carried out under some other simplifying hypothesis, e.g. mimicking gain saturation by
means of two-photon loss processes or performing some Gutzwiller site-decoupling approxima-
tion [62]. At the semiclassical level, instead, calculations can be performed in terms of general-
ized mean-field equations inspired by the semiclassical theory of lasers as we are going to see in
the next section.

Alternative configurations. To conclude this section, it is important to also mention that
different configurations to obtain a frequency-dependent pumping were proposed in [63] using
parametric emission processes. The key element of such schemes is to replace the two-level
emitter used in (20) with an additional ancilla cavity displaying strong losses Γanc described by a
standard Lindblad master equation. Parametric processes then generate pairs of photons in the
photonic mode and in the ancilla cavity according to

H =ħω0â†â +ħωanc b̂†b̂ + [ħΩpare−iωpart â†b̂† +ħΩ∗
pare iωpart âb̂

]
; (29)

an effective irreversibility naturally arises if the ancilla decay rateΓanc well exceeds the parametric
emission rateΩpar. Right at the parametric resonance point, this gives an effective pumping rate,

γeff,0
pump = 4|Ωpar|2

Γanc
. (30)

Such a value, together with the parametric resonance condition ωpar −ωanc =ω0 can be directly
inserted in the theory of equation (24) and leads to closely analogous results up to the many-body
level. Such a strategy was experimentally put into practice in [64] to generate a Mott insulator
state of impenetrable photons.

Alternative photon-number-conserving schemes to force microwave photons to scatter from
high- to low-momentum states and eventually accumulate into a condensate were proposed
in [65]. Interesting connections between nonequilibrium condensation and quantum transport
and non-Hermitian topology were then highlighted in [66]. The subtle interplay of dissipative
stabilization techniques with Floquet engineering was investigated in [67] with the goal of stabi-
lizing interesting states of a strongly interacting Bose gas in the presence of a synthetic magnetic
field. More generally, note how related techniques for autonomous dissipative stabilization of
desired quantum states are of widespread use beyond quantum fluids of light for various tasks in
quantum science and technology [68–72].

3. Weakly interacting fluid

The new possibilities opened for quantum fluids of light by the presence of the driving and
dissipation processes were first addressed in the context of weakly interacting fluids for which
a mean-field approximation is legitimate. Such regimes have been long studied in the context
of nonlinear optics and laser physics and, more recently, in the context of polariton fluids and
polariton condensates. The literature on this physics is immense and we refer the interested
reader to recent review articles [5,73]. With no hope of completeness, in what follows we will
focus on a few cases where the physics is—to our eyes—most clear and illustrative of the general
principles.
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3.1. Mean-field approximation

The key idea of the mean-field approximation is to write an approximate equation of motion
for the expectation value of the field operator ψ(r∥, t ) = 〈

Ψ̂(r∥, t )
〉

. Such an equation of motion
can be derived by taking the Heisenberg equation for the field operator and then factorizing all
operator products. Usually, this factorization assumption is accurate as long as the fluctuations
around the mean-field are small, which is generally the case if interactions between the particles
are weak.

Application of this procedure to the conservative Hamiltonian (15) leads to the Heisenberg
equation

iħdΨ̂(r∥, t )

dt
= [Ψ̂, H ] =ħωoΨ̂(r∥)− ħ2

2m
∇2
∥Ψ̂(r∥)+ħV (r∥)Ψ̂(r∥)+ħgnlΨ̂

†(r∥)Ψ̂(r∥)Ψ̂(r∥), (31)

on which the factorization approximation〈
Ψ̂†(r∥)Ψ̂(r∥)Ψ̂(r∥)

〉≈ ∣∣ψ(r∥, t )
∣∣2
ψ(r∥, t ) (32)

gives the usual Gross–Pitaevskii equation for an interacting Bose–Einstein condensate,

i
∂ψ

∂t
=

[
ωo − ħ∇2

2m∗

]
ψ+V ψ+ gnl |ψ|2ψ. (33)

Necessary conditions for the validity of this mean-field approach can be obtained from the gen-
eral many-body theory of dilute Bose–Einstein condensates at equilibrium [1,74]. For instance,
for three-dimensional gases, the condition can be expressed in terms of a diluteness condition
n3d a3

sc ≪ 1, where n3d is the three-dimensional density and asc is the atom-atom collisional scat-
tering length, related to the interaction parameter by gnl = 4πħ2asc/m. More subtle conditions
have to be imposed in low-dimensional geometries, but a quite general formulation involves the
characteristic kinetic and interaction energies, εkin = ħ2n2/d /2m ≫ εint = gnln or, equivalently,
the number of particles per healing length, nξd ≫ 1 where n is the d-dimensional density and
ξ =

√
ħ2/mgnln is the healing length characterizing the microscopic structure of the weakly in-

teracting fluid.
The same factorization procedure can be performed on the pumping and loss terms intro-

duced in Section 2.2. The coherent pump is straightforwardly included at the level of the Heisen-
berg equation. As the corresponding Hamiltonian term (18) is linear in Ψ̂, no additional factor-
ization approximation has to be made. As a result, one obtains a forcing term in the equation of
motion for ψ of the form:

. . .+ηE (r∥, t ). (34)

The linear loss and incoherent pumping terms (17) and (19) give linear, phase-insensitive gain
and loss terms of the form

.. .− γloss

2
ψ+ γpump

2
ψ, (35)

from which it is immediate to see how an unlimited exponential growth may arise if γpump > γloss

and no gain saturation mechanism is included in the model.

3.1.1. Gain saturation & frequency selectivity

Gain saturation can be included starting from the model of Section 2.2.4. In analogy to the
semiclassical equations of lasers [56,57], we have to write the equations of motions for the single-
mode field amplitude α= 〈â〉,

dα

dt
=−iω0α− iΩRσ

−− γloss

2
α, (36)
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as well as for the expectation values of the emitter operators σ±,z = 〈σ̂±,z〉. Performing all the
factorization approximations of mean-field theory, we obtain

dσz

dt
= ΓP(1−σz )−2iΩR (σ+α−σ−α∗), (37)

dσ−

dt
=−iωemσ

−− ΓP

2
σ−+ iΩR σ

z a. (38)

These equations for the single-mode configuration can be straightforwardly extended to spatially
continuous geometries with many uniformly distributed emitters of in-plane density nem. For
this, we introduce space-dependent emitter spin variables σ±,z (r∥) and we replace the localized
field amplitude α with the continuous field ψ(r∥).

In the so-called good-cavity limit where the emitter pump rate ΓP is much faster than the field
dynamics and of the light-matter couplingΩR , one can eliminate the emitter degrees of freedom
and write an effective equation of motion for the field only,

i
∂ψ

∂t
=

[
ωo − ħ∇2

2m∗

]
ψ+V ψ+ gnl |ψ|2ψ+ i

2

[
P −2i δω0

1+|ψ|2/ns
−γloss

]
ψ+ηEinc(r, t ) (39)

where the cavity mode experiences an effective pumping

P = nemΩ
2
RΓP

(ωem −ω0)2 +Γ2
P /4

(40)

with a saturation density

ns =
(ωem −ω0)2 +Γ2

P /4

2Ω2
R

(41)

and a Lorentzian frequency-dependence of linewidth ΓP analogous to the one of (26). In analogy
to what was found in (42), the presence of the emitters also leads to a frequency-pulling effect
towards the emitter of magnitude

δω0 =
nemΩ

2
R

(ωem −ω0)2 +Γ2
P /4

(ωem −ω0). (42)

The formulas starting (39)–(42) implicitly assume that the cavity field dynamics takes place
in a very narrow frequency band around ω0. At a slightly more sophisticated level, we can
Taylor-expand the frequency-dependence of the different quantities around ω0. For instance,
the frequency-dependence of the pumping rate P can be effectively modeled [75] by replacing

P → P

[
1− 2(ω0 −ωem)

(ωem −ω0)2 +Γ2
P /4

(
i
∂

∂t
−ω0

)]
(43)

and letting the last time-derivative to only act on the field ψ. In some physical models of lasing,
such a frequency-dependence of gain is crucial to theoretically recover a stable laser operation at
the bottom of the photon band as observed in the experiment.

As a final point, it is important to highlight that equations analogous to (39) have been derived
in several other contexts from different points of view. The approach of this article is inspired
from the many-body theory of dilute Bose gases: in this framework, it is then natural to call this
equation generalized nonequilibrium Gross–Pitaevskii equation. The very similar equations that
are considered in the context of nonlinear dynamics typically go under the name of complex
Ginzburg–Landau equations [76,77]. In the nonlinear optics literature, they go under the name
of Lugiato–Lefever equation: originally formulated in [78], this equation is still now a powerful
workhorse for the description of optical devices based on Kerr cavity solitons and frequency
combs [73].
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3.1.2. Quantum fluctuations beyond mean-field

Within a semiclassical approach, effects beyond the mean-field can be described within the
so-called truncated Wigner approximation [55,79] by adding a stochastic white noise term ξ(r∥, t )
on the right-hand side of the motion equation (39) so as to account, at least at a lowest order, for
quantum fluctuations. In the case of coherent pumping, the complex-valued noise term must
have a random phase and its variance is to be set to

〈
ξ∗(r∥, t )ξ(r′∥, t ′)

〉= γloss

2
δ(2)(r∥− r′∥)δ(t − t ′); (44)

this is the minimum noise level as determined by the quantum fluctuations associated to the
discreteness of the photon in the loss process. Of course, a higher noise level is found in
incoherent pumping configurations [80] where additional fluctuations are given by spontaneous
events in the pumping process,

〈
ξ∗(r∥, t )ξ(r′∥, t ′)

〉= 1

2

(
γloss +

γpump

1+|ψ|2/nS

)
δ(2)(r∥− r′∥)δ(t − t ′). (45)

Further sources of quantum noise may stem from the interaction of the Bogoliubov modes of
the photon fluid with phonon modes in the solid-state crystal hosting the fluid of light [81].
Generalization of truncated Wigner methods to systems involving emitters as described e.g. in
the Hamiltonian model of (20) are under way [82].

As typical of Wigner representations [55], for any product of fields ψ(r∥) and ψ∗(r′∥), the statis-
tical average over the noise provides information on the corresponding symmetrized product of
quantum operators Ψ̂(r∥) and Ψ̂†(r′∥), so commutators have to be subtracted to obtain the more
standard normal-ordered quantities. While this is a quite trivial step for single-time operator
products, it poses serious challenges for calculation multi-time quantities [83].

Interestingly, the driven-dissipative condition makes the truncated Wigner approach much
more stable than in the conservative case, as the field fluctuations get to a driven-dissipative
steady-state determined by the interplay of stochastic noise and dissipation well before ap-
proaching an inaccurate classical field thermal equilibrium state [84]. While this is often suffi-
cient to get physically reliable predictions for the field correlation functions [79], it is important
to note that the approximation of truncating higher-order noise terms [85] that underlies (45)
typically loses accuracy when strong interactions and/or very non-perturbative processes in the
quantum fluctuations are considered, such as quantum tunneling in bistable systems [86,87].
Quantitative studies of the limitations of the truncated Wigner approach [88] and of possible av-
enues to include the higher-order derivative terms [89] are the topic of current research.

3.2. Coherent pumping

The configuration where the new possibilities opened by driving and dissipations are clearest is
the coherent pumping one. This configuration was exploited in the first experiments demon-
strating superfluid light, as the flow speed and the density of the fluid can be directly controlled
by the incidence angle (i.e. the in-plane wavevector), the frequency and the intensity of the in-
cident field [90,91]. As a key difference from equilibrium condensates, the oscillation frequency
of the field is not bound to the chemical potential but is freely determined by the one of the in-
cident coherent field. As a result, the equation of state becomes richer and new phenomena can
be observed.
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Figure 2. Left panels: plot of the equation of state of the fluid of light, expressed as fluid
density as a function of pump intensity for two different incident frequencies in respectively
the optical limiter regime (top) and the bistable regime (bottom). The dashed line indicates
the dynamically unstable regions. Right panel: real part (top) and imaginary part (bottom)
of the excitation frequencies for the nonequilibrium Bogoliubov modes corresponding to
the points indicated as A, B’, C, C’, D, E in the left panel.

3.2.1. Homogeneous fluid

In the simplest case of a monochromatic incident field at ωinc with a spatially homogeneous
profile, the fluid is at rest and the equation of state[(

ω0 + gnl|ψ|2 −ωinc
)2 + γ2

loss

4

]
|ψ|2 = |ηEinc|2, (46)

gives a complex nonlinear dependence of the density |ψ|2 on the different parameters of the
incident field. Some of the peculiar features of these nonequilibrium fluids are visually illustrated
in Figure 2: the prediction of the equation of state (46) is displayed in the two left panels for the
two cases of a pump frequency respectively below ωinc <ω0 (top) and above ωinc >ω0 (bottom)
the bare resonance frequency (we are assuming gnl > 0): in the former case, the in-cavity intensity
(proxied by g |ψexc|2 in the figure) grows monotonically but sublinearly with the pump intensity
|Einc|2; in the latter case, bistability effects are apparent, with two values of the density |ψ|2 being
available for the same value of the pump intensity |Einc|2 (the intermediate branch is dynamically
unstable).

Further consequences of the nonequilibrium condition are visible in the right panels, where
the dispersion of the Bogoliubov modes on top of the homogeneous fluid [5,90] are plotted for
the different operating points indicated by the capital letters in the left panels. As the oscillation
frequency of the field ψ is not bound to ω0 + gnl|ψ|2 as in the equilibrium case but is freely
tunable via the incident frequency ωinc, a wider range of behaviours can be observed depending
on the pumping conditions. In particular, the Bogoliubov modes display a sonic long-wavelength
behaviour ω= cs |k| only for a very specific operating point (C) at the end of the upper branch of
the bistability loop. Away from this point, the dispersion may display finite gaps (D, E) and, even,
precursors (A) or fully fledged (B, C’) dynamical instabilities. Detailed experimental studies of the
Bogoliubov dispersion in the different pumping regimes have been carried out by pump-probe
spectroscopy in [92].

Going beyond mean-field, the consequences of the driven-dissipative condition are also
visible in the steady-state fluctuations of the field ψ, which are well larger than the zero-point
fluctuations of the Bogoliubov ground state of the corresponding equilibrium system. Within
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a Bogoliubov picture, the loss process for a particle at momentum k involves in fact either the
destruction of a quasi-particle at k or the creation of a quasi-particle at−k. The overall magnitude
of these fluctuations roughly corresponds to a temperature of the order of the interaction energy
gnl|ψ|2 and also display interesting correlation properties [93].

3.2.2. Acoustic horizons and analog Hawking radiation

This tunability of the Bogoliubov modes can be exploited to observe exciting new behaviours
in spatially inhomogeneous configurations when the spatial profile of the coherent pump is
suitably structured. In this perspective, a variety of configurations have been investigated in the
literature, for instance vortices and vortex lattices that appear under a coherent pump carrying
orbital angular momentum [94].

As a specific most exciting example, we focus here on configurations featuring a sonic horizon
separating an upstream region of sub-sonic flow cu > vu from a downstream region of super-
sonic flow vd > cd where cu,d and vu,d are respectively the sound and flow speeds in the two
u,d regions. From the point of view of sound propagation, this configuration displays strong
analogies with light propagation in the neighborhood of a black hole in gravitational physics and,
upon quantization, sonic analogs of Hawking radiation have been anticipated to be emitted by
the acoustic horizon [95].

With a careful design of the coherent pump, such analog black holes naturally arise as the
driven-dissipative steady-state of a photon fluid. A natural possibility to achieve this [96] is
to use a monochromatic pump and to design its phase profile so as to have a small in-plane
wavevector in the upstream region and a larger one in the downstream region. Alternatively,
the downstream region can be left unpumped so that the photon fluid is able to ballistically
expand into this region. This latter configuration was experimentally realized in [97]. A spatially-
resolved experimental characterization of the Bogoliubov modes on the two sides of the horizon
has been performed in [98], explicitly showing the transition from a sub- to a super-sonic flow
as the horizon is crossed: in the experiment, a super-sonic flow is signalled by the positive-norm
branch of the Bogoliubov dispersion being pushed down to negative frequencies.

The on-going challenge is then to obtain experimental evidence of the analog Hawking emis-
sion by the acoustic horizon: to this purpose, numerical studies based on the Wigner formalism
have shown that a clear signature of the Hawking radiation is present in the correlation function
of density fluctuations on opposite sides of the horizon [96,97]. Physically, this correlation fea-
ture reflects the correlations between the Hawking phonon emitted outside the horizon into the
sub-sonic region and its partner that propagates inside the horizon into the super-sonic region.
Most interestingly, in contrast to atomic fluids where destructive measurements of atomic den-
sity profile are typically needed [99], intensity fluctuations are a quantity of direct and real-time
experimental access in driven-dissipative photon fluids: radiative losses directly transfer the cor-
relation functions of the in-cavity field into the ones of the emitted light, where the Hawking sig-
nal can be observed as peculiar intensity correlations of the emitted light.

Note that the extra fluctuations induced by the driven-dissipative nature [93] lead to a stimu-
lation of the Hawking processes and, then, a reinforcement of the overall magnitude of the cor-
relation signal. While this makes the correlations easier to detect, the resulting stimulated rather
than spontaneous nature of the process may wash out the peculiar quantum entanglement fea-
tures of Hawking radiation predicted in [100] in the context of analog models based on atomic
condensates.

3.2.3. Integer quantum Hall effect

One of the most intriguing family of phenomena of quantum condensed matter physics is
the quantum Hall effect [101]. This effect was originally discovered in two-dimensional electron
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Figure 3. Left (a)–(b) panels: color plots of the numerically calculated steady-state intensity
distribution in a coherently pumped q = 5 photonic Harper–Hofstadter model. The pump
is localized on the central site and is resonant with the lowest photonic band. The loss rate
is taken to be larger than the bandwidth γloss/∆ωband = 2, so as to be in the integer quantum
Hall (IQH) regime. In the upper (a) panel, no external force is present and the distribution
has a π/2 rotational symmetry. In the lower (b) panel, a force along the negative y direction
is applied, so the intensity distribution moves leftwards along the transverse x direction.
The magnitude of this displacement agrees with the prediction of the driven-dissipative
IQH formula (48). Right panel: for a loss rate smaller than the bandwidth γloss/∆ωband ≃
1/30 of the lowest band of a q = 3 Harper–Hofstadter, we are in the anomalous quantum
Hall regime and the displacement is determined by the average of the Berry curvature over
all states resonant with the pump frequency ωinc. Within a photonic band (white region),
the value of the Berry curvature extracted from the numerically calculated transverse shift
(green points) are in good agreement with the value of the Berry curvature extracted from
the Harper–Hofstadter band structure. Panels adapted from [102].

gases subject to strong magnetic fields and cooled to ultralow temperatures. While in room-
temperature metals the transverse Hall resistivity ρx y shows a structureless linear dependence
on the applied magnetic field B , the quantum Hall effect is visible as a series of plateaux in ρx y

when the so-called filling factor

ν= 2πħn2D

eB
(47)

is in the neighborhood of integer (the so-called integer quantum Hall (IQH) effect) or fractional
(fractional quantum Hall (FQH) effect) values. In this section, we are going to focus on the IQH
effect, while a brief discussion of the FQH in an optical context will be given later on in Section 4.

Physically, the origin of the IQH can be traced to the complete and homogeneous filling of
all states in the ν lowest Landau levels in the magnetic field B . In electronic systems where
the number of electrons is conserved, the value of ν can be fixed by tuning the externally
applied magnetic field B or the electronic density n2D with suitable gates, so as to fix the Fermi
energy between two Landau levels. While this simple argument explains the quantized value
of the conductivity, the finite width of the plateaux results instead from a more subtle interplay
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between localized and delocalized electronic states in the unavoidable disorder of any realistic
system [101].

In analogy to these advances in quantum condensed matter systems, a strong interest is being
devoted to the so-called topological photonic systems where new phenomena stemming from
the non-trivial band topology of the photonic states have been observed, e.g. unidirectionally
propagating chiral edge states [103]. In this context, a basic ingredient is the so-called synthetic
magnetic field acting on photons: in the presence of a strong and uniform synthetic magnetic
field, photonic modes closely resemble Landau levels and skipping orbits appear on the edges.

Even though in driven-dissipative photonic systems particles are continuously lost and re-
plenished and no Fermi–Dirac statistics is available to impose a uniform population, a recent
work [102] has pointed out that a spatially very localized coherent pump can be used to uni-
formly drive all states within a given Landau level. Even though the occupation is not pinned
to 1 as it happens in the electronic case, the uniformity of the population is sufficient to observe
a quantized response under the effect of a uniform force. In our photonic case, such a force—a
sort of synthetic electric field—is obtained with a uniform spatial gradient of the cavity resonance
frequency as described by a linearly varying potential term V (r∥) =−F · r∥ in (39).

Focusing for concreteness on the square-lattice Harper–Hofstadter model at 1/q flux per
plaquette with a large q , the lateral spatial shift of the center of mass of the photon intensity
distribution was in fact predicted [102] to be

∆x = qC F

πγloss
(48)

where a force of magnitude F is applied along the direction y and C = 1 is the Chern number
of the photonic band under examination: the driven-dissipative nature results in the transverse
susceptibility being proportional to the lifetime γ−1

loss times a quantized value.
While Landau levels in continuous space are perfectly flat in energy, the energy bands of

discrete topological models on a lattice (e.g. the Harper–Hofstadter or the Haldane models) may
display a significant bandwidth ∆ωband in energy. In our driven-dissipative systems, this offers a
further knob to stabilize and manipulate different states of the quantum fluid: depending on the
relative value of the energy bandwidth ∆ωband and of the loss rate γloss, one can in fact transition
from a IQH regime where γloss ≫ ∆ωband and the coherent pumping uniformly drives all states
within the band, to an anomalous Hall regime where γloss < ∆ωband and the frequency of the
coherent drive specifically selects a set of resonant states. In this latter case, the lateral shift is
no longer quantized and is determined by the averaged value of the Berry curvature over the set
of resonant states. This provides a further example where the driven-dissipative nature of the
photon fluid can be exploited to stabilize interesting many-body states and probe their physical
properties.

An experiment that exploits driving and dissipation for a comprehensive study of anomalous
and integer quantum Hall effect in a photonic Haldane model using a frequency-encoded syn-
thetic dimension platform based on an optical fiber loop was recently reported in [104].

3.3. Incoherent pumping

In the previous subsection we have discussed coherent pumping schemes, where the phase
of the in-cavity field is locked to the one of the incident field. A different range of physical
phenomena are observed when an incoherent pump is used to inject photons in the system
in a phase-insensitive way: as a most significant example, we will focus on the spontaneous
generation of coherence via a nonequilibrium phase transition, a phenomenon that opens the
way towards the study of critical phenomena in a novel nonequilibrium setting. While the
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Figure 4. Left panels: plot of the real (a) and imaginary (b) parts of the dispersion of
the collective excitations of a nonequilibrium condensate under incoherent pumping at
P/γloss = 2 with γloss/gnl |ψ|2 = 1. For small k values, the dispersion displays a diffusive
plateau with a zero real part and a quadratically growing imaginary part. The oblique
straight lines correspond to the Landau–Cherenkov ω= kv condition for a particle moving
at v/cs = 0.7 (blue dashed) or v/cs = 1.3 (red solid). Wavevector is measured in units of kγ
such that ħk2

γ/2m = γloss. Right (c)–(h) panels: generalized Landau criterion for nonequi-
librium condensates. Panels (c)–(e) show the density perturbation induced in a fluid mov-
ing in the positive x direction by an impurity at rest. The different panels refer to different
values of the condensate velocity v/cs = 1.5, 1, 0.4 across the (equilibrium) speed of sound
cs =

√
gnl |ψ|2/m. Panel (f) shows the (normalized) force exerted by the fluid on the defect

as a function of the condensate velocity v/cs for different values of the nonequilibrium pa-
rameter γloss/gnl |ψ|2 = 0, 0.1, 1, 2. For the smallest γloss values, the sudden onset of friction
that is visible in the vicinity of the critical speed v/cs = 1 is a nonequilibrium counterpart
of the Landau critical velocity of equilibrium superfluids [1,105]. Panels (g)–(h) show a cut
of the real and the imaginary part of the wavevector of the collective excitations emitted
in the negative x direction as a function of the speed for an intermediate loss case with
γloss/gnl |ψ|2 = 1. The sudden onset of friction in (f) corresponds to the singular point that
is visible in (g)–(h) slightly below v/cs = 1. Panels (c)–(h) are adapted from [75].

underlying physics is very similar in the different systems, this phenomenon takes distinct names
in distinct communities, e.g. laser oscillation in the optical literature or nonequilibrium Bose–
Einstein condensation in the polaritonic one. An interdisciplinary review of this physics can be
found in [8].

3.3.1. Mean-field effects

Restricting again to a weak interaction regime, a theoretical description of the field dynam-
ics can be obtained at the mean-field level starting from the generalized Gross–Pitaevskii equa-
tion (39). In the absence of any coherent incident field Einc = 0, the system displays a marked
threshold at Pc = γloss between a trivialψ= 0 steady-state solution for a weak pump P < γloss to a
condensed (or lasing) solution for a strong pump P > γloss. In this latter regime, the steady-state
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intensity is stabilized by nonlinear gain saturation effects to

|ψ|2 = ns

(
P

γloss
−1

)
(49)

but the phase of ψ remains free and is randomly chosen at every instance of the experiment.
Under the Einc = 0 condition, the equation of motion (39) displays in fact a global U (1) symmetry
ψ → ψe iϕ for arbitrary ϕ and this symmetry is spontaneously broken above threshold where
the field ψ selects a specific and uniform phase across the whole system and its time-evolution
displays a monochromatic oscillation at the intensity-dependent frequency ω=ω0 + g |ψ|2. The
combination of a monochromatic oscillation in time and of a spatially uniform phase showcases
the interest of this configuration as a source of spatio-temporally coherent light.

Diffusive Goldstone mode. Even though the driven-dissipative steady-state shares many prop-
erties with a standard Bose–Einstein condensate at equilibrium, one must not forget that the
nonequilibrium condition is responsible for important deviations in the collective properties of
the fluid, in particular for what concerns the Goldstone mode that is associated to the spon-
taneously broken U (1) symmetry. As it is illustrated in Figure 4(a)–(b), the dispersion of the
long-wavelength, low-frequency collective excitations does not show the usual sonic behaviour
ω = cs |k| of equilibrium condensates with a speed of sound cs , but rather displays a diffusive
plateau in the form ω = −iαk2 with a real and positive α. The usual behaviour with propagat-
ing collective excitations is only recovered at shorter wavelengths. The transition between the
two regimes is typically associated to an exceptional point in the dispersion, whose position is
determined by the strength of the departure from equilibrium, namely by the value of the loss
rates: the larger γloss, the wider the diffusive plateau. The theoretical prediction of a diffusive
behaviour of the Goldstone mode of a nonequilibrium condensate has been recently confirmed
in a pump-and-probe experimental measurement of the dispersion of the collective modes of an
exciton-polariton condensate [106].

Generalized Landau criterion for superfluidity. This diffusive behaviour has been anticipated
in [75] to impact the conceptual meaning of the Landau criterion for superfluidity in the driven-
dissipative context. In stark contrast to the equilibrium case, it is shown in Figure 4(a) how the
real part of the dispersion has an intersection with the Landau–Cherenkov ω = k v straight line
for any non-zero value of v . A naive application of the Landau criterion for superfluidity [1,105]
would then predict that an impurity moving across a fluid will experience a significant friction
force for any value of the flow speed v , with no specific feature at the (equilibrium) speed of
sound cs =

√
gnl |ψ|2/m.

This prediction is shown in Figure 4(f) to disagree with a full numerical solution of the
generalized Gross–Pitaevskii equation (39): for small or moderate values of the nonequilibrium
parameter γloss/gnl |ψ|2, the friction force exerted by an impurity at rest onto a moving fluid
displays in fact a sudden upwards kink at a value of v/cs close to the (equilibrium) critical velocity
vcr = cs . Such a change in behaviour can be associated to the singularity in the wavevector of
the collective excitations emitted by the impurity shown in Figure 4(g)–(h): at low speed, this
wavevector is purely imaginary, so the collective excitation generated by the impurity does not
transport momentum; at large speeds, instead, this wavevector acquires a finite real part, which
is directly associated to the momentum dissipated by the impurity into the fluid.

Spatial structure of the condensate and supersolid behaviours. While thermodynamical ar-
guments impose that equilibrium condensates form in the lowest-energy single-particle or-
bital [1,107], exciting features are observed in the spatial structure of finite-size nonequilibrium
condensates. For instance, restricting the incoherent pump to a limited region of space allows to
control the shape of the condensate via the so-called volcano effect: condensation mostly occurs
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at the center of the pump spot, and then the coherent particles get expelled by the repulsive in-
teractions and form a macroscopic outward-expanding radial flow. Originally observed in [108],
this effect was theoretically interpreted in [109] and fully confirmed experimentally in [110].

While this is the typical behaviour of spatially homogeneous systems, even more intriguing
phenomena are observed in spatially periodic lattice geometries [111]. Here, condensation into
an excited state at the top of a photonic band is favoured by the interplay of a positive interaction
energy and a negative effective mass which result in effectively attractive interactions. These keep
the condensate localized in space with a soliton-like shape [112,113] and, in this way, reduce the
condensation threshold with respect to condensation into the expanding positive-mass states at
the bottom of the band.

A presently very active direction of research concerns the realization of quantum fluids of
light that simultaneously display a long-range coherence and a spontaneously formed spatially
periodic density modulation. This physics has been recently investigated in both theory and
experiments [114,115] using devices displaying several photonic bands in the same energy range.
While the main condensation process occurs at the top of a photonic band, a spatial modulation
of the condensate density spontaneously appears as the result of coherent parametric scattering
processes into finite wavevector modes in the side photonic bands. Such configurations can
be seen as photonic analogs of the so-called supersolid states of matter as recently observed in
atomic condensates [116].

With a proper design of the device geometry, e.g. in ring resonators, related parametric pro-
cesses can be induced into modes at different frequencies: in this case, the density modulation
continuously moves in space and gives temporally periodic oscillations in the emitted light in-
tensity, while preserving a long-time phase coherence of the emission. The importance of such
optical comb generators for a number of opto-electronic applications [117,118] suggests that the
new insight on the stabilization of complex states of matter offered by the use of many-body
physics concepts in the novel driven-dissipative context will open interesting perspectives also
for opto-electronic technologies.

3.3.2. Fluctuation and quasi-condensation effects

Going beyond the mean-field approximation, it is interesting to look at the process of con-
densation from the point of view of statistical mechanics and, in particular, highlight the role of
quantum and thermal fluctuations. In this context, a natural question is to assess under which
conditions the nonequilibrium steady state can recover a thermal equilibrium case: as a general
trend, a quasi-equilibrium state is approached if the rate of thermalizing collisions between par-
ticles within the fluid is faster than their decay rate [8]. While early works have assessed ther-
mality in terms of the momentum distribution approaching or not a Bose–Einstein distribution
at a well defined temperature2 and chemical potential [119,120], recent works have highlighted
the need to establish thermalization in terms of rigorous fluctuation-dissipation relations and
frequency-dependent observables [121]. As we have mentioned from the beginning of this ar-
ticle, this departure from equilibrium is a key asset rather than a hindrance and underlies the
exciting developments that we are reviewing here.

In full generality, condensation in a spatially uniform geometry is typically associated [1,107]
to the appearance of a sharp and macroscopic k = 0 peak in the momentum distribution n(k) =〈 ̂̃Ψ†(k) ̂̃Ψ(k)

〉
where Ψ̃(k) is the Fourier transform of the quantum field Ψ̂(r). Equivalently, from a

2Note that the fluid of light may well thermalize at a temperature different from the one of the solid-state device that
is hosting it.
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real-space perspective, condensation is instead signalled by the onset of long-range order in the
correlation function

G (1)(r,r′) = 〈
Ψ̂†(r)Ψ̂(r′)

〉
(50)

which tends to a non-zero value at long distances |r− r′|→∞ [122].
This criterion for condensation can be physically understood in analogy with ferromagnetism

where the ferromagnetic transition is characterized in terms of the magnetization correlation
function

G (1)(r,r′) = 〈
M⃗(r) M⃗(r′)

〉
. (51)

In the high-temperature disordered state, the correlation function only displays short-range
correlations and quickly tends to zero at long distances. On the other hand, long-range order
is visible in the low-temperature ferromagnetic state where the correlation function tends to a
finite value at long distances signalling a uniform magnetization throughout the whole system3.

More formally, the SO(2) rotational symmetry that is spontaneously broken by the ferromag-
netic transition of the x y model is mathematically equivalent to the U (1) group describing the
Ψ→Ψe iφ symmetry that is spontaneously broken at the condensation transition. As the spe-
cific direction of the magnetization is randomly selected at every instance of the experiment, the
average value of the magnetization M⃗ is zero by symmetry unless some external magnetic field
is present to pin its direction. In this case, the reduced symmetry makes a gap to open in the
dispersion of the soft magnon branch associated to the spontaneous symmetry breaking [123].

A similar phenomenon is expected to take place for the condensation phase transition: in the
absence of external fields, the U (1) symmetry guarantees the presence of a soft Goldstone mode
such that limk→0ω(k) = 0 in both its real and imaginary parts. On the other hand, when the
U (1) symmetry is explicitly broken by some external field, a gap opens in the Goldstone mode
dispersion. While particle-number conservation makes it difficult to verify this prediction in
atomic condensates at equilibrium [124], the phase of an optical condensate can be pinned by
an additional incident coherent laser [125] and a clear gap in the Goldstone mode dispersion is
clearly observed in experiments [106]. Differently from the equilibrium case, however, the gap
may open in the imaginary and/or in the real parts of the Goldstone mode dispersion depending
on the specific system parameters.

Quasi-condensation effects in low-dimensions. While three-dimensional geometries are the
most natural ones in condensed matter systems, standard optical systems are typically limited
to a maximum of two dimensions. In analogy to the bounds imposed on phase transitions
by the Hohenberg–Mermin–Wagner theorem of equilibrium statistical mechanics [107], it is
then natural to wonder whether the reduced dimensionality has a similar impact also on the
nonequilibrium phase transition. Even though the general theorem cannot be directly applied
to the nonequilibrium context, specific calculations have predicted [126] that in one dimension
the long range order does not survive the long-wavelength fluctuations and is replaced by an
exponential decay of the same-time coherence, yet on relatively long distance scales. As a
rough estimate, the fluctuations in this one-dimensional quasi-condensate can be interpreted
as a temperature on the order of the loss rate kB T ∼ ħγ [127]. Even more subtle features have
been pointed out for the intermediate two-dimensional case where the Berezinskii–Kosterlitz–
Thouless transition typical of equilibrium systems [128,129] may be replaced by a Kardar–Parisi–
Zhang (KPZ) physics [130–132].

3It is interesting to note that a three-dimensional easy-plane (in the x y plane) model of ferromagnetism subject to an
orthogonal magnetic field (along z) is expected to display a steady rotation of the magnetization rotation along z. As a
result, the x and y components of the magnetization display monochromatic oscillations as it happens to the field ψ of
the optical model.
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A common tool for the theoretical study of these phenomena is offered by the stochastic
Gross–Pitaevskii equation discussed in Section 3.1.2. From an experimental standpoint, a very
important asset for the study of the critical properties and of the spatio-temporal correlation
function in the different regimes is provided by the radiative loss channel: as the coherence prop-
erties of the in-cavity field are imprinted into the one of the emitted radiation, their measurement
can be straightforwardly performed with standard optical techniques. This feature has been ex-
ploited in experimental studies of the correlation properties across the phase transition and, in
particular, for the recent observation of KPZ universal behaviours in a one-dimensional configu-
ration [133].

While moving up to two-dimensional systems is not expected to pose additional conceptual
challenges to optical experiments, three- and higher-dimensional configurations require the
use of synthetic dimension schemes where extra spatial dimension are encoded in some other
degrees of freedom of the photon, e.g. the different cavity modes of a ring resonator [134–
136]. Pioneering experimental work on the collective dynamics arising from the combination
of gain with one synthetic dimension in a ring laser was reported in [137,138]; an extension to
a topological two-dimensional array of coupled ring resonators was presented in [139]. As next
steps, we anticipate the possibility of extending this idea to study condensation in novel high-
dimensional contexts and, in this way, unveil peculiar statistical behaviours resulting from the
interplay of KPZ physics with the roughening transition [140–143].

4. Strongly correlated systems

In the previous sections we have discussed the physics of dilute driven-dissipative systems:
for sufficiently weak interactions, a mean-field theory based on (stochastic) partial differential
equations for classical fields provides an accurate description of the steady-state and of the
dynamics of the system. In this last section, we briefly summarize the state-of-the-art and some
future developments in the direction of realizing strongly correlated states of photonic matter
that can be observed in systems with strong optical nonlinearities.

4.1. Coherent drive

4.1.1. Photon blockade in a single-mode cavity

The first proposal in this direction [144] was the so-called photon blockade effect. The dynam-
ics of the quantum electromagnetic field in a nonlinear single-mode cavity can be described by a
nonlinear oscillator Hamiltonian of the form

H =ħωo â†â + ħωnl

2
â†â†ââ (52)

where the anharmonicity is quantified by the parameter ωnl proportional to the χ(3) optical
nonlinearity of the nonlinear medium embedded in the cavity. In a planar geometry, we can
make use of (15) to get

ωnl =
gnl

S
(53)

where the effective mode area S is defined as

S =
(∫

d2r∥
∣∣E∥(r∥)

∣∣2
)2

∫
d2r∥

∣∣E∥(r∥)
∣∣4 (54)

in terms of the mode profile E∥(r∥) along the cavity plane.
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Figure 5. Left panel (a): sketch of the photon blockade mechanism for a single-mode cavity
under a coherent pumping exactly on resonance with the bare cavity frequency, ωinc =ωo .
Because of the strong nonlinearity ωnl ≫ γloss, transitions to all N > 1 states are non-
resonant and the dynamics is confined to the N = 0,1 states, giving effectively impenetrable
photons. Central panel (b): sketch of the coherent pumping scheme to selectively excite a
N = 3-photon state via a three-photon transition. Top-right panel: generation of a Tonks–
Girardeau gas of fermionized photons under coherent pumping. Spectrum of total photon
number nT as a function of the incident frequency∆ωp =ωinc−ωo for different values of the
pump intensity, F /γloss = 0.1, 0.3, 1, 2, 3. Photons are assumed to be perfectly impenetrable
U /γloss = ∞ and losses small enough to resolve many-body states J/γloss = 20. The
vertical dotted lines indicate the theoretical prediction for the position of the N -photon
resonance peak corresponding to each many-body state; the label indicates the orbitals
filled in the corresponding fermionic wavefunction. Bottom-right panel: second order
photon correlations in the emission from the same (black) and from different (red) sites as
a function of the interaction constant ωnl/γloss. At each point, the coherent drive is set on
resonance with the lowest two-photon state of a 3-sites chain. The right panels are adapted
from [145].

Independently of the specific geometry, the eigenstates of (52) are labelled by the photon
number and have an energy

En = nħωo +ħωnl
n(n −1)

2
. (55)

As it is sketched in the left-most panel of Figure 5, the energy separation En+1−En =ħωo +nħωnl

is a growing function of n. As such, a coherent incident field resonant with the 0 → 1 transition
will not be able to further excite the system to the n ≥ 2 states as the corresponding transitions
are no longer resonant. For instance, the 1 → 2 transition is detuned by an effective interaction
energy ωnl: as soon as this exceeds the cavity linewidth ωnl ≫ γloss, the coherent field is not able
to efficiently drive this second transition, so the cavity system ends up behaving as an effective
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two-level system. In physical terms, this can be understood as photons becoming effectively
impenetrable objects, a situation that is in stark contrast with the prediction of the linear Maxwell
equations where photons are rigorously non-interacting particles.

4.1.2. Many-body states

A straightforward generalization of this pumping scheme can be exploited to generate strongly
correlated many-photon states in spatially extended geometries such as cavity arrays. The key
idea, sketched in the central panel of Figure 5, is to resonantly drive a N -photon transition to
bring the system from its zero-photon vacuum state to the desired N -photon eigenstate of the
conservative many-body Hamiltonian: the crucial requirement for an efficient selectivity of this
preparation scheme is that the energy gap between the desired N -photon eigenstate and its
neighbors exceeds the linewidth of the N -photon states, which typically grows as N γloss.

As a first example, this idea was theoretically explored in view of realizing a Tonks–Girardeau
gas of impenetrable photons in a one-dimensional chain of coupled cavities [145]. This is
described by a Hamiltonian in the form

H =∑
j
ħωo â†

j â j + ħωnl

2
â†

j â†
j â j â j −ħJ

∑
〈 j , j ′〉

â†
j â j ′ (56)

where the indices j , j ′ run over the sites of the chain, assumed to have periodic boundary
conditions, and the hopping terms of amplitude J > 0 are restricted to next-neighbor sites. The
impenetrability condition is enforced by assumingωnl ≫ J . A coherent pump is assumed to drive
all sites according to the discrete version of (18),

Hcoh =ħ∑
j

[
F j (t ) â†

j +ħF j (t )∗ â j
]
. (57)

In what follows, we assume that all sites are driven in a monochromatic way with the same
amplitude F and frequency ωinc, that is F j (t ) = F e−iωinct . As the master equation is in the
Lindblad form, the steady-state and the dynamics of the system can be calculated with standard
numerical tools, e.g. by projecting the master equation on the basis of number states. Note that
efficient high-level numerical libraries are nowadays available for these tasks [146].

Examples of spectra of the steady-state total population nT = ∑
j 〈â†

j â j 〉 as a function of the
incident frequency ωinc are shown in the upper-right panel of Figure 5 for growing values of
the incident intensity |F |2: at low intensity (blue line), the spectrum is characterized by a single
main peak corresponding to the 1-photon transition to the k = 0 orbital. At growing intensities,
additional peaks at frequencies corresponding to the higher N = 2,3, . . . photon transitions
appear. As expected, the position of each of these peaks matches the frequency of the N -photon
resonance from the vacuum state (at zero energy) to some N -photon state of energy ωαN within
the k = 0 sector,

ωinc =ωαN /N . (58)

In the specific Tonks–Girardeau case, the different excited states are labeled by the quasi-
momenta of the (fermionized) particles and their energy can be analytically calculated [147]. The
expected position of the resonances is indicated in the Figure by the vertical lines, which indeed
match well with the position of the numerically calculated resonance peaks.

In order to be able to selectively drive the desired many-body state, the frequency separation
from the neighboring states has to exceed the linewidth: as the separation is typically set by the
hopping J and interaction ωint energies and the broadening grows as Nγloss, the requirement on
the linewidth γloss becomes more and more stringent as larger N states are targeted. On top of
this, one must not forget that for growing values of the drive amplitude F , each peak eventually
displays a sizable power-broadening on top of its natural linewidth.
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As it is well known from atomic physics [148], a coherent illumination leads to a reversible
oscillatory dynamics between the different states, with absorption processes followed by stimu-
lated emission ones until a steady-state is enforced via spontaneous emission processes. In par-
ticular, for very strong incident intensities, the steady-state tends to an equidistribution of the
population among the different states. As such, a continuous-wave excitation can hardly be used
to transfer all the population to a given excited state, but more complex pulsed schemes have to
be adopted to generate, e.g., a state with a well-defined N .

Nonetheless, as the steady-state population of many-body states is typically a decreasing
function of their photon number N , this difficulty can be circumvented by specifically looking at
N -photon observables. Such observables are in fact strictly zero on all lower N ′ < N photon states
and, up to moderate values of the incident intensity, only receive a sub-dominant contribution
from the higher N ′ > N ones. A concrete example of application of this idea is illustrated in
the bottom-right panel of Figure 5, where we specifically look at N = 2 observables such as the
second-order correlation function of the emission

g (2)(i1, i2) =
〈â†

i1
â†

i2
âi2 âi1〉

〈â†
i1

âi1〉〈â†
i2

âi2〉
. (59)

Depending on the relative value of the interaction and hopping parameters ωnl/J , the N = 2-
photon eigenstates go from being delocalized, approximately non-interacting-photon states to
fermionized, impenetrable-photon states. This key difference directly translate to the shape
of g (2)(i1, i2): for non-interacting photons it has a position-independent value equal to 1; for
impenetrable photons, its same-point value is much suppressed with respect to its different-
point value, g (2)(i1 = i2) ≪ g (2)(i1 ̸= i2). This illustrates how a coherent drive followed by a
measurement of a N -photon correlation function allows to obtain interesting information on
the many-body eigenstates of a strongly interacting system. A conceptually related experiment
was reported using a superconducting circuit-QED platform in [149].

Further theoretical work [150] has extended this idea to a two-dimensional lattice geometry
where impenetrable photons are also subject to a synthetic magnetic field. In this geometry, the
optical transitions occur from the vacuum state to strongly correlated N -photon states analogous
to the ones of fractional quantum Hall systems. An example of the peculiar physics of this regime
is illustrated in the top-left panel (a) of Figure 6. Here, we show how tuning the coherent pump
frequency on the lowest N = 2-photon resonance peak, one can extract information on the
complex microscopic structure of the Laughlin states from the two-photon correlations of the
emitted light: even in a small 4×4 lattice, we recognize in the wavefunction a clear antibunching
feature between pairs of strongly interacting photons as well as a complex phase profile as a
function of the relative position.

A closely related idea has been experimentally explored in a recent experiment [152]: strong
interactions between photons are obtained by coupling light to optically dressed atoms in a
Rydberg-EIT configuration [31,153]; a synthetic magnetic field in a cylindrically symmetric ge-
ometry is obtained by using a twisted optical ring-cavity [154]. Combining these elements, a
two-photon Laughlin state is selectively created using a coherent laser pump with finite angular
momentum and its microscopic structure is probed by looking at the correlation functions of the
emitted light at different spatial positions and in different orbital angular momentum channels.

Scaling up the idea to larger photon numbers is naturally the next goal, but several challenges
are still present along this way. As it was mentioned above, an obvious difficulty comes from
the decreasing value of the spacing between many-body resonances which imposes stricter con-
straints on their linewidth. An even more serious challenge comes from the quickly decreasing
value of the matrix element for driving a N -photon transition from the trivial vacuum state to a
topologically non-trivial FQH state with a coherent light beam formed by uncorrelated photons.
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Figure 6. Top-left panel (a): reconstruction of the two-particle wavefunction of a Laughlin
state from the two-photon correlations of the light emitted by the two-photon FQH state
generated under coherent pumping. The marker indicates the position of one photon;
the x j , y j coordinates on the plot correspond to the second photon’s position: the red
arrows indicate the two-photon emission amplitude, the black ones indicate the value of
the complex-valued Laughlin wavefunction discretized in the lattice. Bottom-left panel (b):
frequency-shift of the two-photon resonance peak under the effect of the braiding of a
quasi-hole. The continuous blue line is the spectrum for a single quasi-hole braided around
the cloud at a radius r /ℓ = 0.4; the dashed red line spectrum includes also a stationary
second hole located at r = 0, as indicated in the sketch in the inset. Right panel (c): sketch
of the frequency-selective incoherent pumping scheme to stabilize a N = 3 FQH state. The
non-Markovian nature of the pump prevents excitation across the many-body gap. The
(Markovian) photon losses cannot lead to states above the many-body gap. All together,
this restricts the dynamics to states with N ≤ 3 photons below the many-body gap. Panel (a)
is adapted from [150]. Panel (b) is adapted from [151].

4.1.3. Signatures of the braiding phase

In spite of these difficulties, an intriguing new possibility offered by the driven-dissipative con-
dition is illustrated in the bottom-left panel (b) of Figure 6. One of the key feature of a topological
state of matter is encoded in the so-called braiding phase that the many-body wavefunction ac-
quires when two quasi-holes are made to adiabatically move through the fluid and encircle each
other as sketched in the inset. While the braiding phase is a mathematically well defined con-
cept [101,155], an experimental observation of the overall phase of a quantum wavefunction re-
quires to design some interference process between different quantum states [156–158]. Quan-
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tum superpositions of the vacuum state and the desired many-body state are naturally generated
by a coherent pumping process, so any extra phase acquired by the many-body wavefunction
may be observed as a shift in the resonance frequency of the corresponding transition.

A concrete implementation of this general idea to measure the braiding phase in driven-
dissipative fractional quantum Hall fluids of light was proposed in [151]. In the presence of
one or more localized repulsive potentials, the lowest energy two-photon eigenstate consists of
a Laughlin state pierced by quasi-holes pinned at the position of the potentials. When a single
quasi-hole is braided around the fluid at a radius ro from the center with a constant angular
velocity Ω, the many-body wavefunction acquires at each roundtrip a phase given by the flux of
synthetic magnetic field enclosed by the trajectory. This phase, of geometric origin, is responsible
for the shift∆ωo of the main N = 2-photon peak visible on the blue spectrum of Figure 6(b). When
a second hole is present at the origin, the shift ∆ωoo acquires an additional contribution due to
the braiding of one quasi-hole around the other,

∆ωoo −∆ωo =ϕBr
Ω

2π
. (60)

whereϕBr is the braiding phase accumulated at each round trip and 2π/Ω is the time needed for a
round-trip. The frequency shift observed in the numerical simulation in Figure 6(b) is in excellent
agreement with the value theoretically extracted from a microscopic calculation of the many-
body braiding phase for this configuration. As it is discussed in detail in [151], the value of the
braiding phase tends to the topological value π as soon as the cloud has a macroscopic size and
edge effects can be neglected. In principle this requires a number N ≫ 1 of particles; interestingly
in view of experiments, a qualitative effect is already visible for N = 3 and the asymptotic value is
closely approached for N ∼ 10.

This theoretical prediction shows how the quantum superposition nature of the state that is
naturally generated in a coherent pumping process is not only a limitation of the preparation
process, but can be exploited as a new asset to observe the peculiar properties of the many-body
wavefunction of topological states of matter.

4.2. Incoherent pumping

In the previous subsection we have seen how the reversible nature of the coherent pumping pro-
cess makes the driven-dissipative steady-state to typically consist of a superposition of differ-
ent number states. If one wishes to concentrate the population on a single excited state, many-
photon generalizations of the π-pulses used in the coherent manipulation of the internal state
of atoms [148] can be envisaged. As the many-body states are very close in energy, sophisticated
quantum control techniques may be required to achieve a good selectivity, which furthermore
rely on some preliminary theoretical knowledge of the system.

An alternative way, inspired to population inversion in laser physics, is to exploit an incoherent
pumping scheme to irreversibly push the population upwards towards higher-N states. In its
simplest formulation with a broad-band incoherent pump as described within the Markovian
setting of (19), this incoherent pump scheme allows to efficiently push the population upwards
but the absence of energy-selectivity makes the population spread among the different many-
body states forming each N -photon manifold, typically in a uniform way [59]. As a result, the fluid
ends up displaying an effectively infinite temperature which prevents observation of interesting
quantum many-body effects.

A promising way-out is to introduce a frequency-selectivity of the pumping scheme which
provides non-Markovian features in the irreversible coupling between the system and the exter-
nal bath used for pumping. A simple implementation of this idea is sketched in the right panel
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of Figure 6 in the context of generating a FQH fluid of light: provided the spectrum of the inco-
herent pump is narrower than the many-body gap protecting the target FQH state, the pumping
cannot lead to states above the many-body gap. As states above the many-body gap cannot be
reached by loss processes either4, the population remains concentrated within the states below
the many-body gap. If the geometry of the fluid has periodic boundary conditions, the incom-
pressibility of the bulk puts an upper bound to the number of particles that can be accommo-
dated in a non-interacting state before one has to cross the many-body energy gap, e.g. a maxi-
mum of N = 3 particles for the configuration illustrated in the sketch. If the incoherent pumping
rate γpump exceeds the loss rate γloss, the population is irreversibly pushed up along the ladder
of N states and gets eventually concentrated in the upmost available state which is indeed our
target FQH state.

The situation is slightly more complicate if the periodic boundary conditions are replaced by
a finite geometry with physical edges, e.g., when the fluid is subject to a confining potential [159]
or has open boundary conditions [160,161]. In these cases, the energy gap to the lowest edge
excitation is typically much smaller than the many-body gap in the bulk and scales inversely to
the cloud perimeter. This puts more and more severe constraints on the energy selectivity of the
pumping process that is required to suppress spurious edge excitations. However, since these
excitations are confined on the edge of the cloud, they do not create any harm to the topological
properties of the bulk which remains well stabilized in a very pure fractional quantum Hall state.

In order to put these qualitative arguments onto solid and quantitative grounds one needs
to develop a theoretical description that is able to account for the non-Markovian features
associated to the frequency-dependence of the pumping process. In [62,162], this was done
by explicitly introducing into the model two-level emitters that provide a frequency-dependent
injection of photons as discussed at the beginning of Section 2.2.4. This allows to reformulate
the frequency-dependent incoherent pumping in terms of a master equation in the Lindblad
form, which can then be solved with standard methods, e.g. using one of the numerical libraries
that are available for these tasks [146]. In the fast repumping regime where the emitters can be
adiabatically eliminated, a simplified photon-only description based on generalized Lindblad
master equation can be used, as presented in Section 2.2.4. This has provided interesting insight
both in lattice and in continuum geometries [63,163]. On top of these numerical works, some
analytical results have also been obtained in specific limiting cases [164], further confirming
the promise of this framework for the autonomous stabilization of FQH states. On top of
these feasibility studies, interesting consequences of the driven-dissipative nature of the fluid
have also been pointed out in theoretical works. While isolated quasi-holes in the bulk of a
standard equilibrium FQH fluid move along deterministic trajectories, typically with very low
speeds, a recent work [165] has anticipated that repeated loss and repumping processes in the
neighborhood of a quasi-hole give rise to an effectively stochastic motion of quasi-holes.

The conceptual facility of this mechanism for the autonomous stabilization of a fractional
quantum Hall fluid of light is a consequence of the peculiar structure of the many-body spectrum
and of the many-body eigenstates. Something similar occurs for the deep Mott insulator state,

4This is easy to see on the analytical form of the Laughlin wavefunctions of FQH states [101],

ψ(z1, . . . , zN ) = P (z1, . . . , zN )
∏
i> j

(zi − z j )p e−
∑

i |zi |2 ,

where P is an arbitrary symmetric polynomial in the normalized complex zi = (xi +i yi )/ℓB coordinates of the i = 1, . . . , N
particles and p is an integer (even for bosonic particles like photons and odd for fermionic particles like electrons)
characterizing the specific FQH state under consideration. The non-interacting nature of this state is enforced by the
presence of factors (zi − z j ) for any pair i , j of particles, which give zeros in the wavefunction for overlapping particles.

This impenetrability condition is preserved when a particle is removed from the system.
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whose stabilization was experimentally demonstrated [64] using a superconductor-based circuit-
QED platform operating in the ωnl ≫ J regime (in the notation of the lattice Hamiltonian (56)).
In this limit, the thickness of the band of hole states (on the order of J ) is much smaller than the
energy separation (on the order of ωnl) from excited states featuring some doubly occupied site:
choosing a repumping rate J ≪ ΓP ≪ ωnl then guarantees an effective replenishing of any hole,
while suppressing the creation of unwanted doublons.

An even richer physics occurs when J and ωnl have comparable values, so that the driven-
dissipative condition interplays with the superfluid-insulator quantum phase transition occur-
ring at a finite critical value of J/ωnl [3]. In [166,167], a square-like form of the incoherent
emission spectrum, arising e.g. from an inhomogeneously broadened distribution of emitters,
was considered, that leads to an equilibrium-like superfluid-insulator transition. The case of a
Lorentzian spectrum was instead considered in [162] and specific nonequilibrium features were
pointed out for the superfluid-insulator transition. Beyond the steady-state, the spectrum of the
collective excitations on top of the driven-dissipative steady state was studied across the differ-
ent regimes in [62]: similarly to the equilibrium case, gapped particle-hole excitations are found
in the insulating state and a gapless Goldstone mode in the superfluid state. As a typical feature
of driven-dissipative systems, this latter was predicted to have the same diffusive properties as in
the weakly-interacting case discussed in Section 3.3.

5. Conclusions and perspectives

In this article we have reviewed the basic concepts of the driven-dissipative many-body physics
of quantum fluids of light and we have summarized the main theoretical tools used for their
description. A special emphasis has been given to those new effects and those new tools that
the driven-dissipative nature introduces for the stabilization and the manipulation of interesting
states of photonic matter.

As illustrative examples, in the weakly interacting regime, a suitable coherent pump can be
used to generate inhomogeneous flows displaying acoustic horizons; in topological photonic
systems, the interplay between the bandwidth of energy bands and the loss rate can be exploited
to smoothly transition from an anomalous Hall to a quantum integer Hall regime in the transverse
drift under crossed synthetic magnetic and electric fields. In the strongly interacting regime,
spectroscopical signatures of the anyonic braiding phase in fractional quantum Hall fluids of light
have been anticipated under coherent pumping and promising incoherent pumping schemes to
stabilize macroscopic strongly correlated fluids are being actively investigated.

These advances are opening exciting perspectives in a number of interdisciplinary directions,
at the crossroad of many-body physics, nonlinear statistical mechanics, and quantum simula-
tion of gravitational problems. As we have mentioned along the article, acoustic horizons in in-
homogeneous flows have been predicted to give acoustic analogs of Hawking radiation, which
could be experimentally detected in the intensity correlations of the emitted light. The flexibility
in the generation and the manipulation of different flow geometries is of utmost interest in view
of studying more complex phenomena where, e.g., Hawking radiation interplays with superradi-
ance and localized quasi-normal modes [168] of the underlying space-time. The coherence prop-
erties of condensates and quasi-condensates display universality features that fall in the frame-
work of the Kardar–Parisi–Zhang framework: going beyond the one-dimensional geometries con-
sidered so far in experiments, the combination of condensation with synthetic dimensions opens
the way to studies of nonequilibrium statistical mechanics and many-body effects in high dimen-
sional geometries beyond the three dimensions of our physical space [169]. Finally, application
of the frequency-dependent incoherent pumping techniques to strongly interacting photons in
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complex geometries and/or in the presence of non-trivial band topologies offers promising av-
enues towards the driven-dissipative stabilization of strongly correlated states of photonic mat-
ter and the observation of their peculiar collective excitations, including those Abelian and non-
Abelian anyonic statistics that are of interest for topological quantum computing [170].

Beyond quantum fluids of light, driven-dissipative schemes are presently attracting a growing
interest also in the context of ultracold atomic gases. A well-established direction is to design dis-
sipation channels that tend to push the atomic gas towards a desired many-body state [10–15]. A
more recent research avenue focuses on configurations where a net particle flux is established by
letting the system exchange atoms with several suitably designed reservoirs, either in an incoher-
ent way via inter-atomic collisions or in a coherent way via internal transitions driven by incident
electromagnetic fields. Examples of this strategy are the engineered evaporation leading to con-
densation into a (topological) excited state observed in [171] and, even more directly, the continu-
ously loaded Bose–Einstein condensate that was generated in the driven-dissipative steady-state
of a complex atom cooling apparatus in [16]. Taking inspiration from fluids of light [106,133], a
natural next question is to explore the consequences of the nonequilibrium nature on the coher-
ence and on the collective modes of the driven-dissipative atomic condensate. On the coherent
pumping side, macroscopic atomic reservoirs involving a condensate have been used to realize
atomic analogs of the coherent pumping schemes: first experiments have demonstrated bista-
bility effects in single mode geometries [17,18]; along the lines of the recent experiments demon-
strating baby fractional quantum Hall fluids of light [152], analogous work is in progress in the
direction of stabilizing strongly correlated states of atomic matter.
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[6] D. E. Chang, V. Vuletić and M. D. Lukin, “Quantum nonlinear optics – photon by photon”, Nature Photon. 8

(2014), no. 9, pp. 685–694.
[7] I. Carusotto, A. A. Houck, A. J. Kollár, P. Roushan, D. I. Schuster and J. Simon, “Photonic materials in circuit

quantum electrodynamics”, Nat. Phys. 16 (2020), no. 3, pp. 268–279.
[8] J. Bloch, I. Carusotto and M. Wouters, “Non-equilibrium Bose–Einstein condensation in photonic systems”, Nat.

Rev. Phys. 4 (2022), no. 7, pp. 470–488.
[9] L. M. Sieberer, M. Buchhold and S. Diehl, “Keldysh field theory for driven open quantum systems”, Rep. Prog.

Phys. 79 (2016), no. 9, article no. 096001.
[10] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Büchler and P. Zoller, “Quantum states and phases in driven open

quantum systems with cold atoms”, Nat. Phys. 4 (2008), no. 11, pp. 878–883.
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“Quantum nonlinear optics with single photons enabled by strongly interacting atoms”, Nature 488 (2012),
no. 7409, pp. 57–60.

[32] O. Firstenberg, T. Peyronel, Q.-Y. Liang, A. V. Gorshkov, M. D. Lukin and V. Vuletić, “Attractive photons in a
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1. Introduction

Our goal here is to discuss the mathematical analysis of dilute Bose gases and, in particular, the
ground state energy density in this limit. We consider N bosons moving in a cube [0,L]d of length
L > 0 in dimension d = 1,2 or 3. We use units in which ħ= 1 and the mass of the boson is 1/2. The
kinetic energy of a boson is thus represented by the Laplace operator −∆=−∇2. The bosons will
interact through a two-body potential v such that the system Hamiltonian is given by

HN (v) =
N∑

i=1
−∆i +

∑
i< j

v(xi −x j ) (1)
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acting on an appropriate subspace D of symmetric square integrable functions on [0,L]N d , i.e.,
of L2([0,L]N d ) = ⊗N L2([0,L]d ). Symmetry refers to interchange of the N boson coordinates in
[0,L]d . The problem will not depend very much on the choice of the domain D, i.e., boundary
conditions (e.g., Dirichlet, Neumann or periodic) will, in general, not be important. We will
nevertheless consider it to consist of functions that have two continuous partial derivatives and
that satisfy periodic boundary conditions on [0,L]d . This is of course equivalent to consider
particles on a torus.

The assumptions on the two-body potential v are, however, important for the known math-
ematical results. These assumptions relate to some of the open problems we will highlight. We
need to assume that v ≥ 0 and that v is spherically symmetric. For simplicity here we will also as-
sume that v vanishes outside a bounded region. This last assumption can certainly be relaxed to
some sufficiently fast decay, but the assumption that v is non-negative is important and remov-
ing it is a challenge. The only known work, relating to what we discuss, allowing v to be slightly
negative is [1]. The potential is allowed to be rather singular. The most important example is
maybe the hard-core potential

v(x) =
{
∞, |x| < R

0, |x| > R.
(2)

We will here be concerned with the ground state energy, i.e., the case of zero temperature T = 0:

EL(N , v) = inf
Ψ∈D

〈Ψ|HN |Ψ〉
〈Ψ|Ψ〉 .

The inf here is not necessarily a min, because the normalized ground stateΨ0 which satisfies

EL(N , v) = 〈Ψ0|HN |Ψ0〉
may not be in the domain D that we chose, but may only be approximated from D. Moreover here
it is not really important that D consists of symmetric functions. If we ignored this condition the
infimum would be the same, i.e., the ground stateΨ0 is automatically symmetric, i.e., bosonic.

We are really interested in the thermodynamic limit of the ground state energy density

e(ρ, v) = lim
L→∞

N L−d→ρ

L−d EL(N )

for a particle number density ρ ≥ 0. It is not difficult to prove that this limit exists and that e(ρ) is
a convex function of ρ.

While the energy EL(N , v) may depend on the boundary conditions we choose on the bound-
ary of [0,L]d the thermodynamic energy density e(ρ) will not.

The goal is to understand the structure of the ground state and of e(ρ) in the dilute limit ρ→ 0.
In particular we would like to prove Bose–Einstein Condensation (BEC) in d = 2 and 3 and to
understand the asymptotic expansion of e(ρ) in the dilute limit.

We should, however, first understand what we mean exactly by the dilute limit, i.e., what is
the right parameter to compare ρ to. For that we need to introduce the Scattering Length of
the potential v . We will do that in Section 2. In Section 3 we formulate the main mathematical
results on the dilute limit of the ground state energy density. In Section 4 we review the Bogolubov
approximation as a variational theory and explain what it gives in the dilute limit. In Section 5 we
discuss Bose–Einstein condensation and what is known about it rigorously. In Section 6 we sketch
some of the ideas involved in proving the energy asymptotics in three dimensions—the Lee–
Huang–Yang formula. Finally, in Section 7 we make a few remarks about the one-dimensional
case where we do not have BEC and compare the result on the dilute limit for general potentials
with the exact results for the hard-core gas and the Lieb–Liniger gas. We conclude in Section 8
with a summary and open questions.
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2. Scattering length

To introduce the scattering length we consider the zero energy scattering equation [2]

−∆u + 1
2 vu = 0, on Rd .

Here the factor 1/2 may be seen as coming from the reduced mass of the two-body problem, i.e.,
that there is a factor 2 in front of the Laplacian in relative coordinates.

If v vanishes outside a ball of radius R there will in dimension d = 1,2,3 be a unique solution
u satisfying that for |x| > R

d = 1: u(x) = |x|−a, d = 2: u(x) = ln(|x|/a), d = 3: u(x) = 1− a

|x|
for a unique length scale a called the scattering length of the potential v .

Note that we must have a ≤ R otherwise the scattering function u changes sign and hence, by
the Sturm oscillation principle, the potential v will have a two-body bound state. For the hard-
core potential (2) we have a = R.

Under our assumption v ≥ 0 this cannot happen and moreover in dimensions 2 and 3, a ≥ 0.
In dimension 1 we may have a negative even if v is positive, e.g., for the delta interaction, i.e., the
Lieb–Liniger gas.

The free case v = 0 corresponds to a = 0 in dimensions d = 2 and 3, but in dimension d = 1
it corresponds to a = −∞. Since a = 0 for the free gas in 2 and 3 dimensions the dilute limit can
also be seen as the weakly interacting case. In dimension 1, however, the dilute gas corresponds
rather to the strongly interacting case.

In dimension three we have 0 ≤ u ≤ 1 and it will be convenient for us to write the scattering
solution as u(x) = 1−ω(x), with 0 ≤ω(x) ≤ 1 and ω(x) = a/|x| for large |x|. It is also easy to see, in
this case, that

8πa =
∫

v(x)u(x)dx ≤
∫

v(x)dx. (3)

Equivalently the scattering length could have been defined from the two particle ground state
energy satisfying the following L →∞ asymptotics

EL(N = 2, v) =


2π2(L−a)−2 +o(aL−3), d = 1

4πL−2
∣∣∣ln a

L

∣∣∣−1
(1+o(1)), d = 2

8πaL−3(1+o(1)), d = 3.

(4)

Here it is important that we consider wave functions satisfying periodic boundary conditions.
Having defined the scattering length we can make the condition of diluteness more precise.

Indeed, it refers to the dimensionless parameter ρ|a|d being small.

3. Main result on energy density asymptotics

The main mathematical results on the ground state energy density of dilute gases is collected in
the following theorem.

Theorem 1 (Ground state energy density asymptotics). For v ≥ 0 with finite range in the ball
|x| ≤ R we find in the limit ρ|a|d → 0 that

d = 3: e(ρ) = 4πρ2a

(
1+ 128

15
p
π

(ρa3)1/2 +o((ρa3)1/2)

)
d = 2: e(ρ) = 4πρ2Y

(
1+Y log(Y π)+

(
2Γ+ 1

2

)
Y +o(Y )

)
, Y = | log(ρa2)|−1

d = 1: e(ρ) = π2

3
ρ3(1+2ρa +o(ρR)).
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The result in dimension three requires v ∈ L3, i.e., that the |v |3 is integrable, but this is only required
to prove the upper bound in the estimate. Above Γ is the Euler–Mascheroni constant.

The error in dimension one is not only in terms of ρa but involves the range R. In the one-
dimensional case we may have a = 0 for a non-trivial potential and we can then not write the
error solely in terms of ρa.

The leading term in the asymptotic formula in dimension 3 goes back to Lenz [3]. The full
two-term asymptotics in d = 3, the Lee–Huang–Yang formula, goes back to the 1957 work of Lee–
Huang–Yang [4] based on an analysis of the hard-core gas. They conjectured that the two terms
should hold universally. The universality of the upper bound in the leading term was established
by Dyson [5] in 1957 and the leading order lower bound by Lieb and Yngvason in 1998 [6]. The
upper bound to the Lee–Huang–Yang precision was proved by Yau and Yin [7] and simplified
in [8]. It requires, as explained in the theorem, the potential v to satisfy integrability conditions
and does not include the hard-core case. The lower bound was proved in [9,10]. It holds also
for the hard-core potential. It is curious that Lee, Huang, and Yang derived the formula from
an analysis of the hard-core gas while this case is still a mathematical challenge. The recent
paper [11] derives an upper bound on the ground state energy density for the hard-core gas with
an error of the order of the Lee–Huang–Yang correction but with too large a constant. In [12] a
version of the upper bound to the Lee–Huang–Yang precision was derived in a confined Gross–
Pitaevskii regime. The Lee–Huang–Yang formula was observed experimentally in a cold dilute
gas of 7Li atoms in [13,14].

The two-dimensional leading-order case was studied by Schick in [15] and rigorously by Lieb
and Yngvason in [16]. The higher corrections were studied in [17–20]. A complete proof including
the hard-core case for both the upper and lower bounds was given in [21]. The one-dimensional
case was proved in [22].

In dimension three corrections beyond the Lee–Huang–Yang order were predicted by Wu [23]
to be of the form

e(ρ) = 4πρ2a

(
1+ 128

15π1/2
(ρa3)1/2 +8

(
4π

3
−p

3

)
ρa3 ln(ρa3)+Eρa3 +o(ρa3)

)
. (5)

The constant E can be found more explicitly in [24] which claims

E = D

12πa4 +π
rs

a
+C ,

where C is a universal constant, D is the three-body scattering hyper-volume, and rs is the
effective range (for the hard-core rs = 2a/3, see [24]). From the rigorous point of view, all terms
beyond Lee–Huang–Yang are a challenge for thermodynamic systems. In a confined setting
progress on the third term above was achieved in [25].

In dimension two Mora and Castin [20] find1

e(ρ) = 4πρ2Y

(
1+Y (log(Y π)+2Γ+1/2)+Y 2(log(Y π)+2Γ+1)2 − 8I

π
Y 2 +o(Y 2)

)
, (6)

where I is a universal constant.

4. Second quantization and Bogolyubov Theory

In this section we will briefly sketch how to understand the Lee–Huang–Yang formula from the
Bogolyubov approximation [26]. We shall however proceed in a somewhat non-standard way.
Usually the Bogolyubov approximation approximates the Hamiltonian by a quadratic Hamilton-
ian in bosonic creation and annihilation operators. Such a Hamiltonian will be minimized by a

1I thank the referee for suggesting to add the formula in this form which has not appeared previously.
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Gaussian or quasi-free state. Rather than approximating the Hamiltonian we will introduce Bo-
golyubov theory as a variational approach where we leave the Hamiltonian unchanged but re-
strict to quasi-free states. For details see [27,28]. This has the advantage that the resulting ap-
proximation is actually an upper bond on the true energy density.

We write the Hamiltonian (1) on the 3-dimensional torus in second quantized form.

HN (v) = ∑
p∈(2πZ/L)3

p2a†
p ap + 1

2L3

∑
p,q,k

v̂(k)a†
p+k a†

q−k aq ap .

Here we use the convention v̂(p) = ∫
v(x)e−ipx dx for the Fourier transform, i.e., on the torus the

interaction v between two particles is a function of the distance between them measured on the
torus.

We perform a unitary transformation a0 → a0+
√
ρ0L3 that rewrites the Hamiltonian in terms

of variables expanding around the condensate with density ρ0 in the zero momentum state.
After this we evaluate in a quasi-free translation invariant state where all expectation values

can be expressed by Wick’s Theorem in terms of the two quantities:

γ(p) = 〈a†
p ap〉, α(p) = 〈a†

p a†
−p〉.

It is sufficient here to restrict to α(p) real. They satisfy that the matrix(
γ(p) α(p)
α(p) 1+γ(p)

)
is positive semi-definite and hence

α(p)2 ≤ γ(p)(1+γ(p)).

We find the energy density in the thermodynamic limit expressed as the functional

EBog(ρ0,γ,α) = (2π)−3
∫

p2γ(p)dp + 1

2
v̂(0)

(
ρ0 + (2π)−3

∫
γ(p)dp

)2

+ρ0(2π)−3
∫

v̂(p)(γ(p)+α(p))dp

+ 1

2
(2π)−6

Ï
v̂(p −q)(γ(p)γ(q)+α(p)α(q))dp dq. (7)

We will now sketch how to get the leading term in the d = 3 expansion from this expression.
The minimizer will have α(p) = −√

γ(p)(1+γ(p)). It can be shown that the minimizer of the
Bogolyubov functional (7) has almost complete condensation, i.e.,

ρ := ρ0 + (2π)−3
∫
γ(p)dp ≈ ρ0

and we will have γ(p) ≪ 1. We can therefore approximate γ(p) ≈ α(p)2. If we write the inverse
Fourier transform of α as α̌(x), we see that

(2π)−3
∫

p2γ(p)dp ≈
∫

|∇α̌(x)|2 dx.

The energy density is therefore approximated by∫
|∇α̌(x)|2 dx +ρ

∫
v(x)α̌(x)dx + 1

2

∫
v(x)|α̌(x)|2 dx + 1

2
v̂(0)ρ2. (8)

With these approximations the variational equation for α̌ is

−∆α̌+ 1
2 vα̌+ 1

2ρv = 0. (9)

We can rewrite this equation as

−∆(1+ρ−1α̌)+ 1
2 v(1+ρ−1α̌) = 0.
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We recognize this as the scattering equation and conclude that α̌(x) ≈ −ρω(x). Multiplying
Equation (9) by α̌ and integrating we find that the approximation (8) to the energy density gives

1

2
ρ

∫
v(x)α̌(x)dx + 1

2
v̂(0)ρ2 = 1

2
ρ2

∫
v(x)(1−ω(x))dx = 4πρ2a,

i.e., exactly the leading term in the 3-dimensional energy asymptotics. Here we used that the
scattering solution is u(x) = 1−ω(x) and the identity (3).

In the usual formulation of the Bogolyubov approximation a0 is replaced by a number (c-
number substitution) and the remaining Hamiltonian is approximated by an operator quadratic
in the remaining creation and annihilation operators by ignoring cubic and quartic terms.
Proceeding in such a fashion it is, actually not even possible to get the correct leading term in
the energy density asymptotics. In fact, the scattering length will not appear but we will find the
larger value (8π)−1

∫
v = (8π)−1v̂(0) in its place. It should also be clear from the analysis above

that we, indeed, did not ignore the quartic terms.
The approximations above can be controlled rigorously [28]. The argument originally goes

back to the paper [29]. In [28] it was shown by a more detailed analysis that minimizing
the Bogolyubov functional in (7) does not give the second correction in the Lee–Huang–Yang
formula. It does give the formula if v̂(0) is replaced everywhere by the smaller quantity 8πa. In
fact, the difficulty in the rigorous analysis is exactly to understand this replacement.

Restricting to quasi-free states, indeed, ignores the cubic terms of the form

v̂(k)a†
k a†

q−k aq a0 +hermitian conjugates

in the Hamiltonian just as in the usual Bogolyubov approximation. It was, however, understood
both in [7] and in [9,10] that these terms cannot be ignored if the goal is to get the Lee–Huang–
Yang order correctly.

5. Bose–Einstein condensation

In the previous section we saw that the optimal Bogolyubov trial state has almost complete
condensation. It is, however, one of the major open problems in the mathematical analysis of
Bose gases to show Bose–Einstein condensation (BEC) for the true ground state. The precise
meaning of BEC is that in the thermodynamic limit we have for the true ground state ΨL

(indicating explicitly that it of course depends on L) that

lim
L→∞

N /Ld→ρ

L−3〈ΨL , a†
0a0ΨL〉 = ρ0 ̸= 0

i.e., that we have macroscopic occupation in the zero momentum state.
It turns out, however, that to rigorously establish the Lee–Huang–Yang formula we do not

need to prove BEC in the thermodynamic limit. It is enough to establish condensation for the
gas confined to a finite size corresponding to the Gross–Pitaevskii regime. More precisely, in
dimension 3 this means that the gas shows condensation if confined to a box of length scale L of
order the healing length ∼ (ρa)−1/2. On this scale condensation can be proved if the ground state
energy can be approximated to sufficient accuracy. To understand this heuristically note that if
ρ+ = ρ−ρ0 is the density of particles not in zero momentum then in a cube of length L these
particles would have a kinetic energy density of at least ρ+π2L−2. If we control the energy to the
Lee–Huang–Yang order this would imply that ρ+L−2 ≪ ρ2a

√
ρa3, or

ρ+
ρ

≪ (L
p
ρa)2

√
ρa3.

This was first seen rigorously for trapped potentials in [30] and improved in [31–35]. In the
thermodynamic limit, however, condensation cannot be derived from controlling the energy
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density. The only known cases in which BEC has been established in the thermodynamic limit is
for the hard core Bose gas on a lattice at half filling [36,37].

It is an interesting question whether the experimental observations of BEC going back to
the seminal works [38,39] can be said to be in a thermodynamic regime in the sense that the
confinement is in a region large compared to the healing length, properly defined. The original
works were in a harmonic trapping potential whereas more recent experiments [40] are closer to
the uniform case. The experiment considers confinement of 87Rb atoms in a cylindrical “box”
with cross-sectional diameter R = 35 µm and length L = 70 µm. The experiment starts with
6×105 particles before evaporative cooling and ends with a condensate density of 2×1012 cm−3 =
2 µm−3 corresponding to approximately 5×105 condensate particles. It may not be entirely clear
how to define the healing length in order to make a comparison. A reasonable comparison would
be whether the leading order energy per particle, i.e. 4πρa, corresponds to many transversal
kinetic energy modes. The number of transversal energy modes up to level λ = 4πρa may be
estimated by the phase-space volume. With a scattering length of 87Rb around 5×10−3 µm [41]
and using for ρ the condensate density 2 µm−3 we find for this estimate on the number of
transversal modes

(2π)−2
Ï

p2≤λ,r<R
d2p d2r = 1

4
λR2 =πρaR2 ≈ 352π/100 ≈ 38.

This is a reasonably large number of modes. It would still be interesting to increase the size of the
sample to push our understanding of BEC further.

Likewise, it may be considered whether the experimental study of the Lee–Huang–Yang cor-
rection for 7Li atoms in [13] is in a trapped (Gross–Pitaevskii regime) or closer to a thermody-
namic regime. In this setup the healing length is approximately 1 µm whereas the cylindrical
trap (in this case harmonic) has cross-sectional radius 5 µm and length 100 µm.

6. Ideas behind the proof of the Lee–Huang–Yang formula

We will give a very sketchy overview of how to prove the lower bound in the Lee–Huang–Yang
formula. The long and technical details can be found in [9] and [10]. There are two main steps
in the proof. The first step is to control condensation by localizing the gas to a box of size of the
healing length ℓ∼ (ρa)−1/2 without paying too high a localization prize.

In a box of that size we may conclude condensation as described above. In fact, if we only want
to show ρ+ ≪ ρ it is enough to control the energy to any order better than the leading order ρ2a.

In a box B = [0,ℓ]3 we consider the projection P onto constant functions, i.e.,

P = ℓ−3 |1B 〉〈1B |
and the orthogonal projection Q = 1−P . Note that the operator

∑
i Pi acting on the many-body

space counts the number of particles in the condensate, i.e.,
∑

i Pi = a†
0a0 in second quantization,

and
∑

i Qi counts the particles not in the condensate. Thus we know a-priori from the first step
that

∑
i Qi is not too big.

We may write∑
i< j

v(xi −x j ) = ∑
i< j

(Pi +Qi )(P j +Q j )v(xi −x j )(Pi +Qi )(P j +Q j )

= ∑
i< j

Pi P j v(xi −x j )Pi P j +·· ·+Qi Q j v(xi −x j )Qi Q j ,

where in the last expression we have expanded in 16 terms. The usual Bogolyubov approximation
corresponds to keeping terms with 2 or fewer Q operators and ignoring the terms with 3 and 4
Q’s. We know however that this will not work.
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A crucial idea in [9] was to recognize that the expression that we can afford to ignore in the
lower bound is the positive expression (using that v ≥ 0)∑

i< j
(Qi Q j + (Pi P j +Pi Q j +P j Qi )ω)v(Qi Q j +ω(Pi P j +Pi Q j +P j Qi )) ≥ 0.

Recall that u = 1−ωwas the scattering solution. The dependence ofω and v on xi −x j is omitted
to lighten the notation. Put differently we subtract this term from the Hamiltonian to get a lower
bound. This will have the effect to remove the 4-Q term and in the other terms replace v by either
v(1−ω) or v(1−ω2). Note that replacing v by v(1−ω) = vu gives us a potential (see (3)) with the
property that

∫
vu = 8πa, which is the main point in this idea.

There are still the (1−ω2)v = (1−ω)v+ω(1−ω)v terms as well as the 3-Q terms. The 3-Q terms
require a difficult analysis before a standard Bogolyubov diagonalization can be performed. It
leads to a calculation where the additional terms with ω(1−ω)v exactly cancel to arrive at the
Lee–Huang–Yang formula.

7. Some reflections on the one-dimensional case

We will not discuss the one-dimensional case of Theorem 1 in details but will only make a few
remarks about it. In the one-dimensional case there are two cases in which the ground state
energy can, at least in principle, be determined explicitly.

The simplest case is that of a hard-core potential. In this case the ground state energy of
the Bose gas is identical to the ground state energy of the free Fermi gas in the smaller length
(“volume”) L − N a corresponding to the higher density ρ(1−ρa)−1. Recalling that the ground
state energy of the free Fermi gas in one-dimension is (π2/3)N 3L−2 an easy calculation shows
that the ground state energy of the hard-core Bose gas is (π2/3)Nρ2(1−ρa)−2. I.e., the ground
state energy density is

e(ρ) = π2

3
ρ3(1−ρa)−2 = π2

3
ρ3(1+2ρa +o(ρa)).

In agreement with Theorem 1.
The other case that can be treated exactly is the Lieb–Liniger gas [42] with delta interactions

v(x) = 2cδ(x), c > 0. It was solved exactly in [42]. To be more precise calculating the ground state
energy is reduced to solving an integral equation. This is not entirely trivial and a closed form
expression does not exist. It is, however, known that in the dilute limit ρ small or equivalently c
large (the strongly interacting case) we have

e(ρ) = π2

3
ρ3((1+2ρ/c)−2 +o(ρ/c)).

Since the scattering length of v in this case is negative with a =−2/c we again arrive at the formula
in Theorem 1. The rigorous proof that this is universally true for all potentials is, at least, for the
lower bound based on a comparison with the Lieb–Liniger model. The details of both the upper
and lower bound are given in [22].

8. Conclusion and summary of open problems

We have briefly discussed the known mathematical results on the ground state energy density
of Bose gases in the dilute limit. For positive (repulsive) potentials we know under fairly general
circumstances a two-term asymptotic expansion for the ground state energy density. The most
important unsolved case is the hard-core potential in three dimensions. In this case, we know
that the Lee–Huang–Yang formula gives a correct lower bound on the ground-state energy
density. For the upper bound, the best result [11] is an estimate with a coefficient on the term of
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Lee–Huang–Yang order that is too large. Finally, it is still a major challenge to go beyond the Lee–
Huang–Yang order and prove the Wu corrections in (5) and the corresponding two-dimensional
Mora–Castin corrections in (6).

Another important open problem is generalizing to potentials that are allowed to be negative.
The best result here is [1]. Of course, it must be a requirement that the potential has no k-body
bound states for any finite particle number k. Thus, in particular, it rules out potentials with
range smaller than the scattering length where there are two-body bound states. Thus, the situ-
ation studied in experiments with cold atomic gases where the scattering length is significantly
larger than the range are at best meta-stable. Analyzing such systems mathematically would be a
major challenge, as we would not have a true ground state.

The most challenging mathematical problem for dilute gases is to establish Bose–Einstein
condensation. It has been done for confined gases, but, except for a few cases that are certainly
not dilute, it is an open problem in the thermodynamic limit corresponding to gases confined to
regions much larger than the healing length. It might also be interesting to consider experiments
that probe condensation even further into this regime.
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Abstract. We present a thermodynamic description of ultracold gases with dipolar interactions which prop-
erly accounts for the long-range nature and broken rotation invariance of the interactions. It involves an ad-
ditional thermodynamic field conjugate to the linear extension of the gas along the direction of the dipoles.
The associated uniaxial pressure shows up as a deviation from the Gibbs–Duhem relation in the density pro-
file of a trapped gas. It has to vanish in self-bound droplets, a condition which determines the observed
dependence of the aspect ratio on particle number. A tensorial generalization of the virial theorem and a
number of further exact thermodynamic relations are derived. Finally, extending a model due to Nozières, a
simple criterion for the freezing transition to a superfluid mass density wave is given.

Résumé. Nous donnons une description thermodynamique des gaz froids en interaction dipolaire qui tient
compte de la longue portée de ces interactions et de leur absence d’invariance par rotation. Elle fait intervenir
un champ thermodynamique supplémentaire conjugué à l’extension linéaire du gaz selon la direction des
dipôles. La pression uniaxiale associée se manifeste par un écart à la relation de Gibbs–Duhem dans le profil
de densité du gaz piégé. Elle doit s’annuler dans les gouttelettes (des états liés du système), une condition
qui détermine la dépendance observée du rapport d’aspect avec le nombre de particules. Une généralisation
tensorielle du théorème du viriel et un certain nombre d’autres relations thermodynamiques exactes sont
obtenues. Enfin, en étendant un modèle dû à Nozières, on aboutit à un critère simple pour la transition de
solidification vers une onde de densité de masse superfluide.
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1. Introduction

The realization of a Bose Einstein condensate with Chromium [1] has opened a new field of
research in ultracold gases. It allows to explore a wide range of phenomena which are uniquely
tied to the long-range and partially attractive nature of dipolar interactions. Following the
extension to condensates with Erbium or Dysprosium where the strength of these interactions
may exceed the short-range repulsion, the field has grown immensely in recent years. This is
based, in particular, on the discovery of self-bound droplets [2] and of supersolid phases [3–5],
where superfluidity coexists with broken translation invariance: see [6] for a recent review of
magnetic dipolar gases and the Lectures [7, 8] for an introduction to the underlying concepts.
On the theory side, a successful qualitative description of the observations is provided by an
extended Gross–Pitaevskii equation, where a non-analytic contribution proportional to |ψ|5 is
added to the energy functional. As will be discussed below, a proper microscopic derivation of
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this procedure in the relevant regime of strong dipolar interactions, where the chemical potential
may assume negative values, is lacking. It is therefore of interest to develop a description which
only relies on general thermodynamic relations, properly accounting for the long-range and
anisotropic nature of the interactions. A step in this direction will be taken in the present
contribution for quantum fluids in thermal equilibrium, extending concepts from classical polar
fluids [9] and liquid crystals [10]. In particular, it is shown that the anisotropy and long-range
nature of the interactions require the introduction of an additional contribution h1dLz in the
differential of the free energy, with Lz the system length along the direction of the dipoles.
It gives rise to the shape-dependence of thermodynamic properties and an anisotropy in the
momentum current tensorΠ(x) and thus effectively to pressure. The appearance of an additional
extensive variable Lz in the free energy F (T,V ,Lz , N ) beyond particle number and volume leads to
a violation of the Gibbs–Duhem relation which is reflected in the density profile of harmonically
trapped gases. Moreover, for the case of self-bound droplets where the internal forces have
to balance locally, the vanishing of the uniaxial contribution implies a scale-dependent aspect
ratio κ(N ) ∼ N−1/4, approaching zero in the thermodynamic limit where the droplets evolve
into a needle-like shape. Finally, we address the nature of the transition from a homogeneous
superfluid to a supersolid and discuss a simple model due to Nozières [11] which provides a
criterion for the associated critical value of the roton gap beyond mean-field.

In general, the aim of the present contribution is to clarify a number of conceptual points in
the theory of dipolar gases, thus providing a better understanding of some fundamental issues
and open problems.

2. Thermodynamics of uniaxial quantum fluids

In close analogy to the standard description of classical polar fluids [9], the two-body interaction

V (x12) =Vsr(r12)− µ2
m

4π

2P2(ẑ · x̂12)

r 3
12

·χ(r12) (1)

in Bose quantum fluids whose permanent dipoles µm are all oriented along the z-direction
may be separated into a rotation invariant short-range plus the long-range, anisotropic dipolar
contribution (we use magnetic dipoles in the following and units where µ0 ≡ 1 but our results
also hold for electric ones with minor changes). Here, P2(x) = (3x2−1)/2 is the standard Legendre
polynomial and ẑ, x̂12 are unit vectors along, respectively, the dipole orientation or the separation
vector x12 = x1 − x2. In the ultracold limit, the two-body scattering amplitude associated with
Vsr(r12) only involves s-wave scattering and thus is fully characterized by the scattering length a,
which is assumed to be positive. The short-range interaction can therefore be replaced by a
zero-range pseudopotential with strength parameter g = 4πħ2a/m. A similar simplification
is possible for the dipolar interaction, whose strength defines an additional effective length
add > 0 by gdd = µ2

m/3 = 4πħ2add/m. Indeed, dipolar scattering at low energies arises from large
separations, where Vdd(x12) ∼µ2

m/r 3
12 is weak. Asymptotically, the two-body scattering amplitude

fdd(k̂i → k̂ f , |k|) −−−−−−→
|k|add≪1

f (B)
dd (k̂i → k̂ f ) =−add ·2P2(ẑ · q̂) for |q| = 2|k|sin(θ/2) ̸= 0 (2)

is therefore given by the Born approximation, proportional to the Fourier transform Vdd(q) =
gdd 2P2(ẑ · q̂) of the bare dipolar interaction at the momentum transfer wave vector q = k f −ki .
Note that Vdd(q) is independent of |q| only for |q|r0 ≪ 1, where the short distance cutoff function
χ(r ) in Equation (1) may be replaced by unity and also that the forward scattering limit θ = 0 is ill-
defined. Moreover, since Vdd(x12) is not rotationally symmetric, the scattering amplitude cannot
be decomposed into separate angular momenta and also depends on the initial direction k̂i

1.

1A discussion of how this affects rethermalization in dipolar gases has been given by Bohn and Jin [12].
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The validity of the result (2) has been tested by Bohn et al. [13] based on a numerical solution of
the full dipolar two-body scattering problem. Using a pure power law dependence of Vdd(x12)
with a sharp cutoff at a distance r0 ≪ add, the cross section σ̄(|k|) averaged over all incident
directions k̂i is found to essentially coincide with the Born approximation value obtained for
|k|add → 0 up to energies of order ħ2/(ma2

dd). For typical values add ≈ a ≃ 100 a0, dipolar
scattering in ultracold gases is therefore fully described in terms of a single parameter add and
deviations of the actual dipolar interaction from a pure power law at short distances r12 < r0

are not relevant. This standard assumption, where point-like dipoles are combinded with a
zero-range pseudopotential has to be used with caution, however. Indeed, the cutoff scale
r0 explicitely enters the corrections beyond the Born approximation. Specifically, while both
the real and the imaginary part Im fdd(0) = |k|σdd(k̂i )/(4π) ∼ |k|a2

dd of the forward scattering
amplitude vanish at low energies and are independent of r0, the real part Re f (2B)

dd (0) ∼ a2
dd/r0

is finite in second order Born approximation and linearly sensitive to the short distance cutoff. A
more serious problem arises at the many-body level where the expectation value of the dipolar
interaction

〈Ĥdd〉 =
∫

x1

∫
x2

[
−µ

2
m

8π

2P2(ẑ · x̂12)

r 3
12

]
ρ(2)(x1, x2) with ρ(2)(x1, x2) = ρ(1)(x1)ρ(1)(x2)·g (2)(x1, x2) (3)

depends on the exact two-particle density ρ(2)(x1, x2). It thus requires knowledge not only
of the one-particle density ρ(1)(x) of the atomic cloud but also of the associated two-particle
distribution function g (2)(x1, x2) (we consider a general inhomogeneous situation, following the
notation for classical fluids in [9]). Expressed in terms of center-of-mass and relative coordinates
X and x12, the integral in (3) is well defined despite the short-distance singularity 1/r 3

12 provided
ρ(2)(X , x12) is regular in the limit x12 → 0 (for a mathematically precise statement see e.g. [14]).
The disappearance of the singularity due to the vanishing angular average of P2(ẑ · x̂12) is spoiled,
however, if the effective range of Vsr(r12) is set to zero. Indeed, provided the actual interaction
becomes isotropic at short distances, the two-particle density is asymptotically determined by
the one obtained from a pseudopotential approach where

ρ(2)(X , x12) −−−−→
x12→0

C2(X )

(4π)2

(
1

r 2
12

− 2

ar12
+·· ·

)
(4)

is singular at short distances [15, 16]. Here, C2(X ) → [4πρ(1)(X )a]2 is the Tan contact density in
the weak interaction limit, which replaces the ill-defined local pair distribution function g (2)(0)
for zero-range interactions (see [7] for an introduction to the Tan relations and the associated
singular behavior of short distance correlations for Bosons). In practice, this problem—which
does not show up at the mean-field level where g (2)(x1, x2) → 1 is replaced by one—is avoided if
the expectation value of the dipolar interaction energy is evaluated with a two-particle density
ρ(2)(X , x12) which is averaged over separations large compared to the actual interaction range.
In particular, for r12 ≫ a, the most singular term in Equation (4) is negligible and the next-to-
leading term only gives rise to a small correction δρ(2)(X , x12) = −[ρ(1)(X )]2 2a/r12 to the mean-
field result. As will be shown below, a cutoff at short distances is also required to properly account
for the angular dependence of the pair distribution function.

Beyond the issue of the singularity of the dipolar interaction at short distances for Bosons,
which generically have a finite probability to be at the same point in space, a major problem
that needs to be addressed in dipolar fluids concerns the long-range and anisotropic, partially
attractive nature of the interaction. Indeed, the standard proofs by Ruelle [17] and Fisher [18] on
the existence of a proper thermodynamic limit require interactions which decay faster than 1/r 3

for large distances, leaving dipolar fluids as a marginal case. This problem has been discussed
first by Griffiths [19] for dipoles on a lattice and then, more generally, also for continuum fluids
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in [20, 21]. What has been shown by these authors is that—in the presence of a stabilizing short
distance regularization e.g. via a lattice or a hard-sphere potential—the long-range and partially
attractive dipolar interaction gives rise to an extensive free energy F (T,V , N ) = N · f̃ (T, v = V /N )
with a free energy per particle f̃ which is finite and independent of the boundary conditions
provided the expectation value µm

∑
j 〈d̂ j 〉 ≡ 0 of the total dipole moment vanishes. The proof

thus covers standard polar fluids like water whose electric dipoles point in an arbitrary direction
or magnetic systems in the absence of an ordering external field. The situation is fundamentally
different, however, for dipolar gases where the dipole directions d̂ j are all identical and their sum∑

j d̂ j = N ẑ is extensive. As a consequence, even if the issue of the existence of a well defined
limit N →∞ is ignored for typical particle numbers N ≃ 104 [6], standard results like the Gibbs–
Duhem relation µ = f̃ +pv are not expected to hold and, moreover, thermodynamic quantities
will become shape-dependent. These points will be addressed in some detail in the following.

2.1. Magneto-chemical potential and demagnetization tensor

A well known feature in the thermodynamics of particles with charge q is that the full chemical
potential µ(x) + qφ(x) whose gradient determines the current in an inhomogenous situation
contains the interaction energy with the local electrostatic potential φ(x) in addition to the
contribution µ(x) associated with other interactions. In a completely analogous manner, for
particles with permanent magnetic dipole moments pointing along ẑ, the relevant magneto-
chemical potential contains a contribution µmBz (x), where Bz (x) is the exact magnetic field at
the position of the particle. In a formal manner, this can be derived by noting that the local
chemical potential

µ(x) = δF [ρ(1)]

δρ(1)(x)
=µsr(x)−µmBz (x) with −µmBz (x) =

∫
x′

Vdd(x −x ′)ρ(1)(x ′)g (2)(x, x ′) (5)

is obtained by a functional derivative of the free energy (or simply 〈Ĥ〉 at T = 0) with respect to the
one-particle density [9]. Here, the explicit expression for the exact local magnetic field due to all
other dipoles follows from differentiation of the associated interaction energy (3) while the con-
tribution µsr(x) arises from the short-range interactions, including the change in kinetic energy
due to Ĥdd. As a consequence of the long-range nature of the dipolar interaction, µ(x) is not—as
usual—fully determined by temperature and the local one-particle density ρ(1)(x) but depends
on the overall shape of the sample. This is evident already at the mean-field level g (2)

mf ≡ 1 where
the calculation of Bz (x) reduces to a problem in classical magnetostatics with given magnetiza-
tion M(x) = µmρ

(1)(x)ẑ. The appearance of shape-dependent thermodynamics is well known in
this context and it is a standard textbook problem to show e.g. that the internal magnetic field
in a sphere with constant magnetization is Bin = (2/3)M [22]. An exact solution is available also
for more general geometries provided the magnetization current density jM (x) = rot M(x) may
be approximated by a pure surface current. This applies naturally in solid ferromagnets with a
sharp boundary and it carries over to the inner region of trapped or self-bound dipolar gases
where the spatial dependence of M(x) is negligible. The relevant demagnetization field H =−N M
in B = H+M is then determined by a shape-dependent demagnetization tensor N which obeys
Tr N = 1 [23]. Specifically, for a spheroid with aspect ratio κ= Rx /Rz and M pointing along the z-
axis, the tensor N is diagonal. Symmetry fixes the relevant eigenvalue n(z) to be equal to 1/3 in the
case of a sphere while n(z) approaches zero for a long cylindrical spheroid with κ→ 0, where the
demagnetization effect is negligible. Now, there is a subtle point which needs to be taken into ac-
count in an application of these results to the interaction induced field Bz (x) that enters the local
chemical potential (5). This has to do with the fact that the contribution (2/3)M to the inner field
of a spherical configuration comes entirely from the singular self-interaction term due to an ef-
fective delta function in the magnetic field of a point dipole [22]. In contrast to the corresponding
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zero-range contribution to the interaction between an electron and a nuclear magnetic moment
which is the origin of hyperfine shifts in s-states [24], it is physically reasonable to assume that
there is no direct overlap between the partially filled electronic shells in rare-earth atoms. The
effective delta function contribution must therefore be subtracted, which leads to Bdd = H+M/3
for the inner field due to the dipolar interaction. Using µ2

m = 3gdd, the resulting contribution to
the chemical potential at the mean-field level

µmB (mf)
z (x) = gdd(1−3n(z))ρ(1)(x) = gdd f (κ)ρ(1)(x) (6)

displays a simple shape-dependence via the demagnetization tensor element n(z). The explicit
result for n(z) is derived e.g. in [23] in the context of the equivalent problem of depolarization
fields of perfect conductors. For an oblate spheroid with excentricity e =

p
κ2 −1 it is given by

n(z)(e) = (1+e2)
e −arctan(e)

e3 → (1− ẽ2)
artanh(ẽ)− ẽ

ẽ3 = n(z)(ẽ) ∈ (0,1/3] (7)

which also determines the demagnetization factor n(z)(ẽ) in a prolate situation with excentricity
ẽ =

p
1−κ2 by straightforward analytic continuation e → i ẽ. The expression (6) reproduces a

result that has been derived early on in the field, based on a Gaussian Ansatz for the density
profile of a dipolar gas in a harmonic trap [25, 26]. It has been shown to hold also in the
exact solution of the Gross–Pitaevskii equation in the Thomas–Fermi limit [27] but—somewhat
surprisingly—the simple connection f (κ) = 1−3n(z) of the shape function f (κ) with the standard
demagnetization tensor of magnetostatics does not seem to have been realized in the literature
so far. Note that due to n(z)(ẽ) < 1/3 in a prolate configuration κ < 1, the internal magnetic field
Bz (x) in the bulk of the atomic cloud is pointing along the positive z-direction. This leads to a
lowering of the chemical potential with respect to the value µsr(x) determined by the short-range
interactions, reflecting the dominance of attractively interacting dipoles in such a configuration.

An obvious question is to which extent corrections beyond mean-field which are contained in
the deviation of the pair distribution function g (2)(x, x ′) in Equation (5) from the trivial limit one,
do affect the result (6). It turns out that there is indeed an important qualitative change which
arises from the anisotropy of the dipolar interaction. For a rotation invariant Vsr(r12), the two-
particle density ρ(2)(X , x12) only depends on the magnitude r12 = |x12| of the separation vector.
This is no longer true for anisotropic interactions, where also the orientation of x12 with respect
to the dipole direction enters. The associated physics has been described in quantitative terms
in a landmark paper by Wertheim on a classical fluid of hard spheres with point dipoles whose
directions d̂ j fluctuate statistically [28]. Following his notation2, the pair correlation function of
a homogeneous dipolar fluid with rotation invariance around the z-axis can be decomposed in
the form

h(2)(x12) = g (2)(x12)−1 = hS (r12)+hD (r12) ·2P2(ẑ · x̂12)+·· · . (8)

Here, the dots indicate terms involving Legendre polynomials of higher order which are neglected
since their contribution toµmBx (x) contains angular integrals

∫
ΩP2 Pl which tend to cancel (only

even l appear as long as z → −z is a symmetry). The two scalar functions hS (r12) and hD (r12)
describe quite different physics and turn out to have opposite sign. Specifically, hS (r12) < 0
accounts for an effective short-range repulsion, reducing the probability to find two particles
at separation r12 below that of an uncorrelated state. In turn, at fixed r12, a positive hD (r12) > 0
favors attractive head-to-tail configurations with (ẑ · x̂12)2 > 1/3. In explicit form, the different
behavior of separation and angular orientation correlations with respect to the z-axis may be
derived for a uniform Bose gas in the limit of weak dipolar interactions εdd = add/a ≪ 1 by

2In [28], an additional contribution h∆(r12)d̂1 · d̂2 appears which couples to the relative orientation of the dipoles. In
the present case with d̂1 · d̂2 ≡ 1, this contribution can be incorporated into the rotation invariant function hS (r12).
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expanding the static structure factor within the Bogoliubov approximation in the regime of small
momenta

S(q) = 1+nh(2)(q) −−−→
Bog.

[1+2nV (q)/εq ]−1/2 −−−−−−−→
|q |ξ,εdd≪1

|q|ξp
2

[1−εddP2(ẑ · q̂)+·· · ]. (9)

Here, V (q) = g +Vdd(q) is the Fourier transform of the interaction, ξ = 1/
p

8πna the healing
length associated with its short-range part and εq = ħ2q2/(2m) the free particle dispersion. The
expansion (9) of the static structure factor at low momenta precisely matches the corresponding
one in real space of Equation (8). Moreover, the non-analytic behavior in q implies that the
associated pair correlation functions nhS (r ) → −ξ/(

p
2π2r 4) and nhD (r ) → +εdd · p2ξ/(π2r 4)

follow a power law decay at T = 0 and have opposite sign. A further point which distinguishes the
correlations of the magnitude of separation vectors from those which describe their orientation
with respect to the dipole direction shows up at finite temperature: while hS (r ) decays to zero
exponentially beyond the thermal wavelength λT , the angle dependent contribution

hD (r )|T ̸=0 → h∞/r 3 with nh∞ = 3

4π

(ε(0)−1)2

ε(0)

kBT

gddn
(10)

retains a power law decay, following that of the dipolar interaction. The asymptotic behavior (10)
is an exact result first derived by Wertheim [28] for classical fluids with randomly oriented electric
dipoles and ε(0) the associated static dielectric constant. It is consistent with a correlation
inequality at finite temperature which implies that correlations cannot decay faster than the
interactions. Using the connection S(q) → kBT /mc2(q̂) between the static structure factor at low
momenta and the angle dependent sound velocity c(q̂) of dipolar gases [29], it is straightforward
to show that—to linear order in ε(0)−1 → εdd ≪ 1, where the homogeneous system with average
density n is stable—the result (10) continues to hold for quantum fluids of magnetic dipoles
which are fully polarized.

An important consequence of the results above for the thermodynamics of dipolar gases
shows up by considering nearly spherical configurations, where mean-field predicts that the
dipolar interactions average to zero. Obviously, this result remains valid more generally for an
arbitrary pair correlation function which is rotation invariant. Including the angular dependent
contribution hD (r ) ̸= 0, however, there is a non-vanishing magnetic field

µmBz (x)
∣∣
κ=1 = (12/5)gddρ

(1)(x) ·K with K =
∫ ∞

0
dr

hD (r )

r
> 0 (11)

near the center which points along the positive z-direction. The dimensionless parameter K ,
which plays a central role in a microscopic theory of the dielectric constant in classical polar
fluids3, apparently requires a cutoff at short distances. As mentioned above, a description of
dipolar gases beyond mean-field must therefore take into account the finite range of interactions
which, in practice, is of the order of the short-range scattering length a. An experimental estimate
of the parameter K may be obtained by observing the finite critical strength ε(c)

dd(κ= 1) = 5/(12K )
of the dipolar interaction where even a spherical cloud becomes unstable because the chemical
potential µ(x) ≈ gρ(1)(x)−µmBz (x) turns negative at leading order.

2.2. Pressure and uniaxial tension from dilatations

In the discussion so far, the consequences of the anisotropy and long-range nature of the
dipolar interctions have been addressed by assuming a given shape, characterized e.g. by the

3Combining point dipoles with hard spheres, the dielectric constant is a function only of the volume fraction
η = (π/6)nσ3 and the ratio y = gddn/(3kBT ). Remarkably, this extremely oversimplified model reproduces quite well
the observed value ε(0) = 78.4 for water under normal conditions, where η≃ 0.42 and y ≃ 3.35, see Figure 11.5 in [9].
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aspect ratio κ. In reality, the specific shape of the atomic cloud is not an independent variable
but is determined by the interaction strength and the external confinement, if present. In
thermal equilibrium, it follows from the balance of forces which—in quite general form—may
be expressed in terms of the associated momentum current tensorΠ(x) by

∇Π(x) −−−→
equ.

∂xΠ
xx

∂yΠ
y y

∂zΠ
zz

=
{

0 self-bound
−ρ(1)

φ
(x) gradφ(x) trapped.

(12)

Here, φ(x) is the external trap potential and ρ(1)
φ

(x) the resulting equilibrium value of the inho-
mogeneous one-particle density. Moreover, we have used the fact that in thermal equilibrium
the tensorΠ(x) has no off-diagonal elements as would appear e.g. in the presence of a finite Hall
viscosity. Now, for rotation invariant interactions, all diagonal elements of Π(x) are equal and
they define a local pressure p(x). The left hand side of Equation (12) is then just the gradient of
pressure in a standard hydrostatic equilibrium. For a harmonic confinement, where the external
contribution to the total Hamiltonian

Ĥω = Ĥ + 1

2
Tr(ω2 θ̂) with (θ̂)i j =

∫
x

xi x j ρ̂(x) (13)

can be expressed in terms of a tensor ω2 of the trap frequencies and the inertia tensor θ̂ defined
via the mass density operator ρ̂(x), the resulting cloud shape follows from the exact relation

〈θ̂〉eq = (ω2)−1
∫

x
p(x) = Erel (ω2)−1 for rotation invariant V (x12) =V (r12) (14)

obtained by taking the scalar product of Equation (12) with x and integrating over all space. Note
that the relation (14) provides only an implicit result for the cloud shape as characterized by its
inertia tensor since the release energy Erel =

∫
x p(x) is itself shape-dependent. An exact conse-

quence of Equation (14), however, is that the aspect ratio which—irrespective of the detailed den-
sity profile—is defined by κ= [θxx /θzz ]1/2 coincides with the ratio λ=ωz /ωx of the trap frequen-
cies (we assume ωx =ωy ̸=ωz in general, i.e. there is rotation invariance around the z-axis).

The anisotropy of the dipolar interaction invalidates the simple relation (14) and leads to
shapes with κ < λ which are elongated along the z-direction since the energy is lowered if the
dipoles tend to arrange in a head-to-tail configuration. Dipolar gases are thus uniaxial quantum
fluids which—in quite general terms—may be defined by Πxx = Πy y ̸= Πzz in equilibrium.
To characterize their size and shape one needs two instead of just a single scalar function.
Specifically, we will use TrΠ and the anisotropy h =Πxx −Πzz , which acts like a uniaxial tension
tending to stretch the system along z. As will be discussed below, the system length Lz will
then appear as an additional thermodynamic variable which is conjugate to the field h. On a
microscopic level, an explicit expression for both TrΠ(x) and h(x) may be derived by extending
the results of Martin and Schwinger [30] for the momentum current tensor in a non-relativistic
quantum many-body problem with rotation invariant interactions. Quite generally, pressure—
as the field conjugate to a local expansion—is defined by the change in energy density under a
uniform isotropic dilatation x → bx with scale factor b → 1. This only fixes Tr Π(x), however.
In order to specify the two independent components Πxx and Πzz it is necessary to consider, in
addition, the volume preserving dilatation x → θ[x] where the components z → θz and (x, y) →
(x, y)/

p
θ are scaled differently. The full momentum current tensor of uniaxial quantum fluids is

thus obtained from the microscopic Hamiltonian density Ĥ (x) in Ĥ = ∫
x Ĥ (x) by evaluating the

response to the two independent dilatations (note the different signs)

TrΠ(x) = 2Πxx (x)+Πzz (x) = −∂〈Ĥ (bx)〉eq

∂b

∣∣∣∣∣
b=1

and h(x) = ∂〈Ĥ (θ[x])〉eq

∂θ

∣∣∣∣∣
θ=1

. (15)
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In explicit form, the anomalous field h(x) receives contributions only from the kinetic energy and
the dipolar interaction. They can be expressed in terms of the field operators ψ̂ as

h(x) = ħ2

m

[
1

2
〈∇⊥ψ̂† ·∇⊥ψ̂〉eq(x)−〈∂zψ̂

†∂zψ̂〉eq(x)

]
+ ∂θD(θ[x])|θ=1 . (16)

Here, ∇⊥ denotes the gradient with respect to the radial coordinates (x, y) and D(x) is a dipolar
analog of the contact density C2(x) for zero-range interactions. It is defined by the expectation
value of the dipolar interaction energy density

D(x) = 〈Ĥdd(x)〉eq =− 1
2 〈M̂z (x)B̂z (x)〉eq (17)

which involves the product of the operators for the magnetization M̂z (x) and the field B̂z (x) from
all other dipoles at position x. Due to the long-range nature of the interaction, D(x) is in fact non-
local and shape-dependent, a point which will be discussed further below. This is very different
from the energy density εsr(x) and the associated contribution [7, 31]

psr(x) = 2

3
εsr(x)+ ħ2

24πma
C2(x) −−→

mf

g

2
[ρ(1)(x)]2 +·· · (18)

to the pressure arising from short-range interactions which—at the mean-field level—is qua-
dratic in the local one-particle density ρ(1)(x) and independent of the shape. Using the micro-
scopic definition (15), the full momentum current tensor of dipolar gases in turn contains the
shape-dependent contributions D(x) and ∂θD(θ[x])|θ=1 according to

Πxx (x) = psr(x)+D(x)+ 1
3 h(x). (19)

The formal relations above turn out to lead to observable and intuitively plausible con-
sequences for the density profile of harmonically trapped dipolar gases. In a situation with
ωx = ωy , where one has rotation invariance around the z-axis, a radial integration of the (x, y)-
components of the equilibrium condition (12) shows that the integrated column density

ñφ(z) =
∫

dx dy ρ(1)
φ

(x, y, z) = 2π

mω2
x
Πxx (0,0, z) (20)

at a given z is a direct measure of the xx-component of the momentum current tensor along the
center of the atomic cloud. This relation is equivalent to one derived by Ho and Zhou for rotation
invariant interactions in the context of imbalanced Fermi gases [32]. A different result appears,
however, for the z-derivative of the density profile which follows from the third component of the
momentum balance (12). The fact thatΠxx andΠzz no longer coincide in the uniaxial case leads
to a violation of the Gibbs–Duhem relation which shows up as a non-vanishing contribution on
the right-hand side of the equation

dñφ(z)

dz
+2π

ω2
z

ω2
x

zρ(1)
φ

(0,0, z) = 2π

mω2
x
∂z h(0,0, z) > 0. (21)

Since the anomalous field h(x) is negative and decays along the z-direction away from the center,
the profile ñφ(z) falls off more slowly than what is expected for rotation invariant interactions.
The uniaxial nature of dipolar gases and the associated field h(x) can thus be inferred directly
from in-situ density profiles.

2.3. Thermodynamic relations and the tensor virial theorem

The appearance of a finite uniaxial tension in dipolar gases leads to a fundamental change in
thermodynamic relations. This turns out to provide an understanding of the shape-dependence
mentioned above and also the peculiar form of self-bound droplets that will be discussed in the
following subsection. In order to derive the extension to uniaxial fluids of the standard relation
dF =−p dV for the change in free energy associated with a shape deformation at a fixed value of
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temperature and particle number it is convenient to introduce a local deformation tensor u(x) as
in solids. Quite generally, u(x) is the conjugate field to the momentum current (or stress) tensor
Π(x) [10] which, by the definition of an uniaxial fluid in thermal equilibrium, is diagonal with just
two independent components. As a consequence, the associated differential of the free energy

dF [Tru,uzz ]
∣∣
T,N =−

∫
x

Tr[Π(x)du(x)] −−−→
fluid

∫
x

[−Πxx (x)dTru(x)+h(x)duzz (x)] (22)

depends on the two dimensionless variables Tru and uzz . In physical terms, they describe a local
change dTru(x) = dv(x)/v in volume per particle at a fixed extension along the z-direction or a
change of length duzz = dLz /Lz at fixed volume4. The relation (22) shows that for a uniaxial fluid
Πxx → p can be identified with the pressure as the variable conjugate to volume at fixed length.
In addition, the anomalous field h(x) gives rise to a line tension contribution in the Gibbs relation

dF (T,V ,Lz , N ) =−S dT −p dV +h1 dLz +µdN with h1Lz =
∫

x
h(x), (23)

favoring an increase of length Lz at given volume to lower the free energy (h1 < 0). As will be
shown below, the fact that Lz appears as an additional extensive thermodynamic variable leads
to a violation of the Gibbs–Duhem relation. Typically, such violations become negligible in the
thermodynamic limit, which holds e.g. for a finite surface tension σ in a self-bound liquid state
described by dF = σdA at fixed T, N ,V . For short-range interactions, this contribution scales
with the surface area A ∼ N 2/3 and thus eventually becomes subdominant compared with the
extensive terms. The situation is different here, however, due to the long-range nature of the
dipolar interaction. Indeed, since the interaction contribution ∂θD(θ[x]) |θ=1 in Equation (16)
to the underlying variable h(x) is intensive, dF = h1 dLz ∼ N remains extensive for an arbitrary
large system. In physical terms, this can be understood from the fact that the dipolar contact
density D(x) in Equation (17) arises from the magnetic field which, as discussed in Section 2.1,
is effectively generated by surface currents. The demagnetization field H(x) = −gradφM (x) is
thus non-local, arising from magnetic surface “charges” with density σM = n ·M (n is the unit
normal vector) [22]. As emphasized in [21], the 1/r 2 decay of the field is precisely cancelled by
the increase ∼r 2 of the surface area. Both the magnetic field and the associated energy density
D(x) = 〈Ĥdd(x)〉eq are therefore independent of the system size.

The extended Gibbs relation (23) implies that—at fixed temperature T —the pressure and
chemical potential involve the strain tensor element uzz as a further thermodynamic variable
beyond the volume per particle v . The associated dependence is determined by the Maxwell
relations

v
∂p

∂v
= ∂µ

∂v
at fixed uzz ,

∂µ

∂uzz
= ∂h

∂(1/v)
and

∂p

∂uzz
= v

∂h

∂v
. (24)

In an inhomogeneous situation, where the density ρ(1)(x) and the field h(x) are spatially varying,
the standard Gibbs–Duhem relation dµ|T = v dp|T is therefore violated. This leads to an anoma-
lous contribution to the axial derivative of the density profile of a harmonically trapped dipolar
gas derived in Equation (21). A further consequence of the dependence of pressure p(v,uzz ,T )
on the uniaxial strain uzz is the angular dependence of the sound velocity in a uniform dipolar
gas. In quite general terms, the difference ∆ f = f − feq in the free energy density with respect its
value feq in a homogeneous situation with vanishing deformations (Tru)eq = (uzz )eq ≡ 0 can be
written in the form of an elastic free energy of a uniaxial solid [10]

∆ f [Tru,uzz ] = 1

2
(uxx +uy y ,uzz )

(
K11 K13

K13 K33

)(
uxx +uy y

uzz

)
= K11

2
[Tru + γ̃uzz ]2 + B̃

2
u2

zz (25)

4While a cloud of atoms has no sharp boundary beyond the Thomas–Fermi limit where the kinetic energy is negligible,
the associated Thomas–Fermi radius Rz still provides an appropriate measure for the length Lz → 2Rz .
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which is rotation invariant in the x, y-plane. The condition that Equation (25) describes a
fluid rather than a solid requires that the associated tensor of elastic constants has vanishing
determinant B̃K11 = K33K11 −K 2

13 = 0. The last term is then absent and there is only a single
sound mode5. Its velocity depends on the direction with respect to the orientation of the dipoles
according to ρ̄c2(q̂) = K11 + (K33 −K11) · (ẑ · q̂)2 [10, 33]. This angular dependence is a result of the
coupling between density and strain described by the dimensionless parameter γ̃ in

h = ∂ f

∂uzz

∣∣∣∣
Tru

→ γ̃K11(Tru + γ̃uzz ) with γ̃= K13

K11
−1 −−→

mf

(
1+2εdd

1−εdd

)1/2

−1. (26)

A physical understanding of this coupling is provided by the observation that—according to
Equation (25)—the energy cost for a compression Tru < 0 of a uniform dipolar gas can be exactly
compensated by an expansion along z with uzz =−Tru/γ̃> 0. The mean-field result for γ̃ in terms
of the dimensionless strength εdd of the dipolar interaction follows from the angular dependence
V (q) = g [1+εdd ·2P2(ẑ · q̂)] of the two-body interaction. It indicates that the uniform gas with a
homogeneous mass density ρ̄ is stable only as long as εdd < 1, a point which will be discussed in
detail in the following subsection.

An exact relation that holds for many-body problems in both classical and quantum physics
is the virial theorem. It is a scalar identity which follows by considering the change in energy
under a uniform dilatation of the coordinates (x1 . . . xN ) → (bx1 . . .bxN ) [37]. Now, as discussed
in Equation (15) above, uniform dilatations are not sufficient to characterize the thermodynami-
cally relevant set of shape deformations in the case of interactions which are not invariant under
rotation. To deal with this more general situation, it is necessary to extend the virial theorem to
a tensorial form, as was first derived by Parker [38] for a classical system of point particles in an
astrophysical context. The extension to the quantum many-body problem is straightforward in
principle. Indeed, the virial theorem in its most general form simply states that the expectation
value of the commutator

〈i [Ĥ + Ĥex,D̂]〉 ≡ 0 −−−−→
harm.

〈i [Ĥ ,D̂]〉 = 〈ω2θ̂〉 with (D̂)i j =
∫

x
xi ĝ j (x)/ħ (27)

of the total Hamiltonian with the dilatation tensor operator D̂ vanishes in eigenstates of Ĥ + Ĥex.
The dimensionless dilatation tensor involves the components ĝ j (x) of the momentum density
operator and generates dilatations along the j -direction proportional to separate components
xi of the coordinates [39]. In the particular case of a harmonic confinement, the contribution of
Ĥex is reduced to the expectation value of the tensor contraction ω2θ̂. Its trace yields twice the
trap energy Etr according to Equation (13). For rotation invariant interactions, the equilibrium
expectation value 〈i [Ĥ ,D̂]〉eq = 1 ·∫x p(x) is proportional to the unit tensor. The tensorial form of
the virial theorem then reduces to the standard one obtained from a uniform dilatation x → bx. In
particular, the moment of inertia tensor is given by Equation (14). This is violated in the uniaxial
situation, where the aspect ratio κ= [θxx /θzz ]1/2 no longer coincides with the ratio λ=ωz /ωx of
external trap frequencies. The difference is determined by the exact relation

−
∫

x
h(x) =ω2

zθ
zz −ω2

xθ
xx = 2Etr · λ

2 −κ2

λ2 +2κ2 > 0 (28)

which follows from the tensor virial theorem (27) in an equilibrium state by considering the
volume preserving dilatation x → θ[x] introduced in Equation (15). A detailed discussion of

5For finite values of the parameter B̃ , the free energy (25) describes a smectic-A phase with broken translation
invariance along the z-direction [10]. It exhibits two independent sound modes, both in the case of a classical fluid [33]
and also—in the quite different form of a wave-like propagation of defects in supersolids predicted by Andreev and
Lifshitz [34]—in the superfluid [35]. These two modes have very recently been observed in a 2D smectic phase of a Bose
Einstein condensate in the presence of a periodic in time modulation of the scattering length [36], allowing to determine
both the superfluid fraction fs and the effective layer compression modulus B̃ in quantitative terms.
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the connection between κ and λ as a function of the dipolar interaction strength εdd has been
given by Eberlein et al. [27] within the Thomas–Fermi approximation, where the density profile
ρ(1)
φ

(x) has a sharp boundary. In particular, they have shown that, in the presence of a strong
external confinement λ≫ 1 along the z-direction, a dipolar gas remains stable even in the limit
εdd ≫ 1 of negligible short-range repulsion. This has been verified experimentally by Koch
et al. [40] for particle numbers N ≃ 104. Effects beyond mean-field, which are contained in
Equation (28), therefore do not give rise to qualitative changes in a tightly confined situation.
As will be shown below, the situation is quite different in self-bound droplets whose form is
completely determined by such corrections. A second independent relation which follows from
the tensorial virial theorem is connected with the uniform dilatation x → bx generated by the
scalar operator D̂ = Tr D̂ . It can be written in terms of the local contact densities C2(x) and D(x)
associated with the short-range and dipolar interactions in the form

〈i [Ĥ ,D̂]〉 = 〈Ĥ〉+Etr + ħ2

16πma

∫
x
C2(x)+ 1

2

∫
x
D(x) = 2Etr. (29)

A similar relation was derived in [41] for dipolar gases in 2D, however there are two impor-
tant differences: since the dipolar interaction in 2D also leads to s-wave scattering, the two-
body contact density C2(x) is defined by the adiabatic derivative of the energy with respect
to the full scattering length of the combined interaction Vsr + Vdd. As a consequence, the
exact expression for the dipolar contact density D(x) requires a subtraction in the pair distri-
bution function at short distances associated with the contribution of Vsr(r12) [41]. A second
point is that the angular independent dipolar interactions ∼µ2

m/r 3
12 in 2D are effectively of a

short-range nature. In contrast to the situation here, the associated contact density D(x) is then
shape-independent.

2.4. Self-bound droplets and the LHY correction

One of the major new developments associated with ultracold dipolar gases was the surprising
observation of self-bound droplets by Ferrier-Barbut et al. [2]. These droplets are very different
from what is expected for droplets of a standard liquid, whose equilibrium configuration is
spherical due to the presence of a finite surface tension σ. Indeed, as will be shown below, the
combination of anisotropy and the dominantly attractive nature of dipolar interactions in a non-
confined situation leads to droplets whose aspect ratio κ(N ) ∼ N−1/4 approaches zero for large
particle numbers6.

Based on the quite general hydrostatic equilibirium condition (12), the existence of stable
self-bound droplets requires that the divergence ∇Π(x) ≡ 0 of the momentum current tensor
vanishes. In a uniaxial fluid with long-range and angle-dependent attractive interactions, this
condition is obeyed only if both Tr Π(x) and h(x) are zero. In contrast to the situation in
stars, where a single scalar equation for the balance of the radial component of the internal
and gravitational pressure is sufficient to determine the equilibrium shape (see e.g. [43] for an
instructive discussion), two separate conditions need to be fulfilled here. In order to formulate
these in a physically intuitive manner, it is convenient to rewrite the virial theorem (29) in a form
where the external trap is eliminated

〈i [Ĥ ,D̂]〉 =
∫

x

[
2εsr(x)+ ħ2

8πma
C2(x)+3D(x)

]
= 3

∫
x

[psr(x)+D(x)] =
∫

x
TrΠ(x). (30)

6This scaling law has been seen originally in numerical simulations by Baillie et al. [42] and has recently been derived
in analytical form by Dalibard [8], based on a different but physically equivalent line of arguments.
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Here, following the Tan pressure relation in Equation (18), we have introduced the local pressure
psr(x) which arises from the short-range interactions7. Beyond the associated energy density
εsr(x), it involves the two-body contact density C2(x) which is defined by the adiabatic derivative
of 〈Ĥ (x)〉eq with respect to the inverse scattering length 1/a [16,31]. Equation (30) shows that the
condition of a vanishing TrΠ(x) ≡ 0 is equivalent to a local pressure balance psr(x)+D(x) = 0, with
D(x) playing the role of the pressure associated with the dipolar interactions. Prior to a detailed
discussion of this exact and quite intuitive relation a number of comments should be added:

• The fact that the pressure arising from dipolar interactions is equal to the associated
energy density D(x) is a consequence of the assumption that the interaction Vdd(x12) ∼
µ2

m/r 3
12 follows an inverse cube power law at all distances.

• Despite the formal notation, D(x) is not a local variable but depends on the overall shape
of the droplet, as becomes evident in the mean-field result (31) below.

• The separation of pressure into a short-range and a dipolar contribution follows from
the additivity V = Vsr +Vdd of the interactions in the underlying Hamiltonian. It does
not imply that pressure is simply additive, however, which is true only in mean-field. In
general, the contributions psr(x) and D(x) will depend on both g and gdd.

• The identification of Tr Π(x) with 3[psr(x) +D(x)] on a local level neglects a possible
divergence which integrates to zero in the virial equation. Indeed, quite generally, the
momentum current tensor is not unique and the equilibirium condition (12) remains
unchanged under (Π)i j → (Π)i j + (∂i∂ j −δi j∇2)Φ with an arbitrary scalar function Φ(x)
which vanishes at infinity [39]. This freedom is removed by the concrete choice (31) below
for D(x) in the central region of the self-bound droplet.

Explicit results for both the dipolar contact density D(x) and the local anomalous field h(x)
are available at the mean-field level. Specifically, we use Equation (16) which connects the
interaction contribution to h(x) to the derivative of the dipolar contact density (17) with respect
to the parameter θ. Within mean-field, this yields

D(mf)(x) =− 1
2 〈M̂z (x)〉B (mf)

z (x) =− 1
2 gdd [ρ(1)(x)]2 f (κ) → h(mf)(x) =− 3

4 gdd [ρ(1)(x)]2b(κ) (31)

where we have used the result (6) for the magnetic field and the fact that the aspect ratio changes
according to dκ=−(3/2)κdθ under x → θ[x]. The positive function

b(κ) =−κd f (κ)

dκ
→

{
6κ2 ln(2/κ) for κ≪ 1

3π/(2κ) for κ≫ 1
(32)

is determined by Equation (7) for the demagnetization tensor element n(z). It decays to zero for
both strongly prolate or oblate configurations κ ≪ 1 or κ ≫ 1 and exhibits a broad maximum
b(κ = 1.563. . .) = 0.852. . . slightly above the value b(κ = 1) = 4/5 in the spherical limit. Now, the
combination of Equation (31) with the leading order result (18) for the pressure due to short-
range interactions shows that the two separate equilibrium conditions psr(x) +D(x) = 0 and
h(x) = 0 for a self-bound droplet cannot be obeyed within mean-field where both psr(x)+D(x)
and h(x) are negative for εdd f (κ) > 1 or arbitrary values of κ, respectively. A resolution of
the first problem, already proposed in the original publication on self-bound droplets [2], is
provided by adding a contribution to the short-range pressure which scales with a higher power
in density than the quadratic behavior stated as the low-density limit of the exact expression in
Equation (18). On a purely empirical level, a self-bound liquid can then be stabilized against

7In the application of the Tan relations to Bosons, we consistently neglect three-body correlations which are con-
nected with the Efimov effect and the underlying dependence of 〈Ĥ (x)〉eq on the short-range parameter κ∗ [7, 16, 31].
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collapse by extending the mean-field effective potential by a local term proportional to |ψ(x)|2k

with k > 2 in the form

Veff[ψ] =−µ|ψ(x)|2 + g

2
|ψ(x)|4 + 1

2
|ψ(x)|2

∫
x′

Vdd(x −x ′)|ψ(x ′)|2 + λk

k
|ψ(x)|2k (?) (33)

where λk > 0 is assumed to be positive. From a microscopic point of view, the true effective
potential must, of course, be derived from the underlying Hamiltonian. In fact, due to the
anisotropy of the dipolar interaction, the simple form (33) where the stabilizing contribution is
rotation invariant, is not expected to be valid. In principle, a microscopic derivation of Veff[ψ]
is possible by expressing the exact partition function in terms of a coherent state functional in-
tegral [44]. The first three terms in Equation (33) then arise from minimizing the bare associ-
ated action. At this mean-field (or tree-) level, only two-body interactions enter. It provides a
proper description of the zero density limit near the vacuum state ψ(x) ≡ 0, where two-body
scattering amplitudes are sufficient to deal with the many-body problem at finite density. For
self-bound droplets, which arise from the vacuum via a first-order transition at a critical value
µc < 0 of the chemical potential where the density jumps from zero to a finite value n̄ ̸= 0, this
is no longer valid. A formal procedure to extract the form of Veff[ψ] near the vacuum-to-liquid
transition requires to determine the generating functional Γ[ψc] for the vertex functions from the
exact partition function Z [J ] in the presence of an external field J [45, 46]. In practice, this has
been achieved in [47] for rotation invariant short-range interactions which become attractive be-
yond a zero crossing of the scattering length, where g < 0. The exact effective potential obtained
from Γ[ψc] then indeed contains a cubic term k = 3 as in (33) whose strength λ3 = ħ2D/(2m) is
proportional the three-body scattering hypervolume D introduced by Tan [48]. It has dimension
(length)4 and may be determined for a given two-body interaction Vsr(r12) from a solution of the
three-body scattering problem. Specifically, it is defined by the asymptotic behavior

ψE=0(x1, x2, x3)|a=0 = 1−
p

3D

2π3(r 2
12 + r 2

13 + r 2
23)2

+·· · if V (x12) =V (r12) (34)

of the three-body wave function at zero energy and vanishing scattering length. The parameter
λ3 ∼ D characterizes the strength of effective three-body interactions which arise beyond mean-
field even for a microscopic Hamiltonian which only contains two-body interactions. Explicit
results for D are available for simple model interactions like hard spheres [48], an attractive
square well [49] or a Lennard-Jones potential [50]. In the two latter cases, the existence of two-
body bound states gives rise to a finite imaginary part of the hypervolume. It determines the
three-body loss coeffcient L3 =−(ħ/m) ImD = (ħ/m)L4

rec or the equivalent recombination length
Lrec [51]. Now, for a possible stabilization of a liquid state due to three-body interactions in the
regime where geff(κ) = g − gdd f (κ) < 0 is negative, it is the real part of the hypervolume D which
is relevant. In the realistic situation of finite three-body losses, the parameter which determines
the liquid density n̄ = 3|geff|/(4λ̄3) from the condition psr(x)+D(x) = 0 in the presence of the
additional pressure ∆p3-body(x) = (2/3)λ̄3 [ρ(1)(x)]3 due to three-body interactions is therefore
λ̄3 = ħ2 ReD/(2m). Evidently, ReD must be positive for a stable liquid, a condition which can
be verified only by a concrete solution of the three-body problem. In particular, ReD assumes
both positive and negative values, depending on the position of three-body bound states which
is determined by the poles of the hypervolume [49–51]. In [2] and the literature beyond, a
stabilization of self-bound droplets by repulsive three-body interactions in the regime geff < 0
has been excluded by the argument that the experimental value of the loss coefficient L3 gives
rise to an estimate for the magnitude of the complex parameter λ3 which is far too small to
be consistent with the observed central droplet densities n̄ ≃ 10−14 cm−3. Since the real part
λ̄3 ∼ ReD may be much larger than the estimate of λ3 based on |ImD|, this argument is not
compelling, however. For the moment, we will postpone a further discussion of the origin of the
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beyond mean-field contribution ∆p ∼ [ρ(1)(x)]k to the short-range pressure in Equation (18) and
proceed by assuming that such a term is present on purely empirical grounds.

The shape-dependence of the effective coupling constant geff(κ) that determines the position
of the mean-field instability gives rise to a corresponding shape-dependence of the liquid den-
sity, e.g. via n̄(κ) = 3|geff(κ)|/(4λ̄3) in the case of repulsive three-body interactions. For a homoge-
neous fluid, this is a rather strange conclusion and indeed it is immediately changed if one takes
into account that equilibrium in a uniaxial dipolar fluid requires in addition to psr(x)+D(x) = 0
also that the anomalous field h(x) = 0 must vanish. Using the mean-field result (31), this can be
obeyed only if b(κ) = 0 which implies that κ is fixed to be either zero or infinity. The second pos-
sibility of an extremely oblate configuration is excluded since the dipolar interactions are then
repulsive and the zero pressure condition cannot be fulfilled. By contrast, the limit κ→ 0 of a
strongly prolate droplet turns out to desribe the actual physical situation, consistent with the
tendency of oriented dipoles to arrange in a head-to-tail configuration. More precisely, the con-
dition h(x) = 0 gives rise to a finite value for the aspect ratio of a self-bound droplet rather than
the singular result κ(mf) ≡ 0 within mean-field if one includes the contribution to h(x) in Equa-
tion (16) which arises from the kinetic energy Ĥ0. This is a local term which—in contrast to the
ill-defined kinetic contribution to TrΠ(x)—is finite even if the range of Vsr(r12) is taken to zero.
Indeed, if the interactions become rotation invariant at very short distances, the contribution of
large momenta in h(0) ∼ ∫

k (k2
x + k2

y − 2k2
z )n(k) cancels since the asymptotic momentum distri-

bution n(k) → C2/|k|4 is then independent of the direction k̂. A concrete result for h(0) can be
obtained by assuming an anisotropic Gaussian profile with central density ρ(1)(x = 0) = n̄ 8. In
the relevant limit κ≪ 1, only the radial contribution in Equation (16) remains and the condition
h(x) = 0 in the center of the droplet is reduced to

n̄
ħ2

2m
π

(
n̄

Nκ

)2/3

= 3

4
gddn̄2 ·6κ2 ln(2/κ) → κ8/3 ln(2/κ) = [36 n̄1/3add ·N 2/3]−1 = ϵ. (35)

With typical particle numbers N ≃ 104 and central densities n̄1/3add = O (1), the smallness of the
parameter ϵ≃ 6 ·10−5 allows an asymptotically exact solution of the transcendental equation for
κ(ϵ) in the form

κ(ϵ) =
[

ϵ

ln(2/ϵ3/8)

]3/8

→ κ(N ) = 0.26

[n̄1/3add · ln[2/ϵ3/8(N )]]3/8
·N−1/4. (36)

Apart from the logarithmic correction in the denominator which changes the result only by a
numerical factor of order one, the aspect ratio thus approaches zero according to κ(N ) ∼ N−1/4

for large particle numbers. In practice, with N < 105, typical aspect ratios are in the range
1/κ ≃ 5–30 [42, 52]. An important point to note is that the result (36) holds irrespective of the
specific mechanism which stabilizes the central density n̄ at a finite value provided only that
n̄1/3add does not itself depend on N . The dependence on the deviation εdd −1 from the critical
strength εc

dd = 1 of the dipolar interactions, which is now shape-independent due to κ ≈ 0, is
sensitive to that, however. In particular, for a beyond mean-field contribution ∼|ψ(x)|2k , the
liquid density approaches zero like n̄(εdd) ∼ (εdd − 1)1/(k−2). On physical grounds, the fact that
the equilibrium configuration of self-bound dipolar fluids corresponds to an increasingly prolate
object for large particle numbers is a consequence of the anisotropy of the interactions. In
contrast to the situation of attractive short-range interactions stabilized by a repulsive three-
body force discussed in [47, 53], there is no homogeneous liquid state at all. This quite unusual
behavior is elucidated by a few further comments:

8This assumption has been made in this context by Dalibard [8]. More precisely, an exact result due to Triay [14]
shows that—within an extended Gross–Pitaevskii description and for a negative chemical potential—the density profile
of a non-confined dipolar gas is smooth and falls off exponentially.
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• The existence of a finite aspect ratio rather than the mean-field value zero relies on the
kinetic energy contribution to the anomalous field. This must be carefully distinguished
from a standard quantum pressure term, which may stabilize only self-bound droplets
whose size vanishes as N ≫ 1. Examples are the bright soliton in the Lieb-Liniger model
with positive two-body scattering length a1 > 0 or the droplets formed by attractive three-
body interactions studied by Sekino and Nishida [54]. In both cases, the droplet extension
approaches zero for large N according to RN → a1/N or RN ∼ exp[−(4/

p
3π)N 2] instead

of increasing like Lz (N ) ∼p
N in the case of 3D dipolar gases.

• There is a bound N0 on the particle number below which the droplets evaporate. This
has been investigated by Baillie et al. [52], where N0(εdd) has been determined from an
extended Gross–Pitaevskii description by the condition of a finite binding energy despite
the competing quantum pressure term. The analogous problem for a Bose droplet with
short-range interactions has been studied in [47] and—with concrete predictions for
the lifetime of metastable droplets in a finite window N1 < N < N0—by Son et al. [55].
As discussed in [47], the critical number N0 ∼ p

D/a2 in this context determines the
scattering lengths at which N -body bound states detach from the continuum.

• Non-spherical self-bound objects have been studied a long time ago for stars with strong,
frozen-in magnetic fields B by Chandrasekhar and Fermi [56]. The balance between the
decrease of the attractive gravitational energy with a finite excentricity and the gain in
magnetic energy due an expansion in the direction perpendicular to the field results in
an oblate deformation with aspect ratio κ− 1 ≃ (B/B∗)2, where B∗ is the field beyond
which the star is no longer bound since magnetic pressure overwhelms gravitation.

Following the suggestion in the original publication on self-bound droplets [2], the mecha-
nism for stabilizing a non-confined dipolar gas beyond the critical interaction strength εdd = 1
where the homogeneous fluid is unstable is commonly believed [6] to be a generalized form of
the Lee, Huang and Yang (LHY) correction, originally calculated for a dilute, homogeneous hard-
sphere Bose gas [57]. Including the effect of anisotropy in the presence of an additional dipolar
interaction [58], it gives rise to a beyond mean-field contribution to the effective potential of the
form introduced in Equation (33) with k = 5/2 and a positive (as long as εdd ≤ 1) coefficient

λ5/2(g ,εdd) = 4g

3π2 (4πa)3/2 ·Q5(εdd) where Q5(εdd) =
∫ 1

0
dx[1+εdd ·2P2(x)]5/2. (37)

For the standard case of repulsive short-range interactions, the LHY term provides the leading
correction beyond mean-field in the equation of state, giving rise to an additional contribution
of order g n2

p
na3 to the pressure. It is important here to carefully separate the dependence on

density from that on the chemical potential as the thermodynamically conjugate variable. In
particular, for a homogeneous fluid, there is an exact relation −Veff[n(µ)] = p(µ) which allows
to infer the effective potential evaluated at the equilibrium value n(µ) = ∂p(µ)/∂µ of the density
from the pressure at given µ [47]. The increase of pressure with density which results from the
positive LHY contribution in Veff[ψ] thus arises from a corresponding negative correction to p(µ).
In explicit form, this emerges within a field-theoretic formulation where the beyond mean-field
contribution determined by LHY is just the one-loop correction [45, 46]

p(1)(µ) =−1

2
Tr lndet[δ(2)S] −−−→

hom.
−1

2

∫
q

∫
ω

ln[E 2
q + (ħω)2] −−→

reg.
− 8

15π2 µ
(mµ

ħ2

)3/2
(38)

to the tree-level result p(0)(µ) = µ2/(2g ) for the pressure of a dilute Bose gas9. In physical
terms, it describes the contribution to pressure due to zero-point fluctuations of the Bogoliubov

9Note that p(1)(µ) does not explicitely depend on the scattering length. The contact density C2(µ) → (mµ/ħ2)2 is
therefore still given by its mean-field value and the LHY correction of relative order (na3)1/2, which contributes to a
corresponding one in the pressure (18), only shows up as a function of density.
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excitations. Similar to the analogous Casimir effect, it is negative and it comes entirely from the
low-energy part of the spectrum [46, 59]. In particular, after regularization of the divergent inte-
gration over momenta q , the remaining expression involves an integral

∫
q E 2

q ∼ ∫
0 q2 dq c2(q̂)q2.

Here—in an extension to anisotropic interactions—we include a possible dependence of the
sound velocity c(q̂) on direction. Now, it is a crucial point that the correction (38) to the pressure
is fully determined by the excitations near q = 0. As a consequence, an anisotropic sound veloc-
ity c2(q̂) = c2[1+ ε̃ f (q̂)] with strength ε̃ and an arbitrary function f (Ω) of direction changes the
LHY contribution (38) just by a numerical factor Q(ε̃) = ∫

(dΩ)/(4π) [1+ ε̃ f (Ω)]5/2. For the special
case of dipolar interactions, this immediately explains the origin of the function Q(ε̃) → Q5(εdd)
derived by Lima and Pelster [58]. It is obvious, however, that the LHY correction is well defined
only as long as c2(q̂) > 0 remains positive. This requirement is violated in dipolar gases if εdd > 1,
where the homogeneous fluid is unstable. Formally, this shows up as a finite imaginary part of
the function Q5(εdd) which is, however, neglected in the extended Gross–Pitaevskii description
of the inhomogeneous configurations that are considered in practice.

For a proper understanding of the mechanism which underlies the stabilization of self-bound
droplets and which allows to fulfill the zero pressure condition psr(x)+D(x) = 0, it is of course
necessary to provide a physical argument that justifies the addition of a contribution ∆pLHY(x) =
(3/5)λ5/2 [ρ(1)(x)]5/2 of the LHY-form to the short-range pressure in a regime where the chemical
potential is negative and the microscopic derivation along the lines in Equation (38) evidently
fails. On a rather qualitative level, the inclusion of an LHY term even in the regime εdd > 1 may
be justified by noting that the characteristic radial extension R⊥ ∼ N 1/4 of self-bound droplets
is only of the order of the healing length ξ [8]. As a result, there is no sound propagating in the
(x, y)-plane in such a configuration and the fact that c2(q̂) < 0 for the associated wave vectors is
irrelevant. The argument is not conclusive, however, because it does not address the problem
that an exponent 5/2 in the relation between pressure and density requires a corresponding
power law in p(µ), which is excluded for negative values of µ. To obtain some further insight,
it is useful to investigate the microscopic origin of the LHY correction from a different point of
view. The associated characteristic exponent k = 5/2 indicates that it can be attributed neither
to two-body nor to three-body interactions which—as discussed above—lead to k = 3. Now, as
noted already by Lee, Huang and Yang [57] and expanded in detail later by Lüscher [60] and by
Tan [48], the LHY term can be understood to arise from a finite size correction in the two-body
problem. More precisely, the repulsive contribution ∼g n (na3)1/2 in the interaction energy per
particle beyond mean-field emerges from a correction of order a/L beyond the leading term
E (0)

N=2(L) = g /L3 in the two-particle problem in a box with periodic boundary conditions. At finite
density, the relevant size L ≃ ξ for this correction is set by the healing length beyond which the
pair distribution is no longer determined by two-body physics. In the presence of the long-range
and anisotropic dipolar interactions, both E (0)

N=2(L) and its finite size correction will depend on
the aspect ratio κ and the dimensionless strength parameter εdd. A microscopic derivation of
the LHY correction for dipolar gases in a configuration which mimics the elongated droplets
thus requires the solution of the two-body problem in an anisotropic box of size L × L × L/κ
with periodic boundary conditions. Specifically, the parameter λ5/2(κ,εdd) is determined by the
coefficient of the a/L—contribution to the energy in a finite size expansion analogous to that
derived by Lüscher for rotation invariant short-range interactions [60]. While straightforward
in principle, proving that λ5/2 is finite and positive along these lines is nontrivial. A fully
microscopic derivation of either the LHY correction or a possible repulsive three-body force that
might contribute to the stabilization of self-bound droplets thus remains an open problem. It
should be emphasized, however, that this is essentially a conceptual challenge, not a practical
one. Indeed, as demonstrated recently by Bombín et al. [61], numerical approaches to dipolar
gases in the regime εdd > 1 based on quantum Monte Carlo provide results which agree quite
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well with experiment, e.g. for the critical number N0 where droplets unbind or for the supersolid
transition.

3. Effective theories for the transition to a supersolid

The prediction that dipolar gases in a pancake geometry with λ≫ 1 will exhibit a roton-maxon
character in their excitation spectrum has been made even before the experimental realization
of dipolar condensates [62, 63]. In contrast to the situation in 4He, where the roton gap ∆r is
essentially independent of pressure up to the superfluid-to-solid transition at pc ≃ 25 atm, the
depth of the roton minimum is now tunable. In fact, within mean-field, the roton gap in dipolar
gases is found to vanish beyond a critical value of the interaction strength where the spectrum
of Bogoliubov excitations reaches zero [62, 63]. A simple model capturing the essential physics is
based on assuming a uniform quasi-2D situation with a Gaussian density profile in the transverse
direction with characteristic length ℓz . The resulting effective dipole–dipole interaction [63, 64]

Vdd(q) = ħ2

m
g̃dd

[
2−3

√
π

2
(qℓz )exp(q2ℓ2

z /2)erfc(qℓz /
p

2)

]
(39)

in momentum space q = (qx , qy ) approaches a positive constant Vdd(q) → 2ħ2 g̃dd/m in the limit
|q|ℓz ≪ 1, where g̃dd =p

8πadd/ℓz is a dimensionless coupling constant. The fact that Vdd(q = 0)
is positive guarantees that—in contrast to the situation in 3D—the homogeneous fluid is now
stable for an arbitrary strength of the dipolar interaction. This does not exclude an instability at
finite wave vector, however. Indeed, the effective interaction Vdd(q) turns negative beyond |q|ℓz

of order one and asymptotically approaches the constant value −ħ2 g̃dd/m. In physical terms,
this describes attractive head-to-tail collisions between aligned dipoles at distances less than ℓz

with an effective scattering length −add. For strong dipolar interaction strengths, the negative
contributions to the total interaction V (q) = ħ2 g̃2/m +Vdd(q) give rise to a roton minimum in
the spectrum E 2

q = 2nV (q)εq + ε2
q of Bogoliubov excitations which eventually touches zero at a

characteristic wave vector q0. A crucial point in this context is that the scale for q0 is set by the
inverse of the confinement length ℓz , which is unrelated to and much larger than the average
interparticle spacing in the transverse direction.

The predicted appearance and subsequent softening of a roton has been observed in dipolar
condensates of Dysprosium in a cigar-shaped trap by Petter et al. [65] using Bragg spectroscopy.
By tuning εdd = add/a via a Feshbach resonance that allows to change the short-range scattering
length at fixed add, the measured dynamic structure factor shows a sharp increase near a critical
value εc

dd of order one, consistent with theoretical results based on a solution of the Bogoliubov
equations [66]. This signals a macroscopic occupation of the roton mode associated with a
spontaneous density modulation along the weakly confined direction in the trap, as seen directly
from in-situ density profiles [67]. The formation of a static density wave at a coupling strength
where the roton dip is still not very pronounced and the interpretation of this state in terms of a
supersolid has been confirmed in a number of experiments [6] which will not be discussed here
in detail. Instead, we will present an elementary approach which allows to understand the nature
of the associated phase transition and the underlying physics independent of specific details. In
particular, based on a simple model due to Nozières [11], we will show that the mean-field roton
instability is preempted into a first-order transition by an amount which depends on the strength
of the short-range repulsion. As a first step, it is necessary to properly define the notion of a
supersolid which, in a rather broad sense, may be characterized by:

In a supersolid, superfluidity (defined by a finite superfluid fraction) appears together with a
non-vanishing modulation of the density due to spontaneously broken translation invariance.
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Now, according to this definition, any spatially modulated superfluid like the vortex lattice
is also a supersolid. To exclude such well known cases, the notion of a genuine supersolid
should therefore be restricted to phases where spontaneously broken translation invariance and
superfluidity are present simultaneously as two independent order parameters. The modulation
in density is then still present even after superfluidity is lost. An important result due to
Leggett [68] states that in any superfluid with a non-uniform density, there is an upper bound
on the superfluid fraction fs strictly smaller than one. Specifically, the Leggett bound is of the
form

fs (T = 0) ≤
[

n̄

d

∫ d

0

dx

n1(x)

]−1

, in mean-field f (mf)
s (T = 0) = m/mB (40)

where the inverse of the density n1(x) is integrated over a unit cell of the lattice whose length is
denoted by d . Here, n1(x) is the average of the microscopic density 〈ρ̂(1)(x)〉 over the transverse
directions of the unit cell and n̄ its average value (without loss of generality, the x-direction has
been singled out). Apparently, the bound is always finite unless the density vanishes identically
in some region. Within mean-field, the ground state wave function factorizes into a product
of single-particle ones. The Leggett bound then turns into an equality and relates the superfluid
fraction to the ratio m/mB of the bare and the band mass mB in the given periodic potential. For a
conventional solid, where the particle density is concentrated near a discrete set {R} of lattice sites
with an exponentially suppressed value at interstitial positions, the upper bound on fs is much
smaller than one. In the limit of a fluid with uniform density, in turn, Equation (40) reduces to
the trivial identity fs ≤ 1. Obviously, supersolids with an appreciable superfluid fraction can only
be found in situations where the density modulation is weak. A few important points should be
noted in this context: First, the bound (40) does not provide a sufficient criterion for superfluidity
in a state with broken translation invariance: a finite value of the bound is still compatible with
no superfluidity at all. A case in point is the solid phase of 4He, where the microscopic density
profile is known from path integral Monte Carlo and the Leggett bound gives fs ≤ 0.16 [69] while
the true value vanishes10. A second point is that the bound (40) makes no assumption about
the physical origin of the density modulation. It may arise from a spontaneous breaking of
translation invariance but it also holds if the density modulation is externally imposed. In fact,
the latter method has been used in a recent experimental test of the Leggett bound [72]. Finally, a
quite subtle point is that the bound holds independent of whether the number of particles within
a unit cell happens to be an integer or not. Now, as emphasized in the classic paper by Andreev
and Lifshitz [34], the generic realization of supersolids requires an incommensurate situation
with a finite concentration of defects in the ground state. A detailed argument which shows that
delocalized vacancies or interstitial atoms are indeed a necessary condition for a supersolid has
been given by Prokof’ev and Svistunov [73]. This suggests that supersolids are in general just
superfluid mass-density waves, with the homogeneous part of the density playing the role of
delocalized “defects”. The ground state of generic solids like 4He, in turn, has an integer number
of particles per unit cell and vanishing defect concentration [70]. The finite energy necessary for
the creation of either vacancies or interstitials identifies such a state as a Mott-insulator, which
cannot have a finite superfluid fraction.

3.1. Mean-field theory of freezing in classical and quantum systems

It is a classic argument due to Landau [74] that the transition from a uniform fluid to a state with
a periodic modulation of the density is of first order. The argument relies on an expansion of the

10For a discussion of why a supersolid phase of bulk 4He can be ruled out, see [69, 70] and the review [71].
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free energy in terms of the Fourier components nG ̸= 0 of the density

ρ(1)(x) = 〈ρ(1)(x)〉+ ∑
G̸=0

nGeiG·x = nsol +
∑

G̸=0
nGeiG·x (41)

in the symmetry broken phase with average density nsol, where {G} denotes the set of associated
reciprocal lattice vectors [10]. In the weak crystallization limit, the density jump∆n = nsol−nliq is
small and the instability is dominated by a single wave vector q0 where the static structure factor
of the homogeneous fluid exhibits a pronounced maximum S(q0). The magnitude |G| = q0 of
the reciprocal lattice vectors is then fixed and the problem reduces to finding the lattice with the
lowest free energy. Within Landau theory, this is of the generic form [10]

∆ fL(T ) = fsol − fliq = r (T )

2
n2

G −wn3
G +un4

G with r (T ) = T −T ∗ and u > 0. (42)

Here, n2
G ∼ ∑′

G |nG|2 is a sum of the magnitudes of the non-vanishing Fourier components with
fixed |G| = q0, rescaled in such a way that makes it independent of their number in the specific
lattice and dimensionless11. Now, the simplified form (42) hides the dependence on the specific
lattice structure which is contained in the detailed values of w and u. For a finite w ̸= 0, reciprocal
lattices in which triads of different G′s add up to zero are favored. At fixed |G| = q0, therefore,
the planar hexagonal, the fcc and icosahedral lattices are the only possibilities [10], giving rise
to a triangular lattice in real space as the unique option in 2D. Quite generally, the transition
temperature Tc is determined by the condition ∆ fL(Tc) = 0 at a finite value nG (Tc) = w/(2u) ̸= 0,
where the fluid with nG ≡ 0 is degenerate with a state where the density develops a non-vanishing
spatial modulation. Due to the presence of the third-order term, the critical temperature Tc =
T ∗ + w2/(2u) lies above the temperature T ∗ introduced in the phenomenological Ansatz for
r (T ). Physically, T ∗ is the lowest temperature down to which the fluid exists as a metastable
configuration. Despite its purely phenomenological nature, the Landau theory of crystallization
captures many aspects of real first-order fluid-to-solid transitions, like the preference for (real
space) bcc lattices near the melting line [75] or the fact that a fluid can be undercooled by a far
larger amount than solids can be overheated. Indeed, the temperature below which the solid
exists at least as a metastable configuration is given by T1 = T ∗ + 9w2/(16u) and the Ansatz in
Equation (42) thus leads to Tc −T ∗ = 8(T1 −Tc). A further consequence of Landau theory, not
mentioned usually, is that the static structure factor in the uniform fluid right at the transition
has a quasi-universal value S(q0)|Tc = Tc/r (Tc) = Tc/(Tc −T ∗) of order one. A similar result was
in fact found to hold for strong crystallization transitions e.g. of a Lennard-Jones fluid by Hansen
and Verlet [76]. It has led to the empirical Hansen–Verlet criterion SHV(q0)|Tc = 2.85 as a system-
independent estimate for the position of the fluid-to-solid transition in classical systems with
short-range interactions from properties within the fluid phase itself.

The Landau theory for the fluid-to-solid transition in a classical system can be extended into
a quantum theory which describes the appearance of a mass-density wave in a superfluid. Based
on an approach indicated already in the ground-breaking work of Gross on inhomogeneous Bose
fluids [77], this has been developed by Pomeau et al. [78, 79]. Focussing again on density fluctu-
ations with wave vectors of a fixed length |G| = q0, the leading order expansion

∑
q |δnq |2/2χ(q)

in the change of energy through density fluctuations δnq ̸= 0 in any fluid gives rise to a contribu-
tion r̃ n2

G /2, where r̃ = 1/χ(q0) is the inverse of the static density response function. Now, within
the Bogoliubov approximation, this response is determined by the ratio χ(q) = 2εq /E 2

q of the free
particle energy εq and the dispersion Eq of the collective excitations of the superfluid [80]. In
particular, for interactions that lead to a roton minimum with energy ∆r = E|q|=q0 , the parameter
r̃ near the corresponding wave vector is given by r̃ = ∆2

r /(2εr ) with εr = ε|q |=q0 . It is important

11Note that the sign of w , assumed to positive here, is irrelevant since it can be changed trivially by nG →−nG .
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to note that—within the Bogoliubov approximation—a roton minimum requires two-body inter-
actions V (q) which are negative in a certain range of wave vectors but not necessarily an attrac-
tive interaction in real space as in dipolar gases. As an example, a purely repulsive box potential
V (r12) of strength V0 and size σ gives rise to a negative V (q) in a range 4.5 < qσ< 7.7. The energy
of the resulting roton minimum and the associated parameter r̃ can then be tuned by changing
the dimensionless coupling strength nσ3 ·V0 mσ2/ħ2. This leads to a roton instability at the point
where r̃ vanishes and the uniform superfluid becomes unstable. The nontrivial question now is
whether this instability can be cured by a nonlinear contribution to the energy analogous to the
one which is introduced by hand in Landau’s Ansatz (42). As shown by Pomeau and Rica [78] this
is indeed the case and the resulting energy functional

∆ fGP = f [n(x)]− f [n̄] = r̃

2
n2

G − w̃n3
G + ũn4

G with r̃ =∆2
r /(2εr ) (43)

is in fact of the same form. Moreover, in contrast to the case of classical fluid-to-solid transi-
tions where the parameters r (T ), w,u are introduced in a purely phenomenological manner, the
coefficients in Equation (43) can now be derived from a microscopic energy functional. In par-
ticular, the nonlinear terms involving w̃ and ũ follow from the expansion of the denominator in
the quantum pressure contribution ħ2 [gradn(x)]2/[8m n(x)] around the fluid state with uniform
density n̄. For a given characteristic wave vector q0 of the emerging density wave, they are on the
order of the associated recoil energy w̃ , ũ ≃ εr , with detailed values again depending on the spe-
cific lattice. As in the standard Landau theory, the presence of a finite third-order term w̃ ̸= 0 im-
plies that the uniform superfluid freezes with a jump in density determined by nG |c = w̃/(2ũ) at a
critical value r̃c = w̃2/2ũ. The mean-field roton instability at r̃ = 0, which characterizes the inter-
action strength up to which the homogeneous superfluid exists at least as a metastable configura-
tion, is thus preempted by first-order transition at a finite critical value∆r /εr |c =O (1) of the roton
gap. For the specific case of a triangular lattice in 2D, this value turns out to be∆r /εr |c = 0.23 [78].

3.2. Effects beyond mean-field and a two-mode model

The extension above of Landau’s classical theory to the freezing of a uniform superfluid into a
state with broken translation invariance describes a mean-field supersolid in the sense that its
condensate fraction stays at the non-interacting value f (mf)

0 = 1. By contrast—consistent with the
Leggett bound (40)—the superfluid fraction is reduced below one depending on the magnitude
of the density modulation. The model thus provides a qualitative description of the supersolid
transition in dipolar gases where the emerging density wave is a phase-coherent superfluid. This
is rather different from the situation in 4He, where the solid phase beyond the critical pressure pc

is a commensurate Mott-insulator [70]. The result that the roton gap has a finite value ∆c
r at the

supersolid transition implies a quantum generalization of the Hansen–Verlet criterion. Indeed,
the expression χ(q) = 2εq /E 2

q for the density response also holds for finite temperatures below
the superfluid transition as long as the condensate fraction remains close to one [80]. As a result,
the static structure factor of the homogeneous superfluid at finite temperature is related to its
ground state value S(q) = εq /Eq by a thermal enhancement factor coth(Eq /2T ). Right at the
supersolid transition, it has thus a quasi-universal value

Sc(q0) =
(
εr

∆c
r

)
coth

(
∆c

r

2T

)
−−−−→
T≫∆c

r

T

r̃c
≫ 1 (44)

determined only by the ratios between the roton gap ∆c
r and the recoil energy or temperature.

As indicated, the value is large compared to one in the experimentally relevant limit T ≫ ∆c
r .

In particular, this applies to the measurements of the static structure factor in [67], where a
pronounced peak in S(q0) near the ordering wave vector is found at the supersolid transition.
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There are two major shortcomings of the approach sketched above: First of all, the description
fails in cases where the emerging lattice does not give rise to a third-order invariant in the
free energy. This applies e.g. to the situation realized in many experiments where the density
modulation appears along a single direction preferred by the geometry in cigar-shaped traps. The
functional (43) then leads to a continuous transition at the point where the roton gap vanishes
which is not consistent with observation12, see e.g. [67]. A second point is that, even at finite
values of w̃ , the shift of the roton instability away from its mean-field value zero to a finite
r̃c = w̃2/2ũ predicted by Equation (43) gives rise to a critical roton gap of order εr , independent
of the strength of interactions. In the following, we will outline an approach in which both of
these problems are absent. The crucial point to recognize is that beyond mean-field there is a
fundamental difference between density fluctuations and the quasi-particles of the superfluid.
It is only in the limit of weak interactions where they coincide and one may infer the density
response χ(q) → 2εq /E 2

q from the quasi-particle dispersion Eq . A simple model for dealing with
the interplay of density modes and superfluid quasi-particles was suggested by Nozières [11],
whose aim was to shed light on the complex question about the role of the roton minimum
in superfluid 4He for the transition to a solid. Based on a diagrammatic argument, Nozières
showed that beyond the standard leading order term Σq (ω) → n0 V (q) of the self-energy, there
is a contribution proportional to V 2(q) ·χ(q,ω) which involves the dynamic density response
function χ(q,ω). Within a simple Ansatz χ(q,ω) ≃ 2εq /(Ω2

q −ω2) for this response in the absence
of the coupling to superfluid quasi-particles, a two-mode model emerges whose excitation
energies E 2

±(q) follow from a bi-quadratic equation [11]

E 2
±(q) = E 2

q − f0
Λq

Ω2
q −E 2

±(q)
→ r̃ eff(q) = E 2−(q)

2εq
≃

E 2
q

2εq
− f0

Λq

2εq ·E 2
q
= r̃ mf(q)− f0Λq /(2εq )2

r̃ mf(q)
.

(45)
The effective coupling contains the condensate fraction f0 and the parameterΛq which is at least
quadratic in the interactions. With increasing coupling, the two modes E 2

±(q) shift in an opposite
direction and it is the lower one E−(q) whose softening signals the onset of a density wave at
given q . In particular, the associated effective stiffness r̃ eff(q) is renormalized down compared
with the mean-field value by an amount which scales inversely with r̃ mf(q) itself13. The fact
that a mean-field approximation overestimates the stiffness for density fluctuations is consistent
with the exact inequality m2

p (q) ≤ mp+1(q)mp−1(q) for the pth moment of the dynamic structure
factor [80]. In fact, in the special case p = 0, this reduces to

S2(q) ≤ εq ·χ(q)/2 → 1/χ(q) ≤ εq

2S2(q)
−−→
mf

∆2
r

2εr
(46)

in general, respectively evaluated at the roton minimum within mean-field. It is only in the
limit where the dynamic structure factor has a single sharp peak that Equation (46) becomes
an equality. A quantitative result for the renormalization of r̃ mf(q) requires to determine the
parameter Λq . This may be estimated by assuming that the relevant wave vector is large enough
thatΛq can be inferred from the exact short-distance expansion

1

χ(q)
→ εq

2

[
1− πC2

8nq
+·· ·

]
→ Λq

ε4
q
= πC2

8nq
(47)

for Bose gases with repulsive short-range interactions derived in [83]. The requirement that this
is consistent with Equation (45) then fixes Λq ∼ ε4

q C2/q to be proportional to the two-body

12This problem may be eliminated by incorporating a further wave vector q ′
0 for the density wave, which breaks the

symmetry nG →−nG . The option comes, however, at the expense of introducing at least two additional free parameters.
13This is reminiscent of the Brazovskii equation in the beyond mean-field description of classical fluid-to-solid

transitions [81, 82] but note that the sign here is opposite and the effect scales with the condensate fraction f0.
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contact density C2. Now, the characteristic wave vectors of the actually observed supersolids
are considerably smaller than those where the expansion for high momenta in (47) is expected
to apply and—moreover—effects of the long-range dipolar interactions have been ignored. The
result is thus only of a rather qualitative nature. Nevertheless, it indicates how the problems of
the mean-field approximation mentioned above can be resolved. Specifically, from the fact that
the inverse static density response r̃ eff(q0) of the homogeneous fluid at the freezing transition is
expected to be finite but very small, the critical value(

∆r

εr

)4

c
≃ f0

πC2

8nq0
(48)

for the ratio between the roton gap ∆r and the recoil energy εr at the transition into a supersolid
state can be estimated. Independent of the existence of a third-order invariant, it is always finite.
Moreover, it depends explicitely on the interaction strength via the two-body contact density C2.
In particular, the simple mean-field roton instability with a vanishing∆c

r |(mf) ≡ 0 is obtained in the
limit of vanishing short-range repulsion, where C2 ∼ a2 → 0. It is obvious that the rather crude
arguments above need to be replaced by a proper microscopic theory for effects beyond mean-
field in the transition to a supersolid. This is an open but clearly quite challenging problem.

4. Conclusion and open problems

The thermodynamic approach developed in this work provides a description of dipolar quantum
fluids which fully accounts for the anisotropy and the long-range nature of the interactions. It
allows to derive a number of exact results, e.g. for the effective magnetic field in the center
of a spherical cloud (11) and the resulting instability beyond a critical value of the interaction
strength, the violation of the Gibbs–Duhem relation in the density profile of trapped gases (21)
or the number-dependence (36) of the aspect ratio in a self-bound droplet. An interesting
perspective to obtain further exact results is provided by a possible extension into an effective
field theory, similar to the one that has been developed by Son and Wingate for the unitary Fermi
gas [84]. Concerning the transition into a supersolid phase, the discussion in this work has been
of a rather qualitative nature and a better understanding of the effects beyond mean-field is an
open problem.

It is obvious, that a number of basic problems in the theory of dipolar gases have only been
raised but have not been answered. This is true, in particular, for a microscopic derivation of
the exact effective potential which replaces the simple ad hoc Ansatz assumed in Equation (33).
Specifically, both the detailed form of an LHY-like contribution ∼|ψ|5 with a proper positive
strength λ5/2(g ,εdd,κ) > 0 and a quantitative theory for a possible contribution of three-body
forces are missing. In addition, the transition from the supersolid phase to a collection of
separate, incoherent droplets [6] is still not well understood.

Finally, the approach to uniaxial quantum fluids presented here applies to a situation where
the breaking of rotation invariance is imposed externally by the fixed orientation of the dipoles. It
is a challenge to see whether it can be extended to cover a situation where the symmetry breaking
is spontaneous, e.g. in a quantum version of a nematic liquid crystal14.
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Version française (English version starts on p 426)

1. Introduction et présentation générale

Ce texte est essentiellement la retranscription de notre exposé de 90 minutes au colloque de
prospective « Questions ouvertes dans le problème quantique à N corps » qui s’est tenu à l’Institut
Henri Poincaré à Paris, du 8 au 12 juillet 2024, d’où son style et son niveau de précision différents
de ceux d’un article de recherche habituel. Il est plus complet que l’exposé sur la section 4 (traitée
rapidement à l’oral) et sur la section 5 (omise à l’oral par manque de temps). Les notes en bas de
page peuvent être ignorées en première lecture. L’exposé a été enregistré et est disponible en ligne
sur la chaîne Carmin de l’IHP (cliquer ici).
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Le système considéré est inspiré des expériences sur les atomes froids : il s’agit d’un gaz tri-
dimensionnel de fermions à deux composantes (comprendre deux états internes ↑ et ↓) dans un
piège immatériel — fait de lumière, à des températures très basses de l’ordre du microkelvin.
C’est le digne descendant des gaz d’atomes refroidis par laser (dans les fameuses « mélasses op-
tiques », voir le prix Nobel de physique 1997 décerné à Steven Chu, William Phillips et Claude
Cohen-Tannoudji) puis des condensats de Bose–Einstein atomiques gazeux refroidis par évapo-
ration (voir le prix Nobel de physique 2001 décerné à Eric Cornell, Carl Wieman et Wolfgang Ket-
terle).

Par rapport à leurs illustres prédécesseurs, les gaz d’atomes froids fermioniques ont l’avantage
(i) d’être composés de fermions, ce qui permet de couvrir les deux statistiques possibles (on peut
toujours « bosoniser » le gaz en formant des paires fortement liées ↑↓) et de faire un lien direct
avec les systèmes d’électrons (des fermions !) de la physique du solide, (ii) de rester collisionnel-
lement stables (peu de pertes à trois corps par recombinaison vers des états moléculaires pro-
fonds) même dans le régime d’interaction forte comme dans la fameuse « limite unitaire » dé-
crite plus bas (au contraire pour l’instant des gaz d’atomes froids bosoniques), et (iii) de consti-
tuer dans ledit régime des systèmes modèles, beaux, simples et universels, grâce à la portée né-
gligeable des interactions de van der Waals entre ↑ et ↓ (plus précisément, la longueur de van der
Waals associée est négligeable) ; comme nous le verrons, ceci autorise à remplacer l’interaction
par des conditions de contact sur la fonction d’onde à N corps dépendant de la seule longueur de
diffusion a dans l’onde s, longueur que les expérimentateurs ajustent à volonté au moyen d’une
résonance de Feshbach, par simple application d’un champ magnétique uniforme bien choisi.

Notre système n’est pas sans rapport avec ceux d’autres exposés du colloque. Le lien est
évident avec la contribution de Tilman Enss sur la viscosité des gaz de fermions en interaction
forte [1], complémentaire de la nôtre. Mais si l’on place nos fermions dans un réseau optique, à
raison d’environ une particule par site (près du demi-remplissage), on retombe sur les problèmes
de fermions fortement corrélés et de supraconductivité à haute température critique discutés
par Antoine Georges. Dans un régime qui plus est d’interaction sur site U↑↓ forte devant le
couplage tunnel t entre sites voisins, U↑↓ ≫ t , le système est décrit par un hamiltonien modèle
de spins de type Heisenberg, avec un couplage magnétique J ∝ t 2/U↑↓, ce qui fait le lien
avec l’exposé de Sylvain Capponi [2]. En revenant à un système uniforme (sans réseau) mais
en appliquant un champ de jauge artificiel (un champ magnétique fictif) à nos atomes froids
fermioniques pourtant neutres, ce que les expérimentateurs savent faire, voir l’exposé de Sylvain
Nascimbène [3], on tombe sur des problématiques proches des exposés de Thierry Jolicœur [4]
(sur l’effet Hall quantique fractionnaire à 2D) et de Carlos Sá de Melo [5] (couplage spin–orbite
à une dimension d’espace). Tous ces ponts vers la physique du solide ne sont cependant pas
si faciles que cela à emprunter, à cause d’effets parasites non conservatifs, de la taille finie des
échantillons et d’une difficulté à descendre à suffisamment basse température (en unités de la
température de Fermi TF ou de couplage magnétique J/kB), voir les exposés de Wolfgang Ketterle,
de Sylvain Nascimbène et d’Antoine Georges.

Terminons par le plan de notre contribution. Dans la section 2, nous partons du réel en
esquissant le cheminement des expériences sur les atomes froids depuis les années 1980 et la
situation atteinte dans le cas des fermions. Dans la section 3, nous adoptons un point de vue
microscopique, d’interactions remplacées par des conditions de contact, et passons en revue
quelques questions ouvertes dans le problème à petit nombre de fermions. Dans la section 4,
nous adoptons au contraire un point de vue macroscopique, celui d’une théorie effective de basse
énergie (l’hydrodynamique quantique), et passons en revue quelques questions ouvertes liées à
l’interaction entre les phonons (les quanta des ondes sonores) dans la phase superfluide. Enfin,
dans la courte section 5, nous croisons les points de vue, en listant quelques questions ouvertes
requérant un traitement théorique microscopique du problème à N corps complet.
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2. Un système physique assez récent

Commençons par une mise en contexte de nos gaz de fermions, au moyen d’un bref historique
des atomes froids.

L’aventure commence au début des années 1980 par le refroidissement laser des alcalins. Les
basses températures atteintes sont spectaculaires lorsqu’on les exprime en kelvins, T ≈ 1 µK,
mais les densités spatiales sont malheureusement très faibles, ρ ≲ 1010 at/cm3, si bien que
les gaz ont une très faible dégénérescence quantique, c’est-à-dire une très faible densité dans
l’espace des phases, ρλ3 ≪ 1, où λ est la longueur d’onde thermique de de Broglie des atomes de
masse m :

λ=
(

2πħ2

mkBT

)1/2

(1)

Les effets de statistique quantique (bosoniques ou fermioniques) sont imperceptibles.
Tout change en 1995, lorsqu’Eric Cornell et Carl Wieman au JILA [6], suivis de peu par Wolf-

gang Ketterle au MIT [7], atteignent la condensation de Bose–Einstein (CBE), évidemment sur des
isotopes bosoniques, grâce au refroidissement par évaporation dans des potentiels de piégeage
non dissipatifs à fond harmonique1. Les températures de transition restent dans la gamme du
refroidissement laser, T CBE

c ≃ 0,1 à 1 µK, mais les densités spatiales sont considérablement plus
élevées, ρ = 1012 à 1015 at/cm3, ce qui permet l’atteinte de la dégénérescence quantique ρλ3 ≳ 1.

Enfin, en 2004, le refroidissement par évaporation est étendu avec succès aux isotopes fermio-
niques jusqu’à la température de transition [11,12] ; les gaz à deux états internes ↑ et ↓ ne forment
plus des condensats de Bose–Einstein mais condensent par paires ↑↓ par le mécanisme BCS [13] :
les interactions de van der Waals attractives entre ↑ et ↓ conduisent, en présence d’une mer de
Fermi dans chaque état interne, à la formation de paires liées, les fameuses paires de Cooper,
des « bosons composites », qui peuvent former un condensat à suffisamment basse tempéra-
ture, T < T BCS

c . Les températures les plus basses accessibles expérimentalement sont de l’ordre
de 0,1TF, où la température de Fermi TF reste de l’ordre du microkelvin; ceci suffit néanmoins à
franchir T BCS

c car les interactions entre ↑ et ↓ sont rendues très fortes au moyen d’une résonance
de diffusion à deux corps (résonance de Feshbach magnétique) : la température de transition
T BCS

c est alors une fraction de TF et l’on évite la situation extrême des supraconducteurs BCS,
pour lesquels T BCS

c ≪ TF par plusieurs ordres de grandeur.
Décrivons maintenant notre système d’atomes froids fermioniques dans ses grandes lignes,

dans un début d’idéalisation de la réalité expérimentale. (i) Les fermions sont à deux états
internes ↑ et ↓ ; comme nous n’envisageons pas ici de couplage de Rabi interconvertissant
↑ et ↓, nos considérations s’appliquent aussi au cas d’un mélange de deux espèces chimiques
de fermions formellement sans spin; pour cette raison, nous ne supposons pas que les masses
mσ des particules sont égales dans les deux états internes2 et nous considérons le rapport m↑/m↓
comme un paramètre libre. (ii) Les fermions sont piégés, soit dans des potentiels harmoniques
isotropes de même pulsation de piégeage ω pour les deux composantes σ,

Uσ(r) = 1
2 mσω

2r 2 (2)

1La référence [8] a réussi plus tard, au moyen d’astuces bien trouvées, à obtenir un condensat de Bose–Einstein
sans évaporation, par le seul refroidissement laser (voir aussi la référence [9]) ; pour cela, il a fallu en particulier (i)
utiliser une raie atomique étroite à faible saturation pour rendre aussi basse que possible la température limite du
refroidissement laser [10] et (ii) réussir à éviter que les photons d’émission spontanée, qui emportent une partie de
l’énergie du mouvement des atomes, ne la redéposent par réabsorption dans le gaz.

2Dans le cas où ↑ et ↓ sont deux états de spin d’une même espèce chimique, on a naturellement m↑ = m↓ dans
l’expérience. On pourrait cependant, par application d’un réseau optique se couplant différemment aux deux états
internes (dans une limite de faible taux de remplissage), produire des masses effectives mσ différentes. Ceci reste à faire.
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où r est le vecteur position à 3D, soit dans la boîte de quantification cubique [0,L]3 commune aux
deux composantes, avec les habituelles conditions aux limites périodiques3. (iii) L’interaction de
van der Waals entre les deux états internes ↑ et ↓, représentée schématiquement sur la figure 1a,
est rendue de manière effective très forte (résonnante) dans l’onde s (moment cinétique orbital
relatif l = 0) par application d’un champ magnétique idoine4 si bien que la longueur de diffusion
a entre deux atomes ↑ et ↓ (définie mathématiquement dans la section 3.1) est suffisamment
grande en valeur absolue (elle peut être positive ou négative) pour que

ρ1/3|a|≳ 1 (3)

On rappelle que la théorie des gaz de bosons en interaction faible fait usage du petit paramètre
(ρa3)1/2 ≪ 1, voir la contribution de Jan Solovej [17] aux actes du colloque; la condition (3)
est donc au contraire la marque d’un gaz en interaction forte. La longueur du diffusion a est
également beaucoup plus grande en valeur absolue que la portée b de l’interaction, définie sur la
figure 1a,

|a|≫ b (4)

ce qui est bien la marque d’une résonance de diffusion à deux corps. Comme b est de l’ordre de
quelques nanomètres dans les expériences, on a aussi

b ≪ ρ−1/3,λ (5)

ce qui donne l’idée de construction d’un système modèle, par passage à la limite b → 0 à a fixé
d’une interaction de portée nulle, caractérisée seulement par la longueur algébrique a. Cette idée
sera mise en œuvre dans la section 3.1. (iv) En revanche, l’interaction n’est pas résonnante dans
l’onde p (moment cinétique orbital relatif l = 1) donc les interactions ↑↑ et ↓↓, qui se produisent
de façon prédominante dans cette onde à basse énergie (antisymétrie fermionique oblige), sont
négligeables.

Comme nous le verrons dans la section 3, l’existence d’un modèle bien défini (d’énergie
bornée inférieurement lorsque b → 0) constitue un problème mathématiquement non trivial.
On peut déjà en proposer une condition nécessaire, inspirée de la réalité expérimentale. On l’aura
en effet bien compris sur la figure 1a : puisque l’interaction de van der Waals admet (au moins)
un état lié à deux corps de taille ≈ b, la phase gazeuse considérée jusqu’à présent et vue dans
les expériences n’est qu’une phase métastable, échappant temporairement à la solidification
prédite par les lois de la physique à l’équilibre, solidification dont les pertes à trois corps sont
les précurseurs (voir la figure 1b). Ces pertes se produisent avec un taux estimé comme suit dans
la référence [18] pour des masses égales :

Γ
3 corps
pertes ∝ ħ

mb2 Proba(3 fermions ↑↑↓ ou ↓↓↑ dans une même boule de rayon b) (6)

3Expérimentalement, on sait réaliser des boîtes de potentiel à fond plat au moyen de faisceaux de Laguerre–Gauss ou
de Bessel–Gauss et de nappes de lumière laser, après compensation de la pesanteur (mise en lévitation des atomes) par
un gradient de champ magnétique [14-16].

4Sans entrer dans les détails, signalons que, pour comprendre cette résonance, il faut tenir compte de la structure
interne des atomes et décrire leur interaction binaire a minima par un modèle à deux voies, une voie ouverte de potentiel
d’interaction Vo(r12) et une voie fermée de potentiel d’interaction Vf(r12) — on pourra penser aux potentiels d’interaction
singulet et triplet de deux fermions de spin 1/2. Lors d’une collision, les atomes ↑ et ↓ entrent par la voie ouverte et, par
conservation de l’énergie, sortent aussi par la voie ouverte car leur énergie cinétique relative incidente est inférieure à
la différence des limites de dissociation Vf(+∞) −Vo(+∞) > 0. Comme il existe un couplage entre les deux voies, les
atomes peuplent cependant virtuellement la voie fermée pendant la collision. Le champ magnétique B appliqué induit
un déplacement Zeeman différent dans les deux voies. Il suffit alors de choisir B astucieusement pour que l’énergie d’un
état lié dans Vf(r12) — pas l’énergie nue mais l’énergie déplacée par le couplage — coïncide presque avec la limite de
dissociation Vo(+∞), ce qui induit une résonance de diffusion (ou de collision) à deux corps dans la voie ouverte et fait
diverger la longueur de diffusion a.
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Figure 1. (a) Représentation schématique de l’interaction de van der Waals (plus préci-
sément de Lennard-Jones) résonnante (|a| ≫ b) entre les fermions ↑ et ↓ en fonction de
leur distance relative. Le potentiel admet au moins un état fortement lié d’extension de
l’ordre de la longueur de van der Waals b ≃ (mC6/ħ2)1/4 donc d’énergie de liaison ≈ħ2/mb2

et, dans le cas d’une longueur de diffusion a > 0 comme sur la figure, un dernier niveau
d’énergie d’extension a (d’énergie de liaison ħ2/ma2) sur « le point de disparaître » (ici
m↑ = m↓ = m comme dans les expériences) ; si a était grande mais négative (|a|≫ b, a < 0),
cet état faiblement lié serait sur « le point d’apparaître ». (b) L’état dimère fortement lié peut
être peuplé par des collisions à trois corps, ce qui est à l’origine de pertes de particules dans
le gaz de fermions, dites pertes à trois corps (les produits de la collision emportent l’énergie
de liaison ≈ ħ2/mb2 considérable sous forme d’énergie cinétique et quittent le piège). Les
flèches représentent les quantités de mouvement avant et après la collision.

Le premier facteur représente l’échelle d’énergie pertinente de ce processus de recombinaison :
c’est l’énergie de liaison du dimère fortement lié formé, et l’échelle de longueur |a| ≫ b ne peut
intervenir. Le second facteur tient compte du fait que le processus à trois fermions ne peut pas se
produire si l’un des fermions est séparé des deux autres par une distance ≫ b, par quasi-localité
dans l’espace des positions : en effet, la portée des interactions et la taille du dimère fortement
lié sont toutes deux de l’ordre de b. Le coefficient de proportionnalité dans l’équation (6) dépend
des détails de la physique microscopique. Nous aboutissons ainsi à une condition de stabilité
expérimentale du gaz de fermions dans la limite b → 0 d’une interaction de contact :

Γ
3 corps
pertes →

b→0
0 (7)

L’étude de ce système, pourtant gazeux, est rendue non triviale par la force des interactions. Par
exemple, puisque kF|a| ≈ 1, où kF = (3π2ρ)1/3 est le nombre d’onde de Fermi, la température de
transition superfluide est a priori de l’ordre de la température de Fermi TF = EF/kB (il n’y a pas
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d’autre échelle disponible que l’énergie de Fermi EF = ħ2k2
F/2m) et sera difficile à calculer avec

précision : la théorie BCS sera au mieux qualitative, et les méthodes de Monte-Carlo quantique
sont difficiles à appliquer aux fermions ; le défi a cependant été relevé par la référence [19],
il est vrai dans le cas symétrique de masses et de potentiels chimiques égaux dans les deux
composantes, où existent des méthodes de Monte-Carlo exemptes du fameux « problème de
signe ».

3. Questions ouvertes dans un point de vue microscopique

Dans cette section, les interactions entre fermions sont remplacées dans une limite de portée
nulle par des conditions de contact sur la fonction d’onde à N corps, l’opérateur hamiltonien se
réduisant alors à celui du gaz parfait (modèle de Wigner–Bethe–Peierls [20,21]).

3.1. Définition du modèle de Wigner–Bethe–Peierls

Pour construire le modèle, partons de la perception simple que nous en donnerait une photogra-
phie du gaz, c’est-à-dire une mesure des positions des N fermions comme les microscopes à gaz
quantique permettent de le faire depuis peu dans le cas homogène [22]. Dans la limite où la por-
tée b de l’interaction tend vers zéro, la photo typique ressemble à la figure 2a : les fermions sont
séparés deux à deux par une distance ≫ b et le potentiel d’interaction V (ri − r j ) est négligeable.
La fonction d’onde à N corps obéit dans ce cas à l’équation de Schrödinger stationnaire

Eψ= Hgaz parfaitψ (8)

avec l’opérateur hamiltonien du gaz parfait, somme des termes d’énergie cinétique p2/2mσ et de
piégeage Uσ(r) dans chaque état interne σ :

Hgaz parfait =
N↑∑

i=1

(
p2

i

2m↑
+U↑(ri )

)
+

N∑
j=N↑+1

(
p2

j

2m↓
+U↓(r j )

)
(9)

On convient ici de numéroter les particules de façon que les N↑ premières soient dans l’état
interne ↑ et les N↓ dernières soient dans l’état interne ↓ ; la fonction d’onde ψ(r1, . . . ,rN ) est alors
une fonction antisymétrique des N↑ premières positions et une fonction antisymétrique des N↓
dernières positions.

Certaines photos ressembleront cependant à la figure 2b : deux fermions i et j , d’états internes
différents, respectivement ↑ et ↓, sont séparés des autres par une distance ≫ b mais sont séparés
entre eux d’une distance ≈ b donc subissent l’effet du potentiel d’interaction V (ri −r j ). La bonne
façon de voir est de dire que i et j sont en train de subir dans le gaz une diffusion à deux corps
isolée, ce qui a deux conséquences, l’une qualitative, l’autre quantitative.

Qualitativement, on comprend qu’il vaut mieux, dans notre gaz très peu dense (au sens où
ρb3 ≪ 1), caractériser l’interaction entre ↑ et ↓ par son amplitude de diffusion à deux corps,
plus généralement par un opérateur de transmission dit matrice T , que par la fonction V (r) elle-
même; comme l’interaction se produit dans l’onde s, l’amplitude de diffusion f est isotrope et
ne dépend que du nombre d’onde relatif krel des deux particules ; dans la limite b → 0 à longueur
de diffusion a fixée, on dispose alors du développement de basse énergie5

fkrel =
−1

a−1 + ikrel − (1/2)k2
relre +O(k3

relb
2)

(10)

5Si V (r) décroît plus vite que 1/r 7 à l’infini, on peut mettre un O(k4
relb

3) au dénominateur.
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Figure 2. Photographie du gaz montrant les positions (étoiles) des N fermions, comme
le ferait un microscope à gaz quantique, dans la limite d’une interaction de portée b → 0
(à titre indicatif, nous avons entouré chaque étoile d’un cercle de diamètre b). (a) Cas
typique : les particules sont séparées deux à deux par une distance ≫ b et n’interagissent
pas. Ceci fixe l’opérateur hamiltonien (9) du modèle de Wigner–Bethe–Peierls. (b) Cas où
deux particules ↑ et ↓, bien séparées des autres, subissent une collision binaire. Ceci fixe les
conditions de contact (17) du modèle. (c) Cas d’une collision ternaire isolée. Ceci interroge
sur la nécessité de conditions de contact à trois corps.

Nous supposons dans la suite que la portée effective de l’interaction re est un O(b) donc devient
négligeable lorsque b → 0 6. Aussi l’amplitude de diffusion se réduit-elle à la forme universelle
pour une interaction de contact

f contact
krel

= −1

a−1 + ikrel
(11)

Quantitativement, on s’attend à ce que les deux fermions ↑ et ↓ proches se découplent des
N −2 autres dans la fonction d’onde à N corps, au sens où

ψ(r1, . . . ,rN ) ≃
ri j =O(b)

φ(ri − r j )Ai j (Ri j ; (rk )k ̸=i , j ) (12)

où Ri j = (m↑ri +m↓r j )/(m↑+m↓) est la position du centre de masse des particules i et j , ri j =
ri −r j est leur position relative, (rk )k ̸=i , j est le (N −2)-uplet des positions des autres particules, la
fonction Ai j n’est en général pas connue mais φ(r) est un état de diffusion à deux corps, solution
de l’équation de Schrödinger

εφ(r) =− ħ2

2mrel
∆φ(r)+V (r)φ(r) (13)

pour le mouvement relatif de masse mrel = m↑m↓/(m↑ +m↓) à une énergie ε dont l’expression
formelle est donnée dans la référence [24] (voir son équation (85)) mais dont nous retiendrons
seulement qu’elle est ≈ħ2k2

typ/2mrel, où le nombre d’onde typique ktyp dans le gaz est de l’ordre
de kF pour T = O(TF). Dans la limite b → 0, il suffit en fait d’analyser l’équation (13) dans
l’intervalle

b ≪ r ≪ k−1
typ (14)

le cas r ≤ b n’apportant que des détails non universels sur l’interaction et le cas r > k−1
typ invalidant

la factorisation (12) (la paire i j n’est plus bien isolée comme sur la photo de la figure 2b).
La première inégalité dans l’équation (14) permet de mettre V (r) à zéro au second membre,

6Expérimentalement, il existe cependant des résonances de Feshbach magnétiques dites étroites, pour lesquelles
re, négatif, est gigantesque à l’échelle atomique et peut être de l’ordre de 1/kF, à cause d’un couplage anormalement
faible entre les voies ouverte et fermée de notre note 4, voir la référence [23]. Ces résonances sont difficiles à utiliser
car elles nécessitent un très bon contrôle du champ magnétique. L’existence d’une portée effective de limite non nulle
lorsque b → 0 a cependant l’avantage de stabiliser le gaz dans le régime instable de la section 3.2 (le spectre reste borné
inférieurement et le taux de pertes à trois corps (6) tend vers zéro), et devrait permettre la préparation et l’observation
d’états liés efimoviens de longue durée de vie, pour peu que le rapport de masse m↑/m↓ soit assez grand. L’expérience

reste à faire.
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la seconde permet d’assimiler l’énergie ε à zéro au premier membre de l’équation (13), d’où
l’équation de Schrödinger simplifiée

0 =− ħ2

2mrel
∆φ(r) (15)

Sa solution générale dans l’onde s (invariante par rotation) est combinaison linéaire de la
solution constante 1 (l’onde incidente d’énergie nulle) et de la solution de Coulomb (l’onde
diffusée) avec une amplitude relative fixée par V (r) aux courtes distances :

φ(r) =N
(
1− a

r

)
= 1

a
− 1

r
(16)

Par définition, voir la contribution de Jan Solovej [17], la quantité a est la longueur de diffusion du
potentiel. Au troisième membre, nous avons choisi la normalisation commode (facteur N pris
égal à 1/a au second membre) pour avoir un résultat fini à la résonance de diffusion a−1 = 0.

Nous arrivons ainsi naturellement à la définition du modèle de Wigner–Bethe–Peierls pour
notre système tridimensionnel de (N↑, N↓) fermions à deux composantes en interaction de portée
nulle et de longueur de diffusion a ̸= 0 dans l’onde s :

(1) l’opérateur hamiltonien est le même que celui du gaz parfait, comme dans les équations
(8), (9)

(2) il y a antisymétrie fermionique du vecteur d’état ψ pour les N↑ premières et pour les N↓
dernières positions

(3) l’interaction est décrite non pas par un potentiel V mais par les conditions de contact
suivantes surψ : pour tout indice i ∈ {1, . . . , N↑} et tout indice j ∈ {N↑+1, . . . , N = N↑+N↓},
il existe une fonction Ai j telle que7

ψ(r1, . . . ,rN ) =
ri j →0

Ai j (Ri j , (rk )k ̸=i , j )

(
1

ri j
− 1

a

)
+O(ri j ) (17)

où l’on fait tendre vers zéro la distance ri j entre les particules i et j à positions fixées de
leur centre de masse Ri j et des autres particules rk , en imposant Ri j ̸= rk∀k ̸= i , j et les
rk deux à deux distincts (comme sur la figure 2b).

Mathématiquement, le point 3 signifie que le domaine de l’opérateur hamiltonien n’est pas le
même que celui du gaz parfait : en l’absence d’interaction (a = 0), on élimine à juste titre les
solutions qui divergent en 1/ri j , comme il est dit dans tout bon ouvrage de mécanique quantique.
C’est la seule différence mais elle est de taille8 !

La figure 2c, qui montre un trio d’atomes proches, bien séparés des autres et en train de subir
une diffusion à trois corps, fait naître une interrogation légitime : faut-il compléter le modèle par
des conditions de contact à trois corps? à quatre corps? etc. Réponse dans la section suivante.

3.2. Questions d’existence

Il n’est pas évident que le modèle de Wigner–Bethe–Peierls, tel que nous l’avons défini en page
401, conduise à un hamiltonien auto-adjoint (sans conditions de contact supplémentaires) et,

7Les fonctions Ai j ne sont pas indépendantes. L’antisymétrie fermionique impose que Ai j (Ri j , (rk )k ̸=i , j ) =
(−1)i−1(−1) j−(N↑+1) A1,N↑+1(Ri j , (rk )k ̸=i , j ) (pour les amener en première position dans leur état interne respectif et faire

ainsi apparaître la fonction A1,N↑+1, on a dû faire passer ri à travers i −1 vecteurs positions de fermions ↑ et r j à travers

j − (N↑+1) vecteurs positions de fermions ↓, d’où les signes).
8Un point clé est que l’état de diffusion φ(r) = 1/r − 1/a est bien de carré sommable sur un voisinage de l’origine,∫

r<rmax
d3r |φ(r)|2 < ∞ : il n’y a donc pas de coupure à mettre à courte distance et a est la seule longueur associée à

l’interaction. C’est différent dans les ondes de moment cinétique l > 0 :φ(r) = Y
ml

l
(θ,ϕ)(r l +a2l+1

gen /r l+1) (où le paramètre

agen ̸= 0 généralisant a est une longueur et Y
ml

l
est une harmonique sphérique) n’est alors plus de carré sommable, et il

faut introduire une coupure donc une seconde longueur pour caractériser l’interaction [25].
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surtout, à un spectre d’énergie borné inférieurement. En effet, nous avons quand même fait
tendre une échelle d’énergie vers −∞, celle −ħ2/mrelb

2 associée à la portée de l’interaction,
en prenant la limite b → 0 à longueur de diffusion a fixée donc sans faire tendre la force des
interactions vers zéro, ce qui pourrait provoquer un effondrement du système sur lui-même,
comme dans l’effet Thomas bien connu en physique nucléaire [26] !

La discussion s’éclaire dans le cas particulier a−1 = 0, dit de la limite unitaire (l’amplitude
de diffusion (11) du modèle atteint en module la valeur maximale k−1

rel autorisée dans l’onde
s par l’unitarité de la matrice de collision S), car les conditions de contact (17) deviennent
invariantes d’échelle (c’est aussi le régime le plus intéressant et le plus ouvert car d’interaction
maximale en phase gazeuse). Pour simplifier encore, limitons-nous aux états propres d’énergie
E = 0 dans l’espace libre, avec un centre de masse des N fermions au repos. Comme il n’y a alors ni
énergie ni potentiel extérieur pour introduire une échelle de longueur, on s’attend à ce que l’état
propreψ lui-même soit invariant d’échelle, c’est-à-dire une fonction homogène des coordonnées
(invariante à un facteur près par l’homothétie ri → λri de rapport λ sur les N positions), de la
forme [27,28]

ψ(r1, . . . ,rN ) = R s− 3N−5
2 Φ(Ω) (18)

où (i) R est l’hyperrayon interne, écart quadratique moyen des positions des N particules à leur
centre de masse C pondérées par les masses,

MR2 =
N∑

i=1
mi (ri −C)2 (19)

avec M = ∑N
i=1 mi la masse totale et MC = ∑N

i=1 mi ri ; (ii) l’exposant d’échelle (le degré d’homo-
généité) est commodément repéré par la quantité s après translation de (3N −5)/2 — pour révé-
ler une symétrie s ↔−s ; (iii) Φ est une fonction inconnue des 3N −4 hyperangles complétant R
dans le paramétrage des ri −C en coordonnées hypersphériques. Le report de l’ansatz (18) dans
l’équation de Schrödinger (8) (avec E = 0 et Uσ ≡ 0 comme il a été dit) donne une équation aux
valeurs propres surΦ : [

−∆Ω+
(

3N −5

2

)2]
Φ(Ω) = s2Φ(Ω) (20)

dont les valeurs propres ne sont autres que s2 ! Comme le laplacien ∆Ω est pris sur un compact,
l’hypersphère unité S3N−4, les valeurs possibles de s2 forment un ensemble discret, dans R à
supposer que l’hamiltonien soit hermitien; on ne sait en général pas les calculer, à cause des
difficiles conditions de contact (17) surΦ(Ω) 9.

Nous nous contenterons dans la suite d’écrire formellement que s est la racine d’une fonction
transcendante paire, dite fonction d’Efimov,

ΛN↑,N↓ (s) = 0 (21)

sans spécifier cette fonction (le plus direct pour l’obtenir est d’imposer les conditions de contact
(17) sur un ansatz de Faddeev écrit dans l’espace réciproque10, ce qui mène à une équation
intégrale dite de Skorniakov–Ter-Martirosian — ici à la limite unitaire et à énergie nulle, dans

9Les conditions de contact (17) ne contraignent en revanche pas la dépendance de ψ en l’hyperrayon. C’est que, si
ψ obéit aux conditions de contact, f (R)ψ y obéit aussi, pourvu que le facteur f (R) soit une fonction régulière de R. En
effet, dans la limite ri j → 0 à Ri j et (rk )k ̸=i , j fixés, on a MR2 = mi (ri −C)2 +m j (r j −C)2 + cte = mi r2

i +m j r2
j + cte =

(mi +m j )R2
i j +mrelr

2
i j +cte =O(r 2

i j )+cte. Or, (1/ri j −1/a)O(r 2
i j ) est un O(ri j ) négligeable.

10Rappelons brièvement la construction de l’ansatz. On écrit d’abord l’équation de Schrödinger à énergie nulle au

sens des distributions, Hgaz parfaitψ = ∑N↑
i=1

∑N
j=N↑+1(2πħ2/mrel)δ(ri j )Ai j (Ri j , (rk )k ̸=i , j ) où les distributions de Dirac

proviennent de l’action des opérateurs d’énergie cinétique sur les singularités en 1/ri j , en vertu de l’équation de Poisson
∆r(1/r ) = −4πδ(r), et mrel est la masse réduite de deux fermions de spins opposés comme nous l’avons dit. On en
prend ensuite la transformée de Fourier (ψ→ ψ̃, ∆r →−k2). En tirant parti de l’antisymétrie fermionique comme dans
la note 7 et de l’invariance par translation spatiale (le centre de masse est au repos), on se réduit à ψ̃(k1, . . . ,kN ) =
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laquelle on reporte l’équivalent de Fourier de l’ansatz (18) ; l’équation transcendante (21) qui
en résulte admet une écriture explicite pour N = 3 [29], et s’écrit comme le déterminant d’un
opérateur pour N > 3, cet opérateur étant donné explicitement pour N = 4 dans le secteur (3,1)
par la référence [30] et dans le secteur (2,2) par la référence [31]). Il faut maintenant distinguer
deux cas.

Premier cas : s2 > 0. Il y a alors deux valeurs possibles correspondantes de l’exposant d’échelle,
une valeur > 0 que nous convenons d’appeler s, et la valeur opposée −s < 0. Par un phénomène
similaire à celui de l’équation (16), ψ est en général une combinaison linéaire de deux solutions,
l’une contenant un facteur R s , l’autre contenant un facteur R−s , les amplitudes relatives étant
fixées de manière univoque par une longueur ℓ (l’équivalent de a dans l’équation (16)) détermi-
née par les détails microscopiques de l’interaction à courte distance O(b) 11,12 :

ψ= [
(R/ℓ)s − (R/ℓ)−s]R− 3N−5

2 Ψ(Ω) (22)

Cependant, en l’absence de résonance de diffusion à N corps, on s’attend à ce que ℓ = O(b), si
bien que ℓ→ 0 lorsque b → 0 : la solution en R−s devient négligeable, la longueur ℓ disparaît du
problème et l’on garde la condition de contact à N corps invariante d’échelle suivante dans la
voie d’exposant d’échelle s [32] :

ψ ≈
R→0

R s− 3N−5
2 (23)

La fonction d’onde ψ, considérée comme une fonction de R, est sans nœud donc l’énergie E = 0
correspond à l’état fondamental : il n’y a pas d’état lié, d’énergie E < 0 pouvant tendre vers −∞
lorsque b → 0 13,14.

(δ(k1 +·· ·+kN )/
∑N

n=1 ħ2k2
n /2mn )

∑N↑
i=1

∑N
j=N↑+1(−1)i+ j D((kn )n ̸=i , j ) où D est la seule fonction inconnue (chaque Ai j

est une fonction des (rk −Ri j )k ̸=i , j dont D((kn )n ̸=i , j ) est la transformée de Fourier à un facteur près).
11L’état de diffusion (16) correspond au cas N = 2 ; alors s = 1/2 et (3N − 5)/2 = 1/2, et ψ dans l’équation (22)

est bien combinaison linéaire de R0 et R−1 ; dans ce cas, R ∝ r12 et Φ(Ω) = cte dans l’onde s. Le calcul explicite de
l’expression (22) pour N = 2 donne en effetψ∝ (r12/ℓ̄)s−1/2 − (r12/ℓ̄)−s−1/2 avec ℓ̄= (m1 +m2)ℓ/(m1m2)1/2, ce qui doit
être proportionnel à (16), d’où la valeur annoncée de l’exposant s = 1/2 ; le paramètre à deux corps ℓ̄ n’est autre que la
longueur de diffusion a.

12On a mis un signe moins entre les deux termes entre crochets dans l’équation (22) ; un signe plus serait aussi
possible, suivant le modèle microscopique.

13Le cas spécial d’une résonance de diffusion à (N↑, N↓) corps, où ℓ reste non infinitésimal dans la limite b → 0,
est traité en détail dans la référence [33], qui explique quelle condition de contact à N corps utiliser pour décrire
correctement l’état faiblement lié qui en résulte. En effet, la condition (22) déjà proposée dans [27] n’est satisfaisante
que pour s assez petit (pour s > 1, on voit bien que l’état (22) n’est plus de carré intégrable en R = 0 et qu’une deuxième
longueur — une coupure — doit être introduite).

14Sur une résonance de Feshbach étroite, voir la note 6, la portée effective re est — pour 1/a = 0 — la seule échelle
de longueur pertinente lorsque la portée vraie b tend vers zéro, si bien que la longueur ℓ est de l’ordre de |re| ≫ b. La
fonction d’onde ψ dans l’équation (22) admet alors un nœud très « en dehors » du potentiel d’interaction : la solution à
E = 0 ne serait pas d’énergie minimale, et le système admettrait un état lié à (N↑, N↓) fermions (avec N > 2) ! Cependant,
une étude spécifique du cas (N↑ = 2, N↓ = 1) montre qu’il n’en est rien (tant que le rapport de masse m↑/m↓ reste assez

faible pour que s2 ≥ 0 bien entendu) [29,34]. Fallait-il s’en étonner? Raisonnons par l’absurde. S’il y avait vraiment
un état lié, il conduirait à un nombre d’onde relatif krel ≈ 1/|re| entre les fermions, le terme de portée effective ne
serait pas négligeable au dénominateur de l’amplitude de diffusion (10) et l’on perdrait l’invariance d’échelle donc la
séparabilité en coordonnées hypersphériques. L’équation (22) serait inapplicable et la prédiction d’un état lié caduque.
Plus généralement, pour pouvoir croire à (22) — c’est une condition nécessaire, il faut que l’hyperrayon R soit beaucoup
plus grand que toute échelle de longueur apparaissant dans tout sous-système (n↑,n↓) [avec n↑ ≤ N↑, n↓ ≤ N↓ et
n↑+n↓ < N↑+N↓ = N ], en particulier R ≫ b et R ≫ |re| pour (n↑ = 1,n↓ = 1). Faut-il le préciser, la résonance à (N↑, N↓)
corps de la note 13 ne remet pas (22) et l’existence d’un nœud à l’hyperdistance ℓ en question puisque la longueur ℓ≫ b
anormalement grande qui apparaît ne préexiste dans aucun sous-système.
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Deuxième cas : s2 < 0. Il y a là aussi deux valeurs possibles de l’exposant d’échelle, l’une s = i|s|
dans iR+ que nous convenons d’appeler s, et l’autre, son complexe conjugué −i|s|, ou encore son
opposé−s, dans iR−. Comme dans le premier cas, on conclut qu’il existe une longueur ℓ, fonction
des détails microscopiques de l’interaction, réglant l’amplitude relative des deux solutions :

ψ= [(R/ℓ)i|s|− (R/ℓ)−i|s|]R− 3N−5
2 Ψ(Ω) = 2isin[|s| ln(R/ℓ)]R− 3N−5

2 Ψ(Ω) (24)

Cette fois, les deux solutions sont de même module donc il faut les garder toutes les deux (aucune
ne l’emporte sur l’autre dans la limite b → 0) ! La longueur ℓ ne disparaît pas du problème mais
définit dans la limite b → 0 une condition de contact à N corps (24) qui brise explicitement
l’invariance d’échelle continue de la limite unitaire. Comme ψ comporte un nombre infini de
nœuds à une hyperdistance R arbitrairement grande — arbitrairement plus grande que la portée
b de l’interaction — (voir l’écriture du troisième membre de l’équation (24)), il existe un nombre
infini d’états liés à N corps sous la solution d’énergie E = 0 ; comme la condition aux limites (24)
est invariante par changement de ℓ en exp(±π/|s|)ℓ, on passe d’un état N -mère à l’autre par une
homothétie de rapport exp(π/|s|), le spectre correspondant formant une suite géométrique de
limite nulle mais non bornée inférieurement dans la limite de portée nulle15 :

En =−Eglobe−2πn/|s|, n ∈N∗, avec Eglob ≈ħ2/Mb2 (25)

Ces états liés à N corps, historiquement prédits par Efimov dans le cas N = 3, sont dits efimo-
viens. Il serait très intéressant de les stabiliser dans une expérience d’atomes froids (on vérifie
malheureusement que, si s ∈ iR+∗ dans le problème à (2,1) fermions, ce qui se produit pour
m↑/m↓ > 13,6069. . . comme nous le verrons, le taux de pertes à trois corps de l’équation (6) ne
tend pas vers zéro lorsque b → 0, mais plutôt vers une quantité proportionnelle à ħk2

F/m dans le
gaz homogène à T = 0, ce qui est considérable), par exemple en utilisant la note 6.

Mais revenons à notre problème mathématique : nous concluons que le gaz de (N↑, N↓)
fermions est stable pour une interaction ↑↓ de portée nulle, et que l’hamiltonien du modèle de
Wigner–Bethe–Peierls est auto-adjoint et borné inférieurement, si et seulement si les exposants
d’échelle sont tous réels :

s ∈R∗ ∀s solution deΛN↑,N↓ (s) = 0 (26)

Bien entendu, aucun sous-système (n↑,n↓) du gaz ne doit non plus présenter d’effet Efimov, sinon
(i) il faudrait introduire un paramètre à n↑+n↓ < N↑+N↓ corps sur le modèle de l’équation (24)
et l’invariance d’échelle à l’origine de la séparabilité (18), donc du résultat (26), serait brisée —
on perdrait la séparabilité à toutes les distances, et (ii) le sous-système pourrait s’effondrer sur
lui-même dans la limite b → 0 d’une interaction de portée nulle et l’énergie ne serait pas bornée
inférieurement. Sans le dire, nous avons effectué un raisonnement par récurrence et l’équivalent
de la condition de stabilité (26) doit être satisfait pour tout nombre n↑ ≤ N↑ et tout nombre
n↓ ≤ N↓.

Remarque 1. On pourrait ajouter s = 0 en troisième cas : c’est en fait précisément le seuil d’un
effet Efimov. En développant l’équation (24) au premier ordre en |s|, on trouve que

ψ∝ ln(R/ℓ)R− 3N−5
2 Φ(Ω) (27)

c’est-à-dire que la longueur ℓ règle l’amplitude relative des solutions R−(3N−5)/2 et
(lnR)R−(3N−5)/2. Ceci ressemble furieusement à la définition de la longueur de diffusion de

15L’expression précise de Eglob en fonction de s et ℓ, et de l’ordre de ħ2/Mb2 pour ℓ ≈ b, figure par exemple dans la
référence [35]. Dans l’équation (25) nous prenons n ≥ 1 (étant admis que exp(−2π/|s|) ≪ 1 — sinon le spectre ne serait
pas entièrement géométrique [29]) car le modèle de Wigner–Bethe–Peierls ne peut s’appliquer qu’à un état lié de taille
≫ b. On peut toutefois avoir ℓ≈ |re|≫ b et Eglob ≈ħ2/Mr 2

e ≪ħ2/Mb2 sur une résonance de Feshbach étroite, voir notre
note 6 ; même si ce n’est pas évident, l’exclusion de n = 0 dans (25) reste correcte dans ce cas [29,34]. Cette exclusion de
n = 0 est cohérente avec l’absence d’état lié lorsque s2 ≥ 0, voir notre note 14 : du côté efimovien, l’ensemble du spectre
discret doit tendre vers zéro lorsque |s|→ 0 sachant que Eglob a une limite finie et non nulle.
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deux particules en dimension deux, voir par exemple la référence [36] et la contribution de Jan
Solovej [17]. Cependant, dans le cas ℓ = O(b) où nous sommes, la longueur ℓ tend vers zéro
lorsque b → 0, la première solution — de coefficient ln(1/ℓ) →+∞ — l’emporte sur la deuxième
et l’on garde la condition de contact à N corps dans la continuité de (23) :

ψ ≈
R→0

R−(3N−5)/2 (28)

Dans le modèle de portée nulle, il n’y a donc pas de brisure d’invariance d’échelle ni d’état lié au
seuil efimovien16,17.

Remarque 2. Nous avons pris ici a = ∞ pour simplifier mais si le système est instable pour
a =∞, il le restera pour a fini (toutes choses égales par ailleurs), car les N -mères efimoviens du
gaz unitaire de taille ≪|a| (il y en a autant qu’on veut pour b → 0) ne font pas de différence entre
une longueur de diffusion infinie et une longueur de diffusion finie a.

Complément. À la limite unitaire, la présente analyse se généralise à énergie E non nulle (tou-
jours avec le centre de masse du système au repos). L’équation (18) devient

ψ= F (R)R− 3N−5
2 Φ(Ω) (29)

(elle satisfait aux conditions de contact de Wigner–Bethe–Peierls en vertu de la note 9) avec

EF (R) =− ħ2

2M
∆2DF (R)+ ħ2s2

2MR2 F (R) (30)

et ∆2D, le laplacien à 2D pour la variable R, se réduit ici (en l’absence de dépendance angulaire)
à d2/dR2 +R−1d/dR. Le cas efimovien s2 < 0 correspond donc simplement au problème connu
de « chute sur le centre » dans un potentiel attractif en 1/R2 [38]. La séparabilité en coordonnées
hypersphériques (29) s’étend même au cas piégé [27,28], il suffit d’ajouter le terme de piégeage
(1/2)Mω2R2F (R) au second membre de l’équation (30), et de faire la substitution E → E−Ecdm, la
valeur propre de l’équation sur F (R) étant l’énergie interne par opposition à celle Ecdm du centre
de masse. Pour s2 > 0, ceci conduit au spectre

E −Ecdm = (s +1+2q)ħω, q ∈N (31)

3.3. Ce qui est connu sur le domaine de stabilité

Le problème de savoir si la condition de stabilité (26) est satisfaite peut être attaqué par deux
extrémités opposées.

Par la première, on résout le problème à (N↑, N↓) fermions à E = 0 dans le modèle de Wigner–
Bethe–Peierls et on calcule les exposants d’échelle s (on procède analytiquement le plus loin
possible mais il y a une dernière étape numérique, en tout cas pour N > 3). À notre connaissance,
ce programme a été rempli dans le problème fermionique (N↑ > 1, N↓ = 1) jusqu’à N↑ = 4, voir la
figure 3 : on trouve à chaque fois qu’un effet Efimov apparaît au-delà d’un rapport de masse
critique m↑/m↓ (l’impureté ↓ doit être suffisamment légère), lui-même évidemment fonction

16Les considérations de la note 14 s’appliquent au seuil. En particulier, il ne faut pas croire à l’état lié d’énergie
∝ −ħ2/Mℓ2 que l’équation (27) nous inciterait à prédire : il serait d’extension spatiale ℓ et ne pourrait être décrit par
notre modèle de portée nulle lorsque ℓ ≈ b ; il n’existerait pas non plus pour (N↑ = 2, N↓ = 1) dans le cas — pourtant

apparemment favorable — d’une résonance de Feshbach étroite où ℓ≈ |re|≫ b, voir la note 14 et les références [29,34].
17Le fait que ln(1/ℓ) tende lentement vers l’infini lorsque b → 0 n’est pas sans conséquence pratique : si l’on veut

comparer aux expériences, il vaut mieux garder la contribution en lnR dans (27) [et le terme (R/ℓ)−s dans (22) pour s > 0
assez proche de zéro] pour former la condition de contact à N corps. Ainsi, on trouve que le troisième coefficient d’amas
b2,1 défini dans la section 3.4 est en réalité une fonction régulière du rapport de masse m↑/m↓ donc de s2, alors qu’il est

de dérivée infinie en s2 = 0 dans le modèle de portée nulle [35,37] donc dans l’équation (33).
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Figure 3. Résultats connus sur la stabilité du système (N↑,1) de N↑ fermions de spin ↑
et un fermion de spin ↓, pour une interaction de portée nulle, en fonction du rapport de
masse m↑/m↓ entre une particule ↑ et la particule ↓. Flèches verticales : valeurs critiques
de m↑/m↓ (seuils) pour l’effet Efimov à (N↑,1) corps obtenues par résolution du problème
correspondant, voir les références [39] pour N↑ = 2, [30] pour N↑ = 3, [40] pour N↑ = 4 ;
quand m↑/m↓ excède ces valeurs, l’énergie du système n’est plus bornée inférieurement.
Barre verticale avec flèche horizontale : rapport de masse critique αc, dont l’existence
est établie par le théorème de Moser–Seiringer [41], en dessous duquel le système (N↑,1)
est stable ∀N↑ ; le théorème ne donne pas la valeur exacte de αc mais une minoration,
αc > 2,77, plus contraignante que celle, m↑/m↓ = 1, des expériences sur les atomes froids
(une supériorité cependant de ces dernières est que le gaz unitaire de fermions semble y
être stable, sans effondrement ni pertes à trois corps significatives, pour toutes les valeurs
de N↑ et N↓).

décroissante de N↑ 18. On remarque que les rapports de masse critiques successifs sont de plus
en plus rapprochés; mathématiquement, on ne sait pas cependant si cette séquence continue
(existe-t-il un effet Efimov à (5,1) corps ? à (6,1) corps? etc.). Le cas (N↑ > 1, N↓ = 2) a été étudié
pour N↑ = 2 par la référence [31] qui conclut à la stabilité, tant que les sous-systèmes (2,1) et (1,2)
le sont.

Par la seconde extrémité, on cherche à contraindre (plutôt qu’à calculer) les rapports de masse
critiques, par une minoration du spectre de l’hamiltonien. C’est ce qu’a fait la référence [41] pour
le problème à (N↑, N↓ = 1) fermions : elle démontre le magnifique

Théorème. Il existe un rapport de masse critique m↑/m↓ = αc en dessous duquel le système
fermionique (N↑, N↓ = 1) est stable ∀N↑ pour une interaction de contact, et αc > 1/0,36 = 2,77.

3.4. Développement en amas ou du viriel

Certains diront que c’est le problème macroscopique à N corps qui doit être en définitive l’objet
de notre attention, plus que le problème à petit nombre de corps. Ce à quoi nous répondrons
que le second peut dire quelque chose sur le premier au moyen du développement en amas,
un développement de la pression P du gaz homogène à l’équilibre thermique grand-canonique
en puissances des fugacités des composantes σ (la température T = 1/kBβ est fixée mais les
potentiels chimiques µσ tendent vers −∞, ce qui correspond à une limite quantiquement non
dégénérée) :

P λ̄3

kBT
= ∑

(n↑,n↓)∈N2∗
bn↑,n↓eβµ↑n↑eβµ↓n↓ (32)

18Une fois qu’on a un effet Efimov dans le problème à (N↑, N↓) fermions, comme nous l’avons dit après l’équation (26),
on perd l’invariance d’échelle et on ne peut plus mettre en œuvre le raisonnement sous-tendu par les équations (18),
(20) pour passer au problème à (N↑ + 1, N↓) ou (N↑, N↓ + 1) fermions ; dans ce dernier, il n’y a plus de séparabilité en
coordonnées (R,Ω) comme dans l’équation (24), plus de spectre géométrique (25) donc au sens strict, plus de possibilité
d’effet Efimov!
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où la longueur d’onde thermique de de Broglie est prise à la masse de référence arbitraire m̄,
λ̄= (2πħ2/m̄kBT )1/2 19. Le développement (32), dans la littérature récente, est souvent confondu
avec celui du viriel, qui développe en fait en puissances des densités ρσλ3

σ dans l’espace des
phases (λσ = (2πħ2/mσkBT )1/2).

Comment calculer les coefficients d’amas bn↑,n↓ ? À la limite unitaire a−1 = 0, le plus simple
est d’utiliser la méthode du régulateur harmonique de la référence [43], qui place d’abord
le système dans les pièges harmoniques Uσ(r) de l’équation (2) puis, tous calculs faits, les
ouvre pour retrouver le cas homogène par approximation d’homogénéité locale (exacte dans
la limite considérée ω → 0+). En effet, le problème piégé est alors séparable en coordonnées
hypersphériques comme dans la section 3.2 et, si l’on connaît les exposants d’échelle s dans
l’espace libre à énergie nulle pour tous les n↑ ≤ ncible

↑ ,n↓ ≤ ncible
↓ , on connaît aussi les niveaux

d’énergie du système piégé comme dans l’équation (31), donc toutes les fonctions de partition
canoniques Zn↑,n↓ et en définitive le coefficient bncible

↑ ,ncible
↓

. Du coup, les coefficients d’amas

doivent être des fonctionnelles desΛn↑,n↓ de l’équation (21). C’est bien ce que prédit la conjecture
de la référence [44], selon laquelle, à la limite unitaire,

bn↑,n↓ =
(n↑m↑+n↓m↓)3/2

m̄3/2

[∫ +∞

−∞
dS

4π
S

d

dS
(lnΛn↑,n↓ (iS))+CorrStatn↑,n↓

]
(33)

pour tout (n↑,n↓) ∈N∗2 \ {1,1} 20. Ici, le préfacteur résulte du passage du cas piégé au cas homo-
gène et la première contribution entre crochets est calquée sur le résultat de la référence [45]
obtenu pour N = 3 ; la seconde contribution entre crochets est une éventuelle correction de sta-
tistique quantique de type gaz parfait provenant des sous-amas non monoatomiques indiscer-
nables en lesquels se découplent les états propres internes du système piégé (n↑,n↓) à haute éner-
gie (le centre de masse du système reste dans son état fondamental).

Expliquons mieux cette histoire de découplage en sous-amas sur des exemples. Si (n↑,n↓) =
(1,1), les états propres prennent asymptotiquement — pour des valeurs arbitrairement grandes
de l’énergie — la forme de deux fermions ↑ et ↓ non corrélés dans des niveaux oscillatoires de
grandes amplitudes21 ; les sous-amas étant monoatomiques, on a CorrStat = 0. Si (n↑,n↓) = (2,1),
un nouveau découplage est possible, à côté de celui en trois fermions décorrélés : les particules
peuvent se séparer en un atome ↑ et un pairon ↑↓ de fermions fortement corrélés (le mouvement
relatif au sein du pairon restant de faible amplitude), avec des niveaux oscillatoires très excités
pour l’atome ↑ et pour le centre de masse du pairon ↑↓ ; le pairon étant seul dans sa catégorie, on
a là encore CorrStat = 0. La conclusion reste la même pour (n↑,n↓) = (3,1), si ce n’est qu’apparaît
le triplon ↑↑↓ comme nouveau sous-amas découplé. En revanche, pour (n↑,n↓) = (2,2), il y
a découplage possible en deux pairons ↑↓ de très grande énergie relative, voir la figure 4 ; ils
n’interagissent plus mais ils sont indiscernables et conduisent, comme les bosons identiques
d’un gaz parfait, à une correction de statistique quantique ignorée par l’intégrale sur S dans
l’équation (33) ; le calcul donne CorrStat = 1/32 [44].

La conjecture (33) est bien établie pour N = 3, par application inverse du théorème des ré-
sidus, qui convertit la somme sur les spectres (31) donc sur les racines s de Λn↑,n↓ en une in-
tégrale [45]. Pour N = 4, les propriétés analytiques de la fonction Λn↑,n↓ dans le plan complexe

19La référence [42] utilise le choix m̄3/2 = (m3/2
↑ +m3/2

↓ )/2, naturel au sens où il conduit à un premier coefficient

d’amas total b1 = (b1,0 +b0,1)/2 égal à un.
20Le cas (n↑ = 1,n↓ = 1) est différent et doit être exclu ; il correspond, au contraire de ce que nous avons supposé, à une

résonance de diffusion à N corps avec N = 2 dans l’onde s : à la limite unitaire, il faut garder uniquement la solution en
R−s , s = 1/2, dans l’équation (22), comme si la bonne racine deΛ à garder était −s ; en effet, la solution en Rs correspond
à la partie régulière ∝ 1/a de l’état de diffusion à énergie nulle (voir la note 11 pour plus de précisions).

21Si le nombre d’onde relatif krel →+∞, l’amplitude de diffusion fkrel
→ 0 dans l’équation (11) donc même à la limite

unitaire, les interactions deviennent négligeables.
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Figure 4. Un comportement asymptotique possible du problème unitaire à quatre fer-
mions (N↑ = 2, N↓ = 2) dans les potentiels harmoniques Uσ(r) : deux pairons oscillent fu-
rieusement (avec des mouvements de grande amplitude) ; les fermions ↑ et ↓ dans chaque
pairon ont une énergie relative O(1) (en unités de ħω si l’on veut respecter la dimension)
et restent fortement corrélés ; les deux pairons ont une énergie relative →+∞ et sont dé-
couplés, ce qui autorise à les voir comme deux bosons identiques, dotés d’une structure
interne (celle du mouvement relatif ↑↓ au sein d’un pairon) mais n’interagissant pas entre
eux. La correction de statistique quantique CorrStat2,2 est alors non nulle dans l’équa-
tion (33).

ne sont pas suffisamment connues pour qu’on puisse appliquer le théorème de Cauchy22 ; dans
le cas particulier m↑/m↓ = 1, la conjecture a cependant été confirmée par un calcul très précis
de Monte-Carlo quantique à petit nombre de corps [46] (en revanche, les valeurs expérimen-
tales [47,48] ne sont pas confirmées, le problème semblant venir de l’impossibilité d’obtenir le
bon polynôme de degré 4 en z = exp(βµ) par ajustement de la pression P ou de la densité ρ me-
surées sur l’intervalle de fugacité accessible expérimentalement [49])23.

La démonstration de l’expression (33) dans le cas général reste donc ouverte. Une autre
question intéressante porte sur le comportement des coefficients d’amas bn↑,n↓ aux grands ordres
nσ →+∞, dont la connaissance est requise si l’on veut effectuer une sommation efficace de la
série (32) après calcul de ses premiers termes, pour étendre son applicabilité au régime dégénéré
T ≲ TF (par exemple, si le rayon de convergence est nul, on pourrait mettre en œuvre une
resommation de type Borel conforme comme dans les références [50,51]).

4. Questions ouvertes dans un point de vue macroscopique

Dans cette section, le gaz de fermions en interaction, considéré dans la limite thermodynamique
et à température non nulle mais arbitrairement basse, est décrit par une théorie hamiltonienne
effective de basse énergie, l’hydrodynamique quantique de Landau et Khalatnikov [52]24.

22Il faut pouvoir rabattre sur l’axe imaginaire pur le chemin d’intégration entourant les racines et les pôles de Λn↑ ,n↓
sur l’axe réel sans croiser de singularité — pôle ou ligne de coupure — dans les demi-plans supérieur et inférieur.

23Les références [47,48] ont accès seulement au quatrième coefficient d’amas total b4 = (b4,0 + b3,1 + b2,2 + b1,3 +
b0,4)/2, ce qui interdit une comparaison avec la conjecture (33) secteur par secteur.

24L’appellation « hydrodynamique quantique », en physique non linéaire, est comprise par opposition à l’hydrodyna-
mique des fluides classiques et fait référence à une équation d’Euler portant sur un champ de vitesse v(r) à valeurs réelles
plutôt qu’opératorielles, mais contenant un terme de pression quantique ∝ħ2, ce qui lui permet de décrire le mouve-
ment de tourbillons quantiques — à circulation quantifiée — dans le superfluide (comme l’équation de Gross–Pitayevski
sur la fonction d’onde d’un condensat de bosons réécrite en termes de la densité et du gradient de la phase). Ici, l’appel-
lation est à prendre au sens de la seconde quantification, le champ de vitesse étant désormais à valeur opérateur v̂(r).
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4.1. Vue d’ensemble du régime superfluide considéré

Le système tridimensionnel de fermions est ici spatialement homogène (dans un volume de
quantification [0,L]3 proche de la limite thermodynamique, cette limite étant prise à la fin des
calculs), avec des particules de masses égales m↑ = m↓ = m dans les deux états internes, non
polarisé en spin (il y a le même nombre de particules dans les deux composantes, N↑ = N↓, afin
de permettre un appariement complet) et à l’équilibre thermique canonique dans une limite de
basse température (T ̸= 0 mais T → 0).

Dans ces conditions, (i) les fermions s’assemblent en paires liées ↑↓ dans l’onde s ; en présence
des mers de Fermi dans les deux états internes, c’est ce à quoi conduit l’interaction attractive
entre ↑ et ↓ de la section 3, au travers du célèbre mécanisme de Cooper ; ceci vaut donc même
pour une longueur de diffusion a négative, où il n’y a pas d’état lié ↑↓ dans l’espace libre, la taille
d’une paire tendant toutefois vers +∞ lorsque a → 0− (dans le cas a > 0, il existe bien un état
dimère et, sans surprise, c’est à lui que se réduit l’état de paire liée dans la limite de basse densité
ρ→ 0)25 ; (ii) ces paires liées, étant des sortes de bosons composites, forment un condensat dans
le mode de vecteur d’onde Kpaire = 0 de leur centre de masse (de longueur de cohérence limitée
par la taille de la boîte, infinie à la limite thermodynamique) et un superfluide.

Du coup, on s’attend à ce que le système admette, dans son état fondamental, une branche
d’excitation acoustique (par ondes sonores) de départ linéaire en le nombre d’onde q avec une
correction cubique,

ωq =
q→0

cq

[
1+ γ

8

( ħq

mc

)2

+O(q4 ln q)

]
(34)

et que cette branche soit limitée supérieurement en énergie par le continuum de paire brisée, de
bord inférieur l’énergie de liaison d’une paire Epaire, comme sur la figure 5a. Iciωq est la pulsation
propre au vecteur d’onde q, c est la vitesse du son à température nulle et le paramètre de
courbure γ est adimensionné de façon qu’il vaille un dans la limite kFa → 0+ d’un gaz condensé
de dimères en interaction faible (en accord avec la théorie de Bogolioubov)26. La branche en
question est souvent dite de Goldstone [55], parce qu’on l’associe à la brisure de symétrie U (1)
dans la condensation de paires ; son pendant de Higgs est discuté dans la section 5.

Notre régime de basse température satisfait dans la suite aux deux conditions

0 < kBT ≪ mc2 et 0 < kBT ≪ Epaire (35)

la première assurant que soit peuplée thermiquement seulement la partie linéaire de la branche
acoustique, la seconde qu’il y ait une densité négligeable de paires brisées (d’après la loi de
Boltzmann, cette densité comporte un facteur d’activation exp(−Epaire/2kBT ), les fragments
issus de la dissociation d’une paire liée — les quasi-particules fermioniques χ de la figure 5b
— ayant individuellement une énergie minimale Epaire/2). Notre système se réduit alors à un
gaz thermique de phonons, si l’on convient d’appeler comme tels les quanta de la branche
acoustique (eu égard à son départ linéaire)27.

25Il n’est pas complètement évident de voir que l’interaction de contact de Wigner–Bethe–Peierls est attractive. Une
façon de faire est de l’obtenir comme la limite continue b → 0 d’un modèle sur un réseau cubique bZ3 avec un couplage
∝ ħ2/mb2 entre sites voisins (pour représenter l’énergie cinétique) et une interaction sur site g0/b3 ; à longueur de
diffusion a ̸= 0 fixée, on trouve alors que g0 ≈ −ħ2b/m < 0 lorsque b → 0 (la constante de couplage nue g0 est donc,
dans le régime b ≪|a| de la diffusion résonnante, fort différente de la constante de couplage effective g = 4πħ2a/m) [53].

26Notre convention de signe sur γ diffère de celle utilisée dans l’hélium 4 liquide, voir la référence [54].
27L’équation (34) ne vaut que pour une interaction V (ri j ) à courte portée, décroissant assez vite lorsque ri j →

+∞. Dans le cas d’une interaction dipolaire, comme dans les gaz d’atomes froids magnétiques, la vitesse du son est
anisotrope [58], voir aussi la contribution de Wilhelm Zwerger à ce dossier thématique [59] et le cours 2023-2024 de
Jean Dalibard au Collège de France [60]. Dans le cas d’une interaction coulombienne, comme dans les gaz d’électrons
supraconducteurs, la branche acoustique fait place à une branche de plasmons à bande interdite (la pulsation propreωq

a une limite > 0 en q = 0) [61]. Ici, nos atomes sont neutres et de moment dipolaire négligeable.
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Figure 5. Énergie de différents types d’excitations d’un gaz homogène non polarisé de
fermions à deux composantes à température nulle, en fonction de leur nombre d’onde q ou
k. (a) Branche d’excitation acoustique ħωq de départ linéaire ħcq (c est la vitesse du son),
limitée supérieurement par le continuum de paire brisée (zone hachurée) dont elle vient
ici tangenter le bord inférieur en le point terminal de nombre d’onde qmax. (b) Relation de
dispersion εk d’une quasi-particule fermionique χ (voir texte). Sous l’effet d’une excitation
percussionnelle de vecteur d’onde q, une paire liée ↑↓ du condensat de paires, initialement
au repos, se dissocie en deux quasi-particules fermionique χ de spins opposés, de vecteurs
d’onde k et k′ = q−k et d’énergies εk et εk′ ; comme le vecteur k n’est pas contraint (pas de
conservation de l’énergie pour une excitation percussionnelle), il apparaît un continuum
d’énergies finales {εk + εq−k,k ∈ R3}. Pour la force des interactions choisie sur la figure
(|∆|/µ = 0,84 soit 1/kFa ≃ −0,16 d’après la théorie BCS, avec µ le potentiel chimique du
gaz et ∆ le paramètre d’ordre complexe du condensat de paires), la branche acoustique est
de départ concave (γ < 0 dans l’équation (34)) et la relation de dispersion εk présente un
minimum Epaire/2 en k = k0 > 0 ; le bord inférieur du continuum vaut donc exactement
Epaire, du moins tant qu’on peut avoir k = k ′ = k0 donc tant que q = |k + k′| ≤ 2k0. Les
relations de dispersion représentées, approchées, sont celles de la théorie BCS pour εk et
de la RPA d’Anderson pour ħωq. Selon la force des interactions, le domaine d’existence
en q de la branche acoustique peut également être non compact, connexe q ∈ ]0,+∞[ ou
pas q ∈ ]0, qmax[

⋃
]qmin,+∞[ (qmin > qmax) [56] ; la concavité de la branche est elle aussi

variable [57] ; enfin, k0 = 0 et Epaire = 2(µ2 +|∆|2)1/2 si µ< 0, k0 = (2mµ)1/2/ħ et Epaire = 2|∆|
sinon.

On peut alors se poser trois types de questions, partiellement ouvertes :

(1) nous allons le voir, les phonons (abrégés en φ) interagissent entre eux, le superfluide
de fermions sous-jacent constituant un milieu non linéaire pour le son. Quels sont les
effets de ces interactions sur les phonons de vecteur d’onde q ? On s’attend en particulier
à ce qu’ils s’amortissent avec un taux Γq(T ) et qu’ils subissent un déplacement de
pulsation thermique ∆q(T ) (on ne compte pas le déplacement à température nulle, qui
donne naissance par définition au spectre (34) — le terme négligé en q5 ln q provient
précisément de l’effet croisé des interactions et des fluctuations quantiques du champ
de phonons [62,63])28.

28Dans le cas convexe γ > 0, il s’accompagne — toujours à T = 0 — d’une partie imaginaire non nulle ≈ q5,
correspondant au mécanisme d’amortissement de Belyaev q → k,k′, voir plus loin.
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(2) quelles sont les conséquences de la dynamique collisionnelle des phonons sur l’évo-
lution d’une variable macroscopique du gaz particulièrement intéressante, l’opérateur
phase φ̂0(t ) du condensat de paires?

(3) on enrichit le problème en considérant le cas partiellement polarisé N↑ ̸= N↓. Dans le
cas faiblement polarisé, par exemple N↑−N↓ =O(1), les fermions non appariés (car sur-
numéraires) de la composante de spin majoritaire forment, dans le gaz en interaction,
des quasi-particules fermioniques (abrégées en χ) d’une relation de dispersion εk dif-
férente de celles des fermions libres : elle présente notamment un minimum non nul,
donc une bande d’énergie interdite, donné par la demi-énergie de liaison d’une paire ↑↓,
au voisinage duquel elle varie quadratiquement en nombre d’onde k (voir la figure 5b).
Se pose alors la question de leurs interactions φ− χ avec les phonons et χ− χ entre
elles ; en particulier, un désaccord persiste sur l’expression de l’amplitude de diffusion
φ−χ à basse énergie (les références [64] et [65] diffèrent)29. Dans le cas fortement pola-
risé, où N↑−N↓ est extensif comme N , on s’attend à ce que la condensation des paires
liées à T = 0 puisse se faire dans une superposition d’ondes planes de leur centre de
masse (plutôt que dans Kpaire = 0 comme supposé ici), voir les références [66,67], ce qui
donne naissance à un superfluide modulé spatialement (un supersolide suivant la ter-
minologie à la mode), sans que son domaine d’existence dans l’espace des paramètres
((N↑ − N↓)/N ,1/kFa,T /TF) soit parfaitement bien connu théoriquement, le problème
étant complexifié par sa grande sensibilité aux fluctuations thermiques [68] (il n’y a pas
encore de résultats expérimentaux dans les gaz d’atomes froids tridimensionnels [69]).

Le cas le plus intéressant pour les points 1 et 2 est celui d’une branche acoustique de départ
concave, γ < 0 dans l’équation (34), très différent du gaz de bosons en interaction faible assez
bien connu (où γ≃ 1 > 0 comme nous l’avons dit)30. En particulier, l’amortissement des phonons
pour γ < 0 peut se produire seulement à T ̸= 0, puisque la désintégration d’un phonon en un
nombre quelconque n > 1 de phonons est interdite par la conservation de l’énergie-impulsion
pour une branche acoustique concave ; à l’ordre dominant en température, il résulte pour la
même raison, non pas comme pour γ> 0 de processus à trois phonons de type Belyaev φ→ φφ

ou Landau φφ → φ [70,71], mais des processus à quatre phonons φφ → φφ de Landau et
Khalatnikov [52]. À notre connaissance, cet amortissement à quatre phonons n’a encore été
observé expérimentalement dans aucun système. Il pourrait l’être dans un gaz d’atomes froids
fermioniques dans une boîte de potentiel [72]. Il pourrait l’être aussi dans l’hélium 4 superfluide
(un liquide de bosons) si l’on augmente suffisamment la pression pour rendre γ< 0 (le minimum
de roton s’abaisse ce qui finit par rendre concave le départ de la branche acoustique) et si l’on
abaisse suffisamment la température pour réduire la densité de rotons (au travers du facteur

29Ce problème intéresse également l’hélium 4 superfluide, dont la branche d’excitation admet elle aussi un minimum
quadratique, le minimum de roton; notre problème de diffusion φ−χ est donc formellement équivalent à la diffusion
roton–phonon étudiée déjà dans la référence [52], à la différence près que les rotons sont des bosons. Les prédictions
de [52] sont cependant incomplètes et en désaccord avec [64,65].

30Qualitativement, ce cas γ < 0 s’obtient lorsque l’énergie de liaison Epaire est assez faible : si l’on réduit Epaire, le
continuum de paire brisée sur la figure 5a s’abaisse, pousse sur la branche acoustique et finit par la faire se courber vers
le bas. C’est certainement le cas dans la limite BCS kFa → 0− où Epaire/mc2 = O(exp(−π/2kF|a|)) tend rapidement vers

zéro ; ce n’est plus le cas dans la limite CBE kFa → 0+ où Epaire ∼ Edim = ħ2/ma2 ≫ mc2. On ne sait pas avec certitude
de quel côté de la limite unitaire 1/kFa = 0 (c’est-à-dire pour quel signe de la longueur de diffusion a) se produit le
changement de signe du paramètre de courbure γ, voir la section 5. Vu la forme du bord inférieur du continuum sur la
figure 5a — et ceci indépendamment du signe de γ, l’effet de répulsion sur la branche acoustique est le plus fort à grand
q mais le plus faible à petit q (là où la différence d’énergie entre le bord et la branche est le plus grand). On s’attend donc
à avoir un intervalle de valeurs de 1/kFa sur lequel la branche, convexe à faible q , est concave à grand q [57].
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Figure 6. Découpage du gaz en portions cubiques mésoscopiques de côté ℓ, dans l’hydro-
dynamique quantique de Landau et Khalatnikov (cette théorie effective ne décrit pas les
échelles de longueur < ℓ). Voir texte pour le choix de ℓ.

d’activation exp(−Eroton/kBT )) et rendre négligeable l’amortissement parasite des phonons par
les rotons [73]31.

4.2. Quelle théorie macroscopique utiliser ?

Une théorie effective de basse énergie renonce à décrire le système en dessous d’une certaine
échelle de longueur ℓ ; on s’attend en revanche à ce que la théorie soit exacte aux grandes
longueurs d’onde, ici à l’ordre dominant en température.

Dans ces conditions, il est légitime de découper le gaz en portions de taille ℓ, par exemple en
boîtes cubiques de côté ℓ centrées sur le réseau cubique ℓZ3, voir la figure 6. Énonçons quelques
contraintes sur le choix de ℓ :

(1) on doit avoir ℓ≫ ξ (ici ξ = ħ/mc est la longueur dite de relaxation ou de corrélation du
superfluide) et ρℓ3 ≫ 1 (il y a un grand nombre de fermions par site) de façon que (i)
chaque portion cubique puisse être considérée comme mésoscopique et relever de la
notion d’équation d’état liant de manière univoque la pression ou le potentiel chimique
à la densité (comme c’est le cas à la limite thermodynamique), et (ii) le pas ℓ du réseau
fournisse une coupure en nombre d’onde π/ℓ≪ mc/ħ aux excitations phononiques du
gaz, les restreignant ainsi à la partie quasi linéaire de la branche (34), partie universelle
car décrite par deux paramètres, c et γ.

(2) on doit avoir kBT ≪ ħcπ/ℓ (c’est l’énergie du mode de phonons fondamental dans
une portion) de façon qu’on puisse considérer que (i) chaque portion est à température
nulle, et (ii) chaque portion est spatialement homogène à l’échelle de la longueur d’onde
typique q−1

th =ħc/kBT des ondes sonores thermiques.
(3) il faut aussi que ℓ≪ ℓcoh où ℓcoh est la longueur de cohérence des paires de fermions,

de façon que la notion de phase globale φ̂ ait un sens dans chaque portion (comme pour
un condensat). Cette contrainte est inopérante ici puisque ℓcoh ≈ L (les paires liées sont
condensées à 3D).

On admet alors qu’on peut représenter le système par deux opérateurs de champ, le champ
de densité ρ̂(r) et le champ de phase φ̂(r′), avec r,r′ ∈ ℓZ3 ; ces variables sont canoniquement
conjuguées au sens où

[ρ̂(r)ℓ3, φ̂(r′)] = iδr,r′ (36)

31Dans l’hélium 4 liquide, les processus de diffusion à quatre phonons entre des faisceaux de phonons produits
intentionnellement (non thermiques) ont déjà fait l’objet d’études théoriques et expérimentales [74].
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comme si φ̂ était un opérateur impulsion et ρ̂ℓ3 un opérateur position en mécanique quantique
ordinaire [52,75]32. Le champ de phase donne accès au champ de vitesse par simple différentia-
tion (il s’agit ici d’un gradient discret)33 :

v̂(r) = ħ
m

grad φ̂(r) (37)

L’ hamiltonien s’obtient en sommant l’énergie interne et l’énergie cinétique associée à la vitesse
locale d’écoulement du fluide dans chaque portion :

H =∑
r

1

2
mv̂(r) · ρ̂(r)ℓ3v̂(r)+ℓ3e0(ρ̂(r)) (38)

En effet, e0(ρ) est ici l’énergie volumique à température nulle du gaz homogène de fermions
de densité ρ, et mρ̂(r)ℓ3 est la quantité de matière (la masse) dans la portion centrée en r. Les
équations du mouvement sur ρ̂ et v̂ en point de vue de Heisenberg dérivant de l’hamiltonien
H prennent la forme d’une équation de continuité et d’une équation d’Euler (sans terme de
viscosité) à valeur opérateur34, d’où le nom d’hydrodynamique quantique donné à la théorie
(avec le risque de confusion signalé dans la note 24).

On l’aura compris, la grande force de cette théorie effective est qu’elle ne dépend pas de
la nature des particules bosoniques ou fermioniques constituant le superfluide sous-jacent, ni
de leurs interactions (fortes ou faibles, en phase liquide ou gazeuse) pourvu qu’elles restent à
courte portée, si ce n’est au travers de l’équation d’état e0(ρ) et du paramètre de courbure γ à
température nulle. Elle s’applique donc également bien aux gaz de bosons en interaction faible,
aux gaz de fermions en interaction forte et à l’hélium 4 liquide (système pourtant extrêmement
dense, défiant toute théorie microscopique).

Il ne faut cependant croire au formalisme que dans une limite de basse température, T → 0,
où les fluctuations spatiales de densité sont faibles et les gradients de phase aussi ; on doit donc
développer l’équation (38) jusqu’à l’ordre pertinent (ici l’ordre quatre) en puissances de

δρ̂(r) ≡ ρ̂(r)− ρ̂0 et δφ̂(r) ≡ φ̂(r)− φ̂0 (39)

où ρ̂0 et φ̂0 sont les composantes de Fourier des champs ρ̂(r) et φ̂(r) de vecteur d’onde nul
(physiquement, ρ̂0 = N̂ /L3 où N̂ est l’opérateur nombre total de fermions, L3 est le volume de
la boîte de quantification [0,L]3 et φ̂0 est l’opérateur phase du condensat de paires liées [76]).
L’hamiltonien développé s’écrit formellement

H = H0 +H2 +H3 +H4 +·· · (40)

où Hn est la contribution de degré total n en δρ̂ et δφ̂.

32Ces références historiques se placent pour simplifier dans un espace continu. La nécessité de discrétiser l’espace
pour éviter les infinis et rendre la théorie renormalisable est souligné dans la publication [76]. Ici, nous mettons ces
difficultés sous le tapis ; par exemple, nous ne distinguons pas dans (38) entre la notion d’équation d’état nue e0,0(ρ)
— celle qui entre dans l’hamiltonien — et l’équation d’état vraie ou effective e0(ρ) — celle qu’on observe dans une
expérience.

33Le fait que l’opérateur champ de vitesse soit un vecteur gradient ne signifie nullement que l’écoulement soit en-
tièrement superfluide (ceci serait d’ailleurs physiquement faux même à l’équilibre thermique, à température non nulle).
Expliquons-le en deux remarques. (i) On ne confondra pas l’opérateur v̂(r) de l’hydrodynamique quantique (qui contient
toutes les fluctuations quantiques et thermiques possibles) avec le champ de vitesse moyen v(r) de l’hydrodynamique
ordinaire ; en particulier, le caractère superfluide ou pas de l’écoulement dépend du caractère irrotationnel ou pas de v(r)
(sans chapeau). (ii) En général, on a v(r) ̸= 〈v̂(r)〉 où la moyenne est prise dans l’état quantique du système, car v(r) est
défini en termes de la densité moyenne de courant de matière, v(r) = 〈ĵ(r)〉/〈ρ̂(r)〉 avec ici ĵ(r) = [ρ̂(r)v̂(r)+ v̂(r)ρ̂(r)]/2 (par
définition, l’équation d’évolution de ρ̂ en point de vue de Heisenberg s’écrit ∂t ρ̂+div ĵ = 0 et celle de la densité moyenne
ρ(r) = 〈ρ̂(r)〉 s’écrit ∂tρ+div(ρv) = 0) ; il serait donc faux de croire que v(r) = (ħ/m)grad〈[φ̂(r)− φ̂(r0)]〉 (où r0 est une
position de référence arbitraire) et d’en déduire que v(r) est forcément un vecteur gradient.

34Voir la note 33 pour l’équation sur ρ̂(r). L’équation sur v̂(r) s’obtient en prenant le gradient de celle sur φ̂(r),
ħ∂t φ̂=−µ0(ρ̂)−mv̂2/2 où µ0(ρ) est la fonction potentiel chimique à température nulle comme dans l’équation (43).
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La contribution d’ordre 0 H0 est une constante sans grand intérêt ; celle d’ordre 1 est exacte-
ment nulle (car

∑
rℓ

3δρ̂(r) = 0 par construction) et a été directement omise dans l’équation (40).
La contribution quadratique H2 se diagonalise par transformation de Bogolioubov35 :

H2 = cte+ ∑
k̸=0

ħωkb̂†
kb̂k (41)

où les opérateurs de création b̂†
k et d’annihilation b̂k d’une excitation élémentaire (un phonon)

de vecteur d’onde k obéissent aux habituelles relations de commutation bosoniques

[b̂k, b̂k′ ] = 0 et [b̂k, b̂†
k′ ] = δk,k′ (42)

Le spectre obtenu est ici exactement linéaire, ωk = ck, avec la vitesse du son donnée par

mc2 = ρ d2

dρ2 e0(ρ) = ρ d

dρ
µ0(ρ) (43)

où µ0(ρ) est le potentiel chimique à température nulle du gaz de fermions de densité ρ. La
relation (43) est exacte (c’est celle bien connue de l’hydrodynamique des superfluides [75])
mais l’absence systématique de courbure dans le spectre n’est pas réaliste physiquement : cette
pathologie vient du fait que nous avons omis dans l’hamiltonien H des corrections dites de
gradient [77] ; pour simplifier, comme l’ont fait d’illustres prédécesseurs [52], nous remplaçons
ici ωk dans H2 à la main par son approximation cubique (34), ce que justifie d’ailleurs la
référence [78].

L’approximation H2 correspond à un gaz parfait de phonons, et ne peut décrire l’atténuation
du son. L’interaction entre phonons à l’origine de leur amortissement provient des contributions
cubique H3 et quartique H4. Pour alléger, nous donnons ici seulement l’expression de la partie la
plus utile de H3, et encore en la simplifiant, pour bien faire comprendre la physique :

H3|simpl =
A

2L3/2

∑
k,k′,q

(kk ′q)1/2b̂†
kb̂†

k′ b̂qδk+k′,q + (k ′kq)1/2b̂†
k′ b̂kb̂qδk′,k+q +·· · (44)

avec l’amplitude constante (indépendante des nombres d’onde) mise en facteur,

A = (ξ/2)3/2ρ−1/2
[

3mc2 +ρ2 d3

dρ3 e0(ρ)

]
(45)

et ξ = ħ/mc comme précédemment36. L’ellipse dans l’équation (44) contient des termes en
b̂†b̂†b̂† et b̂b̂b̂ sans grande importance car ils ne conservent pas l’énergie H2. Les contributions
en b̂†b̂†b̂ et en b̂†b̂b̂ sont en revanche centrales dans l’amortissement : elles correspondent
respectivement aux processus de Belyaev (le phonon q se désintègre en deux phonons k et k′) et
de Landau (le phonon q fusionne avec un phonon k en un seul phonon k′), dont on peut donner
la représentation diagrammatique suivante en faisant jouer un rôle privilégié au phonon dont on
étudie l’amortissement :

(46)

35Ladite transformation correspond aux développements modaux δρ̂(r) = L−3/2 ∑
k̸=0ρk(b̂k + b̂†

−k)exp(ik · r) et

δφ̂(r) = L−3/2 ∑
k̸=0φk(b̂k − b̂†

−k)exp(ik · r) où ρk = (ħρk/2mc)1/2 et φk = (−i)(mc/2ħρk)1/2 sont les amplitudes des
fluctuations quantiques de densité et de phase dans le mode de phonons de vecteur d’onde k. On notera la relation
−iωkδρk −ρ(ħ/m)k2φk = 0 imposée par l’équation de continuité linéarisée.

36La véritable amplitude de couplage dépend des angles entre les trois vecteurs d’onde ki mis en jeu ; comme
l’amortissement est en réalité dominé à basse température par des processus aux petits angles entre les vecteurs d’onde,
à cause de l’effet petit dénominateur décrit plus bas, nous l’avons écrite directement à angles nuls ki ·k j /ki k j = 1.
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Comme H3 est cubique, chaque sommet du diagramme représentant son action est le point
de rencontre de trois lignes de phonons. On pourrait procéder de même avec H4 (les sommets
seraient alors à quatre lignes) mais nous ne le ferons pas car les processus quartiques jouent
en général un rôle sous-dominant dans l’amortissement par rapport aux processus cubiques
(par exemple, dans l’amortissement à quatre phonons φφ → φφ pour γ < 0, l’amplitude du
processus direct k,q → k′,k′′ induit par H4 au premier ordre de la théorie des perturbations
est en pratique négligeable devant celle du processus indirect de même état initial et final
k,q → k + q → k′,k′′ induit par H3 traité au second ordre, à cause de l’apparition dans cette
dernière d’un dénominateur d’énergie très petit aux petits angles entre k et q)37.

4.3. Comment calculer l’amortissement des phonons?

Imaginons qu’on applique sur le gaz, initialement à l’équilibre thermique, une brève excitation
de type Bragg induisant un petit déplacement cohérent de Glauber d’amplitude α ∈ C∗ dans le
mode de phonons de vecteur d’onde q sans toucher aux autres modes, ce qui correspond donc
à l’opérateur d’évolution unitaire Uexc = exp(αb̂†

q −α∗b̂q) 38. On a alors, juste après l’excitation,
une moyenne non nulle pour l’opérateur d’annihilation correspondant :

〈b̂q(0+)〉 =α ̸= 0 (47)

Ceci conduit à une modulation observable de la densité moyenne du gaz aux vecteurs d’onde ±q
puisque 〈δρ̂(r,0+)〉, combinaison linéaire des 〈b̂k(0+)〉 et des 〈b̂†

k(0+)〉 comme dans la note 35, est
alors ̸= 0.

Dans la limite α→ 0, c’est-à-dire dans le régime de réponse linéaire, le formalisme des fonc-
tions de Green à N corps appliqué à la théorie effective de basse énergie, donc à l’hamiltonien
de phonons (40) [plutôt qu’à une description microscopique du gaz de fermions avec potentiel
d’interaction V (ri j ) comme le font les références [75,80] par exemple], conduit à l’expression
exacte

〈b̂q(t )〉 t>0= αe−iωqt
∫

C+

dζ

2iπ

e−iζt/ħ

ζ−Σq(ζ)
(48)

Dans cette expression, C+ est le chemin d’intégration parallèle à l’axe réel dans le demi-plan
complexe supérieur, décrit de droite à gauche (de Reζ = +∞ à Reζ = −∞), voir la figure 7, et
Σq(ζ) est la fonction énergie propre au vecteur d’onde q et à l’énergie complexe ζ 39, dont on ne
connaît pas l’expression explicite mais qu’on définit par son développement perturbatif à tous

37Le dénominateur d’énergie en question ħωq+ħωk−ħωk+q serait même exactement nul à angle nul sans les termes
de courbure dans la relation de dispersion (34), ce qui montre d’ailleurs toute la singularité d’une théorie à γ= 0 (ce sur
quoi nous reviendrons dans la section 4.3).

38Dans une expérience d’atomes froids, l’excitation de Bragg est induite par la superposition de deux faisceaux laser
loin de résonance de vecteurs d’onde k1 et k2 avec k1−k2 = q ; même si les modes acoustiques ±q sont initialement vides
(ħωq ≫ kBT ) et peuvent seulement recevoir des phonons, les processus Raman (à deux photons) absorption d’un photon
dans un faisceau laser-émission stimulée dans l’autre induisent les changements d’impulsion ±ħ(k1 −k2) =±ħq dans le
gaz de fermions et excitent en général les deux modes en question; on peut cependant jouer sur la durée de l’excitation
de Bragg pour que le mode −q sorte intact de la procédure d’excitation [79].

39Par rapport à la variable énergie z habituelle (de la référence [80] par exemple), la variable énergie utilisée ici est
translatée de l’énergie non perturbée du mode q, ζ = z −ħωq. Ceci explique pourquoi on a pu sortir le facteur de phase
de l’évolution non perturbée dans (48) et pourquoi Σq(ζ) est prise en ζ = i0+ dans l’approximation (50) à venir (cela

correspond effectivement à z =ħωq + i0+).
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Figure 7. Chemin d’intégration dans le plan complexe suivi par l’équation (48).

les ordres en l’interaction phonon–phonon. Ici, nous nous limitons à l’interaction cubique H3

(voir la section 4.2) et le développement prend la forme diagrammatique suivante

(49)

où l’entier n donne l’ordre en H3 [63]. Nous n’indiquons que la topologie, il reste à sommer sur
toutes les orientations possibles mais non redondantes des lignes internes, voir l’exemple de la
portion de diagramme (46)40 ; une valeur précise peut alors être attribuée à chaque diagramme,
mettant en jeu une somme sur les vecteurs d’onde et les fréquences de Matsubara des lignes
internes [80].

Afin d’obtenir des résultats explicites sur l’amortissement, on effectue traditionnellement les
deux approximations suivantes41 :

(1) l’approximation de Markov (le gaz de phonons vu par le mode q constitue un réservoir
sans mémoire c’est-à-dire avec un temps de corrélation négligeable) : on ignore la
dépendance en énergie de la fonction énergie propre comme suit (voir la note 39),

Σq(ζ) ≃Σq(i0+) (50)

L’intégrale dans l’équation (48) se calcule alors par le théorème des résidus (en refermant
le contour par un demi-cercle infini dans le demi-plan complexe inférieur),

〈b̂q(t )〉|Markov
t≥0= αe−iωqt e−iΣq(i0+)t/ħ (51)

La décroissance du signal est dans ce cas exponentielle, avec un taux correspondant à la
partie imaginaire de Σq(i0+) (la partie réelle donne le changement de pulsation propre
du mode).

40Dans le premier diagramme de (49) (à une boucle), (i) orienter la ligne du haut vers la droite et la ligne du bas
vers la gauche et (ii) orienter la ligne du haut vers la gauche et la ligne du bas vers la droite correspondent à la même
contribution, par invariance du diagramme par rotation d’angle π autour de son axe horizontal. Il en va de même pour la
boucle interne du deuxième diagramme de (49), par invariance par rotation locale de cette dernière. Pour la même raison
d’invariance par rotation (cette fois globale) des diagrammes d’ordre n = 4, on décide, pour éviter un double comptage,
de mettre la boucle interne dans la branche du haut et, dans le troisième diagramme de (49), d’orienter le pont vers le
bas.

41Notre théorie effective étant exacte à l’ordre dominant en température, il vaut mieux ne l’utiliser que dans la limite
T → 0, qui plus est en fixant le rapport q̄ = ħcq/kBT afin que le mode q soit lui aussi décrit exactement. On a alors
ωq/Γth → +∞ où Γth = Γq=kBT /ħc est le taux de thermalisation du gaz de phonons et Γq est la fonction (52), puisque
l’exposant ν introduit dans la figure 8 page 419 est toujours > 1, voir le tableau 1 page 420 : le taux de thermalisation Γth
tend vers zéro plus vite que la pulsation propreωq et le mode entre par définition dans le régime faiblement collisionnel.
Dans le régime opposé ωq ≪ Γth dit hydrodynamique, le gaz de phonons a le temps d’atteindre un équilibre thermique
local en chaque point d’oscillation de l’onde sonore q et l’amortissement se décrit au moyen de coefficients de type
viscosité dans les équations hydrodynamiques classiques d’un modèle à deux fluides [81].
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(2) l’approximation de Born : on calcule ImΣq(i0+) perturbativement au premier ordre non
nul n en H3. Le taux d’amortissement des phonons q vaut alors42,43

Γq|Born–Markov =− 2

ħ ImΣ(n)
q (i0+) (52)

où l’exposant donne l’ordre en H3. Dans le cas d’une branche acoustique convexe (γ> 0)
à 3D, il suffit d’aller à l’ordre n = 2 : c’est l’amortissement à trois phonons de Belyaev–
Landau, très étudié théoriquement et observé dans l’hélium 4 liquide [83,84] et, dans
une moindre mesure, dans les gaz d’atomes froids bosoniques, seul l’amortissement
de Belyaev y ayant été vu [85]. Dans le cas concave (γ < 0), il faut aller à l’ordre n = 4
(la première contribution dans l’équation (49) est purement réelle pour ζ = i0+ car ses
dénominateurs d’énergie, de la forme ħωq +ħωk −ħωk+q et ħωq − (ħωk +ħωq−k), ne
peuvent s’annuler, mais les deux suivantes ne le sont pas dans les processus φφ→ φφ) ;
ce cas a été peu étudié théoriquement (la référence [78] a d’ailleurs relevé et corrigé une
erreur dans le calcul originel [52], et la référence [86] a obtenu une expression beaucoup
plus explicite du résultat, le généralisant même à un potentiel chimique de phonons µφ
non nul44) et n’a, à notre connaissance, jamais été observé expérimentalement (aucune
mesure précise de Γγ<0

q n’a été faite dans aucun système).

Déterminons la validité de l’approximation de Born au moyen de l’estimation de l’ordre
n ∈ 2N∗ donnée dans la référence [63] :

Σ(n)
q (i0+) ≈

∫ (
n/2∏
i=1

dd ki

)
〈|Ld/2H3|〉n

(∆E)n−1 ≈ |γ|T 3

(
ϵdD = T 2d−4

|γ|(5−d)/2

)n/2

(53)

où d ≥ 2 est la dimension de l’espace. L’écriture au second membre représente symboliquement
le produit de n éléments de matrice de l’interaction cubique entre phonons au numérateur et
le produit de n − 1 dénominateurs d’énergie (associés à n − 1 états intermédiaires) au dénomi-
nateur, et l’intégrale est prise sur les vecteurs d’onde de phonons indépendants ki . L’ordre de
grandeur au troisième membre est obtenu comme dans la référence [63] en se limitant aux petits
angles entre ki et q, en O(|γ|1/2T ), ce qui est légitime lorsque T → 0 [52] ; nous omettons ici la
dépendance en la densité ρ, en ξ=ħ/mc et en la constante de couplage A de l’équation (45), au
contraire de la référence [63], mais nous gardons celle en le paramètre de courbure γ, car nous

42Pour donner un autre éclairage à l’approximation (52), signalons pour n = 2 qu’on la retrouve exactement par
la méthode de l’équation pilote bien connue en optique quantique (on obtient une équation d’évolution fermée sur
l’opérateur densité ρ̂S (t ) d’un petit système S — ici le mode de phonons q — couplé à un gros réservoir R — ici les autres
modes de phonons k ̸= q, en recourant justement à l’approximation de Born–Markov) [36,82] ou, plus simplement, au

moyen de la règle d’or de Fermi (on calcule d〈n̂q〉/dt où 〈n̂q〉 = 〈b̂†
qb̂q〉 est le nombre moyen de phonons dans le mode q

hors d’équilibre, en sommant les flux entrants — processus de population k,k′ → q et k′ → k,q — et sortants — processus
inverses de dépopulation q → k,k′ et q,k → k′ — puis en linéarisant en l’écart à l’équilibre thermiqueδnq(t ) ≡ 〈nq〉(t )−n̄q
juste après l’excitation de Bragg, sous la forme (d/dt )δnq(t = 0+) = −Γqδnq(t = 0+)). Pour n = 4, on retrouve le même

résultat (52) en étendant la règle d’or de Fermi aux ordres supérieurs [38].
43Il y a ici une petite subtilité mathématique : si le premier ordre non nul n est ≥ 4, l’approximation de Markov

ne doit plus se contenter de remplacer Σq(ζ) par Σq(i0+) mais doit l’approximer par un développement limité autour
de ζ = i0+. Par exemple, pour n = 4, on prend Σq(ζ) ≃ Σq(i0+) + ζ(d/dζ)Σq(i0+) si bien qu’à l’ordre 4 en H3, ζ−
Σq(ζ) ≃ [1 − (d/dζ)Σq(i0+)][ζ − Σ(2)

q (i0+) − Σ(4)eff
q (i0+)] avec Σ(4)eff

q (i0+) = Σ(4)
q (i0+) + Σ(2)

q (i0+)(d/dζ)Σ(2)
q (i0+). Il faut

alors remplacer Σ(4)
q (i0+) par Σ(4)eff

q (i0+) dans l’expression (52) du taux d’amortissement. Dans le cas tridimensionnel

concave, ceci ne change rien à Γq|Born–Markov car (d/dζ)Σ(2)
q (i0+) est une quantité réelle, tout comme Σ(2)

q (i0+) ; dans
le cas bidimensionnel concave, la conclusion est moins évidente mais reste la même, voir la note 48. En revanche, ce
remplacement doit être effectué dans le calcul du déplacement de pulsation thermique ∆q du mode, ħ∆q|Born–Markov =
Re[Σ(2)

q (i0+)+Σ(4)eff
q (i0+)]− idem à T = 0.

44Si l’on se limite à l’ordre dominant en température aux processus collisionnels φφ→ φφ, le nombre de phonons
devient une quantité conservée, ce qui autorise à prendre µφ < 0.
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lierons bientôt γ et T . En résumé, le développement de Born est légitime en dimension d = 3 si
son petit paramètre tend vers zéro à basse température :

ϵ3D = T 2

|γ| →
T→0

0 (54)

Pour discuter la validité de l’approximation de Markov, admettons que le comportement de la
fonction énergie propre au voisinage de ζ = i0+ soit caractérisé par deux exposants, ν et σ,
celui donnant les valeurs typiques ∝ T ν de sa partie imaginaire et celui donnant son échelle
de variation typique ∝ Tσ, comme sur la figure 8 45,46. D’après l’équation (52), on a donc

Γq ≈
T→0

T ν (55)

La fonction Σq(ζ) admet alors une variation en énergie lente (négligeable) à l’échelle du taux
d’amortissement (qui est bien l’inverse du temps caractéristique dans l’équation (48)) si elle est
plus large que haute, ce qui impose

ν>σ (56)

L’exposant ν s’obtient par un calcul explicite du second membre de l’équation (52) dans la
limite T → 0, comme il a été fait dans la référence [78] pour le cas tridimensionnel47 et dans
la référence [63] pour le cas convexe bidimensionnel ; on peut aussi, plus simplement, utiliser
l’estimation (53) avec n = 2 si γ > 0 et d ∈ {2,3}, n = 4 si γ < 0 et d = 3 48. L’exposant σ s’obtient

45Les exposants introduits ici diffèrent d’une unité de ceux de la référence [63] par un choix de convention différent.
46Pour la clarté de l’exposition, nous avons supposé sur la figure 8 que la fonction représentée admet un maximum

en l’origine. Ceci n’est pas nécessairement vrai (le cas bidimensionnel convexe de la référence [63] en fournit un contre-
exemple, voir son équation (114)). La véritable définition des exposants ν et σ est que la fonction mise à l’échelle
ImΣq(ζ = ζ̄mc2(kBT /mc2)σ)/[mc2(kBT /mc2)ν] admet une limite finie et non nulle lorsque T → 0 à énergie complexe

réduite ζ̄ fixée (Im ζ̄> 0).
47La référence historique [52] pour γ< 0 fixé trouve elle aussi ν= 7 mais la dépendance en q de Γq est différente, par

exemple Γq ≈ qT 6 dans [52] au lieu de q3T 4 dans [78] lorsque q → 0.
48Pour γ < 0 fixé et d = 2, Alice Sinatra a obtenu en 2021, dans la formulation des références [72,78], le résultat non

publié que ImΣ(n=4)
q (i0+) = 0 à l’ordre T 3 (l’ordre dominant attendu en température). Pour le voir, il est en fait plus

simple d’utiliser les expressions (84) et (85) de la référence [63] : (i) dans (84), on peut ignorer les processus φ↔ φφφ

et se limiter au processus φφ→ φφ (deuxième contribution), seul capable de conserver l’énergie-impulsion; (ii) dans
l’intégrande de (85), on a le droit de remplacer ζ par 0 au numérateur de la grande fraction pour la raison similaire que
les processus φ ↔ φφ ne conservent pas l’énergie-impulsion - ceci rend le numérateur réel ; (iii) on vérifie alors que,
si l’écart d’énergie mis à l’échelle ∆E/[kBT (kBT /mc2)2] à côté de i0+ s’annule au dénominateur de la grande fraction,
comme l’impose le Dirac δ(∆E) de la règle d’or de Fermi généralisée [38], le numérateur s’annule aussi (on le montre en
remplaçant formellement γ au numérateur par son expression annulant∆E , une fonction rationnelle des modules et des
angles des vecteurs d’onde de phonons). En d’autres termes, la limite en ζ = 0 (mais aussi en ζ = −∆E) de l’amplitude
de transition au numérateur de la grande fraction, considérée comme une fraction rationnelle des angles, peut s’écrire
∆E ×P/Q, où les polynômes ∆E , P et Q sont deux à deux premiers entre eux.
Ce raisonnement néglige cependant de possibles effets de bord dans l’intégrale sur les nombres d’onde de phonons, au

sens de la référence [87], où l’un des nombres d’onde tend vers zéro, ce qui fait tendre vers zéro l’un des dénominateurs
d’énergie des processus φ↔ φφ. En incluant ces effets de bords, nous trouvons que les processus φ→ φφφ, φφ→ φφ

et φφφ → φ, abrégés en 1 → 3, 2 → 2 et 3 → 1 dans la référence [63], apportent chacun une contribution non nulle

à ImΣ(n=4)
q (i0+) à l’ordre T 3, mais que la somme de ces contributions donne exactement zéro (la contribution du bord

q ′
1+q ′

2 = q dans 2 → 2, à savoir C
∫ q̄

0 dk̄ (n̄lin
k +n̄lin

q−k +1)k̄(q̄−k̄)/q̄ , est compensée exactement par 1 → 3, et celle des bords

q ′
1 = 0 et q ′

2 = 0 dans leur ensemble, à savoir 2C
∫ +∞

q̄ dk̄ (n̄lin
k−q − n̄lin

k )k̄(k̄ − q̄)/q̄ , est compensée exactement par 3 → 1 ;

ici, k̄ =ħck/kBT , n̄lin
k = 1/(exp k̄ −1),Λ= ρ2((d3/dρ3)e0(ρ))/(3mc2) et C = kBT (kBT /mc2)2[9(1+Λ)2/8ρξ2]2/[π(3γ)2]).

La conclusion n’est pas changée par la correction Σ(2)
q (i0+)(d/dζ)Σ(2)

q (i0+) de notre note 43 car on trouve que les facteurs

Σ(2)
q (i0+) et (d/dζ)Σ(2)

q (i0+) sont tous les deux réels. C’était évident pour le premier facteur (les effets de bord qu’il
présente à 1D [87] sont supprimés à 2D par abaissement de la densité d’états des phonons à faible nombre d’onde).
Ça ne l’était pas pour le second facteur : à cause des effets de bord dans l’intégration sur k (voir l’équation (39) de la

référence [63]), les processus de Belyaev et de Landau donnent chacun une contribution non nulle à Im(d/dζ)Σ(2)
q (i0+)

(elle vaut 2[9(1+Λ)2/8ρξ2]/[q̄(3|γ|)3/2] pour Landau à l’ordre dominant en température) mais ces contributions sont
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Figure 8. Dans la limite T → 0, on admet que l’ordre de grandeur et la largeur typique de
la fonction ImΣq(ζ) près de ζ= i0+ sont caractérisés par deux lois de puissance en tempé-
rature, d’exposants ν et σ (en tenant compte d’une possible dépendance en température
du paramètre de courbure γ).

en généralisant ladite estimation au cas ζ ̸= 0, c’est-à-dire en ajoutant ζ à ∆E dans (53) ; or, dans
un développement aux petits angles entre ki et q, la partie de ∆E linéaire en les nombres d’onde
s’annule et il ne reste que les contributions cubiques ≈ γT 3 si bien que, indépendamment de la
dimensionnalité d ,

1

ζ+∆E
≈ 1

ζ+γT 3 et donc Tσ ≈ |γ|T 3 (57)

en tenant compte de la dépendance en le paramètre γ, ce dernier — nous l’avons dit — pouvant
varier en température. La condition de validité T ν = o(γT 3) qui en résulte dans (56) admet une
interprétation simple : dans la limite T → 0 prise avec la loi d’échelle q ≈ T , il faut que le taux
d’amortissement Γq tende vers zéro plus vite que le terme cubique en q dans ωq,

Γq
ħcq/kBT fixé=

T→0
o(ω(3)

q ) avec ω(3)
q = γmc2(qξ)3/8ħ (58)

ce qui est donc la vraie marque de la nature markovienne de l’amortissement (plutôt que la
condition perturbative irréfléchie Γq = o(ωq)).

exactement opposées, en particulier parce que les dénominateurs d’énergie εq−(εk+εq−k) et εq+εk−εq+k sont opposés
∼ ∓ħck[1− (vq /c)cosθ] à l’ordre dominant en k (vq = dεq/ħdq est la vitesse de groupe et θ est l’angle entre k et q) et
entrent dans la dérivée de la distribution de Dirac δ′(ε), qui est une fonction impaire de son argument.

Le cas bidimensionnel concave est donc spécial : la quantité ImΣ(4)eff
q (i0+) de la note 43 — considérée à tous les ordres

en température — ne donne pas la bonne loi d’échelle en température ∝ T 3 de la fonction énergie propre d’ordre 4 en
H3 sur un voisinage en O(T 3) de ζ = i0+ ; elle ne donne pas non plus, d’ailleurs, le taux d’amortissement Γq puisqu’il
y a échec des approximations de Born et de Markov comme dans le cas bidimensionnel convexe, voir la dernière ligne
de notre tableau 1. Notons cependant, toujours pour γ < 0, que le cas limite ρξ2 → +∞ d’une interaction très faible
dans le superfluide sous-jacent doit être mis à part car on y dispose du petit paramètre supplémentaire 1/ρξ2 aidant à
la validité de Markov (comme dans la section 3.2 de la référence [63]) et de Born (comme dans l’équation (17) de cette
même référence) ; ce cas limite est inaccessible dans un gaz de fermions de spin 1/2 en interaction de contact — on y a
ρξ2 =O(1) lorsque γ< 0 [88] — mais il l’est dans un gaz de bosons avec une interaction de portée ≳ ξ comme l’envisage
la référence [78].
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Tableau 1. Dans l’étude de l’amortissement des phonons d’un superfluide, validité de
l’approximation de Born–Markov dans la limite de basse température T → 0 selon la
dimension de l’espace d et le paramètre de courbure γ de la branche acoustique (plus
précisément son signe et sa variation en température, la troisième ligne valant quel que
soit le signe de γ).

ν σ Markov ϵdD Born
d = 3,γ> 0 fixé 5 3 oui ≈ T 2 → 0 oui
d = 3,γ< 0 fixé 7 3 oui ≈ T 2 → 0 oui
d = 3,γ=O(T 2) 5 5 non ≈ T 0 ̸→ 0 non
d = 2,γ> 0 fixé 3 3 non ≈ T 0 ̸→ 0 non

Les exposants ν et σ entrant dans la définition (56) du régime markovien sont ceux
de la figure 8, et le petit paramètre du développement de Born ϵdD est donné dans
l’équation (53).

La situation est résumée sur le tableau 1 ci-dessus49. L’approximation de Born–Markov est
donc utilisable en dimension 3, sauf sur un étroit intervalle de valeurs de γ, de largeur ≈
(kBT /mc2)2 autour de γ = 0 ; en γ = 0, la relation de dispersion des phonons (34) a d’ailleurs
un premier écart quintique à la loi linéaire cq , ce qui, on le sent bien, est un cas spécial.

Le calcul précis du taux d’amortissement Γq (ou ce qui en tient lieu pour une décroissance
non exponentielle, comme l’inverse de la largeur de |〈b̂q(t )〉|2 à la hauteur relative 1/e) pour
ces faibles valeurs de la courbure constitue, à notre connaissance, une question ouverte ; elle
est d’une grande pertinence expérimentale, la force des interactions annulant γ étant semble-t-
il proche de la limite unitaire (voir la référence [57] et notre section 5.1), point de prédilection
des expériences sur les atomes froids car dans un régime de valeurs assez élevées de Tc/TF et de
propriétés collisionnelles propices au refroidissement par évaporation [18].

Pour faire bonne mesure, nous avons aussi considéré le cas bidimensionnel convexe dans le
tableau 1 : l’approximation de Born–Markov y échoue, et la référence [63] a dû faire appel à une
approximation heuristique non perturbative sur la fonction énergie propre Σq(ζ) pour arriver à
un bon accord avec des simulations de champ classique (opérateurs b̂q, b̂†

q de l’hydrodynamique
quantique remplacés par des nombres complexes bq,b∗

q ), ceci dans le régime d’interaction faible
ρξ2 ≫ 1 du superfluide bosonique sous-jacent, où l’on pensait pourtant disposer d’un petit
paramètre assurant le succès de la règle d’or de Fermi même dans la limite kBT /mc2 → 0 (cette
attente raisonnable, confirmée dans la section 3.2 de la référence [63] à l’ordre deux en H3, est
infirmée dans la section 4.3 de cette même référence par un calcul à l’ordre quatre)50.

49Dans la troisième ligne du tableau, on omet de possibles facteurs logarithmiques ln(1/T ) pour simplifier. Ces
facteurs proviennent du fait que, pour les lois d’échelle γ∝ T 2 et q ∝ T , les termes en q3 et en q5 ln q sont du même
ordre de grandeur dans la relation de dispersion (34) : dans ce régime de faible courbure, la contribution logarithmico-
quintique à ωq n’est donc plus une petite correction et doit être gardée.

50Nous n’avons pas parlé ici du cas très particulier de la dimension d = 1, où deux vecteurs d’onde font un angle
très petit (nul !) dès qu’ils sont de même sens. Disons simplement que le petit paramètre de Born reste donné par
l’équation (53), obtenue pourtant sous l’hypothèse d ≥ 2. En rétablissant la dépendance en densité comme dans [63],
nous trouvons plus précisément ϵ1D = 1/[γ2ρξ(kBT /mc2)2], le préfacteur dans (53) s’écrivant γ(kBT )3/(mc2)2. Dans
la limite de basse température kBT /mc2 → 0 à ρξ fixé considérée ici, ϵ1D → +∞ et il faut immédiatement faire appel
à des approximations non perturbatives sur Σq(ζ) et Γq, comme le calcul autocohérent des références [89,90]. Dans

la limite opposée d’interaction faible ρξ → +∞ à kBT /mc2 fixé, ϵ1D → 0 et l’on peut utiliser la règle d’or de Fermi
comme dans la référence [87] ; plus précisément, on s’attend à ce que la condition de validité de la règle d’or s’écrive
ρξ(kBT /mc2)2 ≫ φ1D(q̄) où φ1D est une certaine fonction de q̄ = ħcq/kBT , en oubliant la dépendance en γ pour
simplifier (à q̄ fixé, l’approximation de Born impose cette condition, mais l’approximation de Markov est alors satisfaite

aussi car on a ħΓq|règle
d’or ≈ γ[(kBT )3/(mc2)2]ϵ1D ≈ kBT /(γρξ) ≪∆E ≈ γ(kBT )3/(mc2)2 où∆E , dénominateur d’énergie de

Belyaev–Landau typique, donne la largeur en ζ de la fonction énergie propre comme dans l’équation (57)). À 2D, comme
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4.4. Diffusion de phase du condensat de paires

Une question d’ordre à la fois pratique et fondamental porte sur le temps de cohérence du
condensat de paires à l’équilibre thermique dans un gaz de fermions parfaitement isolé de son
environnement.

Pour un système de fermions ↑ et ↓ infini non polarisé, le temps de cohérence est infini, comme
l’affirme le phénomène de brisure de symétrie U (1) : dans l’ensemble grand canonique (terme
−µN̂ ajouté à l’hamiltonien du gaz de fermions où µ est le potentiel chimique et N̂ l’opérateur
nombre total de particules), le paramètre d’ordre complexe ∆(r, t ) est uniforme et constant ;
dans l’ensemble canonique, il évolue donc avec le facteur de phase non amorti exp(−2iµt/ħ) 51,
avançant à la pulsation immuable 2µ/ħ ; en tout cas, le temps de cohérence est infini.

Qu’en est-il dans un système de taille finie (boîte de quantification [0,L]3, nombre total fixé
N de fermions)? Pour le savoir, suivons la référence [76] et écrivons l’équation d’évolution de
l’opérateur phase du condensat, que nous notons φ̂0 comme dans l’équation (39), dans le régime
de l’hydrodynamique quantique52 :

−ħ d

dt
φ̂0 =µ0(ρ)+ ∑

q̸=0
b̂†

qb̂q
d

dN
(ħωq) ≡ µ̂ (59)

Au second membre, µ0(ρ) = dE0/dN est le potentiel chimique des N fermions dans l’état
fondamental d’énergie E0 à la densité ρ et la somme sur q peut être interprétée comme la dérivée
adiabatique (comprendre aux opérateurs nombres d’occupation b̂†

qb̂q des modes de phonons
fixés) par rapport à N de la somme correspondante dans l’hamiltonien de phonons H2 (41). Le
second membre dans son ensemble est donc la dérivée isentropique de l’hamiltonien par rapport
au nombre total de particules. En ce sens, il constitue un opérateur potentiel chimique des
fermions, d’où la notation µ̂ au troisième membre, et l’équation (59) n’est autre qu’une version
quantique de la fameuse seconde relation de Josephson, reliant la dérivée temporelle de la phase
(classique) du paramètre d’ordre au potentiel chimique à l’équilibre µ.

Dans une réalisation donnée de l’expérience, que nous supposons correspondre à un état
propre à N corps |ψλ〉 d’énergie Eλ échantillonnant l’ensemble canonique, les nombres d’oc-
cupation b̂†

qb̂q fluctuent et se décorrèlent sous l’effet des collisions incessantes entre phonons
dues en particulier à H3, voir l’équation (44). Aux temps assez longs pour qu’un grand nombre de
collisions aient eu lieu, on s’attend donc à un étalement diffusif de la phase du condensat, avec
un déphasage aléatoire de variance croissant linéairement en temps :

Varλ[φ̂0(t )− φ̂0(0)] ∼
Γ
φ

collt≫1
2Dλt (60)

et un coefficient de diffusion Dλ sous-intensif, c’est-à-dire ≈ 1/N à la limite thermodynamique.
Ici Γφcoll = Γq=kBT /ħc est le taux de collision typique entre phonons thermiques (la fonction
Γq étant celle de l’équation (52)). L’étalement (60) induit une perte de cohérence temporelle

le montre la référence [63], le développement perturbatif en H3 de la fonction énergie propre est soumis à une condition
de validité similaire, ρξ2(kBT /mc2)2 ≫ φ2D(q̄), voir son équation (96), mais qui, contrairement au cas 1D, ne s’obtient
pas par simple comptage de puissances.

51Il y a un facteur 2 sous l’exponentielle car∆ est un paramètre d’ordre de paires alors que µ est le potentiel chimique
des fermions. Il n’y a pas de facteur 2 dans l’équation (59) car l’opérateur phase φ̂0 est conjugué à la densité de fermions.

52Pour obtenir cette équation, il a fallu éliminer par lissage temporel des termes en b̂qb̂−q et b̂†
qb̂†−q ; c’est sans

conséquence car ils oscillent avec une période ≈ ħ/kBT bien plus courte que les échelles de temps collisionnelles qui
nous intéressent ici (voir plus loin) et se moyennent donc automatiquement à zéro.
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exponentielle de taux Dλ, en vertu de la relation de Wick (on s’attend à ce que la statistique du
déphasage dans |ψλ〉 soit approximativement gaussienne [91]),〈

exp{−i[φ̂0(t )− φ̂0(0)]}
〉
λ ≃ exp[−i〈φ̂0(t )− φ̂0(0)〉λ]exp{− 1

2 Varλ[φ̂0(t )− φ̂0(0)]}

≃
Γ
φ

collt≫1
exp[−i〈µ̂〉λt/ħ]exp(−Dλt ) (61)

ce que confirme d’ailleurs l’analyse par résolvante de la référence [76]53.
Dans le cas γ > 0 d’une branche acoustique convexe, la situation ressemble à celle des

condensats de bosons en interaction faible bien étudiée dans la référence [95] : les collisions
dominantes sont celles à trois phononsφ↔φφ de Belyaev et de Landau, et Dλ a été calculé pour
le condensat de paires de fermions à basse température dans la référence [86] ; nous en donnons
ici l’expression simplifiée suivante, ne gardant que les lois d’échelle en N , T et γ (sous l’hypothèse
γ=O(1)) :

Dγ>0
λ

≈ N−1T 4γ0 (62)

Il n’y a eu encore aucune vérification expérimentale dans les gaz d’atomes froids (seuls fluides
quantiques suffisamment bien isolés pour que la perte de cohérence du condensat soit intrin-
sèque), même pour les bosons.

En revanche, dans le cas concave γ < 0, la question reste largement ouverte. La tenta-
tive de calcul de Dλ de la référence [86], tenant compte seulement des processus de collision
Landau–Khalatnikov à quatre phonons φφ → φφ aux petits angles, de taux typique Γφcoll ∝
(kBT /mc2)7mc2/ħ|γ| ≈ T 7, a conduit à un coefficient de diffusion infini,

Dγ<0
λ

=+∞ (63)

plus précisément à une loi d’étalement superdiffusive (simplifiée comme dans (62))54

Varγ<0
λ

[φ̂0(t )− φ̂0(0)] ≈ N−1T 20/3|γ|1/3t 5/3 (64)

en particulier parce que les collisions φφ→ φφ conservent le nombre total de phonons Nφ (au
contraire de φ ↔ φφ)55,56. Aller au-delà et obtenir la vraie valeur (a priori finie) de Dλ reste
une question ouverte : il faudrait tenir compte des processus sous-dominants à cinq phonons
φφ↔ φφφ qui changent Nφ et se produisent à un taux ≈ T 9 [96], de même ordre de grandeur
que celui des processus φφ→φφ aux grands angles [52,78], ce qui n’est pas aisé57.

53Si l’on admet que le gaz de phonons en interaction est un système quantique ergodique [92,93], la moyenne 〈µ̂〉λ
dans l’état stationnaire |ψλ〉 ne dépend que des deux quantités conservées, l’énergie E et le nombre de particules N , et
coïncide pour un grand système avec le potentiel chimique microcanonique µmc(E = Eλ, N ). Si l’énergie E fluctue d’une
réalisation à l’autre de l’expérience autour de la moyenne Ē , comme dans l’ensemble canonique, le facteur de phase au
troisième membre de l’équation (61) fluctue et conduit à un brouillage gaussien en temps : la linéarisation de µmc(E , N )
autour de Ē donne Var[φ̂0(t ) − φ̂0(0)] ∼ [∂Eµmc(Ē , N )]2(VarE)t 2/ħ2, effet parasite ≈ t 2/N masquant rapidement la
diffusion de phase (60) ≈ t/N [94].

54Dans tous les cas, voir les équations (62) et (64), on trouve bien qu’il n’y a pas d’étalement de phase à la limite
thermodynamique N →+∞ : dans un gaz isolé, le temps de cohérence limité du condensat est un effet de taille finie.

55Nφ doit alors être ajouté à la liste des constantes du mouvement, à côté de E et N , dans la note 53.
56Le fait que, pour γ< 0, le taux d’amortissement des phonons Γq tende vers zéro comme q3 (au lieu de q pour γ> 0)

joue aussi un rôle ; cependant, sans la conservation de Nφ, il conduirait à une loi d’étalement en t ln t marginalement

superdiffusive (voir l’équation (C.20) de la référence [86] et la moralité énoncée après son équation (72)).
57La publication [86], comprenant mal la référence [96], y avait vu un taux d’amortissement à cinq phonons en T 11.

Erreur corrigée ici. En effet, la référence [96], considérant un quasi-équilibre thermique avec un petit potentiel chimique
de phonons non nul µφ → 0−, obtient l’équation d’évolution L−3dNφ/dt = −Γφµφ sur le nombre moyen de phonons,

où Γφ ≈ T 11 n’est pas le taux cherché malgré les apparences ; comme L−3dNφ/dt ≈ T 2dµφ/dt pour la loi de Bose

n̄q = 1/{exp[(ħcq −µφ)/kBT ]−1}, on a en fait −dµφ/dt ∝ (Γφ/T 2)µφ, de taux ≈ T 9.
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5. Questions ouvertes requérant une théorie microscopique du problème à N corps

L’hydrodynamique quantique de la section 4 n’est qu’une théorie effective de basse énergie. Elle
présente donc des limitations de deux types, que nous passons ici brièvement en revue, et qui
empêchent de faire l’économie d’un calcul microscopique à N corps.

5.1. Déterminer les ingrédients de l’hydrodynamique quantique

L’hydrodynamique quantique fait intervenir deux quantités qui lui sont extérieures, l’équation
d’état du gaz de fermions non polarisé à température nulle (au travers de l’énergie volumique
e0(ρ) ou du potentiel chimique µ0(ρ) — sa dérivée — à la densité ρ) et le paramètre de courbure
γ de la branche acoustique (34).

Dans le présent cas de masses égales m↑ = m↓ = m, l’équation d’état a été mesurée expéri-
mentalement [48,97] et différentes méthodes de calcul approchées donnent des résultats satisfai-
sants, comme le Monte-Carlo quantique diffusif à surface nodale fixée [98,99] ou l’approximation
des fluctuations gaussiennes dans une formulation de champ par intégrale de chemin [100,101].

La situation est beaucoup plus ouverte pour le paramètre de courbure γ. L’approximation de
la phase aléatoire d’Anderson (RPA) [61], équivalente pour ce problème au calcul des pulsations
propres des équations BCS dépendant du temps linéarisées ou même à l’approximation des fluc-
tuations gaussiennes pourtant plus performante [100,102]58, conduit à une expression analy-
tique assez simple deγ en termes deµ/|∆| et (∂µ/∂|∆|)a , exacteγ→ 1 dans la limite kFa → 0+ d’un
condensat de dimères, raisonnable dans la limite BCS kFa → 0− (γ→−∞ exponentiellement en
1/kF|a| sous l’effet de l’écrasement de la branche acoustique par le continuum de paire brisée) et
présentant une annulation avec changement de signe pour |∆|/µ≃ 0,87, soit 1/kFa ≃−0,14 pour
l’équation d’état assez approximative de la théorie BCS, un changement de signe proche de la
limite unitaire en tout cas [57].

En particulier, γ a même valeur positive à la limite unitaire dans ces trois approches (branche
acoustique de départ convexe) :

γRPA
a−1=0 ≃ 0,084 (65)

L’erreur commise est cependant non contrôlée, et l’on n’est même pas sûr du signe.
Une méthode complètement différente procède par extension du problème à une dimen-

sion spatiale d quelconque puis développement autour de la dimension quatre, en puissances
donc du petit paramètre ϵ = 4 − d . À la limite unitaire, elle conduit elle aussi à un départ
convexe [104]59 :

γdimension
a−1=0 = 1

3

[
1− 1

4
ϵ+O(ϵ2)

]
ϵ=1≃
d=3

1

4
> 0 (66)

58Ces différentes approches conduisent exactement à la même équation implicite liant la pulsation propre ωq, le
potentiel chimique µ et le paramètre d’ordre ∆, et exactement à la même équation liant µ,∆ et la longueur de diffusion a
dans l’onde s [57] ; elles diffèrent seulement par l’équation d’état µ = µ0(ρ) reliant µ à ρ dans l’état fondamental, celle
des fluctuations gaussiennes étant la plus précise. Par exemple, à la limite unitaire a−1 = 0, les approches donnent
toutes mc2/µ = 2/3 (c’est exact par invariance d’échelle, µ0(ρ) ∝ ρ2/3 dans l’équation (43)), |∆|/µ ≃ 1,16 (proche de
la valeur expérimentale 0,44EF/0,376EF ≃ 1,17 sachant que |∆| = Epaire/2 dans ces théories et que Epaire/2EF ≃ 0,44 dans
l’expérience [103]) mais le rapport µ/EF ≃ 0,376 dans l’expérience [48], très mal reproduit ≃ 0,59 par la RPA et BCS, est
bien meilleur ≃ 0,40 dans les fluctuations gaussiennes.

59Nous avons obtenu l’expression (66) en reportant directement l’équation (50) de la référence [104] dans la relation
de dispersion (48) de cette même référence et en utilisant la propriété mc2 = 2µ/3 exacte par invariance d’échelle. En
procédant différemment, c’est-à-dire en passant par son équation (52) et son résultat c2/c1 = O(ϵ2) ≃ 0 avec d = 3 dans
son équation (48), on trouve la valeur assez proche γdimension

a−1=0
= 8/45 ≃ 0,18.
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Expérimentalement, une mesure récente de la branche acoustique par excitation de Bragg
dans un gaz d’atomes froids fermioniques conduit au contraire à un départ concave à la limite
unitaire [105] :

γ
exp
a−1=0

= 8µ

3EF
ζ≃ ζ avec ζ=−0,085(8) < 0 (67)

sachant que le rapport µ/EF vaut ≃ 3/8 pour le gaz unitaire dans l’état fondamental [48] et que
ζ est le paramètre de courbure de la branche acoustique pour l’adimensionnement de q par kF,
ωq = cq(1+ζq2/k2

F+·· · ). Mais le résultat (67) souffre de deux limitations [106] : (i) un ajustement
cubique de la branche sur un intervalle de valeurs de q assez élevées, q/kF ∈ [0,29;1,63], plutôt
que sur un étroit voisinage de q = 0 (pour la relation de dispersion de la RPA, par exemple,
qui présente un point d’inflexion en q ≃ 0,5kF, un tel ajustement, mélangeant aveuglément des
parties convexe et concave, ne donnerait pas le bon signe de γRPA

a−1=0
), et (ii) une température

relativement élevée, T = 0,128(8)TF ≃ 0,8Tc : même si l’on part de la branche de la RPA de
paramètre γ > 0 dans l’état fondamental, l’hydrodynamique quantique prédit un changement
thermique δγth de la courbure (par interaction du mode q avec les phonons thermiques) assez
négatif pour en changer le signe :

δγth ∼− 8π2

9(3µ/EF)1/2

(
T

TF

)2

≃−0,14 <−γRPA
a−1=0 (68)

La question du signe de γ à la limite unitaire, qui détermine crucialement la nature à
trois phonons (γ > 0) ou à quatre phonons (γ < 0) des mécanismes d’amortissement du
son dans le régime faiblement collisionnel à basse température, reste donc largement ou-
verte60.

5.2. Décrire les modes de haute fréquence

L’hydrodynamique quantique, avec sa branche acoustique presque linéaire en le nombre d’onde
q , ne peut décrire de manière fiable les ondes sonores de pulsation ωq > mc2/ħ du superfluide
de fermions. Ignorante de la nature composite des paires liées ↑↓, elle est totalement inapplicable
aux pulsations ω ≈ Epaire/ħ, où Epaire est l’énergie de liaison d’une paire : à ces pulsations, les
paires peuvent se briser en deux excitations fermioniques χ (la conservation de l’énergie ne
l’interdit plus), voir la figure 5a.

Il faut alors avoir recours à une description microscopique du gaz de fermions. À température
nulle, la principale méthode disponible est celle de la théorie variationnelle BCS dépendant du
temps [108]. Sa spécialisation au régime de réponse linéaire donne l’équation aux valeurs propres
suivante sur l’énergie z des modes de vecteur d’onde q :

det M(q, z) = 0 avec M(q, z) =
(

M|∆||∆|(q, z) M|∆|θ(q, z)

Mθ|∆|(q, z) Mθθ(q, z)

)
(69)

où les coefficients de la matrice 2× 2 correspondent à une réponse en le module |∆| ou en la
phase θ du paramètre d’ordre complexe ∆(r, t ). Dans la limite BCS d’interaction faible kFa → 0−,
les éléments non diagonaux sont habituellement négligés (à juste titre) et la dynamique se
découple en mode de module et mode de phase ; dans le cas général, cette distinction ne vaut
plus.

60L’amortissement étudié expérimentalement dans la référence [107] est dans le régime hydrodynamique, au sens de
la note 41. Cette référence ne permet donc pas de trancher.
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L’exploration des solutions de l’équation (69) a commencé. À nombre d’onde q fixé, on
trouve sous le bord εbord

q du continuum de paire brisée au plus une racine, celle ħωq de la
branche acoustique. Sur l’intervalle z ∈ ]εbord

q ,+∞ [, la fonction det M(q, z) admet une ligne de
coupure61, il faut mettre un décalage infinitésimal i0+ dans z pour lui donner un sens; elle
acquiert alors une partie imaginaire, qu’on n’arrive pas à annuler simultanément avec la partie
réelle, et l’équation (69) n’admet pas de solution. En revanche, on peut en trouver une, complexe
zq de partie imaginaire non infinitésimale < 0, en prolongeant analytiquement la fonction z 7→
det M(q, z) du demi-plan complexe supérieur au demi-plan inférieur à travers sa ligne de coupure
(ce qu’indique la flèche ↓ en indice) :

detM↓(q, zq) = 0 avec Im zq < 0 (70)

Il existe donc un mode collectif dans le continuum, qui s’amortit exponentiellement en temps
par émission de paires brisées. Le calcul a été fait d’abord dans la limite BCS kFa → 0−, aussi bien
pour des fermions neutres que pour les électrons d’un supraconducteur, dans la référence [109].
Il a été ensuite généralisé aux gaz d’atomes froids fermioniques pour une valeur quelconque de
kFa, sans qu’on puisse plus négliger les éléments non diagonaux M|∆|θ et Mθ|∆| [110,111]. La
branche d’Andrianov–Popov subsiste jusqu’à 1/kFa = 0,55 (point d’annulation µ= 0 du potentiel
chimique dans la théorie BCS) et présente toujours un départ à 2|∆| quadratique en q avec un
coefficient complexe :

zq
µ>0=
q→0

2|∆|+ζħ
2q2

4m∗
+O(q3) (Im ζ< 0) (71)

où m∗ est la masse effective d’une quasi-particule fermionique χ à l’endroit k = k0 de son
minimum d’énergie62. Nous avons écrit ici 2|∆| plutôt que Epaire, où ∆ est le paramètre d’ordre
à l’équilibre, même si la théorie BCS est incapable de distinguer (on a exactement Epaire = 2|∆|
pour tout µ > 0 dans cette théorie), afin d’évoquer le mécanisme de Higgs [113] dont on pense
que le mode collectif du continuum relève [114]63 ; d’ailleurs, dans la limite opposée kFa → 0+

d’un condensat de dimères bosoniques, où 2|∆| ≪ Epaire ∼ 2|µ| ∼ ħ2/ma2 (on a cette fois µ < 0),
on trouve bien une branche d’excitation collective commençant quadratiquement à 2|∆| et non
pas à Epaire [111]. L’extension de l’équation (69) à température non nulle (au-delà d’une simple

61Les éléments de matrice de M(q, z) comportent une intégrale sur le vecteur d’onde k d’un des fragments de
dissociation d’une paire liée du condensat, avec dans l’intégrande le dénominateur d’énergie correspondant z − (εk +
εq−k) ; par définition, le dénominateur peut donc s’annuler quand z appartient au continuum de paire brisée, voir la

légende de la figure 5.
62On l’aura compris, la masse effective est telle que εk−Epaire/2 ∼ħ2(k−k0)2/2m∗ quand k → k0. La mise à l’échelle

par m∗ dans l’équation (71) assure que ζ a une limite finie et non nulle lorsque kFa → 0− [109]. Dans ce même régime, la
référence pourtant connue [112] prédit un comportement fantaisiste de zq à faible q , avec une partie imaginaire tendant
vers zéro linéairement en q , voir son équation (2.38). La quantité ζ n’a ici rien à voir avec celle de l’équation (67), il y a une
coïncidence malheureuse de notations.

63Comme ce mécanisme résulte de la brisure de symétrie U (1), ici par condensation des paires liées, il doit être
caractérisé par l’échelle d’énergie associée au paramètre d’ordre, c’est-à-dire |∆| à un facteur près ; c’est bien ce que
trouve la référence [113], voir son équation (2b). En revanche, l’échelle d’énergie Epaire est reliée à la brisure de paires,
pas à leur condensation, donc n’a a priori aucun rapport avec la branche de Higgs. Le fait d’avoir Epaire = 2|∆| est source
de confusion et empêche de découpler les deux phénomènes. Il serait par ailleurs intéressant de voir si la propriété
Epaire = 2|∆| reste rigoureusement vraie à température nulle dans une théorie plus élaborée que BCS ou dans les

expériences.
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généralisation de type BCS en champ moyen, peut-être insuffisante64) reste à notre connaissance
une question ouverte.

D’un point de vue expérimental, dans les atomes froids ou les supraconducteurs, l’excitation
à des pulsations ω > Epaire/ħ a été effectuée seulement à nombre d’onde nul, où il n’y a d’après
les théories à température nulle pas de mode collectif du continuum, le poids spectral du mode
tendant vers 0 lorsque q → 0 [110] ; on observe simplement aux temps longs des oscillations du
paramètre d’ordre à la pulsation Epaire/ħ (c’est l’effet du bord non nul du continuum) qui s’amor-
tissent en loi de puissance t−α [117,118] par le même mécanisme que l’étalement du paquet
d’ondes gaussien d’une particule libre en mécanique quantique ordinaire (l’excitation percus-
sionnelle crée un « paquet d’ondes » de paires brisées (k,−k) dans le continuum, dont l’évolu-
tion gouvernée par la relation de dispersion 2εk est de manière effective unidimensionnelle pour
k0 > 0 (µ > 0), auquel cas α = 1/2 [119], et tridimensionnelle pour k0 = 0 (µ < 0), auquel cas
α = 3/2 [120])65. L’observation du mode du continuum (à q > 0) et la mesure précise de sa rela-
tion de dispersion zq restent donc à faire (des pistes sont données dans les références [110,121]).

Déclaration d’intérêts

Les auteurs ne travaillent pas, ne conseillent pas, ne possèdent pas de parts, ne rec̨oivent pas
de fonds d’une organisation qui pourrait tirer profit de cet article, et n’ont déclaré aucune autre
affiliation que leurs organismes de recherche.

English version (la version française commence à la page 394)

To obtain the English version, we translated the French version with ™DeepL Pro and a self-made
glossary of technical terms. The result was improved with ™DeepL Write.

1. Introduction and general presentation

This text is essentially the transcript of our 90-minute talk at the prospective symposium “Open
questions in the quantum many-body problem” held at the Institut Henri Poincaré in Paris, from

64Cette généralisation n’est pas une panacée, comme on le voit sur la partie imaginaire de la branche acoustique.
Pour γ > 0 (mais pas pour γ < 0), ce reproche peut être fait à la RPA déjà à température nulle, puisqu’elle prédit à
tort une pulsation propre ωq purement réelle. Cependant, ça ne semble pas être très grave car la partie imaginaire

(−1/2)Γq(T = 0) ≈ q5 obtenue par l’hydrodynamique quantique (amortissement de Belyaev) vient se perdre dans les
termes sous-sous-dominants négligés dans l’équation (34). Ce problème est plus visible à faible q à température non
nulle, où Γq(T > 0) commence linéairement en q avec un coefficient en T 4 (l’exposant ν vaut 5 dans le tableau 1 pour
la loi d’échelle q ∝ T de la note 41), ce dont la théorie de type BCS en champ moyen ne peut rendre compte (elle
prédit un coefficient en O[−exp(Epaire/2kBT )] [115,116] puisque les seuls nombres d’occupation thermiques qu’elle fait
apparaître sont ceux n̄k = 1/[exp(εk/kBT )+1] des quasi-particules fermioniques χ). En d’autres termes, la linéarisation
des équations BCS dépendant du temps ou, ce qui revient au même, l’approximation des fluctuations gaussiennes prend
en considération le couplage φ−χ mais pas le couplage φ−φ.

65Les observations de la référence [118] dans un gaz unitaire de fermions à T ̸= 0 soulèvent cependant plusieurs
questions : (i) l’exposant α ≃ 1± 0,15 mesuré est fort différent de la valeur prédite théoriquement (α = 1/2 à la limite
unitaire), (ii) il ne peut être exclu que la décroissance de l’amplitude des oscillations soit en réalité exponentielle, (iii) au
contraire de l’amplitude, la pulsation des oscillations ne présente aucune réduction observable lorsque T se rapproche
de la température de transition Tc (où il n’y a plus de brisure de symétrie U (1) et |∆| tend vers zéro) ce qui semble
incompatible avec la qualification d’oscillations de Higgs utilisée dans cette référence (la pulsation mesurée n’est pas
proportionnelle à |∆|/ħ), mais suggère aussi une constance de Epaire en température assez troublante (la pulsation
mesurée devrait être donnée par Epaire/ħ puisque l’excitation est faite à q = 0). Rappelons par ailleurs que la température
n’est jamais très faible dans l’expérience, T ≳ 0,1TF, voir notre section 2, ce qui rend la théorie à T = 0 stricto sensu
inapplicable.
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July 8 to 12, 2024, hence its style and level of precision differ from that of a usual research article. It
is more complete than the presentation on Section 4 (treated briefly at the oral presentation) and
on Section 5 (omitted at the oral presentation due to lack of time). Footnotes can be ignored on
first reading. The presentation was recorded and is available online on the IHP Carmin channel
(click here).

The system considered is inspired by experiments on cold atoms: it is a three-dimensional
two-component Fermi gas (meaning two internal states ↑ and ↓) in an immaterial trap—made
of light, at very low temperatures in the microkelvin range. This is the worthy descendant of
laser-cooled atomic gases (in the famous “optical molasses”, see the 1997 Nobel Prize in Physics
awarded to Steven Chu, William Phillips and Claude Cohen-Tannoudji) and then of evaporation-
cooled gaseous atomic Bose–Einstein condensates (see the 2001 Nobel Prize in Physics awarded
to Eric Cornell, Carl Wieman and Wolfgang Ketterle).

Compared to their illustrious predecessors, cold fermionic atomic gases have the advantage
(i) of being composed of fermions, thus covering both possible statistics (the gas can always
be “bosonized” by forming strongly bound pairs ↑↓) and making a direct link with the electron
systems (fermions!) of solid-state physics, (ii) of remaining collisionally stable (weak three-body
losses by recombination to deep molecular states) even in the strongly interacting regime as in
the famous “unitary limit” described below (unlike, for the moment, bosonic cold-atom gases),
and (iii) of constituting beautiful, simple and universal model systems in this regime, thanks to
the negligible range of van der Waals interactions between ↑ and ↓ (more precisely, the associated
van der Waals length is negligible); as we shall see, this allows the interaction to be replaced
by contact conditions on the N -body wave function, depending solely on the s-wave scattering
length a, which experimentalists can adjust at will by means of a Feshbach resonance, simply by
applying a well-chosen uniform magnetic field.

Our system is not unrelated to those of other presentations at the symposium. The link is
obvious with Tilman Enss’s contribution on the viscosity of strongly interacting Fermi gases [1],
which complements our own. If we place our fermions in an optical lattice, with about one
particle per site (close to half-filling), we recover the problems of strongly correlated fermions
and superconductivity at high critical temperature discussed by Antoine Georges. In a regime of
strong on-site interaction U↑↓ compared to tunnel coupling t between neighboring sites, U↑↓ ≫ t ,
the system is described by a Heisenberg-type spin model Hamiltonian, with magnetic coupling
J ∝ t 2/U↑↓, which links up with Sylvain Capponi’s talk [2]. If we return to a uniform system
(without lattice), but apply an artificial gauge field (a fictitious magnetic field) to our fermionic yet
neutral cold atoms—which is what experimentalists know how to do, see Sylvain Nascimbène’s
talk [3]—we come across problems related to the talks by Thierry Jolicœur [4] (on the 2D fractional
quantum Hall effect) and Carlos Sá de Melo [5] (spin–orbit coupling in one spatial dimension). All
these bridges to solid-state physics are not so easy to build, however, because of non-conservative
parasitic effects, finite sample sizes and difficulty in getting down to sufficiently low temperatures
(in units of the Fermi temperature TF or the magnetic coupling temperature J/kB), see the
presentations by Wolfgang Ketterle, Sylvain Nascimbène and Antoine Georges.

Let’s finish with the outline of our contribution. In Section 2, we start from reality, outlining the
progress of experiments on cold atoms since the 1980s and the situation reached in the case of
fermions. In Section 3, we adopt a microscopic point of view, of interactions replaced by contact
conditions, and review some open questions in the few-fermion problem. In Section 4, on the
other hand, we adopt a macroscopic point of view, that of a low-energy effective theory (quantum
hydrodynamics), and review some open questions related to the interaction between phonons
(the quanta of sound waves) in the superfluid phase. Finally, in the short Section 5, we cross
points of view and list some open questions that require a microscopic theoretical treatment of
the full many-body problem.
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2. A fairly recent physical system

Let’s start by putting our Fermi gases into context, with a brief history of cold atoms.
The adventure began in the early 1980s with the laser cooling of alkalis. The low temperatures

reached are spectacular when expressed in kelvins, T ≈ 1 µK, but the spatial densities are
unfortunately very low, ρ ≲ 1010 at/cm3, so that the gases have very low quantum degeneracy,
i.e. very low density in phase space, ρλ3 ≪ 1, where λ is the thermal de Broglie wavelength of
atoms with mass m:

λ=
(

2πħ2

mkBT

)1/2

(1)

The effects of quantum statistics (bosonic or fermionic) are imperceptible.
This all changed in 1995, when Eric Cornell and Carl Wieman at JILA [6], shortly followed by

Wolfgang Ketterle at MIT [7], achieved Bose–Einstein condensation (BEC), obviously on bosonic
isotopes, thanks to evaporative cooling in non-dissipative trapping potentials with harmonic
bottoms1. Transition temperatures remain in the range of laser cooling, T BEC

c ≃ 0.1 to 1 µK, but
spatial densities are considerably higher, ρ = 1012 to 1015 at/cm3, enabling quantum degeneracy
ρλ3 ≳ 1 to be achieved.

Finally, in 2004, evaporative cooling was successfully extended to fermionic isotopes down to
the transition temperature [11,12]; gases with two internal states ↑ and ↓ no longer form Bose–
Einstein condensates, but condense in ↑↓ pairs by the BCS mechanism [13]: the attractive van
der Waals interactions between ↑ and ↓, in the presence of a Fermi sea in each internal state, lead
to the formation of bound pairs, the famous Cooper pairs, “composite bosons”, which can form
a condensate at sufficiently low temperatures, T < T BCS

c . The lowest experimentally accessible
temperatures are of the order of 0.1TF, where the Fermi temperature TF remains of the order of
a microkelvin; this is nevertheless sufficient to go below T BCS

c because the interactions between
↑ and ↓ are made very strong by means of a two-body scattering resonance (magnetic Feshbach
resonance): the transition temperature T BCS

c is then a fraction of TF and we avoid the extreme
situation of BCS superconductors, for which T BCS

c ≪ TF by several orders of magnitude.
Let’s now describe our system of fermionic cold atoms in broad outline, in an attempt to

idealize experimental reality. (i) The fermions have two internal states ↑ and ↓; as we are not
considering here a Rabi coupling between ↑ and ↓, our considerations also apply to the case of a
mixture of two formally spinless fermionic chemical species; for this reason, we do not assume
that the masses mσ of the particles are equal in the two internal states2 and we consider the ratio
m↑/m↓ as a free parameter. (ii) The fermions are trapped either in isotropic harmonic potentials
of the same trapping angular frequency ω for the two components σ,

Uσ(r) = 1
2 mσω

2r 2 (2)

where r is the 3D position vector, or in the cubic quantization box [0,L]3 common to both
components, with the usual periodic boundary conditions3. (iii) The van der Waals interaction
between the two internal states ↑ and ↓, shown schematically in Figure 1a, is effectively made
very strong (resonant) in s wave (relative orbital angular momentum l = 0) by application of

1Reference [8] later succeeded, using clever tricks, in obtaining a Bose–Einstein condensate without evaporation, by
laser cooling alone (see also reference [9]); in particular, this involved (i) using a narrow atomic line with low saturation
to keep the temperature limit of laser cooling [10] as low as possible, and (ii) preventing spontaneously emitted photons,
which carry away part of the energy of atomic motion, from depositing it back into the gas by reabsorption.

2In the case where ↑ and ↓ are two spin states of the same chemical species, we naturally have m↑ = m↓ in the
experiment. However, by applying an optical lattice that couples differently to the two internal states (within a low filling
factor limit), we could produce different effective masses mσ. This remains to be done.

3Experimentally, flat-bottom potentials can be produced using Laguerre–Gauss or Bessel–Gauss beams and laser light
sheets, after gravity compensation (levitation of atoms) by a magnetic field gradient [14–16].
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a suitable magnetic field4 so that the scattering length a between two atoms ↑ and ↓ (defined
mathematically in Section 3.1) is sufficiently large in absolute value (it can be positive or negative)
so that

ρ1/3|a|≳ 1 (3)

We recall that the theory of weakly interacting Bose gases relies on the small parameter (ρa3)1/2 ≪
1, see Jan Solovej’s contribution [17] to the symposium proceedings; condition (3) is therefore, on
the contrary, the mark of a strongly interacting gas. The scattering length a is also much greater
in absolute value than the interaction range b, defined in Figure 1a,

|a|≫ b (4)

which is indeed the hallmark of a two-body scattering resonance. As b is of the order of a few
nanometers in the experiments, we also have

b ≪ ρ−1/3,λ (5)

which gives us the idea of constructing a model system, by taking the limit of a zero-range
interaction b → 0 at fixed a, characterized only by the algebraic length a. This idea will be
implemented in Section 3.1. (iv) On the other hand, the interaction is not resonant in p
wave (relative orbital angular momentum l = 1), so the ↑↑ and ↓↓ interactions, which occur
predominantly in this wave at low energy (due to fermionic antisymmetry), are negligible.

As we shall see in Section 3, the existence of a well-defined model (of energy bounded from
below when b → 0) is a mathematically non-trivial problem. We can already propose a necessary
condition, inspired by experimental reality. Since the van der Waals interaction supports (at
least) a two-body bound state of size ≈ b, as shown in Figure 1a, the gas phase considered so
far and seen in experiments is only a metastable phase, temporarily escaping the solidification
predicted by the laws of equilibrium physics, a solidification of which three-body losses are the
precursors (see Figure 1b). These losses occur at a rate estimated as follows in reference [18] for
equal masses:

Γ
3-body
losses ∝ ħ

mb2 Proba(3 fermions ↑↑↓ or ↓↓↑ in a same ball of radius b) (6)

The first factor represents the relevant energy scale of this recombination process: this is the
binding energy of the strongly bound dimer formed, and the length scale |a| ≫ b cannot come
into play. The second factor takes into account the fact that the three-fermion process cannot
occur if one of the fermions is separated from the other two by a distance ≫ b, by quasi-locality
in position space: the interaction range and the size of the strongly bound dimer are both of the
order of b. The proportionality factor in Equation (6) depends on the details of the microscopic
physics. This leads to an experimental stability condition for the Fermi gas in the b → 0 limit of a
contact interaction:

Γ
3-body
losses →

b→0
0 (7)

4Without going into too much detail, it should be pointed out that, to understand this resonance, it is necessary to take
into account the internal structure of the atoms and describe their binary interaction a minima by a two-channel model,
with an open channel Vo(r12) interaction potential and a closed channel Vf(r12) interaction potential—think of the singlet
and triplet interaction potentials of two spin-1/2 fermions. In a collision, atoms ↑ and ↓ enter through the open channel
and, by conservation of energy, also exit through the open channel, as their relative incoming kinetic energy is less than
the difference of dissociation limits Vf(+∞)−Vo(+∞) > 0. As there is a coupling between the two channels, however,
the atoms virtually populate the closed channel during the collision. The applied magnetic field B induces a different
Zeeman shift in the two channels. A clever choice of B is then all that’s needed to ensure that the energy of a bound
state in Vf(r12)—not the bare energy, but the energy shifted by the coupling—almost coincides with the dissociation limit
Vo(+∞), inducing a two-body scattering (or collision) resonance in the open channel and making the scattering length a
diverge.
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Figure 1. (a) Schematic representation of the resonant van der Waals (more precisely,
Lennard-Jones) interaction (|a|≫ b) between ↑ and ↓ fermions as a function of their relative
distance. The potential supports at least one strongly bound state of extension of the order
of the van der Waals length b ≃ (mC6/ħ2)1/4 and therefore of binding energy ≈ ħ2/mb2

and, in the case of a scattering length a > 0 as in the figure, a last energy level of extension
a (of binding energy ħ2/ma2) on “the verge of disappearing” (here m↑ = m↓ = m as in the
experiments); if a were large but negative (|a| ≫ b, a < 0), this weakly bound state would
be on “the verge of appearing”. (b) The strongly bound dimer state can be populated by
three-body collisions, which causes particle losses in the Fermi gas, known as three-body
losses (the collision products carry away the considerable binding energy ≈ ħ2/mb2 in the
form of kinetic energy and leave the trap). The arrows represent the linear momenta before
and after the collision.

The study of this system, though gaseous, is made non-trivial by the interaction strength. For
example, since kF|a| ≈ 1, where kF = (3π2ρ)1/3 is the Fermi wave number, the superfluid transi-
tion temperature is a priori of the order of the Fermi temperature TF = EF/kB (there is no other
scale available than the Fermi energy EF =ħ2k2

F/2m) and will be difficult to calculate accurately:
BCS theory will be qualitative at best, and quantum Monte Carlo methods are difficult to apply to
fermions; the challenge has, however, been met by reference [19], in the symmetric case of equal
masses and chemical potentials in the two components, where Monte Carlo methods free of the
famous “sign problem” exist.

3. Open questions from a microscopic point of view

In this section, fermion interactions are replaced in a zero-range limit by contact conditions
on the N -body wave function, the Hamiltonian operator then reducing to that of the ideal gas
(Wigner–Bethe–Peierls model [20,21]).
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Figure 2. Photograph of the Fermi gas showing the positions (stars) of the N fermions, as
would be obtained with a quantum gas microscope, in the limit of an interaction range
b → 0 (for illustrative purposes, we have surrounded each star with a circle of diameter b).
(a) Typical case: the particles are separated by a distance ≫ b and do not interact. This
sets the Hamiltonian operator (9) of the Wigner–Bethe–Peierls model. (b) Case where two
particles ↑ and ↓, well separated from the others, undergo a binary collision. This sets the
contact conditions (17) of the model. (c) Case of an isolated ternary collision. This raises
the question of the need for three-body contact conditions.

3.1. Defining the Wigner–Bethe–Peierls model

To build the model, let’s start from the simple perception that a photograph of the gas would
give us, i.e. a measurement of the positions of the N fermions, as quantum gas microscopes have
recently been able to do in the homogeneous case [22]. In the limit where the interaction range b
tends to zero, the typical photograph looks like Figure 2a: the fermions are separated two by two
by a distance ≫ b and the interaction potential V (ri −r j ) is negligible. The N -body wave function
obeys in this case the stationary Schrödinger equation

Eψ= Hideal gasψ (8)

with the Hamiltonian operator of the ideal gas, the sum of the kinetic energy p2/2mσ and
trapping Uσ(r) terms in each internal state σ:

Hideal gas =
N↑∑

i=1

(
p2

i

2m↑
+U↑(ri )

)
+

N∑
j=N↑+1

(
p2

j

2m↓
+U↓(r j )

)
(9)

It is convenient here to number the particles so that the first N↑ are in internal state ↑ and the
last N↓ are in internal state ↓; the wave function ψ(r1, . . . ,rN ) is then an antisymmetric function
of the first N↑ positions and an antisymmetric function of the last N↓ positions. Some pictures,
however, will resemble Figure 2b: two fermions i and j , of different internal states, respectively
↑ and ↓, are separated from the others by a distance ≫ b but are separated from each other by a
distance ≈ b and are therefore affected by the interaction potential V (ri − r j ). The correct way of
looking at this is to say that i and j are undergoing isolated two-body scattering in the gas, which
has two consequences, one qualitative, the other quantitative.

Qualitatively, we understand that in our very low density gas (in the sense of ρb3 ≪ 1), it is
better to characterize the interaction between ↑ and ↓ by its two-body scattering amplitude, more
generally by a transmission operator known as the T matrix, than by the function V (r) itself; as
the interaction occurs in the s wave, the scattering amplitude f is isotropic and depends only on
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the relative wave number krel of the two particles; in the limit b → 0 at a fixed scattering length a,
we then have the low-energy expansion5

fkrel =
−1

a−1 + ikrel − (1/2)k2
relre +O(k3

relb
2)

(10)

We assume in the following that the effective range re of the interaction is O(b) and therefore
becomes negligible as b → 0 6. So the scattering amplitude reduces to the universal form for a
contact interaction

f contact
krel

= −1

a−1 + ikrel
(11)

Quantitatively, we expect the two nearby ↑ and ↓ fermions to decouple from the N −2 others
in the N -body wave function, in the sense that

ψ(r1, . . . ,rN ) ≃
ri j =O(b)

φ(ri − r j )Ai j (Ri j ; (rk )k ̸=i , j ) (12)

where Ri j = (m↑ri + m↓r j )/(m↑ + m↓) is the center of mass position of the particles i and j ,
ri j = ri − r j is their relative position, (rk )k ̸=i , j is the (N − 2)-uplet of the positions of the other
particles, the function Ai j is generally not known, andφ(r) is a two-body scattering state, solution
of Schrödinger equation

εφ(r) =− ħ2

2mrel
∆φ(r)+V (r)φ(r) (13)

for the relative motion of mass mrel = m↑m↓/(m↑+m↓) at an energy ε given in reference [24] (see
its Equation (85)) but which we will retain only as ≈ħ2k2

typ/2mrel, where the typical wave number
ktyp in the gas is of the order of kF for T =O(TF). In the limit b → 0, it is in fact sufficient to analyze
Equation (13) in the interval

b ≪ r ≪ k−1
typ (14)

with the case r ≤ b providing only non-universal details of the interaction and the case r > k−1
typ

invalidating the factorization (12) (the pair i j is no longer well isolated as in the photo in
Figure 2b). The first inequality in Equation (14) allows V (r) to be set to zero in the right-hand
side, and the second allows energy ε to be set to zero in the left-hand side of Equation (13), hence
the simplified Schrödinger equation

0 =− ħ2

2mrel
∆φ(r) (15)

Its general solution in the s wave (rotationally symmetric) is a linear combination of the constant
solution 1 (the incoming wave of zero energy) and the Coulomb solution (the scattered wave)
with a relative amplitude fixed by V (r) at short distances:

φ(r) =N
(
1− a

r

)
= 1

a
− 1

r
(16)

By definition, see Jan Solovej’s contribution [17], the quantity a is the scattering length of the
potential. In the third expression, we have chosen the convenient normalization (factor N taken
equal to 1/a in the second expression) to have a finite result at the a−1 = 0 scattering resonance.

5If V (r) decays faster than 1/r 7 at infinity, we can put an O(k4
relb

3) in the denominator.
6Experimentally, however, there are so-called narrow magnetic Feshbach resonances, for which negative re is gigantic

on the atomic scale and can be of the order of 1/kF, due to an unusually weak coupling between the open and closed
channels of our note 4, see reference [23]. These resonances are difficult to use, as they require very good control of the
magnetic field. The existence of a non-zero effective range as b → 0, however, has the advantage of stabilizing the gas in
the unstable regime of Section 3.2 (the spectrum remains bounded from below and the three-body loss rate (6) tends to
zero), and should enable the preparation and observation of long-lived Efimovian bound states, provided the mass ratio
m↑/m↓ is large enough. The experiment remains to be done.
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We thus arrive naturally at the definition of the Wigner–Bethe–Peierls model for our three-
dimensional system of (N↑, N↓) two-component fermions with zero-range interaction and s-wave
scattering length a ̸= 0:

(1) the Hamiltonian operator is the same as that of the ideal gas, as in Equations (8), (9)
(2) there is fermionic antisymmetry of the state vector ψ for the first N↑ and for the last N↓

positions
(3) the interaction is described not by a potential V but by the following contact conditions

onψ: for any index i ∈ {1, . . . , N↑} and any index j ∈ {N↑+1, . . . , N = N↑+N↓}, there exists a
function Ai j such that7

ψ(r1, . . . ,rN ) =
ri j →0

Ai j (Ri j , (rk )k ̸=i , j )

(
1

ri j
− 1

a

)
+O(ri j ) (17)

where the distance ri j between particles i and j tends to zero at fixed positions of their
center of mass Ri j and other particles rk , with the constraints Ri j ̸= rk∀k ̸= i , j and the
rk two-by-two distinct (as in Figure 2b).

Mathematically, point 3 means that the domain of the Hamiltonian operator is not the same as
that of the ideal gas: in the absence of interaction (a = 0), we rightly eliminate solutions that
diverge as 1/ri j , as stated in any good book on quantum mechanics. That’s the only difference,
but it’s a big one8!

Figure 2c, which shows a trio of atoms in close proximity, well separated from the others and
undergoing three-body scattering, raises a legitimate question: should we complete the model
with three-body contact conditions? four-body? etc. Answer in the next section.

3.2. Questions of existence

It is not obvious that the Wigner–Bethe–Peierls model, as defined on page 433, leads to a
self-adjoint Hamiltonian (without additional contact conditions) and, above all, to an energy
spectrum bounded from below. In fact, we have boldly stretched an energy scale to −∞, the
−ħ2/mrelb

2 scale associated with the interaction range, by taking the b → 0 limit at a fixed
scattering length a, i.e. without letting the interaction strength tend to zero, which could cause
the system to collapse, as in the well-known Thomas effect in nuclear physics [26]!

The discussion becomes clearer in the special case a−1 = 0, known as the unitary limit (the
scattering amplitude (11) of the model reaches the maximum modulus k−1

rel allowed in the s wave
by the unitarity of the scattering matrix S), as the contact conditions (17) become scale invariant
(this is also the most interesting and open regime, because it corresponds to a maximally
interacting gas phase). For simplicity’s sake, let’s restrict ourselves to E = 0 energy eigenstates
in free space, with the center of mass of the N fermions at rest. As there is no external energy
or potential to introduce a length scale, we expect the eigenstate ψ to be scale invariant, i.e. a

7The functions Ai j are not independent. Fermionic antisymmetry dictates that Ai j (Ri j , (rk )k ̸=i , j ) =
(−1)i−1(−1) j−(N↑+1) A1,N↑+1(Ri j , (rk )k ̸=i , j ) (to bring them to the first position in their respective internal states and thus

reveal the function A1,N↑+1, we had to pass ri through i − 1 position vectors of ↑ fermions and r j through j − (N↑ + 1)

position vectors of ↓ fermions, hence the signs).
8A key point is that the scattering state φ(r) = 1/r − 1/a is square-summable on a neighborhood of the origin,∫

r<rmax
d3r |φ(r)|2 <∞: there is therefore no cutoff to be put at short distance and a is the only length associated with

the interaction. The situation is different in waves of angular momentum l > 0: φ(r) = Y
ml

l
(θ,ϕ)(r l +a2l+1

gen /r l+1) (where

the parameter agen ̸= 0 generalizing a is a length and Y
ml

l
is a spherical harmonic) is then no longer square-summable,

and a cutoff and thus a second length must be introduced to characterize the interaction [25].
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homogeneous function of the coordinates (invariant up to a factor by the homothety ri → λri of
ratio λ applied to the N positions), of the form [27,28]

ψ(r1, . . . ,rN ) = R s− 3N−5
2 Φ(Ω) (18)

where (i) R is the internal hyperradius, the root-mean-square deviation of the mass-weighted
positions of the N particles relative to their center of mass C,

MR2 =
N∑

i=1
mi (ri −C)2 (19)

with M = ∑N
i=1 mi the total mass and MC = ∑N

i=1 mi ri ; (ii) the scaling exponent (the degree of
homogeneity) is conveniently defined by the quantity s after translation of (3N −5)/2—to reveal
an s ↔−s symmetry; (iii) Φ is an unknown function of the 3N −4 hyperangles completing R in
the parameterization of ri −C in hyperspherical coordinates. Carrying over the ansatz (18) into
the Schrödinger equation (8) (with E = 0 and Uσ ≡ 0 as mentioned) gives an eigenvalue equation
forΦ: [

−∆Ω+
(

3N −5

2

)2]
Φ(Ω) = s2Φ(Ω) (20)

whose eigenvalues are precisely s2! Since the Laplacian ∆Ω is taken on a compact, the unit
hypersphere S3N−4, the possible values of s2 form a discrete set, belonging to R if one assumes
that the Hamiltonian is Hermitian; we generally don’t know how to calculate them, because of
the difficult contact conditions (17) onΦ(Ω) 9.

In the following, we’ll simply write formally that s is the root of an even transcendental
function, the so-called Efimov function,

ΛN↑,N↓ (s) = 0 (21)

without specifying this function (the most direct way to obtain it is to impose the contact
conditions (17) on a Faddeev ansatz written in reciprocal space10, which leads to a Skorniakov–
Ter-Martirosian integral equation—here in the unitary limit at zero energy, in which we inject
the Fourier equivalent of ansatz (18); the resulting transcendental equation (21) can be written
explicitly for N = 3 [29], and is written as the determinant of an operator for N > 3, this
operator being given explicitly for N = 4 in sector (3,1) by reference [30] and in sector (2,2) by
reference [31]). We must now distinguish between two cases.

First case: s2 > 0. There are two possible values for the scaling exponent, one value > 0 which we
agree to call s, and the opposite value −s < 0. By a phenomenon similar to that of Equation (16),
ψ is in general a linear combination of two solutions, one containing a factor R s , the other con-
taining a factor R−s , the relative amplitudes being univocally fixed by a length ℓ (the equivalent

9On the other hand, contact conditions (17) do not constrain the dependence ofψon the hyperradius. This is because,
ifψ obeys the contact conditions, f (R)ψ also obeys them, provided that the factor f (R) is a regular function of R. Indeed,
in the limit ri j → 0 with Ri j and (rk )k ̸=i , j fixed, we have MR2 = mi (ri −C)2+m j (r j −C)2+const = mi r2

i +m j r2
j +const =

(mi +m j )R2
i j +mrelr

2
i j +const =O(r 2

i j )+const. Then (1/ri j −1/a)O(r 2
i j ) is O(ri j ) and negligible.

10Let’s briefly recall the construction of the ansatz. First, we write the Schrödinger equation for zero energy in the

sense of distributions, Hidealgasψ = ∑N↑
i=1

∑N
j=N↑+1(2πħ2/mrel)δ(ri j )Ai j (Ri j , (rk )k ̸=i , j ) where Dirac distributions arise

from the action of kinetic energy operators on singularities 1/ri j , by virtue of the Poisson equation ∆r(1/r ) = −4πδ(r),
and mrel is the reduced mass of two opposite-spin fermions as we said. We then take its Fourier transform (ψ → ψ̃,
∆r →−k2). Taking advantage of fermionic antisymmetry as in note 7 and of translational invariance (the center of mass

is at rest), we reduce to ψ̃(k1, . . . ,kN ) = (δ(k1 +·· ·+kN )/
∑N

n=1 ħ2k2
n /2mn )

∑N↑
i=1

∑N
j=N↑+1(−1)i+ j D((kn )n ̸=i , j ) where D is

the only unknown function (each Ai j is a function of the (rk −Ri j )k ̸=i , j of which D((kn )n ̸=i , j ) is the Fourier transform

up to a factor).
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of a in Equation (16)) determined by the microscopic details of the interaction at short distance
O(b) 11,12:

ψ= [
(R/ℓ)s − (R/ℓ)−s]R− 3N−5

2 Ψ(Ω) (22)

However, in the absence of N -body scattering resonance, ℓ=O(b) is expected, so that ℓ→ 0 when
b → 0: the solution R−s becomes negligible, length ℓ disappears from the problem and we keep
the following scale invariant N -body contact condition in the channel of scaling exponent s [32]:

ψ ≈
R→0

R s− 3N−5
2 (23)

The wave functionψ, considered as a function of R, is nodeless so energy E = 0 corresponds to the
ground state: there is no bound state (an eigenenergy E < 0 would tend to −∞ when b → 0)13,14.

Second case: s2 < 0. Here too, there are two possible values for the scaling exponent, one s = i|s|
in iR+, which we’ll call s, and the other, its conjugate complex −i|s|, or its opposite −s, in iR−. As
in the first case, we conclude that there is a length ℓ, a function of the microscopic details of the
interaction, setting the relative amplitude of the two solutions:

ψ= [
(R/ℓ)i|s|− (R/ℓ)−i|s|]R− 3N−5

2 Ψ(Ω) = 2isin[|s| ln(R/ℓ)]R− 3N−5
2 Ψ(Ω) (24)

This time, the two solutions have the same modulus, so we must keep them both (neither
outweighs the other in the limit b → 0)! The length ℓ does not disappear from the problem, but
defines in the limit b → 0 a N -body contact condition (24) which explicitly breaks the continuous
scale invariance of the unitary limit. Since ψ has an infinite number of nodes at an arbitrarily
large hyperdistance R—arbitrarily larger than the interaction range b—(see the third expression
in Equation (24)), there is an infinite number of N -body bound states under the E = 0 energy
solution; since the boundary condition (24) is invariant by changing ℓ into exp(±π/|s|)ℓ, we pass
from one N -body bound state to the other by a homothety of ratio exp(π/|s|): the corresponding

11Scattering state (16) corresponds to the case N = 2; then s = 1/2 and (3N − 5)/2 = 1/2, and ψ in Equation (22)
is indeed a linear combination of R0 and R−1; in this case, R ∝ r12 and Φ(Ω) = const in s wave. Explicit calculation
of expression (22) for N = 2 gives ψ ∝ (r12/ℓ̄)s−1/2 − (r12/ℓ̄)−s−1/2 with ℓ̄ = (m1 + m2)ℓ/(m1m2)1/2, which must be
proportional to the scattering state (16), hence the announced exponent value s = 1/2; the two-body parameter ℓ̄ is none
other than the scattering length a.

12A minus sign has been placed between the two bracketed terms in Equation (22); a plus sign would also be possible,
depending on the microscopic model.

13The special case of a (N↑, N↓)-body scattering resonance, where ℓ remains finite in the b → 0 limit, is treated in detail
in reference [33], which explains which N -body contact condition to use to correctly describe the resulting low-energy
bound state. Indeed, condition (22) already proposed in [27] is only satisfactory for s small enough (for s > 1, we can see
that state (22) is no longer square integrable near R = 0 and that a second length—a cutoff—must be introduced).

14On a narrow Feshbach resonance, see note 6, the effective range re is—for 1/a = 0—the only relevant length
scale when the true range b tends towards zero, so that the length ℓ is of the order of |re| ≫ b. The wave function
ψ in Equation (22) then admits a node far “outside” the interaction potential: the solution at E = 0 would not be of
minimum energy, and the system would admit a bound state of (N↑, N↓) fermions (with N > 2)! However, a specific
study of the case (N↑ = 2, N↓ = 1) shows that this is not true (as long as the mass ratio m↑/m↓ remains low enough for

s2 ≥ 0 of course) [29,34]. Should we be surprised? Let’s argue by contradiction. If there really were a bound state, it
would lead to a relative wave number krel ≈ 1/|re| between the fermions, the effective range term would not be negligible
in the denominator of the scattering amplitude (10) and we would lose scale invariance and therefore separability in
hyperspherical coordinates. Equation (22) would be inapplicable and the prediction of a bound state would be invalid.
More generally, in order to believe in (22)—this is a necessary condition, the hyperradius R must be much larger than any
length scale appearing in any subsystem (n↑,n↓) [with n↑ ≤ N↑, n↓ ≤ N↓ and n↑+n↓ < N↑+N↓ = N ], in particular R ≫ b
and R ≫ |re| for (n↑ = 1,n↓ = 1). Needless to say, the (N↑, N↓)-body resonance of note 13 does not call into question (22)
and the existence of a node at hyperdistance ℓ since the abnormally large ℓ≫ b length that appears does not pre-exist in
any subsystem.
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spectrum forms a geometric sequence of zero limit but it is not bounded below in the zero range
limit15,

En =−Eglobe−2πn/|s|, n ∈N∗, with Eglob ≈ħ2/Mb2 (25)

These N -body bound states, historically predicted by Efimov for N = 3, are said to be Efimovian.
It would be very interesting to stabilize them in a cold atom experiment (we unfortunately verify
that, if s ∈ iR+∗ in the problem with (2,1) fermions, which occurs for m↑/m↓ > 13.6069. . . as we
shall see, the three-body loss rate of Equation (6) does not tend to zero when b → 0, but rather to
a quantity proportional to ħk2

F/m in the homogeneous gas at T = 0, which is considerable), for
example using note 6.

But back to our mathematical problem: we conclude that the gas with (N↑, N↓) fermions is
stable for a zero-range ↑↓ interaction, and that the Hamiltonian of the Wigner–Bethe–Peierls
model is self-adjoint and bounded from below, if and only if the scaling exponents are all real:

s ∈R∗ ∀s solution ofΛN↑,N↓ (s) = 0 (26)

Of course, no gas subsystem (n↑,n↓) must exhibit an Efimov effect either, otherwise (i) a n↑+n↓ <
N↑+N↓-body parameter would have to be introduced as in Equation (24) and the scale invariance
at the origin of separability (18) and of result (26) would be broken—we would lose separability at
all distances, and (ii) the subsystem could collapse in the b → 0 limit of a zero range interaction
and the energy would not be bounded below. Without saying so, we have done a proof by
induction and the equivalent of the stability condition (26) must be satisfied for any number
n↑ ≤ N↑ and any number n↓ ≤ N↓.

Remark 1. We could add s = 0 in the third case: this is in fact precisely the threshold for an
Efimov effect. Expanding Equation (24) to first order in |s|, we find that

ψ∝ ln(R/ℓ)R− 3N−5
2 Φ(Ω) (27)

i.e. the length ℓ sets the relative amplitude of the solutions R−(3N−5)/2 and (lnR)R−(3N−5)/2.
This bears a striking resemblance to the definition of the scattering length of two particles in
dimension two, see for example reference [36] and Jan Solovej’s contribution [17]. However, in the
ℓ=O(b) case where we are, the length ℓ tends towards zero when b → 0, the first solution—with
coefficient ln(1/ℓ) →+∞—wins out over the second and we keep the N -body contact condition
in continuity with (23):

ψ ≈
R→0

R−(3N−5)/2 (28)

In the zero-range model, therefore, there is no breaking of scale invariance and no bound state at
the Efimovian threshold16,17.

15The precise expression of Eglob as a function of s and ℓ, and of the order of ħ2/Mb2 for ℓ≈ b, is given, for example,
in reference [35]. In Equation (25) we take n ≥ 1 (assuming exp(−2π/|s|) ≪ 1—otherwise the spectrum would not be
entirely geometric [29]) because the Wigner–Bethe–Peierls model can only be applied to a bound state of size ≫ b. We
can however have ℓ≈ |re|≫ b and Eglob ≈ħ2/Mr 2

e ≪ħ2/Mb2 on a narrow Feshbach resonance, see our note 6; even if it
is not obvious, the exclusion of n = 0 in (25) remains correct in this case [29,34]. This exclusion of n = 0 is consistent with
the absence of a bound state when s2 ≥ 0, see our note 14: on the Efimovian side, the whole discrete spectrum must tend
to zero when |s|→ 0 knowing that Eglob has a finite, non-zero limit.

16The considerations of note 14 apply at threshold. In particular, we must not believe in the bound state of energy
∝−ħ2/Mℓ2 that Equation (27) would lead us to predict: it would be of spatial extension ℓ and could not be described by
our zero-range model when ℓ≈ b; nor would it exist for (N↑ = 2, N↓ = 1) in the—apparently favourable—case of a narrow

Feshbach resonance where ℓ≈ |re|≫ b, see note 14 and references [29,34].
17The fact that ln(1/ℓ) tends slowly towards infinity when b → 0 is not without practical consequences: if we want to

compare with experiments, it is better to keep the contribution lnR in (27) [and the term (R/ℓ)−s in (22) for s > 0 close
enough to zero] to form the N -body contact condition. Thus, we find that the third cluster coefficient b2,1 defined in
Section 3.4 is actually a regular function of the mass ratio m↑/m↓ and therefore of s2, whereas it has an infinite derivative

at s2 = 0 in the zero-range model [35,37], hence in Equation (33).
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Remark 2. We’ve taken a =∞ here for simplicity, but if the system is unstable for a =∞, it will
remain so for finite a (all else being equal): the Efimovian N -mers of the unitary gas of size ≪|a|
(there are as many as you like for b → 0) make no difference between an infinite and a finite
scattering length a.

Complement. In the unitary limit, the present analysis generalizes to nonzero energy E (still with
the center of mass of the system at rest). Equation (18) becomes

ψ= F (R)R− 3N−5
2 Φ(Ω) (29)

(satisfying the Wigner–Bethe–Peierls contact conditions under note 9) with

EF (R) =− ħ2

2M
∆2DF (R)+ ħ2s2

2MR2 F (R) (30)

and ∆2D, the 2D Laplacian for variable R, reduces here (in the absence of angular dependence)
to d2/dR2 + R−1d/dR. The Efimovian case s2 < 0 therefore simply corresponds to the known
“fall to the center” problem in an attractive 1/R2 potential [38]. Separability in hyperspherical
coordinates (29) even extends to the trapped case [27,28], simply by adding the trapping term
(1/2)Mω2R2F (R) to the right-hand side of Equation (30), and making the substitution E →
E −Ecom, the eigenvalue of the equation for F (R) being the internal energy as opposed to that
Ecom of the center of mass. For s2 > 0, this leads to the spectrum

E −Ecom = (s +1+2q)ħω, q ∈N (31)

3.3. What is known on the stability domain

The problem of whether the stability condition (26) is satisfied can be tackled from two opposite
ends.

The first involves solving the problem with (N↑, N↓) fermions at E = 0 in the Wigner–Bethe–
Peierls model and calculating the scaling exponents s (we proceed analytically as far as possible,
but there is a final numerical step, at least for N > 3). To the best of our knowledge, this program
has been completed in fermionic problem (N↑ > 1, N↓ = 1) up to N↑ = 4, see Figure 3: in each case,
an Efimov effect is found to appear above a critical mass ratio m↑/m↓ (impurity ↓ must be light
enough), obviously a decreasing function of N↑ 18. We note that the successive critical mass ratios
get closer and closer together; mathematically, however, we don’t know whether this sequence
continues (is there an Efimov effect for (5,1) bodies? for (6,1) bodies? etc.). The (N↑ > 1, N↓ = 2)
case has been studied for N↑ = 2 by reference [31], which predicts stability as long as that the
subsystems (2,1) and (1,2) are stable.

At the second extreme, the aim is to constrain (rather than calculate) critical mass ratios,
by lower bounding the Hamiltonian spectrum. This is what reference [41] has done for the
(N↑, N↓ = 1) fermion problem: it demonstrates the magnificent

Theorem. There is a critical mass ratio m↑/m↓ =αc below which the fermionic system (N↑, N↓ = 1)
is stable ∀N↑ for a contact interaction, and αc > 1/0.36 = 2.77.

18Once we have an Efimov effect in the (N↑, N↓) fermionic problem, as we said below Equation (26), we lose scale
invariance and can no longer apply the reasoning behind Equations (18), (20) to the (N↑+1, N↓) or (N↑, N↓+1) fermionic
problem; in the latter case, there is no separability in (R,Ω) coordinates as in Equation (24), no geometric spectrum (25)
and, strictly speaking, no possible Efimov effect!
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Figure 3. Known results on the stability of the (N↑,1) system of N↑ spin ↑ fermions and
one spin ↓ fermion, for a zero-range interaction, as a function of the m↑/m↓ mass ratio
between a ↑particle and the ↓particle. Vertical arrows: critical values of m↑/m↓ (thresholds)
for the (N↑,1)-body Efimov effect obtained by solving the corresponding problem, see
references [39] for N↑ = 2, [30] for N↑ = 3, [40] for N↑ = 4; when m↑/m↓ exceeds these values,
the energy of the system is no longer bounded below. Vertical bar with horizontal arrow:
critical mass ratio αc, whose existence is established by the Moser–Seiringer theorem [41],
below which the system (N↑,1) is stable ∀N↑; the theorem does not give the exact value of
αc but a more restrictive lower bound, αc > 2.77, than that, m↑/m↓ = 1, of the cold-atom
experiments (a superiority of the latter, however, is that the unitary Fermi gas appears to be
stable, without collapse or significant three-body losses, for all values of N↑ and N↓).

3.4. Cluster or virial expansion

Some would argue that it is the macroscopic many-body problem that should ultimately be the
focus of our attention, rather than the few-body system. To which we reply that the latter can say
something about the former by means of cluster expansion, an expansion of the pressure P of
the homogeneous gas at grand-canonical thermal equilibrium in powers of the fugacities of the
components σ (the temperature T = 1/kBβ is fixed and the chemical potentials µσ tend to −∞,
which corresponds to a quantum non-degenerate limit):

P λ̄3

kBT
= ∑

(n↑,n↓)∈N2∗
bn↑,n↓eβµ↑n↑eβµ↓n↓ (32)

where the thermal de Broglie wavelength is taken at the arbitrary reference mass m̄, λ̄ =
(2πħ2/m̄kBT )1/2 19. The expansion (32), in recent literature, is often confused with the virial
expansion, which expands in powers of the phase space densities ρσλ3

σ (λσ = (2πħ2/mσkBT )1/2).
How to calculate the cluster coefficients bn↑,n↓? At the unitary limit a−1 = 0, the simplest way

is to use the harmonic regulator method of reference [43], which first places the system in the
harmonic traps Uσ(r) of Equation (2) and then, all calculations done, opens the traps to obtain the
homogeneous case from the local density approximation (exact in the limitω→ 0+). The trapped
problem is then separable in hyperspherical coordinates as in Section 3.2 and, if we know the
zero-energy free space scaling exponents s for all n↑ ≤ ntarget

↑ ,n↓ ≤ ntarget
↓ , we also know the energy

levels of the trapped system as in Equation (31), hence all the canonical partition functions Zn↑,n↓
and ultimately the coefficient bn

target
↑ ,n

target
↓

. As a result, the cluster coefficients must be functionals

of theΛn↑,n↓ of Equation (21). This is indeed what is predicted by the conjecture in reference [44],
claiming that, at the unitary limit,

bn↑,n↓ =
(n↑m↑+n↓m↓)3/2

m̄3/2

[∫ +∞

−∞
dS

4π
S

d

dS
(lnΛn↑,n↓ (iS))+CorrStatn↑,n↓

]
(33)

19Reference [42] uses the natural choice m̄3/2 = (m3/2
↑ + m3/2

↓ )/2 leading to a first total cluster coefficient b1 =
(b1,0 +b0,1)/2 equal to one.
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Figure 4. A possible asymptotic behavior of the unitary four-fermion problem (N↑ = 2, N↓ =
2) in harmonic potentials Uσ(r): two pairons oscillate furiously (with large-amplitude mo-
tions); fermions ↑ and ↓ in each pairon have relative energy O(1) (in ħω units if dimension
is to be respected) and remain strongly correlated; the two pairons have relative energy
→+∞ and are decoupled, so they can be seen as two identical bosons that have an inter-
nal structure (that of relative motion ↑↓ within a pairon) and do not interact. The quantum
statistical correction CorrStat2,2 is then non-zero in Equation (33).

for any (n↑,n↓) ∈N∗2 \ {1,1} 20. Here, the prefactor relates the homogeneous case to the trapped
case, and the first contribution in square brackets is modelled on the N = 3 result of refer-
ence [45]; the second contribution in square brackets is an ideal-gas quantum statistical cor-
rection originating from the indistinguishable non-monoatomic subclusters into which the in-
ternal eigenstates of the trapped system (n↑,n↓) decouple at high energy (the center of mass of
the system remains in its ground state).

Let’s explain this subcluster decoupling story a little better with some examples. If (n↑,n↓) =
(1,1), the eigenstates asymptotically (for arbitrarily large energy values) take the form of two
uncorrelated fermions ↑ and ↓ in large-amplitude oscillatory levels21; the subclusters being
monoatomic, we have CorrStat = 0. If (n↑,n↓) = (2,1), a new decoupling is possible, alongside that
into three decorrelated fermions: the particles can separate into an atom ↑ and a “pairon” ↑↓ of
strongly correlated fermions (the relative motion within the pairon remaining of low amplitude),
with highly excited oscillatory levels for the atom ↑ and for the center of mass of the pairon ↑↓;
the pairon is alone in its category, and we again have CorrStat = 0. The conclusion remains
the same for (n↑,n↓) = (3,1), except that the triplon ↑↑↓ appears as a new decoupled subcluster.
On the other hand, for (n↑,n↓) = (2,2), there is possible decoupling into two ↑↓ pairons of very
high relative energy, see Figure 4; they no longer interact but are indistinguishable and lead, like
identical bosons in an ideal gas, to a quantum statistical correction ignored by the integral over S
in Equation (33); the calculation gives CorrStat = 1/32 [44].

Conjecture (33) is well established for N = 3, by inverse application of the residue theorem,
which converts the sum over the spectra (31), i.e. over the roots s of Λn↑,n↓ , into an integral [45].
For N = 4, the analytical properties of function Λn↑,n↓ in the complex plane are not sufficiently
known to apply Cauchy’s theorem22; for the special case m↑/m↓ = 1, however, the conjecture

20Case (n↑ = 1,n↓ = 1) is different and must be excluded; it corresponds, contrary to what we have assumed, to a
N -body scattering resonance with N = 2 in s wave: in the unitary limit, we must keep only the solution R−s , s = 1/2, in
Equation (22), as if the right root ofΛ to keep was −s; in fact, the solution Rs corresponds to the regular part ∝ 1/a of the
zero-energy scattering state (see note 11 for further details).

21If the relative wavenumber krel → +∞, the scattering amplitude fkrel
→ 0 in Equation (11) so even at the unitary

limit, interactions become negligible.
22It must be possible to unfold the integration path surrounding the roots and poles of Λn↑ ,n↓ on the real axis onto

the imaginary axis without crossing any singularity—pole or branch cut—in the upper and lower half-planes.
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has been confirmed by a very accurate few-body quantum Monte Carlo calculation [46] (on
the other hand, the experimental values [47,48] are not confirmed, the problem arising from
the impossibility of obtaining the correct polynomial of degree 4 in z = exp(βµ) by fitting the
pressure P or density ρ measured on the experimentally accessible fugacity interval [49])23. The
proof of expression (33) in the general case therefore remains open. Another interesting question
concerns the behavior of the cluster coefficients bn↑,n↓ at large orders nσ→+∞, which is required
to perform an efficient summation of the series (32) after calculation of its first terms, in order to
extend its applicability to the degenerate regime T ≲ TF (for example, if the radius of convergence
is zero, one could implement a conformal Borel-type resummation as in references [50,51]).

4. Open questions from a macroscopic point of view

In this section, the interacting Fermi gas, considered in the thermodynamic limit and at non-
zero but arbitrarily low temperature, is described by an effective low-energy Hamiltonian theory,
Landau and Khalatnikov quantum hydrodynamics [52]24.

4.1. Overview of the considered superfluid regime

The three-dimensional system of fermions is here spatially homogeneous (in a quantization
volume [0,L]3 close to the thermodynamic limit, which is taken at the end of the calculations),
with particles of equal mass m↑ = m↓ = m in both internal states, spin-unpolarized (there are
the same number of particles in both components, N↑ = N↓, to allow complete pairing) and at
canonical thermal equilibrium in a low-temperature limit (T ̸= 0 but T → 0).

Under these conditions, (i) fermions assemble into bound pairs ↑↓ in the s wave; in the
presence of Fermi seas in both internal states, this is what the attractive interaction between ↑
and ↓ in Section 3 leads to, via the famous Cooper mechanism; this is true even for a negative
scattering length a, where there is no ↑↓ bound state in free space, although the size of a pair
tends to +∞ as a → 0− (in the a > 0 case, a dimer state does exist and, not surprisingly, this is
what the bound pair state reduces to in the low-density limit ρ → 0)25; (ii) these bound pairs,
being composite bosons of sorts, form a condensate in the mode of wave vector Kpair = 0 of their
center of mass (of coherence length limited by the size of the box, infinite at the thermodynamic
limit) and a superfluid.

As a result, we expect the system to have, in its ground state, a branch of acoustic excitation
(by sound waves) that starts out linear in wavenumber q with a cubic correction,

ωq =
q→0

cq

[
1+ γ

8

( ħq

mc

)2

+O(q4 ln q)

]
(34)

23References [47,48] have access only to the fourth total cluster coefficient b4 = (b4,0+b3,1+b2,2+b1,3+b0,4)/2, which
prohibits a comparison with the conjecture (33) sector by sector.

24The term “quantum hydrodynamics”, in non-linear physics, is understood in contrast to classical fluid hydrody-
namics and refers to an Euler equation for a real-valued rather than operator-valued velocity field v(r) with a ∝ħ2 quan-
tum pressure term, which allows to describe the motion of quantum vortices—with quantized circulation—in the super-
fluid (like the Gross–Pitaevskii equation for the wave function of a Bose condensate written in terms of density and phase
gradient). Here, the name is to be taken in the sense of the second quantization, the velocity field now being operator-
valued v̂(r).

25It is not entirely obvious that the Wigner–Bethe–Peierls contact interaction is attractive. To see this, we obtain
it as the continuous limit b → 0 of a model on a cubic lattice bZ3 with a coupling ∝ ħ2/mb2 between neighboring
sites (to represent the kinetic energy) and an on-site interaction g0/b3; at a fixed scattering length a ̸= 0, we find that
g0 ≈ −ħ2b/m < 0 as b → 0 (the bare coupling constant g0 is therefore, in the resonant scattering regime b ≪ |a|, quite
different from the effective coupling constant g = 4πħ2a/m) [53].
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Figure 5. Energy of different types of excitations of an unpolarized homogeneous two-
component Fermi gas at zero temperature, as a function of their wave number q or k.
(a) Acoustic excitation branch ħωq of linear departure ħcq (c is the speed of sound),
bounded at the top by the broken-pair continuum (hatched area). Here, the branch
tangentially reaches the lower edge of the continuum at the terminal point of wave number
qmax. (b) Dispersion relation εk of a fermionic quasiparticle χ (see text). Under the effect of
a percussive excitation of wave vector q, a bound pair ↑↓ of the pair condensate, initially at
rest, dissociates into two fermionic quasiparticles χ of opposite spins, wave vectors k and
k′ = q−k and energies εk and εk′ ; as vector k is not constrained (no conservation of energy
for a percussive excitation), a continuum of final energies {εk + εq−k,k ∈ R3} appears. For
the interaction strength chosen in the figure (|∆|/µ = 0.84 or 1/kFa ≃ −0.16 according to
BCS theory, with µ the chemical potential of the gas and ∆ the complex order parameter
of the pair condensate), the acoustic branch is concave at low q (γ < 0 in Equation (34))
and the dispersion relation εk has a minimum Epair/2 at k = k0 > 0; the lower edge of the
continuum is therefore exactly Epair, at least as long as one can have k = k ′ = k0, i.e. as
long as q = |k+k′| ≤ 2k0. The approximate dispersion relations shown are derived from
BCS theory for εk and Anderson’s RPA for ħωq. Depending on the interaction strength,
the domain of existence in q of the acoustic branch may also be non-compact, connected
q ∈ ]0,+∞ [ or not q ∈ ]0, qmax[

⋃
]qmin,+∞ [ (qmin > qmax) [56]; the concavity of the branch

is also variable [57]; finally, k0 = 0 and Epair = 2(µ2 + |∆|2)1/2 if µ < 0, k0 = (2mµ)1/2/ħ and
Epair = 2|∆| otherwise.

and this branch to be energy-limited at the top by the broken-pair continuum, with a lower
edge of the continuum given by the pair binding energy Epair, as in Figure 5a. Here ωq is the
angular eigenfrequency at wave vector q, c is the speed of sound at zero temperature and the
curvature parameter γ is scaled so that it tends to one in the limit kFa → 0+ of a weakly interacting
condensed gas of dimers (in agreement with Bogolioubov theory)26. The acoustic branch is
often referred to as Goldstone [55], because it is associated with U (1) symmetry breaking in pair
condensation; its Higgs counterpart is discussed in Section 5.

In the following, our low-temperature regime satisfies two conditions:

0 < kBT ≪ mc2 and 0 < kBT ≪ Epair (35)

The first ensures that only the linear part of the acoustic branch is thermally populated, the
second that there is a negligible density of broken pairs (according to Boltzmann’s law, this
density has an activation factor exp(−Epair/2kBT ), the fragments resulting from the dissociation
of a bound pair—the χ fermionic quasiparticles in Figure 5b—individually having a minimum

26Our sign convention on γ differs from that used in liquid helium-4, see reference [54].
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energy Epair/2). Our system then reduces to a thermal gas of phonons, if we agree to call the
quanta of the acoustic branch as such (in view of its linear departure)27.

This raises three types of partially open questions:

(1) as we shall see, phonons (abbreviated to φ) interact, the underlying Fermi superfluid
constituting a nonlinear medium for sound. What are the effects of these interactions
on phonons of wave vector q? In particular, they are expected to damp with a rate Γq(T )
and to undergo a thermal angular frequency shift ∆q(T ) (we don’t count the shift at zero
temperature, which by definition gives rise to the spectrum (34)—the neglected term
q5 ln q arises precisely from the cross-effect of interactions and quantum fluctuations
in the phonon field [62,63])28.

(2) what are the consequences of phonon collisional dynamics on the evolution of a partic-
ularly interesting macroscopic gas variable, the phase operator φ̂0(t ) of the pair conden-
sate?

(3) we enrich the problem by considering the partially polarized case N↑ ̸= N↓. In the weakly
polarized case, e.g. N↑−N↓ =O(1), the unpaired supernumerary fermions of the majority
spin component form, in the interacting gas, fermionic quasiparticles (abbreviated to
χ) with a dispersion relation εk different from those of the free fermions: it has a non-
zero minimum, i.e. a gap, given by half the binding energy of a pair ↑↓, where it varies
quadratically with the wave number k (see Figure 5b). The question then arises of the
φ−χ and of theχ−χ interactions; in particular, disagreement persists over the expression
of the low-energy φ−χ scattering amplitude (references [64] and [65] differ)29. In the
highly polarized case, where N↑ − N↓ is extensive like N , it is expected that T = 0 pair
condensation may take place in a plane-wave superposition of their center of mass
(rather than in Kpair = 0 as assumed here), see references [66,67], giving rise to a spatially
modulated superfluid (a supersolid following the fashionable terminology), with an
imperfectly known domain of existence in parameter space ((N↑−N↓)/N ,1/kFa,T /TF),
the problem being complicated by its high sensitivity to thermal fluctuations [68] (there
are as yet no experimental results in three-dimensional cold atom gases [69]).

The most interesting case for points 1 and 2 is that of a concave acoustic branch, γ < 0 in
Equation (34), very different from the fairly well-known weakly interacting Bose gas (where
γ ≃ 1 > 0 as we said)30. In particular, phonon damping for γ < 0 can only occur at T ̸= 0, since

27Equation (34) holds only for a short-range interaction V (ri j ), decreasing fast enough when ri j →+∞. In the case
of a dipolar interaction, as in gases of cold magnetic atoms, the speed of sound is anisotropic [58], see also Wilhelm
Zwerger’s contribution to this special issue [59] and Jean Dalibard’s 2023-2024 lecture at the Collège de France [60]. In the
case of a Coulomb interaction, as in superconducting electron gases, the acoustic branch gives way to a gapped plasmon
branch (ωq has a positive limit at q = 0) [61]. Here, our atoms are neutral and of negligible dipole moment.

28In the convex case γ> 0, it is accompanied—still at T = 0—by a non-zero imaginary part ≈ q5, corresponding to the
Beliaev damping mechanism q → k,k′, see below.

29This problem is relevant for superfluid helium-4, whose excitation branch also has a quadratic minimum, the roton
minimum; our φ−χ scattering problem is therefore formally equivalent to the roton–phonon scattering already studied
in reference [52], with the difference that rotons are bosons. The predictions of [52] are, however, incomplete and at odds
with [64,65].

30Qualitatively, the case γ< 0 is obtained when the binding energy Epair is low enough: if we reduce Epair, the broken
pair continuum in Figure 5a lowers, pushes on the acoustic branch and eventually bends it downwards. This is what
happens in the BCS limit kFa → 0− where Epair/mc2 = O(exp(−π/2kF|a|)) tends rapidly to zero; it no longer happens in

the BEC limit kFa → 0+ where Epair ∼ Edim =ħ2/ma2 ≫ mc2. It is not clear on which side of the unitary limit 1/kFa = 0
(i.e. for which sign of the scattering length a) the curvature parameter γ changes sign, see Section 5. Given the shape of
the lower continuum edge in Figure 5a—regardless of the sign of γ, the repulsion effect on the acoustic branch is strongest
at large q and weakest at small q (where the energy difference between the continuum edge and the branch is greatest).
We therefore expect to have an interval of values of 1/kFa over which the branch is convex at small q and concave at large
q [57].

152



Yvan Castin 443

the decay of a phonon into any number n > 1 of phonons is forbidden by energy–momentum
conservation for a concave acoustic branch; at the leading order in temperature, it results for
the same reason from the φφ→ φφ four-phonon processes of Landau and Khalatnikov [52] (for
γ > 0 it results from the Beliaev φ → φφ or Landau φφ → φ three-phonon processes [70,71]).
To our knowledge, this four-phonon damping has not yet been observed experimentally in any
system. It could be observed in a Fermi gas of cold atoms in a box trap [72]. It could also be
observed in superfluid helium-4 (a liquid of bosons) if the pressure is increased sufficiently to
make γ< 0 (the roton minimum is lowered, which ends up making the acoustic branch concave
at low q) and if the temperature is lowered sufficiently to reduce the density of rotons (through
the activation factor exp(−Eroton/kBT )) and make the parasitic damping of phonons by rotons
negligible [73]31.

4.2. Which macroscopic theory to use?

An effective low-energy theory gives up describing the system below a certain length scale ℓ; on
the other hand, the theory is expected to be accurate at long wavelengths, in this case at leading
order in temperature. Under these conditions, it is legitimate to cut the gas into portions of size
ℓ, for example into cubic boxes of side ℓ centered on the cubic lattice ℓZ3, see Figure 6. Let’s set
out some constraints on the choice of ℓ:

(1) we must have ℓ≫ ξ (here ξ = ħ/mc is the so-called healing or correlation length of the
superfluid) and ρℓ3 ≫ 1 (there are a large number of fermions per site) so that (i) each
cubic portion can be considered mesoscopic with a well-defined equation of state linking
pressure or chemical potential to density (as is the case in the thermodynamic limit), and
(ii) the lattice spacing ℓ provides a wave number cutoff π/ℓ ≪ mc/ħ to the phononic
excitations of the gas, restricting them to the quasi-linear part of the branch (34), which
is universal because it is described by two parameters, c and γ.

(2) we must have kBT ≪ħcπ/ℓ (this is the energy of the ground phonon mode in a portion)
so that we can consider that (i) each portion is at zero temperature, and (ii) each portion
is spatially homogeneous on the scale of the typical wavelength q−1

th =ħc/kBT of thermal
sound waves.

(3) it is also necessary that ℓ≪ ℓcoh where ℓcoh is the coherence length of the fermion pairs,
so that the notion of global phase φ̂ makes sense in each portion (as for a condensate).
This constraint is inoperative here since ℓcoh ≈ L (bound pairs are condensed in 3D).

We can then represent the system by two field operators, the density field ρ̂(r) and the phase field
φ̂(r′), with r,r′ ∈ ℓZ3; these are canonically conjugate variables,

[ρ̂(r)ℓ3, φ̂(r′)] = iδr,r′ (36)

as if φ̂ were a momentum operator and ρ̂ℓ3 a position operator in ordinary quantum mechan-
ics [52,75]32. The phase field gives access to the velocity field by simple differentiation (this is a

31In liquid helium-4, four-phonon scattering processes between intentionally produced (non-thermal) phonon
beams have already been the subject of theoretical and experimental studies [74].

32These historical references use a continuous space description for simplicity. The need to discretize the space to
avoid infinities and make the theory renormalizable is emphasized in publication [76]. Here, we sweep these difficulties
under the carpet; for example, we do not distinguish in (38) between the notion of bare equation of state e0,0(ρ)—which
enters the Hamiltonian—and true or effective equation of state e0(ρ)—which is observed in an experiment.
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Figure 6. Cutting the gas into mesoscopic cubic portions of side ℓ, in the quantum hydro-
dynamics of Landau and Khalatnikov (this effective theory does not describe length scales
< ℓ). See text for choice of ℓ.

discrete gradient)33:

v̂(r) = ħ
m

grad φ̂(r) (37)

The Hamiltonian is obtained by summing the internal energy and the kinetic energy associated
with the local fluid velocity in each portion:

H =∑
r

1

2
mv̂(r) · ρ̂(r)ℓ3v̂(r)+ℓ3e0(ρ̂(r)) (38)

Here, e0(ρ) is the zero-temperature energy density of the homogeneous Fermi gas with density
ρ, and mρ̂(r)ℓ3 is the amount of matter (the mass) in the portion centered at r. The equations of
motion for ρ̂ and v̂ in the Heisenberg picture, derived from the Hamiltonian H , take the form of
a continuity equation and an operator-valued Euler equation (without viscosity term)34, hence
the name quantum hydrodynamics given to the theory (with the risk of confusion pointed out in
note 24).

As you will have gathered, the great strength of this effective theory is that it does not depend
on the nature of the bosonic or fermionic particles constituting the underlying superfluid, nor
on their interactions (strong or weak, in liquid or gas phase) as long as they remain short-range,
except through the equation of state e0(ρ) and the curvature parameter γ at zero temperature. It
therefore applies equally well to weakly interacting Bose gases, strongly interacting Fermi gases
and liquid helium-4 (an extremely dense system that defies microscopic theory).

However, the formalism can only be trusted in a low-temperature limit, T → 0, where spatial
density fluctuations and phase gradients are small; Equation (38) must therefore be expanded to
the relevant order (here, fourth order) in powers of

δρ̂(r) ≡ ρ̂(r)− ρ̂0 and δφ̂(r) ≡ φ̂(r)− φ̂0 (39)

33The fact that the velocity field operator is a gradient vector in no way implies that the flow is entirely superfluid (this
would be physically false even at thermal equilibrium, at non-zero temperature). Let’s explain this in two points. (i) Don’t
confuse the v̂(r) operator of quantum hydrodynamics (which contains all possible quantum and thermal fluctuations)
with the v(r) mean velocity field of ordinary hydrodynamics; in particular, whether or not the flow is superfluid depends
on whether or not v(r) (without hat) is irrotational. (ii) In general, we have v(r) ̸= 〈v̂(r)〉 where the expectation value
is taken in the quantum state of the system, since v(r) is defined in terms of the mean matter current density, v(r) =
〈ĵ(r)〉/〈ρ̂(r)〉 with here ĵ(r) = [ρ̂(r)v̂(r)+ v̂(r)ρ̂(r)]/2 (by definition, the evolution equation of ρ̂ in the Heisenberg picture
is written ∂t ρ̂+div ĵ = 0 and that for the mean density ρ(r) = 〈ρ̂(r)〉 is written ∂tρ+div(ρv) = 0); it would therefore be
wrong to believe that v(r) = (ħ/m)grad〈[φ̂(r)− φ̂(r0)]〉 (where r0 is an arbitrary reference position) and deduce that v(r) is
necessarily a gradient vector.

34See note 33 for the equation for ρ̂(r). The equation for v̂(r) is obtained by taking the gradient of that for φ̂(r),
ħ∂t φ̂=−µ0(ρ̂)−mv̂2/2, where µ0(ρ) is the zero-temperature chemical potential function, as in Equation (43).
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where ρ̂0 and φ̂0 are the zero-wave-vector Fourier components of the fields ρ̂(r) and φ̂(r) (physi-
cally, ρ̂0 = N̂ /L3, where N̂ is the total number of fermions operator, L3 is the volume of the quanti-
zation box [0,L]3 and φ̂0 is the phase operator of the pair condensate [76]). The expanded Hamil-
tonian is formally written as

H = H0 +H2 +H3 +H4 +·· · (40)

where Hn is the contribution of total degree n in δρ̂ and δφ̂.
The 0-order contribution H0 is a constant of little interest; the 1-order contribution is exactly

zero (because
∑

rℓ
3δρ̂(r) = 0 by construction) and has been omitted directly from Equation (40).

The quadratic contribution H2 is diagonalized by a Bogolioubov transformation35:

H2 = const+ ∑
k̸=0

ħωkb̂†
kb̂k (41)

where the creation b̂†
k and annihilation b̂k operators of an elementary excitation (a phonon) of

wave vector k obey the usual bosonic commutation relations

[b̂k, b̂k′ ] = 0 and [b̂k, b̂†
k′ ] = δk,k′ (42)

The spectrum obtained here is exactly linear, ωk = ck, with the speed of sound given by

mc2 = ρ d2

dρ2 e0(ρ) = ρ d

dρ
µ0(ρ) (43)

where µ0(ρ) is the zero-temperature chemical potential of the Fermi gas with density ρ. The
relation (43) is exact (it’s well known from superfluid hydrodynamics [75]), but the systematic
absence of curvature in the spectrum is not physically realistic: this pathology stems from the
fact that we have omitted so-called gradient corrections [77] from Hamiltonian H ; to simplify, as
illustrious predecessors [52] have done, we replaceωk in H2 by hand with its cubic approximation
(34), which is justified by reference [78].

The approximation H2 corresponds to an ideal gas of phonons, and cannot describe sound
attenuation. The interaction between phonons that causes their damping comes from the cubic
contribution H3 and the quartic contribution H4. For the sake of simplicity, we give here only the
expression of the most useful part of H3, simplified to make the physics clear:

H3|simpl =
A

2L3/2

∑
k,k′,q

(kk ′q)1/2b̂†
kb̂†

k′ b̂qδk+k′,q + (k ′kq)1/2b̂†
k′ b̂kb̂qδk′,k+q +·· · (44)

with the constant amplitude (independent of the wave numbers) as a factor,

A = (ξ/2)3/2ρ−1/2
[

3mc2 +ρ2 d3

dρ3 e0(ρ)

]
(45)

and ξ=ħ/mc as before36. The ellipse in Equation (44) contains terms b̂†b̂†b̂† and b̂b̂b̂ of no great
importance, as they do not conserve the energy H2. The terms b̂†b̂†b̂ and b̂†b̂b̂, on the other
hand, are central to damping: they correspond respectively to the Beliaev process (phonon q
decays into two phonons k and k′) and to the Landau process (phonon q merges with a phonon

35This transformation corresponds to the modal expansions δρ̂(r) = L−3/2 ∑
k̸=0ρk(b̂k + b̂†

−k)exp(ik · r) and δφ̂(r) =
L−3/2 ∑

k̸=0φk(b̂k − b̂†
−k)exp(ik · r) where ρk = (ħρk/2mc)1/2 and φk = (−i)(mc/2ħρk)1/2 are the amplitudes of the

quantum fluctuations of density and phase in the phonon mode of wave vector k. Note the relation −iωkδρk −
ρ(ħ/m)k2φk = 0 imposed by the linearized continuity equation.

36The true coupling amplitude depends on the angles between the three wave vectors ki involved; as damping is
actually dominated at low temperatures by processes at small angles between wave vectors, due to the small denominator
effect described below, we have written the amplitude directly at zero angles ki ·k j /ki k j = 1.
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k to form a single phonon k′), which can be represented diagrammatically as follows, where the
phonon whose damping we are studying plays a privileged role:

(46)

As H3 is cubic, each vertex of the diagram representing its action is the meeting point of three
phonon lines. We could proceed in the same way with H4 (the vertices would be four lines), but
we won’t do so, as quartic processes generally play a sub-dominant role in damping compared
with cubic processes (for example, in the four-phonon dampingφφ→φφ forγ< 0, the amplitude
of the direct process k,q → k′,k′′ induced by H4 in first-order perturbation theory is in practice
negligible compared to that of the indirect process of the same initial and final state k,q → k+q →
k′,k′′ induced by H3 treated in second-order, due to the appearance in the latter of a very small
energy denominator at small angles between k and q)37.

4.3. How to calculate phonon damping?

Let’s imagine that we apply a short pulse of Bragg excitation to the gas, initially at thermal
equilibrium, inducing a small coherent Glauber displacement of amplitudeα ∈C∗ in the phonon
mode of wave vector q without affecting the other modes, which corresponds to the unitary
evolution operator Uexc = exp(αb̂†

q −α∗b̂q) 38. Immediately after excitation, we have a non-zero
mean for the corresponding annihilation operator:

〈b̂q(0+)〉 =α ̸= 0 (47)

This leads to an observable modulation of the mean gas density at wave vectors ±q since
〈δρ̂(r,0+)〉, a linear combination of 〈b̂k(0+)〉 and 〈b̂†

k(0+)〉 as in note 35, is then ̸= 0.
In the limit α→ 0, i.e. in the linear response regime, the many-body Green’s function formal-

ism applied to the effective low-energy theory, hence to the phonon Hamiltonian (40) (rather
than to a microscopic description of the Fermi gas with interaction potential V (ri j ) as refer-
ences [75,80] for example do), leads to the exact expression

〈b̂q(t )〉 t>0= αe−iωqt
∫

C+

dζ

2iπ

e−iζt/ħ

ζ−Σq(ζ)
(48)

In this expression, C+ is the integration path parallel to the real axis in the upper complex half-
plane, followed from right to left (from Reζ = +∞ to Reζ = −∞), see Figure 7, and Σq(ζ) is the
self-energy at wave vector q and complex energy ζ 39, which is not known explictly but is defined
by its perturbative expansion to all orders in the phonon–phonon interaction. Here, we restrict

37This energy denominator ħωq+ħωk−ħωk+q would be exactly zero at zero angle without the curvature terms in the

dispersion relation (34), which incidentally shows the singularity of a γ= 0 theory (to which we’ll return in Section 4.3).
38In a cold atom experiment, Bragg excitation is induced by the superposition of two far off-resonance laser beams

of wave vectors k1 and k2 with k1 −k2 = q; even if the ±q acoustic modes are initially empty (ħωq ≫ kBT ) and can only
receive phonons, Raman (two-photon) processes—absorption of a photon in one laser beam, stimulated emission in the
other—induce ±ħ(k1 −k2) =±ħq momentum changes in the Fermi gas and generally excite the two modes; however, the
duration of the Bragg excitation can be adjusted so that the −q mode emerges intact from the excitation procedure [79].

39In comparison with the usual energy variable z (of reference [80], for example), the energy variable used here is
shifted by the unperturbed energy of mode q, ζ = z −ħωq. This explains why we were able to take out the unperturbed
phase factor in (48) and why Σq(ζ) is taken at ζ = i0+ in the approximation (50) to come (it actually corresponds to

z =ħωq + i0+).
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Figure 7. Integration path in the complex plane followed by Equation (48).

ourselves to the cubic interaction H3 (see Section 4.2) and the expansion takes the following
diagrammatic form

(49)

where the integer n gives the order in H3 [63]. We only indicate the topology; it remains to sum
over all possible non-redundant orientations of the internal lines, see example of diagram section
(46)40; a precise value can then be assigned to each diagram, involving a sum over the wave
vectors and Matsubara frequencies of the internal lines [80].

In order to obtain explicit results for the damping, we traditionally perform the following two
approximations41:

(1) the Markov approximation (the phonon gas seen by mode q constitutes a reservoir with
no memory, i.e. with negligible correlation time): we ignore the energy dependence of
the self-energy as follows (see note 39),

Σq(ζ) ≃Σq(i0+) (50)

The integral in Equation (48) is then calculated by the residue theorem (one closes the
contour with an infinite semicircle in the lower complex half-plane),

〈b̂q(t )〉|Markov
t≥0= αe−iωqt e−iΣq(i0+)t/ħ (51)

The signal decay in this case is exponential, with a rate corresponding to the imaginary
part of Σq(i0+) (the real part gives the change in the mode angular frequency).

40In the first diagram of (49) (with one loop), (i) orienting the top line to the right and the bottom line to the left and (ii)
orienting the top line to the left and the bottom line to the right correspond to the same contribution, by invariance of the
diagram by angle π rotation around its horizontal axis. The same applies to the inner loop of the second diagram in (49),
which is locally rotationally symmetric. For the same reason of rotational symmetry (this time global) of the diagrams
of order n = 4, we decide, in order to avoid double counting, to put the inner loop in the upper branch and, in the third
diagram of (49), to orient the bridge downwards.

41Our effective theory being exact to the leading order in temperature, we use it only in the T → 0 limit, fixing the
ratio q̄ = ħcq/kBT so that the mode q is also described exactly. We then have ωq/Γth →+∞ where Γth = Γq=kBT /ħc is
the thermalization rate of the phonon gas and Γq is the function (52), since the exponent ν introduced in Figure 8 on
page 450 is always > 1, see Table 1 on page 451: the thermalization rate Γth tends towards zero faster than the angular
eigenfrequency ωq and the mode by definition enters the collisionless regime. In the opposite, hydrodynamic regime
ωq ≪ Γth, the phonon gas has time to reach local thermal equilibrium at each oscillation point of the sound wave q, and

damping is described by viscosity-type coefficients in the classical hydrodynamic equations of a two-fluid model [81].
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(2) Born approximation: ImΣq(i0+) is calculated perturbatively to leading order n in H3. The
damping rate of phonon q is then42,43

Γq|Born–Markov =− 2

ħ ImΣ(n)
q (i0+) (52)

where the exponent gives the order in H3. In the case of a convex acoustic branch
(γ> 0) in 3D, it’s sufficient to go to order n = 2: this is the three-phonon Beliaev–Landau
damping, much studied theoretically and observed in liquid helium-4 [83,84] and, to
a lesser extent, in bosonic cold-atom gases, only Beliaev damping having been seen
there [85]. In the concave case (γ< 0), we need to go to order n = 4 (the first contribution
in Equation (49) is purely real for ζ = i0+ because its energy denominators, of the form
ħωq +ħωk −ħωk+q and ħωq − (ħωk +ħωq−k), cannot vanish, but the next two are not in
φφ→ φφ processes); this case has been little studied theoretically (reference [78] noted
and corrected an error in the original calculation [52], and reference [86] obtained a much
more explicit expression of the result, even generalizing it to a non-zero phonon chemical
potential µφ)44 and it has, to our knowledge, never been observed experimentally (no

precise measurement of Γγ<0
q has been made in any system).

Let’s determine the validity of the Born approximation by means of the estimate of order
n ∈ 2N∗ given in reference [63]:

Σ(n)
q (i0+) ≈

∫ (
n/2∏
i=1

dd ki

)
〈 |Ld/2H3| 〉n

(∆E)n−1 ≈ |γ|T 3

(
ϵdD = T 2d−4

|γ|(5−d)/2

)n/2

(53)

where d ≥ 2 is the dimension of space. The writing in the second expression symbolically
represents the product of n matrix elements of the cubic phonon interaction in the numerator
and the product of n − 1 energy denominators (associated with n − 1 intermediate states) in
the denominator, and the integral is taken over the independent phonon wave vectors ki . The
order of magnitude in the third expression is obtained as in reference [63] by restricting to the
small O(|γ|1/2T ) angles between ki and q, which is legitimate when T → 0 [52]; we omit here
the dependence in the density ρ, in ξ = ħ/mc and in the coupling constant A of Equation (45),
unlike reference [63], but we keep that in the curvature parameter γ, as we will soon link γ and T .

42To shed further light on the approximation (52), let’s point out for n = 2 that it can be obtained by the quantum
master equation method well known in quantum optics (we obtain a closed evolution equation for the density operator
ρ̂S (t ) of a small system S—here the phonon mode q—coupled to a large reservoir R—here the other phonon modes
k ̸= q, by resorting to the Born–Markov approximation) [36,82] or, more simply, using Fermi’s golden rule (we calculate

d〈n̂q〉/dt , where 〈n̂q〉 = 〈b̂†
qb̂q〉 is the mean number of phonons in the non-equilibrium mode q, by summing the

incoming fluxes—population processes k,k′ → q and k′ → k,q—and outgoing fluxes—inverse depopulation processes
q → k,k′ and q,k → k′—and linearizing just after the Bragg excitation, as (d/dt )δnq(t = 0+) = −Γqδnq(t = 0+), where
δnq(t ) ≡ 〈nq〉(t )− n̄q is the deviation from thermal equilibrium). For n = 4, we find the same result (52) by extending

Fermi’s golden rule to higher orders [38].
43There’s a little mathematical subtlety here: if the leading order n is ≥ 4, the Markov approximation must no longer

simply replace Σq(ζ) with Σq(i0+) but must approximate it by a Taylor expansion around ζ= i0+. For example, for n = 4,

we takeΣq(ζ) ≃Σq(i0+)+ζ(d/dζ)Σq(i0+) so that at order 4 in H3, ζ−Σq(ζ) ≃ [1−(d/dζ)Σq(i0+)][ζ−Σ(2)
q (i0+)−Σ(4)eff

q (i0+)]

with Σ(4)eff
q (i0+) = Σ(4)

q (i0+) + Σ(2)
q (i0+)(d/dζ)Σ(2)

q (i0+). Then replace Σ(4)
q (i0+) with Σ(4)eff

q (i0+) in the damping rate

expression (52). In the three-dimensional concave case, this makes no difference to Γq|Born–Markov, since (d/dζ)Σ(2)
q (i0+)

is a real quantity, as is Σ(2)
q (i0+); in the two-dimensional concave case, the conclusion is less obvious but remains the

same, see note 48. On the other hand, this substitution must be made in the calculation of the thermal angular frequency

shift ∆q of the mode, ħ∆q|Born–Markov = Re[Σ(2)
q (i0+)+Σ(4)eff

q (i0+)]− idem at T = 0.
44If we restrict ourselves at low temperature to the leading collisional processes φφ → φφ, the phonon number

becomes a conserved quantity, allowing us to take µφ < 0.
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In short, the Born expansion is legitimate in dimension d = 3 if its small parameter tends to zero
at low temperature:

ϵ3D = T 2

|γ| →
T→0

0. (54)

To discuss the validity of the Markov approximation, we assume that the behavior of the self-
energy in the vicinity of ζ = i0+ is characterized by two exponents, ν and σ, the one giving the
typical values ∝ T ν of its imaginary part and the one giving its typical scale of variation ∝ Tσ, as
in Figure 8 45,46. From Equation (52), we therefore have

Γq ≈
T→0

T ν (55)

The function Σq(ζ) then has a slow (negligible) energy variation on the scale of the damping rate
(which is indeed the inverse of the characteristic time in Equation (48)) if it is wider than high,
which imposes

ν>σ (56)

The exponent ν is obtained by an explicit calculation of the right-hand side of Equation (52) in the
limit T → 0, as was done in reference [78] for the three-dimensional case47 and in reference [63]
for the two-dimensional convex case; more simply, we can use the estimate (53) with n = 2 if γ> 0
and d ∈ {2,3}, n = 4 if γ< 0 and d = 3 48. The exponent σ is obtained by generalizing the previous

45The exponents introduced here differ by one unit from those in reference [63] due to a different choice of
convention.

46For the sake of clarity, we have assumed in Figure 8 that the function shown has a maximum at the origin.
This is not necessarily true (the two-dimensional convex case of reference [63] provides a counter-example, see its
Equation (114)). The true definition of exponents ν and σ is that the scaled function ImΣq(ζ = ζ̄mc2(kBT /mc2)σ)/

[mc2(kBT /mc2)ν] has a finite, non-zero limit as T → 0 with fixed reduced complex energy ζ̄ (Im ζ̄> 0).
47The historical reference [52] for fixed γ < 0 also finds ν = 7 but the q dependence of Γq is different, e.g. Γq ≈ qT 6

in [52] instead of q3T 4 in [78] as q → 0.
48For fixed γ < 0 and d = 2, Alice Sinatra obtained in 2021, in the formulation of references [72,78], the unpublished

result that ImΣ(n=4)
q (i0+) = 0 at order T 3 (the expected leading order in temperature). To see this, it is actually simpler

to use expressions (84) and (85) in reference [63]: (i) in (84), we can ignore processes φ↔ φφφ and restrict ourselves to
process φφ→ φφ (second contribution), the only one conserving energy–momentum; (ii) in the integrand of (85), we
are entitled to replace ζ by 0 in the numerator of the large fraction for the similar reason that processes φ↔ φφ do not
conserve energy–momentum—this makes the numerator real; (iii) we then check that, if the scaled energy difference
∆E/[kBT (kBT /mc2)2] next to i0+ vanishes in the denominator of the large fraction, as required by the Dirac distribution
δ(∆E) of the generalized Fermi golden rule [38], the numerator also vanishes (we show this by formally replacing γ in the
numerator by its ∆E-cancelling expression, a rational function of the moduli and angles of the phonon wavevectors). In
other words, the limit at ζ = 0 (but also at ζ = −∆E) of the transition amplitude in the numerator of the large fraction,
considered as a rational fraction of the angles, can be written ∆E ×P/Q, where the polynomials ∆E , P and Q are two by
two coprime.
However, this reasoning neglects possible edge effects in the integral on phonon wave numbers, in the sense of refer-

ence [87], where one of the wave numbers tends to zero, which makes one of the energy denominators of the φ↔ φφ

processes tend to zero. Including these edge effects, we find that the processes φ→ φφφ, φφ→ φφ and φφφ→ φ, ab-

breviated as 1 → 3, 2 → 2 and 3 → 1 in reference [63], each make a non-zero contribution to ImΣ(n=4)
q (i0+) at order T 3,

but the sum of these contributions is exactly zero (the contribution of the edge q ′
1 + q ′

2 = q in 2 → 2, i.e. C
∫ q̄

0 dk̄ (n̄lin
k +

n̄lin
q−k +1)k̄(q̄ − k̄)/q̄ , is exactly offset by 1 → 3, and that of the edges q ′

1 = 0 and q ′
2 = 0 as a whole, i.e. 2C

∫ +∞
q̄ dk̄ (n̄lin

k−q −
n̄lin

k )k̄(k̄ − q̄)/q̄ , is exactly offset by 3 → 1; here, k̄ = ħck/kBT , n̄lin
k = 1/(exp k̄ − 1), Λ = ρ2((d3/dρ3)e0(ρ))/

(3mc2) and C = kBT (kBT /mc2)2[9(1+Λ)2/8ρξ2]2/[π(3γ)2]).

The conclusion is not changed by the correction Σ(2)
q (i0+)(d/dζ)Σ(2)

q (i0+) of our note 43, as we find that factors Σ(2)
q (i0+)

and (d/dζ)Σ(2)
q (i0+) are both real. This was obvious for the first factor (the edge effects it presents in 1D [87] are suppressed

in 2D by a lowering of the phonon density of states at low wavenumber). This was not the case for the second factor:
because of edge effects in the integration over k (see Equation (39) in reference [63]), the Beliaev and Landau processes

each give a non-zero contribution to Im(d/dζ)Σ(2)
q (i0+) (it is 2[9(1+Λ)2/8ρξ2]/[q̄(3|γ|)3/2] for Landau at temperature

leading order) but these contributions are exactly opposite, in particular because the energy denominators εq−(εk+εq−k)
and εq +εk −εq+k are opposite ∼ ∓ħck[1− (vq /c)cosθ] at leading order in k (vq = dεq/ħdq is the group velocity and θ
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Figure 8. In the limit T → 0, the order of magnitude and typical width of function ImΣq(ζ)
near ζ = i0+ are assumed to be characterized by two power laws in temperature, with ex-
ponents ν and σ (taking into account a possible temperature dependence of the curvature
parameter γ).

estimate to the case ζ ̸= 0, i.e. by adding ζ to ∆E in (53); however, in an expansion at small angles
between ki and q, the part of ∆E linear in the wave numbers vanishes, leaving only the cubic
contributions ≈ γT 3, so that, independently of the dimension of space d ,

1

ζ+∆E
≈ 1

ζ+γT 3 and therefore Tσ ≈ |γ|T 3 (57)

taking into account the dependence on the parameter γ, which—as we said—may vary with tem-
perature. The resulting validity condition T ν = o(γT 3) in (56) can be given a simple interpreta-
tion: in the limit T → 0 taken with the scaling law q ≈ T , the damping rate Γq must tend to zero
faster than the q3 term in ωq,

Γq
ħcq/kBT fixed=

T→0
o(ω(3)

q ) with ω(3)
q = γmc2(qξ)3/8ħ (58)

which is the true mark of the Markovian nature of damping (rather than the naive perturbative
condition Γq = o(ωq)).

The situation is summarized in Table 1 below49. The Born–Markov approximation is therefore
usable in dimension 3, except over a narrow interval of values of γ, of width ≈ (kBT /mc2)2 around
γ = 0; for γ = 0, the phonon dispersion relation (34) deviates quintically from the linear law cq ,
which is obviously a special case.

is the angle between k and q) and enter the derivative of the Dirac distribution δ′(ε), which is an odd function of its
argument.

The two-dimensional concave case is therefore special: the quantity ImΣ(4)eff
q (i0+) of note 43—considered at all

temperature orders—does not give the correct temperature scaling law ∝ T 3 of the self-energy at fourth order in H3
on a O(T 3) neighborhood of ζ = i0+; nor does it give the damping rate Γq, since the Born and Markov approximations
fail, as in the two-dimensional convex case (see the last line of our Table 1). Note, however, still for γ< 0, that the limiting
case ρξ2 →+∞ of a very weakly interacting underlying superfluid must be set apart as there we have the additional small
parameter 1/ρξ2 helping validity of Markov (as in Section 3.2 of reference [63]) and Born (as in Equation (17) of the same
reference); this limiting case is inaccessible in a gas of spin-1/2 fermions with contact interaction—we have ρξ2 = O(1)
when γ< 0 [88]—but it is in a Bose gas with an interaction range ≳ ξ as considered in reference [78].

49In the third row of the table, possible logarithmic factors ln(1/T ) are omitted for simplicity. These factors arise from
the fact that, for scaling laws γ∝ T 2 and q ∝ T , the terms q3 and q5 ln q are of the same order of magnitude in the
dispersion relation (34): in this low curvature regime, the logarithmico-quintic contribution to ωq is no longer a small

correction and must be kept.
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Table 1. In the study of phonon damping in a superfluid, validity of the Born–Markov
approximation in the low-temperature limit T → 0 depending on the dimension of space
d and the curvature parameter γ of the acoustic branch (more precisely, its sign and its
temperature dependence, the third line holding regardless of the sign of γ).

ν σ Markov ϵdD Born
d = 3,γ> 0 fixed 5 3 yes ≈ T 2 → 0 yes
d = 3,γ< 0 fixed 7 3 yes ≈ T 2 → 0 yes
d = 3,γ=O(T 2) 5 5 no ≈ T 0 ̸→ 0 no
d = 2,γ> 0 fixed 3 3 no ≈ T 0 ̸→ 0 no

The exponents ν and σ used in the definition (56) of the Markovian regime are shown in
Figure 8, and the small parameter of the Born expansion ϵdD is given in Equation (53).

The precise calculation of the damping rate Γq (or what takes its place for non-exponential
decay, such as the inverse of the width of |〈b̂q(t )〉|2 at relative height 1/e) for these small values
of curvature is, to our knowledge, an open question; it is of great experimental relevance, as the
interaction strength leading to γ= 0 seems to be close to the unitary limit (see reference [57] and
our Section 5.1), the preferred point for cold atom experiments in a regime of fairly high values of
Tc/TF and collisional properties conducive to evaporative cooling [18].

For good measure, we have also considered the two-dimensional convex case in Table 1: the
Born–Markov approximation fails here, and reference [63] had to resort to a non-perturbative
heuristic approximation on the self-energy Σq(ζ) to reach good agreement with classical field
simulations (quantum hydrodynamics operators b̂q, b̂†

q replaced by complex numbers bq,b∗
q )

in the weakly interacting regime ρξ2 ≫ 1 of the underlying bosonic superfluid, where a small
parameter was thought to be available and to ensure the success of Fermi’s golden rule even in
the kBT /mc2 → 0 limit (this reasonable expectation, confirmed in Section 3.2 of reference [63]
to order two in H3, is invalidated in Section 4.3 of the same reference by a calculation to order
four)50.

4.4. Phase diffusion of the pair condensate

A fundamental and practical question concerns the coherence time of the pair condensate at
thermal equilibrium in a Fermi gas perfectly isolated from its environment.

For an infinite unpolarized system of ↑ and ↓ fermions, the coherence time is infinite, as
asserted by the U (1) symmetry-breaking phenomenon: in the grand canonical ensemble (term
−µN̂ added to the Hamiltonian of the Fermi gas where µ is the chemical potential and N̂ the total

50We haven’t even mentioned the very special case of dimension d = 1, where two wave vectors make a very small
angle (zero!) as soon as they are in the same direction. Let’s just say that the Born small parameter is still given by
Equation (53), even though this equation was obtained under the assumption d ≥ 2. Restoring the density dependence
as in [63], we find more precisely ϵ1D = 1/[γ2ρξ(kBT /mc2)2], the prefactor in (53) being written γ(kBT )3/(mc2)2. In
the low-temperature limit kBT /mc2 → 0 at ρξ fixed considered here, ϵ1D →+∞ and we must immediately resort to non-
perturbative approximations onΣq(ζ) and Γq, such as the self-consistent calculation of references [89,90]. In the opposite

weakly-interacting limitρξ→+∞ at kBT /mc2 fixed, ϵ1D → 0 and we can use Fermi’s golden rule as in reference [87]; more
precisely, we expect the validity condition of the golden rule to be written as ρξ(kBT /mc2)2 ≫φ1D(q̄) whereφ1D is some
function of q̄ = ħcq/kBT , forgetting the γ dependence for simplicity (at a fixed q̄ , the Born approximation imposes this

condition, but the Markov approximation is then also satisfied because we have ħΓq|golden
rule ≈ γ[(kBT )3/(mc2)2]ϵ1D ≈

kBT /(γρξ) ≪ ∆E ≈ γ(kBT )3/(mc2)2 where ∆E , the typical Beliaev–Landau energy denominator, gives the width in ζ of
the self-energy as in Equation (57)). In 2D, as shown in reference [63], the perturbative H3-expansion of the self-energy is
subject to a similar validity condition, ρξ2(kBT /mc2)2 ≫φ2D(q̄), see its Equation (96), which, unlike the 1D case, is not
obtained by simple power counting.
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number of particles operator), the complex order parameter ∆(r, t ) is uniform and constant; in
the canonical ensemble, it therefore evolves with the undamped phase factor exp(−2iµt/ħ) 51,
advancing at the immutable angular frequency 2µ/ħ; in any case, the coherence time is infinite.

What about a finite size system (quantization box [0,L]3, fixed total number of fermions N )?
To find out, let’s follow reference [76] and write the evolution equation for the condensate phase
operator, which we denote φ̂0 as in Equation (39), in the quantum hydrodynamics regime52:

−ħ d

dt
φ̂0 =µ0(ρ)+ ∑

q̸=0
b̂†

qb̂q
d

dN
(ħωq) ≡ µ̂ (59)

In the second expression, µ0(ρ) = dE0/dN is the chemical potential of the N fermions in the
ground state of energy E0 at density ρ, and the sum over q can be interpreted as the adiabatic
derivative (meaning at fixed number operators b̂†

qb̂q of the phonon modes) with respect to N
of the corresponding sum in the phonon Hamiltonian H2 (41). The second expression as a
whole is therefore the isentropic derivative of the Hamiltonian with respect to the total number
of particles. In this sense, it is a chemical potential operator for the fermions, hence the
notation µ̂ in the third expression, and Equation (59) is a quantum version of the famous second
Josephson relation, linking the time derivative of the (classical) phase of the order parameter to
the equilibrium chemical potential µ.

In a given realization of the experiment, which we assume to correspond to a N -body eigen-
state |ψλ〉 of energy Eλ sampling the canonical ensemble, the occupation numbers b̂†

qb̂q fluctu-
ate and decorrelate under the effect of incessant collisions between phonons due in particular to
H3, see Equation (44). At times long enough for a large number of collisions to have taken place,
we therefore expect a diffusive spreading of the condensate phase, the variance of the random
phase shift increasing linearly with time:

Varλ[φ̂0(t )− φ̂0(0)] ∼
Γ
φ

collt≫1
2Dλt (60)

with a subintensive diffusion coefficient Dλ, i.e. ≈ 1/N in the thermodynamic limit. Here
Γ
φ

coll = Γq=kBT /ħc is the typical collision rate between thermal phonons (the function Γq is that
of Equation (52)). The spreading (60) induces an exponential loss of temporal coherence of rate
Dλ, by virtue of Wick’s relation (the phase shift statistic in |ψλ〉 is expected to be approximately
Gaussian [91]),〈

exp{−i[φ̂0(t )− φ̂0(0)]}
〉
λ ≃ exp[−i〈φ̂0(t )− φ̂0(0)〉λ]exp{− 1

2 Varλ[φ̂0(t )− φ̂0(0)]}

≃
Γ
φ

collt≫1
exp[−i〈µ̂〉λt/ħ]exp(−Dλt ) (61)

which is confirmed by the resolvent analysis of reference [76]53.
In the case γ> 0 of a convex acoustic branch, the situation resembles that of weakly interacting

Bose condensates well studied in reference [95]: the dominant collisions are the three-phonon
Beliaev–Landau ones φ↔ φφ, and Dλ has been calculated for the low-temperature Fermi pair

51There is a factor of 2 under the exponential because∆ is a pair-order parameter whereas µ is the chemical potential
of the fermions. There is no factor of 2 in Equation (59) because the phase operator φ̂0 is conjugate to the fermion density.

52To obtain this equation, we had to eliminate b̂qb̂−q and b̂†
qb̂†−q terms by temporal smoothing; this is of no

consequence, as they oscillate with a period ≈ ħ/kBT much shorter than the collisional timescales of interest here (see
below) and automatically average to zero.

53If we assume that the interacting phonon gas is an ergodic quantum system [92,93], the mean 〈µ̂〉λ in the steady
state |ψλ〉 depends only on the two conserved quantities, the energy E and the number of particles N , and coincides
for a large system with the microcanonical chemical potential µmc(E = Eλ, N ). If the energy E fluctuates from one
realization of the experiment to the next around the mean value Ē , as in the canonical ensemble, the phase factor
in the third expression of Equation (61) fluctuates and leads to a Gaussian-in-time loss of coherence: linearization of
µmc(E , N ) around Ē gives Var[φ̂0(t )− φ̂0(0)] ∼ [∂Eµmc(Ē , N )]2(VarE)t 2/ħ2, a parasitic effect ≈ t 2/N rapidly masking the
phase diffusion (60) ≈ t/N [94].
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condensate in reference [86]; we give here a simplified expression, keeping only the scaling laws
in N , T and γ (under the assumption γ=O(1)):

Dγ>0
λ

≈ N−1T 4γ0. (62)

There has been no experimental verification yet in cold atomic gases (the only quantum fluids
sufficiently well isolated for the condensate loss of coherence to be intrinsic), even for bosons.

In the concave case γ < 0, on the other hand, the question remains largely open. An attempt
to calculate Dλ in reference [86], taking into account only the Landau–Khalatnikov four-phonon
collision processes φφ→ φφ at small angles, of typical rate Γφcoll ∝ (kBT /mc2)7mc2/ħ|γ| ≈ T 7,
led to an infinite diffusion coefficient,

Dγ<0
λ

=+∞ (63)

more precisely to a superdiffusive spreading law (simplified as in (62))54

Varγ<0
λ

[φ̂0(t )− φ̂0(0)] ≈ N−1T 20/3|γ|1/3t 5/3 (64)

in particular because collisions φφ → φφ preserve the total number Nφ of phonons (unlike
φ ↔ φφ)55,56. To go beyond this and obtain the true (a priori finite) value of Dλ remains an
open question: one would have to take into account the subdominant five-phonon processes
φφ↔φφφwhich change Nφ and occur at a rate ≈ T 9 [96], of the same order of magnitude as that
of large-angle φφ→φφ processes [52,78], which is not easy57.

5. Open questions requiring a microscopic theory of the many-body problem

The quantum hydrodynamics of Section 4 is only a low-energy effective theory. It therefore has
limitations of two kinds, which we briefly review here, and which make it impossible to dispense
with a many-body microscopic calculation.

5.1. Determining the ingredients of quantum hydrodynamics

Quantum hydrodynamics involves two quantities that are external to it, the equation of state of
the unpolarized Fermi gas at zero temperature (through the energy density e0(ρ) or the chemical
potential µ0(ρ)—its derivative—at density ρ) and the curvature parameter γ of the acoustic
branch (34).

In the present case of equal mass m↑ = m↓ = m, the equation of state has been measured ex-
perimentally [48,97] and various approximate calculation methods give satisfactory results, such
as fixed-node diffusive quantum Monte Carlo [98,99] or the Gaussian fluctuations approximation
in a path integral formulation [100,101].

The situation is much more open for the curvature parameter γ. The Anderson random
phase approximation (RPA) [61], equivalent for this problem to the eigenfrequency calculation
of linearized time-dependent BCS equations or even to the more powerful Gaussian fluctuations

54In all cases, see Equations (62) and (64), we find that there is no phase spreading at the thermodynamic limit
N →+∞: in an isolated gas, the limited coherence time of the condensate is a finite-size effect.

55Nφ should then be added to the list of constants of motion, alongside E and N , in note 53.
56The fact that, for γ < 0, the phonon damping rate Γq tends towards zero as q3 (instead of q for γ > 0) also plays

a role; however, without the conservation of Nφ, it would lead to a marginally superdiffusive t ln t spreading law (see

Equation (C.20) of reference [86] and the morality stated below its Equation (72)).
57Publication [86], misunderstanding reference [96], had seen there a five-phonon damping rate scaling as T 11. The

error has been corrected here. Indeed, reference [96], considering a quasi-thermal equilibrium with a small non-zero
phonon chemical potential µφ → 0−, obtains the evolution equation L−3dNφ/dt = −Γφµφ for the average phonon

number, where Γφ ≈ T 11 is not the rate sought despite appearances; as L−3dNφ/dt ≈ T 2dµφ/dt for Bose’s law n̄q =
1/{exp[(ħcq −µφ)/kBT ]−1}, we actually have −dµφ/dt ∝ (Γφ/T 2)µφ, of rate ≈ T 9.
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approximation [100,102]58, leads to a fairly simple analytical expression of γ in terms of µ/|∆|
and (∂µ/∂|∆|)a , exact in the limit kFa → 0+ of a condensate of dimers (γ→ 1), reasonable in the
BCS limit kFa → 0− (γ→−∞ exponentially with 1/kF|a| since the acoustic branch is crushed by
the broken-pair continuum) and changing sign for |∆|/µ≃ 0.87, i.e. 1/kFa ≃−0.14 for the rather
approximate BCS equation of state, not far from the unitary limit in any case [57].

In particular, γ has the same positive value at the unitary limit in all three approaches (convex
acoustic branch at low q):

γRPA
a−1=0 ≃ 0.084 (65)

The error, however, is uncontrolled, and we’re not even sure of the sign.
A completely different method proceeds by extending the problem to an arbitrary spatial

dimension d and expanding around dimension four, in powers of the small parameter ϵ= 4−d .
At the unitary limit, it too predicts a convex branch at low q [104]59:

γdimension
a−1=0 = 1

3

[
1− 1

4
ϵ+O(ϵ2)

]
ϵ=1≃
d=3

1

4
> 0 (66)

Experimentally, a recent measurement of the acoustic branch by Bragg excitation in a cold-
atom Fermi gas leads, on the contrary, to a concave branch at the unitary limit [105]:

γ
exp
a−1=0

= 8µ

3EF
ζ≃ ζ with ζ=−0.085(8) < 0 (67)

where the ratio µ/EF is ≃ 3/8 for the ground-state unitary gas [48] and ζ is the acoustic-branch
curvature parameter for a rescaling of q by kF, ωq = cq(1+ ζq2/k2

F + ·· · ). The result (67) suffers
from two limitations [106]: (i) a cubic fit of the branch over an interval of rather high q values,
q/kF ∈ [0.29,1.63], rather than over a narrow neighborhood of q = 0 (for the RPA dispersion
relation, for example, which has an inflection point at q ≃ 0.5kF, such a fit, blindly mixing convex
and concave parts, would not give the right sign of γRPA

a−1=0
), and (ii) a relatively high temperature,

T = 0.128(8)TF ≃ 0.8Tc: even if we start from the RPA branch of parameter γ > 0 in the ground
state, quantum hydrodynamics predicts a thermal change δγth in curvature (by interaction of
the mode q with thermal phonons) negative enough to change its sign:

δγth ∼− 8π2

9(3µ/EF)1/2

(
T

TF

)2

≃−0.14 <−γRPA
a−1=0 (68)

The question of the sign of γ at the unitary limit, which crucially determines the three-phonon
(γ > 0) or four-phonon (γ < 0) nature of sound damping in the low-temperature collisionless
regime, therefore remains largely open60.

58These different approaches lead to exactly the same implicit equation linking angular eigenfrequencyωq, chemical
potential µ and order parameter ∆, and exactly the same equation linking µ,∆ and s-wave scattering length a [57]; they
differ only in the equation of state µ = µ0(ρ) linking µ to ρ in the ground state, the one of Gaussian fluctuations being
the most accurate. For example, at the unitary limit a−1 = 0, the approaches all give mc2/µ = 2/3 (this is exact by scale
invariance, µ0(ρ) ∝ ρ2/3 in Equation (43)), |∆|/µ≃ 1.16 (close to the experimental value 0.44EF/0.376EF ≃ 1.17 knowing
that |∆| = Epair/2 in these theories and that Epair/2EF ≃ 0.44 in the experiment [103]) but the ratio µ/EF ≃ 0.376 in the

experiment [48], very poorly reproduced ≃ 0.59 by RPA and BCS, is much better ≃ 0.40 in Gaussian fluctuations.
59We obtained expression (66) by directly inserting Equation (50) of reference [104] into the dispersion relation

(48) of the same reference and using the exact property mc2 = 2µ/3 due to scale invariance. Proceeding differently,
i.e. via its Equation (52) and its result c2/c1 = O(ϵ2) ≃ 0 with d = 3 in its Equation (48), we find the fairly close value
γdimension

a−1=0
= 8/45 ≃ 0.18.

60The damping studied experimentally in reference [107] is in the hydrodynamic regime, in the sense of note 41. This
reference therefore does not allow us to resolve the problem.
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5.2. Describing high-frequency modes

Quantum hydrodynamics, with its almost linear acoustic branch, cannot reliably describe the
sound waves of angular frequency ωq > mc2/ħ in the Fermi superfluid. Ignoring the composite
nature of bound pairs ↑↓, it is totally inapplicable to angular frequencies ω≈ Epair/ħ, where Epair

is the binding energy of a pair: at these frequencies, pairs can break into two fermionic excitations
χ (conservation of energy no longer prohibits this), see Figure 5a.

A microscopic description of the Fermi gas is then required. At zero temperature, the main
method available is that of the time-dependent BCS variational theory [108]. Its specialization to
the linear response regime yields the following eigenvalue equation for the energy z of the modes
of wave vector q:

det M(q, z) = 0 with M(q, z) =
(

M|∆||∆|(q, z) M|∆|θ(q, z)

Mθ|∆|(q, z) Mθθ(q, z)

)
(69)

where the coefficients of the 2×2 matrix correspond to a response in the modulus |∆| or in the
phase θ of the complex order parameter ∆(r, t ). In the weakly-interacting BCS limit kFa → 0−,
off-diagonal elements are usually (rightly) neglected and the dynamics decouples into modulus
and phase modes; in the general case, this distinction no longer applies.

The exploration of solutions to Equation (69) has begun. At a fixed wavenumber q , we find at
most one root under the edge εbord

q of the broken-pair continuum, the root ħωq of the acoustic
branch. On the interval z ∈ ]εbord

q ,+∞ [, the function det M(q, z) has a branch cut61, it is necessary
to add an infinitesimal shift i0+ to z to make sense of it; the function then acquires an imaginary
part, which cannot vanish simultaneously with the real part, and Equation (69) has no solution.
On the other hand, a complex zq with a non-infinitesimal < 0 imaginary part can be found, by
performing an analytic continuation of function z 7→ det M(q, z) from the upper half-plane to the
lower half-plane through its branch cut (indicated by arrow ↓ in the subscript):

detM↓(q, zq) = 0 with Im zq < 0 (70)

There is therefore a collective mode in the continuum, which decays exponentially in time
through the emission of broken pairs. The calculation was first performed in the BCS limit
kFa → 0−, both for neutral fermions and for electrons in a superconductor, in reference [109].
It was then generalized to fermionic cold-atom gases for arbitrary values of kFa, no longer
neglecting the off-diagonal elements M|∆|θ and Mθ|∆| [110,111]. The Andrianov–Popov branch
persists up to 1/kFa = 0.55 (point of zero chemical potential µ = 0 in BCS theory) and always
starts at 2|∆| quadratically in q with a complex coefficient:

zq
µ>0=
q→0

2|∆|+ζħ
2q2

4m∗
+O(q3) (Imζ< 0) (71)

where m∗ is the effective mass of a fermionic quasiparticle χ at the location k = k0 of its
energy minimum62. We have written 2|∆| here rather than Epair, where ∆ is the equilibrium
order parameter, even though BCS theory is unable to distinguish (we have exactly Epair = 2|∆|
for all µ > 0 in this theory), in order to evoke the Higgs mechanism [113] which we think

61The matrix elements of M(q, z) involve an integral over the wave vector k of one of the dissociation fragments of
a bound pair of the condensate, and the integrand contains the corresponding energy denominator z − (εk + εq−k); by

definition, the denominator vanishes when z belongs to the broken-pair continuum, see the legend to Figure 5.
62The effective mass is such that εk−Epair/2 ∼ħ2(k−k0)2/2m∗ as k → k0. Scaling by m∗ in Equation (71) ensures that

ζ has a finite, non-zero limit when kFa → 0− [109]. In this regime, the well-known reference [112] predicts an incorrect
behavior for zq at low q , with an imaginary part tending linearly to zero ∝ q , see its Equation (2.38). The quantity ζ here

has nothing to do with that in Equation (67), there is an unfortunate coincidence of notations.
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the collective mode of the continuum comes under [114]63; moreover, in the opposite limit
kFa → 0+ of a bosonic dimer condensate, where 2|∆| ≪ Epair ∼ 2|µ| ∼ ħ2/ma2 (this time we
have µ < 0), we do indeed find a collective excitation branch starting quadratically at 2|∆| and
not at Epair [111]. The extension of Equation (69) to non-zero temperature (beyond a simple
BCS-type mean-field generalization, perhaps insufficient64) remains to our knowledge an open
question.

From an experimental point of view, in cold atoms or superconductors, excitation at angular
frequencies ω> Epair/ħ has only been carried out at zero wavenumber, where there is, according
to zero temperature theories, no collective mode in the continuum, the spectral weight of the
mode tending to 0 as q → 0 [110]; at long times, we simply observe oscillations of the order
parameter at angular frequency Epair/ħ (this is the effect of the non-zero edge of the continuum),
which attenuate with a power law t−α [117,118] by the same mechanism as the spreading
of the Gaussian wave packet of a free particle in ordinary quantum mechanics (percussive
excitation creates a “wave packet” of broken pairs (k,−k) in the continuum, whose evolution
governed by the dispersion relation 2εk is effectively one-dimensional for k0 > 0 (µ> 0), in which
case α = 1/2 [119], and three-dimensional for k0 = 0 (µ < 0), in which case α = 3/2 [120])65.
The observation of the continuum mode (at q > 0) and the precise measurement of its dispersion
relation zq therefore remain to be done (hints are given in references [110,121]).
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Abstract. Transport in strongly correlated fermions cannot be understood by fermionic quasiparticles alone.
We present a theoretical framework for quantum transport that incorporates strong local correlations of
fermion pairs. These contact correlations add essential contributions to viscous, thermal and sound trans-
port coefficients. The bulk viscosity, in particular, receives its dominant contribution from pair excitations.
Moreover, it can be measured elegantly by observing the response to a time-dependent scattering length
even when the fluid is not moving. Rapid changes of the scattering length drive the system far out of lo-
cal equilibrium, and we show how it relaxes back to equilibrium following a hydrodynamic attractor before
a Navier–Stokes description becomes valid. This paper summarizes a talk given at the Symposium “Open
questions in the quantum many-body problem” at the Institut Henry Poincaré, Paris, in July 2024.

Résumé. Le transport dans les fermions fortement corrélés ne peut être compris par les seules quasipar-
ticules fermioniques. Nous présentons un cadre théorique pour le transport quantique qui incorpore les
fortes corrélations locales des paires de fermions. Ces corrélations de contact ajoutent des contributions
essentielles aux coefficients de transport visqueux, thermique et sonore. La viscosité de volume, en parti-
culier, reçoit sa contribution dominante des excitations de paires. En outre, elle peut être mesurée de ma-
nière élégante en observant la réponse à une longueur de diffusion dépendant du temps, même lorsque le
fluide n’est pas en mouvement. Des changements rapides de la longueur de diffusion éloignent le système
de l’équilibre local, et nous montrons comment il retourne à l’équilibre en suivant un attracteur hydrodyna-
mique avant qu’une description de Navier–Stokes ne devienne correcte. Cet article résume un exposé donné
au symposium « Open questions in the quantum many-body problem » à l’Institut Henri Poincaré, Paris, en
juillet 2024.
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1. Introduction

Resonantly interacting fermions are characterized by strong short-range correlations between ↑
and ↓ fermions (see Yvan Castin’s presentation in this volume). These correlations give rise to
remarkable transport properties that have been observed in experiments with ultracold Fermi

ISSN (electronic): 1878-1535 https://comptes-rendus.academie-sciences.fr/physique/

173

https://doi.org/10.5802/crphys.237
https://orcid.org/0000-0002-5334-2448
mailto:enss@thphys.uni-heidelberg.de
https://comptes-rendus.academie-sciences.fr/physique/


218 Tilman Enss

gases in recent years. Noteworthy examples include (i) dilute clouds of opposite spin bounce off
one another and create shock waves before they eventually merge diffusively [1]; (ii) the unitary
Fermi gas exhibits extremely low friction, given by the ratio of shear viscosity to entropy density
η/s ≳ 0.5ħ/kB , and thereby constitutes a nearly perfect fluid [2–4]; (iii) a quantum lower bound
on diffusivity D ≳ħ/m is observed for spin diffusion (i) [1, 5–9] and momentum diffusion (ii) but
also for thermal and sound diffusion [10–17]; (iv) several transport relaxation rates τ−1 ∼ kB T /ħ
scale proportional to temperature in the normal state above the superfluid critical temperature
Tc , reminiscent of quantum critical scaling [9, 13, 18, 19].

Important questions include how this collective behavior arises from the microscopic Hamil-
tonian and how to derive an effective description at large scales. Near equilibrium, hydrodynam-
ics works well as an effective description in the strongly correlated regime that is dominated by
frequent collisions. However, dissipative hydrodynamics requires the equation of state and the
transport cofficients as input, and their computation from first principles remains a challeng-
ing task. Explicit computations have shown quantum limited diffusion in many instances, but
a universal many-body mechanism for different microscopic models has not yet emerged. Be-
yond hydrodynamics, the short-time behavior and the approach to equilibrium can exhibit re-
laxation phenomena on different scales, for instance attractor behavior beyond a Navier–Stokes
description [20, 21].

2. Boltzmann kinetic theory

The dilute two-component Fermi gas is described by the Hamiltonian [22]

Ĥ =
∫

dd x
∑
σ=↑,↓

ψ†
σ(x)

(
−ħ2∇2

2m
−µσ

)
ψσ(x)+ g0

∫
dd xψ†

↑(x)ψ†
↓(x)ψ↓(x)ψ↑(x) (1)

for nonrelativistic fermions of mass m with an attractive short-range (contact) interaction. The
bare coupling strength g0 = [(4πħ2a/m)−1−mΛ/(2π2ħ2)]−1 in three dimensions is given in terms
of the low-energy s-wave scattering length a and a large-wavenumber cutoff Λ. In the following
we set ħ= 1.

The first approach to transport in a Fermi gas is by Boltzmann kinetic theory [23]. The single-
particle distribution function f (r,p, t ) evolves according to the Boltzmann equation

∂ f

∂t
+vp ·∇r f +F ·∇p f =

(
∂ f

∂t

)
coll

, (2)

where the left-hand side is the streaming term that includes mean-field interactions, while the
right-hand side denotes the collision integral(

∂ f1

∂t

)
coll

≃−
∫

dp2 dΩ
dσ

dΩ
|v1 −v2|[ f1 f2(1− f1′ )(1− f2′ )− (1− f1)(1− f2) f1′ f2′ ]. (3)

The collision integral describes how scattering between two particles 1, 2 into new states 1′, 2′

leads to a loss (first term) or gain (second term) of particles in state 1. At high temperatures above
the Fermi temperature (T ≫ TF ) the resonant cross section dσ/dΩ = 4ħ2/|p1 −p2|2 is so simple
that the collision integral can be computed analytically. In the degenerate Fermi gas (T ≲ TF )
Pauli blocking of final states reduces the Fermi distribution factors in the collision integral. At
the same time, however, Pauli blocking of the intermediate virtual states between scatterings
enhances the cross section dσ/dΩ [19, 24]. Near the scattering resonance, remarkably these
two competing effects cancel almost perfectly and the resulting collision rate τ−1 follows nearly
classical scaling [13, 25]. The relaxation time τ is then combined with thermodynamics (in the
case of shear viscosity, the pressure p) to yield the frequency dependent transport coefficient,
for instance the complex shear viscosity η(ω) = pτη/(1 − iωτη) as follows from the memory
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function formalism [13, 26]. The Boltzmann prediction for sound attenuation is found to agree
with experimental data [11] for the degenerate unitary gas down to T ≃ 2Tc , which constitutes
a remarkable success of kinetic theory in the strongly correlated regime. While finite-range
corrections to transport are subleading for s-wave interactions, they can give rise to prominent
effects such as quasi-bound states for p-wave interactions [27].

In the collision integral (3) the two-particle distribution function has been factorized into the
product of two separate distribution functions for particles 1 and 2. This factorization is based
on the assumption of molecular chaos and does not capture the strong local pair correlations
g (2)
↑↓ (r ) ∼ C /r 2 +O (1/r ) at short distance, where C denotes the expectation value of the contact

operator (see below). In the following we will see how these short-range correlations affect
transport.

3. Kubo formula and bulk viscosity

A more general approach to transport, which makes no quasiparticle assumption, is derived in
linear response theory. The transport coefficients are related by Kubo formulas to equilibrium
expectation values; for instance the frequency dependent shear viscosity is given in terms of the
transverse stress response function [4, 28],

η(ω) =
∫

dd x dt
ei(ω+i0)t −1

i(ω+ i0)
iθ(t )〈[Π̂x y (x, t ),Π̂x y (0,0)]〉. (4)

The microscopic expression for the shear stress operator is Π̂x y (x) = (1/2m)
∑
σ[∂xψ̂

†
σ(x)∂y ψ̂σ(x)+

∂y ψ̂
†
σ(x)∂xψ̂σ(x)] − ∫

d3r (rx ry /r ) ((∂v(r ))/∂r )ψ̂†
↑(x + r/2)ψ̂†

↓(x − r/2)ψ̂↓(x − r/2)ψ̂↑(x + r/2) for
short-range potential v(r ) [29]. It has two contributions: the first, quadratic term gives the main
contribution for gases, while the second, quartic term dominates in fluids [4]. Furthermore,
the bulk viscosity ζ characterizes friction during isotropic expansion and contributes to sound
attenuation. In constrast to the shear viscosity, however, the bulk viscosity is constrained by
symmetry and vanishes identically for a scale invariant gas such as the ideal gas but also for the
unitary Fermi gas [30, 31]. It can be computed by the Kubo formula [32]

ζ(ω) =
∫

dd x dt
ei(ω+i0)t −1

i(ω+ i0)
iθ(t )〈[δp̂(x, t ),δp̂(0,0)]〉 (5)

in terms of the operator δp̂ that measures pressure fluctuations. The pressure p = −∂E/∂V
is obtained by performing a scale transformation, and specifically for the dilute gas in three
dimensions one obtains the pressure operator

p̂ = 2

3
Ĥ + Ĉ

12πma
, (6)

where Ĥ denotes the Hamiltonian density and a the scattering length. The last term involves on
the contact operator

Ĉ = m2g 2
0 n̂↑(x)n̂↓(x) = ∆̂†(x)∆̂(x), (7)

which is the continuum version of the doublon or pair density regularized by the bare coupling
g0 ∼ −r0 such that its zero-range limit r0 → 0 is well defined [33]. Equivalently, the contact
operator can be expressed in terms of the local pair operator ∆̂= mg0ψ̂↓ψ̂↑, such that the contact
measures the density of local pairs. At the scattering resonance 1/a = 0 the scale invariant
pressure relation p = (2/3)E is recovered, while the contact term quantifies the deviation from
scale invariance due to pairing fluctuations. The pressure fluctuations are now given as the
component of the pressure orthogonal to density and energy fluctuations [32],

δp̂ = p̂ − (∂p/∂n)E n̂ − (∂p/∂E )nĤ . (8)
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Because conserved quantities do not contribute to dissipation, in the dynamical response
the dissipation at ω > 0 can only arise from the response function of the contact operator,
δp̂ = Ĉ /(12πma), which is not conserved. One thus finds that the bulk viscosity at nonzero fre-
quency is given by [32, 34–36]

ζ(ω> 0) = 1

(12πma)2

∫
dd x dt

ei(ω+i0)t −1

i(ω+ i0)
iθ(t )〈[Ĉ (x, t ),Ĉ (0,0)]〉. (9)

Hence, bulk viscosity is a pure interaction effect that arises from fluctuations of the pair density,
not of single fermions. These contributions are not easy to capture in a fermionic kinetic theory,
even if the interaction functional is included [37]. Instead, the bulk viscosity can be computed
using self-consistent conserving approaches (Luttinger–Ward), which are formulated in terms of
coupled fermion and pair degrees of freedom [4, 5, 35, 38]. Explicit microscopic computations
for the contact correlations and bulk viscosity in the degenerate, strongly correlated gas [35] show
a low-frequency Drude peak in the complex bulk viscosity ζ(ω) ≃ χτζ/(1− iωτζ) followed by an
anomalous contact tail ζ(ω → ∞) ∼ C /ω3/2 at large frequency. Remarkably, in the unitary gas
the bulk scattering rate τ−1

ζ
∝ T exhibits a T -linear scaling in a wide temperature range from

slightly above Tc to high temperatures above TF , in distinction to other transport relaxation rates
that decay at high temperatures. This unusual scaling arises from scattering between pairs, not
individual fermions, and is specific to the bulk viscosity.

Open questions concern the response in the low-temperature, superfluid state, where a
superfluid of fermion pairs can behave differently from a bosonic superfluid due to the additional
pair-breaking excitations [39, 40]. In particular for the bulk viscosity, but also for the other
transport coefficients it is desirable to derive a kinetic theory that captures the strong fermion
correlations. A kinetic formulation in terms of coupled fermions and pairs has been derived in
the high-temperature virial expansion [41]: the fermionic contribution to the total bulk viscosity
agrees with previous Boltzmann calculations [37], but the pair contribution is found to be much
larger near unitarity. Efforts are underway to extend this to the quantum degenerate regime.

3.1. Measurement of the bulk viscosity

Often transport measurements observe the damping of fluid motion: elliptic flow or quadrupole
motion for shear viscosity, and isotropic flow or radial breathing for the bulk viscosity. The
measurement of sound attenuation [11, 12, 14–17, 42] gives access to a combination of several
transport coefficients, as sound decays by both momentum and thermal relaxation processes.
For the bulk viscosity, however, there is another way of measurement in a dilute gas that works
even if the fluid is homogeneous and at rest [43]. In linear response the contact correlation, and
thereby the bulk viscosity, is given by the response of the contact to an earlier change of scattering
length [35],

iθ(t − t ′)〈[Ĉ (x, t ),Ĉ (0, t ′)]〉 =−4πm
∂〈Ĉ (x, t )〉
∂a−1(0, t ′)

∣∣∣∣∣
S,N

(10)

at fixed entropy and particle number. Experimentally the spatially integrated contact has been
measured with a high temporal resolution [6, 8], and one can modulate the scattering length
in time via the applied magnetic field to measure the response. In this way, the frequency
dependence of the bulk viscosity can be mapped out.

4. Attractors to hydrodynamics

When a system is brought far from equilibrium, one might expect that the approach to equi-
librium at long times is governed by hydrodynamics (Navier–Stokes equation). In heavy-ion
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collisions, however, fluid behavior is found already at short times after a collision, earlier than
hydrodynamics is expected to be valid, in a so-called hydrodynamic attractor [44]. In general,
one can ask which equations describe the approach to hydrodynamics and whether they are uni-
versal. Furthermore, if hydrodynamics is viewed as a “derivative expansion” in powers of ωτ,
what determines the higher orders? Some answers may be provided by experiments with ul-
tracold quantum gases, where the time-resolved evolution toward equilibrium can be observed
starting from defined initial conditions or subject to a particular driving.

Hydrodynamic attractors can arise in many forms of fluid motion, but there is a particularly
simple case where it can be studied in a uniform ultracold atomic gas at rest, with no moving
parts, when the scattering length a(t ) is ramped at time t > 0 to bring the system out of local
equilibrium [20, 43]. The relaxation back to equilibrium can be observed in the equation of state,
most directly in the contact density expectation value, which is given in linear response as

C (t ) =Ceq +
∫ ∞

0
dt ′

∂C (t )

∂a−1(t ′)
δa−1(t ′). (11)

Using Equation (10) this can be expressed in terms of the contact correlation, and one finds that
the approach to equilibrium occurs via local dissipation, with the dissipation rate set by the
bulk viscosity [43]. The Drude peak of the bulk viscosity [35] ζ(ω) ≃ χτζ/(1− iωτζ) (see above)
corresponds in the time domain to an exponential decay of the contact response within the bulk
relaxation time τζ:

∂C (t )

∂a−1(t ′)
≃ θ(t − t ′)

(
∂C

∂a−1

)
S,N

exp[−(t − t ′)/τζ]

τζ
. (12)

By inserting this form into Equation (11) one can predict the time evolution of the contact
following arbitrary drives δa−1(t ) as long as the drive amplitude is small enough to remain in
the linear response regime. But does this time evolution agree with the prediction of Navier–
Stokes hydrodynamics? When the scattering length is varied, the local pressure also changes in
time, and the nonequilibrium component of the pressure is quantified by the dissipative bulk
pressure

π(t ) = C (t )−Ceq[a(t )]

12πma(t )
, (13)

which for a dilute gas is given in terms of the difference of the instantaneous contact and the
equilibrium contact for the instantaneous scattering length [43]. In Navier–Stokes hydrodynam-
ics the bulk pressure π = −ζVa is driven by the local expansion of the fluid, Va = ∇ ·v, times the
bulk viscosity ζ. On the other hand, when the scattering length is changed, the local scale vari-
ation arises equally from the rate of change of the scattering length, Va(t ) =−3ȧ(t )/a(t ). There-
fore, both expansion and variations of the scattering length are equivalent ways to probe local
bulk dissipation. In contrast to Navier–Stokes hydrodynamics, we obtain the equation of motion
for π(t ) from the time derivative of Equation (12), which we have derived microscopically [20]:

τπ̇(t )+π(t ) =−ζ[a(t )]Va(t ). (14)

This differs from Navier–Stokes by the relaxation term on the left-hand side, which has the same
form as in a Müller–Israel–Stewart formulation. For a given external drive a(t ) the bulk pressure is
obtained by integrating this differential equation, and the result can be compared to the Navier–
Stokes prediction πNS(t ) =−ζ[a(t )]Va(t ). For slow drive frequenciesωτζ≪ 1 the dissipative term
τπ̇ has little effect and the bulk pressure follows the drive almost instantaneously. For fast drives
ωτζ ≳ 1, instead, π(t ) follows the drive with a time delay and a deviation from Navier–Stokes
hydrodynamics is predicted. This is exemplified by a power-law drive a−1(t > tini) ≡ a−1

ini (t/tini)−α,
which starts at a finite scattering length and sweeps at first fast, then slower toward unitarity
a−1 = 0. In this case the bulk pressure is found analytically as [20]

π(t ) =πini e−(t−tini)/τζ +πatt(t ), πatt(t ) = cαχe−t/τζΓ(−2α,−t/τζ) (15)
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Figure 1. Hydrodynamic attractor. The normalized bulk pressure c(t ) − ceq(t ) = π(t )/χ
exhibits different time evolutions for different initial conditions (thin lines), which quickly
converge toward the attractor solution (thick blue line) and only later approach Navier–
Stokes hydrodynamics (green dashed line). Adapted from [20].

in terms of the sum rule χ= ζ/τζ and the incomplete Gamma function Γ(s, z). The first term de-
scribes the exponential decay of initial conditions on time scale τζ, while the so-called hydrody-
namic attractor solution πatt(t ) is the same for different initial conditions and depends only on
the transport properties ζ, τζ as well as the drive parameter α. For different initial conditions the
bulk pressure is found to first converge toward the attractor solutionπatt before the attractor itself
approaches the Navier–Stokes prediction at longer times, cf. Figure 1.

Standard hydrodynamics is recovered in the solution π(t ) in the long-time limit. When ex-
panding in “temporal gradients” τζ/t ≪ 1, the leading order reproduces πNS(t ), but the subse-
quent orders have factorially growing coefficients an ∼ (n +2α)! and form an asymptotic series.
The initial condition, furthermore, is nonperturbative in τζ/t and is therefore a nonhydrody-
namic mode. Even though the gradient expansion does not converge, the solution obtained from
the equation of motion is physical and accessible with current experiments [20].

5. Conclusion

The short-time attractor behavior in a driven system is an example of a microscopically moti-
vated extension of hydrodynamics beyond Navier–Stokes. Cold atom experiments can observe
these attractors in real time by measuring the response of the contact to variations in the scat-
tering length, thus probing isotropic expansion and local dissipation by an external drive with
no moving parts. A remarkable prediction of quantum transport theory is that the bulk relax-
ation rate τ−1

ζ
∝ T scales approximately linearly in temperature but is largely independent of

density [35]; this is because pressure fluctuations couple predominantly to pairs rather than in-
dividual fermions. The computation of frequency dependent transport coefficients remains a
challenge, also in the superfluid state. Recently, the accurate computation of fermion and pair
spectra was achieved by solving the self-consistent Luttinger–Ward equations directly in real fre-
quency [45–47], which match recent experiments [48]. It will be interesting to extend these meth-
ods and compute dynamical response functions in real frequency, such as Equations (4) and (5),
which determine the transport coefficients near equilibrium. Interesting questions arise also in
the far-from-equilibrium response, which is strongly affected by conformal symmetry [49] and
which can generically be computed using the Keldysh formulation [50].
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Abstract. When considering magnetic systems in the thermodynamic limit and at low enough temperature,
one finds typically magnetically ordered phases. In contrast, in the high-temperature regime, the interactions
between the spin degrees of freedom become less relevant and the system loses its order: this is a paramagnet.
This phenomenon of phase transition has been well understood using statistical mechanics and simple
modelling.

In this short lecture notes, we will review the possibility that a many-body magnetic system may remain
magnetically disordered down to zero-temperature, both for classical or quantum spins. These exotic phases
of matter are known, respectively, as classical and quantum spin liquids.

We will address in particular the question of classification of these classical or quantum disordered
phases. Indeed, while they have no local order parameter by definition, they can still possess different
qualitative features related e.g. to the nature of their correlations or elementary excitations, which could
be probed experimentally.

Résumé. Lorsque l’on considère des systèmes magnétiques dans la limite thermodynamique et à suffisam-
ment basse température, on trouve des phases généralement ordonnées sur le plan magnétique. Au contraire,
à haute température, les interactions entre les degrés de liberté de spin deviennent moins pertinentes et le
système perd son ordre : c’est une phase paramagnétique. Ce phénomène de transition de phase a été bien
compris grâce à la mécanique statistique et à des modèles simples.

Dans ces brèves note de cours, nous examinerons la possibilité qu’un système magnétique puisse rester
désordonné magnétiquement jusqu’à la température nulle, à la fois pour des spins classiques ou quantiques.
Ces phases exotiques de la matière sont connues respectivement sous le nom de liquides de spin classiques
et quantiques.

Nous aborderons en particulier la question de la classification de ces phases désordonnées classiques ou
quantiques. En effet, bien qu’elles n’aient pas de paramètre d’ordre local par définition, elles peuvent néan-
moins posséder différentes caractéristiques qualitatives liées par exemple à la nature de leurs corrélations ou
de leurs excitations élémentaires, qui peuvent être sondées expérimentalement.

Keywords. Magnetism, Spin liquids, Condensed matter.
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1. Introduction

Magnetism is a collective phenomenon that has been known and studied for extremely long time.
Usual magnets are a direct evidence that a collection of microscopic elementary spin degrees of
freedom tend to order along the same direction at low-enough temperature, while they are in
random directions at higher temperature: this is the famous ferromagnetic transition. This phe-
nomenon of phase transitions is well understood and can only occur in the thermodynamic limit,
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hence we will consider infinite systems. For simplicity, we will focus on localized spins and will
not consider itinerant magnetism, where charge degrees of freedom of the carriers also play a
role. Quite interestingly, simple models based on two-body interactions are enough to generate
various properties, as is well-known in many-body physics. As was emphasized by Anderson,
“more is different” [1], which means that, within our simple framework, many-body physics can
lead to various emergent properties: magnetic order, quasi-particles, gauge structure etc. which
cannot be understood at the single-particle level.

This review will focus on so-called “spin liquids”, dubbed by analogy with the liquid phase of
matter that does not have any magnetic order or does not break any symmetry. Still, we will see
that this is a much richer concept since some spin liquids can nevertheless possess some struc-
ture giving rise e.g. to algebraic spin correlations or fractionalization of elementary excitations.
In a modern formulation that we will explain, spin liquids can be viewed as fractionalized phases
described by matter (spinons) coupled to emergent gauge fields.

In a broader perspective, some features are linked to field theory, quantum many-body
physics, quantum information, as well as experimental studies on several materials. We will point
out some of these connections and refer to complementary reviews on these topics. For instance,
an experimental definition of spin liquid is usually made by measuring the ordering temperature
Tc and computing the frustration parameter [2] f = |θCW|/Tc where θCW is the Curie–Weiss
temperature (proportional to the spin exchange energy scale). Clearly a large ratio f (typically
>10) indicates that the ordering occurs at a much lower temperature than expected, pointing to a
physical mechanism that prevents magnetic ordering. This usually occurs in frustrated materials
with competing interactions, which is a very active area of research [3, 4].

In order to set up the stage, we will consider spin degrees of freedom, that can be discrete
(Ising) or continuous (Heisenberg), localized on various regular lattices (square, honeycomb,
triangular, kagome, pyrochlore etc.) in dimensions d = 1, 2 or 3, see e.g. Figure 1. We will
also tackle constrained dimer models which are useful effective descriptions of some frustrated
models at low-energy.

As a disclaimer, we will not consider disorder, although it plays a crucial role in many situa-
tions, and will not discuss localization or spin glass behaviors.

In Sections 2 and 3, we will treat respectively classical and quantum spin liquids. In both cases,
we will try to define spin liquids, discuss possible classifications and argue that they do exist in
some simple models. Although exact solutions are rare, they pave the way for investigating exotic
phases of matter in a more realistic microscopic model as well as in real materials, which gives a
support for the realization of classical and quantum spin liquids in nature.

2. Classical spin liquids

A major success of statistical physics in the last century was to characterize the existence of a
phase transition in the two-dimensional (2d) Ising model and related ones, showing that spins
can order at low-temperature into a ferromagnet or antiferromagnet.

Then in 1950, Wannier considered classical Ising spins on the frustrated triangular lattice [5]
and showed that there are an extensive number of groundstate configurations, contradicting the
Nernst’s principle of thermodynamics: this was the birth of classical spin liquids (CSL).

By definition, a CSL has an extensive degeneracy for its groundstates, which allows cooperative
fluctuations and the absence of order. Of course such a situation is fragile and often unstable
to fluctuations: this is the famous order-by-disorder mechanism [6]. Both thermal or quantum
fluctuations will generally select an ordered state. Nevertheless, we do consider CSL since there
can exist a large parameter regime where a cooperative paramagnet is the correct picture and the
system remains magnetically disordered [7].
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Figure 1. Structures of some lattices. From top left to bottom right: two-dimensional
(2d) triangular, kagome, checkerboard and three-dimensional (3d) pyrochlore. For the
checkerboard lattice, we have highlighted in green one plaquette phase groundstate in the
quantum S = 1/2 case.

We will now review some simple classical models where CSL can be stabilized. The classical
variables can be either discrete (Ising spins) or continuous O(3) variables (Heisenberg spins)
or even dimer configurations. For a more extensive review on this topic, we refer for instance
to [8].

2.1. Ising model

The Ising model is one of the most famous statistical mechanics problem [9]. The energy of a
configuration is simply given by

E({σ}) = J
∑
〈i j 〉

σiσ j (1)

where the sum runs over all nearest neighbor bonds of a lattice and σi = ±1 is the Ising spin
variable at each site.

This model has been very fruitful in the modern understanding of phase transitions: in one-
dimension (1d), there is no transition; in 2d, there is the famous exact Onsager’s solution; in 3d,
the transition has been shown to be continuous but it is not yet proven whether it is conformally
invariant.

We have chosen the antiferromagnetic (AF) case (J > 0) where frustration can lead to a large
number of groundstates. Frustration means that no configuration can satisfy all constraints
of having antiparallel spins on every bond. This has been analyzed by Wannier in 1950 on
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Figure 2. Triangular Ising antiferromagnet. Starting from a perfect Néel order on some
honeycomb lattice (spins in red and green), the additional spins can be in any σ=±1 state,
leading to an extensive degeneracy.

the triangular lattice [5], see Figure 2. Using a mapping to a dimer counting problem on the
honeycomb lattice, it is possible to show that the residual entropy at zero temperature is S0/N ≃
0.323kB , which implies that the number of groundstate configurations is extensive.

It is quite easy to get a rigorous bound by considering a perfect Néel AF on the non-frustrated
bipartite honeycomb lattice with N sites, see Figure 2. Then the additional sites of the triangular
lattice can be in any σ=±1 state, so that there are at least 2N /3 degenerate groundstates, i.e. the
residual entropy per spin is larger than kB log(2)/3 ≃ 0.231kB .

Such a T = 0 residual entropy violates the Nernst’s third principle of thermodynamics and
is common to many classical models. This Nernst’s principle is more robust and obeyed in
quantum mechanics although there are subextensive cases with fractons [10] and even extensive
degeneracy e.g. in the SYK model [11].

Coming back to the triangular lattice case, there is no order at any finite temperature and
correlations are algebraic [8], which appears quite peculiar a priori. This can be understood using
e.g. mapping to constrained model as explained in the next section.

Quite interestingly, there are still several open questions when considering additional further
neighbor interactions, e.g. on the kagome lattice. There is no more any exact solution and the
standard Monte-Carlo numerical simulations suffer from slowing down due to the large number
of low-energy states. However, since the partition function can be written as a tensor network
contraction, recent tensor algorithms have allowed to get a numerical solution [12].

2.2. Constrained models

2.2.1. Vertex models

One can also consider situations where the “spin” variables live on edges of the lattice, as done
in lattice gauge theory, while interactions are on the vertices. In this framework, constraints can
be introduced. For instance, on the square lattice, one can impose the so-called ice rule with a
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Figure 3. The six allowed configurations on the square lattice such that at each vertex, there
are exactly 2 incoming and 2 outgoing arrows (ice rule).

constraint of having 2-in/2-out arrows at each vertex, see Figure 3. This is the famous six-vertex
model solved by Baxter [13].

A simple estimate of the number of configurations for N sites can be found using Pauling’s
estimate [14]: since there are only 6 valid configurations around each vertex, instead of 24 = 16,
if one neglects correlations, there are approximately 22N (6/16)N states, which leads to a residual
entropy per site

S0/N = kB log(3/2) ≃ 0.405kB (2)

in good agreement with the exact solution by Lieb [15]: S0/N = 3/2log(4/3)kB ≃ 0.431kB . Note
that a similar counting can be done on a three-dimensional (3d) pyrochlore lattice which has the
same coordination number, see Figure 1.

Such systems are called “ice” because there is a similar constraint for H atoms in water–ice and
this residual entropy has indeed been measured experimentally long time ago [16].

Quite interestingly, this local constraint leads to an effective gauge theory, similarly to Gauss’
law in electromagnetism: charge conservation is expressed with divE = 0. As a result, using
this analogy with electromagnetism, it can be shown [8] that the system has critical (power-
law) dipolar correlations, leading to specific signatures, known as pinch points, in the structure
factors: this is called a Coulomb phase.

In magnetism, these properties can be found in so-called spin ice materials, which have been
quite popular recently as examples of cooperative paramagnets having a Coulomb phase [17] and
in which defects can be viewed as magnetic monopoles [18].

2.2.2. Dimer models

It is also possible to consider constrained models by putting hardcore dimers on all bonds of
a lattice so that each site belongs to one and only one dimer (fully packed dimer configurations).
This situation is very analogous to the previous vertex models, which can be seen as a constrained
model with exactly two dimers per site. The number of configurations was solved in general on
planar graphs [19, 20]. On bipartite lattices, it is generally possible to write down an effective field
theory in terms of an height field, from which one can deduce that dimer correlations are dipolar.
Such a phase is again a Coulomb phase [8].

2.3. Continuous spins: Heisenberg

In some cases, a more appropriate description is provided by considering spins as classi-
cal n-component vectors of fixed length S. The simplest antiferromagnetic Heisenberg model
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is given by:
H = J

∑
〈i j 〉

Si ·S j (3)

where J > 0 is the AF exchange energy and the sum runs over nearest neighbors of the lattice.
On a Bravais lattice, by going to Fourier space, one finds that groundstate configurations

correspond to the minimum of the Fourier transform J (q). For instance, on a triangular lattice,
one finds a unique groundstate (up to symmetries) with a 120-degree spiral order.

When considering other non-Bravais frustrated lattices, the situation becomes more involved
since in Fourier space J (q) is an m ×m matrix, where m is the number of spins per unit cell. In
principle, one should find the smallest eigenvalue, keeping in mind that each spin has a fixed
length: ∀i |Si |2 = S2 (strong constraint). Since this cannot be done easily, the Luttinger–Tisza
method [21] consists in assuming a weak constraint:

∑
i |Si |2 = N S which can provide a solution

but not always.
On some lattices such as 2d kagome or checkerboard, or 3d pyrochlore, see Figure 1, made

of corner-sharing triangles or tetrahedra respectively, the classical Heisenberg model takes a
simpler form:

H = J

2

∑
p

S 2
p , (4)

up to a constant, where Sp is the total spin on a plaquette p and the sum runs over all plaquettes.
From this expression, it is clear that if a configuration can satisfy Sp = 0 for all plaquettes,
then it is a groundstate. Hence, one can look for solutions using so-called Maxwellian counting
originally applied in mechanics of rigid bodies [22]. Following Chalker’s presentation [8], we have
F = N (n−1) degrees of freedom for n-component spins. Let Np be the number of corner sharing
units (plaquettes), each made of q spins, hence N = qNp /2. In order to have a zero-energy
configuration, one has to satisfy one constraint per cluster (total spin Sp = 0), i.e. K = nNp scalar
constraints. Assuming that they can be satisfied and are linearly independent (which is obviously
not true in general), one ends up with an effective number of degrees of freedom:

D = F −K =
( q

2
(n −1)−n

)
Np

For instance, when considering Heisenberg spins (n = 3) on 3d pyrochlore or 2d checkerboard
lattices (both having q = 4), one finds that D = Np is extensive, leading to a macroscopic
degeneracy and CSL behavior [23]. Quite remarkably for instance, on 3d pyrochlore, the system
remains disordered at all temperature [24].

Note that this argument does not provide any information for the kagome lattice, for which
the constraints are indeed not independent. A proper treatment leads to D = N /9 zero modes in
this case and the order-by-disorder mechanism selects coplanar spin configurations [25]. Finally,
let us mention that frustration can also occur from competing interaction, e.g. next-nearest-
neighbor coupling J2 on the square lattice: this is the famous J1–J2 Heisenberg model on the
square lattice, which also has a very large degeneracy when J2 = J1/2.

2.4. Classification

Inspired by the Luttinger–Tisza model, a classification can be made depending on the structure
of the flat bands in the spectrum. Indeed, for the particular case (4), the Hamiltonian can be
brought in this form:

H = J

2

∑
ℓ,m

∑
q

(Lℓq Lm
−q )Sℓq ·Sm

−q (5)

defining an n-component vector L(q), from which the number of dispersive modes can be
obtained [26, 27].
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Quite interestingly, the analysis of L(q) allows to get higher-rank tensor, e.g. Gauss’ law with
tensors with fracton excitations, with quadratic or quartic dispersion relations etc. Analysing
the band structure, the gap closing points, the number of pinch points and their nature allow to
classify different CSL [26, 27].

Closing this section on CSL, it is very exciting to see the ongoing classification as well as novel
exotic CSL (algebraic, fracton etc.) which could potentially be relevant in real materials. It would
be interesting to go beyond the specific case (4) for a complete classification of CSL.

Last but not least, CSL are parent states when quantum fluctuations start playing a role and
natural starting point to realize exotic quantum states.

3. Quantum spin liquids

3.1. General features

There are different ways to add quantum fluctuations in a classical model, for instance adding a
transverse magnetic field or XY exchange to an Ising model, or simply promoting the spins into
quantum operators in the Heisenberg model. Based on the order-by-disorder mechanism, one
expects on general grounds that quantum fluctuations will select some ordered phase. In this
part, we will focus on groundstate properties at zero temperature in quantum models and review
the possibility to get unconventional phases of matter, in particular quantum spin liquids (QSL)
that we will define.

Note that the definition is often negative, in the sense that such a QSL phase does not
break any symmetry, but recent advances have shown the role of several observables: quantum
entanglement, topology as well as spectroscopic features [28], which could help to characterize
and distinguish various QSL.

The story of QSL goes back to Anderson’s idea of a resonating valence-bond (RVB) groundstate,
that is a coherent superposition of valence-bond configurations (made of 2-site singlets of spin
1/2) [29], see Figure 4. By definition, such a state does not break any spin or lattice symmetries, as
expected for a spin liquid. From a variational point of view, a nearest-neighbor RVB state (made
only of nearest-neighbor singlet) has a variational energy per site of (−3/8)J which is already
lower than the one of a classical Néel state (−(1/4)J ) on a spin-1/2 Heisenberg chain. Hence
it was proposed to be a good candidate for S = 1/2 Heisenberg model on the triangular lattice,
which turned out to be wrong since this model is now believed to be ordered magnetically. But it
has been a fruitful idea ever since and we will discuss some exotic properties of this wavefunction
as well as its relevance for some simple microscopic models.

On the one hand, there exist some simple groundstates that obviously do not break spin or
lattice symmetries, such as a trivial singlet product state on the Shastry–Sutherland lattice, see
Figure 5. Such a product-state is featureless and does not possess any exotic property [30].

On the other hand, we know that in condensed matter systems, some gapped phases can
be nontrivial in the sense of having topological order, e.g. the famous fractional quantum Hall
effect (FQHE). Topological phases of matter are gapped quantum phases containing nontrivial
features which are not due to spontaneous symmetry breaking. While such systems have
exponentially decaying correlation and look quite simple from a classical point of view, they
do exhibit nontrivial properties. For example, the groundstate degeneracy can depend on the
topology of the closed manifold (torus versus sphere), or there can exist protected gapless edge
excitations if the system has a boundary, or bulk excitations can possess nontrivial statistics etc.
Generally also, there are nontrivial features in the bipartite entanglement spectrum [31]. Clearly,
QSL are much richer than their classical analogue, and the role of quantum order was pointed
out by Wen [32].
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Figure 4. Example of a valence-bond configuration on the square lattice. Each dimer
corresponds to a singlet state made of two spins-1/2. An equal weight superposition of
all coverings is known as the RVB wavefunction.

Figure 5. Shastry–Sutherland lattice for which the product of singlets on the J bonds is an
exact eigenstate and the unique groundstate for small enough J ′/J .

Since QSL cannot be classified according to symmetry breaking, one possible classification
was proposed based on the nature of the elementary excitations (gapped or gapless spinons)
as well as the emergent gauge field (U(1), SU(2), Z2 . . . ) which mediate their interactions [33].
More recently, entanglement properties were also shown to be relevant for this classification:
quantum spin liquids are by definition quantum states that are not connected adiabatically to
trivial product states [28]. There are two classes: (i) long-range entangled (LRE) if it cannot be
adiabatically connected to a product state under any local unitary transformation (e.g. FQHE,
Z2 QSL, chiral spin liquid etc.); (ii) short-range entangled (SRE) if it cannot be adiabatically
connected to a product state while respecting some symmetries: symmetry protected topological
(SPT) state, e.g. Haldane S = 1 chain, topological insulator etc.

There are intimate relations between these definitions since topological order is probably
needed to realize fractionalization in dimension d ≥ 2 [34].

Building on RVB idea, Kalmeyer and Laughlin have proposed a chiral spin liquid phase to be
realized on the triangular lattice [35]. This phase is analogous to the FQHE on a lattice: existence
of chiral edge modes, quantized thermal transport, bulk excitations are anyons etc. We will see
later microscopic models where it is possibly realized.
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Figure 6. Three different possibilities for the many-body spectrum: (i) a unique ground-
state and a finite gap ∆; (ii) degenerate groundstates and a finite gap ∆; (iii) gapless.

3.2. Classification based on many-body spectrum

We will now consider the low-energy features of the many-body spectrum of a generic model
Hamiltonian H . Note that sometimes we only have a wavefunction (e.g. RVB), but it is possible
to consider a parent Hamiltonian for which this is the groundstate, see later. For the sake of
simplicity, we will assume H to be short-ranged and local, most of the time with some U(1) or
SU(2) spin symmetry. A typical example is the Heisenberg model

H = J
∑
〈i j 〉

Ŝi · Ŝ j +·· · (6)

where J > 0 is the AF coupling constant, Ŝ are quantum spin operators (S = 1/2,1, . . .) and
additional interactions could be needed to stabilize a QSL groundstate.

Focusing on low-energy, we can distinguish three qualitative different spectra, see Figure 6:
(i) a unique groundstate and a finite gap ∆; (ii) degenerate groundstates and a finite gap;
(iii) gapless. We will see in the following some examples, as well as some refinements regarding
case (ii) since the degeneracy can result either from symmetry breaking or from the topological
nature.

We will make use of exact and rigorous results, when available. Indeed, even if some models
are fine-tuned or artificial, they have the merit of showing the existence of exotic quantum
phases. For realistic and generic models, I will refer to several numerical studies, with the
caveat that finite-size effects cannot be fully controlled. Indeed, it has been shown that deciding
whether a 2d translation-invariant Hamiltonian has a gap or not in the thermodynamic limit is
undecidable [36] . . .

When discussing the low-energy spectrum, a seminal result was provided by Lieb, Schultz and
Mattis (LSM) [37] in 1d, which was later extended to arbitrary dimension d [38, 39]. Basically,
LSM forbids having case (i) spectrum for an odd number of half-integer spins per unit cell.

Note that a similar result can also be obtained in finite magnetic field [38], since LSM relies on
interplay of U(1) symmetry and translations, constraining whether some magnetization plateaux
phases can be featureless or not1. In any dimensions, a featureless magnetization plateau is
possible iff nS(1−m) = integer, where n is the number of spins per unit cell, S the spin value
and m the total magnetization normalized by its maximal value.

Let us mention some recent extensions that have been obtained when considering symmetries
beyond translations (nonsymmorphic or point-group) or by matching UV/IR anomalies in field
theory. Namely, the groundstate of a S = 1/2 Hamiltonian cannot be featureless (case (i)) [40]:

• on the diamond lattice [41];
• if there is an even-order rotation symmetry [42];
• on the pyrochlore lattice (4 spins per unit cell) [43].

1A quantum groundstate is said to be featureless when it can be adiabatically connected to a trivial product state.
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Note that when LSM-like argument does not apply, a featureless groundstate, depicted as
case (i), is possible but it is not always straightforward to construct one. There are explicit
constructions e.g. for 1/3-magnetization plateau on the kagome lattice [44] or a featureless spin-
1/2 wavefunction on the honeycomb lattice [45, 46].

3.3. Classification based on slave particle representations

In order to make some analytic progress, it can be convenient to use exact fermionic or bosonic
representations of spin operators, known as slave particles due to some constraints [47].

For instance, one can introduce Abrikosov fermions

Ŝz = 1
2 (c†

↑c↑− c†
↓c↓) S+ = c†

↑c↓ S− = c†
↓c↑ (7)

which is a faithful representation of a spin-1/2 at each site provided a single occupancy constraint
is added. In this language, the spin–spin interaction is quartic so that a natural mean-field
approximation can be performed, leading to

HMF = ∑
〈i j 〉

χi j (c†
i↑c j↑+ c†

i↓c j↓)+ηi j (ci↑c j↓− ci↓c j↑)+h.c. (8)

which is quadratic and can be solved. Of course, this mean-field solution may or may not be
stable when considering fluctuations, in particular the gauge field enforcing the one fermion per
site constraint. This is thus amenable to analytic studies or numerical ones when performing an
exact Gutzwiller projection [48] to enforce the constraint.

Similarly, a slave-boson description can be obtained from Schwinger bosons:

Ŝ = 1
2 b†

ασαβbβ (9)

imposing a constraint
∑
αb†

αbα = 2S at each site. This also allows to perform mean-field decou-
pling. Note that from a numerical point of view, one needs to work with permanent rather than
determinant for the projection, which is very costly.

In all theses approaches, known as parton constructions, there is some redundancy of the
mean-field descriptions, revealing the gauge nature of these theories. This has been used to
classify possible solutions (Ansatz) using a projective symmetry group (PSG) approach [32]. In
particular, different spin liquids that do not break any symmetry can have different PSG. Even
though this is obtained from a mean-field approach, it should be a property of the phase itself.

Such a PSG classification is still being worked on in the community, for bosonic or fermionic
spinons on all lattices. For instance, when time-reversal symmetry is broken (as in chiral spin
liquid), an additional classification is needed [49, 50].

Depending on the nature of the gauge fields and the spinon spectrum, several QSL could be
realized [47], e.g.:

• for a Z2 gauge field and gapped spinons, a gapped Z2 QSL phase emerges, which is stable
in 2d and 3d;

• for a U(1) gauge field and gapped spinons, a genuine QSL is unstable in 2d [51] towards a
valence-bond crystal (VBC) phase that break some lattice symmetries;

• for a U(1) gauge field and gapless Dirac spinons, the situation is not fully settled and an
algebraic Dirac spin liquid could be stabilized in (2+1)d [52].

What is even more dizzying is that there could exist several different QSL within the same
gauge symmetry class, dubbed symmetry-enriched topological (SET) order, which can be ana-
lyzed using topological quantum field theory [53]. As an example, there are about 221 different
gapped Z2 QSL on the 2d square lattice [54]!

This parton construction approach has been very fruitful to provide various QSL Ansatz and is
still ongoing effort to classify QSL in 3d on various lattices, see e.g. [40, 55].
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3.4. Unique groundstate and finite gap

3.4.1. Trivial phase

Of course, in some situations a featureless paramagnetic groundstate is possible, with a finite
gap to all excitations. It can be adiabatically connected to a trivial product state. For instance,
this is the case for Heisenberg spin ladder or bilayers, including some exact results for fine-tuned
frustrated models [3]. Quite interestingly, there is also the famous example of Shastry–Sutherland
lattice [30], see Figure 5, on which the groundstate is a product state of singlets for small enough
J ′/J .

In such trivial phase, correlations are short-range and there is no topological entanglement
entropy (a subdominant contribution to the area law). Note that it can still lead to rich physics
when adding e.g. a finite magnetic field with the appearance of nontrivial magnetization plateaux
as well as superfluid or supersolid phases [3].

3.4.2. One-dimensional SPT phase

A famous example of 1d SPT phase is provided by the Haldane phase of a S = 1 Heisenberg
chain [56], which can be understood from the exact groundstate of a slightly deformed Hamil-
tonian known as AKLT model [57]:

HAKLT = J
∑

i

(
Ŝi · Ŝi+1 + 1

3 (Ŝi · Ŝi+1)2
)

. (10)

While the groundstate is unique on a chain with periodic boundary conditions (PBC), it becomes
4-fold degenerate in the presence of open boundary conditions (OBC) due to the emergence
of S = 1/2 edge states. Thus, it has some topological properties, which are also revealed
in the bipartite entanglement spectrum. It has been understood that these phases are not
adiabatically connected to trivial ones, provided some symmetries are present [58], hence their
name: symmetry-protected topological (SPT) phases.

3.4.3. Two-dimensional SPT phase

It turns out that AKLT construction [57] can also be performed in higher dimension, e.g.
S = 3/2 on the honeycomb lattice or S = 2 on the square lattice. For these models, it can be
shown that the groundstate is unique and all correlations decay exponentially. While there is no
rigorous proof of a finite-spin gap, all numerical studies point to a finite value, see e.g. [59].

Such states are also known as valence-bond solids (VBS) since they can be understood from
valence-bond configurations and they do not break any spin or lattice symmetries.

Similarly to the 1d case, the properties depend on having periodic versus open boundary
conditions, which signals some topological properties: these states are called 2d SPT phases [60].

3.5. Gapped spectrum with groundstate degeneracy

3.5.1. Spontaneous symmetry breaking

The most well-known example of a gapped spectrum with groundstate degeneracy occurs
when there is a spontaneous symmetry breaking (SSB) of a discrete lattice symmetry. This is
known to occur e.g. in the 1d Majumdar–Ghosh S = 1/2 model [61]:

HMG = J
∑

i

(
Ŝi · Ŝi+1 + 1

2 Ŝi · Ŝi+2
)

, (11)

where a spontaneous dimerization occurs, or in various 2d spin models with columnar or pla-
quette orders, e.g. J1–J2–J3 S = 1/2 on the honeycomb lattice [62] or S = 1/2 on the checkerboard
lattice [63] (see Figure 1 where one plaquette phase is sketched with green symbols) and so on.
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Figure 7. Illustration of Kitaev’s toric code model on the square lattice.

Quite interestingly, a similar mechanism can also occur in the presence of magnetic field giving
rise to magnetization plateaux with SSB, e.g. exact magnon states close to saturation in frustrated
lattices [64] or similar mechanism at other magnetization values [65].

These situations are well understood and magnetic excitations are conventional, e.g. gapped
S = 1 magnons in 2d.

3.5.2. Topological phase

Quite generally, gapped topological phases can also be characterized by the fact that elemen-
tary excitations are gapped anyons, which statistics can be nontrivial, e.g. nonabelian, which
could be useful for topological quantum computation. The groundstate degeneracy depends on
the genus of the manifold, which is quite different from the usual spontaneous symmetry break-
ing. Remarkably, the fractionalization of excitations is strongly tied to the topological proper-
ties [34, 66] and could be detected in broad continuum-like excitations in the spin dynamical
structure factors S(q,ω).

At a more fundamental level, a gapped topological phase in (2+1)d can be probed using the
topological entanglement entropy [67, 68], which is a subleading constant term to the usual area
law.

3.5.3. Some specific models

In this endeavour to discover QSL in realistic models or materials, the quest for exact solution
or controlled approximation is crucial. Indeed, this allows to show that some of these phases are
possible, sometimes stable, and hence relevant to more generic situations.

3.5.3.1. Kitaev’s toric code. In 2003, Kitaev has introduced the toric code as an exact model for
which the groundstate is a gapped Z2 topological phase [69] in (2+1)d. As in a gauge theory, the
Ising spins live on the links of a square lattice and the Hamiltonian is given by

Htoric =−∑
s

As −
∑
P

BP (12)

where the first (respectively second) sum runs over all sites (respectively plaquettes) of a 2d
square lattice, As is the product of σx on all links around a site s while BP is the product of all
σz on all bonds of a plaquette P , see Figure 7.

Since all As and BP commute together, an exact solution can be provided. The groundstate is
featureless and there are four types of excitations (all with quantum dimensions di = 1): trivial,
e, m, f = e −m pair. e and m have π-shift mutual statistics, hence they are anyons (abelian) and
f -excitations behave as fermions.
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Figure 8. Illustration of Kitaev’s honeycomb model.

This solution was a breakthrough since it has shown the existence of a topological phase,
analogous to the famous ν = 1/3 FQHE, in a simple spin model. However, it is very fine-tuned
since the quasiparticles have no dispersion and the correlation length is zero.

3.5.3.2. Kitaev’s honeycomb model. Later, Kitaev has found an even more interesting exact
solution on the honeycomb lattice [70]. The model is defined in terms of spin-1/2 variables on
the sites of a 2d honeycomb lattice:

Hhoneycomb =−Jx
∑
x
σx

jσ
x
k − Jy

∑
y
σ

y
j σ

y
k − Jz

∑
z
σz

jσ
z
k (13)

where each term acts on the three different kind of bonds, see Figure 8.
Using a faithful Majorana representation of the spin operators, the exact solution provides

a gapped or gapless phase depending on the parameters. The gapped phase is similar to
the previous toric code case, while the gapless phase is more intriguing: in the presence of a
magnetic field, a gapped phase with nonabelian anyons can be stabilized, similar to a topological
superconductor.

Following this seminal work, a generalization by Levin and Wen has given access to a huge zoo
of topological phases in so-called string-net models [71].

3.5.3.3. Quantum dimer models. In the context of QSL, quantum dimer models (QDM) have
been very inspiring examples and we refer to the review by Moessner and Raman in Ref. [3] for
an extensive discussion. The Hilbert space consists in fully-packed dimer configurations (i.e. as
in classical dimer models) and quantum fluctuations arise from a simple model introduced by
Rokhsar and Kivelson (RK) [72], e.g. on the square lattice:

HQDM =∑[
− t

(∣∣ 〉〈 ∣∣+h.c.
)+ v

(∣∣ 〉〈 ∣∣+ ∣∣ 〉〈 ∣∣)], (14)

(in terms of hard core dimer objects ) where t and v are the amplitudes of kinetic and potential
terms, and the sum runs over all elementary square plaquettes. Graphically, these processes are
represented in Figure 9. As in the classical case, the local constraint provides a natural gauge
structure and conserved quantities: winding number and U(1) symmetry on bipartite lattices
(e.g. square), or topological sectors and Z2 symmetry on non-bipartite ones (e.g. triangular).

Precisely when v = t , so-called RK point, the groundstate can be obtained as an equal weight
superposition of all configurations. On most bipartite lattices, it is part of a Coulomb phase (with
algebraic correlations) but unstable towards crystalline phases that break lattice symmetries, see
Figure 10. On nonbipartite lattices, the RK point belongs generically to an extended gapped Z2

RVB topological phase [73].
The instability of U(1) QDM is linked to a famous result by Polyakov about gauge theories [51].

However, Z2 gauge theories can be deconfined in (2+1)d in (3+1)d as well as U(1) ones in (3+1)d.
As a conclusion, QDM models can exhibit various nonmagnetic phases including valence

bond crystals (VBC), Coulomb phase or gapped Z2 RVB topological phase.
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Figure 9. Left: A dimer configuration on the square lattice. Flippable plaquettes are
shaded. Right: Flippable plaquettes contribute a diagonal term v to the Hamiltonian and
can be flipped with amplitude −t (t > 0).

Figure 10. Schematic phase diagram of the QDM on the square lattice as a function of v/t :
the critical groundstate at the RK point is unstable to crystalline phases such as columnar,
plaquette or staggered.

3.5.3.4. Anisotropic spin models. Following the success of QDM to describe unconventional
phases, a natural roadmap was to engineer spin models with strong anisotropies (in spin space),
such that QDM emerge as en effective description.

For instance, let us mention a model introduced on the kagome lattice (see Figure 1) by
Balents, Fisher and Girvin [74]:

HBFG = Jz
∑
7

(Sz
7)2 − J⊥

∑
7

{
(Sx
7)2 + (S y

7)2} (15)

where Jz is the dominant energy scale that constrains the total Sz to vanish on each hexagonal
plaquette, i.e. there are exactly 3 up and 3 down spins per hexagon. As a result, the model maps
at low-energy onto an effective QDM-like model on the dual triangular lattice, where there are
exactly three dimers per site. Subsequent large-scale numerical studies have shown that this
model does exhibit fractionalization and realizes a gapped Z2 topological phase [75], which is
adiabatically connected to the RK point of this QDM-like model.

Quite interestingly other spin models are amenable to large-scale unbiased quantum Monte-
Carlo (QMC) simulations, e.g. an SO(N )-symmetric spin model on the kagome lattice which
groundstate is a gapped Z2 QSL [76].

3.5.3.5. SU(2)-symmetric spin models. In order to get closer to realistic spin models, similar
physical properties were investigated in SU(2)-symmetric spin models, e.g. using decorated
lattices to reproduce QDM physics [77]. As a result, it was possible to construct groundstate
having gapped Z2 or gapless U(1) properties in 2d and 3d spin models.

Later, Cano and Fendley have proposed SU(2) spin-1/2 models with local interactions that
can stabilize RVB groundstates, similar to the RK points of the corresponding QDM model [78].
As discussed previously, depending on the lattice, it can be a quantum critical point or a genuine
gapped spin liquid phase. Quite interestingly, by adapting this construction, it is also possible
to engineer a spin model having similar properties as the QDM one for any interaction v/t
parameter [79].
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3.5.3.6. Chiral QSL. We have already mentioned the original proposal by Kalmeyer and Laugh-
lin [35] to realize in a spin system a quantum phase analogous to the ν = 1/2 bosonic FQHE
phase. This is a gapped phase, with 2-fold degeneracy on a torus. With open boundaries, a rich
edge physics emerges with gapless chiral modes described by an SU(2)1 conformal field theory
(CFT).

Regarding microscopic models, several large-scale numerical studies have shown that a chi-
ral QSL groundstate can be stabilized on various spin-1/2 models with local interactions on
the kagome or triangular lattice with explicit time-reversal symmetry breaking [80–84] or with-
out [85]. It is also possible to construct parent Hamiltonians having an exact chiral QSL as
groundstate, but they are generally long-ranged [86, 87].

Quite interestingly, it is also possible to realize more exotic FQHE phases with higher spin
models, e.g. Moore–Read phase with nonabelian SU(2)2 anyons using spin-1 models [88, 89] or
Read–Rezayi state with nonabelian SU(2)3 using S = 3/2 model [90], or even with higher SU(N )
symmetry [91]. Let us also mention that gapped chiral QSL with nonabelian anyons are also
found for the Kitaev model (13) in magnetic field [92] or as exact groundstate of a Kitaev model
on a decorated triangle-honeycomb lattice [93].

3.6. Gapless spectrum

3.6.1. Magnetic long-range order

Although we are interested in disordered phase, for completeness we will review basic proper-
ties of magnetically ordered phases.

When there is a long-range magnetic order due to spontaneous symmetry breaking of the con-
tinuous spin SU(2) symmetry, there are necesseraly gapless spinwave excitations, corresponding
to the Nambu–Goldstone low-energy modes.

It is also possible to get more involved symmetry breaking, e.g. nematic (or quadrupolar) order.
A simple example can be provided in a spin-1 system where the groundstate prefers Sz =±1 and
not 0 state locally, i.e. no net magnetization but a preferred direction, hence the name nematic as
in liquid crystals, see e.g. a review in [3].

3.6.2. Dirac spin liquid

Using the parton construction described above, it is possible in some cases to assume a
static gauge pattern such that the fermionic tight-binding model spectrum exhibits a Dirac
spectrum. Then, by enforcing the single-particle occupation constraint, one can construct a spin
wavefunction with exotic properties since several physical correlations are algebraic at T = 0:
this state is known as the algebraic Dirac spin liquid (DSL). Its stability in (2+1)d is an active field
of research since DSL is unstable towards many competing phases [52] such as magnetic order,
chiral QSL or VBC.

Recent numerical studies have argued that DSL could be realized in several microscopic
models such as an extended S = 1/2 triangular Heisenberg model [94, 95]. Notably, there
are specific signatures of low-energy excitations [96] that could be probed numerically [97] or
experimentally.

In (3+1)d, DSL is a stable phase of matter that could describe quantum spin ice [4, 98] with
sharp spectroscopic signatures.

3.6.3. Gapless Z2 QSL

Going back to Kitaev’s model on the honeycomb lattice described in Section 3.5.3.2, it also
contains a gapless Z2 phase when all couplings are similar in magnitudes.
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In the field theory language, it can be seen as an instability of the DSL by adding a pairing field
in the spinon quadratic Hamiltonian so that the gauge field symmetry reduces from U(1) to Z2.
This could be stabilized on the frustrated S = 1/2 square lattice [99] or on the Shastry–Sutherland
lattice [100, 101].

Of course, the parton construction is very versatile and many other QSL are possible. For
instance, if there is no spinon Fermi surface but only a quadratic band touching, a quadratic
gapless Z2 QSL could be stabilized [102].

3.6.4. Spinon Fermi sea

A natural route to engineer a critical spin wavefunction is to perform a Gutzwiller projection
on a filled Fermi sea, using the parton construction.

In 1d, this critical wavefunction is the exact groundstate of the famous Haldane–Shastry spin-
1/2 chain with 1/r 2 interaction [56, 103] and has a very good variational energy for the usual
Heisenberg chain.

In 2d, this wavefunction was proposed as a spin Bose metal [104]. Such a spinon Fermi
surface would contain gapless excitations at all momenta in S(q,ω) and violate area law in the
entanglement entropy scaling (as in a Fermi liquid).

3.6.5. RVB

Even when considering only nearest-neighbor valence bonds in Figure 4, such an RVB wave-
function is nontrivial: clearly, spin correlations are short-range but dimer–dimer correlations de-
cay algebraically [105, 106] on a 2d bipartite square lattice, qualitatively similar to the QDM case
at its RK point. We have already discussed its parent Hamiltonian [78] and the fact that in 2d, this
can only exist as a critical point.

The situation is more interesting in 3d where a U(1) QSL phase can be stable on bipartite
lattices. For instance, starting from the RK point of a QDM on a bipartite diamond lattice, it is
possible to engineer an XXZ model on the dual pyrochlore lattice which could stabilize a U(1)
QSL phase [107] or SU(2) models on decorated lattices with similar properties [77].

4. Conclusion

We have described several classical and quantum spin liquids, which by definition do not break
any symmetry (neither in spin space or real space). Despite this negative definition, we have seen
that they can be classified in various categories.

In the classical case, this classification is rather recent and in progress [26, 27], including
the well-known U(1) Coulomb phase (e.g. in classical spin ice materials) but also higher-rank
Coulomb phases with fracton-like excitations [108]. At the moment, the classification mostly
relies on the specific form of some models as in Equation (4) and it would be valuable in the
future to go beyond and see if a full description of all possible CSL can be obtained. For instance,
there are weird CSL analogous to Z2 QSL [109] that deserve further studies.

In the quantum case, there is already a simple distinction depending on the many-body
spectrum, see Figure 6, which leads to various qualitative behaviors in some observables, that
can be probed experimentally. Moreover, since the seminal work by Wen [32], much progress has
been made to classify the different QSL according to the nature of the gauge group and the spinon
spectrum. In order to go beyond the PSG classification, braided tensor categories in (2+1)d have
allowed further progress [53] as well as group cohomology [40]. As a result, there is a really huge
number of distinct QSL and the focus should be now to understand on which microscopic models
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they can be realized. It would be crucial to understand if this classification is valid beyond mean-
field, and in particular connect the solutions that can be found using a bosonic versus fermionic
slave-particle description.

Thanks to some famous exact solutions that we have partly reviewed, various gapped or
gapless QSL are known to be stable in 2d or 3d, which pave the way for their realization using
realistic microscopic models or existing quantum materials. We have discussed in details some
famous examples of QSL such as gapped Z2, gapless U(1), chiral spin liquid, Dirac spin liquid,
spin Bose metal . . . Among these QSL, a lot has still to be understood particularly on the Dirac
spin liquid in (2+1)d which may or may not be stable as a phase.

Besides the achievements of analytical tools, there is a large activity in numerical simulations
with the developments of novel algorithms (e.g. tensor networks, neural networks etc.). While
we focused on zero-temperature, it is crucial to further improve these methods to tackle finite-
temperature (for thermodynamics) as well as finite-time evolution (for dynamics). These numer-
ical tools are called for since there are very few exact results and one would like to investigate
realistic models for classical or quantum spin liquids.

While we have focused on describing some exotic phases of matter, it is also very important
to understand whether there can exist unconventional phase transitions between them, which
description is beyond the standard Landau–Ginzburg paradigm. This can occur for instance
between a magnetically ordered phase and a valence-bond crystal one, so-called deconfined
quantum criticality [110] or weakly first-order behavior [111], or even more exotic Stiefel liquids
which have no Lagrangian descriptions [112] that could describe quantum critical spin liquids.
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Abstract. We discuss the effects of spin–orbit coupling and Rabi fields in Tomonaga–Luttinger liquids for
SU(2) and SU(3) Fermi systems. In the SU(2) case, we show that spin–orbit coupling and Rabi fields mix
separated spin and charge excitations producing helical massless bosons, which we call Weyl bosons in
analogy to their cousins, the Weyl fermions. We discuss the phase diagram and the velocities of bosonic
modes, showing where different flavors of Weyl bosons emerge. We suggest that the dispersion and helicity
of Weyl bosons can be detected through measurements of the the dynamical structure factor tensor. In the
SU(3) case, we preliminarily discuss the effects of spin–orbit coupling and Rabi fields, and conjecture that
the emergent collective modes have a scalar (charge), vector (spin) and tensor (quadrupolar) components,
suggesting that these modes are more complex than Weyl bosons. To describe spin–orbit coupling, we use
the terminology color-orbit coupling, where the three internal states are labeled as colors Red, Green and
Blue. We discuss the phase diagram and velocities of boson modes in the non-interacting regime and ponder
over several open questions that need to be addressed for SU(3) systems. Lastly, we make some concluding
remarks and suggest potential experimental candidates, with two and three internal states, where spin–orbit
or color-orbit coupling and Rabi fields could be used to investigate the emergence of unusual collective
modes with scalar, vector and tensor properties.

Résumé. Nous étudions les effets du couplage spin-orbite et des champs de Rabi dans les liquides de
Tomonaga-Luttinger pour les systèmes de fermions de symétrie SU(2) ou SU(3). Dans le cas d’une symétrie
SU(2), nous montrons que le couplage spin-orbite et les champs de Rabi mélangent les excitations de spin
et de charge — autrement séparées — en produisant des bosons hélicoïdaux sans masse, que nous appelons
bosons de Weyl par analogie avec leurs cousins, les fermions de Weyl. Nous déterminons le diagramme de
phase et les vitesses des modes bosoniques, en précisant dans quels secteurs émergent les différents types
de bosons de Weyl. Nous proposons d’extraire la relation de dispersion et l’hélicité des bosons de Weyl de
mesures du facteur de structure dynamique tensoriel. Dans le cas d’une symétrie SU(3), nous effectuons une
première analyse des effets du couplage spin-orbite et des champs de Rabi, et conjecturons que les modes
collectifs émergents ont une composante scalaire (charge), vectorielle (spin) et tensorielle (quadripolaire),
ce qui suggère que ces modes sont plus complexes que les bosons de Weyl. Pour décrire le couplage spin-
orbite, nous utilisons la notion de couplage couleur-orbite, où les trois états internes sont repérés par les
couleurs rouge, verte et bleue. Nous discutons du diagramme de phase et des vitesses des modes de bosons
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dans le régime sans interaction et réfléchissons à plusieurs questions ouvertes restant à traiter dans les
systèmes de symétrie SU(3). Enfin, nous formulons quelques remarques finales et identifions des systèmes
expérimentaux, à deux ou à trois états internes, dans lesquels le couplage spin-orbite ou couleur-orbite et les
champs de Rabi pourraient être utilisés pour étudier l’émergence de modes collectifs inhabituels avec des
propriétés scalaires, vectorielles et tensorielles.

Keywords. Spin–orbit coupling, Color-orbit coupling, Rabi fields, Tomonaga–Luttinger liquids, Weyl bosons,
Interacting fermions, One dimension.
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1. Introduction

While spin and charge are intrinsic properties of elementary particles, in one dimension (1D),
interactions are responsible for the separation of spin and charge leading to spin-density (SDW)
and charge-density (CDW) waves that propagate with different velocities. Spin–charge separa-
tion is theoretically described by the Tomonaga–Luttinger liquid model [1–6] in condensed mat-
ter physics (CMP), but is regarded as a general phenomenon of a large variety of quantum fields:
non-Abelian Yang–Mills theory describing knotted strings as stable solitons [7–9], supersymmet-
ric gauge theory characterizing magnetic superconductors [10], and quark-lepton unification
theory suggesting the similarity between spinons and neutrinos [11]. A few experiments in con-
densed matter have claimed observing spin–charge separation: angle-resolved photoemission in
SrCuO2 [12,13] and tunneling spectroscopy in GaAs/AlGaAs heterostructures [14,15] at low tem-
peratures. Very recently, spin–charge separation was also observed in ultracold gases (6Li) as a
function of interactions and temperature [16,17]. A major experimental advantage of ultracold
gases over condensed matter and high energy systems is the tunability of interactions, tempera-
ture, density and external fields, permitting for a thorough exploration of spin–charge separation
and mixing [16,17]. This tunability potentially allows for investigations of the interplay between
spin and charge degrees of freedom in unprecedented ways like, for instance, as a function of
synthetic spin–orbit coupling, Rabi (spin-flip) fields, density or chemical potential.

In CMP, spin–orbit coupling (SOC) is a relativistic quantum mechanical effect that entangles
the spin of a particle to its spatial degrees of freedom. SOC plays an important role in spin-
Hall systems [18,19], topological insulators [20,21] and superconductors [22–24]. However,
tunability of SOC, spin-flip fields, density or chemical potential is limited. There are two common
types of SOC: the Rashba [25] and the Dresselhaus [26] terms, that have been discussed in the
context of semiconductors [27–32]. In ultracold atoms, SOC is synthetically created using two-
photon Raman transitions instead of originating from relativistic effects [33,34]. This makes
SOC tunable in bosonic [35–37] and fermionic [38–40] quantum gases, where equal mixtures of
Rashba and Dresselhaus (ERD) terms have been created [35], as well as, Rashba-only (RO) [41–
43]. Furthermore, Dresselhaus-only (DO) and arbitrary mixtures of Rashba and Dresselhaus
terms have also been suggested [44].

In particle physics, all known elementary particles obey Pauli’s spin-statistics theorem, that
is, particles are either fermions with half-integer spins or bosons with integer spins [45]. The
Standard Model is the theory that unifies electromagnetic, weak and strong interactions, by
invoking the existence of one scalar boson (Higgs), four vector bosons (gluon, photon, Z and
W), and twelve elementary fermions (six leptons and six quarks) [46,47]. All the currently known
elementary fermions have spin s = 1/2 and can be of three types at most: Dirac, Majorana or
Weyl fermions. The first type are Dirac fermions, which are massive and charged, reflecting
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the existence of particles and anti-particles, like the electron and the positron [48]. The second
type are Majorana fermions, which are also massive but neutral, such that the particle is also
its own antiparticle [49]. The third type are Weyl fermions, which are massless Dirac fermions
that become helical, as found by Weyl [50]. None of elementary Fermi particles described in the
Standard Model are Weyl fermions.

In condensed matter physics, observations of Majorana fermions have been retracted [51],
but there are reports that quasiparticles behave as Dirac or Weyl fermions in solid state materials.
Dirac fermions emerge in cuprate superconductors [52,53], iron-based superconductors [54–56]
and graphene [57]. Weyl fermions arise in the electronic structure of TaAs crystals [58,59] which
do not have inversion centers and are detected as noninteracting quasiparticles via angular-
resolved photoemission spectroscopy.

In solid-state condensed matter systems, one often relies on chance to discover materials with
unusual properties. In ultracold atoms, however, it is common to simulate Hamiltonians found in
condensed matter and particle physics, but it is also possible to design Hamiltonians possessing
collective excitations or quasiparticles that go beyond those existing in standard models of
condensed matter on in the Standard Model of particle physics. For example, it is possible to
prepare bosonic atoms with two internal spin states creating pseudo-spin-1/2 bosons [35,37]
or fermionic atoms with three internal spin states, producing pseudo-spin-1 fermions [60,61].
It is also possible to adjust the interactions of these atoms from weak (or zero) to strong using
Feshbach resonances [62].

In this article, we discuss the emergence of collective modes in interacting Fermi systems
that we call Weyl bosons: massless pseudospin-1/2 helical particles like Weyl fermions that arise
in relativistic field theories of spin-1/2 fermions. From a more general perspective, these new
types of excitations are potentially interesting, because they provide unconventional extensions
of ideas that exist in the Standard Model of particle physics. In principle, Weyl bosons emerge
in Fermi systems in one (1D), two (2D) and three (3D) dimensions, as a result of the existence of
spin–orbit coupling, synthetic or real, and Rabi or Zeeman fields. However, we confine ourselves
to the 1D case, where exact calculations can be performed in the long-wavelength-low-energy
regime using the bosonization method. We discuss the creation of Weyl bosons for SU(2) (two
internal states) when SOC and Rabi fields are active and conjecture the emergence of more exotic
bosons, with a tensor structure, in SU(3) (three internal states) interacting Fermi systems, when
color-orbit coupling and color-flip fields are present.

To explore the effects of SOC and Rabi fields on spin and charge density modes and their evo-
lution into spin–charge-mixed helical collective modes (Weyl bosons) for SU(2) Fermi systems,
as well as to investigate more exotic bosonic collective modes in SU(3) Fermi systems, we orga-
nize the remainder of this paper as follows. In Section 2, we discuss conventional spin–orbit cou-
pling in condensed matter and synthetic spin–orbit coupling in ultracold atoms. In Section 3, we
review briefly some aspects of spin–charge separation, in 1D for spin-1/2 Fermi systems, within
the Tomonaga–Luttinger description, discuss bosonization in the condensed matter context, and
mention some open questions that remain in this area. In Section 4, we describe SU(2) fermions
with two internal states. We explore how spin and charge recombine in the presence of SOC and
Rabi fields producing Weyl bosons with a maximum of two flavors, highlight experimental chal-
lenges in detecting such exotic modes in 6Li, 40K and 173Yb via charge–charge, spin–charge and
spin–spin dynamical structure factors [16,17,63,64] and discuss some open questions. In Sec-
tion 5, we describe SU(3) fermions with three internal states (colors). We analyze the collective
modes and their quadrupolar tensor structure in the presence of color-orbit coupling and color
Rabi fields. We discuss open questions regarding the effects of SU(3) interactions, and possible
experimental signatures of the emergent tensor boson modes in 173Yb and 87Sr. In Section 6, we
present some conclusions and discuss possible theoretical and experimental outlooks.
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We warn the reader that technical details, tedious derivations, and lengthy expressions are
not shown in this article. We rather just outline how results are obtained and illustrate their
consequences through figures. Furthermore, we set ħ= 1 throughout the manuscript.

2. Synthetic spin–orbit coupling in quantum gases

Synthetic spin–orbit coupling (SOC) in quantum gases is a rapidly advancing field that merges
the precise controllability of ultracold atomic systems with phenomena traditionally associated
with condensed matter physics. Standard spin–orbit coupling, due to relativistic effects, plays
a pivotal role in various quantum phenomena, including topological insulators, quantum spin-
Hall materials, and spintronic systems [18]. In ultracold atomic gases, synthetic SOC refers to
the coupling between the spin (pseudo-spin or internal state) of a particle and its center-of-mass
motion, usually created via counter-propagating Raman beams. Given that SOC in cold atoms is
artificially created [35,65], its highly tunable environment potentially allows for the exploration
of complex quantum phases and topological states.

2.1. Typical Hamiltonian

For a particle of mass m and two internal states (spin 1/2), the Hamiltonian is

Ĥ1 = k̂2

2m
I + ĤSOC, (1)

where k̂ is the momentum operator, I is the identity matrix, and HSOC is the spin–orbit coupling.
An external potential Vext(r) can also be present due to the underlying lattice structure for
condensed matter systems or due to harmonic, box or optical lattice confinement for ultracold
atoms. However, since we focus on the effects of spin–orbit coupling, for the reminder of
our discussion, we describe only the continuum regime, where the external potential is not
considered.

In the context of cold atoms, there are two types of SOC that are of general interest: the Rashba
and the Dresselhaus terms. Both types of coupling were first studied in solid state materials that
lack inversion symmetry and were realized synthetically in ultracold atomic systems.

In solid state materials, the Rashba SOC originates from structural inversion asymmetry,
which refers to the lack of inversion symmetry due to the external constraint on the material
rather than its intrinsic crystal lattice. The constraint is typically a surface or interface. At these
locations, the structural asymmetry creates an effective electric field E = Eez, perpendicular to
the surface/interface, which causes inversion symmetry to be broken along the z-axis (normal to
the surface/interface). Due to relativistic effects, this electric field generates an effective magnetic
field B =−k×E/mc2, in SI units, at the rest frame of electrons. The B field couples with the spin
of electrons through the Zeeman coupling −µ ·B, where µ is the magnetic moment, and results
in the Rashba SOC Hamiltonian

ĤR =αR(k̂×ez ) ·σ=αR(k̂yσx − k̂xσy ), (2)

where αR is the Rashba coupling constant, and the electron momentum k in B is promoted to
the operator k̂. As seen in Equation (2), the linear coupling between momentum and spin of
electrons lifts the momentum degeneracy when k̂ →−k̂ in the Hamiltonian of Equation (1) using
ĤSOC = ĤR.

In contrast, for solid state materials, the Dresselhaus SOC arises from bulk inversion asym-
metry inherent in certain crystal lattices, particularly those lacking a center of inversion, such as
zinc-blende structures (e.g., GaAs, InAs). In these materials, the SOC Hamiltonian is constrained
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by the Td (achiral tetrahedral) symmetry of the crystal, such that, close to the Γ point of the Bril-
louin zone, ĤSOC takes the following form

ĤD = γ[k̂x (k̂2
y − k̂2

z )σx + k̂y (k̂2
z − k̂2

x )σy + k̂z (k̂2
x − k̂2

y )σz ], (3)

where γ is the Dresselhaus coupling constant, which is determined by the material’s band
structure. For a two-dimensional electron gas in the x y plane, where 〈 k̂z 〉 = 0 and 〈 k̂2

z 〉 ̸= 0,
the Dresselhaus Hamiltonian can be separated into a linear term

Ĥ (1)
D =βD(k̂xσx − k̂yσy ), (4)

where βD =−γ〈 k̂2
z 〉 is the effective Dresselhaus coupling constant, and a cubic term

Ĥ (3)
D = γ(k̂x k̂2

yσx − k̂y k̂2
xσy ). (5)

In the low-momentum regime, only the linear term is generally considered, because it is typically
orders of magnitude larger than the cubic term. In the remainder of this article, the linear
Dresselhaus Hamiltonian Ĥ (1)

D is referred to as ĤD without the cubic contribution.
A more general case in solid state materials includes both Rashba and Dresselhaus SOC

leading to

ĤSOC =αR(σx k̂y −σy k̂x )+βD(k̂xσx − k̂yσy ). (6)

The special case of equal Rashba and Dresselhaus (ERD) SOC, that is, αR =βD =α, leads to

ĤERD =α(k̂x + k̂y )(σx −σy ). (7)

A global unitary SU(2) rotation U = I /
p

2+ i(σx +σy )/2, where I is the identity matrix, brings the
Hamiltonian to ĤERD =−2αk̂+σz , where k̂+ = (k̂x + k̂y )/

p
2. In 1D systems, k̂+ = k̂x /

p
2, giving

ĤERD =−p2αk̂xσz . (8)

The ERD Hamiltonian has been synthesized in ultracold atomic systems [35,65], and are briefly
reviewed next.

2.2. Synthetic SOC via Raman coupling

Using pairs of Raman beams, spin–orbit coupling has been realized in 87Rb Bose–Einstein
condensates [35], as well as, in fermionic systems like 6Li [38] and 40K [66]. Heating effects
can be substantial in 6Li, but may be manageable in 40K. While most experiments utilize two
internal states of the atoms to create an SU(2) SOC, it is also possible to create SOC for atoms
with N internal states and SU(N) symmetric interactions like in 173Yb [67,68] and 87Sr [69]. Next,
we discuss the experimental realization of SOC in ultracold atoms with two or three internal
states, which is relevant for the posterior discussion of systems with SU(2) and SU(3) invariant
interactions.

We consider a cloud of ultracold atoms with two internal states labeled as |↑〉, |↓〉 and a
higher energy excited state |e〉. Two laser beams with frequencies ω1, ω2 and wavevectors k1,
k2 can couple to the atoms, driving Raman transitions between the pseudo-spin-1/2 states via
the excited state |e〉, as shown in Figure 1(a). The Hamiltonian describing the Raman coupling is

ĤRC =− 1
2 [Ω1ei(k1·r−ω1t )|e〉〈↑|+Ω2ei(k2·r−ω2t )|e〉〈↓|+H.c.], (9)

where use the convention |↑〉 is state |1〉 (low energy), and |↓〉 is state |2〉 (high energy) for the
matrix notation of ĤRC. Here,Ω1 andΩ2 are the Rabi frequencies, taken to be real, r is the position
of the atom, and H.c. denotes Hermitian conjugation. In the experimental setup, the one-photon
detuning |∆| (the difference between the laser frequencies and the excited state’s energy) is large
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Figure 1. Energy level diagrams showing the Raman processes used to synthesize spin–
orbit coupling for (a) two-level (|↑〉, |↓〉) and (b) three-level (|R 〉, |G 〉, |B 〉) systems. The
frequencies ωZ are Zeeman shifts, δ is the detuning and η is a reference energy, while
|e 〉, |e1 〉 and |e2 〉 are intermediate higher-energy states used by the Raman beams.

compared to |Ω1| and |Ω2|, allowing for the the excited state |e〉 to be adiabatically eliminated [70].
Then, the effective Hamiltonian in the rotating-frame becomes

Ĥ eff
RC = 1

2

( −δ Ωe−i2kT ·r

Ωei2kT ·r δ

)
, (10)

where Ω=Ω1Ω2/2∆ is the effective two-photon Rabi frequency, kT = (k1 −k2)/2 is a measure of
the momentum transferred to the atoms, δ=ωZ −ω is the detuning from the Raman transition,
ωZ is the splitting between the two internal states and ω=ω1 −ω2 is the two-photon detuning.

Using the kinetic energy operator ĤK = (k̂2/2m)I , where I is the identity matrix, and perform-
ing a suitable global SU(2) transformation, leads to the standard Hamiltonian matrix with kinetic,
SOC and Rabi/Zeeman terms [35]

ĤKS = (k̂I −kTσz )2

2m
− δ

2
σz + Ω

2
σx =

(
k̂2 +k2

T

2m

)
I −

(
kT

m

)
· k̂σz − δ

2
σz + Ω

2
σx , (11)

where kT and −kT are the momentum transferred to the |↑〉 and |↓〉, respectively, and {σx ,σy ,σz }
are the Pauli matrices. The second term in Equation (11) explicitly shows the coupling between
the momentum operator k̂ and spin matrixσz , which corresponds to the ERD SOC introduced in
Section 2.1.

Spin–orbit coupling for three internal states can also be created experimentally using a pair
of counter-propagating Raman beams, as in 87Rb at the F = 1 manifold of a Bose–Einstein
condensate (BEC) [71]. A pair of counterpropagating Raman beams along the x-axis with
frequencies ωL and ωL + δωL are used to create the SOC. These beams couple atomic states
|mF,kx〉 that differ by one unit of internal angular momentum (ħ = 1). The Zeeman field B0

is applied along the y-direction to produce the Zeeman shift ωZ = gµB B0 ≈ δωL . Then, the
Hamiltonian matrix with kinetic, SOC and Rabi/Zeeman terms is [60,61,70,71]

ĤKS =


(k̂x−kT )2

2m + k̂2
⊥

2m −δ ΩR
2 0

ΩR
2

k̂2
x

2m + k̂2
⊥

2m +η ΩR
2

0 ΩR
2

(k̂x+kT )2

2m + k̂2
⊥

2m +δ

 , (12)

where k̂⊥ = (k̂y , k̂z ) is the transverse momentum (y z plane) of the atom, ΩR is the resonant Rabi
frequency, δ=ωZ −δωL is the detuning from the Raman resonance, and η is a quadratic Zeeman
shift, and kT = 2kR, where kR is the wavenumber (momentum) of each Raman beam, is the
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magnitude of the momentum transferred to the lowest and highest energy state. In Figure 1(b),
we show the corresponding level diagram.

A similar three-internal-state Hamiltonian with SOC and Rabi fields was used to investigate
Fermi liquid properties for pseudo-spin-1 fermions [60] and exotic topological color superflu-
idity for fermions with SU(3) attractive interactions [61] in three dimensions. However, in this
manuscript, we concentrate on the effects of SOC in one dimensional systems for two reasons.
First, because we are interested in the emergence of bosonic helical modes (Weyl bosons) for
SU(2) Fermi systems with two internal states, where spin and charge are initially separated,
and analytical results can be obtained via bosonization. Second, because we are fascinated by the
potential realization of tensor bosons for SU(3) Fermi systems with three internal states, where
exact results may also obtained, via the bosonization technique, in the low-frequency and long-
wavelength regimes. For pedagogical reasons, we discuss first the interacting Fermi gas with two
internal spin states in 1D, without SOC and Rabi fields, to introduce the bosonization technique
that is later applied to the same system in the presence of SOC and Rabi fields.

3. Spin–charge separation in 1D interacting fermions

In conventional higher-dimensional (2D and 3D) systems, electrons are elementary particles that
carry both spin and charge densities that propagate with the same velocity. However, in 1D sys-
tems, electron–electron interactions may lead to the decoupling of spin and charge degrees of
freedom under certain conditions. This decoupling results in the emergence of separate collec-
tive excitations describing charge density and spin density waves that propagate at different ve-
locities. The physics of interacting 1D Fermi gases was explored early on by Tomonaga and Lut-
tinger [1,2], and later developed into the Tomonaga–Luttinger liquid theory, via the development
of bosonization techniques [3,72], which became a powerful tool for the discovery of spin–charge
separation in 1D Fermi systems. There have been claims of experimental observations of spin–
charge separation in semiconductor nanowires and quasi-1D organic conductors [12,73]. More
recently, claims of spin–charge separation have also been made in 1D ultracold atomic gases [16].
In this section, we review the basics of the bosonization method, that leads to spin–charge sepa-
ration in 1D continuum Fermi gases with sufficiently long-ranged interactions.

3.1. Bosonization and spin–charge separation

For a comprehensive introduction to bosonization and spin–charge separation in 1D systems, we
refer the reader to standard textbooks [4,5]. Consider a 1D Fermi gas with mass m, two spin states
and kinetic energy operator

Ĥkin =∑
ks

k2

2m
c†

s (k)cs (k), (13)

where k is the one-dimensional momentum and s is the spin label. The Fermi surface for a
degenerate gas of fermions in 1D consists of points. For sufficient low energies, we linearize the
kinetic energy operator around the Fermi points (±kF) leading to

Ĥkin = ∑
ksr

{EF + sgn(r )vF[k − sgn(r )kF]}c†
sr (k)csr (k), (14)

where r = {L,R} represents the linearized band on the left near −kF or on the right near +kF,
EF = k2

F/2m is the Fermi energy, and vF = kF/m is the Fermi velocity. The function sgn(r ) gives
the sign of the slope and of the corresponding Fermi momentum: sgn(L) =−1, sgn(R) =+1. The
reference Hamiltonian Ĥ0 = ∑

ksr EFc†
sr (k)csr (k), corresponding to the energy E0 = N EF, where

N is the total number of fermions, is set to zero without loss of generality. Thus, we drop this
reference term from the kinetic energy operator Ĥkin from now on.
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A typical interaction between the fermions can be modeled as

Ĥint = 1

2Lb

∑
kk ′qss′

Vss′ (q)c†
s (k −q)c†

s′ (k ′+q)cs′ (k ′)cs (k), (15)

where Vss′ (q) is the interaction with real (momentum) space range R0 (q0 = 2π/R0) and dimen-
sions of energy times length, and Lb is the length of the system. The interaction may have differ-
ent origins depending on the physics manifested in the system: for example, it can be Coulomb
interactions, involving direct and exchange contributions for charged fermions, effective interac-
tions with finite range for charged or neutral fermions, or SU(2) invariant interactions for neutral
fermions. In the analysis below the interactions are not too strong, that is, |Vs,s′ (q)|/Lb ≪ N EF

for all q . Furthermore, when the range R0 is sufficiently large, only small momentum transfers
q contribute significantly to the interaction Hamiltonian, that is, the terms with qR0 ≪ 1 are
dominant. Furthermore,large momentum transfers are found to be irrelevant in renormalization
group approaches [4,5,74]. Thus, for spin-independent interactions Vss′ (q) = V (q), the interac-
tion Hamiltonian acquires, in the long wavelength limits (q ≈ 0), a density–density form [4,5]

Ĥint = 1

2Lb

∑
qss′r

[
g4ρ̂sr (q)ρ̂s′r (−q)+ g2ρ̂sr (q)ρ̂s′ r̄ (−q)

]
, (16)

where ρ̂sr (q) = ∑
k c†

sr (k)csr (k + q) is the Fourier transform of the real-space spin-dependent
density operator in branch r . For spin-dependent interactions Vss′ (q), the terms g2 → g2ss′ (q)
and g4 → g4ss′ (q) carry s and s′ subscripts and are proportional to Vss′ (q)/2. Here, g2 and
g4 have dimensions of energy times length. In Equation (16), the term with coefficient g4

couples fermions on the same side of the Fermi surface, while the term with coefficient g2

couples fermions from one side of the Fermi surface with fermions on the other side. Both
g2 and g4 are small-momentum-transfer (q ≈ 0) scattering processes. We do not consider
large-momentum-transfer (q ≈ 2kF) terms, called g1, because the finite-ranged interaction
produces g1 ≪ min{g2, g4}, which also becomes irrelevant from the renormalization group point
of view [4,5,74]. In passing, we note that for the Coulomb interaction g2 = g4 and both terms
depend logarithmically in |q| [75], however for a more generic effective finite-ranged interactions
g2 → g2(q ≈ 0) and g4 → g4(q ≈ 0), g2 also may be different from g4, a condition used in the
discussion below.

To obtain the spin and charge modes, we use the bosonization technique. Boson operators are
constructed as [4,5]

b†
s (q) =

√
2π

|q|Lb
Θ(−sgn(r )q)ρ̂sr (q), (17)

satisfying standard bosonic commutation relations. Here, Θ(x) is the Heaviside step function.
Using these boson operators and defining the momentum q = k − sgn(r )kF, the kinetic part of
the Hamiltonian becomes

Ĥ ′
kin =∑

qs
vF|q|b†

s (q)bs (q). (18)

This is not exactly the original kinetic energy operator, but is a valid representation of it in the
low-momentum limit, due to the commutation relation

[Ĥkin,bs (q)] = [Ĥ ′
kin,bs (q)] =−vF|q|bs (q), (19)

that secures the equivalency between Ĥkin in the fermionic representation and Ĥ ′
kin in the

bosonic one. Thus, we use the equivalence between Ĥ ′
kin and Ĥkin, to write the full Hamiltonian

Ĥ = Ĥkin + Ĥint as a quadratic form of the bosonic operators:

Ĥ =∑
q

{
vF|q|

∑
s

b†
s (q)bs (q)+|q|∑

ss′

[ g4

4π
b†

s (q)bs′ (q)+ g2

4π
b†

s (q)b†
s′ (−q)+H.c.

]}
. (20)
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Next, we define boson operators in the charge and spin sectors

b†
ρ(q) = 1p

2
(b†

↑(q)+b†
↓(q)) and b†

σ(q) = 1p
2

(b†
↑(q)−b†

↓(q)), (21)

where b†
ρ(q) creates an excitation in the charge density sector and b†

σ(q) creates an excitation in
the spin density sector. In this basis, the Hamiltonian becomes block diagonal in the charge and
spin degrees of freedom, that is,

Ĥ =∑
q

{
vF|q|b†

ρ(q)bρ(q)+|q|
[ g4

2π
b†
ρ(q)bρ(q)+ g2

2π
b†
ρ(q)b†

ρ(−q)+H.c.
]}

+∑
q

vF|q|b†
σ(q)bσ(q),

(22)
indicating that spin and charge excitations are already separated. A simple Bogoliubov transfor-
mation in the charge sector leads to

Ĥ =∑
q

[vρ |q|d †
ρ(q)dρ(q)+ vσ|q|d †

σ(q)dσ(q)], (23)

where two different velocities arise for the final charge density d †
ρ(q) and spin density d †

σ(q)
excitations:

vρ =
√(

vF + g4

π

)2
−

( g2

π

)2
and vσ = vF, (24)

with vρ (vσ) being the velocity for charge (spin) excitations. This is the standard result found
in textbooks [4,5]. The low-energy Hamiltonian Ĥ , shown in Equation (23), is fully separated
into spin and charge excitations that have different propagation speeds. The spin excitation,
often called spin density wave (SDW), carries spin current but no charge, while the charge
excitation, often called charge density wave (CDW), carries charge current but no spin. This
phenomenon is highly non-trivial since the two quantum numbers spin and charge that are
both carried by one kind of elementary particle are fully dissociated into two independent
excitation (spin and charge) modes. The separation between spin and charge is a peculiarity
of one-dimensional systems in the absence of spin–orbit coupling and Zeeman fields, but in the
presence of interactions. When the interactions are zero g4 = g2 = 0, the velocities vρ = vσ = vF,
that is, spin and charge excitations both travel at the Fermi velocity vF and thus are not separated.
The role played by interactions is crucial in separating charge and spin, that is, in creating vρ ̸= vσ.
Although spin–charge separation in 1D is a very old topic, there are still several open questions,
which are discussed next.

3.2. Open questions for spin–charge separation

Spin–charge separation is a fundamental phenomenon in condensed matter physics, which
emerges for one-dimensional systems in the low-energy and long-wavelength regime, when
spin–orbit coupling and Zeeman fields are absent. So far, to our knowledge, there is no rigorous
proof that spin–charge separation occurs at all energies and wavelengths for arbitrary interac-
tion potentials in 1D. This seems to be the case both for continuum and lattice systems. Further-
more, we are not aware of Bethe-Ansatz-type solutions that prove spin–charge separation for an
arbitrary interaction, for either continuum or lattice models in 1D. Therefore, the question “Does
spin–charge separation exist for 1D fermions at all energies, wavelengths and arbitrary interac-
tion potentials either in the continuum or in the lattice?” does not seem to have yet a rigorous
answer, and thus appears to be an open question1.

1This statement was triggered by a question that Yvan Castin asked, regarding C. A. R. Sá de Melo’s presentation at the
Institut Henri Poincaré, wondering if spin–charge separation in 1D is only a low-frequency-long-wavelength result or a
more general property.
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However, based on the Bethe Ansatz, it seems that a rigorous answer to the less general
question “Is there spin–charge separation for a zero-ranged potential in the 1D continuum?”
is now known theoretically [76]. While, Bethe-Ansatz solutions for the ground state energy
for contact (delta function) potential were explored by Yang [77] and Gaudin [78] long ago,
it was not until very recently that the charge and spin excitation spectra of such model system
were obtained [76]. Not long after these recent theoretical results, experiments claiming the
observation of spin–charge separation in 6Li emerged [16], but with some additional harmonic
confinement. It would be quite interesting to have experimental measurements of dynamical
structure factors in 1D box potentials to further verify the existence of spin and charge density
modes propagating with different velocities.

The related question “Is there spin–charge separation for the Hubbard model in the 1D
lattice?” appears to be still open. In the Tomonaga–Luttinger regime of the 1D Hubbard model,
spin–charge separation is well established [4], and in the limit of U →∞, a Bethe Ansatz analysis
suggests that spin–charge separation remains [79]. However, to our knowledge, there is no
Bethe-Ansatz solution that provides the answer to this question for arbitrary U . Nevertheless,
there seems to be recent experimental evidence that spin–charge separation occurs in strongly
correlated 1D conductors [80], which should stimulate the search for Bethe-Ansatz solutions for
arbritary values of U > 0 in the 1D Hubbard model.

In the absence of very general results, the separation between spin and charge in 1D was
discussed above in the low-energy and long-wavelength regime, for finite ranged interactions,
but without spin–orbit coupling and Rabi fields. However, an arbitrary small amount of SOC
and Rabi fields couple charge and spin excitations in SU(2) (spin-1/2) and produce more exotic
collective modes that we call Weyl bosons, as we discuss next.

4. SU(2) fermions with SOC and Rabi fields

Fermions with two internal states, attractive interactions, SOC and Rabi fields have been studied
theoretically in 3D [81–86], as well as in 2D [87,88] both at zero and finite temperatures, where the
focus was on superfluid properties. On the experimental side, a few ultracold Fermi systems with
SOC were preliminarily explored such as 6Li [38], 40K [89] and 173Yb [39,68]. Here, we discuss
fermions with two internal states, repulsive interactions, SOC and Rabi fields in 1D, and make
direct connections to spin–charge separation in the absence of spin–orbit and Rabi couplings
and to the special mixing of spin and charge when SOC and Rabi fields are present.

Our discussion about spin-1/2 fermions with SOC and Rabi fields in 1D begins from the exper-
imentally realized Hamiltonian matrix in momentum space with kinetic, SOC and Rabi/Zeeman
terms discussed in Equation (11) by setting the detuning δ to zero:

ĤKS = ϵk I −hxσx −hz (k)σz . (25)

Here, k is the momentum along the real space x direction, ϵk = (k2 +k2
T )/2m is the shifted

kinetic energy, kT is the magnitude of the momentum transferred, hx is the Rabi field, and
hz (k) = kkT /m is the momentum-dependent Zeeman field representing the SOC. Notice that, for
our 1D system, the SOC is the equal Rashba and Dresselhaus (ERD) type discussed in Section 2.1
and shown in Equation (8). In our 1D analysis, we converted the notation used in Equation (11)
via the following prescription: k → kex, δ → 0, Ω/2 → hx , and kT · k/m → kkT /m = hz (k).
This notation highlights the role played by hx and hz (k) as a uniform Zeeman field along the
spin-space x direction and a momentum-dependent Zeeman field along spin-space z direction,
respectively.
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Figure 2. Schematic plots of E A(k) (green solid line) and EB (k) (blue solid line) showing
effects of SOC (kT ) and Rabi fields (hx ). The red solid lines are linearizations around Fermi
points, and the horizontal black dashed lines indicate the chemical potential µ. In panels
(a), (b), (c) and (d), E A(k) has double minima, since |hx |/ET < 2. In panels (e), (f), and
(g), E A(k) has a single minimum, since |hx |/ET ≥ 2. In panel (h), hx = 0, and the system
is equivalent to no SOC due to the spin-gauge symmetry. We show relevant linearizations
inside the boxes. Case (I), with four Fermi points, is displayed in panels (a) and (e). Case
(II), with two Fermi points, is displayed in panels (b) and (f). Case (III), with four Fermi
points, is displayed in panel (c). The Roman numeral in the top-right corner of each box
indicates the associated linearization.

We diagonalize the Hamiltonian matrix ĤKS via the momentum-dependent SU(2) rotation
matrix

U (k,kT ,hx ) =
(
cos[θ(k,kT ,hx )/2] −sin[θ(k,kT ,hx )/2]
sin[θ(k,kT ,hx )/2] cos[θ(k,kT ,hx )/2]

)
, (26)

where the SU(2) rotation angle

θ(k,kT ,hx ) = 2arctan

[
hz (k)−heff(k)

hx

]
= arctan

[
− hx

hz (k)

]
(27)

depends on momentum k, the SOC parameter kT via hz (k), and the Rabi field hx . The resulting
dispersions of the energy eigenvalues are

E A(k) = ϵk −heff(k) and EB (k) = ϵk +heff(k), (28)

where heff(k) =
√

h2
x +h2

z (k) plays the role of a momentum-dependent Zeeman field. The
creation operators in the energy eigenbasis are(

a†
A(k) a†

B (k)
)= (

c†
↑(k) c†

↓(k)
)
U †(k), (29)

where c†
s (k) are the creation operators with momentum k and spin s = {↑,↓}. The operators a†

α(k)
create helical fermions, because the matrix U (k) has an SU(2) momentum-dependent rotation
angle θ(k,kT ,hx ) induced by SOC when both kT and hx are non-zero. Thus, the diagonalized
kinetic energy operator in second quantization is

Ĥkin =∑
kα

Eα(k)a†
α(k)aα(k). (30)

In Figure 2, we show E A(k) and EB (k) in various situations [90]. When hx ̸= 0, the eigenvalues
E A(k) and EB (k) are non-degenerate with E A(k) having either double minima (|hx | < 2ET ),
revealed in Figure 2(a,b,c,d), or a single minimum (|hx | ≥ 2ET ) displayed in Figure 2(e,f,g), where
ET = k2

T /2m. When hx = 0, we have heff(k) = |hz (k)| and the two bands intersect at k = 0, as
shown in Figure 2(h).

A natural question that arises is: How is the SOC-induced helicity of the fermions transferred
to the low-energy excitations of the interacting problem? To answer this question, we need to
investigate the effects of SOC on the interaction part of the Hamiltonian.
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Since, in this section, we are interested in spin-1/2 cold atom systems, we model interactions
for two-internal-state 6Li, 40K or 173Yb as

Ĥint =V0

∫ Lb

0
dx ′

∫ Lb

0
dxn̂↑(x)n̂↓(x ′) f (|x −x ′|), (31)

where Lb is the length of system, n̂s (x) =ψ†
s (x)ψs (x) is the local density operator with spin label

s = {↑,↓}. The interaction in Equation (31) is SU(2) invariant and spin-dependent like the general
case mentioned in Equation (15) of Section 3. The dimensionless function f (|x − x ′|) controls
the range R0, and the parameter V0, possessing energy dimensions, controls the strength of
interactions. A transformation to momentum space yields

Ĥint = V0

Lb

∑
q
ρ̂↑(q)ρ̂↓(−q) f̃ (q), (32)

where ρ̂s (q) = ∑
k c†

s (k)cs (k + q) is the Fourier transform of the local density operator n̂s (x), and
f̃ (q) = ∫

dye−iq y f (|y |), with dimensions of length, is the Fourier transform of the dimensionless
function f (|y |). Since any finite-ranged real space interaction leads to the same low-energy
and long-wavelength effective interaction, we choose the dimensionless function to be the
Gaussian f (|y |) = 1/

p
2πexp−y2/2R2

0 . The Fourier transform of f (|y |), shown in Equation (32), is
f̃ (q) = R0 exp−q2R2

0 /2, having dimensions of length. The application of this approach to specific
ultracold fermions (6Li,40 K,173 Yb) is discussed later.

When hx = 0, the spin-gauge transformation ψ↑(x) → eikT xψ↑(x), ψ↓(x) → e−ikT xψ↓(x) gauges
away kT in the kinetic energy without changing the interaction V̂ (spin-gauge symmetry). How-
ever, when both kT ̸= 0 and hx ̸= 0, the interaction written in the basis of eigenstates of the kinetic
energy operator with SOC and Rabi fields acquires a much more complex structure controlled by
the unitary transformation U (k) that connects

(
a†

A(k) a†
B (k)

)
and

(
c†
↑(k) c†

↓(k)
)
. The bosonization

procedure must be performed in the eigenbasis
(
a†

A(k) a†
B (k)

)
of the kinetic energy operator Ĥint

and not in the starting basis
(
c†
↑(k) c†

↓(k)
)
, as discussed next.

4.1. Bosonization with SOC and Rabi fields

To describe low-energy excitations of the total Hamiltonian Ĥ = Ĥkin+Ĥint, we use the bosoniza-
tion technique presented in Section 3.1 and linearize the kinetic energy operator Ĥkin in Equa-
tion (30) around the chemical potential µ for each energy dispersion E A(k) and EB (k), given in
Equation (28). Linearization is only possible when µ > min{E A(k),EB (k)}. However, the linear-
spectrum approximation is strictly valid only in the low-energy regime near the Fermi points
where curvature effects are negligible. When the Fermi velocities are non-zero, the curvature of
the dispersions are a second-order effect. A treatment of nonlinear (band-curvature) corrections,
without spin–orbit coupling and Rabi fields, can be found in the literature [91]. For hx ̸= 0 and
arbitrary kT , there are three typical linearization cases shown in Figure 2: (I) µ intersects twice
E A(k) and twice EB (k), see Figures 2(a,e); (II) µ intersects only E A(k) twice, see Figures 2(b,f);
(III) µ intersects E A(k) four times, see Figure 2(c). When µ< min{E A(k),EB (k)}, µ does not inter-
sect either E A(k) or EB (k), thus no linearization is possible, see Figure 2(d,g). The special situa-
tion of hx = 0 and arbitrary kT is shown in Figure 2(h). Intersections of µ to either E A(k) or EB (k)
allows for linearization of dispersions, shown as red lines in Figure 2.

We label fermions via indices {r,α}, where r describes left (L) or right (R) moving particles and
α labels the band indices A or B indicating linearization of E A(k) or EB (k). In the special case of
Figure 2(c), we set α = A(1) for the outer red lines and α = A(2) for the inner red lines, since only
E A(k) is crossed by µ. The linearized kinetic energy operator is

Ĥkin = ∑
kαr

{µ+ sgn(r )uα[k − sgn(r )kµα]}a†
αr (k)aαr (k), (33)
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where uα is the Fermi velocity dEα(k)/dk at k = kµα, with kµα being the positive momentum
whereµ intersects the band labeled byα. The operator a†

αr (k) creates a fermion with momentum
k in band α and branch r . Both uα and kµα depend on kT , hx and µ. The function sgn(r )
refers to the sign of r , where sgn(R) = +1 and sgn(L) = −1. The reference Hamiltonian Ĥ0 =∑

kαr µa†
αr (k)aαr (k), corresponding to the energy E0 = Nµ, where N is the total number of

fermions, is set to zero without loss of generality. Thus, we drop this reference term from the
kinetic energy operator Ĥkin from now on.

We bosonize Ĥkin in Equation (33) using the transformation

b†
α(q) =

√
2π

|q|Lb

∑
r
Θ(−sgn(r )q)ρ̂αr (q), (34)

where ρ̂αr (q) = ∑
k a†

αr (q)aαr (k + q) is the fermion density operator for an r -moving particle in
band α, andΘ(x) is the Heaviside step function. This leads to

Ĥkin =∑
qα

|quα|b†
α(q)bα(q)+KΩ (35)

for the kinetic energy in bosonized form, where KΩ = ∑
q>0,α |quα|. Here, the bosonization of

the interaction is more complex because it requires four sets of momentum-dependent unitary
transformations, when writing the interaction Hamiltonian in terms of the creation a†

A , a†
B and

annihilation aA , aB operators. Using the appropriate momentum labels, the interaction in
Equation (32) is bosonized as

Ĥint =
∑
q>0

qΦ†(q)gΦ(q) = 1

2

∑
q
|q|Φ†(q)gΦ(q)+VΩ, (36)

where Φ(q) is either a two-component vector or a four-component vector, g is either a 2×2 or
a 4 × 4 matrix representing the interaction strength of different scattering processes shown in
Figure 3, and VΩ =∑

qi j |q|gi j /2, with gi j being the elements of the matrix g . In case (I), where µ
intersects bands A and B , there are four Fermi points, and

ΦT (q) =
(
b†

A(q) b†
B (q) bA(−q) bB (−q)

)
.

In case (II), where µ intersects only band A, there are two Fermi points, and ΦT (q) =(
b†

A(q) bA(−q)
)

. In case (III), where µ intersects only band A, there are four Fermi points, and

ΦT (q) =
(
b†

A(1) (q) b†
A(2) (q) bA(1) (−q) bA(2) (−q)

)
.

The elements of the g matrix are gi j = ηi j f̃ (q → 0), having dimensions of energy times length,
while ηi j has dimension of energy and depends on kT , hx and µ via SU(2) rotation angles
θ(k,kT ,hx ) and θ(k +q,kT ,hx ).

For case (I), the g matrix is 4×4 and depends on the angles θA and θB , where θα = θ(kµα,kT ,hx )
is the SU(2) angle defined in Equation (27) with k = kµα. For case (II), the g matrix is 2×2 and
depends only on θA as

g = f̃ (0)V0

4π

(
sin2θA (1+cos2θA)

(1+cos2θA) sin2θA

)
. (37)

For case (III), the g matrix is 4×4 and depends on the SU(2) angles θA(1) and θA(2) . The g matrix
in cases (I) and (III) can also be obtained analytically [92], but for simplicity and brevity, we
discuss in detail only case (II) as an example [92]. In general, g4αβ (g2αβ) shown in Figure 3
are the diagonal (off-diagonal) terms of each 2 × 2 block of the g matrix, where the blocks
are labeled by α,β. For instance, in case (II), g4A A = ( f̃ (0)V0/4π)sin2θA are the diagonal and
g2A A = ( f̃ (0)V0/4π)(1+cos2θA) are the off-diagonal elements of matrix g in Equation (37).

Only small momentum-transfer interactions (q → 0) are retained, since larger momentum-
transfer contributions q = 2kµα are suppressed due to the finite range R0 of the interaction,
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Figure 3. Schematics of scattering processes. In panel (a), we show the scattering pro-
cess in the spin basis {↑,↓}. In panels (b) and (c), we show the low-momentum-transfer
scattering processes in the {α,β} basis after linearization, where {α,β} = {A,B} for case (I),
{α,β} = {A} for case (II), and {α,β} = {A(1), A(2)} for case (III). The solid (dashed) lines repre-
sent right (left) moving fermions, and the wiggly lines represent the interactions.

and even when these terms are included they are irrelevant under the renormalization group
flow [4,6,92]. This is an important point in our discussion, because we use a finite-ranged
interaction. As an example, for the Gaussian-ranged interaction, f̃ (0) = R0. The limit of zero
interaction range is discussed later, when connections to ultracold atoms are directly made. The
bosonized Hamiltonian is now ready for diagonalization, as discussed next.

4.2. Diagonalization of bosonized Hamiltonian

To obtain the excitation spectrum of the bosonized Hamiltonian

Ĥ = Ĥkin + Ĥint,

it is necessary to diagonalize it via a Bogoliubov transformation B connecting Φ(q) in Equa-
tion (36) toΨ(q) =BΦ(q), leading to boson operators

ΨT (q) =
(
d †

1 (q) d †
2 (q) d1(−q) d2(−q)

)
for cases (I) and (III), where the number of collective modes is NC = 2 and to ΨT (q) =(
d †

1 (q) d1(−q)
)

for case (II), where NC = 1. Barring any instabilities, NC = NF/2, where NF is the
number of Fermi points at µ. The Bogoliubov matrices B are 4×4 in cases (I) and (III) and 2×2 in
case (II). This is a very standard procedure, so we do not dwell on the details. After implementing
the Bogoliubov transformations, the diagonalized Hamiltonian becomes

Ĥ =∑
qℓ

|q|vℓd †
ℓ

(q)dℓ(q)+ωΩ, (38)

where vℓ ≥ 0 is the velocity of collective mode ℓ that depends on {kT ,hx ,µ} for given V0. The
ground state energy is ωΩ = ∑

q>0,ℓ |qvℓ|. Defining L to be the set of collective modes, such
that ℓ ∈ L , we have two modes for cases (I) and (III) with L = {1,2}, and we have one mode for
case (II) with L = {1}. The mode with ℓ = 1 has larger velocity and energy, while the mode with
ℓ = 2 has smaller velocity and energy. The velocities vℓ can be obtained analytically, but have
complicated expressions in cases (I) and (III) [92]. For simplicity and brevity, we give analytical
results only for case (II), see Figures 2(b) and (f), where there is only one mode with velocity

v1 =
√

uA + f̃ (0)V0

2π

√
uA − f̃ (0)V0

2π
cos2θA . (39)
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Figure 4. Phase diagram and velocities of collective modes. In panel (a), we show the
phase diagram of hx /µ versus kT /kµ, for chemical potential µ > 0 and kµ = √

2mµ.
The interaction parameter is chosen to be f̃ (0)V0/vµ = 2, where vµ = kµ/m. The pink,
yellow and orange regions represent phases with four (two), two (one), and four (two)
Fermi points (collective modes). These phases are separated by black solid lines, where
topological quantum phase (Lifshitz) transitions occur. The labels (a) and (e) in the pink
region, (b) and (f) in the yellow region, and (c) in the orange region refer to the cases
illustrated in the panels of Figure 2. The black dashed lines at |hx | = 2ET separate regions
where E A(k) has a single minimum (|hx |/ET > 2) from regions where E A(k) has double
minima (|hx |/ET < 2). In panel (b), we show the velocities v1/vµ (solid lines) and v2/vµ
(dashed lines) as functions of hx /µ for fixed values of kT /kµ. The red curves correspond to
kT /kµ = 0.5, and the blue curves to kT /kµ = 1.5. In panel (c), we show the velocities v1/vµ
(solid lines) and v2/vµ (dashed lines) as functions of kT /kµ for fixed values of hx /µ. The red
curves correspond to hx /µ= 0.5, and the blue curves to hx /µ= 1.5.

In the expression above, for hx ̸= 0 and kT ̸= 0, the Fermi velocity is

uA =
(
1− 2ET

heff(kµA)

)
kµA

m
, (40)

where ET = k2
T /2m is the momentum-transfer energy, heff(kµA) =

√
h2

x +h2
z (kµA) is the effective

Zeeman field at kµA with hz (kµA) = kµAkT /m being the momentum-dependent Zeeman field,
and with

kµA =
√

2m(µ+ET +
√

4µET +h2
x ) (41)

being the Fermi momentum for band A.
In Figure 4, we illustrate properties of our system in the plane hx /µ versus kT /kµ, with µ > 0

and kµ = √
2mµ. Panel (a) shows a partial phase diagram for µ > 0. Panel (b) displays the

velocities vℓ/vµ of collective modes with ℓ = 1,2 as a function of hx /µ at fixed kT /kµ. Panel (c)
reveals the velocity vℓ/vµ of collective modes with ℓ = 1,2 as a function of kT /kµ at fixed hx /µ.
We fix the chemical potential µ and, for simplicity, show only the case of µ > 0, instead of fixing
the density n as was discussed in the literature [90].

In Figure 4(a), we show the phase diagram of hx /µ versus kT /kµ, for µ > 0, with kµ = √
2mµ,

and f̃ (0)V0/vµ = 1, where vµ = kµ/m. Case (I), where µ intersects bands A and B as shown in
Figure 2(a,e), is represented by the pink region, with the number of Fermi points NF = 4 and the
number of collective modes NC = 2. Case (II), where µ intersects only band A twice, as seen in
Figure 2(b,f), is represented by the yellow region with NF = 2 and NC = 1. Case (III), where µ
intersects only band A four times as shown in Figure 2(c), is represented by the orange region
with NF = 4 and NC = 2. For the vertex separating the pink, yellow and orange regions (hx /µ= 0
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and kT /kµ = 1), NF = 4 as in Figure 2(h) and NC = 2; at this location there is perfect spin–charge
separation. In fact, along the line hx /µ = 0, there is spin–charge separation also in the pink and
orange regions, due to the spin-gauge symmetry.

Furthermore, in Figure 4(a), the lines or points separating different phases indicate topological
quantum phase transitions of the Lifshitz-type [93–95], where the Fermi surfaces change from
four to two to zero points, depending on hx /µ and kT /kµ. The black dashed lines (parabolas)
at hx = ±2ET separate regions where the lower band E A(k) has two minima (|hx | < 2ET ) from
regions where the lower band E A(k) has one minimum (|hx | > 2ET ) and the line at hx /µ = 0
represents the locus of spin–charge separation.

In Figure 4, we also show the collective mode velocities v1/vµ and v2/vµ, where vµ = kµ/m,
as a function of hx /µ and fixed kT /kµ in panel (b) or as a function of kT /kµ for fixed hx /µ in
panel (c). Solid and dotted curves represent v1/vµ and v2/vµ, respectively. In panel (b), the
red curves correspond to kT /kµ = 0.5, and the blue curves to kT /kµ = 1.5; in panel (c), the red
curves correspond to hx /µ = 0.5, and the blue curves to hx /µ = 1.5. Both v1/vµ and v2/vµ vary
continuously but exhibit nonanalytic behavior at phase boundaries (black solid lines in panel
(a)). This nonanalyticity reflects a topological (Lifshitz) quantum phase transition, characterized
by a change in the number of Fermi points from NF = 4 to NF = 2. Additionally, at the phase
boundaries, the velocity of the second mode vanishes. This results from the linearization, where
the slope at a local maximum or minimum becomes zero. To obtain the next order correction
to the collective mode dispersion, it is necessary to include curvature effects as described in
Ref. [91]. However, we do not address the additional correction in this paper.

We notice that, in the limit hx /µ → 0 for fixed nonzero kT /kµ, the velocities approach
their theoretical values at hx /µ = 0 due to spin-gauge symmetry, thereby restoring spin–charge
separation. When spin–charge separation happens at hx = 0, the higher-velocity mode (v1) is
associated with charge and the lower-velocity mode (v2) is associated with spin. In the absence
of SOC (kT = 0) with hx ̸= 0, the collective modes are generally a mix of charge and spin density
waves, but are nonhelical. However, when both kT ̸= 0 and hx ̸= 0, the collective modes are
a mix of charge and spin density waves with a helical structure, which is carried over by the
momentum-dependent rotation angles θ(k,kT ,hx ) of the SU(2) rotation matrices U (k) defined
in Equation (26).

To visualize helical modulations in the collective modes, we decompose

d †
ℓ

(q) =∑
r

[
Aℓr (q)ρ̂r (q)+Bℓr (q) · ŝr (q)

]
(42)

in terms of the Fourier transforms ρ̂r (q) and ŝr (q) of the charge-density n̂r (x) =∑
s ψ

†
sr (x)ψsr (x)

and spin-density Ŝr (x) = 1
2

∑
ss′ψ

†
sr (x)(σ)ss′ψs′r (x) operators, respectively. Here, the factor of 1/2

in Ŝr (x) represents the angular momentum ħ/2 with ħ = 1, r labels right (R) or left (L) going
fermions, and ψ†

sr (x) is the creation operator for r -going fermions with spin projection s at
position x. The collective mode operators in real space are

D†
ℓ

(x) =∑
r

∫
dx ′[aℓr (x −x ′)n̂r (x ′)+bℓr (x −x ′) · Ŝr (x ′)

]
, (43)

where the spatial modulation and helicity of the vector fields bℓr (x −x ′) are controlled by kT and
hx [90,92]. When kT and hx are both non-zero, all the modes present are helical, with q > 0 (q < 0)
modes having positive (negative) helicity. The global helicity of the Hamiltonian in Equation (38)
is zero, such that q > 0 and q < 0 bosons for each mode are helical pairs. Given that these
bosons are massless and helical, we name them Weyl bosons in analogy to Weyl fermions [50],
which are massless and helical spin-1/2 particles. The helicity of Weyl bosons is like that of
circularly polarized photons, however unlike photons, in SU(2) Fermi systems, Weyl bosons can
have up to two flavors of right or left helicities. We emphasize that our flavored Weyl bosons
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are collective modes of interacting and spin–orbit-Rabi-coupled spin-1/2 fermions. They are
intrinsically pseudo-relativistic (relativistic) bosons due the presence of synthetic (real) Zeeman
fields and synthetic (real) spin–orbit coupling that provides relativistic corrections. They also
appear in 2D and 3D, but in 1D, analytical results are easily obtained via the bosonization method.
We also notice that the emergence of Weyl bosons in the context of particle physics corresponds
to an effect Beyond the Standard Model (BSM), thus the analysis above offers some hope for those
interested in simulating BSM effects with ultracold atoms.

The theoretical results described above need serious experimental testing, thus we discuss
next potential experimental systems that may reveal the existence of Weyl bosons.

4.3. Connection to ultracold Fermi atoms

For ultracold fermions such as 6Li, 40K and 173Yb, with two internal states selected and SU(2)
invariant interactions, the zero-range approximation is typically used. Thus, the effective zero-
ranged interaction is replaced by the scattering length. To take the limit of zero range (R0 → 0),
we use the explicit Gaussian form f (|y |) = 1/

p
2πexp−y2/2R2

0 , discussed right after Equation (32)
and connect it to the delta sequence δn(y) = (n/

p
2π)exp(−n2 y2/2). With this connection, we

write the 1D interaction

V (x −x ′) =V0 f (|x −x ′|), (44)

with range R0, in the limit of R0 → 0, as the contact potential

V (x −x ′) ≈ Ṽ0δ(x −x ′), (45)

where Ṽ0 = R0V0, with dimensions of energy times length, is held constant as R0 → 0. Notice
that Ṽ0 is also equivalent to f̃ (0)V0 discussed in the previous sections, where f̃ (0) = R0. The
corresponding 1D scattering length a1D is defined by the relation Ṽ0 = −2ħ2/ma1D > 0 (with ħ
restored to make units clear) [96]. The relationship between a1D and the 3D scattering length a3D

is [16,96]

a1D =− a⊥
a3D

[
1−C

a3D

a⊥

]
, (46)

where C = |ζ(1/2)|/p2 is a constant with ζ(1/2) being the Riemann zeta function ζ(z) evaluated
at z = 1/2, and a⊥ = √ħ/mωr is the transverse confinement length with ωr being the frequency
of the transverse harmonic potential [96].

Given that 6Li experiences substantial heating due to the Raman beams [38] that produce SOC
and Rabi fields, the effects proposed above are more likely realizable in 40K or 173Yb. So, we
choose to give numbers compatible with 40K as an illustration, since typical SOC and Rabi fields
are known [89]. We envision using optical boxes in 1D with dimensions ranging from 10 µm to
100 µm [97], and number of atoms varying from a few [98] to thousands [99]. As an example,
we consider a 1D optical box with length Lb = 25 µm, a tight transverse confinement frequency
ωr = 2π× 227.5 kHz, similar to confinements achieved in 6Li [16], number of atoms N = 400,
interaction parameter Ṽ0 = R0V0 = vµ in the zero-range limit R0 → 0. For 40K, the momentum
transfer chosen is kT = 2π× (768.86 nm)−1 [89], the density is n = 400/25 µm = 1.6×105/cm, and
the 3D scattering length from Equation (46) is a3D ≈ 134a0, where a0 is the Bohr radius. Other
examples can be found in the literature [90].

Keeping in mind this connection to ultracold atoms, we discuss next the dynamical structure
factor tensor, which can potentially be measured using Bragg scattering techniques to detect the
dispersion, spectral weight and helicity of the collective modes that we call Weyl bosons.
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Figure 5. Dimensionless dynamical structure factor (DSF) tensor S̃i j (q,ω) = Si j (q,ω)µ/k2
µ,

with energy broadening δ/µ = 0.05. The parameters used are hx /µ = 1.5 for the Rabi
field, kT /kµ = 0.5 (ET /µ = 0.25) for the SOC, Ṽ0/vµ = f̃ (0)V0/vµ = 2 (a3D ≈ 134a0) for the
interaction and kµLb = 408.60. These are typical values for 40K, at density n = 1.6×105/cm,
in a 1D box potential of length Lb = 25 µm. These parameters correspond to a point in the
yellow region of the phase diagram of Figure 4(a) leading to a single collective mode (Weyl
boson). Panels (a), (b) and (c) show the charge–charge and spin–spin responses ρ̂-ρ̂, ŝx -ŝx

and ŝz -ŝz , respectively. Panels (d) and (e) display the charge–spin ρ̂-ŝ+ and ρ̂-ŝ− responses,
respectively, and (f) shows the difference of (d) and (e). The gray dashed lines show the
dispersing helical collective mode (Weyl boson).

4.4. Dynamical structure factor tensor

Bragg scattering techniques have been used to measure velocities of charge and spin density
collective modes [63,64], as well as to identify spin–charge separation [16,17] in 6Li. These
experiments traditionally measure either charge or spin dynamical structure factors (DSF). Here,
we investigate not only spin–spin and charge–charge, but also spin–charge responses at T = 0 via
the DSF tensor

Si j (q,ω) = 2π
∑
pℓ

〈Ω|Ôi (q)|p,ℓ〉〈p,ℓ|Ô j (−q)|Ω〉δ(ω−εpℓ+ωΩ), (47)

for the ground state |Ω〉, in the Källén–Lehmann spectral representation [100,101]. The operators
Ôi (q), with i = {c, x, y, z}, are the charge Ôc (q) = ρ̂(q) and spin Ôa(q) = ŝa(q) operators, where
a = {x, y, z}. The eigenstates of the bosonized Hamiltonian Ĥ given in Equation (38) are |p,ℓ〉with
corresponding eigenenergies εpℓ = |p|vℓ, whileωΩ is the ground state energy discussed following
Equation (38). We emphasize that, in our units (ħ = 1), both ρ̂(q) and ŝa(q) have dimensions of
inverse length and Si j (q,ω) has dimensions of mass; these properties are used in the plots of
Figure 5.
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To calculate Si j (q,ω), we use the decomposition Ôi (q) = Ôi R (q)+ Ôi L(q) in Equation (47), and
implement the Moore–Penrose inverse [102,103] of Equation (42) to write the operators Ôi r (q) as
a linear combination of the boson creation d †

ℓ
(q) and annihilation dℓ(−q) operators. When q > 0,

we obtain

Ôi r (q) =
√ |q|L

2π

∑
ℓ

(Fi rℓ(q)d †
ℓ

(q)+Gi rℓ(q)dℓ(−q)), (48)

where the expression relating q > 0 and q < 0 is Ôi r (−q) = Ô†
i r (q). Currently, there is no

simple analytical form of the tensors Fi rℓ(q) and Gi rℓ(q), so we do not show their complicated
structure here, but rather we perform the Moore–Penrose inverse numerically to obtain the
matrix elements 〈Ω|Ôi (q)|p,ℓ〉 and 〈p,ℓ|Ô j (−q)|Ω〉. Summation over p in Equation (47) (only
the terms with p = q survive) leads to

Si j (q,ω) =∑
ℓ

Ai jℓ(q)δ(ω−εqℓ+ωΩ), (49)

where Ai jℓ(q) plays the role of the spectral weight tensor with dimensions of squared-density
(squared-length in 1D), εqℓ = |q|vℓ is the collective mode energy, and we set the ground state
energy ωΩ = 0 as our energy reference in Figure 5. The spectral weight tensor is

Ai jℓ(q) =Ai jℓ+(q)Θ(q)+Ai jℓ−(q)Θ(−q). (50)

where Ai jℓ+(q) = |q|L ∑
r r ′ Gi rℓ(q)G∗

j r ′ℓ(q) is the spectral weight for q > 0, Ai jℓ−(q) =
|q|L ∑

r r ′ F∗
i rℓ(−q)F j r ′ℓ(−q) is the spectral weight for q < 0 and Θ(q) is the Heaviside step func-

tion. The spectral weight tensor is even in q obeying the relation Ai jℓ(−q) = Ai jℓ(q), implying
that Ai jℓ+(−q) =Ai jℓ−(q).

The symmetry properties obeyed by Ai jℓ(q) are important in establishing the general Onsager
reciprocal relation [104,105] satisfied by the DSF tensor

Si j (q,ω,kT ,hx ) = ϵi ϵ j S j i (−q,ω,−kT ,−hx ), (51)

where ϵi is the parity of operators Ôi (x, t ) under time-reversal. For i = c (charge density),
ϵi = +1, and for i = {x, y, z} (spin density), ϵi = −1. We verified analytically and numerically this
fundamental symmetry relation regarding the dynamical structure factor tensor.

In Figure 5, we show matrix elements of the dimensionless DSF tensor S̃i j (q,ω) =
Si j (q,ω)µ/k2

µ = Si j (q,ω)/2m with energy broadening δ/µ = 0.05. The parameters used are
hx /µ = 1.5 for the Rabi field, kT /kµ = 0.5 (ET /µ = 0.25) for the SOC, Ṽ0/vµ = f̃ (0)V0/vµ = 2
(a3D ≈ 134a0) for the interaction, and kµLb = 408.60 corresponding to typical values for 40K with
density n = 400/25 µm = 1.6×105/cm, in a 1D box of length Lb = 25 µm. These values represent
a point in the yellow region of Figure 4(a), where there is only one collective mode (Weyl boson).

In all panels of Figure 5, the gray dashed lines represent the dispersing helical mode (Weyl
boson). We emphasize that both ρ̂(q) and ŝa(q) have dimensions of inverse length in our units
(ħ= 1). We use either the standard index a = {x, y, z} for the spin components or a = {+,−, z}, with
+ (−) labeling the spin raising (lowering) operator ŝ+ (ŝ−).

In panel (a), we illustrate the charge–charge response ρ̂-ρ̂, while in panels (b) and (c) we show
the spin–spin response ŝx -ŝx and ŝz -ŝz . In panels (d) and (e), we display the charge–spin ρ̂-ŝ+
and ρ̂-ŝ− responses, respectively. To reveal the helicity of the modes, we show the difference of
ρ̂-ŝ+ and ρ̂-ŝ− in panel (f). Since the difference of ρ̂-ŝ+ and ρ̂-ŝ− is small, we use a different scale
to help visualization in (f). We verified that for hx ̸= 0 and kT = 0, the modes are non-helical,
and that the only non-zero responses are ρ̂-ρ̂, ŝx -ŝx and ρ̂-ŝx . Furthermore, for hx = 0 and any
kT , there is spin–charge separation, and the only non-zero responses are ρ̂-ρ̂, and ŝz -ŝz . The
Weyl bosons with q > 0 and q < 0 are helical pairs representing special spin-charged mixed states
introduced by SOC and Rabi fields.
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Apart from Weyl modes with one flavor illustrated in Figure 5, there are also examples of Weyl
modes with two flavors, existing in the pink region of Figure 4(a), which can be found in the
literature [90]. Having completed our analysis of what is known about SU(2) fermions with spin–
orbit coupling and Rabi fields in 1D, we discuss next a few open questions.

4.5. Open questions for SU(2) fermions

Before listing a few open questions for SU(2) fermions in the presence of spin–orbit coupling
and Rabi fields, we summarize briefly the main results discussed above. We analyzed the phase
diagram and collective modes of interacting one-dimensional SU(2) Fermi systems with spin–
orbit and Rabi coupling. We have shown that Lifshitz-type topological quantum phase transitions
occur in the plane of spin–orbit versus Rabi coupling, where there are quantum phases with
two, one or zero helical collective modes (Weyl bosons) depending on the topology of the
Fermi surface. We demonstrated that the velocities of the collective modes are continuous, but
nonanalytical as topological phase boundaries are crossed. We also identified the locus of spin–
charge separation, and demonstrated that, when spin–orbit and Rabi couplings are both non-
zero, the collective modes are helical with mixed spin and charge density components. Lastly,
we obtained the dynamical structure factor tensor for charge–charge, spin–charge and spin–spin
responses, revealing the dispersions, spectral weights and helicities of collective modes (Weyl
bosons). These results pave the way for their experimental detection in systems like 6Li, 40K and
173Yb, but there are a few open questions that we present below.

The discussion above highlights exciting predictions about the creation of Weyl bosons and
their possible detection in SU(2) Fermi systems not only in solid state materials and ultracold
fermions such as 6Li, 40K and 173Yb in one dimensional, but also in two- and three-dimensional
systems. The one-dimensional case is quite appealing because analytical results for the collective
mode dispersion and velocity are obtained via the bosonization method in the long-wavelength
regime. However, as far as we know, there are currently no experiments either in condensed
matter with real spin–orbit and Rabi (Zeeman) fields or in ultracold atoms with synthetic spin–
orbit and Rabi (Zeeman) fields that probe the effects proposed. So, there are not only open
theoretical questions, but also experimental ones, both in the context of condensed matter and
ultracold atoms.

In condensed matter, one important open experimental question is: are there solid state
materials in one, two or three dimensions, where real spin–orbit coupling and Rabi (Zeeman
fields) can be manipulated to probe the expected theoretical phase diagram and the emergence
of Weyl bosons with one or two flavors? Can measurements of the charge–charge (density–
density) dynamical structure factor be achieved, using for instance, inelastic neutron scattering
or inelastic X-ray scattering? Can the spin–spin dynamical structure factor be measured for solid
state systems with spin–orbit and Zeeman coupling using techniques such as inelastic neutron
scattering, resonant inelastic X-ray scattering, muon spin resonance, and spin-polarized neutron
scattering? Are there any techniques that can probe the charge–spin or spin–charge dynamical
structure factors to extract the helicity of the collective modes?

In ultracold atoms, there are several open experimental questions. Can spin–orbit and Rabi
coupling be realized and studied experimentally in interacting Fermi systems of 6Li, 40K and
173Yb in one, two and three dimensions? Would box trapping potentials help in realizing such
systems? If experimental realization is possible, would the tunability of spin–orbit and Rabi fields
be sufficient to probe the theoretical phase diagrams and the topological phases transitions pre-
dicted? Would Bragg spectroscopy be sufficient for measuring charge–charge (density–density)
and spin–spin structure factors and identify Weyl bosons? Is there a technique that can measure
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the charge–spin (density–spin) and spin–charge (spin–density) structure factors to elucidate the
helicity of the collective modes (Weyl bosons)?

On the theoretical front, we also list a few open questions for interacting SU(2) fermions with
spin–orbit and Rabi (Zeeman) coupling. Are there qualitative differences between the collective
modes (Weyl bosons) in one, two and three dimensions? What is the interplay between the
continuum of excitations and Weyl bosons? What are the lifetimes of Weyl bosons? Are there
stable higher-energy helical collective modes in one, two and three dimensions? Are there any
fractionalization effects in the charge (density) and spin sectors that arise from spin–orbit and
Rabi (Zeeman) coupling beyond the long-wavelength regime?

Although there are many open questions for SU(2) fermions, an inquisitive mind may also
wonder about additional generalizations. An intriguing possibility is the investigation of SU(N)
fermions such 173Yb and 87Sr in the presence of SOC and Rabi fields, where Fermi liquid proper-
ties [60] and color superfluidity were investigated [61] in 3D for SU(3) fermions. Thus, driven by
curiosity, we discuss next the effects of SOC and Rabi fields on SU(3) fermions with three internal
states, focusing again on one dimensional systems.

5. SU(3) fermions with SOC and Rabi fields

Ultracold atomic physics has emerged as a versatile platform for simulating complex quantum
systems due to the high degree of control over atomic interactions and internal degrees of
freedom. Particularly, fermionic atoms with multiple internal states can emulate and break
higher symmetries beyond the conventional SU(2) spin symmetry as discussed in Section 4. In
this context, SU(3) fermions, with three internal states, have garnered significant interest for their
potential to simulate exotic quantum phases [60,61] and for applications in quantum information
processing [106].

In systems with full SU(3) symmetry, both the kinetic energy and interactions are invariant
under global transformations belonging to the SU(3) group. This symmetry arises naturally
in ultracold gases of alkaline-earth-like atoms, such as 173Yb or 87Sr, where the nuclear spin
degrees of freedom are decoupled from the electronic states due to the zero electronic angular
momentum in the ground state. Consequently, atoms can occupy multiple hyperfine states that
interact identically, realizing an SU(N) symmetry with N up to the number of accessible hyperfine
states.

In this article, we are particularly interested in 1D interacting Fermi systems and on the effects
of spin–orbit coupling and Rabi fields. For fermions with three internal states, we introduce spin–
orbit coupling and Rabi fields similarly to the spin-1 case discussed in Section 2. However, we use
the terminology of color-orbit coupling to describe how the center of mass momentum couples
with internal states (colors). Thus, we call the internal states Red, Green and Blue (R,G ,B) as in
SU(3) quark systems, and write a general momentum-space Hamiltonian matrix as

ĤKS(k) =
εR (k) ΩRG ΩRB

Ω∗
RG εG (k) ΩGB

Ω∗
RB Ω∗

GB εB (k)

 , (52)

where εc (k) = (k −kc )2/2m +ηc , with color c = {R,G ,B}. This is a particular example of the 3D
case discussed in the literature [60,61]. Considering the experimentally realizable Hamiltonian
described in Equation (12) of Section 2, we simplify the general Hamiltonian in Equation (52) by
lettingΩRB = 0,ΩRG =Ω∗

RG =ΩGB =Ω∗
GB =Ω, kR = kT , kG = 0, kB =−kT , and we set the reference
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energies ηc to ηR = −δ, ηG = η, ηB = δ. This choice sets the independent-particle Hamiltonian
matrix to

ĤKS(k) =
εR (k) Ω 0
Ω εG (k) Ω

0 Ω εB (k)

 , (53)

where εR = (k − kT )2/2m − δ, εG = k2/2m + η, εB = (k + kT )2/2m + δ are the dispersions of
the Red, Green and Blue states. Here, kT is the momentum transfer, and ET = k2

T /2m is the
associated transfer energy. The notation used here is similar to that described in the spin-1
matrix of Equation (12) and in the illustration shown in Figure 1(b): Ω describes a Rabi coupling,
δ represents the detuning, and η is a reference energy. In our 1D analysis, we converted the 3D
notation used in Equation (12) via the following mapping: kx → k, k⊥ → 0, and kT → kT for
momenta, as well as δ→ δ, η→ η andΩR /2 →Ω for energies.

Using a compact notation, we rewrite

ĤKS(k) = ε(k)I −hx Jx −hz Jz +bz J 2
z , (54)

where I is the identity matrix and Jℓ are spin-1 angular momentum matrices

Jx = 1p
2

0 1 0
1 0 1
0 1 0

 , Jy = 1p
2i

 0 1 0
−1 0 1
0 −1 0

 , Jz =
1 0 0

0 0 0
0 0 −1

 .

The coefficients that multiply the matrices are ε(k) = k2/2m + η corresponding to a shifted
kinetic energy, hx = −p2Ω describing a color-flip (Rabi) field, hz (k) = 2kkT /2m + δ reflecting
the color-orbit coupling, and bz = k2

T /2m − η representing the quadrupolar field. Notice that
the quadrupolar term bz J 2

z lies beyond the realm of the angular momentum SO(3) Lie Group for
the spin-1 representation (the 3-representation of SU(2), also called the ajoint representation),
requiring the larger SU(3) Lie Group to cover the Hilbert space of the Hamiltonian. As discussed
later, we do not use directly the eight Gell-Mann matrices to cover SU(3), but rather use three
angular momentum matrices Jℓ and five quadrupolar tensor matrices Jℓ Jℓ′ (from the set of nine)
to cover the SU(3) space, where {ℓ,ℓ′} ∈ {x, y, z}.

We write the independent particle Hamiltonian in second-quantized notation as

Ĥkin =∑
k

F†(k)ĤKS(k)F(k), (55)

where the spinor operator F†(k) =
(

f †
R (k) f †

G (k) f †
B (k)

)
creates fermions with colors {R,G ,B} and

momentum k. The SU(3)-invariant interaction Hamiltonian has the structure

Ĥint =V0
∑

c ̸=c ′

∫ Lb

0
dx ′

∫ Lb

0
dxn̂c (x)n̂c ′ (x ′)g (|x −x ′|), (56)

where Lb is the length of system, n̂c (x) =ψ†
c (x)ψc (x) is the local color density operator with color

label c = {R,G ,B}, V0 is the interaction strength with dimensions of energy, and g (|x − x ′|) is a
dimensionless function that controls the interaction range R0.

As we shall see next, color-orbit coupling and color-flip fields change dramatically the eigen-
values and eigenstates of the Hamiltonian in Equation (55).

5.1. Color-orbit-mixed energy dispersions

The independent-particle Hamiltonian in Equation (55) is diagonalized via a change of basis
implemented by a unitary matrix R(k) satisfying R(k)R†(k) = I . Defining the new basis state by
the labels {⇑,0,⇓}, then the new creation operators are

Φ†(k) =
(
φ†
⇑(k) φ†

0(k) φ†
⇓(k)

)
=

(
f †

R (k) f †
G (k) f †

B (k)
)

R†(k),
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Figure 6. Schematic plots of the dispersion relations Eα(k), with α ∈ {⇑,0,⇓}, for various
hx /ET , where ET = k2

T /2m. The unit of momentum is kT and the unit of energy is ET .
The values of hx /ET are indicated in each panel. In (a), the eigenmodes are the same
as the internal states {R,G ,B}, and are color-coded as red, green and blue solid lines
correspondingly. In (b), (c) and (d), the eigenmodes are labeled by {⇑,0,⇓}, and are color-
coded as blue-green, yellow-green, and magenta solid lines respectively.

where R(k) written in matrix form is

R(k) =
R⇑R (k) R⇑G (k) R⇑B (k)

R0R (k) R0G (k) R0B (k)
R⇓R (k) R⇓G (k) R⇓B (k)

 . (57)

Due to the presence of the quadratic term bz J 2
z in the Hamiltonian, R(k) is a general SU(3)

matrix and cannot be expressed as a linear combinations of angular momentum operators. The
diagonalized independent-particle Hamiltonian matrix is

ĤMC(k) = R(k)ĤKS(k)R†(k) =
E⇑(k) 0 0

0 E0(k) 0
0 0 E⇓(k)

 , (58)

where Eα(k) are the eigenenergies with α ∈ {⇑,0,⇓}. These results are analogous to the 3D
case [60,61]. In the mixed-color basis, the second-quantized kinetic energy Hamiltonian be-
comes

Ĥkin =∑
k
Φ†(k)ĤMC(k)Φ(k) =∑

k
Eα(k)φ†

α(k)φα(k). (59)

In Figure 6, we show schematically the eigenvalues (dispersion relations) Eα(k), using ET =
k2

T /2m as the unit of energy and kT as the unit of momentum, for various hx /ET . There are four
qualitative different cases illustrated in panels (a), (b), (c) and (d).

In Figure 6(a), there is no Rabi field hx /ET = 0, but the momentum transfer is for +kT for the R
band, zero (0) for the G band, and −kT for the B band. In this case, the system is equivalent to the
situation where there is no SOC and the {R,G ,B} bands are triply degenerate due to a color-gauge
symmetry, where the momentum shifts +kT and −kT can be gauged away in analogy with the
lattice case [107,108].

In Figure 6(b), the dispersions of the {⇑,0,⇓} bands are shown for hx /ET = 0.35, where the Rabi
field is relatively weak in comparison to ET . In this case, the lowest band (⇑) has triple minima
and double maxima (blue-green solid line), the middle band (0) has double minima and single
maximum (yellow-green solid line), and the highest band (⇓) has a single minimum (magenta
solid line). For the lowest band (⇑), the energy at k = 0 is always lower than the local energy
minima at k =±kmin, provided that |hx |/ET < 0.544.
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In Figure 6(c), the color-flip (Rabi) field hx is comparable to the momentum transfer energy
ET , that is, hx /ET = 1, such that the lowest band (⇑) has a single minimum, the middle band (0)
has double minima and a single maximum, while the highest band (⇓) has a single minimum.
This behavior occurs in the range 0.544 < |hx |/ET < 2.000.

In Figure 6(d), the color-flip (Rabi) field hx is sufficiently strong in comparison to ET , that is,
|hx |/ET > 2.000, such that all three bands {⇑,0,⇓} have single minima.

In summary, when the color-flip (Rabi) field hx is zero, the system has spin-gauge symmetry
and is equivalent to the situation without SOC. However, when the color-flip field hx exists there
are qualitative changes in the eigenenergies. The highest band (⇓) has always a single minimum
as shown in panels (b), (c) and (d) of Figure 6. The middle band (0) has double minima and a
single maximum when |hx |/ET < 2.000, as shown in panels (b) and (c) of Figure 6, and has a single
minimum when |hx |/ET > 2.000, as shown in panel (d) of Figure 6. The lowest band (⇑) has triple
minima and double maxima when |hx |/ET < 0.544, as illustrated in panel (b) of Figure 6, and has
a single minimum when |hx |/ET > 0.544, as seen in panels (c) and (d) of Figure 6. Now that we
have identified the regimes where the eigenvalues E⇑(k), E0(k) and E⇓(k) change qualitatively, we
discuss next the phase diagram and the velocities of the collective (boson) modes.

5.2. Phase diagram and velocities of boson modes

In our analysis of the phase diagram for SU(3) fermions, we use ET = k2
T /2m and kT as our energy

and momentum scales, respectively, and discuss initially the case of no interactions. For our
Fermi system with three internal states, the phase diagram of chemical potential µ/ET versus
Rabi field hx /ET is obtained by monitoring the topology of the Fermi surfaces associated with the
energy eigenvalues E⇑(k), E0(k) and E⇓(k). Similarly to the SU(2) case, as the chemical potential
varies, the change in the number of Fermi points NF determines the number of collective modes
NC = NF/2 and defines topological quantum phase transitions of the Lifshitz-type [93–95].

In Figure 7(a), we show the phase diagram of µ/ET versus hx /ET , which is obtained similarly
to the SU(2) case, that is, by tracking the topology of the Fermi surfaces and the number of Fermi
points NF. The black solid lines separate phases where the number of collective modes NC = NF/2
is different, the gray dashed lines describe the locations where the number of minima for the
two lowest-energy bands changes, as seen in Figure 6, and the red solid line represents a fixed
density curve for n = 1.2kT , where n is the total density in 1D. Long-wavelength and low-energy
properties of the collective modes arise from the linearization around the Fermi points and the
bosonization process discussed next.

When three degenerate bands are involved, that is, in the absence of color-orbit coupling and
color-flip (Rabi) fields where SU(3) is fully preserved, it is natural to seek for analogous effects
to spin–charge separation found in SU(2) invariant Tomonaga–Luttinger liquids. Furthermore,
when SU(3) symmetry is explicitly broken, due to color-orbit coupling and color-flip fields (see
Figure 6), the Fermi system becomes a non-degenerate three-, two- or one-band Tomonaga–
Luttinger liquid, depending on the location of the chemical potential. The properties of this
three-band Fermi system is explored via a generalized bosonization technique that allows for
an analysis of its collective modes. Similar to the standard bosonization technique [4,5], as well
as the SU(2) case discussed in Section 4.1 and found in the literature [90], we linearize Ĥkin in
Equation (59) around the chemical potential giving

Ĥkin = ∑
kαr

{µ+ sgn(r )vα[k − sgn(r )kµα]}φ†
αr (k)φαr (k). (60)

Here, r ∈ {L,R} represents left-going or right-going fermions with sgn(L) = −1 and sgn(R) = 1,
vα is the velocity at the positive momenta kµα where the chemical potential µ intersects band
α, that is, vµα = dEα(k)/dk, and the operator φ†

αr (k) creates a fermion with momentum k in
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Figure 7. Phase diagram and velocities of collective modes. In panel (a), we show the phase
diagram in the plane of µ/ET versus hx /ET . The black solid lines separate phases with
different number of collective modes NC. The values of NC are indicated by the circled
numbers. The gray dashed lines show the location where the number of minima of the two
lowest-energy bands changes: the lines at |hx |/ET = ±2.000 separate double minima and
single maximum (|hx |/ET < 2.000) from a single minimum (|hx |/ET < 2.000) for the middle
band (0), and the lines at |hx |/ET = ±0.544 separate triple minima and double maxima
(|hx |/ET < 0.544) from a single minimum (|hx |/ET > 0.544) for the lowest band (⇑). The red
solid line represents a constant density curve with n = 1.2kT , where n is the total density in
1D. In panel (b), we show the collective mode velocities v⇑, v0 and v⇓ along the red curve,
shown in panel (a), for non-interacting fermions with energy bands labeled by {⇑,0,⇓}. The
orange dashed line indicates v⇑, the green dot-dashed line describes v0, and the purple
solid line represents v⇓. In panel (b), the blue dotted lines show the locations where the red
solid and the black solid lines intersect in panel (a), revealing a phase change. The number
of collective modes changes from NC = 2 to NC = 3 at hx /ET =−1.340 and from from NC = 3
to NC = 2 at hx /ET =+1.340.

band α and branch r . Both vα and kµα depend on kT , hx and µ. The reference Hamiltonian
Ĥ0 = ∑

kαr µφ
†
αr (k)φαr (k), corresponding to the energy E0 = Nµ, where N is the total number

of fermions, is set to zero without loss of generality. Thus, like in the SU(2) case, we drop this
reference term from the kinetic energy operator Ĥkin from now on.

To bosonize Ĥkin, we first define the standard density operator in the momentum space

ρ̂αr (q) =∑
k
φ†
αr (k)φαr (k +q), (61)

where α ∈ {⇑,0,⇓} and use the commutation relation

[Ĥkin, ρ̂αr (q)] =−sgn(r )vαqρ̂αr (q). (62)

Combining the last two expressions gives

Ĥkin = 2π

Lb

∑
q>0,αr

vαρ̂αr (−q)ρ̂αr (q) (63)
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in terms of density operators defined in Equation (61), where Lb is the length of the system. The
kinetic energy operator is bosonized via the relation

b†
α(q) =

√
2π

|q|Lb

∑
r
Θ

(− sgn(r )q
)
ρ̂αr (q), (64)

whereΘ(z) is the Heaviside step function, leading to

Ĥkin =∑
qα

vα|q|b†
α(q)bα(q)+KΩ, (65)

where vα represents the velocity of the collective mode, labeled by the band index α, in the
absence of interactions, and KΩ =∑

q>0,α |qvα|. As expected, without interactions, the collective
mode velocities are just the Fermi velocities vα at k = kµα, but they are functions of the color-flip
(Rabi) fields hx , color-orbit coupling parameter kT and chemical potential µ or density n.

In Figure 7(b), we show the velocities of the collective modes as a function of hx , at a fixed
density n = 1.2kT , corresponding to the red solid curve in Figure 7(a). The orange dashed line,
the green dot-dashed line and the purple solid line indicate the collective mode velocities v⇑, v0,
and v⇓, respectively. The blue dotted lines show that the number of collective modes changes
from NC = 2 to NC = 3 at hx /ET =−1.340 and from NC = 3 to NC = 2 at hx /ET =+1.340.

Having discussed the bosonization procedure for non-interacting SU(3) fermions in the pres-
ence of color-orbit coupling and color-flipping (Rabi) fields, it is clear that among the open ques-
tions is the effect of SU(3) symmetric interactions in changing the collective mode velocities,
spectral weight and internal properties (quantum numbers), as discussed next.

5.3. Open questions for SU(3) fermions

Without SU(3) symmetric interactions, the emergent boson modes b†
α(q) and bα(q) are simply re-

lated to the density operators ρ̂†
αr (q) and ρ̂αr (q), as seen in Equation (64). However, SU(3) sym-

metric interactions Ĥint, given in Equation (56), are expected to introduce additional bilinears
involving ρ̂†

αr (q) and ρ̂αr (q) that require a generalized Bogoliubov transformation to diagonalize
the total Hamiltonian Ĥ = Ĥkin + Ĥint. In analogy to the SU(2) case, we identify the eigenmodes
of Ĥ with the final bosonic operators d †

ℓ
(q) and dℓ(q), but now ℓ can have a maximum of three

flavors, that is, ℓ= {1,2,3}.
As discussed in Section 4.2, for fermions with two internal states, the boson operators d †

ℓ
(q)

and dℓ(q) covered the SU(2) space and were decomposed into charge (scalar) and spin (vector)
sectors. When Rabi fields and SOC are zero, the degenerate Fermi bands and the SU(2) invariant
interaction lead to the standard spin–charge separation, and when Rabi field and SOC are non-
zero, the bosonic modes become Weyl bosons, with a helical structure expressed in terms of
a mixture of charge- and spin-density operators. The coverage of the SU(2) Lie group leads
to a singlet sector that transforms like the identity (charge density), and a triplet sector that
transforms like angular momentum (spin density).

In the SU(3) case, it is natural to conjecture that the final bosonic operators d †
ℓ

(q) and dℓ(q)
are decomposed into singlet (charge density), triplet (spin density) and quintet (quadrupolar
density) sectors. Hence, the set of operators {ρ̂, Ĵ, K̂}, where ρ̂ is the density, Ĵ is the angular
momentum, and K̂ is the symmetric quadrupolar tensor quintet

K̂ = ( 1
2 { Ĵx , Ĵy }, 1

2 { Ĵy , Ĵz }, 1
2 { Ĵz , Ĵx }, Ĵ 2

x − 1
3 ρ̂, Ĵ 2

y − 1
3 ρ̂

)T
, (66)

provide a physically transparent coverage of SU(3), which is preferable, instead of using the Gell-
Mann matrices used for quark SU(3) physics. Here, {Â, B̂} represents the anti-commutator of
operators Â and B̂ . Hence, the final boson operators may be decomposed as

d †
ℓ

(q) =∑
r

[
Aℓr (q)ρ̂r (q)+Bℓr (q) · Ĵr (q)+Cℓr (q) · K̂r (q)

]
, (67)
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where ρ̂(q), Ĵ(q), and K̂(q) are second-quantized momentum-space fermionic representations of
{ρ̂, Ĵ, K̂}, respectively, and the label r represents either left (L) or right (R) going fermions.

If the conjectured decomposition above holds for bosonic eigenmodes of SU(3) Fermi systems,
several open questions arise both with and without color-orbit coupling and color-flip (Rabi)
fields: If no color-orbit or color-flip fields are present, is there spin–charge–quadrupole separa-
tion when interactions are included? Is there an expanded analogy to spin–charge separation
found for SU(2)? Are there separated charge, spin and quadrupolar density modes? Furthermore,
if color-orbit coupling, color-flip fields, and interactions are present, what are the extensions of
Weyl bosons to the SU(3) case? Do helical or nematic modes arise due to the spin or quadrupolar
sectors?

Since there the quadrupolar operator has a tensorial structure, what experimentally measur-
able response functions can reveal this feature? Is there an extension of the dynamical structure
factor tensor Si j (q,ω), found for SU(2) systems, that can be measured for the SU(3) case? Selec-
tion rules involving quadrupolar operators are different from those involving angular momen-
tum operators: can they be used to detect the tensorial nature of the bosonic modes?2

Given the expected tensorial, vector and scalar components of the SU(3) bosonic modes dℓ(q)
is there a closer connection to spin-squeezing [109], magnetization [110], and topology [111] of
condensed spin-1 bosons?

Experimental studies of SU(3) fermions with color-orbit and color-flip (Rabi) fields remain
challenging. However, recent advances have realized SU(3) color-orbit coupling in a laser-
trapped ultracold gas of 87Sr [112]. Moreover, the development of box potentials offers promising
prospects for trapping fermions with three internal states [97]. These developments suggest that
similar investigations using other atomic species, such as 173Yb, may become feasible in the near
future.

Having discussed several open questions for SU(3) fermions in the presence or absence of
color-orbit coupling and color-flip (Rabi) fields, we present, next, our conclusions and general
outlook.

6. Conclusions and general outlook

We have discussed the current research status and open questions regarding the effects of spin–
orbit coupling and Rabi fields for SU(2) Tomonaga–Luttinger liquids and color-orbit coupling
and color-flip fields for SU(3) Tomonaga–Luttinger liquids. In this article, we focused on one di-
mensional systems realized in ultracold fermions, but some of the current status results and open
questions when spin–orbit (color-orbit) and Rabi (color-flip) fields are present are also applicable
to standard condensed matter and to two-dimensional and three-dimensional systems. We con-
centrated on one-dimensional systems, because several intermediate and advanced analytical
results can be obtained using the bosonization method.

For SU(2) systems, the emergence of Weyl bosons, that is, helical, massless pseudo-spin 1/2
bosons, is not a phenomenon only restricted to one dimension, but also arises in two and three
dimensions. The helicity induced by the spin–orbit and Rabi fields created by Raman processes
and affecting fermionic states is transferred to the charge and spin density sectors creating helical
collective excitations. The analysis in one dimension is more beautiful, because we can start from
charge and spin separated systems, and create Weyl bosons by coupling these two channels via
spin–orbit and Rabi fields. However, we expect that in two and three dimensions, where charge
and spin densities are not separated, Weyl bosons will also emerge due to spin–orbit coupling and

2This question was inspired by a related question that Wolfgang Ketterle asked, regarding C. A. R. Sá de Melo’s
presentation at the Institut Henri Poincaré, covering the atomic processes and the selection rules that are needed to
detect experimentally SU(3) tensorial modes.
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Rabi fields and could be detected by measuring the components of the dynamical structure factor
tensor, just like in one dimension. Currently, in any dimension, the experimental exploration of
this phenomenon for 6Li, 40K, 173Yb and 87Sr is very difficult, because of difficulties associated
with specific atomic properties or technicalities that prevent the creation of simultaneous spin–
orbit coupling and Rabi fields at sufficiently low temperatures.

For SU(3) systems, the ideal candidates are 173Yb and 87Sr, where the interactions are naturally
SU(N) symmetric, with N ≤ 6 in the former and N ≤ 10 in the latter. When N = 3, both candidates
are SU(3) symmetric without color-orbit and color-flip (Rabi) fields. The existence of up to three
collective modes with scalar (singlet), vector (triplet) and tensorial (quintuplet) components are
expected when expressed in terms of the charge, spin and quadrupolar densities. Thus, the
collective bosonic modes are anticipated to be much more exotic that the Weyl bosons found
in the SU(2) case. Although one dimensional systems allow for several analytical results and
transparent symmetry considerations arising directly from bosonization, similar results are also
envisaged in two and three dimensions. However, experimental investigations of color-orbit
and color-flip (Rabi) fields of interacting SU(3) fermions, in any dimension, have not yet been
performed due to technical difficulties.

Due to the absence of experiments exploring interacting SU(2) or SU(3) fermions in the pres-
ence of spin–orbit and Rabi fields or color-orbit and color-flip fields, the entire presentation
above is currently only of theoretical interest. However, as an outlook, it is important to em-
phasize that SU(2) or SU(3) symmetric interactions are not necessary for the emergence of Weyl
bosons or tensorial collective bosonic modes in one, two or three dimensions. This means that
for any interacting ultracold Fermi system with two or three internal states, it is sufficient to cre-
ate spin–orbit and Rabi couplings or color-orbit and color-flip couplings to produce the exotic
collective modes discussed above. Furthermore, in the context of standard condensed matter
systems, it is also sufficient to find a material, with either two or three bands, and essentially any
kind of spin–orbit coupling and Zeeman fields to produce similar types of collective modes.

On the one hand, the experimental outlook for ultracold fermions is to find a way to overcome
the difficulties in standard systems such as 6Li, 40K, 173Yb and 87Sr or to explore novel systems
such as 171Dy or 173Dy; on the other hand, the experimental outlook for standard condensed
matter, is to find solid state materials that meet the appropriate theoretical requirements. In the
mean time, while we await experimental progress, there are plenty of open theoretical questions
that need to be addressed.
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Abstract. This proceedings presents recent advancements in the realization of topological states of matter
using ultracold atomic gases. We focus on the simulation of the quantum Hall effect, originally discovered
in two-dimensional electron gases subjected to a magnetic field. Given that ultracold atoms are neutral,
simulating the effect of a magnetic field requires an ad-hoc technique. We review various methods developed
for this purpose, highlighting their respective advantages and limitations. Furthermore, we explore the
extension of these techniques to interacting quantum gases within topological bands, aiming to create
analogs of fractional quantum Hall states. These many-body states are distinguished by their topological
order, which is characterized by long-range entanglement among particles and the emergence of low-lying
excitations exhibiting fractional quantum statistics. The discussion will encompass the current state of
research and potential future directions in the field.

Résumé. Cet acte de congrès présente les avancées récentes dans la réalisation d’états topologiques de
la matière à l’aide de gaz atomiques ultrafroids. Nous nous concentrons sur la simulation de l’effet Hall
quantique, découvert dans des gaz d’électrons bidimensionnels soumis à un champ magnétique. Étant
donné que les atomes ultrafroids sont neutres, la simulation de l’effet d’un champ magnétique nécessite
une technique ad hoc. Nous passons en revue diverses méthodes développées à cette fin, en soulignant
leurs avantages et leurs limites respectifs. En outre, nous explorons l’extension de ces techniques aux gaz
quantiques en interaction dans des bandes topologiques, dans le but de créer des analogues d’états de Hall
fractionnaires. Ces états à N corps se distinguent par leur ordre topologique, qui se caractérise par une
intrication à longue portée entre les particules et l’émergence d’excitations de basse énergie présentant
des statistiques quantiques fractionnaires. La discussion portera sur l’état actuel de la recherche et sur les
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The quantum Hall effect was discovered in 1980 by von Klitzing [1] by studying the prop-
erties of condensed-matter systems in which the electron gas is constrained to evolve in a

ISSN (electronic): 1878-1535 https://comptes-rendus.academie-sciences.fr/physique/

235

https://doi.org/10.5802/crphys.243
https://orcid.org/0000-0002-3931-9436
mailto:sylvain.nascimbene@lkb.ens.fr
https://comptes-rendus.academie-sciences.fr/physique/


318 Sylvain Nascimbene

two-dimensional (2D) plane x y . At low temperature and in the presence of a strong magnetic
field B = Bez , he observed a quantization of the Hall conductance according to

Iy =σx y Vx , σx y = nσ0,

where n is an integer, σ0 = e2/h is the quantum of conductance, with e representing the electron
charge and h the Planck constant. This discovery was pivotal in the field of quantum many-
body physics and laid the groundwork for the exploration of topological states of matter. We will
discuss here the current state of research in ultracold atomic gases towards the simulation of the
quantum Hall effect and the realization of various topological states of matter associated with it.

1. Topological bands and the integer quantum Hall effect

1.1. Landau levels

The integer quantum Hall effect can be understood in terms of a special topological structure
of single-particle quantum eigenstates of motion. Before delving into more complex systems,
we examine the idealized model of a charged particle evolving in 2D and subjected solely to a
perpendicular magnetic field [2]. Its dynamics is determined by the Hamiltonian

H = (p−qA)2

2M
,

where q is the particle charge (−e for an electron, but in the subsequent discussion we will
assume q > 0) and M is its mass. The selection of the gauge influences the inherent symmetries
of the system. In our discussion, we will primarily utilize the symmetric gauge, defined as

A = 1

2
B× r = Br

2
eφ.

While this choice explicitly breaks translational invariance, it preserves rotational symmetry
around the origin.

The Hamiltonian can be expanded as

H = H0 − ωc

2
Lz , (1)

H0 =
p2

x +p2
y

2M
+ 1

8
Mω2

c(x2 + y2), (2)

where we introduce the cyclotron frequency ωc = qB/M and the angular momentum projection
Lz = xpy − y px . The Hamiltonian H0 corresponds to an isotropic harmonic oscillator in 2D,
of frequency ωc/2. We can exhibit an eigenbasis |n0,m 〉 of H0 in common with the angular
momentum Lz , corresponding to the energy spectrum E 0

n0,m = (n0 +1)(ħωc/2) where n0 ∈N and
m ∈ {−n0,−n0 +2, . . . ,n0 −2,n0} (see Figure 1(a)).

Together with the term (−ωc/2)Lz , we get the energy spectrum of a charged particle in a
magnetic field En0,m = E 0

n0,m −m(ħωc/2), which can be written as

En,m = (n + 1
2 )ħωc,

with n = (n0 −m)/2 ∈ N and m ≥ −n. The energy spectrum consists of infinitely degenerate flat
bands known as Landau levels, as illustrated in Figure 1(b).

In the following we will focus on properties of the ground band, the lowest Landau level (LLL).
Its eigenstates are described by the wavefunctions

ψm(x, y) ∝ r meimφe−r 2/4ℓ2
,
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Figure 1. (a) Spectrum of the isotropic quantum harmonic oscillator in two dimensions.
Offseting the states by −(ωc/2)Lz (red arrows) yields the spectrum of a charged particle
subjected to a magnetic field, corresponding to Landau levels shown in (b).

where m ≥ 0. Here, we introduced the polar coordinates (r,φ) and the cyclotron length ℓ =√ħ/qB . The density probability of ψm is concentrated in a ring of radius rm ≃ p
2mℓ, of width

∆r ≃ ℓ independent of m. The area enclosed by this ring is thread by a magnetic flux

Φm = Bπr 2
m ≃ mΦ0,

whereΦ0 = h/q is the magnetic flux quantum.
In the following, we will consider a finite geometry, assuming that the motion is restricted to a

disk r ≤ R by a circular hard wall. This restriction only weakly affects the so-called bulk statesψm

with rm ≤ R (i.e. m ≤ mmax = R2/2ℓ2) for which the density probability is almost fully contained
within the disk. For m ≥ mmax, the eigenstates become squeezed by the confinement hard wall
close to r = R, leading to an increase of (kinetic) energy (see Figure 2(a)). As a result, these states
acquire a non-zero azimuthal velocity 〈vφ〉, in contrast with the dispersionless bulk modes. More
precisely, we write the azimuthal velocity component as

vφ = 1

M

( ħ
ir
∂φ−q Aφ

)
= 1

M

(ħm

r
− qB

2
r

)
= ωc

r 2
m − r 2

r
.

For bulk states, the azimuthal velocity almost vanishes since r ≃ rm . Conversely, for edge modes
the density is localized around r = R, hence vφ ∝ (r 2

m −R2) ∝ (m −mmax), corresponding to a
chiral dispersive mode [3] (see Figure 2(b)).

Introducing the complex coordinate z = r eiφ = x + iy , a generic bulk state of the Landau level
can be expanded over the ψm basis as

ψ(z) =
mmax∑
m≥0

cm zme−r 2/4ℓ2
,

which is the product of a gaussian factor in r and a complex polynomial P (z). This polynomial is
fully characterized by its roots zk , as

P (z) ∝
mmax∏
k=1

(z − zk ).

One checks that the complex phase of P (z) winds once around every non-degenerate root zk ,
corresponding to a unit-charge quantum vortex.
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Figure 2. (a) Spectrum of a quantum Hall system restricted to a disk for radius R = 10ℓ.
(b) Mean azimuthal velocity for the quantum states of the ground energy band.

Figure 3. Probability density distribution of a few states of the LLL: the state ψm=0 (a), the
state ψm=10 (b), and a state defined by a random complex polynomial of degree 25 (c).
Vortex point defects are shown as red dots.

We show in Figure 3 the density probability of a few typical states of the LLL, namely ψm=0,
ψm=10, and a state defined by a random complex polynomial of degree 25, which could be
realized using a thermal Bose gas restricted to the LLL [4]. We also show for each of them the
position of the quantum vortices as red dots.

1.2. Quantization of the Hall conductance

The first explanation of the Hall conductance quantization was given by Laughlin based on
a particle pumping argument [5]. For this, we consider a slightly modified geometry, coined
Corbino disk rmin ≤ r ≤ rmax [3,6] (see Figure 4(a)). In a fermionic band insulator, the states with

mmin = r 2
min

2ℓ2 ≤ m ≤ mmax =
r 2

max

2ℓ2

are occupied with one particle. We consider a solenoid, placed within the inner radius, which
can introduce an additional magnetic flux Φ. By slowly increasing this flux by one unit of flux
quantum Φ0, the adiabatic eigenstates undergo a spectral flow in which the state ψm (which
originally encloses a magnetic flux mΦ0) is transferred to the next state ψm+1 (enclosing a
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Figure 4. (a) Scheme of the Corbino disk used for Laughlin’s pump experiment. (b) Single-
particle spectrum of a Corbino disk defined by the radii rmin = 2ℓ and rmax = 10ℓ. Starting
in a fermionic insulator with a Fermi level EF = ħωc, the adiabatic increase of the solenoid
flux ∆Φ =Φ0 transfers each state m to m +1 (red arrows), or equivalently a state from one
edge to the other.

magnetic flux (m +1)Φ0). Globally, such a pump cycle transfers one particle from the inner edge
(state mmin) to the outer edge (state mmax), as shown in Figure 4(b).

This pump process can be interpreted in terms of a quantized Hall conductance. Indeed, the
flux variation Φ̇ gives rise to an “induced voltage” Vφ = −Φ̇ along any circular path within the
Corbino disk, while the transfer of particles from the inner to outer edges can be interpreted as a
radial current

Ir = q
Φ̇

Φ0
=−q2

h
Vφ.

This relationship aligns with the quantization of the Hall conductance.

1.3. Topological bands in lattice systems

The quantization of Hall conductance is not limited to ideal Landau levels; it can also be extended
to Bloch bands in lattice systems.

We begin by examining the natural extension of Landau levels to a discrete square lattice,
known as the Hofstadter model [7,8]. This model features a square lattice with nearest-neighbor
hopping, where the positions of the lattice sites are defined as ri , j = i a ex + j a ey , where a is
the lattice spacing and i , j are integers. In this framework, the magnetic field is incorporated
through the Peierls substitution, which introduces complex phases into the hopping amplitudes.
These phases correspond to the Aharonov–Bohm phase acquired along the path connecting
neighboring sites. To simplify the description, we adopt the Landau gauge, where Ax = −B y . In
this gauge, the hopping terms along the y-direction remain real, while the hopping terms along
the x-direction acquire a Peierls phase given by

φ(i , j )→(i+1, j ) = q

ħ
∫ ri+1, j

ri , j

dr Ax (r) =−2π
Φ

Φ0
j , (3)

whereΦ= B a2 is the magnetic flux through a unit cell.
In the general case, the position-dependent Peierls phases disrupt translational symmetry

along the y-direction, making it impossible to define y-momentum. However, when the ratio
Φ/Φ0 takes on rational values p/q , discrete translation invariance by the distance qa along y
is recovered (in addition to the discrete invariance along x by the distance a). As a result, one

239



322 Sylvain Nascimbene

Figure 5. (a) Scheme of the Hofstadter model, a square lattice model with complex-valued
hopping matrix elements as defined in Equation (3). For a ratio p/q = 1/3, the lattice
exhibits three inequivalent sites and a magnetic Brillouin zone defined by three square unit
cells. (b) Scheme of the Haldane model, a hexagonal lattice model with real-valued nearest-
neighbour hoppings and complex-valued next-nearest neighbour hoppings.

can introduce a conserved quasi-momentum (qx , qy ) defined over a magnetic Brillouin zone
(0,2π/a)× (0,2π/qa) (see the case p/q = 1/3 in Figure 5(a)).

As a result of the magnetic translation symmetries discussed above, quantum levels are
organized into a set of q magnetic Bloch bands. A given band, provided it is separated in energy
from other bands, gives rise to a quantized Hall effect. Each band, when sufficiently separated
in energy from others, can give rise to a quantized Hall effect. Specifically, the transverse linear
response of a band insulator manifests as a quantized Hall conductance expressed byσx y =Cσ0,
where C is an integer known as the Chern number. This integer characterizes the topological
properties of the Bloch band, analogous to the genus of a closed surface in geometry. For
instance, in the case where p = 1, the lowest Bloch band consistently exhibits a Chern number of
C = 1, resembling the behavior of a Landau level. We do not discuss here the concept of Chern
number in more detail, since it is very well explained in several review articles (see for example [9]
for a review in a context of ultracold quantum gases).

The concept of the Chern number is not confined to lattice models that can be viewed as
discretized versions of continuous systems with uniform magnetic fields. It can be defined
for any isolated Bloch band within a given lattice model. A Chern insulator emerges when
fermionic insulators fill Bloch bands that possess a non-zero Chern number, which requires that
the configuration of Peierls phases breaks time-reversal symmetry. A notable example of a Chern
insulator is the Haldane model [10], illustrated in Figure 5(b).

2. Realizing quantum Hall systems with ultracold atoms

Since magnetic fields do not exert mechanical effects on neutral particles, simulating quantum
Hall physics relies on analogies. In this section, we will review some of these analogies, discuss
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Figure 6. (a) Schematics of the analogy between an atom held in an isotropic harmonic
trap in a rotating frame and a charged particle subjected to a magnetic field. (b) Image of
an atomic Bose–Einstein condensate set in rotation, which exhibits a triangular lattice of
quantized vortices (from [12]).

their current limitations, and explore potential strategies to overcome these challenges in the
future.

2.1. Rotating gases

2.1.1. Landau levels in rotating gases

Historically, the first protocol to create an effective magnetic field involves rotating gases [11].
Consider an atom evolving in two dimensions under an isotropic harmonic trap, described by
the Hamiltonian

H = p2
x

2M
+

p2
y

2M
+ 1

2
Mω2(x2 + y2).

In a reference frame that rotates around the center of the harmonic trap at a frequency Ω, the
Hamiltonian transforms to

H ′ = p′2

2M
+ 1

2
Mω2r′2 −ΩL′

z ,

where L′
z = x ′p ′

y − y ′p ′
x is the angular momentum and (x ′, y ′) are the rotated coordinates.

When the rotation frequency Ω matches the confinement frequency ω, we recover the Landau
Hamiltonian given in Equation (1), corresponding to a particle of charge q = 1 and a cyclotron
frequency ωc = 2ω (see Figure 6(a)).

2.1.2. Abrikosov vortex lattices in Bose–Einstein condensates

Most experiments with rotating gases have focused on Bose–Einstein condensates containing
a large number of atoms N . These systems can be effectively described by a classical fieldψ(x, y)
representing the macroscopic wavefunction shared by all atoms. As previously discussed, a
generic wavefunction in the LLL is characterized by its zeros, which correspond to unit-charged
quantum vortices.

In the absence of interactions, any configuration of vortices can be expected due to the flat-
band nature of the LLL. However, interactions lead to a well-defined many-body ground state. In
dilute gases, atoms primarily interact at short range, resulting in a ground state that minimizes
the interaction energy [13]

Eint = g
N (N −1)

2

∫
dr 2 |ψ(r )|4,

where g is the interaction coupling constant. Without a magnetic field, such as in a free Bose gas
within a box potential of area A , the energy is minimized with a uniform density n = |ψ|2 = N /A
(ignoring boundary effects). When a magnetic field is applied, distributing the density over
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Figure 7. (a) In situ image of an atomic gas in the momentum state px = 0 of the LLL
(from [18]). The right panel indicates as dashed lines the equipotential lines of the rotating
saddle potential. (b) In situ image of the atomic gas in the presence of a sharp circular
box potential (green circle). The atoms populate a chiral edge mode propagating along the
boundary (from [19]).

the area A necessitates the insertion of NΦ = BA /Φ0 quantum vortices. As shown in [14], the
interaction energy is minimized with a regular arrangement of vortices in a triangular lattice.

Vortex lattices have been realized and extensively studied in the early years of atomic BECs,
although most cases did not restrict to the LLL (see Figure 6(b)) [11,15–17]. However, exploring
quantum Hall physics through rotating gases presents significant challenges, as these systems
are highly sensitive to any static defect potential in the lab frame, which induces time-dependent
perturbations in the rotating frame.

2.1.3. Recent experiments in the LLL

Recent experiments conducted by the group of Zwierlein have rekindled interest in rotating
gases [18]. Compared to experiments from the 2000s, these new studies benefit from advanced
techniques such as high-resolution in situ imaging and potential imprinting. This allows fine
potential defect diagnosis, as well as the capability to project a hard-wall potential, enabling
the investigation of uniform gases in a circular box. The rotation was induced by a rotating
quadrupolar potential given by V (x, y) = −Qx y with Q > 0, as illustrated in Figure 7(a) (we will
omit the prime notation in the following discussion).

The dynamics induced by the saddle potential can initially be understood through classical
orbits. In the lowest Landau level, the slow motion of atoms—characterized by the drift of guiding
centers of cyclotron orbits—is governed by the equation of motion

v = 1

q

∇V ×B

B 2 ,

which simplifies here to

v = Q

2Mω
(xex − yey ).

Starting from a rotationally symmetric Gaussian distribution, we expect the gas to contract along
the y-direction while elongating along the x-direction. Eventually, the extent along y saturates at
the cyclotron length ℓ, beyond which classical dynamics ceases to apply.

This dynamics accounts for the formation of a highly elongated gas in the MIT experiments,
as illustrated in Figure 7(a). This state can be interpreted as the occupation of a well-defined
wavefunction from the LLL, specifically a momentum state expressed in the Landau gauge
A =−B yex .
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In this gauge, rotational symmetry is broken, and the system exhibits continuous translation
symmetry along the x-direction. The Hamiltonian is given by

H = (px +qB y)2

2M
+

p2
y

2M
,

where the momentum px acts as a fixed parameter, resulting in a one-dimensional harmonic
oscillator along y . The LLL, parameterized by px , corresponds to the ground state:

ψpx (x, y) = eipx x/ħ exp

[
− (y −pxℓ

2/ħ)2

2ℓ2

]
.

Returning to the MIT experiments, the elongated gas is very close to the state px = 01.
The control of rotating gases at the level of a single LLL wavefunction laid the groundwork

for subsequent experiments, where the population of chiral edge modes localized near the
boundary of a sharp box potential was observed (see Figure 7(b)) [19]. Additionally, the effects
of interactions in the flat-band limit were investigated, revealing a redistribution of momentum
within the LLL due to interactions, which led to vortex crystallization as a precursor to the
formation of an Abrikosov lattice [20].

2.2. Lattice systems

2.2.1. Peierls phase engineering

Atomic gases in optical lattices provide a versatile platform for simulating a wide range
of discrete lattice models [21]. Here, we focus on the realization of lattices with non-trivial
topological bands, which require complex-valued hopping amplitudes. In a standard optical
lattice created by the dipole trapping of an off-resonant standing wave, atoms hop through
spontaneous tunneling events characterized by real-valued transition amplitudes. The proposal
by Jaksch and Zoller [22] established the framework for simulating Peierls phases.

We present a simplified version of this scheme that aligns more closely with actual experimen-
tal implementations. By introducing a linear potential, we create an energy offset ħ∆ between
neighboring wells along the x-direction, effectively suppressing tunneling (see Figure 8(a)). The
x-dynamics can be restored by employing a pair of laser beams to induce a two-photon optical
transition.

The hopping amplitude inherits the electric field amplitudes E1E∗
2 ∝ eiδk·r, where δk repre-

sents the relative light momentum. The complex phases of these amplitudes function as the
Peierls phases associated with a magnetic field, yielding a flux per plaquette given by

Φ=Φ0
δky a

2π
.

Since the lattice spacing a is comparable to the laser wavelength, the flux is typically on the
order of 1 and can be adjusted by modifying the lattice geometry or the angle between the two
driving beams. This scheme, along with similar protocols, has been successfully implemented to
simulate both the Hofstadter and Haldane models discussed in Section 1.3 [23,25,26].

2.2.2. Probing the band topology

Various protocols have been developed to probe band topology (see [9] for a review). Here, we
focus on one such method that examines the transverse linear response of an atomic gas evolving
under the Hofstadter model with a flux p/q = 1/4 [24]. Instead of filling the lowest energy band
with a fermionic band insulator, a thermal Bose gas samples the ground band uniformly and

1The momentum state px = 0 is the only momentum state unaffected by the saddle potential.
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Figure 8. (a) Scheme of the lattice configuration and shaking protocol used to engineer the
Hofstadter model with a magnetic flux p/q = 1/4 (from [23]). A linear potential induced
by a magnetic field gradient suppresses tunneling along the x-direction. A pair of Bragg
laser beams induces resonant tunneling along x, imprinting the complex phase profile of
the Bragg process onto the hopping matrix elements. (b) Scheme of the transverse Hall
response measurements and measured Hall drift as a function of time (adapted from [24]).
The solid line represents the quantized drift expected for a Chern number C = 1.

incoherently. Applying a force Fx along the x-direction induces a transverse drift along the y-
direction of the center of mass (see Figure 8(b)), as described by

y(t ) = 4a2Fx

ħ C t ,

where C is the Chern number of the occupied band. This technique has provided the first
experimental evidence of a quantized Chern number in ultracold atomic gases.

2.2.3. The issue of Floquet heating

Experiments utilizing shaken optical lattices face a common challenge: the limited duration of
coherence due to Floquet heating. This phenomenon arises because the laser-assisted hopping
involves a time-dependent potential V (x, t ) ∝ cos(δk · r−∆t ), where the angular frequency ∆ is
determined by the energy differenceħ∆between neighbouring wells. While this time modulation
prevents the definition of stationary states, the Floquet formalism allows for the characterization
of time-periodic eigenstates–eigenstates of the unitary evolution over one modulation period.
These states are defined by a quasi-energy that is considered modulo ħ∆ (analogous to the quasi-
momentum of Bloch states) [27,28].

In the Floquet picture, the notion of ground band no longer makes sense. However, an
effective ground band can still be identified when the modulation frequency significantly exceeds
the typical tunneling rates and band gaps to higher bands. Despite this, the effective ground
band remains coupled to higher bands, which can be brought into resonance by the absorption
of quanta of energy ħ∆ (see Figure 9(a) and (b)). These detrimental couplings can be mitigated
by appropriately selecting the modulation frequency [29]. An additional source of heating arises
when considering interacting atoms, which can absorb quanta of the modulation energy during
two-body collisional processes [30–33].

These heating processes have not hindered the success of remarkable experiments, including
the realization of various types of topological bands and initial studies of strongly interacting
systems, as discussed later. However, Floquet heating remains a significant challenge for the
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Figure 9. (a) Scheme of a typical bandstructure, with low-energy bands of interest sepa-
rated in energy with respect to higher dispersive bands. (b) When targeting the bandstruc-
ture (a) using time-modulated optical lattices, the modulation frequency ∆ gives rise, in a
Floquet picture, to an infinite number of replicas separated in energy by integer multiples
of the energy quantum ħ∆ (two of them are shown in red and green). The bands of inter-
est may become resonantly coupled with higher bands, leading to heating of the system.
(c) Reproduction of the scheme of the protocol of Jaksch and Zoller [22], which involves
spin flips upon hopping between lattice sites. Such a scheme involves a much higher mod-
ulation frequency, which could solve the issue of Floquet heating.

future realization of complex topological states, which require extended experimental timescales
for their generation.

Future experiments could address the issue of Floquet heating by employing more complex
protocols that utilize an internal degree of freedom of the atom, as originally proposed by Jaksch
and Zoller [22] (see also [34]). By ensuring that the laser-assisted tunneling is accompanied by
a transition between two internal states (see Figure 9(c)), the modulation frequency ħ∆ would
become a hyperfine or electronic resonant frequency, which is several orders of magnitude larger
than the typical energy scale of motion. In this scenario, an effective static Hamiltonian can be
accurately defined, and Floquet heating is not expected to occur.

We also note that an off-resonant laser field coupled to an internal degree of freedom can be
utilized to simulate a magnetic field in the continuum. In this scenario, the laser-dressed states
become position-dependent due to the spatial variation of the laser electric field. An atom that
adiabatically follows a given dressed state experiences a geometrical Berry phase, similar to the
Aharonov–Bohm phase experienced by a charged particle in a magnetic field. The group led
by Spielman demonstrated the nucleation of quantized vortices in a Bose–Einstein condensate
using this technique [35].

2.3. Synthetic dimensions

The last technique we discuss involves the concept of synthetic dimensions [36]. In this frame-
work, a quantum Hall system is defined where the x y plane is replaced by a synthetic plane com-
posed of one spatial dimension x and one synthetic dimension [37–39]. The spatial coordinate
y is substituted with another degree of freedom, which can be a momentum state or an internal
degree of freedom [40,41]. In a well-developed scheme, the discrete projection m of an internal
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Figure 10. (a) Scheme of the laser configuration used to simulate a magnetic field in a
hybrid system involving a spatial dimension x and a synthetic dimension encoded in the
spin projection m. The dynamics along m is induced by resonant two-photon optical
transitions. An effective magnetic field arises from the velocity kicks that occur along xx
during spin transitions. (b) Measured Hall response resolved in magnetic projection m,
which is consistent with a quantized value in the bulk of the synthetic dimension.

spin J (with −J ≤ m ≤ J ) is utilized [38,39,42]. The dynamics along m is induced by two-photon
Raman transitions involving a pair of lasers counter-propagating along x (see Figure 10(a)).

The occurrence of an effective magnetic field arises from the correlated dynamics in the spin
projection m and velocity vx . Specifically, a spin transition m → m + 1 is accompanied by a
velocity kick vx → vx −2ħklaser/M due to the momentum exchange with light. This relationship
leads to the equation of motion

M v̇x =−2ħklaserṁ,

which can be interpreted as the dynamics of a charged particle under the influence of a magnetic
field

M v̇x = qB ẏ ,

where q = 1 and B = −2ħklaserez . This effective magnetic field results in a quantum Hall effect,
which is evidenced by a quantized transverse response in the bulk of the synthetic dimension [42]
(see Figure 10(b)). Synthetic dimensions are particularly advantageous for revealing the occur-
rence of topological edge modes due to their finite nature [38,39]. They also facilitate the engi-
neering of complex geometries, such as cylinders [43–47] or systems in dimensions greater than
three [48,49].

Synthetic dimensions also come with some peculiarities and limitations. First, synthetic
dimensions can be limited in size, particularly when encoding them in the internal spin of an
atom. Exploring topological effects in the thermodynamic limit then requires using large-spin
lanthanide atoms [42]. Alternatively, synthetic dimensions can be encoded in momentum states
of an atom [50] or rotational states of a molecule [51], with no fundamental limitation in size.

So far, synthetic dimensions have primarily been employed to engineer various types of topo-
logical bands, typically studied in the absence of significant interaction effects. Notable excep-
tions include two works that reported the observation of non-linear effects in a momentum-state
lattice [52] and a universal Hall response in a ladder geometry [53]. More generally, interactions
in systems with synthetic dimensions are expected to exhibit a peculiar structure. Since atoms on
different synthetic sites can interact, the interactions are anticipated to be of infinite range along
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Figure 11. Density profile ρ(r ) (a) and correlation function g2(r ) (b) of a bosonic Laughlin
state with 400 particles, computed from a Monte Carlo simulation [66].

synthetic dimensions. This characteristic may significantly alter the phenomenology of strongly-
interacting topological systems [40,54–59], and the conditions for the occurrence of genuine two-
dimensional fractional Hall states in systems with synthetic dimensions remain to be elucidated.

3. Towards fractional quantum Hall states

In the context of a Bose–Einstein condensate, we have primarily considered the many-body
ground state where each LLL orbital is filled with a large number of atoms, resulting in a high
filling factor ν = Nat/Norb ≫ 1. In the regime of lower fillings, the many-body system can no
longer be described by a macroscopic wavefunction, leading to the emergence of more complex
correlations among the particles.

The strongly-correlated regime poses significant challenges for numerical modeling. Even in
bosonic systems, the presence of gauge fields results in complex-valued many-body wavefunc-
tions, which introduces a sign problem in Monte Carlo simulations. In many cases, exact diago-
nalization remains the only viable approach, although it is constrained by the size of the systems
that can be studied. Recently, advancements in computational techniques have allowed for the
simulation of larger system sizes using methods such as DMRG [60–62] or other tensor network
computations [63]. Variational projected entangled-pair states have also been developed to study
the bosonic Harper–Hofstadter model in the thermodynamic limit [64].

3.1. The bosonic Laughlin state

We focus our discussion on the bosonic Laughlin state at filling factor ν = 1/2, a prominent
example of a fractional quantum Hall state [65]. For an ensemble of N particles, the many-body
wavefunction is given by

ψL(z1, z2, . . . , zN ) = ∏
1≤i< j≤N

(zi − z j )2
N∏

i=1
e−|zi |2/4ℓ2

.

This wavefunction being expressed as a symmetric polynomial of the complex coordinates
zi (aside from a Gaussian factor that we will disregard for simplicity), it belongs to the LLL
introduced in Section 1.1. A notable feature of this wavefunction is that it forbids two particles
from occupying the same point, as evidenced by the second-order correlation function g2(r )
plotted in Figure 11(b)). This property leads to the remarkable conclusion that the Laughlin state
is the exact many-body ground state for zero-range repulsive interactions, a scenario particularly
relevant for rotating atomic Bose gases.

Any wavefunction derived by multiplying the Laughlin wavefunction by another symmetric
polynomial also exhibits a zero interaction energy. Among this family of degenerate ground
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states, the Laughlin state uniquely minimizes the angular momentum projection mtot = N (N−1),
effectively leading to a minimal spatial extent centered around r = 0. The maximum (single-
particle) angular momentum m = 2(N −1) occupied in the Laughlin state corresponds to a radius
R ≃ 2

p
Nℓ, which results in an area of A =πR2 = 2×(2πℓ)2N . The proportionality A ∝ N reflects

the behavior of an incompressible liquid. The bulk density of the Laughlin state is expressed as

ρ̄ = ρ0/2, (4)

where ρ0 = 1/(2πℓ2) is the density expected when each orbital is filled with a single particle, akin
to a fermionic Hall insulator. In practice, the density is nearly uniform throughout most of the
disk r < R, with a slight ripple around r = R [66], see Figure 11(a).

Since ρ0 ∝ B , the uniform density given in Equation (4) is proportional to the magnetic field
strength. According to the Středa formula σx y = ∂ρ̄/∂B , which relates the Hall conductance to
the variation of density with respect to the magnetic field [67], we have

σx y = 1

2

1

h
,

i.e. a half-quantized value (we recall our convention of a unit charge q = 1). Furthermore, the
excitation of density modulations is suppressed in the bulk by a finite energy gap (roughly given
by the interaction energy experienced by a pair of atoms in the state ψm=0 [68]).

3.2. State-of-the art: Laughlin state with 2 particles

A recent experiment conducted by the group of Greiner has successfully demonstrated the
realization of a Laughlin state with just two atoms [69]. In this experiment, the researchers
utilized an optical lattice to simulate the Hofstadter model with a flux of p/q = 1/3 per plaquette.
They confined the dynamics to a 4× 4 lattice, resulting in a total flux through the 9 plaquettes
amounting to 3Φ0. This configuration corresponds to Norb = 3 orbitals in the ground band, which
is precisely the number needed to define the Laughlin state.

The interacting two-body ground state was adiabatically prepared by slowly ramping local
potential tilts. The resulting state exhibited the expected anti-bunching between the atoms
(see Figure 12(a)). Furthermore, by measuring the change in density in response to variations
in the artificial magnetic field, they were able to determine a Hall response conductance of
0.6(2)/h via the Středa formula. This result is consistent with a half-quantized Hall response (see
Figure 12(b)).

A recent preprint from the group of Jochim also reported the realization of a 2-atom Laughlin
state composed of a pair of rapidly rotating fermionic atoms [70]. Notably, other platforms have
successfully produced two-photon Laughlin states [71,72].

3.3. Towards larger Laughlin states

While robust quantization of the Hall conductance only occurs for large enough systems, increas-
ing the number of atoms in a Laughlin droplet remains a significant hurdle. Several approaches
can be taken to address this

• Starting with independent one-dimensional chains of atoms, ramping up inter-chain
couplings in an adiabatic manner [73].

• A patchwork construction [74], which involves preparing multiple 4×4 plaquettes, each
containing 2 atoms in a Laughlin state, and then adiabatically coupling these plaquettes
together.
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Figure 12. Correlation function g2(d) measured for a 2-particle Laughlin state in [69] (b)
Variation of the density with magnetic flux measured in the same system, consistent with a
half-quantized Hall conductance.

• By adjusting a parameter that controls a phase transition from a non-topological to a
topological band, similar to methods using local energy offsets [24], one can transition
from a trivial phase (like a Bose superfluid) to a Laughlin state [62].

In these methods, maintaining an adiabatic process is crucial for achieving a low-entropy Laugh-
lin state. The importance of the adiabatic path was highlighted in earlier proposals for creating
small Laughlin states in rotating systems [75]. However, as the number of atoms increases, it
becomes increasingly difficult to maintain adiabatic conditions.

Another potential approach is to create a more complex system with a central region hosting
a Laughlin droplet surrounded by a large reservoir in a gapless non-topological phase [76]. By
tuning the energy of the reservoir, it may be possible to transfer entropy from the central region
to the reservoir, resulting in a low-entropy Laughlin droplet. This technique has been successfully
used in lattice Fermi gases to produce antiferromagnets with long-range magnetic order [77].

Finally, we mention proposals for preparing topological many-body states using dissipative
dynamics [78,79], for instance fractional Hall states by pumping interacting bosons into the
lowest Chern band of a topological lattice [80].

3.4. Probing long-range entanglement

In contrast to an integer quantum Hall phase, a fractional Hall state exhibits long-ranged entan-
glement associated with what is known as topological order [81]. This topological order is char-
acterized by the existence of degenerate many-body ground states in a toroidal geometry that
cannot be distinguished using local observables. However, this property poses challenges for ex-
periments, as implementing periodic boundary conditions can be difficult.

Topological order can be more easily revealed by analyzing long-range entanglement through
the entanglement entropy S A =−Tr(ρA logρA) upon spatial partition of the system between two
subregions A and B (where ρA is the reduced density matrix obtained by tracing out the B
subregion). For a partition with a perimeter L, systems with short-range entanglement follow
the area law, scaling linearly with L according to S A(L) = αL + o(1) [82], whereas systems with
topological order are expected to modify this law to S A(L) = αL −γ+o(1). The subleading term
γ, known as the topological shift, quantifies a global entanglement feature that persists over long
distances [83].
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Figure 13. (a) Scheme of the method for measuring the (Renyi) entanglement entropy of
a subregion A within a many-body system. The process involves interfering two identical
copies of the system using a 50/50 beam splitter. The purity of the reduced density matrix
ρA can then be determined from the mean parity of the atom count in region A [84,85].
(b) Expected variation of the (von Neumann) entanglement entropy S A as a function of the
radius RA of subregion A. The y-intercept of the linear fit represents the entanglement
entropy γ (from [88]).

The group led by Greiner has successfully measured the Renyi entanglement entropy defined
as S(2)

A = − logTr(ρ2
A), using a protocol based on many-body interference between two copies

of a many-body system [84,85] (see Figure 13(a)). In this approach, two copies 1 and 2 of
a bosonic many-body state undergo a local beam-splitter operation |1〉 → (|1〉+|2〉)/

p
2 and

|2〉 → (|1〉−|2〉)/
p

2. The purity of the system reduced to subregion A is linked to the mean
parity of the number of particles N (1)

A found in region A of system 1 after the splitting as

Tr(ρ2
A) = 〈Parity(N (1)

A )〉.
If the original many-body state is pure, an even number of atoms is expected in system 1,

similar to the Hanbury Brown and Twiss effect. As the size of A increases from zero, the mean
parity should quiclky drop to zero on a lengthscale ℓ. Taking the logarithm gives the Renyi
entropy, whose scaling with L can reveal the topological shift γ. Numerical simulations on small
Laughlin droplets confirm this scenario [86–88] (see Figure 13(b)).

3.5. Anyonic quasi-hole excitations

A key feature of fractional quantum Hall states is the unique nature of their elementary excita-
tions. We recall that a wavefunction ψ(z1, z2, . . . , zN ) = P (z1, z2, . . . , zN )ψL(z1, z2, . . . , zN ), where P
is a symmetric polynomial, exhibits zero interaction energy and is therefore degenerate with the
Laughlin ground state. A polynomial P with a degree less than the number of particles corre-
sponds to edge excitations of the Laughlin droplet. Here, we focus on a bulk excitation, known as
a quasi-hole excitation, represented by

ψη(z1, z2, . . . , zN ) =
N∏

i=1
(zi −η)ψL(z1, z2, . . . , zN ).

It exhibits a density hole at z = η, corresponding to a deficit of 1/2 particle (see Figure 14(b)). This
can be understood by considering two quasi-holes at the same point, leading to the wavefunction

ψη,η(z1, z2, . . . , zN ) =
N∏

i=1
(zi −η)2ψL(z1, z2, . . . , zN ).
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Figure 14. (a) Scheme of the protocol used to nucleate a quasi-hole excitation by focusing
a laser beam producing a repulsive potential. (b) Density profile of a Laughlin state with
a quasi-hole excitation at r = 0 (from [89]). The atom number deficit corresponds to a
fractional charge of 1/2 atom, and the r.m.s. size of the hole is linked with the quasi-hole
spin S = 1/4. (c) Scheme of the braiding operation by moving adiabatically one quasi-hole
around another, which gives rise to a geometrical phase φgeom = 2S(2π) =π.

It can be identified with the state obtained by removing from a Laughlin wavefunction of (N +1)
particles a single atom at zN+1 = η.

In practice, a quasi-hole state can be generated by applying a repulsive laser beam focused
at z = η [90] (see Figure 14(a)). This technique is already well-established for injecting and
controlling quantum vortices in Bose–Einstein condensates [91,92].

Beyond the fractional charge, the quasi-hole density profile provides further insights [93]. The
relationship between the mean square radius and angular momentum [94] indicates that the size
of the quasi-hole is linked to its angular momentum, according to

δLz =
∫

d2z

( |z −η|2
2ℓ2 −1

)
(ρη(z)− ρ̄).

This excess angular momentum can be interpreted as the internal spin S = δLz of the quasi-
hole [89]. For the bosonic Laughlin state, numerical studies suggest S = 1/4. This fractional
spin challenges the conventional understanding of half-integer and integer spins for fermions
and bosons, respectively. According to the spin-statistics theorem, this hints at the existence
of a fractional statistical phase, leading to the term anyons for such quasi-particles [95]. Real-
space probes of quasi-hole excitations can also be generalized to Chern insulators in lattice
systems [96].

3.6. Braiding of anyonic excitations

The fractional statistical phase is defined as the geometrical phase acquired by the system upon
an exchange of two particles. To probe this statistical phase, two key requirements must be
met (i) the ability to create and spatially manipulate quasiholes, which can be achieved using
focused laser beams (see Figure 14(c)). When a quasihole encircles another, the many-body
system acquires a statistical phase given by φgeom = 2S(2π) = π. (ii) an interferometric protocol
to reveal the value of this phase. We do not discuss this point here and refer to the first proposal
for a statistical phase interferometer in the context of cold atomic gases, by Paredes et al. [97].

Successful measurement of the statistical phase hinges on minimizing various imperfections.
First, the geometrical phase should not be significantly affected by a dynamical phase that may
arise during the adiabatic braiding process. This dynamical phase can occur if there is cross-
talk between the quasiholes when they are too close together or if they are positioned near
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the confining edge potential. To keep dynamical phases small, uncontrolled energy offsets
must be maintained well below the bulk excitation gap. Second, the Laughlin droplet must be
prepared with very low residual entropy to ensure that the average number of thermal quasiholes
remains negligible over the area encircled by the quasiholes during the braiding operation. These
stringent requirements impose significant constraints on the control over the system, making the
measurement quite challenging.

3.7. Extension to other fractional quantum Hall states

So far, our discussion has focused on the bosonic Laughlin state at filling ν = 1/2. This focus
is motivated by the fact that the Laughlin state emerges as the exact many-body ground state
for short-range binary interactions, making it the most experimentally accessible fractional
quantum Hall state in quantum gas systems. Other fractional quantum Hall states could also
be realized using more sophisticated experimental protocols. While each fractional Hall state is
characterized by a unique topological order, certain key properties—such as topological entropy
or the existence of fractionalized quasi-particles—can be probed using protocols similar to those
developed for the Laughlin state.

Among the various fractional Hall states, the bosonic Moore-Read/Pfaffian state, which oc-
curs at filling ν = 1, is particularly noteworthy due to its exotic properties. This state involves
the pairing of bosonic particles and is characterized by three-body antibunching. As a result,
it could be stabilized in the presence of three-body repulsive interactions [98], although engi-
neering such interactions remains a significant experimental challenge. Alternatively, it has been
proposed that the Pfaffian state could be stabilized through strong three-body dissipation [99]
or by carefully tuning two-body interactions [100]. The Pfaffian state is especially intriguing be-
cause its elementary excitations exhibit non-Abelian exchange statistics [101]. Demonstrating
non-Abelian braiding of these excitations—a critical step toward realizing topological quantum
computing [102]—remains one of the most ambitious challenges in experimental physics across
platforms.

4. Conclusion

In this proceedings, we have discussed the current status of simulating quantum Hall physics
using ultracold atomic gases. Various techniques have been explored to replicate the effects of
a magnetic field on charged particles, including rotating gases, lattice systems, and synthetic
dimensions. While the realization of topological bands is well-established at the single-particle
level, achieving strongly-interacting topological systems remains a significant challenge. Recent
advancements, leveraging a high degree of control over local potentials and individual particles,
have shown promising progress toward realizing fractional quantum Hall systems in ultracold
atomic gases.

While our focus has been primarily on the quantum Hall effect, the field of ultracold atomic
gases has also seen the emergence of diverse topological systems, such as 1D SSH chains [103],
spin-orbit coupled systems [104] and 3D Weyl semi-metals [105]. The exploration of interacting
gases within these topological band structures opens up exciting possibilities for discovering a
wide range of intriguing strongly-correlated systems.
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